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A survey of the structural and t h e r m o d y n a m i c behaviour of hard discs with
embedded three dimensional quadrupoles of linear symmetry has been m a d e
using M o n t e Carlo m e t h o d s . T h e results for dilute samples at high temperatures (small q u a d r u p o l e m o m e n t s ) are consistent with t h e r m o d y n a m i c
perturbation theory. T h o s e for higher density or lower temperatures (larger
quadrupole m o m e n t s ) indicate the existence of two solid phases, one a high
density hexagonal solid and the other a lower density square structure.
N o convincing evidence was found for the existence of a distinct liquid phase,
but the data are not sufficiently detailed to provide a reliable determination
of the phase diagram. Structural evidence has been found for the coexistence
of the two solids, and the interface between the two structures seems to lead
to relatively little disruption in either phase, at least for small ' domain ' sizes.
T h e stability of the square structure is easily understood in t e r m s of the large
quadrupole energy it achieves, in spite of being about 15 per cent less dense
than the hexagonal solid, which has approximately the same energy.

1. INTRODUCTION

Hard sphere systems have been widely used [1, 2] to study the dynamics and
thermodynamics of three dimensional fluids, solids, and fluid-solid transformations. A number of studies have also been made of the corresponding two
dimensional model, the hard disc system [1, 2]. In addition to the pure hard
cores, models consisting of hard spheres with embedded electrostatic point
multipoles [3, 4] have been investigated. The interest in these arises for a
number of reasons. Hard spheres have been used extensively as a reference
system in thermodynamic perturbation theories of fluids [3-5] ; multipolar hard
sphere models provide a source of simple prototypes for testing such theories.
Dipolar hard spheres have been useful in discussions of dielectric properties
[3, 4] ; they may also be used to study the effects of various kinds of boundary
conditions [6], and different formulations of the relationship between the microscopic polarization and the macroscopic dielectric constant [3, 4, 6]. Finally,
they have been used to study various integral equations of statistical mechanics
[3-7].
Less has been published on the two dimensional multipolar hard disc
systems. However, with the recent increase in interest in the structure and
thermodynamics of adsorbed monolayers [8] and theoretical developments in
purely two dimensional systems [9], the time seems ripe for detailed investigation
of these systems. A number of studies have been published dealing with hard
disc systems with embedded multipoles interacting via strictly two dimensional
M.P.
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electrostatics [10, 11]. Systems with three dimensional multipoles whose
centres are anchored in the plane but which can turn out of the plane have been
studied only for cases where the centres of mass form regular lattices [12-16].
One difficulty which has hindered the study of the two dimensional systems
arises because the integral transforms used in the solution of the integral equations
are not available in closed form for the two dimensional case. Recently [11], a
numerical method has been developed which has made it possible to overcome
this problem. As yet no equivalent to the Verlet-Weis [17] form of the radial
distribution function for three dimensional hard spheres has been found for hard
disc systems, and this has made thermodynamic perturbation theories for these
systems much less attractive. However, no such difficulty attaches to Monte
Carlo simulation.
The Monte Carlo method provides accurate and reliable data for the equilibrium values of many structural and thermodynamic properties of homogeneous
phases of systems composed of particles interacting via model potentials. At
phase transitions and in two phase regions it is much more difficult to ensure that
the data are reliable since it is possible, for example, to generate metastable
continuations of phases beyond their instability points [18], Great care must be
taken to minimize the risk of this happening. In a finite calculation one cannot
be certain that the system has sampled the phase space sufficiently completely
to ensure that the true equilibrium structure has been reached. Nevertheless,
experience with multipolar lattice models [13-16] suggests that the MC method
is capable of detecting complex and subtle phase behaviour, even if the relative
stabilities of the phases cannot be found directly this way.
The present calculations are not sufficient to establish the details of the phase
diagram of the quadrupolar hard disc system, in spite of the range of thermodynamic conditions studied. We believe the data for high temperatures and low
densities are accurate, and that the onset of phase changes resulting from lowering
of the temperature or increasing the density can be detected, but the phase
boundaries cannot be determined accurately. The results also leave open
questions about the relative stabilities of the phases, and the possibility of regions
of phase coexistence.
2. T H E MODEL

The particles are circular hard discs confined to a common plane, and each
has embedded in its centre a point electrostatic quadrupole of linear symmetry.
The hard core radius a will be used throughout as the unit of distance, and the
centre of mass potential is

[0
V{r) = \
( cc

r>l,
(1)
r < 1.

The conventional [18] definition of the linear quadrupole is used

eHI^'-r,'),

(2)

i

where e( is the charge on particle i located at r,- = (.v,-, y,-, ~,), and the sum is over
all particles in the molecule. The interaction of two quadrupoles whose
orientations are given by the unit vectors u t and u 2 and which are separated by
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the vector R is given by
302
f w = — i l - 5 ( u , . f ) 2 - 5 ( u 2 . r)' + 35( Ul . r) 2 (u 2 . r) 2
+ 2(u1.u2)2-20(u1.r)(u2.r)(u1.u2)})

(3)

where r is a unit vector along R. The area per particle is written as T, the ratio
of the actual area per particle to the area per particle in the hexagonal close packed
svstcm (A0 = \ 3cr-/2). The temperature is included in the reduced quadrupole
coupling constant, (Q*)2= 02jkTa5.
The density and temperature are inversely
proportional to r and (O*) 2 respectively. The grid of temperatures and densities
studied here ranges from the dilute fluid (r = 4-0) to dense solids ( T = 1-1), and
from very hot ((0*) 2 = 0-025) to quite cold ((g*) 2 = 4-0). In the pure hard disc
system where the only thermodynamic variable is T, the fluid-solid transition
occurs in the range 1-3 < T < 1-4 ; the boundary is not sharp, and this region is
known as the ' interval of confusion ' [1]. In the quadrupolar lattice model the
orientational ordering begins when (<2*) 2 >0-5. These values of the parameters
provide us with some indication of the regions in which we might expect to see
the onset of significant cooperative effects. It is worth noting that to convert the
temperatures used here to those used in the lattice model one simply divides
25/6 by (Q*)2. The energies are reported here in units of (Q*)2, and so are
scaled by the temperature ; to compare them with the lattice energies it is
necessary to divide by (Q*)2 and multiply by 25/6.
In two dimensions the compressibility factor Z is given by
Z=PAINkT=l+?^^

+

l^f,

(4)

where g(r=\) is the value of the angle averaged radial distribution function ^(r)
evaluated at contact, r = v=\, and (,Uqqy is the thermal average of the
quadrupole-quadrupole interaction energy. The presence of the quadrupoles
modifies Z in two ways, directly through the energy dependent term, and
indirectly through the value of g(r= 1). For convenience, we shall describe the
sum of the first two terms of equation (4) as Z h s *. The excess Helmholtz free
energy due to the quadrupoles can be calculated by evaluating the integral

A(O*)2)-A(O)_ y o y dq
NkT

|

NkT q'

{

'>

where q is a dummy parameter representing the quadrupole coupling constant.
We have not attempted to use multistage sampling [21] to evaluate the free
energy, since the goals of the present study centre on the determination of various
structural parameters not easily extracted from the MSS calculation. We focus
mainly on the structural effects of varying temperature and density. T h e
energetic and thermodynamic consequences are discussed in as much detail as we
feel the quality of the data merits.
3. CALCULATIONS

The standard Monte Carlo method was used for most of the calculations.
A system of 144 hard discs with embedded quadrupoles was used with rectangular
B2
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periodic boundary conditions, as described by Wood [1]. This system size was
chosen because it is capable of supporting the four sublattice ( 2 x 2 ) structure
predicted by molecular field [12] and Monte Carlo [13] methods to be the ground
state of a triangular net of three dimensional quadrupoles interacting via nearest
neighbour interactions. Monte Carlo calculations have shown that increasing
the range of the interaction potential does not change this result [22]. In the
present calculations the interaction between the quadrupoles is neglected for
separations greater than 2-5a in the close packed configuration, equivalent to
including five shells of neighbours, and the range is scaled with the size of the box
when the area is changed.
The algorithm used in this work was tested in a number of ways. When the
quadrupole moment is assigned a value of zero, the results reproduce faithfully
the literature values for Z and g(r) for the pure hard disc system [23]. For the
close packed system ( T = 1 - 0 ) , where no centre of mass motion is possible, the
results agree with those of the quadrupole lattice model [13], The third translational degree of freedom was added, and the results of Patey and Valleau for the
quadrupolar hard sphere system were reproduced in detail [20]. In this case
two methods of choosing the moves were tried, one involving alternating translational and rotational moves, and the other involving composite moves. The data
from the two methods agree to well within the experimental uncertainties,
although the rates of convergence vary somewhat unpredictably. Decoupled
moves were used for equilibration, and composite moves for data accumulation
in most of the calculations reported below.
For each value of r a series of calculations was made starting from the pure
hard disc system and increasing the quadrupole coupling in steps. The calculations at a given value of the coupling were started from the final configuration
found for the next lowest value, to minimize the equilibration times. After
equilibration each calculation consisted of at least 2000 attempted moves per
particle, and in almost all cases more extensive calculations were used. The
convergence for the thermal average of the quadrupole interaction energy was
good, and, as expected, the convergence for the correlation functions described
below was somewhat slower. The uncertainties in these quantities are difficult
to estimate, apart from the local uncertainties which can be obtained by partitioning a given run. However, for most points we believe that 5 per cent is a
conservative estimate for the uncertainty, although larger values are possible near
the phase changes. The data for_g'(r) and the energy correlation function introduced by Patey and Valleau [20] are well converged, in the sense that doubling
the length of the sampling interval produced only minor quantitative changes.

4.

RESULTS

Before discussing the detailed results we shall describe two solid structures
which play a role in the condensation of the system. The first is the hexagonal
close packed solid which is characteristic of the pure hard disc system itself [1],
With this centre of mass structure many quadrupole arrangements are possible
[12, 13], the most stable of which is the ' pinwheel' or ' 3-q' structure. This
four sublattice model has a central molecule standing normal to the plane and
surrounded by neighbours in the plane with their quadrupoles arranged in a
spiral pattern ; regions of this structure can be seen in the configurations
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reproduced in figure 2 (/;). A number of other structures are only slightly less
stable, including the ' herringbone ' 2 x 1 structure now known to be the low
temperature structure of molecular nitrogen adsorbed on graphite [24].
Although these other structures are less stable for an infinite lattice, they may be
competitive in stability for small rafts of molecules only weakly perturbed by
other small groups. For this reason it is difficult to construct correlation
functions for the quadrupole ordering which will give decisive information about
the arrangement of the quadrupoles on hexagonal centre of mass arrangements.
The centre of mass structure itself can be detected by a correlation function of
the type used by Frenkel and McTague [25] in their study of two dimensional
melting. We have used the real part
1 '"

cos n6 = — V cos «[k . (r, — r,)/|k| jr- — r,-|]
m j

of this function with « = 6 and report it as :cos 66).
6 is the angle made by a
given nearest neighbour bond direction with respect to an arbitrary reference
direction, k, chosen to be another nearest neighbour bond direction.
The second structure of importance is the four-coordinate square lattice
which is metastable for the pure hard disc system. The introduction of the
quadrupole interactions stabilizes this centre of mass arrangement to the point
where it is competetive with the hexagonal structure. The quadrupole ordering
on this lattice is very simple and achieves the maximum stabilization per pair of
quadrupoles. If x and y are the axes of the square lattice then along each
coordinate direction the quadrupoles lie in-plane and alternate between lying
along x and y ; regions of this structure are to be seen in the configurations
reproduced in figures 1 (b) and 2 (b). In spite of the difference in coordination
number, the quadrupole energy of the square lattice is more negative than that of
the hexagonal lattice when the interaction is truncated at nearest neighbours,
more positive when truncated at second neighbours, and so on. At the truncation used here the hexagonal structure is about 0-4 per cent lower in energy.
In a real system with centre of mass interactions which can be attractive the higher
coordination number of the hexagonal structure would always be favoured unless
some specific surface-adsorbate interaction offsets this advantage.
Because of this simple and unambiguous quadrupole ordering on the square
lattice one can devise a correlation function to detect the structure. Second
neighbour molecules should be parallel, so that the scalar product of their
orientational vectors should be approximately one in magnitude. We have
calculated < | u j . u 2 | ) for molecules within about 10 per cent of the second
neighbour separation for this structure (r=\/2),
and use this to indicate the
growth and decline of square lattice quadrupole ordering. A disordered square
lattice gives a value of 0-5, and an ordered square lattice gives a value of 1 ; a
hexagonal lattice gives no contribution because it has no characteristic separations
which fall in the range of interest ( l - 2 < r < F 6 ) . We use a four coordinate
(« = 4) version of the Frenkel-McTague correlation function to test for the
square centre of mass arrangement. The relationship between the results
obtained for these correlation functions on the square lattice, and their values in
relation to configurations obtained during the simulations give us confidence that
they are indeed measuring the square lattice structure as we require. We should
also note that the square and hexagonal lattices pack together quite easily, since
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Figure 1.

Snapshots of configurations for a system with T = 1 - 7 S and (a) (<P*) 2 =1 and
(b) (Q*)' = 3. T h e quadrupoles are represented by

the interface between the different regions can be achieved with relatively little
disruption of the quadrupole ordering on either lattice (see figures 1 and 2), at
least for finite rafts. Finally, we should point out that the square lattice seems
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to have a tendency to form chains one or two molecules thick as the dilute system
condenses and, although T = 1-75 is not very dilute, some examples can be seen
in figure 1 (b).

M^^M^M^^i&eM*,
m^kf}'.

JVP3;
(a)

^8^§VY^^'i2^^^^i*SS;P

(6)
figure 2.

Snapshots of configurations for a system with T = 1 - 3 and (a)

(6)(0*) 2 = 3.

(Q*)2

and

41)
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4.1. Compressibility
Z h s *, the hard sphere part of Z, depends on £(>'=1), but this quantity is
notoriously difficult to obtain accurately. The difficulty arises from the fact
that g(r) is changing rapidly as r approaches 1, whereas the number of configurations having discs close enough to provide statistics for this range of /' values is
small. In our analysis we have used two histograms to aid in the evaluation of
g(r=\).
One is based on a division of r into relatively large pieces, 0-02 units
long, and the other on a finer division, 0-005 units long. For dilute systems the
coarser divisions give more satisfactory results when the temperature is high ;
at higher densities or lower temperatures the finer divisions are more useful.
The data in the histograms are fitted to polynomials of various orders in r, and
these are used for the extrapolation to r = 1. Very low order polynomials give
too insensitive a fit, while too high an order simply fits the noise. By comparing
the results obtained with various orders the optimum range of polynomials is
chosen, and invariably corresponds to a plateau in the extrapolated values. The
order of polynomial giving the most stable results rises with increasing density
and decreasing temperature. The data are shown in figure 3 as a function of
T and (0*)'". The uncertainty in Zhfl* is small ( < 2 per cent) in the weakly
quadrupolar fluid, and we estimate a global uncertainty of 5 per cent.
The quadrupoles exert two opposing influences on Z. By increasing
g(r = 1) they increase the hard sphere part, negligibly for weak quadrupoles but
ever more strongly for (Q*)2> l)-5. With increasing density, r < 2 , the value of

Figure 3. T h e hard sphere part, Z*hs, of the compressibility (see equation (4) and related
text) shown as a function of area, T, and quadrupole coupling constant, (Q*)'2.
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(O*)'1 at which g(r = 1) begins to be noticeably modified decreases. The second
effect is due to the attractive thermally averaged potential energy of interaction
of the quadrupoles (figure 4) which tend to reduce the pressure in the system.
The changes in Z due to this term tend to parallel those just discussed, but with
the opposite sign and slightly larger amplitude, so that an overall increase in Z is
observed with increasing temperature (figure 5). However, since Z is the difference of two increasingly large numbers the reliability of the final values is
probably low. The accuracy of the thermal energy is expected to be greater
than that of the hard sphere part, and we have used the latter to estimate the
uncertainty in Z. In spite of these uncertainties the data display a consistent
pattern with obvious trends. At fixed density Z is roughly constant for very
small values of (O*) 2 , and then drops off sharply as the coupling increases, with
a slope that increases with density. At fixed coupling constant Z increases with
increasing density for ( O * ) 2 ^ 1.

Figure 4.

The thermal average of E/NkT as a function of area, r, and quadrupole coupling
constant, (Q*)-.

In the fluid region the limiting value for zero quadrupolar strength is that of
the pure hard discs. In the paper of Metropolis et al. [26] introducing the
standard Monte Carlo algorithm it was tested on a system of hard discs. The
paper includes virial coefficients to fourth order, while the fifth and sixth were
obtained by Ree and Hoover [27]. They also obtained Pade approximants to
the equation of state. The values of Z obtained from these series are in excellent
agreement with those obtained here ; the agreement is within about 1 per cent
down to T = 1 -4, the upper edge of the interval of confusion.
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Figure 5.
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The compressibility, Z=PA/NkT,
as a function of area, T, and quadrupole
coupling constant, (Q*) a .

The MC data for T < 1-4 are erratic, and this can be understood in terms of
the existence of two solid phases. At close packing the situation is unambiguous,
since only the dense hexagonal solid is possible. For less dense systems,
e.g. T = 1-2, the effect of increasing the strength of the quadrupoles is to form a
close packed solid in part of the unit cell, leaving room in the remainder of the cell
for the square lattice to form. At the absolute zero of temperature a square solid
of uniform density is slightly favoured over a uniform hexagonal one, as may be
seen from the fact that the effective coupling constant in the hexagonal case is
reduced by (1-0/1-2)5 compared with (1-155/1-2)5 in the square case. For nonuniform distributions it is impossible to determine the optimum structure,
particularly since it is likely to be sensitive to the size and shape of the MC unit
cell, but the differences in energy between different possible structures are
unlikely to be significant when compared to the total quadrupole energy. With
such small energy differences, bearing in mind that it seems relatively easy to
match the boundaries of finite pieces of the two lattices, coexistence seems a
definite possibility, at least at non-zero temperatures. The square lattice has
a lower characteristic value of the hard sphere part of Z, and essentially the same
value as the hexagonal solid for the quadrupole energy term. Consequently,
one would expect that Z would be more negative for systems containing significant amounts of the square lattice, assuming that the effects of the ' domain
walls ' are small. For the system size used here, with the inherent restrictions
that this places on the sizes of the rafts, this may not be a good assumption. In
spite of this and the large uncertainties in Z for strong quadrupoles, the data are
consistent with this interpretation. In particular, when the density is increased
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in the solid region at constant strong coupling a dramatic rise in the hard sphere
part of Z occurs due to conversion from four to six coordination (figure 3).
One can define a reduced pressure,
P=

Zjr(0*)2

and figure 6 shows the variation in p as a function of area and temperature. It
is systematic, and displays van der Waals loops at low temperatures. For higher
temperatures the loops appear to die out as one might expect when the fluid
becomes supercritical. However, this interpretation is not satisfactory. The
loops appear in a region of surprisingly high density and must be associated with
a fluid-solid rather than fluid-fluid transition. If this is so, they cannot die out
but must go over into the hard disc pressure loop [28, 1, 2]. The sharply defined
character of the loops is due to the different intrinsic pressures of the two solids.
When the fluid solidifies, around t = 1-3, the square solid is formed preferentially,
especially at low temperatures. As the density increases the square lattice is
squeezed out, causing a sharp rise in pressure. The combination of changes,
fluid -^square ^hexagonal, gives what appear to be very well defined loops.
A less pleasing interpretation that must be entertained is that the loops are the
result of compounded errors, but the systematic nature of the data makes this
seem less likely, in spite of the noise evident in the loops at very low temperatures.
We are continuing to investigate this aspect of the system's behaviour.

rigure 6.

The pressure, p = Zjt(Q*)'-, as a function of area, T, and quadrupole coupling
constant, (Q*)-.
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4.2, The radial distribution function

At high temperatures, whatever the density, the radial distribution function,
g(r), is almost indistinguishable from that of the pure hard disc system. As
mentioned earlier, the hard disc data obtained are in excellent agreement with
those of Chae, Ree and Ree [23]. When the quadrupole coupling is strong g(r)
shows a lot of detailed structure which is density dependent, and the onset of
collective behaviour can be seen through the growth of this structure as the
coupling is increased from small values. At low density g(r) begins to show some
structure as (Q*)'1 approaches 2. In particular, a broad feature centred above
r = 2 appears, very similar to that found in the hard disc system at higher densities.
In addition, further strong features appear at lower r values, notably at r = \ / 2
and r = \'3> t n e next nearest neighbour separations in the square and hexagonal
solids, respectively. For relatively dilute systems, such as r<=4, the g(r) shows
that the system is highly structured by the time (O*) 2 = 3, and that the dominant
structure is the square lattice. The peak at r= y'2 is substantially larger than
that at r = -\ 3, figure 7(a), although both are much smaller than the peak at
r = 2 which includes third neighbours in both structures. Inspection of
typical configurations, shows that the preponderance of square lattice arises
from the existence of chains of molecules, often two molecules wide, arranged in
the square pattern. The hexagonal structure arises mainly from very small
clusters or small groups of molecules close packed on the boundary of rafts of
the square lattice.

TAU"4 = 000

(a)

Hard discs with embedded three dimensional quadrupoles

45

TAU-1.400

(b)

TAU=

I.300

rigure 7. T h e radial d i s t n b ution function, g(r), for systems with area (a) T = 4 , (b) T = 1-4,
and (c) T= 1-3. Curves are given for a series of quadrupole strengths at each density ;

(£>*)2 = 0-025 ( + ) ; (<?*)-=! ( A ) ; (£>*)2=2 ( O ) ; and (£>*)2 = 3 (Q)-
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Under these conditions, a relatively dilute system at low temperatures, the
risk of non-ergodic behaviour is high. In an attempt to circumvent this problem
we used a novel method of calculation. The difficulty here is that when a
cluster of molecules forms, the mobility of the individual molecules and of the
cluster drops sharply. The reason is simple : single molecules moving in
random directions is not a very efficient way to move clusters. Because the
binding in the clusters is relatively tight, compared to kT, large moves by
individual molecules, even those by surface molecules in directions away from
the cluster, are very unlikely to succeed. As a result the amplitude of moves is
gradually reduced so that one gets a series of droplets which are isolated from
one another, or almost so. We employed the following stratagem to overcome
this problem. In the equilibration calculations, particularly in the range of
conditions where condensation is likely to begin, we introduced collective
moves for the clusters. Using a standard method for identifying the clusters
[29], we ran cycles of moves where each cluster was moved as a unit with a
relatively large amplitude. Between sets of these cluster moves longer cycles of
individual molecule moves were used to anneal the resulting configurations. If
the system were non-ergodic then the method of preparation of the initial configuration to be used in the data accumulation stage should influence the results
obtained. However, this modification had essentially no effect on the'calculated
properties when the tendency to condense was low, because the clusters formed
evaporated immediately. Where there was a tendency to cluster, the equilibration time was reduced, but otherwise the results were unchanged in the conventional calculations used for data collection after equilibration. Further calculations using the Hansen-Verlet [30] method of partitioning a large box (566
particles) into subcells also yielded results indistinguishable from our conventional
calculations. These results, taken as a whole, give us confidence that our data
are representative of the thermodynamic conditions.
As the density increases the data obtained reflect the reduced average interparticle separations. The tendency to condense as a result of the quadrupole
interactions does not seem to rise very markedly even close to the interval of
confusion of the pure hard disc system. Certainly, g(r) shows no evidence that
weak couplings are effective in producing structural changes. Due to the
second neighbour pairs in an expanded hexagonal lattice, g{r) for r = l - 3 has
developed a shoulder on the low-/' side of the broad peak centred just above
r = 2. For ( 0 * ) 2 < 1 the data differ negligibly from those of the pure hard discs,
but for higher values the data show the power of strong couplings to generate a
compact ordered lattice. The shoulder converts into a clean peak centred
slightly above r=\3,
and a large peak appears just above v= \/2.
The
quadrupoles cause a much tighter packing in the hexagonal structure and the
resulting void in the system is filled with the square lattice. This behaviour also
persists for T = 1 - 2 , and there is even evidence of it at T = 1 - 1 , below the point
( T = 1-155) at which the system can support a full square lattice. For the largest
values of (O*) 2 at T = 1 - 1 a remarkable change is visible in g(r), demonstrating
the degree to which the square lattice is stabilized by the quadrupoles. For
(0*) 2 = 4 the peak in g(r) at r = \'2 is split into two smaller peaks at r = 1-33
and r = l-53. Inspection of a typical configuration for the system, shows
that the majority of the cell is occupied by the hexagonal close packed discs, and
that a seam of the square lattice involving about 25 per cent of the discs runs
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through it. Because there is not enough room for the square array to form
properly, the lattice is distorted and the unit cell becomes slightly oblique with
an angle of 82° rather than 90°. Only because of the resistance to shear provided
bv the quadrupole interactions is this situation stabilized.
The data for g{r) show the general pattern of behaviour to be expected in the
svstem. For even the most dilute systems condensation occurs when ( 0 * ) 2 > 2 ,
but little evidence exists for anomalous condensation in weakly quadrupolar
systems even at higher densities. However, in the region where the pure hard
discs themselves are solid, strong quadrupoles can cause the square lattice to
coexist with the hexagonal one.
4.3. The energy and energy correlation junction
As expected from thermodynamic perturbation theory [5, 21], (Ey/NkT is
proportional to the square of (0*) 2 for small values of (O*) 2 , and the proportionality constant increases with density (figure 4). Beyond the region of
quadratic behaviour there is a short boundary interval and then the energy
becomes linear in (O*) 2 . This is remarkable because the slope of the linear
region is the same for all densities, both fluid and solid, with the single exception
of T = 1 1 , where some deviation is observed. The onset of linearity is more
rapid for the denser systems, beginning at (0*) 2 = 2 when T = 4, and at (0*) 2 = 1
when T = 1-2. The area dependence is much less striking, except that the energy
per quadrupole shows little area dependence when the coupling is strong.
The relationship between the average energy and the coupling constant can
be interpreted quite simply. The quadratic behaviour is characteristic of the
disordered system [5, 21]. The linear behaviour, on the other hand, suggests
that for strong couplings the quadrupole structure of the system is largely fixed,
and therefore the energy is given simply as the product of an almost constant
geometrical factor and the coupling constant. In this case the similarity of
results for different specific areas shows the structure is the same for all of them,
at least until high density makes it difficult to form the square solid. The
conversion from square to hexagonal occurs with almost no change in energy,
because the higher coordination number of the hexagonal lattice is offset by the
larger pair interaction energy in the square lattice. The energy is dominated by
contributions from the molecules in clusters, and the inverse fifth power decay
of the interaction energy as a function of interparticle separation means that a
change in the distribution of cluster sizes has a fairly small effect, provided the
number of very small clusters and isolated molecules does not change sharply.
Configurations from the simulations at large area and coupling constant show
there are few monomers (figure 1 (/;)). In very dilute systems the molecules
seem to form chains which sweep up most of the isolated molecules. The
isolated molecules have greater mobility than those in clusters simply because any
attempted move is likely to be successful, and this enables them to find the
aggregates provided that the equilibration calculation is long enough.
The radial energy correlation function of Patey and Valleau [21] measures
the thermally averaged interaction energy per pair of molecules as a function of
separation. For this system the function is relatively featureless and uninterestln
g' It shows the repulsive interaction between third neighbours which is also
round in the three dimensional systems [21], but otherwise is smooth for all
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separations. It shows little area dependence, except in the temperature interval
\((Q*)2<2, where the growth of quadrupole order occurs.
The very small effect of area on the energy correlation function is best
demonstrated by the data for the average pair interaction energy at contact,
E(y=\)jkT, which can be obtained by extrapolating the correlation function to
r = 1. As can be seen in figure 8, this quantity is independent of area to an
amazing degree. Only when low specific area forces the formation of the
hexagonal lattice with its smaller value of this quantity is there any density
dependence. At high temperatures the quadratic dependence on (O*) 2 is found,
and at low temperatures the local structure is clearly independent of both
temperature and density, until the square lattice is squeezed out.

Figure 8. T h e energy correlation function, E(r)jkT, which gives the average energy per
pair of quadrupoles at separation /-, evaluated at contact, r = a = l, and displayed as
a function of area, T, and quadrupole coupling constant, (Q*)2.

4.4. Structural correlation functions
The square centre of mass ordering is measured by :'cos4f)>, and although
there is always a small degree of this order even in the pure hard disc system, the
amount increases with the quadrupole strength (figure 9). The most dramatic
growth is for r = 1-3. Because the hard disc system is in a loose hexagonal solid
at this density the initial value of xcos Ad) is small, and it remains relatively
constant until ( 0 # ) 2 > 1, when it rises sharply. This is the point at which the
quadrupoles break the uniform hexagonal arrangement to create the dense
hexagonal solid with a region of the square lattice embedded in it. While a
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Figure 9. T h e correlation function which measures the degree of square lattice order in
the centre of mass arrangement, as a function of area, T, and quadrupole coupling
constant, (Q*)'2.

Sure

10. T h e orientational correlation function which measures the degree of
onentational order between molecules at the second neighbour separation in the
square lattice, as a function of area, T, and quadrupole coupling constant, (Q*)'2.
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similar change occurs for T = 1-2 and T = 1 T , the effect is smaller and requires
ever larger (O*) 2 values as the density increases. The evidence of <|u x . u 2 | )
regarding the orientational ordering of pairs of molecules which might be second
neighbours in the square solid (figure 10) shows that little orientational order
exists for weakly quadrupolar systems. It also shows that second neighbours are
highly ordered for strong quadrupolar couplings, whatever the density. The
rate of growth of six-coordinate centre of mass order, as measured by >.cos 69)
(figure 11), as a function of quadrupole strength is small but definite for the very
dilute fluid. This suggests that the quadrupoles aid condensation, but mainly
into the hexagonal lattice. At high densities the quadrupoles hinder the formation of the square solid, and this is especially marked for T < 1*4. In this region
cos 69) is large when (O*) 2 is small, and decreases when (O*) 2 becomes large,
for the familiar reasons.

Figure 11. T h e correlation function which measures the degree of hexagonal lattice order
in the centre of mass arrangement, as a function of area, T, and q u a d r u p o l e coupling
constant, (Q*)2.
5.

DISCUSSION

The results presented here give a preliminary picture of the overall behaviour
of this complex system. As one would expect with quadrupoles, the tendency to
condense is weak when the quadrupole coupling is weak, but increases sharply
when the quadrupole strength reaches some threshold value. In the fluid region
the threshold decreases as the density increases, but the surprising result
is that the condensed phase most in evidence is the square solid. The hexagonal
solid is favoured at high densities, but only if the quadrupole strength is too weak
to force the formation of domains of the square lattice.
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Another aspect of the behaviour is surprising. Apart from the structure
developed in g(r) with increasing density or coupling constant, there is little
evidence of the existence of a true liquid phase. g(r) is not particularly useful
for this purpose, and is open to other interpretation. There is no indication of
another feature in the compressibility or related parameters which would suggest
the existence of a fluid-fluid condensation. Other calculations at lower densities
(up to T = 1 0 ) have failed to yield any clear evidence for a fluid-fluid transition
[311. The relationship between the average energy and the coupling constant
seems to show a surprisingly rapid change from quadratic to linear behaviour,
and this also may be hard to reconcile with the existence of a liquid phase. A
number of explanations are possible. The loops might be small and simply not
be detected because our grid is too coarse. This explanation is not very convincing because one would expect quite pronounced loops in a transition which
involves large changes in the molar area. It is possible that the liquid range
might be very small because of the apparent stability of the low density square
solid. Indeed, we might be in a region where there is no liquid. The tendency
to condense arises from the thermally averaged quadrupole-quadrupole interaction which results in a net attraction between the particles. This interaction is
strong only when some degree of orientational ordering is achieved. Because
the tesselation of the quadrupole ordering is finer than that of the dipole interaction, relatively little rotational motion is needed to average the interaction
energy to very small values. On the other hand, when ordering occurs there is a
tendency for both orientational and centre of mass order to establish themselves
simultaneously. The obvious example of this in three dimensions is C 0 2 ,
where the quadrupole-quadrupole interactions are more important than the
central interactions ; once enough energy is available to create orientational
disorder the system sublimes, unless it is under elevated pressure. A recent
experimental study [32] of the adsorption of strongly quadrupolar molecules on
graphite has shown that for cyanogen, (CN) 2 , there may not be a true liquid
phase, and it seems likely that this is at least partly due to the influence of the
quadrupoles. The unrealistic nature of the hard sphere potential amplifies the
problem in the present system, since the particles approach one another without
resistance until contact is made. The potential well for quadrupoles in an attractive orientational arrangement has a cusp rather than the physically reasonable
continuous well obtained with more realistic models of the central interactions.
One further aspect of the relationship between the model and the experimental
conditions is worth mentioning. The competition here is between the hexagonal
lattice with a ' pinwheel ' quadrupole order and the square lattice. Experimentally, the pinwheel order is not found because the interaction with the
substrate stabilizes the herringbone alternative in which the adsorbed molecules
lie flat on the surface. The herringbone structure is only slightly less stable
than the pinwheels, and the balance between four and six coordinate structures
should be changed only slightly in favour of the square lattice as a result.
I he results reported here give only a preliminary outline of the phase
behaviour of this system, and a much more detailed investigation will be required
before reliable conclusions can be drawn about it. The most important features
requiring study are the liquid, and the question of its existence, and the relationship between the solids as a function of temperature and area. Work is
continuing along two lines. Virial coefficients are being calculated in an attempt
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to establish t h e equation of state in t h e fluid phase(s), and constant pressure
calculations are planned to study t h e dense region.
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