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We consider the geometric Markov renewal processes as a model for a security market and study
this processes in a diffusion approximation scheme. Weak convergence analysis and rates of
convergence of ergodic geometric Markov renewal processes in diffusion scheme are presented.
We present European call option pricing formulas in the case of ergodic, double-averaged, and
merged diffusion geometric Markov renewal processes.

1. Introduction

Let N(t) be a standard Poisson process and (Yx)ic, be i.i.d. random variables which are
independent of N (¢) and S > 0. The geometric compound Poisson processes

N(b)
S;=S [ [a+Ye), t>0, (1.1)
k=1

is a trading model in many financial applications with pure jumps [1, page 214]. Motivated
by the geometric compound Poisson processes (1.1), Swishchuk and Islam [2] studied
the Geometric Markov renewal processes (2.5) (see Section?2) for a security market in
a series scheme. The geometric Markov renewal processes (2.5) are also known as a
switched-switching process. Averaging and diffusion approximation methods are important
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approximation methods for a switched-switching system. Averaging schemes of the
geometric Markov renewal processes (2.5) were studied in [2].

The singular perturbation technique of a reducible invertible-operator is one of
the techniques for the construction of averaging and diffusion schemes for a switched-
switching process. Strong ergodicity assumption for the switching process means that the
singular perturbation problem has a solution with some additional nonrestrictive conditions.
Averaging and diffusion approximation schemes for switched-switching processes in the
form of random evolutions were studied in [3, page 157] and [1, page 41]. In this paper, we
introduce diffusion approximation of the geometric Markov renewal processes. We study a
discrete Markov-modulated (B, S)-security market described by a geometric Markov renewal
process (GMRP). Weak convergence analysis and rates of convergence of ergodic geometric
Markov renewal processes in diffusion scheme are presented. We present European call
option pricing formulas in the case of ergodic, double-averaged, and merged diffusion
geometric Markov renewal processes.

The paper is organized as follows. In Section2 we review the definition of the
geometric Markov renewal processes (GMRP) from [2]. Moreover we present notation and
summarize results such as random evolution of GMRP, Markov renewal equation for GMRP,
infinitesimal operator of GMRP, and martingale property of GMRP. In Section 3 we present
diffusion approximation of GMRP in ergodic, merged, and double-averaging schemes. In
Section 4 we present proofs of the above-mentioned results. Section 4 contains solution of
martingale problem, weak convergence, rates of convergence for GMRP, and characterization
of the limit measure. In Section 5 we present merged diffusion GMRP in the case of two
ergodic classes. European call option pricing formula for ergodic, merged, and diffusion
GMRP are presented in Section 6.

2. The Geometric Markov Renewal Processes (GMRP)

In this section we present the Geometric Markov renewal processes. We closely follow [2].

Let (Q, B, ¥+, P) be a standard probability space with complete filtration ¥; and let
(Xk)kez, be a Markov chain in the phase space (X, X) with transition probability P(x, A),
where x € X, A € X. Let (6k)icy, be a renewal process which is a sequence of independent
and identically distributed (i.i.d.) random variables with a common distribution function
F(x) := P{w : 0x(w) < x}. The random variables (6x);cz, can be interpreted as lifetimes
(operating periods, holding times, renewal periods) of a certain system in a random
environment. From the renewal process (6k);cz, we can construct another renewal process
(Tk)kez, defined by

Tk = ZGn. (2.1)

The random variables 7 are called renewal times (or jump times). The process
v(t) :=sup{k : 7 <t} (2.2)

is called the counting process.
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Definition 2.1 (see [1,4]). A homogeneous two-dimensional Markov chain (x;, 6,) 7, on the
phase space X x R, is called a Markov renewal process (MRP) if its transition probabilities
are given by the semi-Markov kernel

Qx, A t) =P{xps1 €A, O0p1 <t|xp=x}, VxeX AeX teR,. (2.3)

Definition 2.2. The process
x(t) = Xu@) (2.4)

is called a semi-Markov process.

The ergodic theorem for a Markov renewal process and a semi-Markov process
respectively can be found in [3, page 195], [1, page 66], and [4, page 113].

Let (xy, 04) 7, be a Markov renewal process on the phase space X x R, with the semi-
Markov kernel Q(x, A, t) defined in (2.3), and let x(t) := x,(;) be a semi-Markov process where
the counting process v(t) is defined in (2.2). Let p(x) be a bounded continuous function on X
such that p(x) > 1. We define the geometric Markov renewal process (GMRP) {S;},, asa
stochastic functional S; defined by

o(t)
Se=So] [(1+p(xx)), teR,, (2.5)
k=1

where Sy > 0 is the initial value of S;. We call this process (S;) ., a geometric Markov renewal
process by analogy with the geometric compound Poisson processes

N(t)

Si=S[ [a+1), (2.6)
k=1

where S§ > 0, N(t) is a standard Poisson process, (Yk)icz, are ii.d. random variables. The
geometric compound Poisson processes {S;}, ., in (2.6) is a trading model in many financial
applications as a pure jump model [5, 6]. The geometric Markov renewal processes {5;} g,
in (2.5) will be our main trading model in further analysis.

Jump semi-Markov random evolutions, infinitesimal operators, and Martingale
property of the GMRP were presented in [2]. For the convenience of readers we repeat them
again in the following.

2.1. Jump Semi-Markov Random Evolutions

Let Cy(R+) be the space of continuous functions on R, vanishing at infinity, and let us define
a family of bounded contracting operators D(x) on Cy(R.) as follows:

D(x)f(s):= f(s(1+p(x)), xe€X, seR,. (2.7)
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With these contraction operators D(x) we define the following jump semi-Markov random
evolution (JSMRE) V () of the geometric Markov renewal processes {S;},c, in (2.5):

o(t)
V(t) = [ [D(xx) := D(x09) 0 D(xo(t)-1) © -+ 0 D(x1). (2.8)
k=1

Using (2.7) we obtain from (2.8)

o(t) o(t)
V(t)f(s) = [D(xx)f(s) = f<SH(1 + P(xk))> = f(Sy), (29)
k=1 k=1

where S; is defined in (2.5) and Sy = s. Let Q(x, A, t) be a semi-Markov kernel for Markov
renewal process (xp; 0,),cz,, thatis, Q(x, A, t) = P(x, A)G«(t), where P(x, A) is the transition
probability of the Markov chain (x,),cz, and Gy (t) is defined by Gy (t) := P(0n41 <t | xp, = X).
Let

u(t,x) == Ex[V(t)g(x(t))] == E[V(t)g(x(t)) | x(0) = x] (2.10)

be the mean value of the semi-Markov random evolution V (t) in (2.9).
The following theorem is proved in [1, page 60] and [4, page 38].

Theorem 2.3. The mean value u(t, x) in (2.10) of the semi-Markov random evolution V (t) given by
the solution of the following Markov renewal equation (MRE):

t j—
u(t, x) - fo fx Q(x,dy,ds)D(y)u(t-s,y) = G(t)g(x), (2.11)

where ax(t) =1-Gy(t),Gx(t) :=P(Ops1 <t | xn = x), g(x) is a bounded and continuous function
on X.

2.2, Infinitesimal Operators of the GMRP

Let
Low(x) i P 2.12
pr(x) ===, T>0, (212)
v(tT) u(tT)
ST=So] [ (1 +pr(xe) =So] [ (1+ T p(x0)). (2.13)
k=1 k=1

A detailed information about pr(x) and S can be found in Section 4 of [2]. It can be easily
shown that

T o(tT)
n2t=% ln<1 + p(;")) (2.14)

k=1
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To describe martingale properties of the GMRP (S;),, in (2.5) we need to find an
infinitesimal operator of the process

o(t)
n(t) == > In(1+p(xx)). (2.15)
k=1

Let y(t) := t — Ty(r) and consider the process (x(t),y(t)) on X x R,. It is a Markov process with
infinitesimal operator

<10

SN E G )

[P(x,dy)f(y,0) - f(x,1)], (2.16)

where g, (t) = dG,(t)/dt, Gy(t) = 1 — Gy(t), where f(x,t) € C(X x R;). The infinitesimal
operator for the process In S(t) has the form:

Af(z) = g((?) Plody)[f =+ In(1+p(v), %) = £(z2) ] (2.17)

where z := In S¢. The process (In S(t), x(t), y(t)) is a Markov process on R, x X x R, with the
infinitesimal operator

Lf(z,x,t) = Af(z,x,t) + Qf (z,x,t), (2.18)

where the operators A and Q are defined in (2.17) and (2.18), respectively. Thus we obtain
that the process

t
(t) = f(nS(t),x(1), (1) - f(z,x,0) - jO(A +Q) f(inS(w), x(w), y(u)du  (2.19)

is an it-martingale, where SEt = 0(x(s),y(s); 0 < s <t). If x(t) := xp() is a Markov process
with kernel

Q(x, A,t) = P(x, A) <1 - e-*W), (2.20)

namely, G, (t) = 1 - e ™, then g (t) = M(x)e X, G, (t) = e ™!, ¢, (1) /G, (t) = A(x), and
the operator Ain (2.17) has the form:

Af(z) = Mx) fX P(x,dy) [f(z+In(1+p(y))) - f(2)]- (221)

The process (In S(t), x(t)) on R, x X is a Markov process with infinitesimal operator

Lf(z,x) = Af(z,x) + Qf (z,x), (2.22)
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where
Qf(z,x) = A(x) J;( P(x,dy)(f(y) - f(x)). (2.23)

It follows that the process

t

m(t) = f(InS(t), x(1))  f(z,%) - f

0

(A + Q) F(In S(u), x(w))du (2.24)
is an F¢-martingale, where F; := o(x(u); 0 Su <t).

2.3. Martingale Property of the GMRP

Consider the geometric Markov renewal processes (St) g,

o(t)

St =So] [(1+p(xx))- (2.25)
k=1
For t € [0,T] let us define
o(t)
Ly := Lo Jh(xx), ELy=1, (2.26)
k=1

where h(x) is a bounded continuous function such that
[ rp@an =1 | nwPEap) -o 27)

If ELy = 1, then geometric Markov renewal process S; in (2.25) is an (¥, P*)-martingale,
where measure P* is defined as follows:

dr
T (2.28)
Fi:=0(x(s); 0<s<t).

In the discrete case we have
Su=So[ (1 +p(xx))- (2.29)
k=1

Let L, := Lo Ty h(xk), ELy = 1, where h(x) is defined in (2.27). If ELy = 1, then S, is an
(¥+, P*)-martingale, where dP*/dP = Ly, and ¥, := o(xx; 0 < k < m).
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3. Diffusion Approximation of the Geometric Markov
Renewal Process (GMRP)

Under an additional balance condition, averaging effect leads to diffusion approximation of
the geometric Markov renewal process (GMRP). In fact, we consider the counting process
o(t) in (2.5) in the new accelerated scale of time tT?, that is, v = v(tT?). Due to more rapid
changes of states of the system under the balance condition, the fluctuations are described by
a diffusion processes.

3.1. Ergodic Diffusion Approximation

Let us suppose that balance condition is fulfilled for functional ST = S Hv(tT) (1+ pr(xx)):

_Jxp@dx) [y P(x,dy)p(y)

p: m =O,

(3.1)

where p(x) is ergodic distribution of Markov chain (xx)cz, . Then S(t) = S, forall t € R*.
Consider StT in the new scale of time tT?:

v (t1?)

Sr(t) =S = So [T (1+T7p(xx))- (32)

k=1

Due to more rapid jumps of v(tT?) the process Sr(t) will be fluctuated near the point Sy
as T — +oo. By similar arguments similar to (4.3)-(4.5) in [2], we obtain the following
expression:

S (t) v(tT) v(th) v(th)
LA o Z p(xi )——T -2 Z P2 (xi) + T2 Z <T_1p(xk)>p2(xk). (3.3)

Algorithms of ergodic averaging give the limit result for the second term in (3.3) (see [1, page
43] and [4, page 88]):

o(1T%)
lim T‘2 Z P (xk) = —tpz, (34)

T—+o0

where p; := fX p(dx) fX P(x,dy)p?(y)/m. Using algorithms of diffusion approximation with
respect to the first term in (3.3) we obtain [4, page 88]:

v(th)
11m T! Z p(xx) = o,w(t), (3.5)
oo k=1

where o = [ p(dx)[1/2 [ P(x,dy)p*(y) + [y P(x,dy)p(y)RoP(x,dy)p(y)]/m, Ry is a
potent1al [3, page 68], of (xu),cz,, w(t) is a standard Wiener process. The last term in (3.3)
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goestozeroas T — +oo. Let S(t) be the limiting process for St(t) in (3.3) as T — +oo. Taking
limit on both sides of (3.3) we obtain

S, S() 1 3.6
Tlgf}mln—o =1In S, = o,w(t) thz, (3.6)

where O'g and p;, are defined in (3.4) and (3.5), respectively. From (3.6) we obtain

§(t) = Spe%@ -1/t = g o= (1/2)tp2 gopw(t) (3.7)
Thus, S(t) satisfies the following stochastic differential equation (SDE):
d5() = 5() | = (02 - 2)dt + 0,d
S(t) = S(t) E(op - p2> t+0,dw(t)]. (3.8)

In this way we have the following corollary.

Corollary 3.1. The ergodic diffusion GMRP has the form

S(t) = Spe~(1/2)tP2 gopw(t) (3.9)
and it satisfies the following SDE:
as@ 1 _
——= = =(0, — pp)dt + o,dw(t). (3.10)
S(t) 2 ( P PZ) P

3.2. Merged Diffusion Approximation

Let us suppose that the balance condition satisfies the following:

Jx, Pr(dx) [y, P(x,dy)p(y)
m(k) -

p(k) = 0, (3.11)

forall k = 1,2,...,r where (x,),c7, is the supporting embedded Markov chain, py is the
stationary density for the ergodic component Xy, m(k) is defined in [2], and conditions of
reducibility of X are fulfilled. Using the algorithms of merged averaging [1, 3, 4] we obtain
from the second part of the right hand side in (3.3):

o(11?%) 1 ¢t
Jim 5T 3 w0 = 5 [ nas, (3.12)
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where

[x, Pr(dx) [y P(x,dy)p*(v)

s (3.13)

p2(k) =

using the algorithm of merged diffusion approximation that [1, 3, 4] obtain from the first part
of the right hand side in (3.3):

v(th) ¢
Tlim T! Z p(xk) :f 0p(X(s))dw(s), (3.14)
— +00 = 0
where
P(x,d
0= ptan) [ Pedn)+ [ Pednpwr [ PeBel) - as

The third term in (3.3) goes to 0 as T — +oo. In this way, from (3.3) we obtain:

Iim In w =

T—+o0 0

- t t
In %’? = fo 0p(X(s))dw(s) - % fo p2(X(s))ds, (3.16)

where g(t) is the limit S (t) as T — +oco. From (3.16) we obtain

§(t) _ 506—(1/2) [h P2 (R(s))ds+[; Gy (X(s))dw(s) (3.17)

Stochastic differential equation (SDE) for S(t) has the following form:

% = 5 (3E®) - pa(a ) )t + 6, (50 o ) (3.18)

where X(t) is a merged Markov process.
In this way we have the following corollary.

Corollary 3.2. Merged diffusion GMRP has the form (3.17) and satisfies the SDE (3.18).

3.3. Diffusion Approximation under Double Averaging

Let us suppose that the phase space X = {1,2,...,r} of the merged Markov process X(t)
consists of one ergodic class with stationary distributions (px; kK = {1,2,...7}). Let us also
suppose that the balance condition is fulfilled:

D prp(k) = 0. (3.19)

k=1
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Then using the algorithms of diffusion approximation under double averaging (see [3, page
188], [1, page 49] and [4, page 93]) we obtain:

. ST(t) S(t) . 1.
= -= 3.20
TEHJ}OO 0 1 SO Gpw(t) szt/ ( )
where
52 = Y ko, (k),  pai= > prpa(k), (3.21)
k=1 k=1

and p,(k) and 65, (k) are defined in (3.13) and (3.15), respectively. Thus, we obtain from (3.20):
S(t) = Spe~1/DPat+dpw(®) (3.22)

Corollary 3.3. The diffusion GMRP under double averaging has the form

S(t) — Soe*(1/2)ﬁzt+5'pw(f), (3.23)

and satisfies the SDE

s 1

%0 2(6 ﬁ)dt+0pdw(t) (3.24)

4, Proofs

In this section we present proofs of results in Section 3. All the above-mentioned results are
obtained from the general results for semi-Markov random evolutions [3, 4] in series scheme.
The main steps of proof are (1) weak convergence of S! in Skorokhod space Dg[0, +o0) [7,
page 148]; (2) solution of martingale problem for the limit process S (t); (8) characterization of
the limit measure for the limit process S (t); (4) uniqueness of solution of martingale problem.
We also give here the rate of convergence in the diffusion approximation scheme.

4.1. Diffusion Approximation (DA)
Let

v(tT?)
Gl :=T"' > plxx), Gy=Gl., Gl =Ins, (4.1)

and the balance condition is satisfied:

pi= [ pan [ Prdyp(w) o (42)
X X



International Journal of Stochastic Analysis 11

Let us define the functions
¢T(s, x) = f(s) + T‘l(i)}(s,x) + T‘2¢J2f(s, x), (4.3)
where (i)jl, and d)}% are defined as follows:

(P=D)j(s,x) = p(x)f(s),
) (4.4)
(P =12 (s,x) = [~A() + A f(9),

where

A= f p(dx)A(x), (4.5)
X

and A(x) := [p?(x)/2+p(x)(Ro—I)p(x)]d?*/ds*. From the balance condition (4.2) and equality
H(A - A(x)) = 0 it follows that both equations in (4.3) simultaneously solvable and the
solutions (;b}(s, x) are bounded functions, i = 1,2.

We note that

df (xn
f (Sﬁﬂ) -f (Gﬁ) = %p(xn) / ;: ) (4.6)
and define
¢7(5,%) = f(s) + T Pl(s,x) + T2¢2(s, ), (4.7)

where ¢}(s, x) and 4)}2[(5, x) are defined in (4.4) and (4.5), respectively. We note, that G| —
GL =T p(xy).

4.2. Martingale Problem for the Limiting Problem G(t) in DA

Let us introduce the family of functions:

¢l (s,t):= ¢T<Gfm]rx[tr2]> -¢' (Gfstz]'xlsT”)
- (4.8)
- 3 B[ (6] ) -9 (6Fx) 1)

j:[st]

where ¢" are defined in (4.7) and G] is defined by

1 n
Gr /1 = 7 2 (xc). (4.9)
k=0
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Functions ¢ (s,t) are Fp2j-martingale by t. Taking into account the expression (4.6) and
(4.7), we find the following expression:

qu<s,t>=f<cfﬁz])—f(cfm])+e¢}(cfm] 1) = 04 (Gl xer )]
GO o
e {p(x]_)dfgj> V()(Clm) - clm) 1) |

j=[sT?]
[#72]-1 df GT dpL(Gr, xjn
T_ZZ 270 (%)) (g>+(])E %|j
=[sT?]

UCENRICAIT R
= 1(Glry) (Gt ) * 1Sy 2072 ) 01 (Gry xor1)|

2 (S ) - (G ,xsm)]_sz“g Af(e) +o(r),

where O(T~?) is the sum of terms with T*nd order. Since ¢ (0,t) is Fs2j-martingale with
respect to measure Qr, generated by process Gr(t) in (4.1), then for every scalar linear
continuous functional 77; we have from (4.8)-(4.10):

0= ET[<qu(s, t)ng ]

=ET [(f (Gfm]> -f (Gfsrz]> -T7 .[tg]:_l‘if (6 )) ’73]
5
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where ET is a mean value by measure Qr. If the process G[Tth] converges weakly to some
process Go(t) as T — +oo, then from (4.11) we obtain
t —~
0=E [(f(Go(t)) - f(Go(s) - f Af (Go(u))du ] (4.12)
that is, the process
t o~
f(Go(1) = f(Go(s)) = f Af (Go(u))du (4.13)

is a continuous Qr-martingale. Since A is the second order differential operator and
coefficient o7 is positively defined, where

2
o2 :=f Jr(dx)[p ;x) +p(x)R0p(x)], (4.14)
X

then the process Go(t) is a Wiener process with variance o? in (4.14): Go(t) = ow(t). Taking
into account the renewal theorem for v(t), namely, T'o(tT?) —1_, .t/m, and the following
representation

v(tTZ) [tTZ] v(tT?)

Gr()=T" D, plxi) =T Y ple) + T > plx) (4.15)
k=0 k=0

k=[tT2]+1

we obtain, replacing [tT?] by v(¢T?), that process Gr(t) converges weakly to the process Gy (t)
as T — +oo, which is the solution of such martingale problem:

£(Got)) = £(Go(s)) - f Aof (Golw) ) du (416)

S

is a continuous Qr-martingale, where Ag = A/m, and A is defined in (4.5)-(4.5).

4.3. Weak Convergence of the Processes Gr(t) in DA

From the representation of the process Gr(t) it follows that

v(11?)

T > plxk)

k=v(sT?)+1

Ar(s,t) : = |Gr(t) - Gr(s)| =

(4.17)

< T 'sup p(x)lv(tT2> - v(sT2> - 1|.
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This representation gives the following estimation:
2 2
|A7(t, ) || AT (2, t3)| < T2 <SUP P(x)> ‘U<f3T2> - v<t1T2>‘ . (4.18)
X

Taking into account the same reasonings as in [2] we obtain the weak convergence of the
processes Gr(t) in DA.

4.4. Characterization of the Limiting Measure Q for Qr as T — +oo in DA

From Section 4.3 (see also Section 4.1.4 of [2]) it follows that there exists a sequence T,
such that measures Qr, converge weakly to some measure Q on Dg[0,+o0) as T — +oo,
where Dg[0, +o0) is the Skorokhod space [7, page 148]. This measure is the solution of such
martingale problem: the following process

m(s,t) = £ (Go(®)) = f(Go(s)) - ft Aof (Go(u) )du (4.19)

is a Q-martingale for all f(g) € C*(R) and

Em(s,t)n; =0, (4.20)

for scalar continuous bounded functional 7, E is a mean value by measure Q. From (4.19) it
follows that ETm (s, )15 = 0, and it is necessary to show that the limiting passing in (4.1) goes
to the process in (3.12) as T — +oo. From equality (4.11) we find that limy, _, ... E*m(s, )75 =
Em(s, t)n;. Moreover, from the following expression

ETm(s, t)ynyg — Em(s, t)n;

;T—>+OOO/

(4.21)

UK

< | <ET - E>m(s, t)ng

+ ET|m(s, t) —m' (s, t)|

we obtain that there exists the measure Q on Dg[0, +o0) which solves the martingale problem
for the operator Ay (or, equivalently, for the process Go(t) in the form (4.12)). Uniqueness of
the solution of the martingale problem follows from the fact that operator Ay generates the
unique semigroup with respects to the Wiener process with variance o7 in (4.14). As long as

the semigroup is unique then the limit process Go(t) is unique. See [3, Chapter 1].

4.5. Calculation of the Quadratic Variation for GMRP
IfGI'=GI

T-17.7 the sequence
n

n-1
ml =Gl -Gl - Y E[GL, -Gl ], Gi=g (4.22)
k=0
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is ¥,-martingale, where ¥, := o{xk,0; 0 < k < n}. From the definition it follows that the
characteristic (m!) of the martingale m? has the form

(k) = S (L -t 19 4.2

k=0

To calculate (m) let us represent m} in (4.22) in the form of martingale-difference:
1 Sct - 5(ct 9] w2

From representation
GL,1 - Gf = 2p(xn) (@.25)
it follows that E(Gy,, | F«) = Gy + T'p(xy), that is why
Gra — E(GLy | F&) =T (p(xi) - Pp(x)). (4.26)
Since from (4.22) it follows that
mfy —mi = Gl, —E(GL, | F&) = T (p(x) - Pp(x1), (4.27)

then substituting (4.27) in (4.23) we obtain
n-1 9
<m£> =723 [(I - P)p(xi)] ™ (4.28)
k=0

In an averaging scheme (see [2]) for GMRP in the scale of time T we obtain that (m[TtT] ) goes
to zeroas T — +oo in probability, which follows from (4.27):

[tT]-1

(mly ) =T2 3 [(I-P)p(x0)]* — 0 as T — +o0 (4.29)
k=0

for all t € R,. In the diffusion approximation scheme for GMRP in scale of time tT? from
(4.27) we obtain that characteristic <m[TtT2]) does not go to zero as T — +oo since

[tr?]-1
< [m> T2 3 [(I-Pp@x)]” — tof, (4.30)

k=0

where 02 := [, 7r(dx)[(I - P)p(x)]>.



16 International Journal of Stochastic Analysis

4.6. Rates of Convergence for GMRP

Consider the representation (4.22) for martingale m... It follows that
n-1
Gi=g+my+ Y E[GL, ~ Gl | Fil. (4.31)
k=0

T
[(72]

be diffusion process S(t) (see (3.10)). If myo(t) is the limiting martingale for mETZ] in (4.22) as
T — +oo, then from (4.31) and (3.10) we obtain

In diffusion approximation scheme for GMRP the limit for the process G,,,, asT — +oo will

- [r?]-1 -
E[GftTZ] - S(f)] = E[ml[rm] - mo(t)] +T7 2 p(xx) = S(t). (4.32)

T

Since E [m{m] —my(t)] = 0, (because m,,

(4.32) we obtain:

| and my(t) are zero-mean martingales) then from

[t?]-1

plxi) - ST
k=0

<T! . (4.33)

'E [Gfm] - §(t)]

Taking into account the balance condition fx a(dx)p(x) = 0 and the central limit theorem for
a Markov chain [4, page 98], we obtain

[tr?]-1

plxi) - ST
k=0

= Ci(to), (4.34)

where Cy(t9) is a constant depending on ty,f € [0, fo]. From (4.33), (4.2), and (4.32) we obtain:
‘E [Gfth] - §(t)] | < T7'Cy (k). (4.35)
Thus, the rates of convergence in diffusion scheme has the order T~

5. Merged Diffusion Geometric Markov Renewal Process in
the Case of Two Ergodic Classes

5.1. Two Ergodic Classes

Let P(x, A) := P{x,.1 € A | x, = x} be the transition probabilities of supporting embedded
reducible Markov chain {x,},, in the phase space X. Let us have two ergodic classes X, and
X1 of the phase space such that:

X =XyUXjy, XoN Xy ={. (51)
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Let {X = {0,1}, U} be the measurable merged phase space. A stochastic kernel Py(x, A) is
consistent with the splitting (5.1) in the following way:

1, xeXg,
Po(x, Xi) = 1g = k=0,1. (5.2)
0, x¢Xk,

Let the supporting embedded Markov chain (x,),c,, with the transition probabilities
Py(x, A) be uniformly ergodic in each class Xi, k = 0,1 and have a stationary distribution
i (dx) in the classes X, k =0, 1:

ak(A) = J; g (dx)Py(x,A), AcCXk, k=0,1. (5.3)

Let the stationary escape probabilities of the embedded Markov chain (x;),7, with transition
probabilities P(x, A) := P{x,.1 € A | x,, = x} be positive and sufficiently small, that is,

gr(A) = j 7e(dx)P(x, X \ X¢) >0, k=0,1. (5.4)

Xk

Let the stationary sojourn time in the classes of states be uniformly bounded, namely,

0<Cy<my = f a(dx)ym(x) <Cy, k=0,1, (5.5)
Xk

where

m(x) = f:o G, (t)dt. (5.6)

5.2. Algorithms of Phase Averaging with Two Ergodic Classes

The merged Markov chain (X;),cz, in merged phase space X is given by matrix of transition
probabilities

P= (ﬁkr)k,rzo,l?

]301 =1- ﬁll = IX Jfl(dx)P(x,Xo) =1- IX Jrl(dx)P(x,Xl),' (57)
o =1=po = [ m@)PCX0) =1 [ m(dxPie Xo).



18 International Journal of Stochastic Analysis

As pi, 20, k = 0,1, then X, has virtual transitions. Intensities Ay of sojourn times Ok, k=0,1,
of the merged MRP are calculated as follows:

~ 1
Ae=—, my= f m(dx)ym(x), k =0,1. (5.8)
mk X

And, finally, the merged MRP (J?n,é)n€Z+ in the merged phase space X is given by the
stochastic matrix

) = (O -5 _ oAt _
Q) = <ri> iron = Prr (1 ek ) k,r=0,1. (5.9)
Hence, the initial semi-Markov system is merged to a Markov system with two classes.

5.3. Merged Diffusion Approximation in the Case of Two Ergodic Classes

The merged diffusion GMRP in the case of two ergodic classes has the form:

5(t) = Spe~(1/2 [y PP @(©)ds+[; 5,(x(9)dw(s) (5.10)

which satisfies the stochastic differential equation (SDE):

ds 1, o o
?ﬁt)) = E(Ug(x(t)) —pz(x(t))>dt+ G, (X (t))dw(t), (5.11)
where
201y P(x,dy)p*(v)
21 = fxl”l(dx) e
200y . P(x,dy)p*(v)
o= '[Xo po(dx) Xo m(0) ’
P, dy)o(a) (5.12)
G,(1) = Llp 1(dz) fxlp(x/dy)pz(y)+JX1P(x,dy)p(y)RofX1 —(x’mi/l)p 7,
P(x,d
G5(0) := IXO po(dx) IXO P(x,dy)p(y) + IXO P(x,dy)p(y)Ro fXU P dy)p(y) mi/o))’) W),

X(t) is a merged Markov process in X = {0,1} with stochastic matrix Q(t) in (5.9).
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6. European Call Option Pricing Formulas for Diffusion GMRP
6.1. Ergodic Geometric Markov Renewal Process

As we have seen in Section 3, an ergodic diffusion GMRP S(t) satisfies the following SDE
(see (3.10)):

ds(t) 1

— —(0, — pp)dt + o,dw(t), 6.1
S, = 300 P opdaty 1)
where
R P(x,dy)p?
po= [ pan | Pl dy)r(y) (62)
X X m
1 P(x,d RoP(x,d
o =j p(d) _J P(x, dy)p(y) +J‘ (% dy)p(W)RP(x dy)ply) 45
X 2 )x X m
The risk-neutral measure P* for the process in (6.1) is:
dpP* 1,
= exp{—@t - 56 w(t)}, (6.4)

where

o (0/2(0-5) 1)

Op

(6.5)

Under P*, the process e S isa martingale and the process w*(t) = w(t) + 0t is a Brownian
motion. In this way, in the risk-neutral world, the process S; has the following form
dAS—(t) = rdt + o,dw’(t). (6.6)
5(t)

Using Black-Scholes formula (see [8]) we obtain the European call option pricing formula for
our model (6.6):

C = Sy®(d,) - KeTd(d.), (6.7)

where

g - In(So/K) + (r + (1/2)0,t)

+ = O-P,\/E 7
(6.8)
g - In(So/K) + (r = (1/2)0,t)
T oVt '

®(x) is a normal distribution and o, is defined in (6.3).
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6.2. Double Averaged Diffusion GMRP

Using the similar arguments as in (6.1)—(6.7), we can get European call option pricing formula
for a double averaged diffusion GMRP in (3.24):

ds(_g) - %( 2= po)dt + Sy (t), (69)

where 6‘5 and p, are defined in (3.21), (see also (3.13)), and (3.15). Namely, the European call
option pricing formula for a double averaged diffusion GMRP is:

C = Sy®(d,) - KeTd(d_), (6.10)

where

g - In(So/K) + (r + (1/2)5,t)

+ (\j'p\/i 7
(6.11)
In(So/K) + (r = (1/2)3,t)
d_= ,
i

®(x) is a normal distribution and &, is defined in (3.21).

6.3. European Call Option Pricing Formula for Merged Diffusion GMRP

From Section 3.2, the merged diffusion GMRP has the following form:

% - %(85(3?@)) - ﬁz(y?(t))>dt +6,(x(t))dw(t), (6.12)

where 6'2 and p, are defined in Section 3.2 (see (3.18). Taking into account the result on
European call option pricing formula for regime-switching geometric Brownian motion (see

[4, page 224, corollary]), we obtain the option pricing formula for the merged diffusion
GMRP:

-1

z
C-= J‘C?‘S<<T> T, so>p;s(dz), (6.13)
where C?S is a Black-Scholes value and Fj(dz) is a distribution of the random variable
T
zr = fo G, (X(t))ds, (6.14)

where X(t) is a merged Markov process.
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