THE UNIVERSITY OF CALGARY

Isomorphism and Isogeny of Elliptic Curves, With Examples

by

Brendan Oseen

A THESIS
SUBMITTED TO THE FACULTY OF GRADUATE STUDIES
IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR THE
DEGREE OF MASTER OF SCIENCE

DEPARTMENT OF MATHEMATICS AND STATISTICS

CALGARY, ALBERTA
~December, 2003

(© Brendan Oseen 2003



THE UNIVERSITY OF CALGARY

FACULTY OF GRADUATE STUDIES

The undersigned certify that they have read, and recommend to the Faculty of

Graduate Studies for acceptance, a thesis entitled “Isomorphism and Isogeny of

Elliptic Curves, With Examples” submitted by Brendan Oseen in partial fulfillment

of the requirements for the degree of MASTER OF SCIENCE.

Dec, [l Q003

Chair/Supervisor, Dr. Renate Scheidler
Department of Mathematics and Statistics

Date

Co—s(pervisor, Dr. Clifton ningham
Department of Mathematics and Statistics

&

., B
Dr. Aiden Bruen
Department of Mathematics and Statistics

TRk e

Dr. Robin Cockett
Department of Computer Science

il



Abstract

This thesis is a survey of isogeny and isomorphism of elliptic curves. We first intro-
duce the readér to elliptic curves, and show that the points of an elliptic curve form
a group. We then deal with isogeny and isomorphism of elliptic curves, and analyze
the properties thereof. There are also many examples, both throughout the thesis,
as well as in the penultimate chapter, to give the reader a clearer understanding of
elliptic curves.

This thesis is intended to be accessible to the reader with little or no knowl-
edge of elliptic curves, and assumes only that the reader has a basic mathematical
background. While some readers may be more familiar with affine models of elliptic
curves, we prefer to consider them only projectively because from the perspective of

algebraic geometry, we believe that that is the proper way of discussing them.
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Chapter 1
Introduction and Motivation

This thesis is an exposition of algebraic curves and function fields with special
reference to elliptic curves. Elliptic curves are of interest for several reasons. One
justification for their study is that they are used in cryptographic implementations.
While this has put them in the limelight in recent years, it is not our primary
motivation for studying them. On the contrary, we believe elliptic curves are worth
studying for aesthetic reasons alone. They are imbued with a natural group structure

which is found on very few algebraic curves.

The study of elliptic curves is also of use in finding solutions of certain diophantine
equations. Given an equation of an elliptic curve, for instance, the equation y? =
73 4+ 17, and two known points on the curve, one can generate other points on the

curve through point addition.

Another example is the proof of Fermat’s Last Theorem (FLT) which makes u'se
of the Taniyama~Shimura-Weil (TSW) theorem relating elliptic curves and modular
forms. Recall that FLT states that for n € N,n > 3, there do not exist a,b,c € N
such that a® 4 8" = ¢" and abc % 0. The TSW conjecture asserts that all elliptic
curves over Q are modular. Serre conjectured in [21] that if there is such a solution
(a,b,c,n) which contradicts FLT, then the elliptic curve y? = z(z — a®)(z + b°) (for
p some prime divisor of n) is non-modular. (See also [8].) Ribet later proved Serre’s

conjecture in [19], which effectively established that the TSW conjecture implies
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FLT. Wiles and Taylor proved a special case of TSW in [26] and [28] which was

sufficient to prove FLT. The TSW was finally proven in its entirety in [3].

In addition, some current cryptosystems are based on elliptic curves. Their security
depends on the presumed difficulty of the elliptic curve discrete log problem. Briefly,
given a finite cyclic group G with generator g, and some element h € G, one would
like to find the exponent e = log, h, called the discrete log of h to the base g, such
that g® = h. In the case of elliptic curves, the group is additive, so if P, () are points
on E with Q €< P >, the cyclic subgroup generated by P, then the goal is to
find n» € N such that nP = Q. On some elliptic curves, the discrete log problem
may be difficult, especially if P generates a large cyclic subgroup of the group of
points on the curve,‘ while on others, it may be tractable. The purpose of finding
an isogeny, therefore, is to map points on a "harder” curve to those on an ”easier”
curve, where it is less difficult to solve the discrete log problem. For if E is a "hard”
elliptic curve generated as an additive group by P, and E’ an ”easy” elliptic curve,
and if « : E — E' is a non-trivial isogeny, then for any @ € E, logp(Q) is equal
to loge(py((Q)), which is easier to find. The United States National Institute for
Standards and Technology (NIST) recommends certain "hard” elliptic curves for

cryptographic implementation. For details, see [17].

Our goal is to give a relatively self-contained treatment of the subject of isomor-
phism and isogeny of eiliptic curves. This thesis endeavours to bring together much
of the material on the subject into one cohesive, readable unit. Above all, we attempt
to give a complete account of isogeny and the theory thereof, which is ostensibly lack-

ing in the current literature. The comprehensive handling of the curve-function field



duality, as well as the many examples, also distinguish this thesis from many other
bodies of work on the subject. In particular, Chapter 6 gives numerous examples
relating point counting of elliptic curves over finite fields to isogeny and isomorphism

of these curves.

The thesis is organized as follows. The second chapter consists of background
material on algebraic curves and function fields. The third chapter deals with maps of
curves and their function fields. In Chapter 4, we define elliptic curves and carefully
establish the abelian group structure, while the fifth chapter is devoted entirely to
isogeny. The sixth chapter gives some practical basis to the preceding chapters.
To be more precise, we look at elliptic curves over finite fields of three different
characteristics (2,3 and 11). In each case, we determine the Weierstrass curves in a
given isomorphism class, and classify the isomorphism and isogeny subclasses thereof
by using the theory and techniques developed in the first five chapters. The final

chapter consists of some concluding remarks and a statement of open problems.



Chapter 2
Curves and Function Fields

This chapter lays the groundwork for our study of elliptic curves. We introduce
projective space, general algebraic curves and the function fields thereof. In some
treatments of elliptic curves, projective space is not discussed at all; on the other
hand, we choose to adopt the projective (rather than affine) point of view for the
bulk of this thesis. Our reason for doing so is that this approach is more natural, and
leads the reader to a clearer understanding of elliptic curves. Additionally, an elliptic
curve is really a subset of the projective plane and so, presenting it as a subset of

the affine plane gives an incomplete picture of the curve.

2.1 Projective Space

Prior to our exposition of elliptic curves, it is necessary to introduce a few concepts
central to their theory. Throughout this thesis; let K be a field, K its algebraic
closure. We write K* = K\{0} and K* = K\{0} .

Definition 2.1.1 Letn be a positive integer. Affine n-space over K, written A™(K),
is the set {(a1, a2, " ,a,) : a1, ,a, € K}. Elements of affine n-space over K are
called (affine) points. Affine n-space over K, written A™(K), is the subset of A™*(K)
consisting of points with coordinates in K. We call the set A%(K) the affine plane

over K.

Example 2.1.2 Let K = Q. Then A%2(Q) = Q x Q, called the affine plane over Q.

4



Definition 2.1.3 Let f(z,y) € K(z,y] be a polynomial. We call a set of the form
{(z0,90) € AXK) : f(z0,9) = 0} an affine plane curve over K and write f :
f(z,y) = 0 for short to denote this set. Elements of this set are called points on f

and the curve f is called the locus of f(z,y).

Example 2.1.4 Let K = C; let f(z,y) = y>*—=z%. Then f is an affine complez plane

curve. The point (¢, 1), where ¢ is a cube root of unity, is a point on this curve.

Definition 2.1.5 Consider the following equivalence relation on the set A™1(K)*

of non-zero elements in affine (n + 1)-space over K:

(xO)"' )xn) ~ (y0>"' >yn) - (CEo,"' :mn) =>‘(y0) ,yn),fl)\ef—{x.

Let [zo: a1 : - -+ : @) denote the equivalence class of (w0, 1, ,%s) € A"(K)\ {0}
and let PM(K) denote the set of such equivalence classes as (o, -+ ,x,) Tanges over

ALY\ {0}; thus,
PY(K) = {[mo: %1+ : Tn)|(0, T2, - - - , %) € AMH(K)\ {0}].

We call PM(K) projective n-space over K and its elements are called (projective)
points. We define projective n-space over K to be the subset of P*(K) of equivalence

classes with a representative having coordinates in K, and denote it by P*(K).

Note that [zo : - - : @] € P*(K) does not imply that x; € K for all 4. It simply

means that the class has a representative with this property.

Definition 2.1.6 Forn = 2,P%(K) is called the projective plane over K. -



Example 2.1.7 If K = Q, then [1: 2: 3] = [vV2: V8 : V18] € P*(Q) since
(v2,v8,V18) = v2(1,2,3).

Definition 2.1.8 Let a,b,c € K, at least one nonzero. A line in P*(K) is a set of

the form
2= {[zo: yo : 20} € P*(K) | awo + byo + czo = 0}.
We write for short

Liax+by+cz=0.

Definition 2.1.9 The line £ : z = 0 4s called the line at infinity in P?(K), and

denoted loy.

2.2 Irreducible Projective Plane Curves

In this section, we relate homogeneous polynomials and subsets of the projective
plane. In particular, we will see that such subsets are completely determined by their

irreducible factors.

Definition 2.2.1 Let f(z,y,2) € K[z,y,2]. The polynomial f(z,y,z) is said to be
irreducible if f(w,y,2) = g(x,y, 2)h(z,y,2) (with g(z,y,2),(z,y,2) € K[z,y,2])

implies g(z,y, z) or h(z,y,2) is a unit in K[z, y, 2].

Example 2.2.2 The polynomial f(z,y,z) = 2° +y* — 17292° € Klz,y, 2| is irre-

ducible if and only if the characteristic of K is not equal to 3,7,13 or 19.



Proof. Suppose f(x,vy,2) = g(z,y, 2)h(z,y, 2), with g(z, y, 2), b(z, y, 2) € K[z,v, 2].
If f(z,y,2) factors non-trivially, then it must factor as a product of homogeneous
polynomials whose degrees sum to the degree of f(z,y, 2), in this case 3. For if d is
the degree of the highest degree term of g(a:, y,2) and dy that of the lowest degree;
and if d3 is the degree of the highest degree term of h(z,y, 2) and d4 of the lowest,
then d; + d3 = dy + dy = 3, which forces d; = dp,ds = dy. Since the degree of
f(z,y,2) is 3, this means that it must factor as the product of linear and quadratic

homogeneous polynomials. Suppose this was the case. Then
2+ — 17292° = (ao2? + a1y® + a22? + asxy + a4z + asy2)(boz + byy + boz)

for ag, a1, az, as, as, as, bo, b1, by € K. This yields the following system of equations:

aby = 1 (2.1)

ahy = 1 (2.2)

aghy = —1729 (2.3)

aoby +azbg = 0 (2.4)

agbs +asbo = 0 (2.5)

by +azby = 0 (2.6)

by +ashe = 0 (2.7)
aiby+ashy = 0 (2.8)

aoby +ashy = 0 (2.9)

asby + agh; +asby = 0. (2.10)

First, observe that equations 2.1 through 2.3 imply that ay, a;, az, by, by, by are all

non-zero and the remaining equations imply that a3, a4 and as are also non-zero. We



can express all coefficients in terms of ao. Equations 2.4 and 2.6 force a3 = a3, i.e.

ay = uag, where u is a cube root of unity. To see this, note that multiplying equation

bt 2 3 . 3 . — 2
2.4 by ao gives ag = —agby = T, Likewise, equation 2.6 gives ag = —a3bo = el
2 ; . . . .
Therefore, b; = Z—o and a3 = —u?ag. Using the same line of reasoning, equation
2
2.5 forces by = —ayb% = %‘(’%1 and equation 2.7 forces ay = —apasby = g—’; Since

agby = —1729, this means that —_;%2 = —1729 s0 a4 = (v1729%)a0, v a cube root

1
of unity, and ay = (v21729%)ag, by = =29 — ™93 Pinally, equation 2.8 forces
as = ‘—‘,‘,192 = —a2by = u2v17295 aq.
The first 9 equalities hold when substituting these values for aq, - - - , as, by, b1, bo.

However, the final expression agbs -+ asb; +asby evaluates to 3u2v17295. If char(K) =
3, this expression is equal to 0. Similarly, since 1729 = 7 % 13 # 19, it is equal to 0
when the characteristic of K is 7,13 or 19. Otherwise, this expression is non-zero.
Hence, the polynomial 23 + y3 — 172922 is irreducible over any field of characteristic

not equal to 3,7,13 or 19. a
Definition 2.2.3 An affine plane curve C over K is a subset of A*(K) of the form
{(zo0,0) € A*(K) | C(o,90) = 0}

for some polynomial C(z,y) € K|z,y].

Definition 2.2.4 An irreducible projective plane curve C' over K is a subset of

P2(K) of the form

{[zo : yo : 20] € P*(K) | C (0,0, 20) = 0}



for some irreducible homogeneous polynomial C(z,y,2) € Kz,y,2]. We write C :
C(z,y,2) = 0 for short. Elements of C are called points on the curve C and C is

called the locus of the polynomial C(z,y, 2).

Example 2.2.5 Assume the characteristic of K is not 8, 7, 18, or 19 and let
Clz,y,2) = 2° +y® — 172923, Since C(z,y,2) € K[z,y, 2] is irreducible, as shown
in the proof of Example 2.2.2, the locus C C PX(K) of C(w,y,2) is an irreducible

projective plane curve over K.

Removing a finite number of points from an irreducible projective plane curve,
we get a bijective correspondence between the remaining points and the points of an

affine plane curve, as the next lemma shows.

Lemma 2.2.6 The points of an irreducible projective plane curve C : C(z, vy, z)=0,
manus the points on the line at infinity, are in bijective correspondence with the points

1)737 =2

z) z2?

on the affine plane curve Caﬁ: Caﬁ@:,gj) = 0, where Caﬁ(i,g) C(&

and § = L. The correspondence is given by [zo : yo : 1] — (20, ¥0)-

Proof. Suppose that [zo : 3o : 1] € C'\ 4. Then C(zo,y0,1) = 0. Thus, g—’f"—;}&l—) =
0, so O’aﬁc(xo,yo) = 0, since by definition, O’aﬁc(ﬁ,y) C(g,L1) = C(””’y’z) Like-
wise, if C’aﬁc(mo,yo) = 0, then gﬁ’”—‘idy—"—ll =0, 50 [zo : Yo : 1] € C’\Eoo. That the

correspondence is bijective is clear. ]

Definition 2.2.7 Let C(z,y,2) € K(z,y, 2| be irreducible and let C C PX(K) be the
locus of C(z,y,z). The irreducible projective plane curve C is defined over K if there -

exists C'(z,y, 2) € K(z,y, 2] such that the locus of the image of C'(z,y, z) under the



10

inclusion K(z,y,2] — Klz,y,7] equals C. We write C/K when C C PX(K) is
defined over K.

Example 2.2.8 The curve C : \/§x3+\/§y3 —1729v/22% = 0 over Qs defined over
Q because the locus C C PX(Q) of C(z,y,2) = v2a® +v/2y® — 1729228 € Qlz, , 2]
is equal to the locus C" of C'(z,y,2) = z° + > — 17292° € Q[z, v, 2].

Definition 2.2.9 Let f(z,y,2) € K[z,y,2] be a homogeneous polynomial. We de-
fine V(f(z,y,2)) to be the set {[zo : yo : 20) € PX(K) : f(m0, Y0, 20) = 0}.

An irreducible projective plane curve C is a subset ;)f the projective plane of
the form V(f(x,y, 2)), for f(z,y,z) € K[z,y, 2] some irreducible homogeneous poly-
nomial. The example just given shows that this polynomial need not be unique; in
other words, the set C can be equal to V(f'(x,y, 2)) for some f'(z, v, 2z) # f(z, v, z) €
K(z,y, 2]. However, the polynomials f' (2,9, ) for which C = V(f'(z,y, 2)) are quite
limited, as the next theorem shows; namely, they are all multiples of f (z,y,2) in

Klz,y,2].

Theorem 2.2.10 (Nulistellensatz for irreducible projective plane curves) Let
f(z,y,2) € K[z,y, 2] be an irreducible homogeneous polynomial and let (f(z,vy,2)) be
the principal K[z, y, 2]-ideal generated by [z, y,2). If g(z,y,2) € Kz,y, 2] is a ho-
mogeneous polynomial such that g(zo,yo, z0) = 0 for all [zo : Yo : 20] € V(f(z, v, 2)),

then g(z,y, 2) € (f(x,y,2)), i.e. f(z,y,z) divides g(z,y, z).

Proof. See [4, Theorem 2, 11.4.3]. _ O
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Corollary 2.2.11 Let C : C(z,y,2) = 0 be an irreducible projective plane curve.
IfC = {lzo : yo : 2] € PXK) : C'(xo,y0,2) = 0} for some irreducible homo-
geneous polynomial C'(z,y,2) € Klz,y,z], then C'(z,y,z) = kC(z,y,z), where
k € Klz,y,2]*, the group of units of K[z,y, 2], i.e. k € K*.

Proof. By the Nullstellensatz, C(x,y, z) divides C'(z,y,2) and C'(x,y, z) divides
C(z,y,2). In other words, C'(z,y, 2) = kC(z,y, ) for some k € Klz,y, 2]*, because

C'(z,y, 2) is irreducible. O

Observe that the locus of any homogeneous polynomial in & [z,y,2] is com-
pletely determined by its irreducible factors. Hence, for any polynomial C(z,y, z) €
K[z,y,2], V(C(z,y,2)) = V(C(z,y,2)") for all n € N. In Chapter 3 we will see —
via Bézout’s theorem — that the loci of two homogeneous polynomials are equal if

and only if the polynomials have the same irreducible factors.

Henceforth, for convenience, when we speak of a curve, we will be speaking only

of an irreducible projective plane curve over the a}gebraically closed field K.

Definition 2.2.12 Let C be a curve defined over K. We denote by C(K) the subset
CNP*(K) of C. A point P € C in C(K) is called o K-rational point.

Example 2.2.13 Let C' C P*(Q) be the curve C': 2 +¢° — 172923 = 0. [12:1: 1]
is a Q-rational point on C since [12: 1: 1] € P*(Q) and

122 4+ 1% — 1729(1)% = 1728 + 1 — 1729 = 0,

so[12:1:1] e C.
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Proposition 2.2.14 Let C = V(C(z,y,2)) = V(C'(z,y,2)) be a curve, where
C(z,y,2) and C'(z,y,2) € K[z,y,2] are distinct irreducible homogeneous polyno-

mials. Let P € C. Then

0C'@,9,2) py _ g o, OC(,1:2)
o E(p) =06 2l (p) =g

Proof. By Corollary 2.2.11, C'(z,y, z) = kC(z,y, ) for some k € K*. The result

now follows since

Oz oz

Oy Oy
oC' (z,y, 2) 20y, 2)

Oz 0z )

O

Definition 2.2.15 For a curve C : C(z,y,2) = 0, we say that C is singular at a

point P € C if the partial derivatives at P are all 0, i.e.

0C(2,9,2) , o\ _
=285 (p) =

oC(z,y,

)
2LA(P) =

In this case, we say that P is a singular point. A curve with no singular points is

called non-singular or smooth; otherwise, it is called singular.

Remark 2.2.16 The fact that singularity is a well-defined notion follows immedi-

ately from the preceding proposition, as well as Corollary 2.2.11. In other words,



13
singularity does not depend on the model of the curve used (i.e. the polynomial for

which we take the curve C to be the locus).

Example 2.2.17 Let C/F, be the curve which is the locus of the polynomial y*z—x®
(i.e. C:y?z— a3 =0) over Fy, where Fy is the finite field of 2 elements. Then C is

singular because it has a singular point ot [0: 0 : 1], for

0C@u7) _ g
Oz
= $2
5‘0(:;;/%27) - 2z
= 0
0C(,y, 2) 2
T8z =Y,

and all three of these partial derivatives are 0 at [0: 0 : 1].

Having introduced the partial derivatives of a curve, we may now introduce the
notion of the tangent line to a point on a curve. Such a definition will be indispensable

in our treatment of elliptic curves in the third chapter and beyond.

Definition 2.2.18 Let C be a curve and P a point on C. The tangent line to C at

P is the line

30(96 Y, 30(93 y, 30(03,.%

6 2002 oy, 00802 (pyy 4 20002 p),

Example 2.2.19 Consider our favourite curve, C : z2 4 y® — 172928 = 0, over a

field of characteristic not equal to 8,7,18, or 19, which we introduced in Example
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2.2.2. If P = [z : Yo : 2] s a point on C, then the tangent line to C at P is given

by the equation

w3z + Yoy — 1729222 = 0, (2.11)
because

00w, y2) _ 4.
Oz

80("177% z) . 2
Oy = 3y

aC(iE, Y, Z) —518722,
Oz

so dividing the partial derivatives by 8 gives Fquation 2.11.

Remark 2.2.20 It should be clear that a point P on a curve C will always lie on the
tangent line to C at P. For if C is the locus of an nth degree irreducible homogeneous-

polynomial C(z,y, z), then £p(P) = nC(P) = 0.

2.3 The Coordinate Ring and Function Field

In this section, we introduce the function field of a curve. An understanding of
the function field of a curve is key to an understanding of the curve itself, because
a function field essentially determines the curve, in the sense that if two curves
have the same function field (up to isomorphism), then their points are in bijective

correspondence.

Proposition 2.3.1 Let C be a curve and suppose that

C= V(C’(x,y, Z)) = V(C”(m,y,z)),



15

where C(,y,z) # C'(z,y, 2) are irreducible homogeneous polynomials in K|z, y, 2.

Further, suppose that f(z,y, 2),9(z,y,2) € K|z,y,2]. Then

f(z,y,2) + (Clz,y,2)) = 9(z,9, 2) + (C(z,y, 2))

in the factor ring K[z,y,2]/(C(z,y, z)) if and only if

f(@,y,2) +(C'(2,9,2)) = 9(2,9,2) + (C'(2,, 2))

in the factor ring K[z,y, 2]/(C'(z,y, 2)).

Proof. If f(z,y, 2)+(C(z,v,2)) = g(z,y, 2)+(C(z,y, z)),.then flz,y,2)—g(z,y,2) €
(C(z,y,2)), ie. f(z,9,2) — g(z,y,2) = h(z,y,2)C(z,y,2) for some h(z,y,7) €
Klz,y,2]. By Corollary 2.2.11, f(z,y, z) — g9(z,y,2) = kh(z,y,2)C'(z,y, z), for
some k € K*, so f(z,y,2) + (C'(z,y,2)) = g(z,9,2) + (C'(z,y, 2)). The proof of

the converse is analogous. O

Definition 2.3.2 Let C be a curve. The coordinate ring K[C] of C is the ring of
all polynomials in K(z,y,z] modulo (C(z,y,z)), where (C(z,y,2)) is the principal
K[z,y,z]-ideal generated by C(z,y,2), i.e. the factor ring Kz,y,2]/(C(z,y,2)). If
C(z,y,2) € K[z,y, 2], then K[C] is the subring K[z,y, 2]/(C(z,y, 2)) of K[C] where

here, (C(z,y,2)) is the principal K[z, vy, 2]-ideal generated by C(z,y, z).

Remark 2.3.3 By Proposition 2.8.1, the coordinate ring is well-defined since it is
independent of the model of the curve used (i.e. which polynomial we take to be
C(z,y,2)). Moreover, K[C] is an integral domain because C(z,vy, 2) is irreducible in

Kz,y, 7).



16

Lemma 2.3.4 Let C : C(z,y,2) = 0 be a curve and consider the set consisting of

quotients ;J(:—’z% of homogeneous polynomials f(z,y, z),9(z,y,2) in K(z,y,2] such

that g(z,y, z) ¢ (C(z,y, 2)) and either f(z,y,2) and g(z,y, z) have the same degree

[y | f@y2)
9@y2) g (zy2)

or f(x,y, z) is the 0 polynomial. Define the relation ~ on this set by
if f(2,9,2)9'(z,9,2) — f'(z,9,2)9(x,y, 2) € (C(z,y,2)). Then ~ is an equivalence

relation.

Proof. For the sake of brevity, denote by f and g the polynomials f(z,y,z2) and
g(z,y, z), respectively. Once again, the equivalence is well-defined because it is
independent of the model used for the curve. For if C = V(C'(z,y, 2)), where
C'(z,y,2) # C(z,y,%2), then f¢' — f'g € (C(z,y,2)) if and only if f¢' — fig €
(C'(z,y,2)), by Corollary 2.2.11. The relation is clearly reflexive and symmetric.

Transitivity follows as well: if 5 ~ L and gL: ~ *gLZ, then

gl
: Il 1" + !l el
' — flg = (f9' = f'9)g g/(fg g/f )g’
and since [(f9' = f'9)g” + (f'g" — ¢'f")g] € (C(z,y,2)) and ¢’ is not in (C(z,y, 2)),
fg” - f”g € (O(x):%z))? 50 ’5 ~ 'gL:':' O

Example 2.3.5 Let C : 2® 4 y® — 17292% = 0 over Q. Then ”’2_25’”2 ~ 1;3_2,” , since
2?2 — zy +y2)(z +y) — (22)(17292) € (C(z,y, 2)). Similarly, THL11292° 0 e
< Y

[(@® +y° — 17292%)(1?) — (0)(=*)] € (C(=,¥, 2)).

Henceforth, we will only use upper case letters such as C and E to denote affine
or projective plane curves. Since there will be no ambiguity, we will, for instance,
sometimes use f or g to denote f(z,y,z) and g(z, y, 2), respectively, as in the proof

of Lemma, 2.3.4.
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Proposition 2.3.6 Let C be a curve and denote by K(C) the set of equivalence
classes under the equivalence described in Lemma 2.8.4. Then K (O) is a field, where
multiplication of the class of i by that of L gives the class of L& . g,, and addition of
the classes of 5 and =gL, gives the class of ing“g_,L’a.

Proof. Multiplication is well-defined. To see this, note that if 5 ~ -gL: then
A
99" " 99"
because
19 1"'9" = flaf"q" = f'g"(fg' - f'9) € (C(z,y,2)),
since by assumption,
fg' = f'g € (Cla,y,2)).
Similarly, addition is well-defined. Commutativity, distributivity and associativity
clearly hold in K(C) for both addition and multiplication. The additive identity is
just the class of g%}”i), where d is the degree of C(z,y, z), for £2%2) 4 C(’”’y’z)

g(2,y,%)
fxy,2)
g(m)y:z)

for any quotient _{%:ﬂ% The multiplicative identity is the class of the constant

quotient 1 = 1. The additive inverse of the class of £ E’” y,z; is just the class of —';%1’7")’1,

Finally, for any non-zero quotient &2

9(@,7)? lLe.

SinCe f(mvy)z) + —f(-":,’y,z) C(:l;ﬁ/,z).

9(zy,%) 9(z,y,2)

f(z,y,2) & (C(z,y, 2)), the multiplicative inverse is just the class of ?8253 O

Remark 2.3.7 It should be apparent why we needed to include quotients of the form
g, g ¢ C(z,y, 2) in the set of Lemma 2.3.4, and not merely quotients of homogeneous
polynomials of the same degree. For consider =gt, f and g non-constant. The additive
inverse of the class of 5 is the class of lgf. Adding these together gives Iﬂg;zig- =
0

= This is not o quotient of homogeneous polynomials of the same degree, so the
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set of quotients of homogeneous polynomials of the same degree is not closed under
addition. If we did not define the equivalence relation for quotients of the form g,
then addition of certain classes would not be well-defined — because for a suitable
choice of elements in these classes (such as =gf and ;gi above), their sum would not

restde in an equivalence class.

Definition 2.3.8 The field K(C) is called the function field of C. Elements of K (C)

are called rational functions.

We call elements of K(C) rational functions for the following reason. If -5 is
a quotient of homogeneous polynomials of the same degree, we can regard =gf as a
function from P?(K) to K. If =gi ~ J;—:, for another quotient -gL:, then -g(P) = gL:(P)
at all points P on C' where both g(P) and ¢’(P) are non-zero. In other words, each
nonzero equivalence class consists of quotients of homogeneous polynomials of the
same degree which are equal as rational functions on the curve C, when restricted
to all but finitely many points on C' (where the denominators of both quotients are ‘
non-zero). One may think of the constant functions as the elements of K and the

non-constant functions as those elements which are transcendental over K.

Proposition 2.3.9 Denote by X € K[C] the image of x € Klz,y,2] under the

quotient map K(z,y,z] — K[C], i.e. X = z+ (Clz,v,2)), and similarly, Y the

f(X,Y,2)

image of y and Z the image of z. Then K(C) is the set of quotients WX T.2)

where f(x,y,2) and g(x,y, z) are homogeneous polynomials, g(z,y, 2) ¢ (C(z,y, 2)),
and f(z,y,2) and g(x,y,z) have the same degree if f(z,y,2) # 0. Furthermore,

Ll y ) +Y> Yz ’ 1L ; ;
gégﬁg is the equivalence class of %, and ; 8{{}’: Z)) = 5,8{"}’22 if and only if

F(X,Y,2)d(X,Y, 2) - f'(X,Y, Z)9(X,Y, Z) = 0 € K[C].
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Proof. Suppose ZE¥2 ~ LE#YA. Then f(z,y,2)g'(2,y,7) — (2,9, 2)9(@,y,2) €

(C(m)% Z)), 50 C(m’y) z) l f(m)y)z)g,(m;% z) - fl(x:% z)g(a:,y, z) and hence
FXY, 2)d'(X,Y, Z) - f(X,Y,Z)9(X,Y,Z) = 0.

3 Ly / )Y;Z
Conversely, if 58{{3};%) = _f:'g,y, Z)) , then

fX,Y,2)d(X,Y,2) - (XY, 2)9(X,Y,2) = 0 € K[C],

so C(z,9,2) | f(z,y,2)d'(z,y,2) — f'(®,y,2)9(x,y,2). Thus, f(z,y,2)d (z,y,2) —
f'(z,y,2)g(z,y, 2) € (C(z,y,2)) and

fy,2)  f(=zy2)
9(z,y,2)  ¢(z,9,2)

Remark 2.3.10 Note that gfﬁ,;g need not in general be a quotient of homogeneous
polynomials in X,Y,Z of the same degree. Consider, for instance, the curve C :

y*z — % = 0. Then

z + (C(=,y,2))
y+(Clz,y,2)) .
yzz —z? +z -+ (O("E,y) z))
y+(Clz,y,2))
YZ-X3+X
% .

=i

(In fact, the numerator of the latter quotient is not even a homogeneous polyno-
mial in X,Y,Z.) Nevertheless, we can — and will — always write elements of the
function field as quotients of the form ;J(%:—)}%% , Where f(X,Y,Z) and g(X,Y,Z) are
homogeneous in X,Y, Z, and of the same degree when f(X,Y,Z) # 0.
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For the remainder of this thesis, if C : C(z,y,2) = 0is a curve, let X,Y and Z

be as in Proposition 2.3.9, so that ’;i(%)z € K(C) denotes the equivalence class of

ﬂ—’—:%% (In general, we will use the upper case U to denote the residue class of lower

case u, i.e. U = u+ (C(u,v,w)).)
Definition 2.3.11 We denote by K(C) the subset of K(C) consisting of equiva-

lence classes containing a quotient ;ﬂ(%:yl/_:%, where f(z,y,2),9(z,y,2) € Klz,y,2].

Elements of K(C) are called rational functions defined over K.
Proposition 2.3.12 The set K(C) is a subfield of K(C).

Proof. K(C) clearly contains both 0 and 1. It suffices, then, to show that K(C) is

closed under addition, multiplication and inverses. If ﬁigggi and gzg§§§; € K(C),

hXNZ )g;fg?;’,zz);’; 2(%;’, ’ZZ))‘“(X’Y’Z ) is clearly also in K (C). Similarly, the

product LXBDLEYE) et pe in K(C). If LY ¢ k() then =EENE) ang

91(X,Y,2)92(X,Y,2) 9(X,Y,2) 9(X,Y,Z)

% are in K(C). m

then the sum

Note that %)2 € K(C) does not necessarily imply that f(z,y, z),9(z,y,2) €

K|z,y, 2], as the next example shows.

Example 2.3.13 Consider C/Q : 2® + 9% — 17292° = 0. Then \—‘7-% € K(C), since

% = %, the class of §

The next result gives a precise characterization of function fields of curves. We

will use this fact throughout the rest of this thesis.

Proposition 2.3.14 Let C : C(z,y,2) = 0 be a curve and let a = % and b = .

Then K (C) = K(a,b). In particular, K(C) is a finitely generated extension of K of

transcendence degree one.
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Proof. It is easily seen that any quotient of homogeneous polynomials ﬁ%, where
f and g are of the same degree, can be expressed as a rational function in £ and
£, Therefore, % is a rational fuﬁction of @ and b. Furthermore, a and b are
algebraically dependent because C(a,b,1) = 0. Since a is transcendental over K, the

transcendence degree of K(C) over K is 1. 0

Remark 2.3.15 The generating set in the proposition above is not unique. That is,

K(C)=K(§,3) and K(C) = K(%, 1), since K(a,b) = K(&,1) = K(&,1).

a’a a'a

2.4 Valuation Theory and Orders

We now recall some facts regarding valuation theory. Subsequently, we discuss the
local ring of a smooth curve at a point. While it may not be immediately apparent
‘why we need the local ring, it will become obvious in the section on divisors at the

beginning of Chapter 4.

Definition 2.4.1 Let K be a field. A discrete valuation on K is a function v :

K — Z U oo with the following properties:
1. v(ab) = v(a) + v(b)
2. v(a+ b) = min{v(a),v(b)}
3. v is surjective
4. v(a) =co & a=0.

By convention, we define 0o + v(a) to be oo whence v(0) = v(0 * a) = v(0) + v(a).
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Proposition 2.4.2 The set
R,={a€ K |v(a) > 0}
s a subring of K with identity.

Proof. Since v(0) = oo, we have 0 € R,, so we need only show that R, contains 1, is
closed under addition, multiplication and additive inverses. Note that from property
(1) above, v(1) = v(1 % 1) = v(1) + v(1), so v(1) = 0 and 1 € R,. Applying this
same property again, we find that R, is closed under multiplication and property (2)
gives us closure under addition. Finally, by property (1), we find that 0 = v(1) =
v((—1) * (=1)) = v(—1) +v(-1) = 2v(—1), from which we conclude that v(—1) = 0.
Thus, for any a € R,, v(—a) = v(—=1) +v(a) = v(a) > 0. Hence, —a € R, and R, is

closed under additive inverses. w |
Definition 2.4.3 The ring R, is called the valuation ring of v.

Proposition 2.4.4 Let v be a discrete valuation on o field K. Then for all a € K,

either a € R, or a~! € R,.

Proof. Applying property (1) from Definition 2.4.1, we find that 0 = »(1) =

v(aa™?) = v(a) +v(a™!). Hence, either v(a) > 0 or v(a™!) > 0. 0

In fact, the valuation ring R, of a discrete valuation v is a principal ideal domain

with a unique maximal ideal, as the next proposition states.

Proposition 2.4.5 Let v : K — Z U oo be a discrete valuation on a field K,

with discrete valuation ring R,. Then R, is a principal ideal domain with a unique
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mazimal ideal M,. The ideal M, is the set
M, = {a € K | v(a) > 0}.

Furthermore, if M, = (t), with (t) the principal R,-ideal generated by an element

t € R,, then every non-zero R,-ideal is of the form (") for some n € Z.
Proof. See [6, Proposition 5, Section 16.2). O

Definition 2.4.6 A generator t of M, ot the end of Proposition 2.4.5 is called a

uniformizing parameter for v.

Proposition 2.4.7 Let C be a smooth curve and P € C. Then the set
R(r={tek(©)|f=LnP)+0,3 g e k(0)}

18 a ring with identity.

Proof. This set clearly contains 0 and 1. We need only establish closure under
addition, multiplication and additive inverses. If f,f € K(C)p such that f =
L f' = & with h(P) # 0, k/(P) # 0, then obviously f + ' and ff' are in K(C)p,
since B(P)h/(P) # 0. Likewise, —f = 72 € K(C)p. |

Remark 2.4.8 If £ e K(C)p, it does not follow that h(P) # 0. It simply means
that there exists ;‘é € K(C) such that h'(P) # 0 and £ = f;;.

Definition 2.4.9 The ring K(C)p is called the local ring of C at P.
Definition 2.4.10 Let C be a smooth curve and P € C. Define Mp to be the set

Mp={f € R(O)»| f(P) =0}.
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Example 2.4.11 Consider C/Q : 4?2 —23 -2 =0,P=[0:1:0] € C, and let
01,4, be the lines

lez = 0

Kzzaz = 0.
Then 8539 = £ = &% since (Y2 — 22)(Z) — (X)(X?) = Y22 — X3 — 28 = 0.
Now 55(P) = ¢ =0, 50 £ € Mp. The function field of C is Q(a, V@@ + 1),
where a = % and Va3 +1 = ¥. The local ring Q(C)p of C at P is Q] and
Mp = (3)Q(C)e.

Proposition 2.4.12 The set Mp is a R(C)p—ideal.

Proof. The set Mp contains 0 and is obviously closed under addition and additive
inverses. Hence, Mp is an additive subgroup of K(C)p. Moreover, if f € Mp and

7 € K(C)p then it follows that fr € Mp, so Mp is an ideal in K(C)p. o

Not coincidentally, Mp is a maximal K(C)p-ideal, which is easily seen, since

K(C)p/Mp is a field isomorphic to K, with the isomorphism given by
This motivates the following proposition.

Proposition 2.4.13 Let C' be a smooth curve and P € C. For any f € K(C)*%,
define ordp(f) , called the order of f at P, by
maz{d| f € Mg} if feK({C)p

ordp(f) =
—maz{d | ; € M3} otherwise.
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The value ordp(0) is defined to be co. Then the function ordp is a discrete valuation

on K(C) with discrete valuation ring K(C)p, whose unique mazimal ideal is Mp.
Proof. See [24, Proposition 1.1.7], [2, Proposition 9.2). o

Note that for any f,g € K(C), ordp(f) = ——ordp(31,-) and ordp(fg) = ordp(f) +
ordp(g). We will exploit this fact at the outset of Chapter 4.

Definition 2.4.14 Let f € K(C)*, P a point on C and d = ordp(f). Ifd > 0, we
say that f has a zero of order d at P; if d < 0, we say that f has a pole of order —d
at P.

We will see later that a non-zero rational function can only have finitely many

zeros and poles.

Proposition 2.4.15 Let C be a curve and f € K(C)*. Then

> ords(f) =0.

PeCordp(f)#£0

Proof. See [18, Theorem 11.3]. O

Example 2.4.16 Recall the curve C/Q : y*z — 3% — 2° = 0 from Ezample 2.4.11.

Then the rational function % has zeros at the points

P = [0:1:0]

Il

P2 [011]

P3 = [01—1]
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and poles at the points
Py = [1:0:-1]
Py = [1:0-¢]
Ps = [1:0:-£%,

where & is a primitive cube root of unity. We have ordp, () = ordp,(£) = ordp, (%) =

1 and ordp,(%) = ordp,(£) = ordp,(£) = -1, s0

X
> ordp(?) =3-143-—1=0.

PeCordp(3£)50



Chapter 3

Rational maps

In this chapter, we examine relationships between curves defined over the same
field. In particular, we establish the duality between function field embeddings and
maps of curves before moving on to isomorphism and a short discussion of separa-
bility. Unless otherwise stated, we continue to let K be a field and X its algebraic

closure.

3.1 Field Homomorphisms

"This section deals with homomorphisms of function fields. Prior to this, we remind

the reader of an elementary fact.
Lemma 3.1.1 A ring homomorphism between fields is either wmnjective or trivial.

Proof. If E and F are fields and I : E — F is a homomorphism, then ker(T') is
an E-ideal, so aF C ker(T) for any a € ker(T'). But if a £ 0, oF = E and so the
homomorphism must be identically zero. Furthermore, if T' is non-zero then it must

be injective, because I'(a) = I'(b), a # b implies I'(a — b) = 0, so ker(T) # {0}. O

Remark 3.1.2 Since we will only consider function field homomorphisms which fix
K, we will be dealing exclusively with non-trivial (i.e. non-zero) homomorphisms. In
light of Proposition 2.8.14, it follows that for curves Cy,Cs, such a homomorphism

from K (C) into K(Cy) is completely determined by its action on & and ¥, since

27
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K(Cy) = K(%,%). (This holds if C # £eo : w = 0. If not, then & and % are

undefined, since 3 = % =0 € K(Cs). In this case:

K(C) = K(l)
«(22)

- 1(3).

which is to say that K (€x) is a purely transcendental extension of K. As a matter of

fact, the function field of any line can easily be shown to be such an eztension field.)
The next result will be of use later on.

Proposition 3.1.3- Let Cy and C; be curves and let T' : K(Cy) — K(C1) be a
K -homomorphism of function fields. Then K(Cy)/T(K(Cy)) is a finite extension of
fields.

Proof. K(C}) is a finitely generated transcendental extension of X of transcendence
degree one. For £ € K(C,) is transcendental over K while % Z € K(C1) is algebraic
over K (%) and every function in K(C}) is a rational function of £ and ¥. (One
can derive a polynomial in K (%)[t] for which £ is a root from the equation defining
the curve C;.) Since I' is a non-zero K-homomorphism, every non-constant ratio-
nal function F(&, %) € K(Cs) is mapped by I' to a non-constant rational function
G(£,%) ek (01) That is, T(K(Cz)) is a transcendental extension of K of tran-
scendence degree one contained in K(Cy). K(Ci) is also algebraic over I['(K(Ch)),
since an element of K(C;) being transcendental over I'(K(C,)) would imply that
K (C1) has transcendence degree 2 over K. The result now follows, because X (C;)

is a finitely generated algebraic extension of I'(K(Cy)). 0
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Definition 3.1.4 Let ' : K(Cy) — K(C1) be a K-homomorphism of function
fields of curves Cy : Cy(z,y,2) = 0,C; : Co(u,v,w) = 0. If Cy # Lo, the set R C G4
is defined to be the set of P € Cy such that there exist homogeneous polynomials

1(X,Y,2),%(X,Y, Z),1s(X,Y, Z) € K[Cy] of the same degree for which

I‘(U) nX,Y, 2)

w '73(X)KZ)
oY) _ wxv2)
W) — pXY,z)

and at least one of «1,72,7s is non-zero at P, i.e. ¥:(%o0, Yo, 20) # 0, for some
4,1 <1 < 3. If Gy = Ly, then Rr is the set of P € C) such that there exist
homogeneous polynomials v1(X,Y, Z),12(X,Y,Z) € K[Ci] of the same degree for

which

"(7)- 257D

and y1(P) # 0 or v(P) # 0.

In order to simplify the exposition during the rest of this chapter, we will often
implicitly assume that the curve Cy (C)) is not 4o, so that the rational functions
i and ¢ (vespectively £, ¥ are defined. All of the major results contained herein
generalize to curves whose function fields are purely transcendental (such as lines

and conics).

Proposition 3.1.5 Switching W and V or W and U in Definition 8.1.4 leaves the

set Rr unchanged.

Proof. Recall that we saw at the end of Section 2.2 that K(Cy) = K(¥%,%) =

K (g, %), so T is completely determined by I'(%), (%) (and also, by T(5), T(%)).
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In the former case, I‘(%) = %&;—?),I‘(%) = %(% Thus, P € Rp if and only if

there exist 71(X,Y, 2),7%(X,Y, 2),13(X,Y, Z) € K[C] for which

r(Z) - BELD

1% %(X,Y, Z)
r _VK) _ XY, 2)
V) = XY, Z2)

and at least one of <1, 7,,7s is non-zero at P, i.e. (2o, Yo, 20) # 0, for some 4,1 <
i < 3. The third case with 71(X, Y, Z) in the denominator (i.e. K(Cs) = K(¥, %))

is the exact analogue of the first two. a

Example 3.1.6 Let
Cr:y’z—ad—z2® = 0,

Co i v*w —ud + duw® = 0,

be curves over any field. The map of function fields T : K(Cy) — K(C}) determined

by
U Y2
F(W) = Xz
NaAES YZ? - X?Y
7/ X2z

is a K-homomorphism. To show this, we need to show that I’ defined above gives a
well-defined embedding of K (Cy) into K(C1). Note that since T'(Z), I'(%) € K(C),
the image K(T(5),T(5)) of K(Co) under T is contained in K(Cy). It suffices,
~ then, to show that T is well-defined, i.e. that T takes 0 in K(Cy) to 0 in K(Cy). For
if f, f' are two different representatives of the same equivalence class in K(Cy) (i.e.

[~ f'), then T(0) = 0 if and only if I'(f — f') = 0, or equivalently T'(f) = T'(f).
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This follows from the fact that f ~ f if and only if f(&, %) = (& W W) s0
F(f(w’w)) (f (W’W)) if and only if 0 = F(f(W,W fI(W7w)) )

Given that
Uv

il
S
TN
—
7N
SIS
N—
H
TN
SIS
N
N

where the second equality follows from the fact that T preserves addition and multi-

plication, we need only show that CQ(F(%),P(%), 1) =0:

U 14
r{=) r(=
% ( (W) ’ (W) ’1)
Y2 YZ% - XY
= (y ()_(5’———){22 ,1>
Y72 4 X5Y2 4 2X4Y2Z2 + X2Y2Z4
X672
Y2Z - X3 XZ2 —YiZ — X3Y?_ XY2Z?
X3 ' X372

= 0,

so T' is indeed well-defined. Moreover, T' (&) = X5 and I'(Y) = Y855 gre

transcendental over K and algebraically dependent via the relation

Y? YZ?2 - X?Y
o (G az 1) =0

so K(Co) = K(E, ¥y = K(5, Y2550 C k().

We now show that [0:1:0] € Rp:

1“_U_ _XY?
w/) = X3

r (K) 2XYZ -Y3
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since 22 = X2 and (Y22 - X?Y)(X3) = (2XY Z -Y3)(X2Z) = (X2Y)(Y2Z - X3~
X X

X7Z%) =0¢€ K[Cy]. Hence, [0:1:0] € Rp because 11 (X,Y, 2) = XY, 1(X,Y, Z) =
XY Z —Y3, 1(X,Y,Z) = X3, and 15(0,1,0) = —1 5 0

Proposition 3.1.7 Let I, C and Cy be as in Definition 3.1.4. The complement of
Rr in Cy (the set {P € Cy | P ¢ Rr}) is finite.

Proof. This is a consequence of Bézout’s theorem, which we will encounter in Section
4.1. Briefly, this theorem states that the loci of two relatively prime homogeneous

polynomials have only finitely many points in common. Given that

r(U) N(X,Y,2)

W v(X,Y, Z)
W) = w(XY,Z2)

it follows that there are only finitely many points P € C for which v3(P) = 0, since
13(X,Y,Z) # 0 in K[C)] and C)(z,y, 2) is irreducible, so Cy(z,v, z) and y3(z, v, 2)

are coprime in K|z, y, 2|. ‘ ]

3.2 Rational Maps

In this section, we define a rational map of curves. We will also see that a K-
homomorphism of function fields from K(C) into K(Ci) induces a rational map

from the curve C; to the curve Cs.

Theorem 3.2.1 Let C, : Cy(z,y,2) = 0,Cy : Cy(u,v,w) = 0 be curves with func-
tion fields K(Cy) and K(Cy) and suppose that T' : K(Cy) — K(C) is a K-
homomorphism of function fields. For each P € Rr, let v1,p(X,Y,Z),vp(X,Y, Z)
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and v3,p(X,Y, Z) € K[C}] be such that

I (E) _ npXY,2Z)

w B 73,P(X)KZ)
r <K) _ rX,Y, Z)
W VS)P(X’KZ)’

and at least one of v1,p,Yo,p and ysp is non-zero at P. Then T induces a map of

curves I'# : Rp C Cy — Cs, given by

[(&)(P) : T(E)(P) : 1] if ya,p(P) # 0
T#(P) =1 [LE)(P):1:TE)P)] o 15,p(P) # 0
[1:DE)(P) : TEYP)]  if m,p(P) #0

for all P € Ry.

Proof. First, we show that such a map is well-defined. Observe that T1,P) V2,P
and <3, need not be unique. We need to show that I'#(P) is independent of the

representation chosen for I'(;%) and T'(37). To that end, suppose that

T (2) — ﬂl,P(X7.Y>Z)
w Bs,p(X,Y, Z)

T <_Y_) — :32,P(X)}/’Z)
w Ps,p(X,Y,Z)’

where as usual, By p, B2,p and B3 p € K[Ci] are homogeneous polynomials in X,V
and Z of the same degree such that at least one is non-zero at P. Without loss of
generality, suppose that 3 p(P) and f3 p(P) are both non-zero — that is, suppose

that there are two different representatives 3;5§¥2 and g;ggig; for I'(Z) which are

both de_ﬁned at P. Then

TP py - Pup
Y3,P (P) a ,33,P (P)
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because
M,p _ ,31,1D
Y3, Pap

in K(C1). Consequently, I(&)(P) is well-defined and the same argument tells us
that T'(37)(P) is also well-defined.

Next, we need to show that if P falls under two or more of the three cases in the
definition of I'#, all relevant maps take the point P to the same point in P2(X). We
will only cover one case, namely, the case 72, p(P) # 0,73 p(P) # 0, since the other
two cases can be proven analogously. Since I' is a field homomorphism, I“(%) =

D(7%) = T(FIT() and T() = by, so

o(B)ee (B - F(F)ox (B (D)ol
- o) p($) ()
(5o ()]
It now remains to show that the image of I'# is a subset of Cy. Let dp the degree
of Co(z,9,2), let P = [zo : Yo : 2] € Rr, with y1,p,12,p,73,p as above, and without

loss of generality, let 2y 7 0. We only consider the case 73 p(P) # 0. (The other two

cases can be proven in an analogous manner). We need to show that I'#(P) € Cs,
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i.e. Cy(T*#(P)) = 0. Then since Co(&, %,1) = LI — 0 ¢ K(C,), we have
Co(T#(P)) = C, (r (%) ,T (%) ,1) (P)
- x(a(55) o
- o (S
= T(0z(c)(P)
= Ogey(P)
= 0,

where the second equality follows from the fact that I is a K-homomorphism. O

Observe that if I is given by

U

r(W

T K '72(X)Y)Z)
W) = %(XY,Z)

) — ’Yl(X)Y)Z)
’73(X)Y’Z)

then since

02(71(X)Y)Z))’YZ(Xay’Z):’)%(X)Y:Z)) = C 'Yl(X)Y;Z) 72(X)Y;Z) 1
(XY, 2)% "\ »(X,Y,2) %(X,Y,2)’

- a((9)r (1))
- 2(6 ()

= I}(0)

= 0,
we must have

Co(n(z, 9, 2), 12(, ¥, 2),73(2, 9, 2)) = Ci(z, ¥, 2) f(=, ¥, 2)
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for some f(z,y,2) € K[z, vy, 2].

Proposition 8.2.2 Let T' : K(Cy) — K(C}) be a K-homomorphism of function

fields. Then T'#* is non-constant.

Proof. Suppose I'# is constant, i.e. I'*(P) = [ug : vy : wy] for some [ug : vp : wo] €

Ca, and without loss of generality, let wp 5% 0. From the definition of I'#, we must

have
U Ug
*(7) =
\4 Vo
(%) = o
Then from

U
o) - %
w Wo
() - 5
Wo Wo
and the fact that T" is injective, we must have & = ., 50 Ca(u, v,w) | (wou — ugw)
and C, is a line. Using the same reasoning, we find that Cy(u, v, w) | (wev — vow) as

well. However, this means that wou — uw and wov — vow are associates in K [u, v, w]

— a contradiction. Hence, I'# is non-constant. a

Example 3.2.3 Consider the curves

Ci/K :y*2—a%—z2* = 0

Co/K : v*w — u® + duw? = 0.
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The K-homomorphism of function fields T : K(Cy) — K(Cy) from Bzample 3.1.6

gien by
U Y?
F (VV‘) = x
r VY _ 2XYZ- Y3
w) ~ X3

induces a non-constant map of curves T'# which is given by

g . 2zoyozo—v3 . .
T#(P) = [;%__503——(11] 2070
&z 2 .'123 .
[mygjg_yg 1 2moy030-yg] =[0:1:0] fP=[0:1:0].

We see that T*#is defined for all P € Cy for which zo # 0 or zop = 0 and yo # 0,
i.e. everywhere except at P =[0:0:1]. Therefore, C1\ {[0:0:1]} C Rr. In fact,

[0:0:1] also belongs to Ry, as we will see in Chapter 5, so Ry = Cj.

In light of the fact that I'(¥) and I'(3;) are just quotients of homogeneous poly-
nomials of the same degree, we may express the map I'# induced by I' strictly in
terms of homogeneous polynomials in the ring K[C]. For if I'(F) = ;’%Eﬁ—% and
1‘(%) = %—;, then multiplying out by v3(X, Y, Z) gives the same map of curves.
That is, the map I'# takes the point [zq : o : 20) € Ch t0 [11(%0, Yo, 20) : Y2(To, Yo, 20) :

¥3(%o, Yo, 20)] € Ca.

Example 3.2.4 Consider the K-homomorphism T : K(Cy) — K(Cy) of function

fields from Ezample 3.2.3, given by

U Y?
T (W) = X

V) _ 2XYZ-Y3
"w) ©= =
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By Ezample 8.2.8, the map T'# : Rp — Cy induced by T 4s given by

[%% : 2xoy(;zo—y3 : 1] 7,f 2 7& 0
I'#(P) =

[ s0u .. g ]:[0:1:0] fP=[0:1:0],

2T0Y020—Yg " 2zoyozo—vs

which, after clearing denominators, yields the map
I#(P) = [zoys : 2Toyoz0 — ¥5 : %3
for P#£[0:0:1].

This naturally motivates a definition of a map of curves which is not related to

function field homomorphisms.

Definition 8.2.5 Let Cy,Cy be curves and let fi, fo, fs in K[Ci] be homogeneous
polynomials such that all nonzero f; have the same degree and f; # 0 € K[C}] for
somei=1,2,3. Set Us={P € Cy | fi(P) #0 for some i =1,2,3}. Then a map
of the form f : Uy — Cy given by

F(P)=1fi(P) : fo(P) : f5(P)]
is said to be a partial map.

Remark 3.2.6 Note that by Bézout’s Theorem, the set U ¢ in Definition 8.2.5 is a

cofinite subset of Ci.

Definition 3.2.7 Let f : Up — Cy,g : Uy, — Cy be partial maps of curves Cy,Cy
given by
f(P) = [fi(P): fo(P) : f5(P)]

[92(P) : 92(P) : g3(P)]-

Q

~—~
g

~—
il
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Then f and g are said to be equivalent, written f ~ g, if f(P) = g(P) for all
PeUsn Uy.

Lemma 3.2.8 Let f, g be partial maps of curves C1,Cy as in Definition 8.2.7. Then

f~gifand only if for 1 <i,5 <3,
fi(xay}z)gj(ma y)z) - fj(m>y’z)gi(x)y)z) € (C]_(Q?,y, Z))

Proof. Suppose that f ~ g. If f; = ¢g; = 0 for some ¢, assume without loss of
generality that ¢ = 3. Then figs — fsg1 = fogs — f39: = 0 € (Ci(z,y, 2)). Clearly,
we must have f; % 0 or fo % 0. Suppose fo # 0. Then we must have g, # 0 also,
so for all but finitely many P € Ci, fo(P) # 0, go(P) # 0. Hence, for all but finitely
many P € (], %(% = %%, and we conclude (by the irreducibility of Ci(z,y, 2)
and Bézout’s Theorem) that figs — fog1 € (C(z,¥,2)). On the other hand, suppose
fi # 0 for all 4, so g; # 0 for all 4. Then for all but finitely many P € Ci, f;(P) #0
and g;(P) # 0 for 1 < j < 3. Hence, for all but finitely many P € Cj,

fiP) _ g(P)

fi(P)  g;(P)’

for 1 <4 < 3. Thus, the homogeneous polynomials C(z,y, 2) and fi(z,y, 2)g;(z, y, z);

fi(z,y,2)g9:(z,y, 2) have infinitely many common zeros, from which we again con-

clude that

fi(x)y>z)gj(x7y>z) - fj(x7y’z)gi(x7y7 z) € (Cl(x)y’ Z))

Conversely, suppose that for 1 <i,5 < 3,

f'i(m) Y, Z)gj(.’E, Y, z) - fj(may’ z)gi(m; Y z) € (Ol(a;;:% z))
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If f; = 0 for some 4, assume without loss of generality that ¢ = 3. From the equations

0€ K[C] = fige— fogn (2.1)
= fi9s~ fan (2:2)
= fogs — f3ge, . (2.3)

we see that figs = fags = 0. If fo =0, we must have f; # 0so g5 = 0, from which we
deduce that g» = 0 and g; # 0. Similarly, if f; = 0, then f5 # 0, s0 g1 = 0 and g, # 0.
If fi,f2 # 0, we find that g5 =0, s0if go =0, g1 # 0 and figs — fog1 = —fogs # 0
— a contradiction. Therefore, if fi, fo # 0 we must have g1,¢» # 0. In all cases
(1 £¢<3), we find that f; = 0 if and only if g; = 0. Therefore, for all 1 < < 3,

;;E};; = %% for some 7, for all but finitely many P € C;. Moreover, if f;(P) = 0 and

g;(P) # 0 for some P, we see from Equations 2.1-2.3 that f;(P)=0for 1 <i <3
— that is, P ¢ Uy. O

Lemma 3.2.9 The relation ~ is an equivalence relation.

Proof. Reflexivity and symmetry are obvious. Transitivity follows from the fact

that a finite intersection of cofinite subsets of a set is again a cofinite subset. O

Definition 3.2.10 Let Cy, (s be curves and let R denote the set of partial maps f :
Uy — Cy from Gy into Co. We denote by Ratz(Ci, Cs) the set of equivalence classes
under the equivalence relation of Definition 3.2.7. An element of Ratz(Ch,Cs) is

called a rational map from Cj to Cs.

Definition 3.2.11 Let y be a rational map of curves Cy,Cs. Then v is regular at

P € Cy if P € Uy for some partial map f € 7.
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Example 3.2.12 Consider the circle C/Q : 2% + y? = 2* and the line at infinity
lo/Q 1w = 0, and the partial map f : Uy — L given by f([zo : o : 20)) =
(Yo : ®o— 2 : 0]. Then Up = C\{[1:0:1]}. The mapg: U, — £y given by
9([2o : Yo : 20]) = [mo+20 : —yo : 0] is equivalent to f because (z+2z)(z—2z)—(~y)(y) =
z® +y? — 2% € (C(z,y,2)). Therefore, since U; = C\ {[1 : 0 : —1]}, we have
Ur WU, = C, and the class vy of f, g is regular on all of C.

Given a rational map v, we can give an alternate characterization of v as an

extended map of curves, as the next proposition demonstrates.

Proposition 3.2.13 Let Cy,Cs be curves and let v € Ratz(Cy,Cs). Then the map
given by y(P) = f(P) for all f € v for which P € U; gives a well-defined map of

curves whose domain is the set

Uus

- Fey
which we denote by U,.

Proof. Let P € C; and let f,g € v such that P € U NU,. Suppose without loss of
generality that f3(P) # 0 and g3(P) 5 0. Then

(A(P): P): P = B} 2D
- -fz(P) 9:1(P) , f2(P) ) f2(P) gs(P)]

| fa(P) g2(P) * fs(P) * fs(P) 92(P)
ﬂ_fi)_ o1 93(P)]
L92(P) "7 2(P)
= [91(P) : ga(P) : g3(P)].

We can multiply the second line above by %(% to get the third for the following
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reason. Since

S fa
fs 2
J2. g8
f3 g
as rational functions on C}, and since f3(P)gs(P) # 0 (i.e. %"f is defined at P), we

must have fo(P)gs(P) # 0. Hence, %(% # 0. | ]

For the remainder of this thesis, we will usually regard a rational map v as the
map of curves described in Proposition 3.2.13, rather than as an equivalence class
of partial maps. Furthermore, for a rational map v, when we write y(P) = f(P) =
[1(P) : fa(P) : fs(P)], we will mean that f € v, i.e. f is a partial map residing in
the equivalence class vy with Uy C U,. In some cases, we may write y(P) = [y(P) :
72(P) : 13(P)]. In these instances, we mean that +; ranges over f; for 4 = 1,2,3 for

all f € v; that is, ; can be taken to be f; for i = 1,2,3 when P € Us.

For any K-homomorphism of function fields I, T# is a rational map from some

cofinite subset of C; into C,. The following definition addresses this.

Definition 3.2.14 Let T : K(Ce) — K(C1) be a K-homomorphism of function
fields. Then T# is called the rational map induced by I

Remark 3.2.15 Observe that Definition 8.2.10 does not preclude constant rational
maps. However, we saw in Proposition 8.2.2 that constant rational maps do not arise

as rational maps induced by function field K -homomorphisms.
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The next proposition gives a necessary and sufficient condition for a point P to

be in Ry for a K-homomorphism T

Proposition 3.2.16 Let Ci,Cs be curves, I' : K(Cy) — K(C1) a K-homomorphism

of function fields, and T# the rational map induced by T’ given by

T#(P) = [n(P) : 12(P) : 1(P)],

for homogeneous polynomials v1,72,7s € K[C1]. Then for all P € Cy, P € Ry if and

only if T# is reqular at P.

Proof. Suppose P € Rr. Then I'({;) = 2, I'(37) = 2 and since P € Ry, there exist
P1, Ba, B5 of the same degree such that I'(F) = %, (%) = % and B;(P) # 0 for some
i € {1,2,3}. (It follows that I'(¥) = L= %) This means that v;8; — ;6 =0 €

I—{[Cl] for 7/,.7 € {1) 2} 3}7 S ’Yz(ib', Y, z)ﬂj(m) Y, Z) - ’Yj(x) Y, z)ﬁz(x; Y, Z) € (Cl(m) Y, Z))
By Lemma 3.2.8, the partial maps v, 8 given by
YP) = (P):7(P):1(P)]

B(P) = [Bi(P): Ba(P) : Bs(P)]

are equivalent, so 8 € I'# with P € Ug. Thus, I'# is regular at P.

Conversely, suppose I'# is regular at P; that is, there exists a partial map § € I'#
such that P € Ug. Then we conclude again by Lemma 3.2.8 that v;(z, y, 2)8;(z, y, 2)—

15(%,9,2)6:(®,9,2) € (Cu(w,9,%)), so Z = £ for 4,j € {1,2,3}. Since I'(f) =

J

2, T(3) = 2, it follows that P € Rr. O

Corollary 3.2.17 The domain of I'* in Proposition 3.2.16 is Rr, i.e. Up# = Rp.
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Example 3.2.18 Consider the rational map I'# : Rp — C, induced by the K-

homomorphism from Ezample 8.1.6, for the curves

Criy’z—ad—z22 = 0

Cy : v*w — ud + duw® = 0,

and given by T#(P) = [y320 : yoz2 — x3yo : T3z0), f P #[0:1:0,[0:0: 1], ie.
Ci\{[0:1:0],[0:0:1]} S Urs. Then for the partial map g([zo : yo : 20)) =
[%0y§ : 2%oyoz0 — U3 : @§), we find that g € T# and [0: 1: 0] € U,, so T* is regular
at [0:1:0]. Similarly,

r(L) - ar)
g3(X).Y)Z)
XY?
X3
(L) - s
9:(X,Y, Z)
2XYZ -Y3
X3 ’

and g2(0,1,0) = —-150, so [0:1:0] € Ry.

Although the rational map from the previous example is actually regular every-

where, the set Rr is not always equal to the curve C, as we will soon see.

Proposition 3.2.19 Let C : Ci(z,y,2) = 0,Cz : Co(u,v,w) = 0 be curves and let
T': K(Cy) — K(Ch) be a K-homomorphism of function fields. Then for all singular
P € Ry, I'*#(P) is singular.

Proof. Let P be a singular point on C, and let I'#([zy : 4o : 2]) be given by

[71(%0, Yo, 20) : Y2(%0, Yo, Z0) : V3(To, Yo, 20)] as usual. Then from the fact that

02('71(5”7 Y, z)>72(x) Y, Z), 73(33’ Y, Z)) = Cl(x7 Y, z)f(a:, Y, Z),
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for some f(z,y,2) € K[z,, 2], we have:

802(’&, v, w) _ 602(71 (11), Y, Z), 72(‘77) Y, z)) 73(3;) Y, Z)) %

ou oz ou
ac’l(x>y7z) af(m>y; Z) Qx_
<_33—3__f(x’ Y, Z) + Cl(a:)y) z)T ou’

Hence,

%@(F#(P)) = (ail(g’y—’z)(l’)f(P)+Cl(P)_3_f%;L%l(P)) g.f_b(p),

z
Since 298w (py = Cy(P) = 0, 22209 (P#(P)) = 0 and it can similarly shown
ox ou

that 22280 (p#(p)) = 8%vu) (T#(pY) = 0, so T#(P) is singular. O
Example 3.2.20 Consider the curves
Ci/Q: vz —2® — 822> =0

Co/Q : v*w? — 2ut + wt =0,

with a K-homomorphism T : K(Cy) — K(Cs) given by

P(X) _ 2AVW 42U - W)

Z U —wy
o (YY) _ SUVW —4VIW2+8U° — 4
z) = U -w)y '

Then T# : Rp — Cy is given by
T# ([uo : vo : wo]) = [2(vowo+2ul—wd) (uo—wp) : Sugvowo—Avowa+8uf—4wd : (ug—wp)?].

A quick check confirms that Co\ {[0:1:0],[1 : =1 : 1]} C Rp. However, [0: 1 : 0]
is the only singular point of Cy. The curve C is easily seen to be non-singular, so

[0:1:0] cannot lie in Rp. Thus, Rp C Cp\ {[0:1:0]}.
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On the other hand, the converse is not true: Non—sirigular points can be mapped

to singular points, as the next example shows.

Example 3.2.21 Consider the same two curves from the previous ezample and the

K -homomorphism T : K(Cy) — K(C}) given by

P,(_U_) _ Y-2x-8z7

W Y —4X +82
o (V) _ YP-24X%+48YZ - 16XZ — 6427
w) = (Y —4X + 82)2 ’

so that (T")# : Cy — Cj 4s given by

(T ([0 : yo : 20))
= [(go — 230 — 820)(yo — 4o + 820) : Y — 24w + 48yo2o — 16020 — 6422 :

| (Yo — 420 + 82)7).

Then (T')#([xo : dwo—8: 1)) = [0 : 1: 0], where o 4s a oot of 2° — 1622 + T2z — 64.
(Note that Cy(zo, 4o —8,1) = —z§+ 1623 — T2x0+64 = 0, s0 [z0 : 420—8: 1] € C}.)
We just saw that [0:1: 0] € Cs is singular.

Definition 3.2.22 Let C1,C; be curves and let T# : Rp — Cy be a rational map
induced by a K-homomorphism T : K(Cp) — K(Cy). Then T# is said to be defined
over K if there exist homogéneous polynomials 11(X,Y, Z),v(X,Y, Z),vs(X,Y, Z) €
K|[C1] of the same degree such that

(i) = 2wy
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Example 3.2.23 Consider the curves and field homomorphism from Ezample 8.2.1 8,
with K = Q. Then

T#(P) = [V2zoy5 : 2v2w0y020 — V205 : V23],

for P {0:0:1). ButT# is defined over Q, because this is the same map of points

as T'# : Rp — Cy, given by
I'#(P) = [zoy : 2moyo2o — Y3 : ),

for P#£[0:0:1], ie.

r U\ _ Xxy?

w,) X3

1% 2XYZ -Y3
I'f—) = = .

3.3 Isomorphism

In this section, we deal with isomorphism of curves, an important topic vis-a-vis the
last three chapters of this thesis. The meaning of isomorphism of curves is different
from that of rings or fields. However, we will see that isomorphism of curves is tied
to that of fields, just as non-constant rational maps are tied to K-homomorphisms

of function fields. First, we introduce a related notion.

Definition 3.3.1 Let v be a rational map of curves Cy,Cs. If v is regular at P for

all P € C1, we call v a morphism and write v : C; — Cs.

The next theorem gives an important result for non-constant morphisms.
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Proposition 3.3.2 Let Cy and C; be curves. A non-constant morphism v = [ :

Y2 : ys] from Cy to Cy is surjective.
Proof. See [18, Corollary 8.10]. O

"The following provides an example of a morphism of curves whose defining homo-

geneous polynomials each have degree three.

Example 3.3.3 Let

Ci/Q:2+ ¢ ~272 =0

Co/Q : 3u*w — 3vw? + w? — 27u® =0
be curves defined over the rational numbers. The map a: Cy — Cy given by
o([uo : vo : wo]) = [0 : Wo — Vo : ug)
s a rational map because
vy + (wo — vo0)® — 270§ = 3viwo — Svow? + wi — 27ud =0

for all fug : vo : wo] € Cs, and it is a morphism because o s reqular at all points

[uo : v : wo] € Cs.
The following fact will be useful later: Let Cs be given by
C3/Q : 108s% + t3 — 1083 = 0.

Then the map

B([uo : vo : wo)) = [Buo : 2vp — wp : Bwy)

s a morphism from Cs to Cs defined over Q.
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Checking that this is a rational map amounts to substituting the values 6ug, 2vy —
wo and 6wy for r,s and t, respectively, in the equation for Cs, and verifying that
Cs(6ug, 2uo — wo, 6wo) = 0 for all [ug : vo : wo] € Cy. This rational map must be a

morphism because B is regular at all points [ug : vo : wo] on Cs.

Lemma 3.3.4 Let vy be a non-constant rational map of curves Cy, Cy, and let Cy be

smooth. Then vy is a morphism.
Proof. See [24, Proposition I1.2.1]. 0

Definition 3.3.5 Let C1,Cs be curves over some algebraically closed field K and
a : Cp — Cy a non-constant rational map. If o : Co — C} is a rational map
such that oo o o and o o o, where defined, give the identity maps on Cy and Ci,

respectively, then we say that C1 and Cy are birationally equivalent and we denote
o byat.
Example 3.3.6 Consider again the curves
C1/Q:y*z—2® —8z2 =0
Co/Q : v*w? — 2ut +wh =0
from Ezample 3.2.20 and the maps I'* : Rp — Cy, (I")# : Ry — Cy given by
F#(['U,o T Vo UJQ])
= [2(vowo + 2uf — wd) (uo — Wo) : BugUowy — duew? + Sud — 4wl : (up — wyp)?]
(T ([zo : 3o : 20))
= [(yo — 2z0 — 820) (yo — 4m0 + 820) : y§ — 24xd + 48yoz0 — 1602y — 6422 :

(yo — 4o + 8z0)2]'
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Then

(T o T#([ug : vo : wo))
= [ugwo(dvowp + 32uewo — 20wi — 8ud)? : vowo(dvgwo + 32uewy — 20wE — 8u2)?
wi (dvowg + 32uqwy — 20w2 — 8ul)?]

[uo : vo & wo),

and it can similarly be shown that T# o (T')#([zo : o : 20)) = [0 : Yo : 20), s0 Cy and

Cy are birationally equivalent.

Observe that while (I')# = (I'#)~! in the previous example, the map I'# is not
a morphism, since C, is singular at [0 : 1 : 0] while C) is non-singular. The next

definition addresses this point.

Definition 3.3.7 Let Cy,Cy be curves over some algebraically closed field K and
a:C; — Cy, a”l: Cy — C as in Definition 8.8.5. If a,a™* are morphisms
then we say that C1 and Cy are isomorphic and we write Cy ~ Cy . We call o (and
a~!) an isomorphism. The curves Cy and C, are isomorphic over K (C} ~x C;) if

1

o, ™" are morphisms defined over K.

Example 3.3.8 Consider once more the circle C/Q : % + y* = 22 and the line at
infinity £ /Q : w = 0 from Example 3.2.12 and the rational map B : Us — C given
by B([uo : vo : wo]) = [ud — v& : —2ugup : uZ +v2). The map B is clearly a morphism,
and one may verify via simple algebra that B and the morphism vy : C — £y, given

by
f(P) ifP#[1:0:1]
g(P) fP#[1:0:-1],

v(P) =



51
with f,g given by

" f([mo:yo:z]) = [yo:zo—2:0]
9(fwo : 40 : 20)) = [0+ 20 —yo: 0],

1

are inverses of each other, hence f =y~ and the circle and the line at infinity (in

fact all lines) are isomorphic to one another.

Example 3.3.9 Consider again the curves Cy : z3-+1y*—2723 = 0, C, : 3uw—3v2+
w? —27ud = 0 and Cs : 108s%t + 3 — 108 = 0 and the morphisms o : Co — O}
and B : Co — Cs from Ezample 3.8.8 given by

o([uo :vo : wo]) = [uo: wo = vo : U

B([wo : vo : wo]) = [Bug : 2vp — wp : Bwy).
Then o and B are isomorphisms over Q via o™ : C; — Cy and B~ : C3 — C
giwen by

o [zo:yo:2]) = [20:To: zo+ o)

,8_1([7'0 » 8o to])

[279 : 850 + to : 2.
In fact,
o toa(fug:vo:wo)) = o [vo : wo — o : ug))
= [uo : vo : vo + (wo — o)]
= [ug : vp : wo)
aoa [z g0 20)) = oz zo: 2o+ o))
= [wo: (To+ o) — o : 20]

= [%0: 90 : 2.
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Likewise,

B o B(luo :vo : wol) = BH([Buo : 20 — wo : Bwo))
= [12ug : 6(2v0 — wo) + Buwg : 2(6wo))]
= [12ug : 1200+ : 12wy
= [up: vo: wo)
BoB Y ro:s0:t0]) = B([2ro: 5o+ to : 20])
= [6(2ro) : 2(6s0 + to) — 2to : 6(2to)]
= [12ro : 1250 : 12t0]

= [’I"o 8¢ to].

Therefore, C1 and Cs are isomorphic over Q via foa™: C) — Cs and o 71 :

03 —_ C]_.

Remark 3.3.10 Observe that the isomorphisms « and o™ from Ezample 3.8.9 can

alternately be expressed in terms of invertible matrices. To be exact:

0 1 0
a(fuo:vo:wol)=| 0 —1 1 | [wo:vo:wo|”
1 0 0
and
001

o Y[z yo:2)=| 1 0 0 |[zo:vo: 2]
110

Here, we regard [ug : v : wo] and [Zo : Yo : 20] as row vectors.



53

Proposition 3.3.11 Let A € GL3(K) and C a curve. Then the image of the curve
C under the map oy : C — P*(K), where as(P) = AP, is a curve C' to which C

is isomorphic, i.e. ay: C — C' is an isomorphism with inverse ccg-1.

Proof. Since A is invertible, a4 is regular on all of C, and a,4 is given by linear
homogeneous polynomials, so it is a morphism. Furthermore, o' : ¢/ — C is

given by a4-1(Q) = A7*Q. Composing the two morphisms gives

ag-1004(P)= A"YAP = (A A)P=L,P = P

apo0a4-1(Q) = AATIQ = (AAHQ=5Q =Q
and a4 is an isomorphism, as required. a

Two isomorphic curves defined over a given field need not be isomorphic over this

same field, as the following example illustrates.
Example 3.3.12 Taking K = F13, consider the two curves
C1/F3 : %2 = 2% 4 Tx2? + 323,

Cy/Fy3 : v?w = u® + Suw? 4+ 11wd.

Then

o [zo: Yot 20] = [6%0 : 7™ 3y0 ¢ 20),

s an isomorphism from Cy to Cy with inverse
o gt vp : wo) — [Llug @ 73vg ¢ wo),

where 2 = 11.
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Since 11 is a quadratic non-residue modulo 13, the isomorphism is not defined

over IFy3.

Theorem 3.3.13 Isomorphism induces an equivalence relation on the set of curves

defined over o given field.

Proof. Every curve is isomorphic to itself via the identity map. Symmetry is obvious
since the inverse of an isomorphism is again an isomorphism. The composition of
two morphisms gives another morphism, such that the composition of the inverse

morphisms gives the inverse of the first composition. m]

3.4 The Category Theoretic Perspective

Up to this point, we showed that a K-homomorphism implies the existence of a
non-constant rational map. It is possible to go the other way. Given a non-constant
rational map, there is a K-homomorphism of the corresponding function fields (in
the opposite direction) which corresponds to this map. That is, the map of curves
is in fact a non-constant rational map induced by a suitable K-homomorphism, and
there is a 1-to-1 correspondence between the non-constant rational maps of curves

(if such exist) and the K-homomorphisms of their function fields, as we will see.

Definition 3.4.1 Let v be a non-constant rational map of curves Cy,Cs, given by

Y([o : Yo 20)) = [11(0,Y0,20) : V2(20, Y0, 20) : V3(Zo, Yo, 20)], for homogeneous
polynomials v1,7s,7s € K[C1]. Then we define v* : K(Cy) — K(Cy) by

" (7) - Hxvs
" <V) v(X,Y, Z)

w v(X,Y, 2)’
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and eztend v* canonically to K(Cy) so that v* preserves addition and multiplication.

Proposition 3.4.2 Lety be a non-constant rational map of curves Cp,Cp. Then ~*

is a K-homomorphism of function fields.

Proof. v* obviously fixes K. Suppose v is given by

Y(P) = [n(P) : v=(P) : 13(P)),

where 71,72,7s € K|[Ci] are homogeneous polynomials of the same degree. Then

7 () = LEFZ and v*(5) = 252, Clearly, v/(K(C2)) € K(Ch). From the

discussion in Example 3.1.6, it suffices to show 7*(0) = 0 to establish that * is
well-defined. We have

0 = (6 (554)

el () (5))
o (nara S )
Co(n(X,Y, 2), 72(X,Y, Z), 13(X, Y, Z))

v3(X,Y, Z)dzds ’

where dy is the degree of C(z,y, z) and ds is the degree of the homogeneous poly-
nomials v1(z, ¥, 2), (2, v, 2),73(2, ¥, 2). Now Co(71(P),12(P),vs(P)) = 0 for all P
at which v is regular, because [y1(P) : 72(P) : v3(P)] € C; for all P where v is
regular; in the event that + is not regular at P, we have v1(P) = (P) = 3(P) =0
and C»(0,0,0) = 0. Since Co(11(P),y2(P),7vs(P)) = 0 for all points P on the curve
C1, we may conclude (by the irreducibility of Ci(z,y,2) and Bézout’s Theorem)
that Cy(11(z,v, 2), 12(z, v, 2),v3(z, 9, 2)) € (Ci(z,y,2)). Hence, v*(0) = 0 and ~v* is

well-defined, as required. ]
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Example 3.4.3 Consider again the curves from Ezample 8.1.6:
Cr:ylz—a®—222 = 0
Cy i v'w —ud + duw? = 0,
and the rational map vy from Ezample 8.2.18 given by v(P) = f(P) = [y320 : Y028 —
3o : 2g20] € Cy for all P € Uy C U,,. Then v* : K(Cy) — K(Cy) is given by

AN %
() = %
(VY | YZ2-X%
7 (iV) = T xz

This map * of function fields may look very familiar to the reader. (See Example

3.1.6.) This is not a coincidence, as the next few results reveal.

Theorem 3.4.4 Let T : K(C;) — K(C,) be a K-homomorphism of function
fields. Then (T#)* =T,

Proof. This follows directly from the definitions of # and *. For I'# : Rp — C, is

given by
I# ([0 : o : 20]) = [11(%0, Yo, 20) : ¥2(%0, Yo, 20) : ¥3(Zo0, Yo, 20)],
where
(U _ nX,Y,2)
W) = (XY, Z2)
(VY _ wv2)
W) — w(X\Y,Z)
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Proposition 3.4.5 Let C, and Cy be curves and let T : K (Cy) — K(C) be a K-

homomorphism. Then there exists a unique non-constant rational map v such that

v =T.

Proof. We have already established existence: Simply define v = I'#. Then y* =

(T#)* =T by Theorem 3.4.4 and therefore (y*)# = I'# = 4. It thus only remains to

prove uniqueness. Suppose 3 is another rational map such that 8* = I" and write

v(P)

A(P)

where f € 4,9 € 5. Then

That is, for 1 < 14,5 <

f(P)
[fi(P) :
9(P)

[91(P) :

gl(X)KZ)
93(X>Y:Z)

gZ(X)KZ)
93(X7Y’Z)

3 fi(X,Y,2) and gi(X,Y,2)

F(P) : fs(P)]

92(P) : g3(P)],

HX,Y, Z)
»(X,Y,2)

curve C;. By Lemma 3.2.8, we may conclude that f ~ g, so 8 = 1.

? fi{(X,Y,2)

gj(.X,Y,Z)

are equal as rational functions on the

O
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Theorem 3.4.6 Let v be a non-constant rational map of curves Ci,C,. Then

(7)# = 1.
Proof. Set I' = v*. By Theorem 3.4.4,
' = (I#)
= (7))
Also, by Proposition 3.4.5, «y is the unique rational map with v* = T, so (v)* = ~.0

Proposition 3.4.7 Let a be a non-constant rational map of curves Cy,Cs and f a

non-constant rational map of curves Cy,Cs. Then (B o a)* = o* o B*.

Proof. This follows from the definition of *. The homomorphism (Boa)* : K(C3) —

K(Cy) takes & € K(Cs) to Zggzig?g;;ig;gg)gig;g;g The homomorphism £* :

K(Cs) — K(Cs) takes & to g;g—g;%% while o* takes & to Z—i%;’i—g and % to

% Composing o* with * gives:
oo f3 <T> = « <,33(U,V,W)

= o 131(%: %) 1)
133(%) %’ 1)
X,Y,2) X.Y.Z
ﬂl(z;gx,y,zy §§Ex,y,z§, 1)

(X.Y,Z) a2(X.Y,2)
ﬂ3(3§(x,y,2) ’ Zz(x,Y,Z) 1)

ﬁl(al(X)Y)Z))aZ(X>KZ))a3(-X)KZ))
/63(a1(XaKZ))O‘2(X7K Z)yaS(X>K Z))

_ moay<§).

The proof for % is completely analogous. a
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To what extent is a curve C over a field K determined by its function field K(C)?
We just saw that curves and their function fields are closely related. To be more
precise, isomorphism of function fields of curves (over a given field) induces an equiv-
alence relation on the set of curves over this field and vice versa, as the following

theorem states.

Theorem 3.4.8 Let C; and Cy be smooth curves. Then K(C1) = K(C,) if and only
O]_ s 02.

Proof. Assume K(C) = K(Cp). Then there exists I : K(Cy) — K(C}) such that

P(g) _ n(X,v,2)

w 73(X)}/)Z)
r(¥) - 2EED
W 1(X,Y, Z)
-1 <§) IPYCAA)
Z /\3(U)V’W)
i (z) _ WUV,w)
zZ >\3(U"/;W))

with 71,72,7s homogeneous polynomials of the same degree and )1, As, A3 also ho-

mogeneous polynomials of the same degree. Then

1 (XY, 2)
(’Ys(X YZ))

| A -1 <rY2(X YZ)

1(X,Y, Z)

t (As(v VW)
(U, V, W)
F <,\3 U,V W)

NN N[ X S| < S|g

)
M, VW)>
NoT)
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Thus, for all P = [zg: yo : 20) € Cy and Q = [uo : vp : wo] € Cs,

T#([mo : 90 20]) = [71(2o0, Y0, 20) * Y2(20, Y0, 20) : ¥3(%0, Yo, 20)]

T H#([ug 1 vo : wo]) = [M (o, v0, wo) A2 (w0, Vo, wo) : Ag(wo, Vo, wo)]-

We claim that I'# : C; — C, is an isomorphism with inverse (I'"!)#. We must
show that for all P = [z : yo : 2] € Ch, (I™1)#*(I'#(P)) = P and for all Q = [uy :
vo : wo] € G, PH((I)#(Q)) = Q. Now

X >\1(U7Vv)W)
7 = "o m)

(XY,2) 1XY.2)
M (5, & ¥2) xrz) D)

(XY.2) nX72)
M (572 nxvz) D

)\I(VI(XaKZ);'YZ(X>.Y) Z))’Y3(X)KZ))
)\3(71(X,K Z)772(X>}/>Z)773(X7KZ)).

Similarly,

X — >\2('71(X>}/7Z)>72(X>Y72)773(X)Y')Z))
Z >\3(71(X)Y;Z)’fYZ(X:Y—)Z))’Y?)(X)KZ)).

From Lemma 3.2.8, it follows that for all [z : 4o : 20] € Up-1y#ars,

[zo 190 20] = [M(m(wo, 0, 20), 12(o, Yo, 20), V3(%0, Yo, 20)) :
A2(71(%0, Yo, 20), Y2 (Zos Yo, 20), V3(Z0, Yo, 20)) :
As3(71(o, Yo, 20), Y2(Zo, Yo, 20), Y3(Z0, Y0, 20))],
so (I—1)#(I'#(P)) = P. By the same reasoning, ['*((I'"1)#(Q)) = Q. Furthermore,

we know from Lemma 3.3.4 that I'# and (I'""!)# are morphisms, since both C; and

C, are smooth. Thus, (I'"1)# = (T#)~! and C; ~ C,.
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Conversely, suppose that C; and C, are isomorphic via v : C; — Cp and y71 :
Co — C} and let v and 771 be given by

v(P)

7HQ)

1(P) : 72(P) : 13(P)]

[M(Q) : 22(Q) : As(Q)]-

Then * : K(C2) — K(Cy) and (y71)* : K(Cy) — K(Ch) are K-embeddings of
function fields. We claim that 4* is an isomorphism, with (y*)~! = (y~!)*. To prove

this, we need to show that

PareY
-2
AN
S
*
TN o~

S RS ISENTRISIES
\_/\_/\_/
S N

Il

%‘|<: SIS RN

) -

We only establish the first equality, since the other three can be proven analogously.

From the definitions of v* and (y™!)*, we see that

% ~1\* X _ )\1(71(X,Y;Z)}’Y2(X)KZ)773(X)KZ))
7 ((7 ) (7» = XNMX, Y, 2), (X, Y, 2), (X, Y, Z))

But for all P = [z : yo : 20] € C1, we have

[5170 ‘Y% : Zo] = [Al('Yl(xO)yO:zO))72(330,?/0)zO)a’Y3(x0ay0,z0)) :
>‘2(’Yl(x0a?JO’zo),’)’2(350,y0,20)>’)’3($0,y0,Zo)) :

A3(71(%o, Yo, 20), Y2 (%o, Y0, 20), ¥3(%0, Yo, 20) )]
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Since for all but finitely many P € C, z # 0, it follows that for all but finitely

many P € Cj,

To M (71(%o, Yo, 20), Y2(To, Yo, 20), Ys(o, Yo, Z0))

20 As(1(%o, Yo, 20), V2(%o, Yo, %0), V3 (%o, Yo, %0))

MK Y2 (X,Y,2) 15(X.Y.2))
O (XY 2) (XY 2 (X7 Z)) 8re equal

This means that the rational functions % and

as rational functions on some cofinite subset of C;. Hence,

E — AI(WI(X,Y)Z)”)@(X)KZ))73(X7},;Z))
Z )‘3(71(X)Y)Z)772(X’KZ)>’Y3(X’KZ))

()

and thus, v* is an isomorphism, as claimed. 0O

Il

Remark 3.4.9 Note that we can establish a weaker result by removing the condition
that Cy and Cy above be smooth. In this case, isomorphism of function fields of all
curves induces an equivalence relation on the curves themselves; the equivalence class

of a curve is the set of curves to which it is birationally equivalent.

We are now almost ready to establish the most important result of this chapter,
an equivalence of categories which relates curves and function fields. Just prior to

doing this, however, we require two more definitions.

Definition 3.4.10 Let S denote the set of non-constant rational maps of curves
over K. We say that o : Uy C Cy — Cy and B : Us C C3 — Cy are'similar, if Ch

and Cs are birationally equivalent and Cy are Cy are birationally equivalent.
Lemma 3.4.11 Similarity of rational maps is an equivalence relation.

Proof. This is clear from the definition of similarity, since birational equivalence of

curves is an equivalence relation. O



63

There is an analogous notion of similarity for function fields, which we now define.

Definition 3.4.12 Let T' denote the set of K-homomorphisms of function fields
(i.e. K-homomorphisms of transcendence degree one extensions of K). Recall that
we saw tn Proposition 2.8.14 that every function field is of the form K(a,b), with
a,b algebraically dependent. We say that two such homomorphisms Ty : K (a4, b1) —
K (a2,b9), T2 : K(ag, bs) — K (ayg,bs) are similar if K (ag,b1) & K (as, bs) and K (ag, by)
K (a4, by).

Lemma 3.4.18 Similarity of function field K -homomorphisms is an equivalence re-

lation.
Proof. Again, this is clear, since isomorphism of fields is an equivalence relation. O

Theorem 3.4.14 Let A be the category whose objects are equivalence classes of
curves over K modulo birational equivalence, and whose maps are equivalence classes

of non-constant rational maps modulo simslarity. (In other words, maps take bira-

o

tional equivalence classes of curves to birational equivalence classes of curves. ) Let B

be the category whose objects are equivalence classes of transcendence degree one ex-
tensions of K modulo isomorphism of fields, and whose maps are equivalence classes
of K-homomorphisms modulo similarity. (The maps on B take isomorphism classes

of function fields to isomorphism classes of function fields.) Then A and B are
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equivalent via the functors Fy : A — B and Fy : B — A, which are given by:

Fi(class of C) = class of K(C)
Fl(class of v) = class of v*

Fy(class of K(a,b))

class of C

Fy(class of T) = class of T'#,

where C s obtained in the third line above in the following way. We know that a
and b are algebraically dependent over K; let C(z,y) be the unique monic irreducible
polynomial € Klz,y] such that C(a,b) = 0, and let d be the degree of Cz,y).
Then we set C to be the locus of the irreducible homogeneous polynomial de’(f, 1).

Additionally, Fy and Fy are contravariant.

Proof. We first observe that F; and F, are well-defined by Remark 3.4.9. Specif-
ically, two curves are in the same birational equivalence class if and only if their
function fields are in the same isomorphism class. By the same token, two rational
maps v, 8 are in the same similarity class if and only if v* and 8* reside in the same
similarity class. The contravariance of the functors F, Fy was established earlier in
this chapter: see Theorem 3.2.1 and Proposition 3.4.2. It is clear that the identi-
ties in both categories are maps in their respective categories. Likewise, it is clear
that composition of maps in each category, where defined, gives another map in that
category. Finally, it suffices to show that Fy = F[! ie. that Fyo Fy = Ids and

Fy o Fy = Idg. For maps, this is just a consequence of Theorems 3.4.4, 3.4.6 and
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Proposition 3.4.5. More formally:

Fyo Fy(class of v) = Fxy(class of v*)
= class of (v*)*
= class of 7

Fy o Fy(class of T') = Fy(class of T'#)
= class of (T'#)*

= class of T

For objects, it is clear that F» and Fj are inverses of each other. Hence, F} is a

full-and-faithful (bijective) contravariant functor with inverse F. o

Remark 3.4.15 It should be clear to the reader why it is mecessary to take the
objects to be all curves modulo birational equivalence rather than only smooth curves
modulo isomorphism. Recall the curves Cy,Csy of Example 8.8.6. The curve Cy is
smooth, while Cy is not, yet they are birationally equivalent. This example illustrates
that by choosing different generators for our function field, we encounter difficulty
if we restrict ourselves to smooth curves in the categorical treatment above. To wit,
suppose we are given a function field K (a1,b;) such that the curve C obtained from
K(a1,b)) as described in Theorem 8.4.14 is a smooth curve. On the other hand, by
choosing different generators as, by for the same field, it could happen that we obtain

a curve C' which s singular (yet which is birationally equivalent to C).
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3.5 Separability

In this section, we remind the reader of some facts regarding separability. We will

need these facts in Chapter 5.

Definition 3.5.1 Let K/F be a finite extension of fields. We define the separable
degree of K/F, written [K : F), to be the number of F-automorphisms of K, that

is, the number of isomorphisms from K to K, with fized field F'.

Example 3.5.2 Consider the extension F,(1)/Fp, p = 3(mod 4) a prime, and 1 a
root of the irreducible polynomial z* + 1 € Fy[z]. Then the only F,-automorphisms
of Fp(u) are the automorphisms determined by u — u and u — —u. Hence, the

separable degree of this extension is 2, the same as the degree [Fp(u) : Fp).

In Section 5.2, we will see an example of an extension K/F where [K : F|, =1 #

(K : F].

Remark 3.5.3 Observe that the separable degree of an extension is bounded above
by the degree of the extension (and below by 1, since the identity map is an F-
automorphism,) becaﬁse an F'-automorphism must take an element to one of its con-
Jugates, and there are at most [K : F) distinct conjugates. In the case where the

fields have characteristic 0, the separable degree and the degree always coincide.

Definition 3.5.4 Let C1, Cy be curves and vy : C1 — Cy a rational map. Then v is
said to be separable if the separable degree of K (C1)/v*(K(Cy)) is equal to the degree
of this extension, i.e. [K(Cy) : (B (C))|s = [B(Cy) : v*(B(Cy))]. We denote this

degree by 7vs . If v is not separable, it is said to be inseparable.
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Theorem 3.5.5 Let Cy and C2 be smooth curves and let v : C; — Cs be a non-

constant rational map. Then for all but finitely many Q € Cs, |7"HQ)| = 7.

Proof. See [24, Proposition I1.2.6.(b)]. O



Chapter 4
Elliptic Curves

In this chapter, we at last introduce elliptic curves. We will need to establish
that they have the inherent (additive) group structure which we alluded to previ-
ously. This property will follow from the fact that an elliptic curve is the locus of
an irreducible cubic. Unless otherwise stated, let X and K be as in the previous

chapters.

4.1 Wéierstrass Curves

The goal of this section is to give a brief overview of Weierstrass curves, and to
examine some of their properties. For a more comprehensive treatment, see [24,

IIL.1).

Definition 4.1.1 A Weierstrass curve is an irreducible projective plane curve de-

scribed by a third degree homogeneous equation of the form
E %z + aazyz + agyz® = &° + apx’z + aqx2® + ag2®, (1.1)

where a1, ag, a3, a4, ag € K. The above equation is called a Weierstrass equation and

E is said to be in Weierstrass form.

Remark 4.1.2 The coefficients are labelled in such a way for the following reason.

Define an additive weight function wt on each term of (1.1) such that
wt(ag™y" 2™ ) = i+ m - wi(z) +n - wi(y) + (3 — m —n) - wi(z).

68
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If we set wi(z) = 2, wi(y) = 3, and wi(z) = 0, then wt(a;x™y"z>~™") = 6 for each
term in (1.1). For ezample, the coefficient of the y?z term is 1, so we set ag = 1, so

1=0m=0n=23—-m—-n=1, andwegeti+2m+3n=04+0-2+2-3=6.

Example 4.1.3 The curve E : y?z — 2% — 22% = 0 over any field is a Weierstrass

curve.

Lemma 4.1.4 If char(K) # 2, the Weierstrass curve E given in Equation 1.1 is

isomorphic to the curve
B v?w = 4u® + byrPw + 2bguw® + bgw?®,

where

b, = af + 4a,
by = 2a4-+ a3 (1.2)
be = a% + 4a6.

Proof. Consider the morphism o : E — E' given by

a([zo : Yo : 20)) = [®o : 20 + @10 + aszo : 20),

with inverse o1

: B' — FE given by

o ([uo : o : wo)) = [2ug : Vo — a1ue — azwo : 2wo).

Suppose that [zo : Yo : 20) is any point on F and [ug : vp : wp] is any point on E'.

One must first check that E'(zo, 2yo + a1Z0 + as2o, 20) = 0 and E(2uo, vo — a1uo —
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azwo, 2wp) = 0:

E,(:Eo, 2y0 + a129 + 320, Zo)

= (2y0 + a1zo + a3z0)2z0 — 4a3 — bzmgzo — 2b42025 — bs2d

= 4y§zo + a%a:gzo + a?z,zg + dayxoyozo + 4a3yozg + 2a1a3:1:0zg — 4:(:3 — bzmgzo
~2b4z025 — be2d

= 4(y520 + a1%oyoz0 + a3yYo2s — Ty — AaTazo — a4Toze — ag23)

= 0.
A similar computation reveals that the same holds in the opposite direction:

E(2ug,vo — a1uo — azwp, 2wp)

= (vo — a1uo — azwp)*2wo + a1 (2uo) (Vo — a1 — azwe)2wo
+a3(vo — a1uo — azwo) (2wo)? — (2uo)® — az(2uo)*2wo — aq(2uo) (2wo)?
—ag(2wo)?

= (2udwo + 2aiudwo + 2a2ws — dayuevowy — dazvowd + daiaguowd)
+(4aruouowo — 4adudwo — dajazuowy) + (dazvowd — 4ajazuows — 4a2wd)
—8uj — 8asuiwy — 8asuows — Sasws

= 2[vgwo — (a? + dax)udwo — (a2 + 4ag)wd — (20103 + dag)uew? — 4ud)

= 2(viwo — byudwo — bgwd — 2bguewd — 4ul)

= 0.

It is not difficult to see that both rational maps o and ™! are regular everywhere.
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The rational map « is not regular at some point [z : ¥ : 29] € F if and only if

Ty = 0
290+ mxo+azzp = 0
20 = 0.

But the three preceding conditions hold only when zo = yo = 2z = 0. By the same

1

token, o~ is not regular at some point [ug : vp : wo] € E' if and only if

2UO =
Vg — AU — ag'on' = 0
2’11)0 = 0.

Again, the previous conditions hold only for ug = vy = we = 0. Composing the
two morphisms with one another gives the identity on both curves, so the curves are

indeed isomorphic. a

Remark 4.1.5 If char(K) 5 2, we can write E' in the form

B (v)?w = u® + cuPw + cpuw® + cow®,

where v = 5 and

L b
2Ty
"
1T

be
Cg = —.



Lemma 4.1.6 If char(K) # 2 and char(K) # 3, then E' is isomorphic to

E": % =13+ Art® + Bf3,

where
_ by bg
4 = 2 48
bbb, b
864 24 4

Proof. Consider the rational maps §: B/ — E” given by
B([uo : vo : wo]) = [12ug + bawp : Bug : 12wy),
with inverse §~! : B — E’ given by

ﬁ_l([’ro : 8o to]) = [127”0 hand bgto H 2480 . 12t0]

72

Let [ug : vo : wo] be any point on F’ and let [rp : o : to] be any point on E”. Then

E”(lZuo -+ bz’LUo, 6’00, 12’u)o)

2
= (6u0)*12up — (12ug + bywo)® ~ (% - 2—8) (1200 + bawo) (12u0)?
bg boby  bg 3
(@ 22+ ) (12wo)

= 432v5wo — 1728uj — 432byudwo — 36b3uowg — b3wd + (36b2 — 864by)ugw?

+(3b5 — T2boby )wd + (—2b3 4 72byby — 43206 )w
= 4320w, — 1728ud — 432byulw, — 864bsugwd — 432bswd
= 432(vdwo — dud — baudwo — 2bsuwE — bewd)

= 0.
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Similarly,

E'(12r¢ — bato, 2450, 12t,)
= (24s0)*12tg — 4(12r¢ — bato)® — by (1219 — bato)?12to — 2b4 (120 — bato)(12t0)?
—bs(12t5)?
= 6912s5to — 691273 -+ 1728baraty — 144b2rot? + 4b3tS — 1728byr3t, + 288b2ryt2
— 12033 — 3456b4rota + 288bobyts — 1728bgtd
= 691253ty — 69127 — (3456bs — 144b2)rot2 — (803 — 288byby + 1728b5)t3
= 6912 [sgto — 78— (924— - %) rota — (% - %% + %6) tg]
= 6912(sito — rs — Argt: — Bt3)
= 0.
Both maps are clearly defined everywhere, so they are morphisms, and they are in
fact isomorphisms since 5 o 8 ([ro : 8o : t]) = [14drg : 1445, : 1ddtg] = [ro : sp : to)
for any point [ro : s : %] on E”, and 871 o B([ug : v : wo)) = [144u : 144y, :

144wo) = [ug : vo : wo) for any point [ug : vg : wo] on E'. ]

We now describe two other interesting quantities associated with Welerstrass

curves.

Definition 4.1.7 (i) The discriminant A(E) of a Weierstrass curve E as in (1.1) is
given by

A(E) = —b3bg — 8b3 — 27b2 -+ 9bybysbs,
where by, by, bs are given as in (1.2) and

2 2 2
bg = ajas + 4agas — ayazay + aza; — aj.
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(it)If E is smooth, then the j-invariant j(E) is given by
J(E) = (b5 — 24b4)° /A(E).

Often, we will simply write A in place of A(E) or j in place of j(E), when the

Weierstrass curve E we are speaking of is clear from the context.

Theorem 4.1.8 A Weierstrass curve is non-singular if and only if its discriminant

18 non-zero.
Proof. See [24, Proposition II1.1.4.(a)]. O

Example 4.1.9 The Weierstrass curve E : y?z — z® = 0 over any field is singular

since A(E) = 0.

4.2 Elliptic Curves

We now define an elliptic curve. As the following definition demonstrates, an
elliptic curve is not merely determined by its set of points; it is the extra condition

(the basepoint) which gives the elliptic curve its group structure, as we will see later.

Definition 4.2.1 An elliptic curve is a pair (B, Og), where E is a smooth, irre-
ducible projective plane curve which is isomorphic to a smooth Weierstrass curve
(called o Weierstrass model of E) and Og is a point on E. Og is called the base-

point of the curve E.

We will sometimes just write F in place of (F, Og), especially when O is clear

from the context. (We will return to this point in Section 4.4.)
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Example 4.2.2 The curve C3/Q : 108s%*t — 10873 + t3 = 0 from Ezample 3.3.3,

taken together with Oc, = [0:1:0), is an elliptic curve.

Theorem 4.2.3 Two elliptic curves are isomorphic (over K) if and only if their

Weierstrass models have the same j-invariant.

Proof. In Chapter 5, we will see that every isomorphism of elliptic curves in Weier-

strass form has a certain form. This form preserves j-invariants. See [24, Proposition

I11.1.4.(b)]. n)

This is a useful test for isomorphism, as we will see in the Chapter 5 examples.

The next theorem has far-reaching consequences for the rest of this thesis. It
enables us to endow an elliptic curve with a natural group structure, where point

addition is a morphism.

Theorem 4.2.4 Ewvery elliptic curve is the locus of a smooth, irreducible cubic pro-
jective plane curve. Conversely, every smooth, irreducible cubic projective plane

curve is the locus of an elliptic curve.

Proof. For the proof of the first statement, see [18, Theorems 12.5,13.1]. For the

converse, see (24, Proposition II1.3.1.(a)]. O

4.3 Bézout’s Theorem

In the previous section, we saw that an elliptic curve is a smooth irreducible cubic

curve. We now establish the number of common points of two curves which are the



76

loci of relatively prime homogeneous polynomials, specifically when the aforemen-
tioned polynomials are cubic and linear, respectively. This will prepare much of the
work needed to show that an elliptic curve carries the structure of an additive abelian

group.

Definition 4.3.1 Let £: ax +by+ cz =0 be a line, C a projective plane curve and
n the degree of C(z,y,2). We define the intersection multiplicity ice(P) of C,£ at
P =[xy : yo : 2] as follows. Suppose first that £ # €o. If b5 0, ice([zo : Yo : 1)) 4s

the multiplicity of To as a root of C(z, =%=2,1). Ifb=0 then a # 0 and ice([zo :
Yo : 1)) 4s the multiplicity of yo as a root of C(=%,y,1). Furthermore,
ice([@o:yo:0))=n— z ice([zo : o : 1]).
[zoyo:1]eCNE
Finally, if £ = Ly, then ice,([xo : 1 : 0]) is the multiplicity of zo as a root of
C(z,1,0) and
10, ([1:0:0)) =n— Z 10,00 ([0 1 1 : 0]).
[%0:1:0]€CNtoo
Example 4.3.2 Consider the curve C/Q : 23 + y® — 172923 = 0. The tangent line
toC at P=[1:—1:0] is the line bp : x4+ y = 0. Applying the definition of
intersection multiplicity, we find that C(z,—z,1) = 28 + (—z)® — 1729 = —1729.
Since this constant polynomial has no roots, there are no other points of intersection

of £p and C, so the intersection multiplicity of C and €p at[1:—1:0] is3—~0=3.

The next theorem is the foundation of everything that follows. It allows us to

define an abelian group structure on an elliptic curve.
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Theorem 4.3.3 (Bézout) Let Cy and Cs be irreducible projective plane curves of
degree m and n, respectively, such that Cy # Cy (so Ci(z,y,2) and Co(z,y,2) are
relatively prime). Then Cy and Cy intersect in at least one point and in at most mn

points.

We will not prove Bézout’s theorem, but rather a special case which will suffice

for our purposes. For a proof of the more general case, see [13, Theorem 2.18].

Proposition 4.3.4 A line £ C P*(K) and a curve C intersect in at most n points,

where n is the degree of C(x,y, 2).

Proof. Given the preceding discussion of coordinate systems, we may assume with-
out loss of generality that ¢ is the line at infinity. (Recall that this is the line
£y : 2 =0.) For there exists an isomorphism a4 from C to another curve C' given
by a non-singular matrix A in GL3(K) which takes the line £ to £o.. (See Proposition
3.3.11.) If £ is given by

£:ax+by+cz=0,

let B be any non-singular matrix such that
[abcB=1[001],

and set A = B™'. Then we see that for any P € C' N ¥, the point aa(P) is on £,
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since:
0 = [abdP”
= (fabA™APT
= (la b ]B)APT
= [001]4P7

[0 0 1)[ea(P))*.

Similarly, if @ € C' N4y, then as-1(Q) € C N L. In other words, P € £ if and only
if €4(P) € L. Since oy is an isomorphism, it gives a bijection between the points
of C and C'. Thus, we see that C and £ intersect in the same number of points as
C" and £y. Therefore, C' N 4y is the locus of the polynomial C'(z,y,0), which is
homogeneous and of degree n, but in two variables rather than three. There are two

cases.

Case 1: (C'(z,y,0) contains an z" term with a non-zero coefficient. Then clearly,
the point (1 : 0 : 0] does not lie on ¢’ N €. On the other hand, C’(x,1,0) € Klx]
is an nth degree polynomial in the variable z, so it has n (not necessarily distinct)
roots in K (because K is algebraically closed). For each root z;,1 < i< m, [z;: 1:

0] € C"N 4.

Case 2: The coefficient of 2™ in C'(z,y,0) is 0. In this case, let d < n be the
largest value d such that the coefficiént of z%™~¢ in C'(x,y,0) is non-zero. Then
C'(z,1,0) € K[z] is a dth degree polynomial which has roots z;,1 < i < d. Again,
for each root ;, [z; : 1 : 0] € C' N 4. The point [1: 0 : 0] also belongs to C’ N £y.

Therefore, there are d + 1 points of intersection. O
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4.4 The Group of Points of an Elliptic Curve

In this section, we define a group structure on the points of an elliptic curve

(E, Og). Before we proceed, however, we require the following result.

Lemma 4.4.1 Let (E,Og) be an elliptic curve and P = [z : Yo : 2] a point on E
with tangent line €p to E at P. Then £p intersects the curve E in at most 2 distinct

points. Moreover, the intersection multiplicity of £p and E ot P is at least 2.

Proof. We establish the result for elliptic curves in Weierstrass form. (The general
case can be similarly shown since E is given by a cubic equation by Theorem 4.2.4.)
The only point P = [zp : yo : 29] with 2o = 0 that lies on B is P =[0:1:0]. Then
¢p = L. Since the intersection of E(z,y, 2) and £p is the curve 2* = 0, we see that
the intersection multiplicity at P is 3, and Zp and E intersect in only one point, the
point P. Adding the intersection multiplicities of all points of intersection of £, and

E gives 3.

Now let P = [zo : yo : 2] with 2y 5 0, so we may assume that 2o = 1. We break

the rest of the proof down into three cases.
Case 1: Char(K) = 2. Then the tangent line at E to P is the line
2p 1 (@Yo + %5 + aa)z + (@120 + as)y + (2 + arzoyo + aaxs + ag)z = 0.

Observe that if ayzo+as = 0, then the tangent line has equation z+xz = 0. This line
 intersects the curve E at the point [0 : 1 : 0] and by assumption at P = [zq : yo : 1].

Substituting © = 2o in F, we find that the only solution of the equation

y2 + a2y + agy = xg -+ azxg + asxgo 1+ ag
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is yo, since the right-hand side is by definition equal to ¥ + a1zoyo + a1%0 = ¥2 +
yo(arzo + a3) = y2, and the left-hand side simplifies to y2. Hence, the only points of
intersection are the points [0 : 1 : 0], with intersection multiplicity 1, and [0 : yo : 1],

with intersection multiplicity 2. Note that 142 = 3.

For the case where a;x + a3 # 0, we substitute z = 1 into the equation for £p to

get the equation

_ %%+ g + a4> _— Yo + a1ZoYo + a2l + as
a1%o + as ai1To + ag )

Substituting the value of the right hand side above for y in the equation for E, we

get a cubic equation in z:

a1y + T3 + a4> o4 Y2 + a1%oYo + azTd + as>2
a1%o + ag a1z + ag

ayz ((alyo + x5 + a4) -~ Y8 + a1Zoyo + a2zl + as)

a1%o + ag ai1xo -+ ag

2 2 2
+ag <<a1yo + x5 + a4> - Yo + a1ZoYo + aoxy + ae)
a1To - ag a1%0 + as

x4+ a2x2 + aqx + ag.

Adding the left-hand side to the right, we get an equation of the form f(z) = 0. The

coefficient of z? is equal to

20378 + aga? + a2yl + z§ + a2 + adzoyo + a?xd + aasmo + aazyo + a1a37E + ayaza4
a?x? + a’

This simplifies to

aag + asa? + x§ + a2 + ayasTE + ayaza4
500 1 2 :
1%y + a3

The coefficient of z is equal to

1040 + a3aq + a1yg + a3ToYo + 018272 + a106 + a103Y0 + a3TE + azay
a1%g + as

)
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which simplifies to
a2 + azxy 2
a1xg + ag 0

The constant term is equal to

44 1201202 1 4204 4 2 2 4 020,12 3 2,2
Yo + A1TpY, + a5y + ag + a1a3ToYy + a7a3TYo + a10203T5 + 103060 + A3Y;

+a1adzoyo + asadad + adas + adaszd + aZag
a?z? + al

The numerator of this coefficient further simplifies to

6 2,2,2 2.2, 2.4, 2.2, 2, 2.2 2, 24, 2,72 9 2 4
(m0+a1m0y0+a3y0+a2x0+a4a:0+a6)+alm0yo+a2xo+a6+(alagwoyo+a1a3m0yo+a1a3:c0

3 2 2 2 2
40102033 + 41830475 + 61 0306T0) + AT A3 TEYo -+ 01 G203 T + a1 306T0 + (01 62T o0 + adYo
2,..2 2 2 2 2,.2 2 2
+aga55 + a504%0 -+ A506) + G103ToYo + A205TE + aiasTy

which is equal to
6 2 3 2,2 2 2 2,2 4 2, .3 2
Zg+ (a103ToYo+a3Yo+a2a3525+aza4To+a3a6) +a3Te+ a1 03T+ 01 A304TE -+ a3Yo+a3a4T0

2,2
+a3as + a1a3T0Yo + ataszy,
so the constant term is equal to

7§ + azalz? + a2x2 + a1a378 + a1a3a472 + adagzd
a3z? + al

It remains to show that z is at least a double root of the cubic polynomial

3 a2as + 0202 + z§ + a? + a1037% + arazas\ 5 o
3+ 55 5 o
1Ty + ag

+a:8 + a2a2? + a22? + a1a37f + 01030473 + aZasT?
az3 + a2
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This polynomial factors as

2 24 pd 2 2
(@ +22) (o + ay06 - aa03 + T + ay + a103%5 + a1a3a4
o)\ % PTE + a2
1%o T a3

SO T is a double root of this polynomial. Thus, £p and E intersect at P = [z : yp : 1]
with multiplicity 2, and at P’ = [z, : y; : 1] with multiplicity 1, where

a3ags + aza? + z§ + a? + a1a37 + arazay
a2zi + a2
<a1yo + x5 + a4) _— Y& + a1Toyo + a2xF + ag
a1%o + Qg ' 120 + ag '

T, =

h

Case 2: Char(K) = 3. In this case, the Weierstrass curve is isomorphic to

E 9?2 = 2% + 0022 + aq2® + ag2°,

and the isomorphism given in Lemma 4.1.4 does not change the number of points of
intersection or the intersection multiplicities, since the isomorphism is a linear map.
As before, we consider the tangent line to £ at a point P = [z : o : 1]. The tangent

line at this point is given by the equation
(a0 + 2a4)T + (200)y + (Vo + 20922 + ayzo)z = 0.

If yo = 0, then the equation of the tangent line is given by & — zgz = 0. This line
once again intersects E in the points [0 : 1 : 0] and P. Setting z = 1,7 = x4 in E,

we see that the only root of the equation
Y= a:g + azxg + a4z0 + ag

is y = yo = 0, because the right-hand side is by definition equal to v =0, so £p
intersects F at P = [z : 0 : 1] with multiplicity 2 and at [0 : 1 : 0] with multiplicity
1.
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Now suppose that o # 0. Then setting z = 1 as in the characteristic 2 case, we

see that x and y satisfy the relation

Y= <2a2m0 + a4> ot 292 + axx? + 2a4a;0'
2Y0 2yo

As before, we want to show that z¢ is a double root of

<(2a2$0 + a,4) 2y2 + apx? + 20470
Zoafo o) 4y
2y0 2y0

2
) = 2% + ap2® + ayx + ag,

that is, that xo is a double root of the equation

s . (26333 + 200040 + 202 + aZ\ 5 [ Gamoyd + 20333 + 2090473 + 2021,
x° 4+ 5 x° -+ 5 T+
Yo Yo
208 + 207302 + auzoyd + 2038 + 2000473 + 2030 + asy}
3
The constant coefficient can be rewritten as

= 0.

2(yo + a223yd + 2a40y3 + a3af + apaszd + ajzl + 2a63)
Y3

2(y2 (Y2 + ao2? + 2a470) + a3Th + apa4xd + a2zl + 2a5y3)
Ys

2(y2(zd + 20972 + ap) + a2zd + aza4zd + a2ad + 2a6y32)

Y5
2238 + ax3yd + 202zl + 2000473 + 20223
Y3 '

The polynomial

s . [ 20328 + 2020470 + 202 + agyd\ o . [ a2Toyd + 2a3xd + 209042 + 203z
z+ ) x°+ 3 z+
Yo Yo
253y + apzdy? + 203zl + 2000473 + 20322

2
Yo

factors as

(@ + 20z + 22) (m n 20323 + 2050470 + 202 + azyZ + 2$0y§) ’

Y
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S0 g is a double root, as required. Hence, ¢p intersects E at the point P with
multiplicity 2, and at the point [z : 4y : 1] with multiplicity 1, where

3 20323 + 2020470 + 202 + azyE + 2x0y}
Y3
<2a2x0 + a4> 2y2 + agx? + 20470
—_— 21+ .
2y0 2y0

ry =

Il

hn
Case 3: Finally, we cover the case where the characteristic of X is not 2 or 3. In
this case, we may assume from Lemma 4.1.6 that F is given by the equation
E %2 =% + Azz* + B2,
because the transformation is linear and thus once again does not affect intersection
multiplicities. The tangent line at a point P = [z : o : 1] is given by the equation

(=323 — A)z + (2y0)y + (¥ — 2Az0 — 3B)z = 0.

If yo = 0, the equation of the tangent line is £ — oz = 0. The proof that this line
intersects the curve F in only two points is identical to the proof of the characteristic

2 and 3 cases, so we omit it.

Suppose, then, that yo 7 0 and set z = 1. Then z and y are related via

2+ A —y2 + 24 B
y=<3:1:0+ >w+ yg +2Axo +3
2Y0 240

)

which we choose to write as

Y = <3x3+A> ot —x8+Aa:0+2B'
240 2yo

As in the previous two cases, we will prove that o is a double root of the equation

((3:1:%-{-14) -z + Azo + 2B
x4+
2y0 2Y0

2
) =2* 4 Az + B,
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i.e. of the equation

e <9:1:$ + 6 Az + Az) o <4Ay§ + 623 — 6Az3 — 12Bx2 + 2Ax3 — 2A%x, — 4AB .
4y 4y3

4By} — of + 2Aa + 4Baf — A%} — 4ABo — 4B

" dy3
S 928 + 6 Ax? + A2 22
4y3
4 4A(zd + Azo + B) + 625 — 6Az3 — 12Ba2 + 2Ax3 — 2A%x, — 4AB
493 *
4B(z3 + Az + B) — a8 + 2Azd + 4Bz — A%z} — 4ABxy — 4B?
n 0 0 0 0 0
4y3
S 9z5 + 6Ax2 + A? 42
dy3
N 625 — 12Bx3 + 24%zg .
4y3
+SB:I:8 — 15+ 2Axs — A2
43
8xoy? — 9zh — 6AxE — A2
= (z° — 2z + 72) (:1: + —=0 (l)lyg 0
and zg is once again a double root. a

Since a line in projective space has degree one and an elliptic curve has degree
three, by Bézout’s Theorem, the elliptic curve will intersect the given line in three
points, when the points are counted with their intersection multiplicities. This is
important. The fact that the line and curve intersect in three points means that
one can define an additive identity as well as a group law without ambiguity. First,
define the basepoint O to be the additive identity. The rest is given by the following

definition.
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Definition 4.4.2 Let (E,Og) be an elliptic curve. The following three properties

fully describe point addition on the curve E.

o —P is defined as the third point of intersection of E and the line through P
and Og.

o If P#Q, P+ Q = —R, where R is the third point of intersection of E and
the line through P and Q).

o In the event that P = @, P+ @Q is defined to be —R, where R is the third point

of intersection of E and the tangent line at P.

The formulae for point addition on a Weierstrass curve with basepoint O = [0 :

1:0] are as follows:

(o :yo: 1)+ [mo:yo:1]

= [m2 -+ almb - (CL2 -+ 25170)()2 . mb(ibo —_ 182) - y062 —_ (alxg -+ (13)()2 : bz],

m = 3x% + 2as70 + a4 — a1%o
b= 2yo + arzo + as,
and if (xO)yO) 7é (ml’yl):

[To:yo: 1]+ [z1 19101
= [53 + CL1(52(51 haad (CL2 -}- Zo -}- 331)6% : (52(51(270 - 182) — yoéf —_ (a1x2 + a3)(5f . 5%],

51= T1 — o

02 = Y1 — Yo

The following figure gives the reader a pictorial idea of point addition.
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Figure 4.1: Point Addition

87

—R=P+Q

-T=8548
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It is not difficult to see that if we have an irreducible projective plane curve C'
which is isomorphic to a smooth Weierstrass curve, we can make C into an elliptic
curve (B = C,Og) by letting Op be some arbitrary point P on the curve C. By
convention, the chosen point O of a Weierstrass curve is the point [0 : 1 : 0] because
it is always a point on the curve, regardless of the coefficients of the equation of the
curve or the underlying field. We will therefore not state the basepoint whenever the
curve is in Weierstrass form and simply assume that Og = [0 : 1 : 0]. The Weierstrass
form is just one 'model’, however, and the next example shows an elliptic curve with

a different model and basepoint.

Example 4.4.3 E/Q : 2% 4 ¢y = 17292° (with basepoint [1 : —1: 0]) is an elliptic
curve because it is isomorphic to the curve E'/Q : u® + v = 2Tw?, which itself was
shown in Example 3.3.9 to be isomorphic to the Weierstrass curve E" /Q : 1085% =

108 — t3. The isomorphism from E to E' is given by

Y1729 J
20

a([zo : Yo : 20)) = [xo Yot

with inverse
3
o Yug : vo : wp)) = [u Y :———w].
([uo : vo : wo]) 0: 0 ¢ or=asWo
We claim that for any point P = [z : yo : 2] on E above, —P = [y, : zq : Zo]. The

assertion is that [0 : yo : o] + [yo : To : 20 = [1: ~1: 0]. It suffices to show that the

three points are collinear. The line
ar+ay+cz=0

where (a,c) = (1,0), if zo + yo = 0 and (a,c) = <ﬁ;, 1), otherwise, contains all

three points, so the three points are indeed collinear. Applying the definition of point
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addition to the 2 points [10:9:1] and [12:1: 1] on E yields
[10:9:1]+[12:1:1]=[-37:46: 3]
since [46 : —37 : 3] is the third point of intersection of the line through P and Q,

which has equation 4z + 1y — 492 = 0.

Theorem 4.4.4 Let (E,Og) be an elliptic curve and let A and B be points on E.

Then there is an isomorphism (of curves) T : E — E which takes A to B.

Proof. Let ) = B— A € E. Then 7(P) = P + Q is clearly an isomorphism of

curves which takes A to B. O

Remark 4.4.5 Note that T is not unique. Regarding E just as a curve for a moment,
there are infinitely many points P € E which, taken as the basepoint, make E into
an elliptic curve. Therefore, there are infinitely many possible values of Q = B —
A — since —A s different for different values of O — and so infinitely many

isomorphisms of curves that take A to B.

Definition 4.4.6 Let E be an elliptic curve. The subset of those points defined over
(i.e. with coordinates in) the subfield K of K is denoted by E(K) .

Example 4.4.7 Consider E/F1; given by
B :y*z =2 +x2% + 22°.
E(Fn) = {[0:1:0,[1:2:1},[1:9:1],[2:1:1],
[2:10:1],[4:2:1),[4:9:1],[5:0:1],
[6:2:1],[6:9:1],[7:0:1],[8:4:1],

8:7:1),{9:5:1],[9:6:1],[10:0:1]}.
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Theorem 4.4.8 Let (E,Og) be an elliptic curve over K with Og € E(K). Then

the points on E form an additive abelian group and F(K) is a subgroup thereof.

Proof. The identity is O, and the commutative property, closure and the existence
of inverses clearly hold. Associativity requires somewhat more effort (we show this

in Proposition 5.1.19). O

The structure and order of the subgroup E(K) of E(K) of K-rational points are of
particular interest, especially as they pertain to K = [F,, the finite field of ¢ elements.

The following two theorems give information about this.

Theorem 4.4.9 (Hasse) Let E be an elliptic curve over a finite field F,. Then
|E(F,)| = g+ 1—t, where
lt| < 2+/4.

Proof. See [7, Theorem 3.61]. o

Theorem 4.4.10 (Rick) For E an elliptic curve over a finite field Fq, there exist
m,n € N with

E(F,) & Ty X Ty

such thatm |n and m | g—1.
Proof. See {7, Theorem 3.76]. O
Example 4.4.11 Consider again E/Fy; given by

B :y’z =14+ 222 + 275,



O
et

Then we see from Ezample 4.4.7 that |E(F11)| = 16, so BE(F11) & Zy or B(Fy) &
ZyXZg or E(F11) & Zy X Zy. The group E(Fq1) has 3 points of order 2 (which one can
verify from the point addition formulae — they are [5:0: 1],[7:0: 1],[10:0: 1))
while Zyg has but one, so E(F11) cannot be isomorphic to Zis. Since 4 1 10, we
conclude that E(Fy;) = Zy X Zs. Additionally, we find that the value t from Theorem
4.4.91s11+1—16=—4, so |t| =4 < 2 /11



Chapter 5
Isogeny

This chapter is devoted to isogeny. According to the definition of isogeny, it would
seem that an isogeny is just a particular type of morphism. However, an isogeny is
much more than that. An isogeny is a very special type of morphism, given that it is
a morphism not just between any curves, but rather, between elliptic curves. Recall
that such curves have a natural group structure embedded within them. As we will
soon see, the isogenies thereof also have special properties. Amongst other things,
isogenies are group homomorphisms. As always, let K be a field with algebraic

closure XK.

5.1 Divisors

We begin with a discussion of divisors. Divisors facilitate an understanding of
elliptic curves. They enable one to establish the associative law in the group of points

of an elliptic curve in a clean fashion, without resorting to tedious calculations.

Definition 5.1.1 Let E be an elliptic curve. The divisor group Div(E) of E is the
abelian group of finite formal sums of points of E. Elements of Div(E) are called

divisors and take the form

ZnP(P)>

PeE
where np € Z and np = 0 for all but finitely many P € E.

92
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Remark 5.1.2 In other words, a divisor D can be interpreted as a function D :

E — 7 with finite support given by D(P) =np for all P € E.

Example 5.1.3 Let E be an elliptic curve and let P,Q € E. Then 2(P) + (—1)(Q)

18 a dwisor.

Remark 5.1.4 The divisor above is not to be confused with the point R = P+P—Q

on the curve E.

Definition 5.1.5 Let E be an elliptic curve. The degree of a divisor

D= "np(P) € Div(E)
PecE

s the sum

S e

PEE
and is denoted by deg(D).

Example 5.1.6 For P any point on an elliptic curve E, the degree of (P)— (Og) is
0. Likewise, the degree of the divisor 2(P)+(—1)(Q) from Example 5.1.8 is2—1 = 1.

Definition 5.1.7 Let Div(E) be the divisor group of an elliptic curve E. We denote
by Div®(E) the subset of Div(E) consisting of divisors of degree 0.

Note that Div°(E) is actually a subgroup of Div(F), since the degree zero divisors

are closed under addition and inverses, and Div®(E) contains the zero divisor.

Remark 5.1.8 The degree map deg : Diw(E) — Z is a group homomorphism

whose kernel is Din®(E).
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The next definition deals with the order of a rational function f at a point P on

the curve E. Recall that we introduced this notion in Proposition 2.4.13.

Lemma 5.1.9 Let E be an elliptic curve and let f € K(E)*. Then the function
E — Z defined by P — ordp(f) is a divisor.

Proof. It suffices to show that this function is zero for all but finitely many points
P € E. By definition, f = £ is just a quotient of homogeneous polynomials g, k
of the same degree in X,Y,Z. The claim now follows, since by Bézout’s theorem,
9(z,y, z) and h(z,y, 2) can each intersect E(z,y, 2) in only finitely many points, and
thus, there are only finitely many P € E such that g(P) = 0 or h(P) = 0, i.e. for
which ordp(f) # 0. i

Definition 5.1.10 Let E be an elliptic curve and f € K(E)*. We denote by div(f)
the divisor ) pep ordp(f)(P).

Example 5.1.11 Let f be the image of k € K* under the inclusion map K* —
K(B)*. Then div(f) = 0= Y p.5 0(P), since ordp(f) =0 for any point PeE.

Definition 5.1.12 Let E be an elliptic curve. We say that a divisor D is a principal
divisor 4f D = div(f) for some f € K(E)*.

Definition 5.1.13 Let E be an elliptic curve. Two divisors Dy, Dy are said to be

linearly equivalent, written Dy ~ Dy, if D1 — D, is a principal divisor.

Proposition 5.1.14 The relation ~ is an equivalence relation.
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Proof. The relation ~ is clearly reflexive, since 0 = div(f), for any constant rational
function f € K(E)*. The relation is symmetric, because Dy — Dy = div(f) implies

Dy —D; = div(%), so Dy ~ D;. Finally, the relation is transitive, since

Dy —D3 = (D1— D3)+(Dy— Dj)

o= Y ordp(f)(P)+ D ordpi(g)(P")

PeE . PeE

= Y ordp(fg)(P)

PeE

= div(fg).

Proposition 5.1.15 The set of principal divisors is a subgroup of Div®(E).

Proof. The fact that the degree of a principal divisor is 0 follows from Proposition
2.4.15. Adding div(f) to div(g) gives div(fg) — this gives closure. The (additive)

inverse of div(f) is div(3). m]

Definition 5.1.16 We denote by Pic®(E) the factor group of Div’(E) modulo the
subgroup of principal divisors, or equivalently, the group of divisor classes under

linear equivalence. The group Pic®(E) is called the Picard group of E.

Henceforth, we will use the notation D to denote the divisor class of a divisor

D € Din®(E).

Lemma 5.1.17 Let D € Pic°(E). Then there exists o unique point P on E such
that (P) — (Og) € D.

Proof. See [24, Proposition II1.3.4(a)]. 0
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Corollary 5.1.18 The map 6 : E — Pic®(E) given by P — (P) — (Og) is a
bijection with inverse 07! : Pic®(E) — E given by D — P, where P is the unique

point such that (P) — (Og) = D.

We now come to one of the most important results of this thesis. We show,
among other things, that the points of an elliptic curve are associative under point

addition and hence really do form an abelian group.

Proposition 5.1.19 Let § : E — Pic®(E) be the bijection given in Corollary
5.1.18. Then 0 preserves addition on E, so E is an additive abelian group and 8 is

a group isomorphism.

Proof. Let P,Q € E. We claim that (P + Q) = 8(P) + 6(Q). Now (P + Q) =
(P+ Q) — (Og) and 8(P) +6(Q) = (P) — (Or)+(Q) — (Or) = (P) + (Q) — 2(Op).
Hence, we need to show that (P + Q) — (Or) = (P) + (Q) — 2(Og). In other words,

we need to show that (P+ Q) — (P) —(Q)+ (Og) is principal, i.e. of the form div(f),
for some f € K(E)*. Let £; be the line through P + @, —(P + Q) and Og, and 4,
the line through P, @ and —(P + @). Consider the rational function ﬁ—;ﬁ(%. Then
£, intersects F in exactly the three points P + @, —(P + @) and Og. Similarly, £,
intersects £ only in the three points P, @ and —(P 4+ Q). There are several cases to

consider. We show only two cases, since the others can be established similarly.
Case 1: Suppose that P+ Q,—(P + @), Og, P and @ are distinct. Then Zg—}’:’gg

has order 1 at P+ @ and Og, order 1 — 1 =0 at —(P + Q) and order -1 at P and

Q. So

div (%) —(P+Q)~(P)~ (Q) + (Ox).
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Case 2: Suppose that P, Q, —(P+ Q) and Og are again distinct, but that P+Q =
—(P+@Q). Then 4 = £pyq, the tangent line to F at P+ Q. Thus, %{% has order
2—1=1at P+ Q, order 1 at Op and order -1 at P and Q. (See [18, Proposition

4.6] for details.) Once again, we see that

div (%) = (P+Q) = (P) - (Q) + (On).

In all other cases, we come to the same conclusion — that

div (%) — (P+Q) = (P)—(Q) +(Ox),

(which may simplify if, for instance, P = Q) and we omit the proofs of these cases.
Now that we have proved that 8 preserves addition, it remains to show that the
points of E form an additive abelian group which is isomorphic to Pic°(E). We

proved all but the associative law in the previous chapter. For associativity, consider

that

0((P+ Q)+ R)

(P + Q) +0(R)
= (0(P)+6(Q))+0(R)
= 0(P)+ (6(Q) +0(R))
‘= 8(P)+6(Q+R)

= 0P+ (Q+ R)),

where the third equality follows from the fact that Pic®(E) is a group and thus

associative. The result follows, since 6 is one-to-one (from Lemma 5.1.17). O
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5.2 Isogeny

We have now come to the topic that is central to our entire discussion: isogeny.
We begin by defining an isogeny of elliptic curves, give examples and analyze some

of the properties of isogenies.

Definition 5.2.1 Let Ey and Ey be elliptic curves defined over K. An isogeny
a: By — E, is a morphism such that o(Og,) = Og,, where Og, and Og, are the
basepoints of By and E,, respectively. An isogeny which is defined over K is called

a K-isogeny.

Remark 5.2.2 If E; and E5 are elliptic curves defined over K, an isogeny from E;

to By need not be a K-isogeny, as the following example shows.

Example 5.2.3 Taking K = 13, consider the elliptic curves we saw previously in
Ezample 3.8.12:
By /T3 : y?2 = 2® + Tx2® + 32°,

By /T3 : v*w = ud + 5uw? + 11w,

The isomorphism from E; to Es from that example, given by
a: [0 : Yo 20] = [620: 7™3Y0 : 20,

where r2 = 11, 4s in fact an isogeny, since ([0:1:0]) =[6*%0:73%1:0]=[0:1:
0]. However, it is not an Fi3-isogeny, since By has 13 points over F13 while By has

15 points over F13 (see Theorem 5.2.16).
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The requirement that the map takes the identity to the identity does not seem

restrictive. However, this has major ramifications as the following theorem shows.

Theorem 5.2.4 Let By and Es be elliptic curves defined over K. An isogeny o :

.E1 — Ey is a group homomorphism from Ey to FEs.

Proof. By Proposition 5.1.19, E; is isomorphic to Pic°(E;) and E, is isomorphic
to Pic°(E,). Consider the Z-linear map . : Div(E)) — Div(E;) given by

Y np(P)— > np(a(P)).

Then «, is a group homomorphism. The map a, can also be showh to preserve
linear equivalence (see {24, Proposition I1.3.6(d)]) — thus, . can be extended to a
homomorphism from Pic®(E;) to Pic®(Es). If we denote by 6, : By — Pic®(E)
the isomorphism from E; to Pic®(F;) and by 6z : E2 — Pic’(E3) the isomorphism
from Ej to Pic®(E»), then we see that 65" o o, 0 6,(P) = «(P) for all P on E.
Since « is the composition of three group homomorphisms, o must also be a group

homomorphism. a

We now give three examples of isogenies, two of them from a curve E to itself.

Definition 5.2.5 Let E be an elliptic curve. Define the multiplication-by-m map

[m]: E — E, where m € Z, by

Pt+-ood-P ifm>0
mPl=9q —[-m]P  fm<0
OE ifm=0
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Proposition 5.2.6 For all m € Z,[m] is an isogeny.

Proof. The fact that [m] is given by homogeneous polynomials of the same degree
follows from the point addition formulae in Section 4.4. (We only gave the point
addition formulae for Weierstrass curves; nonetheless, such formulae can be derived
for any elliptic curve.) The map [m] is obviously a morphism, since it is defined at
all points P € E. It suffices, then, to show that [m] takes Og to Op. Since we clearly
have Og + O = Opg, it follows by induction on m, for m > 0, that adding Og to

itself m times gives Op. In the second case, we see that —[—m|Ogp = —Og = O0p. 0

Example 5.2.7 Let B/Q : 2® + y® = 17292% and P = [z : yo : 20] any point on
E. Then [2]P = —R, where —R s the point [—yo(zd + 172923) : zo(yd + 172923) :

zo(x¥ — 18)]. Note that the tangent line to E at P is the line
lp xgm +ydy — 1729222 = 0,
as we saw i Bxample 2.2.19, and the point
R = [zo(ys + 172923) : —yo(z] +11729z8) s 2z0(zh — 1))

certainly lies on this line and the curve E, so R is the second point of intersection
of bp and E — in other words, —R = 2[P]. (Recall that we saw in Ezample 4.4.8

that the inverse of xo : Yo : 2o is the point [yo : o : 20).) For instance,
9([10: 9 : 1]) = [—24561 : 24580 : 271].

Example 5.2.8 Take By = (C1/Q: 28 + 93 — 2728 = 0,[L: —1:0]), B = (C2/Q:
3utw — 3vw? +wd — 27w = 0,[0: 1 : 0]) and B3 = (C3/Q : 108s% + * — 108r° =
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0,[0:1:0]) to be the curves from Ezample 8.8.8 and o : By — Ey, 8 : By —> Ej

the maps from the same example, given by

O[([Uo Vo ’U)()]) = [’U() Wo — Vg Uo]

ﬂ([u(? tvg two]) = [Bup : 2up — wp : Bwy) .
Then o is an isomorphism with inverse o' : By — E, given by
a ™ ([zo : o : 20)) = [0 : To : To + o).
Consequently, the morphism Bo o™ : B, — E5 given by
Boa[zo: Yo : 20)) = [620 : To — Yo : 6(z0 + 30)],

is an isogeny, since it maps [1: —1:0] to [0:1:0].

Proposition 5.2.9 Let (E,Og) be any elliptic curve defined over o finite field I,

such that Op € E(F,). Then the Frobenius map ¢ : E — E given by ¢([zo : yo :

20)) = [z : 4 : 2] is an isogeny which fizes E(F,) pointwise.

Proof. ¢ certainly is a morphism from F to E, since E(z9,y7,29) = E(z,y,2)?

(because E is by assumption defined over Fy). Let [z : 3o : 20] € E(F,), so that we

may assume without loss of generality that o, yo, 20 € 4. Since the group of units

F¥ of Fy has cardinality ¢ — 1, we know that the order of each element of F divides

g—1, whence z§ = 2o, y8 = yo, 28 = 2. The fact that ¢ takes Og to Og follows from

Op € E(F,).

O

Now if ¢ is a non-zero isogeny with corresponding function field K-homomorphism

¢*, then ¢*(K (Cs)) is a subfield of K (C4), and K (Cy)/¢*(K(Cs)) is a finite extension

by Proposition 3.1.3. This motivates the following definition.
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Definition 5.2.10 Let Ey, E, be elliptic curves and let ¢ : By — E5 be an isogeny.
If ¢ is non-zero, we define the degree of ¢ to be the degree of the finite extension
K(Ey)/¢*(K(B»)) and denote it by deg(¢) . By convention, deg[0] is set to be 0.

Theorem 5.2.11 The degree of the Frobenius map is q.

Proof. We need to show that [Fy(E) : ¢*(F,(E))] = ¢. Denote as before by % the

equivalence class of 2 in Fy(E) and by ¥ the equivalence class of Z. Set a = £ and

b = % and recall from Proposition 2.3.14 that F,(E) = F,(a,b). Then ¢*(a) = af
and @*(5) = b1, 50 ¢*(F,(B)) = Fylat,b0). Now [Fy(at,b7) : Fy(a)] = 2, [Fy(a) :
Fe(a?)] = q and [Fy(a,d) : Fy(a)] = 2. Fy(a?,?) is a subfield of F,(a,b), so applying

the tower law for finite field extensions gives [F,(a, b) : F (a?,4?)] = ¢, as required.O
Proposition 5.2.12 The degree of the multiplication-by-m map [m] is m?.
Proof. See [5, Lemma 7.2]. O

Theorem 5.2.13 Let o : By — Ey, 3 : Es — E3 be isogenies (all three curves over

the same field). Then deg(f o o) = deg(B) deg(c).

Proof. By Definition 5.2.10, deg(Boc) = [K(E;) : (Bo)*(K(E3))]. Since (foa)* =
a*off* (from Proposition 3.4.7), this means that [K (Ey) : (Boa)*(K(Es))] = [K(Ey) :

a*(B*(K(Es)))]. It only remains to apply the tower law for finite extensions:
(K (B) : o (B*(K (Bs))]) = [R(B) : K(BR)IR(Bs) : & (B*(K (Es)))].
The value of the first term in the product is deg(«), since

[K(Br) : K(B)) = [K(By) : o (R (Bo)))le (B (Bp)) : K(Bp)),
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[K(B1) : o*(K(B2))) = deg(a) and [o*(K(Ey)) : K(E»)] = 1 (because o* is injec-

tive). Similarly, the value of the second term is deg() because
(K (B2) : o (B*(K (Ba))] = [K(B2) : B (R (Bo))][8" (K (Bs)) : (6" (K (Es)))),

[K(B») : B*(K(Bs))] = deg(F) and [6*(K(By)) : o*(B*(K (Es)))] = 1 (6* is also an
injection). Hence, deg(f o ) = deg(a) deg(B). O

We conclude this section with an important result on the number of points which

are mapped to Op by an isogeny.

Proposition 5.2.14 Let ¢ : By — FE, be an isogeny of elliptic curves. Then
[6=H(Q)| = s for all Q € By. In particular, |ker(¢)| = |¢~(Og)| = ¢s.

Proof. We saw in Theorem 3.5.5 that for all but finitely many points Q € Es,
671 (@)] = ¢s. Fix Q,Q" € E, and let Q' = Q+ R. Since ¢ is a morphism,
by Proposition 3.3.2 there exists P’ € E; such that ¢(P’) = R. Then for each
P € By with ¢(P) = Q, we have ¢(P + P') = Q + R = Q', because ¢ is a group
homomorphism by Theorem 5.2.4. This shows that [¢~1(Q")| > |¢~1(Q)|. Using the
same argument, we can show that |¢~(Q")| < [¢471(Q)]. It follows that every point
@ € E; must have ¢, points in its inverse image. Setting Q = Og gives the result

on ker(¢). ' ]

Lemma 5.2.15 Let E be an elliptic curve over a finite field F, of characteristic p,
and ¢ the Frobenius map on E. Then the map [m] + [n]y s separable if and only if

ptm.

Proof. See [24, Corollary IIL5.5]. O
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When K =T, a finite field, the F,-rational points of an elliptic curve form a finite
group by Theorem 4.4.8. The following theorem relates orders of these groups to

isogeny.

Theorem 5.2.16 Let Ey, Ey be elliptic curves over a finite field Fy. Then there
exists an Fy-isogeny ¢ : By — Ey if and only if |Ey(Fy)| = |Ea2(Fy)|-

Proof. If such an Fy-isogeny ¢ : By — F, exists, and ¢ is the Frobenius map on B,
and ¢, the Frobenius map on Es, then ¢o ([1] — 1) = ([1] — p2) 0 @, since ¢ is defined
over Fy. Hence, from Theorem 5.2.13, deg({1]—¢1) = deg([1]—p2). Since both [1]—¢;
and [1] — ¢, are separable by Lemma 5.2.15, it follows from Proposition 5.2.14 that
both curves have the same number of F,-rational points, because |ker(a)| = deg(c)
for any separable map o (Proposition 5.2.14), and Ey(F,) = ker([1] — ¢1), E»(F,) =

ker([1} — ¢2). For the proof of the converse, see [25]. O

5.3 The Dual Isogeny

It is natural to ask if the existence of an isogeny from an elliptic curve E; to
another, Fj, gives any information about the existence (or lack thereof) of isogenies

from E, to ;. In fact, it does, as the next theorem indicates.

Theorem 5.3.1 If ¢ : By — E, is a non-constant isogeny of degree m, then there

exists a unique isogeny ¢ : By — Ey such that do ¢ = [m] on Ej.

Proof. See [24, Theorem IIL.6.1]. O
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The proof of the existence is non-trivial — in fact, it is beyond the scope of this

thesis.

Definition 5.3.2 Let ¢ : Ey — E, be an isogeny. Then the isogeny qg in Theorem

5.8.1 is called the dual isogeny.

Theorem 5.3.3 (Properties of the dual isogeny) Let ¢ : By — E,B: B —
E,% : By — E3 be non-zero isogenies of elliptic curves Eh, By, E3 over some field

K. Then

— S

op=go,
2. m = $+ BI
3. deg(4) = deg(¢),

i b=4.

1.

<

Proof. For 1, we want to show that (¢ 0 ) o (Y o ¢) = [m][n], where m = deg(¢)
and n = deg(v)). We have

(bod)o(pog) = dolnlog
= [odog
= [n]o[m]
= [mn],
where the second equality follows from the fact that ¢3 is a group homomorphism.

Given that the dual is unique, this proves 1. For the proof of 2, see (5, Appendix C].

Since deg(do ¢) = deg([m]) = m? by Proposition 5.2.12, we can deduce by Theorem
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5.2.13 that deg(@) = m as well. This proves 3. Finally, we need to show that q:5 = ¢.

Observe that

($od)op = go(pog)

= ¢o[m]

= [m]o¢,
where the third equality follows from the fact that ¢ is a group homomorphism.
Therefore, (pod—[m])od = [0], and by Theorem 5.2.13, we conclude that (¢ o ¢ —
[m]) = [0] or ¢ = [0]. By assumption, ¢ # [0], so we must have pod = [m] = [deg()].
But by definition, ¢25 is the unique isogeny from F; to Ey such that é)o& = [deg(¢)] =
[m]. Hence, we conclude that ;S = ¢. O

Corollary 5.3.4 Let m € Z,m # 0. Then [/77;] = [m)].

Proof. Since [m] o [m] = [m?] = [deg([m])] by Proposition 5.2.12, we conclude from

the uniqueness of [7n\] that [7/71\] = [m]. 0

Corollary 5.3.5 Let ¢ : By — E; be an isogeny with dual isogeny ¢, so ¢ o ¢ =
[deg(¢)] on BEr. Then ¢ o ¢ = [deg(4)] on Es.

Proof. This is immediate from the proof of property 4 of Theorem 5.3.3. m]

Example 5.3.6 Recall the isogeny o : By — Fy introduced in Ezample 5.2.8 given
by

o zo : Yo i 20] — [620 : T™3yp 1 20),
where

By [F13 1 422 = o + Tz2? + 328,
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By /P13 : v®w = u® + Suw® + 11w,

Then the dual isogeny & : E; — Ey 1s given by
&([zo : Yo : 20)) = [L1mo : m3yp : 20).

Composing the two isogenies o, & gives the identity map. This means that o is in

fact an isomorphism, o' = &, and deg(a) = 1.

Proposition 5.3.7 Let ¢ : By — E; be a non-constant isogeny. Then ¢ is an

isomorphism if and only if deg(@) = 1, in which case ¢ = ¢~1.

Proof. Let ¢ o ¢ = [m], with m = deg($). Suppose ¢ is an isomorphism. Then
m = 1. Since ¢ o¢ = [1] on By, and o ¢ = [m] = [1] on Ey, we conclude
by uniqueness of the dual isogeny that ¢ = ¢~1. Conversely, if deg(¢) = 1, then
m=1,50 ¢op=[1] on Ey and o ¢ = [1] on E; by Corollary 5.3.5. Thus, ¢ is an

isomorphism with inverse ¢! = §. o

5.4 Isogeny Classes

We saw in Chapter 3 that isomorphism induces an equivalence relation on the set

of elliptic curves defined over some field K. The same holds in fact for isogeny.

Theorem 5.4.1 Define the relation ~ on the set of elliptic curves over K by By ~
E, if there exists a non-constant isogeny (over K) ¢ : By — E,. Then ~ is an

equivalence relation on the set of elliptic curves over K.

Proof. Certainly, the reflexive property is satisfied because the identity map from

an elliptic curve to itself is always a K-isogeny. Transitivity also holds because the
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composition of K-isogenies is again a K-isogeny. Finally, if By ~ Es, then there
exists a K-isogeny ¢ : By — E,. Hence, Ey ~ E; via the dual isogeny ¢ by

Theorem 5.3.1 and we have symmetry. (m]

Definition 5.4.2 Let E be an elliptic curve over K. Then the isogeny class of E is
the set
{E'/K | E~ E'}.

If E ~ E', then E and E' are said to be isogenous. If E ~ E' via ¢ : E —s E'
and ¢ : B! — E, with ¢,<$ defined over a subfield K of K, then E,E' are said
to be K-isogenous, and the K-isogeny class of E is the set of E' over K which are

K-isogenous to E.

It is natural to ask which elliptic curves are isogenous to a given elliptic curve. In

general, this is a difficult question.

In the case of finite fields, we know from Theorem 5.2.16 that it is sufficient
to find some extension field (of the ground field) over which both curves have the
same number of points. At thé same time, this approach cannot establish when two
curves are not isogenous over some extension field — this would entail checking every

extension field, of which there are infinitely many.

Of course, in the event that the curves in question are isogenous, it remains to
find an isogeny from one curve to the other, which can be difficult. If two curves are
isogenous, other questions arise: how many isbgenies are there from one curve to the
other? Are there finitely many? And what degrees do these isogenies have? These

questions are addressed in [1] and [20].
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Isomorphism is also an equivalence relation. While an isogeny need not be an
isomorphism, or vice versa, the two are closely related if we restrict ourselves to

Weierstrass curves.

Lemma 5.4.3 Every isomorphism between elliptic curves in Weierstrass form is of

the form [zo : Yo : 20) —— [UWPmo+r20 : udyo+ulszot+tzg 1 20] whereu € K*,7,s,t € K.
Proof. See [24, Proposition I11.3.1.(b)]. O

Clearly, then, any isomorphism of Weierstrass curves takes [0:1:0]to [0: 1: 0]
and is thus an isogeny of degree 1. Now an isogeny is a group homomorphism by

Theorem 5.2.4, which yields the following.

Corollary 5.4.4 Every isomorphism between elliptic curves in Weierstrass form is

an isogeny and thus an isomorphism of the groups of points.
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The following diagram illustrates the relationship between isogeny and isomor-

phism of elliptic curves Ey, B, in Weierstrass form over a finite field F,:

Thm.5.2.16
F, — isogenous & |[Er(Fg)| = | Ba(TFg)|
Cor.5.4.4 1 T
F, — isomorphic = Eq(IFq) =2 By(FF,)
J Cor.5.44
isomorphic
Cor.5441)
180genous = group homomorphism By — E,

Thm. 5.2.4

Remark 5.4.5 If the groups of F-rational points of two elliptic curves are isomor-

phic, the curves need not be isomorphic over Fy or indeed isomoiphic at all.
Example 5.4.6 Consider the curves

By JFy i y?2 = 2 a2

B [T i yP2 = 24225

Both curves have twelve points over F11, and it is easily verified that Ey(Fy;) =
Ey(F11) =2 Zyp. Yet j(Ey) = 1 3 j(Ey) = 0, so Ey and Ey are not isomorphic as

curves by Theorem 4.2.8.

The example above also constitutes an example of two curves which are Fg-

isogenous (and therefore isogenous) but not isomorphic (and therefore not IF-isomorphic
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either). For an example of curves which are isomorphic, but not isomorphic over the

ground field Fy, see Example 5.2.3.

Now suppose that two elliptic curves in Weierstrass form over a finite field are
isomorphic (and therefore isogenous). We would like to determine the smallest field
over which the curves are isomorphic as well as the smallest field over which they are
isogenous. Clearly, the latter is a subfield of the former. If it is a proper subfield,

then the isogeny must have degree 2 or higher by Proposition 5.3.7.

Determining whether the curves are isogenous over some finite field is equivalent
to counting the number of points over that field (Theorem 5.2.16), which can be
difficult if the field is large. Finding the smallest field over which they are isomorphic
is less time-consuming. Due to the explicit form of the isomorphism given in Lemma
5.4.3, it is quite easy to compute the minimal field over which the isomorphism is
defined. To rule out an extension field for isomorphism, one can also check the
group structure of the curves’ groups of points over the extension field — this is
more involved, however, especially if the finite field and thus the groups of points

are large.

5.5 The Endomorphism Ring

In this final section, we briefly discuss the set of all isogenies from a curve E to
itself. In fact, these isogenies form a ring. For a more detailed analysis, see [24,

IIL.9].

Definition 5.5.1 Let E, Ey, E, be elliptic curves with the latter two defined over the



112

same field. Denote by Isog(En, Ey) the set of isogenies from By to E,, by End(E)
the set of isogenies from E to itself, Isogx(Ey, Ey) the set of K-isogenies from E;
to By, and Endg(E) the set of K-isogenies from E to itself.

Theorem 5.5.2 Let E be any elliptic curve over some field K. End(FE) is a ring
with identity and no zero divisors, therefore, End(E) is a torsion-free Z-module,
with the addition law induced by addition on the curve and multiplication given by

composition.

Proof. The additive identity is the multiplication-by-0 map while the multiplicative
identity is the multiplication-by-1 map. There are no zero divisors, for if ¢, are
two non-zero isogenies then deg(¢ o) = deg(d)deg(1h) # 0. We omit the verification

of the other properties — this is quite straightforward but tedious. o

Proposition 5.5.3 Let E be any elliptic curve. Then all the multiplication-by-m

maps are distinct, i.e. if m,n € Z with m # n, then [m] # [n].

Proof. It suffices to show that [m] = [n] if and only if m = n. One direction is
trivial. Conversely, suppose that [m] = [n]. Then from Proposition 5.2.12, we know
that deg(m]) = m? = deg([n]) = n®. Hence, n = +m. If m = 0 then n = 0.
Suppose that m # 0 and n = —m. Since [~m] = —[m), this means that [m] = —[m),
or [m] 4+ [m] = [2m] = 0. But then deg([2m]) = 4m? = 0, contradicting the fact that

m # 0. Hence, m = n, as required. (]

Corollary 5.5.4 Z is a subring of End(E) for all elliptic curves E.
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Proof. Consider the ring homomorphism Z — End(E) given by m +— [m]. From
Proposition 5.5.3, we know that this map is injective. Hence, the rational integers

can be embedded into End(E). a

Definition 5.5.5 If Z is a proper subring of End(E), then End(E) is said to have

complex multiplication.

Example 5.5.6 For K = [, of characteristic p with ¢ an odd power of p, and E
defined over K with Op € E(K), End(E) admits complex multiplication via the
Frobenius map . Clearly, ¢ is not equal to [0], nor can it be the multiplication-by-
I map because it is the identity only for F,-rational points. If m # 0,1 and m is
coprime to p, consider that by Lemma 5.2.15, [m] is separable, so [m] has a non-
trivial kernel (i.e. deg,([m]) = m® and |ker([m])| = m? > 1) by Proposition 5.2.14,
whereas |ker(p)| =1, since p(P) = O if and only if P = Og. If p divides m, then
we still cannot have ¢ = [m], since deg(p) = q # deg([m]) = m?, as q is an odd

power of p (therefore not a perfect square).

We now investigate the possible structure of End(E). There are in fact only three

different types of endomorphism ring and we will discuss these shortly.

Definition 5.5.7 Let R be a finitely generated Q-algebra. An order in R is a subring

of R which is finitely generated as a Z-module and contains a Q-basis of R.

We will give two examples of an order in an algebra, but first, we give examples

of two such algebras.
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Definition 5.5.8 Let Dy € Z be squarefree. A quadratic field is an extension field
of Q of the form
Q(v/ Do) ={r+svDo|r,s€Q}. -

If Dy < 0, we call Q(+/Dy) an imaginary quadratic field, otherwise a real quadratic
field.

Definition 5.5.9 Associated with o quadratic field Q(+v/Dy) is the fundamental dis-

criminant Ag given by

Ag = Dy ifDyg=1mod4

4Dy otherwise.

Example 5.5.10 Consider Dy = —1. Then Ay = —4 and Q(v/ Do) = Q(2), where

i€ C,i?=—1.

Definition 5.5.11 Let Q(+/Dy) be a quadratic field. The ring of integers of Q(v/Dy),
written O, is the subring {u € Q(v/Dy) | 3f(z) = 2® + ax + b € Z[z], f(u) = 0} of
Q(v/Dy). Elements of Op, are called algebraic integers.

Theorem 5.5.12 Let Q(v/Do) be a quadratic field. The ring of integers of Q(+/ Do)
takes the form Op, = Zlwa,] = {r + swa|r, s € Z}, where

H'Jz@z if Do=1 mod 4

v Dy  otherwise.

wAO =

Proof. If 1 = a + bv/Dy € Q(v/Dy) is an algebraic integer, then u is a root of the

monic quadratic polynomial

(z — (a4 b\/Do)) (@ — (a — by/Dy)) = 22 — 2az + a® — D, € Q[z].
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This polynomial resides in Z[z] if and only if a is of the form ,n € Z, and a® — 52Dy

is an integer. In the case Dy = 1 mod 4, a? — b2D, is equal to

2 2 2
n 2opn _ 1 —4b*Dy
1 b*Dy = 1 .

This is an integer if and only if n? — 462Dy = 0 (mod 4). Since n € Z, 4b>D, must
also be an integer, i.e. b must be of the form 3, m € Z. Then p = 252 + mlﬁzg
with W‘l € Z. 'This proves that m,n must have the same parity, so 5% € Z.
Therefore, Oa, C Z[l"'—‘z/D—"]. In addition, it is easily seen that Z[li‘{i_"] C Oapg, S0 We
have Z[EZ@] = Op,. The case Dy = 2,3 mod 4 can be proven in similar fashion.

O

Example 5.5.13 If Dy = —3 then Ag = Dy, wa, = 22 and

2
1+iv/3
D)

On, = Z

= Z[eT).

Lemma 5.5.14 Let Q(+/Dy) be an imaginary quadratic field with fundamental dis-
criminant Ag. The orders in Q(+/Do) are exactly the subrings of the form Znwa,),

where n € Z.
Proof. See [23, Proposition 4.11]. O

A quadratic field is an example of a Q-algebra. In this case, an order in a field
Q(+/ Do) is a subring of Q(+/Dp) which is a Z-module of rank 2, for which the smallest
field containing it and Q is Q(+/Dy).
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Example 5.5.15 Consider again the imaginary quadratic field Q(+/=3) from the
previous example. Here, wa, = 1—%‘@ The subring Z[2wa,] = Z[1 +1i+/3] is an order
in Q(+/—3). It has rank 2 as a Z-module and it contains /=3, so the smallest field
containing Q and this ring is Q(v/=3). Alternatively, we see that Z[2wa] is of the

form given in Lemma 5.5.14.

Definition 5.5.16 A quaternion algebra is a (non-commutative) ring of the form
Qf%, 7] = Q+ Qi + Qj + Qij, where i = j2 = —1, ij = —ji, and 1,5 commute with
the elements of Q.

An order in a quaternion algebra is analogous to an order in a quadratic field. If
R is a quaternion algebra, an order in R is a subring of R which has rank at most 4

as a Z-module and contains a Q-basis of R.

Example 5.5.17 The subring Z[i+j,i— j] is an order in Q[i, j], because it has rank

4 and contains 21,25 and 2ji, which form a Q-basis for Q[z, 7).

Theorem 5.5.18 Let E be an elliptic curve over some field. End(E) is isomorphic
to one of the following: Z; an order in an imaginary quadratic field; or an order in

a quaternion algebra.
Proof. See [24, Corollary I11.9.4]. O

Example 5.5.19 Consider the elliptic curve E/Q : 23 +y® = 172923 with basepoint
[1:-1:0].



117

The isogeny ¢ : E — E given by ¢([zo : yo : 20)) = [€zo : Eyo : 20), where € is a
root of * +x +1, s a cube root of unity in End(E) (i.e. ¢* = [1]). End(E) is of the
form

End(E) = {[a] + [b] 0 ¢ | a,b € Z},

so ‘
End(E) = Z [i%@] ,
with the ring isomorphism given by
[a]+[b]0¢———>a+bi2\/§?.

Remark 5.5.20 Note the importance of the definition that an isogeny maps O to
Og. For the previous ezample, consider the map ¢ defined by o([xo : yo @ 2)) =
[zo : E%y0 : 20]. ¢ is also a morphism which is a cube root of unity but it is

not an isogeny because it does not map [1 : —1 : 0] to [1 : —1 : 0] but rather to

[£:=€:0]=[1:-£:0].



Chapter 6

Isomorphism and Isogeny for Small Non-zero

Characteristic

In this chapter, we explore isomorphism and isogeny of ellipti.c curves in Weier-
strass form over certain finite fields. Specifically, each of our éxamples covers one of
the three cases for the form of the Weierstrass equation (char(X) = 2, char(K )=3
and char(K) # 2,3) given in Definition 4.1.1 and Lemmata 4.1.4 and 4.1.6. In the
opening section, we classify the isogeny and isomorphism classes of all non-singular
Weierstrass curves over F,. In the other two sections, we examine the non-singular
Weierstrass curve Eo.: y°z = &3 4 £2? over the finite field F,, for ¢ = 3 and ¢ = 11.
More accurately, we look at those Weierstrass curves which are defined over F, and
which reside in the IF‘q-isomorphism class of Ej, searching for isogenies and isomor-
phisms of curves in this class. In the process, we apply much of the theory from

earlier chapters in classifying the aforementioned isomorphism class.

6.1 The case K =T,

Over [y, there are 32 Weierstrass curves. Of these, half are singular and half non-
singular, with 8 of the latter curves having j-invariant 0 and the other half having

J-invariant 1. The curves with j-invariant 0 are:

118
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Ey: y?z+4y2? 3

B Y224y =2°+4 28,
By: y’z+y2?
By: y’z+4yz? =ad 4222+ 25,
By: y*z-+yz? =ab+ 2%,

Bs: y’2+y2® =2°+a24 2, \
Es: y’z+ys? =a% 4222+ 222,

Er: yPz2+y2? =2+ 222+ 222+ 25

Using the form of an isomorphism of Weierstrass curves given in Lemma 5.4.3, we
can easily compute the (smallest) field over which any two of these curves with the
same j-invariant are isomorphic. For instance, an isomorphism from E; to Fj, being
of the form [uzo + 20 : uPyo + uszo + t2 : 2], requires substituting [ulzg + 72

uyo 4+ uPszo + t2o : 20) for (z,y, 2) in the equation of E; which gives
u®yz0+ulyorg +ulzd + (uhs® + utr)wda0 + (us + urP)wod + (PP + 2+t +1)28 = 0.

This is true for all [zo : yo < 2] € F, only if the equation above is a multiple of

Eo(@0, Yo, 20) = Y320+ Yoz -+ which, when comparing coefficients and dividing out
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by u®, gives the system of four equations

P42 4+t+1 = 0

u sy = 0
u2s+u?? = 0
w = 1,

which over Fy has a unique solution r = s =t =4 = 1. Using this technique, we

find that the Fo-isomorphism classes are as follows:
{Eo, En, Es, Er}

{EZ’ E4}

{Es, Es}.

Passing to F4, the isomorphism-classes of F, and F3; merge into one. For an

isomorphism between these two curves, the corresponding system of equations is
3 2 -
rid+r+tt4+t+1 =0
wts? +ulr =0

r4+s+1 =yt

which has the solution r = s = 0,u = 1,¢ € F4 aroot of 22 +z 1. (Another solution
isT=s=u=1,t2+t+1 = 0.) It is not until we reach Fas56, however, that all 8 curves
reside in the same isomorphism class. The same line of reasoning as above yields the
isomorphism from Ey to Fj given by [zo + 8220 : Yo + smg + t2g : %), s € Fig a root

of 4+ +1 and ¢ € Fasg a root of the irreducible quadratic 2 +z + 3+ 1 € Fyg[z].
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Figure 6.1: Isomorphism (and isogeny) classes of Weierstrass curves over Fy with
j-invariant 0

Fas6
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The question is then whether there exists any smaller field over which the four
curves Fy — FE3 have the same numbér of points as one of the other four curves. If
this is the case, then there must be an isogeny of second degree or higher between

the curves in question (since they could not be isomorphic over this field).

This problem aptly demonstrates the power of the Hasse bound given in Theorem
4.4.9. For rather than calculate the number of points of each Fy-isogeny class of
curve over each extension field from g up to IF108, we can in some cases avoid such a
computation. To see this, note that |Eg(F4)| = 9 and |Ey(Fy)| = |Es(Fy)| = 5. Now
E;(Fy4) is a subgroup of E;(F6) for all 4. So if, for instance, Ey and F, are to have
the same number of points over Fyg, it follows that they must both have a multiple
of lem(5,9)=45 points over Fys. But the Hasse bound limits the number of points to
the interval [9,25]. Using the same argument, one finds that E, does not have the
same number of points over Fgy as either of the other curves E; and E5. One can
count points over g, I3y and Fqog to verify that Ey is not isogenous to the other
curves over these fields either. Therefore, the K-isogeny classes are the same as the

K-isomorphism classes for all K C Fogg.
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The Weierstrass curves over F, with j-invariant 1 are as follows:

By : Y2z + zyz = 2% + 23,

Ey : V22 + ayz = 2% + 2%,
By ve+ayz =20 +22z+ 28,
Eyp vz + zyz = 2% + 222 + 222,

B Y22+ ayz+yz? =28+ 28,
By vztayz+yz? =a8 + 222 + 28,
Bu: vz+ayz+yz? =% 4222,

Eis: vz+zyz+yz® =28+ 222+ 222
There are two Fo-isomorphism classes here, namely:
{Es, By, Evq, B15}
{Ew, Eli) B2, Bns}.

Over Ty, all the curves are isomorphic, and the Fs-isogeny classes are the same as

the Fy-isomorphism classes.
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Figure 6.2: Isomorphism (and isogeny) classes of Weierstrass curves over Fy with
j-invariant 1

Fy

ES) Eg, E14> E15
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6.2 The case K =13

Moving on to characteristic 3, we find that the form of the isomorphism simplifies.
To be more specific, since E(z,y,z) does not contain an zyz or yz® term, each
isomorphism takes the form [uzg + 720 : ulyo : 2], with u € K* and r € K. We
will also discover that there are some curves which are isogenous over Fs» for some
n € N, but isomorphic only over a larger field. In other words‘, there is some higher

degree (deg > 2) isogeny over the smaller field.

Consider first all elliptic curves defined over F; which are isomorphic to
Eo: 92z =2 + 222
Note that j(Eo) = 0. They are
Bi: y'z =2 +32+ 25,
Ey: vz =2 422 + 225,
Ey: y*z =2°4 2222,
Ey: v’z = 42227 + 28,
Es: 4%z = z3 4 2z2% + 22°.
Calculating the values of w,r as before, we find that the Fs-isomorphism classes

are

{Eo, By, By}
{Es}
{E4}
{Es}.
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If we pass to the next fleld Fg, we find that the system of equations for the

isomorphism between Fy and Ej is

for which r = 0,u4 = p 42, p a root of the irreducible equation 22 +1 = 0, is a
solution. Hence, the isomorphism (over Fy) is [pzo : (2p+2)yo : 20)- In fact, the four

F3-isomorphism classes combine into 2 over Fy. They are:
{Eo, En, B, E3}
{E4, Es}.
The Far-isomorphism classes are:
{Eo, B, En}

{E37 E4> ES}

At this point, we stop. We could continue with the isomorphism classes over Fg;, Fous,
etc. but this is not necessary. It turns out that the lowest field over which all six
curves are isomorphic is Fgs = [F709. We mention this fact because it will be important
later on to compare the lowest field of isomorphism of two curves with the lowest
field of isogeny thereof, which we do shortly. The isomorphism classes are pictorially

represented in Figure 6.3.
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Figure 6.3: Isomorphism classes of Weierstrass curves over F3 with j-invariant 0

]F729
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Counting points over s, we find that curves Ey through F3 have 4 points each, so
they are all [Fs-isogenous by Theorem 5.2.16. This is the first case where two curves
(Eo and E3) are isogenous over a proper subfield (namely F3) of the smallest field
over which they are isomorphic (namely Fg). We could also have deduced this from
the fact that Ey(IF3) and F3(F3) are not isomorphic as groups. The curves E; and
Es5 have 7 points and 1 point over F3, respectively, so they are not Fs-isogenous to

one another or to any of Ey — Ejs.

One isogeny from FEy to B3 is [2042 : yo(22 + 222) : x220]. (This is just the rational
map I'# from Example 3.2.3, with By = (C1,[0:1:0]), B3 = (C,[0: 1 :0]), and
K =TF3.) This map of curves is clearly regular at all points except possibly [0: 1 : 0]
and [0 : 0 : 1]. In fact, we showed in Example 3.1.6 that the map is regular at

[0:1:0], since [Toy? : 2zoYozo + 28 : ]| is regular at [0: 1 :0].

We have yet to establish that the map is regular at [0: 0: 1]. Although we know
from Lemma 3.3.4, since B, is smooth, that the map must be regular at [0: 0 : 1],

we will explicitly show that this map is regular at [0:0: 1].

So how does one find an alternate 'representative’ of the rational map, which
demonstrates regularity at this point? There is no obvious method. However, noting
that the partial map given above is given by third degree homogeneous polynomials
defined over F3, one might ascertain that the missing representative is also of this
form. Given that there are only finitely many possibilities for such a triple of homo-
geneous polynomials, one may determine by exhaustive search whether the solution

(if it exists) is of this form. Omitting the tedious labour required of finding this
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representative, we observe that the map [z§yo + Y023 : 2§ + 2023 + 2x0y2 : Toyozo] is a

map from E, to E3 which is defined at [0 : 0 : 1] (and maps this point to [0: 1 : 0]).

As for the other curves, E; and Ej5 each have 7 points over Fy, so they are Fo-

isogenous.

Passing to a7 completes the picture: here, all six curves are isogenous (they have
28 points each). Once again, Fy is For-isogenous to By and FEs while not being
isomorphic to either of them in any proper subfield of Fo;. An isogeny in this case is
not so difficult to find: We compose the second degree isogeny from Ej to F3 with
the Fyr-isomorphism from E3 to Ey to get a second degree isogeny from Ey to Fj.
We could also construct the sixth degree isogeny [28y$ + 02§28 @ y3(2§ + 2x8) @ 2],
where o € [Fg7 is a root of the irreducible polynomial 23 +z+1 € Fs{z]. This isogeny
is obtained by composing the second degree isogeny from FEy to E3; with the third
degree Frobenius map from Ej to itself with the isomorphism (over Foy) from FEj
to By. (In fact, we can construct isogenies of arbitrarily large degree by repeatedly

composing any isogeny with the Frobenius map.)

Figure 6.4: Isogeny classes of Weierstrass curves over Fs with j-invariant 0
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Table 6.1 lists isomorphisms from E; to E; (0 < 4,7 < 5) over various extension
fields of s, where p®+1 = 0,0%+0+1 = 0. Subsequent tables give the isomorphisms
in various isomorphism subclasses, where the isomorphisms go from E; in the left-

hand column to Ej; in the top row.

Table 6.1: Various Isomorphisms

o [0+ 20 : Yo : 20]

o [0 + 220 : yo : 2]

o3 (2020 : (p + 2)yo : #0]

ol [2pz0 + 20 : (p+ 2)yo : 20)
as [ozo = (2p + 2)yo : 20
ol [pzo -+ 2p20 : (p+ L)yo : 20
oy [pzo 4+ pzo : (o + 1)yo : 20
og [2pz0 + 220 : (p+ 2)yo : 20)
Qg (20 : 20y0 : 20]

10 [2:120 L PYo - Zo]

11 [1170 402 Yo : Zo]

012 [0 + 2020 : Yo © 20

oa3 [2pzo + pozo : (2p+ 1)yo : 20)
ay | [2pzo+.(po +1)20 : (2p+ L)yo : 20
0as [2pz0 4+ 2p020 : (20 + L)yo : 20)
aie | [2p%0 + (200 + 1)z : (20 + 1)yo : 20)
onr | [2pm0 + (po +2)20 1 (20 + 1)yo : 2]
ais | [2pz0 + (200 + 2)20 : (20 + 1)yo : 20
a9 [pxo + 0oz (2p -+ 2)yo . 2’0]

(a7} [p.'IJo + 20'20 : (2,0 + 2)yo : Zo]

@1 | [pzo+ 2o+ 0)20: (204 2)yo : 20)
an | [pxo+ (20 +20)20 : (2p + 2)yo : 20
ags | [pmo+ (p+ )20 1 (2 + 2)yo : 20
o | [pxo+ (p+20)20 : (20 + 2)yo : 20




Table 6.2: Isomorphisms in the Fs-class of EFy
Eo | E1 | Es
Eo Id a1 Qg
E]_ (07)) Id (03}
Ez a1 (0] Id

Table 6.3: Isomorphisms in the Fg-class of Ey
Eo | Ey | Ep | Eg
Eo Id (64} (879 Qs
E1 [67)) id a1 Qg
E2 (851 (67} Id Qy
Ea Qg | &g | Og Id

Table 6.4: Isomorphisms in the Fg-class of Fy

Es | Es
Es| Id | oo
E5 10 Id

Table 6.5: Isomorphisms in the For-class of Ey
Eo | Ey | E2
Eo Id (03] (6 5]
E]_ [e7)) Id (4]
E2 a1 Qg Id

Table 6.6: Isomorphisms in the Fyr-class of Ej
E; | By | Es
E3 Id @11 | G112
Ejloap| Id | an
E5 11 | O12 Id
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Table 6.7: Isomorphisms in the Fyq9-class of Ey

Eo |Ey |Ez | E3 | Ey | Eg
EO 1d (83} (67)) (073 Q19 | G0
Ei| oo | Id | oy | o | s | 22
Ex | og | o | Id | ar | ooz | oy
E3 6 %] [6 7] g Id Q11 | 12
By |ong | g | a1y | e | Id | ang
Ey |ous | cug | oug | ann | a1 | Id
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6.3 The case K =Fy;

Finally, we consider the same curve, Ep : y22z = 23 4 122, this time over the field
Fy1; in this case, j(Ep) = 1. The only curves over Fy; with j-invariant 1 are those
of the form E, : y*z = 2® + az2?, where a € F%,. All curves of this form have 12
IFy;-rational points, so they all reside in the same Fy;-isogeny class. A quick check
shows that those curves of the form E, : y?z = 23 + rz2?, r a quadratic residue
modulo 11, have one point of order 2; those of the form B, : y%z = 2% + nz2?, n a
quadratic non-residue modulo 11, have three such points. It follows from Theorem
4.4.10 that E.(IFqy1) & Zye and E,(F1;) & Zy X Zg, so that the Fy;-isogeny class of

Ey = E; (i.e. a =1) contains two F;;-isomorphism classes.

Figure 6.5: Isomorphism classes of Weierstrass curves over IFy; with j-invariant 1

]F121
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We would therefore like to find IFy;-isogenies to link the two isomorphism classes.
We can do this in the following way. Consider E, and E, (which li¢ in different
IFy1-isomorphism classes since 7 is a quadratic non-residue modulo 11). Then the

map ¢ : B, — Fy, given by
(o = 9o = 20]) = [520 : Yo(102§ + a2f) : wh20]
is a second degree isogeny with dual q?) : Byy — E, given by
H([uo = vo : wo)) = [Bvdwp : vo(dug + Baw?) : udwy).

(For a = 1, the isogeny ¢ is just the rational map I'# from Example 3.2.18.) One
can thus form a second degree isogeny from a curve E, to E, — or vice versa — by
composing the second degree IFy;-isogeny from E, to Ey, with an Fy;-isomorphism

from Fy, to E,.



Chapter 7

Conclusion

7.1 A Summary of Isogeny

Recall that we introduced general algebraic curves and function fields in Chapter
2. We then discussed the duality of projective algebraic curves and function fields
(transcendence degree one extensions of given fields), and of non-constant rational

maps of curves and K-homomorphisms of function fields.

We then gave an exposition of elliptic curves, a special type of curve, and estab-
lished the group structure of an elliptic curve. Subsequently, we discussed isomor-
phism and isogeny and documented their many interesting properties. In particular,
we demonstrated that isogeny is a group homomorphism and that both isomorphism
and isogeny induce equivalence relations on the set of elliptic curves over a given

field.

We concluded with several computational examples which illustrated the theory
developed in previous chapters. These examples served not only to illuminate the
relationship between isogeny and isomorphism, but also underlined some of the prob-

lems which one encounters when attempting to deal with these notions in practice.
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7.2 Open Problems

Inspite of all that is known about isogeny, there remain several open problems.

We remind the reader of the most salient ones discussed.

Given two curves over a finite field IF,, there is no easy way of determining whether
they are in the same (]Fq-) isogeny class. Of course, one can conclusively determine
that they are, either by finding an explicit isogeny or by finding an extension field
over which both curves have the same number of points. However, proving that they
reside in separate isogeny classes amounts to proving that they do not have the same

number of points over any finite extension field of F,.

Sometimés, it is not enough to have determined that two curves are isogenous. In
the case where the goal is to reduce the discrete log problem on a "hard” elliptic
curve E to the discrete log problem on an "easy” curve F, as described in Chapter
1, it is necessary to find an actual isogeny from E to E'. There is no known method,
given two isogenous curves, to quickly produce an isogeny Between the two; while
it could be of use to determine, for instance, the number of F,-isogenies between
two isogenous curves, and the degrees of all such isogenies, there is also no known

method for achieving either of these tasks.

Nonetheless, much is known about isogeny and isomorphism classes. For an elliptic
curve E in Weierstrass form, Schoof gives an explicit formula N (t) for the number
of Fg-isomorphism classes in the I -isogeny class of E. (See [20], in particular, 20,
Section 4], for details.) For example, in the case of the curve Fy /Iy : 922 = 2% + 222

given in the final section of Chapter 6, |B(Fy;)| = 12, so that the value ¢ given in
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‘Theorem 4.4.9 is 0. There are 20 nonsingular Weierstrass curves over Fy; with ¢t = 0
(i.e. with 12 points over Fy;), and we have N(0) = 4. Denoting by QR;; the set of
all quadratic residues modulo 11, and by QNy; the set of all quadratic non-residues

modulo 11, one finds that the four isogeny classes are:

L = {B :y?2=2+rz|re QRu1} .
I, = {E,:y’z2=2+nz2*|neQNy)
Is = {By:y’2=2"+72%|r' € QRn}

Ii = {By:yPz=2+n'2° | € QN1 }.

Achter and Cunningham also give the number of IF-isomorphism classes of elliptic
curves over I, in the F-isogeny class of a given curve over F, as part of a more

general result in [1].

One final problem which we have not‘ yet mentioned is the problem of point count-
ing. In all the examples of elliptic curves over finite fields given in this thesis, the
orders of the groups of F,-rational points were very small. While such examples are
well-suited to illustrating certain principles and theorems, they are unsuitable for
real world applications, since elliptic curve cryptosystems are built on groups which
are extremely large (e.g. ¢ = 2'% or ¢ = 2!%°). Counting the number of points of an
elliptic curve over, say, Fysi2 is much harder than counting the number of points of
a curve over, say, Fy; or Fy3. It is also much more difficult to determine the group
structure on these larger, cryptographically interesting curves, since there are many

more possibilities.
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To conclude, many open problems remain, and elliptic curves continue to present
a subject of study that is interesting both from the point of view of mathematics

and real world applications.



Bibliography

(1] J. Achter, C. Cunningham, Isogeny Classes of Hilbert-Blumenthal Abelian
Varieties over Finite Fields, Journal of Number Theory 92, (2002), 272-303.

[2] M. F. Atiyah, I. G. McDonald, Introduction to Commutative Algebra,
Addison-Wesley, Reading Menlo Park New York Don Mills Wokingham Amster-
dam Bonn Sydney Singapore Tokyo Madrid San Juan Paris Seoul Milan Mexico
City Taipei, (1969). '

(3] C. Breuil, B. Conrad, F. Diamond, R. Taylor, On The Modularity of Elliptic
Curves Over Q: Wild 3-adic Exercises, J. Amer. Math. Soc. 14, (2001), no.
4, 843-939.

(4] E. Brieskorn, H. Knérrer, Plane Algebraic Curves, Second Edition, Birkhiuser

Verlag, Basel, (1986).

[5] J.W.S. Cassels, Diophantine Equations with Special Reference to Elliptic
Curves, The Journal of the London Mathematical Society, vol. 41, (1966), 193-
291.

[6] D. Dummit, R. Foote, Abstract Algebra, John Wiley & Sons, Inc., Second
Edition, New York, (1999).

[7] A. Enge, Elliptic Curves and Their Applications to Cryptography, An

Introduction, Kluwer Academic Publishers, Boston, (1999).

139



140

[8] G. Frey, Links Between Stable Elliptic Curves and Certain Diophantine
Equations, Ann. Univ. Sarav. Ser. Math. 1, (1986), no. 1.

[9] W. Fulton, Algebraic Curves, Benjamin Cummings, Reading, (1969).

[10] D. J. H. Garling, A Course in Galois Theory, Cambridge University Press,
Fifth Printing, Cambridge, (1995).

[11] S. litaka, Algebraic Geometry, An Introduction to Birational Geome-

try of Algebraic Varieties, Springer-Verlag, New York, (1982).

[12] G. Karpilovsky, Field Theory: Classical Foundations and Multiplicative
Groups, Marcel Dekker, Inc., New York, (1988).

[13] A. W. Knapp, Elliptic Curves, Princeton University Press, Princeton, (1992).

[14] R. A. Mollin, Fundamental Number Theory with Applications, CRC
Press, Boca Raton, (1998).

[15] R. A. Mollin, Algebraic Number Theory, Chapman & Hall/CRC Press,
Boca Raton, (1999).

[16] W. K. Nicholson, Introduction to Abstract Algebra, PWS Publishing Com-
pany, Boston, (1993).

[17] National Institute for Standards and Technology, FIPS 186 — 2, Digital Sig-
natures, NIST, (2002).

[18] M. and G. Orzech, Plane Algebraic Curves, Marcel Dekker, Inc., New York,
(1981).



141

[19] K. A. Ribet, On Modular Representations of Gal(Q/Q) Arising from
Modular Forms, Invent. Math. 100, (1990), no. 2, 431-476.

[20] R. Schoof, Nonsingular Plane Cubic Curves Over Finite Fields, Journal
of Combinatorial Theory Series A, vol. 46, (1987), 183-211.

[21] J.-P. Serre, On Modular Representations of Degree 2 of Gal(Q, Q), Duke
Math. J. 54, (1987), no. 1, 179-230.

[22] 1. Shafarevich, Basic Algebraic Geometry, Springer-Verlag, New York,
(1977).

[23] G. Shimura, Introduction to the Arithmetic Theory of Automorphic

Functions, Princeton University Press, Princeton, (1971).

[24] J. Silverman, The Arithmetic of Elliptic Curves, Springer-Verlag, New
York, (1986).

[25] J. Tate, Endomorphisms of Abelian Varieties over Finite Fields, Inven-

tiones Mathematicae, vol. 2, (1966), 134-144.

[26] R. Taylor, A. Wiles, Ring-theoretic Properties of Certain Hecke Alge-
bras, Ann. of Math. (2) 141, (1995), no. 3, 553-572.

[27) R. J. Walker, Algebraic Curves, Dover Publications, New York, (1962).

(28] A. Wiles, Modular Elliptic Curves and Fermat’s Last Theorem, Ann. of
Math. (2) 141, (1995), no. 3, 443-551.



Index of Notation

(E, Og) elliptic curve, 74

(P) divisor (P), 92

C(K) K-rational subset of C, 11

C/K curve C defined over K, 10

C : C(z,y,7) = 0 irreducible projec-
tive plane curve, 9

Div®(E) divisor 0 subgroup of Div(E),
93

E Weierstrass curve, 68

E(K) K-rational subgroup of F, 89

End(FE) endomorphism ring of F, 112

Endg(E) subring of K-isogenies of Fnd(F),

112

Isog(Es, Ey) set of isogenies from FEy
to Ey, 112

Isogi(Ey, Ey) set of K-isogenies from
E; to B, 112

K field, 4

K (C) subfield of K(C), 20

Mp maximal ideal of K(C)p, 23

M, maximal ideal of R,, 23
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Og basepoint of elliptic curve (F, Og),
74

Pic®(E) Picard group of E, 95

Rr domain of T'# 29

R, valuation ring of v, 22

V(f(z,y,2)) locus of f(z,y,z2), 10

X residue class of z in K[C], 18

Y residue class of y in K[C], 18

Z residue class of z in K[C], 18

[K : F), separable degreé of K/F, 66

[m] multiplication-by-m map, 99

A(F) discriminant of a Weierstrass curve
E, 73

A fundamental discriminant of Dy, 114

I' K-homomorphism of function fields,
27

I'# non-constant rational map induced
by I, 33

« non-constant rational map, 58

a~! birational inverse of , 49

K algebraically closed field, 4

K(C) function field of C, 18



K(C)p local ring at P, 23

K(C1)/T(K(C,)) finite extension of fields,
28

K|[C] coordinate ring of C, 15

Kl[z,y, 2]* group of units of K|z,y, 2],
11

K* group of units of K, 4

(8 non-constant rational map, 58

deg(¢) degree of K (F1)/¢*(K(Es)), 102

£ line in projective plane, 6

£p tangent line to C at P, 13

£ line at infinity, 6

_6_Clga,:y_,zz partial derivative with respect
to z, 12

&%;J—’Q partial derivative with respect

to y, 12

Qgig;—y’f)- partial derivative with respect

to 2z, 12

f(X)},aZ 3 f Y2
W)l equivalence class of ﬁ;ﬁ;{%, 20

v* K-function field homomorphism in-
duced by v, 54

vs separable degree of vy, 66

$ dual isogeny of ¢, 104

A?%(K) affine plane over K, 4
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A"(K) affine n-space over K, 4

A™(K) affine n-space over K, 4

[F, finite field of 2 elements, 13

IF, finite field of ¢ elements, 90

P?(K) projective plane over K, 5

P*(K) projective n-space over K, 5

P*(K) projective n-space over K, 5

Q(v/Do) quadratic extension of Q, 114

Q[z, j] quaternion algebra over Q, 116

O, ring of integers of Q(+/Dy), 114

D divisor class of the divisor D, 95

=~ isomorphic, 50

=~y isomorphic over K, 50

© Frobenius map, 101

div(f) divisor of the rational function
f, 94

ic,e(P) intersection multiplicity of C, ¢
at P, 76

J(E) j-invariant of Weierstrass curve
B, 74

ordp order of f at P, 24

t uniformizing parameter for v, 23

v discrete valuation on a field, 21

K* group of units of K, 4
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Div(FE) divisor group of an elliptic curve

E, 92



