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Abstract. This paper is concerned with a first-order fully discrete decoupled method for solving
the three-dimensional (3D) primitive equations of the ocean with the Dirichlet boundary conditions
on the side, where a decoupled semi-implicit scheme is used for the time discretization, and the
Pi(P1) — P1 — Pi(P1) finite element for velocity, pressure, and density is used for the spatial dis-
cretization of these equations. The H! — L2 — H! optimal error estimates for the numerical solution
(uf, pi,07) and the L2 optimal error estimate for (uf,67) are established under the restriction of
0 < h < pB1and 0 < 7 < Sy for some positive constants 51 and S2. Moreover, numerical investigations
are provided to show that the first-order decoupled method is of almost unconditional convergence
with accuracy O(h + 1) in the H'-norm and O(h? + 7) in the L?-norm for solving the 3D primitive
equations of the ocean. Numerical results are given to verify the theoretical analysis.
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1. Introduction. Given a smooth bounded domain w C R? and the cylindrical
domain Q = w x (—d,0) C R3, consider the following three-dimensional (3D) viscous
primitive equations (PEs) of the ocean in )

(1.1) ut—|—L1u—|—(u-V)u—l—w@Zu—FVP—I—fEXu:Fl,
(1.2) Oy + Lab + (u- V)0 + wd.0 — cw = Fy,
(1.3) V-u+ d,w =0,
(1.4) 9.P+~0=0.

The unknowns for these 3D viscous PEs are the fluid velocity field (u, w) = (u1, us, w) €
R3 with u = (u1, uz) being horizontal, the density 6, and the pressure P. f = fo(8+y)
is the given Coriolis rotation frequency with a -plane approximation, Fy and F» are
two given functions, k is a vertical unit vector, and o > 0 and v > 0 are given
constants. The elliptic operators L; and Lo are given, respectively, as follows:

Li = —Vl'A - ,ulai, 1= 1, 2,
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where the positive constants v; and p; are the horizontal and vertical viscosity coef-
ficients, and the positive constants v and ps are the horizontal and vertical thermal
diffusivity coefficients, respectively. The following notation is introduced for conve-
nience:

ou 00 0

Ea t:E7 v:(azvay)a A:azz+8yya 895 8zz1:82

i:awia i ;)

Ut =

with ¢ = 1,2,3 and (z1, 22, 23) = (2,¥, 2).
We partition the boundary of 2 into the following three parts:

FU = {(Jf,y,Z) € Q’z: O}a

Fb = {(Jf,y,Z) € Qa = _d}a

Iy ={(z,y,2) € % (z,y) € Ow, —d<z<0}

Next, we provide system (1.1)—(1.4) with the following boundary conditions with the
wind-driven on the top surface and nonslip and nonheat fluxes on the side walls and
the bottom (see, e.g., p. 246 in [5], p. 160 in [18], and p. 1037 in [25]):

on [y, ou=d7*, w=0, 0.0 =—a(fd—0%),
on I'y, O,u=0, w=0,0,0=0,
on [y, u-n=0, %an(), 20 _ ),

oron [I's, u=0, 3 5 =0,

where 7% = 7%(x,y) is the wind stress on the ocean surface, « is a positive constant,
n is the normal vector of 'y, and 6* = 0*(x,y) is the typical density distribution of
the top surface of the ocean. Based on the above conditions, it is natural to assume
that 7*(z,y) and 0*(x,y) satisfy

or* . 00*
%xn—o, or 77 =0, and o

Due to this condition, we can convert the previous boundary conditions into the
homogencous ones by replacing (u, ) by (u+ 3([(z + d)? — $h3]7*,0 4 67) (vefer to

p. 248 in [5]).
Hence, we consider the following boundary conditions for the 3D viscous PEs:

=0 on Ow.

7 -n=0,

(1.5) wlr,ur, =0,
ou
(1.6a) d.ulr,ur, =0, u-nlp, =0, an xnlp, =0,
(1.6b) or d.ulr,ur, =0, ulr, =0,
00
(17) az9|f‘b — (829 + O[G)h"u = 07 %h—‘s =0.

Refer to (28) and (29) on p. 248 in [5], (1.3) and (1.4) on p. 160 in [18], and Remark
2.1 on p. 1038 in [25] for the boundary conditions (1.5)—(1.7).
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The initial conditions of u(x,y, z,t) and 0(x,y, z,t) are given by

(1.8) u(z,y,2,0) = uo(z,y,2), 0(x,y,2,0)=0(z,y,2).

Using the Dirichlet boundary condition (1.5) of w on T', N T, (1.3), and (1.4), we
have

z 0
w(xvyazat): _/dv'u(ﬁvyagat)dga /dV-u(x,y,S,t)dSZO,

P(a,y, 2, 1) = ple.y,t) — / Ol €0,

With the above statements, one obtains the initial boundary value problem of the 3D
viscous PEs:

ut—l—Llu—i—Vp(x,y,t)—'y/ Vﬁ(x,y,f,t)df—i—fl_c'xu+(u-V)u
—d

(19) - </ZdV’u($7y’€7t)d€) azu:F‘la

(1.10) 9t+L29+U/Z Vu(z,y, & t)dE+ (u- V)0 — (/Z V- u(x,y,f,t)df) 0,0 = F»,
—d —d

(1.11) V-i=0,

together with the boundary conditions (1.6) and (1.7) and the initial condition (1.8),
where

0 ~ —
(;75(96,3/)2 $1d¢(x’y7z)d27 ¢:¢_¢7

for any function ¢(z,y,z) in Q.

Remark 1.1. Recall from [5, 18] that F; = 0 and v = 1 in (1.1) and (1.4) and
o =01in (1.2) and (1.10).

The 3D viscous PEs are very important research subjects in the field of geophysical
fluid from both the theoretical and numerical points of view. There are some well-
known difficulties associated with these fundamental equations of the 3D oceanic
model due to their strong nonlinearity and coupling.

A mathematical study of the PEs was originated in a series of articles by Lions,
Temam, and Wang in the early 1990s [22, 23, 24], where a mathematical formulation
for the PEs, which resembles that of the Navier-Stokes equations, was established.
Also, an asymptotic analysis and the finite-dimensional behavior of the 3D viscous
PEs in a thin domain as the depth of the domain goes to zero were studied in [16, 17].
For a more extensive discussion and review on this subject, the reader is referred to
the recent articles [4, 5, 12, 18, 27, 28].

A numerical simulation study of a first-order coupled method based on a two-grid
finite difference method for the PEs of the ocean was proposed by Medjo and Temam
in [25]. However, an error analysis was not given in [25]. To the best of our knowledge,
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it was the first time that the first-order decoupled method for the 3D viscous PEs
of the ocean was represented. The derivation of error estimates for the numerical
solutions of these equations has been challenging. In a recent paper [13], He analyzed
only time discretization of problem (1.9) and (1.11) in the finite time interval [0, T
with the boundary conditions (1.6) and (1.7) and the initial condition (1.8); the spatial
variables remain continuous. Setting 7 to be a time step size, t,, = nT and T = N7, we
consider the time discrete approximation (u”,p™, ™) of (u(ty), p(tn),0(t,)) by (2.17)
and (2.18). He also discussed the stability of the first-order decoupled semi-implicit
scheme and the optimal error estimates of the time discrete solution (u",p™, ™) with
n=1,2,...,N [13].

In the first part of this paper we will propose the first-order fully discrete de-
coupled method for solving the 3D PEs of the ocean in the case of the Dirichlet
boundary conditions on the side, where the decoupled semi-implicit scheme is used
for the time discretization and the P (Py) — Py — P1(P1) finite element for the ve-
locity, pressure, and density is used for the spatial discretization of these equations.
The H' — L? — H' optimal error estimates of the numerical solution (u},pl,67) are
provided by the induction method and the Gronwall lemma, and the L? optimal error
estimate of (u}, 6}) is provided by using the negative norm technique and the Gron-
wall lemma under the restriction of 0 < h < 81 and 0 < 7 < By for some positive
constants 51 and fB2. The main results of this paper are stated as follows.

THEOREM 1.1. Under the assumptions (Al)-(A3) below, if 0 < h < (1 and
0 < 7 < By for some positive constants B1 and B2, then (uj,p},0p) satisfies the
following error estimates:

(1.12) (b)) = uf? 12+ 10(tm) = 73] < (i +72),

(113)  o(tm) [l V(O(tm) = G132 + p219:(0(tm) — 673

+ 20| (0(tm) = 077) (2 = 0)[|7 2
+ 0 (tm) 1[IV (ultm) — up)1 72 + [0 (w(tm) — ui)[|72] < K(B* +72),

m

(1.14) 7Y o(ta)p(t) = Piliew) < K(A* +7°),

n=1

where o(t) = min{l,t} and k is a general positive constant depending on the data
(Q,,0,7,d,v1, p1,va, 2, f, F1, Fa,ug, 00, T), which can have a different value at its
different occurrence.

The second part of this paper is mainly focused on validating stability and numer-
ical accuracy of the first-order decoupled method for the 3D PEs of the ocean. In the
numerical investigation part, we first construct a test case with analytical solutions
and validate the theoretical L? and H?! error estimates. The results demonstrate that
the theoretical results coincide with the numerical results very well. Second, the first-
order decoupled method is used to simulate a classical practical problem of double
gyres. The correct double gyres phenomena are simulated. By the simulation of the
double gyres problem, the reliability of the proposed first-order decoupled method is
validated.

This paper is outlined as follows. In section 2, some basic mathematical nota-
tion and important inequalities are recalled and basic lemmas and estimates of the
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nonlinear terms are provided. In section 3, the Pj(P;) — P — P1(P) finite element
discretization based on the first-order decoupled scheme is introduced. In section 4,
we use the induction method and the Gronwall lemma to obtain the H! — L? — H!
optimal error estimates of (u}l, p}t, 0}) to the exact solution (u(t,), p(t,), 0(t,)) under
the restriction of 0 < h < 81 and 0 < 7 < Bs. In section 5, the negative norm tech-
nique is used to provide the L? optimal error estimate of (uf,0%) to (u(t,),0(t,)). In
section 6, numerical investigations are provided to show the efficiency of the first-order
decoupled method for solving the 3D PEs of the ocean. Finally, in the appendix, we
give a detailed proof of an important and complex H' error estimate.

2. Preliminaries. For the 3D domain €2, 2D domain w, m > 0 and p > 1, we
introduce the standard Sobolev spaces H™(Q) and H™(w) or H™(Q)? and H™(w)?
with the norms || -|| = and ||- || gm () and seminorms |-|gm and |-|gm (), respectively.
For details of the Sobolev spaces, refer to Adams [1]. Here, we introduce the following
spaces:

Hy ={veLl?(Q)*divo=0, v-nlp, =0}, Hy=L*Q), Xo=Vo=H(Q),

X1 ={ve H(Q)? wv-n|p, =0} in the case of (1.6a), X1 = {v € H'(Q)?% v|r, =0}
in the case of (1.6b), and V4 = X; N Hy. Next, we introduce the Sobolev spaces
Xo, My, and Vj in the 2D domain w by

0
XO:Xlz{veHl(w)z;v:d_l/ v(x,y, 2)dz, veXl},

—d

Mo = Lj(w) = {q € Lz(w);/ q(z,y)dxdy = 0} , Vo={v€Xp;V-0=0}

Furthermore, (-, -)q and (-, ), will be used to denote the inner product in L?(2) and
L?(w) or L?(2)? and L?(w)? or L}(Q)* and L2(w)?, respectively.

Denote by A; the Stokes-type operator associated with the PEs (see [5, 18]); that
is, Ay = PLy, where P is the L?-orthogonal projection from L?(Q)? to H;. Also, we
denote Ay = Lo. Then we define the bilinear forms a; : X; x X; — R, i = 1,2, as
follows:

1 1
ar(u,v) = v1(Vu, Vu)g + p1(uz,v:)a = (Liu, Liv)q,

a2(0,6) = v2(V0, V) + a0z, 62)er + praar(0(z = 0), p(= = 0))oy = (L3 6, L3 d)or.

Deﬁne D(A;) = {¢ € H“Am € H;},i= 1 2, Wlth the norm ||4; - ||z2. Then V; =
D(A?) and ai(6,v) = (A7 6, AF)a = (LF 6, Li d)o for 6, 1 € Vi,

We have the following Poincaré inequalities [1, 5]:
(2.1) dyollulFs < vi||Vul|3: Yu € Xy,
(2.2) 470]|0][72 < p2(110:0]122 + all0(z = 0)[|72(,)) VO € Xa,
for some positive constant v depending on 2 or (w, d). Here and after, we shall use the
letters ¢ and C' (with or without subscripts) to denote a general positive constant de-
pending on the data (Q, a, 0,7, d, v1, 1, V2, p2) and the data (Q, «, 0, v, d, v1, 1, va, fi2,

Fy, F5,u0,00,T), respectively, which can have a different value at their different oc-
currences.
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Generally, we need a further assumption on the regularity results of the solution
of the Stokes-type system associated with the PEs of the ocean and the modified
Poisson equation when the domain w is sufficient smooth.

(A1) For a given g; € H*(Q)2, the steady modified Stokes-type system

(2.3) —1Av — 10,0 + Vg(x,y) = g1 in Q, div 9(z,y) =0 in w,

admits a unique solution (v,q) € (H?(Q)?>NV4) x (L3(w) N H(w)) for the boundary
conditions d,v|r,ur, =0 and v - n|p, =0, % x nlp, = 0 or v|p, = 0 such that

(2.4) vl

s +llali e, < cllgillf o

and for a given g, € L?(Q), the elliptic equation

(2.5) —VoA¢ — 1120, = g2 in

admits a unique solution ¢ € H?(2) for the boundary condition

9y

(2.6) 0:9In, = (09 + a¥)lr, =0, 5= =0,
n r,

such that

(2.7) [8ll2.0 < cllgall§ q-

The second part in assumption (A1) is a classical result. Some details of the first
part in assumption (Al) can be found on pp. 2740-2741 in [19], pp. 5657 in [29)],
and pp. 308 and 311 in [30] in the case of the boundary conditions (1.5), (1.6b), and
(1.7). In the case of the boundary conditions (1.5), (1.6a), and (1.7), some results in
assumption (Al) can be proved in a similar manner as in [19, 29, 30].

We also make the following assumption about the prescribed data for problem
(1.9)-(1.11):

(A2) The initial data (ug,00) € D(A1) x D(As) and (Fy, Fy), (9.F1,0.F3),
(Fit, Fay), (Fug, Fore) € L([0,T); L2(2)?) x L>°([0,T); L?(2)) such that, for some
positive constant C,

[ Avuol|Z> + [[A260]|7- + OE?ET{HE@H%Q +IF2 (0172 + 10:F1(t)[I72 + 10:Fa(t)][7-}

+ OiugT{HFu(t)II%2 HF2 )7 + 1P ONIZ2 + [ Fau(®)]l72} < C.
<t<

Also, we recall the following important inequality (see [5, 12]):
(2.8)

0 0 1 1 1 1
[ wutenolds [ 1o.olluldzdzdy < coll Vull Al 10:01 V0.1 ol

for u € D(Ay), (¢, w) € D(A1) x L?(Q)? or (¢, w) € D(A3) x L?(R), and the following
Sobolev and Ladyzhenskaya inequalities [1, 5, 8, 10, 20]:

1 1
I8l o) < collllZaiey 1612 V6 € H'(w),

1 1
(2.9) 16l w) < collbll ey I8l Fee) Vb € H2(),
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1 1
(2.10) 18llLs < collllz2llEl zas 1Dllzaoe) + 19llzs < colldllem
for all ¢ € X; or X3, where the norm || - ||« denotes || - || La()2 or [ - || () and
1 1 1
(2.11) 18]l +[IVOllLs + [10:0l s < coll A7 ¢l 72 [ Aidl| ;-

for all ¢ € D(A;), with i =1, 2.
It is easy to see that for v € X; and ¢ € X5, there hold [5]

h (/_dv - v(a:,y,@df,qs)g - (/_d W(x,y,f)df,v)Q
(2.12) = ( / OdV-v@:,y,f)d&, / Odsb(x,y,f)d&)w,

(2.13) fExv-v=0 Yve L?(Q)>.

Moreover, we define the trilinear form

b(v,6,16) = (- V) ) ((/dv - vd&) mw)g

for all v € X1, (¢,9) € HY(Q)? x HY(Q)? or (¢,v) € HY(Q) x H(Q). It can be
checked that

(2.14) b(v, 6, ) + (v, b, 8) = (/vww 0) - (2 0))w

for all v € X1, ¢, ¥ € H(Q) or HY(Q)%.

With the above statements, the weak form of (1.9)-(1.11) with the boundary
conditions (1.5)—(1.7) and the initial condition (1.8) is as follows: Find (u,p,0)(t) €
X1 X My x Xo with 0 <t < T such that, for (v,q,¢) € X7 x My x X,

(utav)Q + al(U,U) + b(u,u,v) + (f]; X ’U,,’U)Q - (/Zd Va(%ya&t)d&(b)
- Q

(2.15) —(V-u,p)a+ (V- -u,q)a = (F1,v)q,

(216) (9t7¢)9+a2(97¢)+b(u;6‘7¢)+0</dv'u(w7y7§7t)d§7¢) = (F27¢)Q'
- Q
Refer to [12] for more details.

Letting 7 be a time step size, t, = n7, T = N7, u® = ug, and 6° = 6y, then
we recall the time discrete decoupled semi-implicit scheme of (2.15)—(2.16) in [13] as
follows: For each n, find (0™, u™, p™) satisfying
(2.17)

(deu™, v)o + ar(u™,v) = (V-v,p")a + (V-u", q)a —v([7, VO (2,y,£)dE,v)a

+ (fl; X u™ v)g + bu L u" " v) + b(u " um, 0) = (BT, v)a,
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(2.18)

(di0", 9)o + az(0",¢) + o (/dv : unl(x7y7€)d§7¢> +o(u"1, 0", ¢) = (Fy', d)a
- Q

for all (v,q,¢) € X3 x My x Xo, 0 =v — v, and

1 1 [t 1 [t
diu" = = (u"—u""1), di0" = (9”—9”_1), ' = —/ Fi(t)dt, Fy' = —/ Fy(t)dt.
T T

tn—1 T Jtn_1

Here, 6™ can be solved by the linearized elliptic equation (32) without (u™,p™), and
(31) can be rewritten into the Stokes equations on (", p™) in the 2D domain w without
0" and the linearized elliptic equations on @" in the 3D domain 2 without #™ and
(a™, p™).

From [13], there hold the following. stability and convergence results.

THEOREM 2.1. Suppose that the assumptions (Al) and (A2) hold and 0 < 7 < 1

satisfies the stability condition Ci7 < 1 for some positive constant Cy. Then there
hold
(2.19)

m
1 1
IAFw™ 32 + 14367152 +7 [l Avu™ |2 + ldeu™ |72 + | A26™ |22 + |de6™ | 22] < 51,

n=1
(2.20)
ks 1 1
[ deu™ |32+ |de0™ |22+ | Aru™ |32+ | A20™ |72 47 > [IAZ deu™ |32+ AZ di6"|[72] < k2,

n=1

(2.21) ™ 1 Fr oy +7 D™ s + 167 s + 19" 320 < 55,
n=1

) — ™[22 + [10(tm) — 0™ |22 + 0 (tn) (| AZ (u(ts) — u™) |22
+ 142 (0(tn) — 0™)]122)

"’TZ tn)|lp(tn) pn||2L2(w)

(2.22) +o ( m)Hp( m) = "2 < KT

for 0 < m < N, where k; with i = 1,2,3 are some positive constants depending on
the data (2, o, 0,7, d, v1, 1, v, po, f, F1, Fa,ug,00,T).
In order to analyze the convergence of the numerical solution, we need the fol-
lowing Gronwall lemma [26].
LEMMA 2.2. Let Cy be a positive constant and a,, b,, and d, be three positive
series satisfying
m—1

am—l—TanSTZd an +Co, m > 1.

n=1 n=0
Then

m m—1
am+72bn < Cpexp (7’ Z dn> Vm > 1.
n=0

n=1
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Finally, we recall the integral version of the Minkowsky inequality for the LP
spaces [5].

LEMMA 2.3. Let Q1 C R™* and Q3 C R™2 be two measurable sets, where my and
mo are positive integers, and let f(&,n) be measurable over Q1 X Qo. Then

(L |f(m>|dn)pdgr <[ |f<g,n>|pdg)‘l’dn,

3. First-order decoupled semi-implicit finite element method. From now
on, h is a real positive parameter approaching 0. To avoid the lengthy and technical
treatments of the smooth curved boundary of w, we assume from now on that w is
a planar polygonal domain. For the cases with curved boundaries we can combine
some standard techniques as developed in [7, 9, 21] with the analysis in this work to
establish the error estimates for the corresponding finite element solutions.

Let mop = {f( } be quasi-uniformly regular partitions of w made of triangles with
diameters bounded by 2h, and let —d = zp < 21 < --- < z1, = 0 be quasi-uniformly
regular partitions of [—d, 0] with [; = z; —z;_1 < hfor j =1,2,..., L. Also, we define
7, = {K} by subdividing each triangle K € 1y, into four triangles K1, Ko , K3, and
K, by the midpoints of the sides. Then we obtain prismatic grids {K x I;} on the 3D
domain €2 that are used by Rebollo and Gonzalez [6] for the hydrostatic approximation
of the Navier—Stokes equations. First, we will establish the finite element space pair
(Xon, M},) based on the P; — P; elements on w as follows:

Xon =S NXo, Sp={oncC'@)NH (W): ¢nlx € P(K) VK €1},

MOh:{qheCO(@)ﬂMO: qh|K€P1(K) VKETQh}.
Next, we will establish the finite element spaces X35, C X3 based on the P (P;)
element and Xo;, C X5 based on the P;(P;) element on the prismatic grids {K x I;}

on the 3D domain Q as follows:

']h = Span{’lr/)h S Hl([o’d]) : ’lr/)h|lj S Pl(I]) v.] = 1725 .. '7L}7 XQh = ShX']h - ‘/Qha

Xqp = {Uh S (Sh X Jh)z;vh ‘n

r, =0}
in the case of (1.6a) and
X, = {Uh S (Sh X Jh)2§vh|l“s = 0}

in the case of (1.6D).

Remark 3.1. From [2], the finite element space pair (Xop, Moy) satisfies the
discrete inf-sup condition. Moreover, the other finite element pair (X, Mop) can be
found in [3, 11]. Also, another finite element space pair of the 3D horizontal velocity
and the 2D pressure satisfying the discrete inf-sup condition is constructed by Rebollo
and Gonzalez in [6].

Here, we need to define the subspace Vi, of Xi; as follows:

Vin = {vn € X105 (V- 0, qn)w = 0 Van € Moy}
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2

Furthermore, we define the L? projection operator Py, : L?(Q2)?2 — Vi, and Py, :

LQ(Q) — Vgh by
(Pipu,vp)a = (u,vp)a Yu € L2(Q)?, vy € Vin, (Ponf, én)o = (0, én)a,
Vo € LZ(Q)g, ¢h € Vop.

We easily deduce that the above finite element spaces (Xip, Mon, Xon) based on the
Py (Py) — P — Py(Py) element satisfy the usual approximation assumption (A3):
e There exist the mappings Ij, € £L(Vi; Vi) and m, € L£(Va; X1p) such that

31)  |Mhu—ullge + h|LE T —w)l|ge < v, 1=1,2,
(32)  |lmn0 — Olle + AILE (mab — 0)[| 12 < |0, 1= 1,2.
e The L?-orthogonal projection operator py, : My — Moy, satisfies
(3.3) lp — prpll22(w) < Chl||p||Hl(w)7 Vpe H(w)n My, 1=1, 2.
e There exists a constant By > 0 such that

(V- 0n,qn)a
(3.4) sup ~———— > Bollanll2(w)-
oneXon || VURllL2(w) “)

e The following inverse inequality holds:
(3.5)

l .
lonllre(w) < b Hdnllr2w) |1LZonlle < ch™Hdnllz Yén € X, i =1, 2.

The following estimates, which are the consequences of properties (3.1)—(3.3), will
be very useful:

(3.6) [lw — Pipullpe + bl LE (u — Pipu)|e < chl||u||Hz Yu € HI(Q)2 NV,
(3.7) 160 — P> + h|| L3 (0 — Panf)||L> < ch!||]| ;0 VO € HY(Q)

forl=1,2.
Now, we define the discrete forms of the operators A; and As:

(Aindn, Yn)a = (Ai%(bhaAi%"/)h)Q = (Lf ¢h,Li%¢h)Q Yon, Yn € Vin

with ¢ = 1, 2. Here, we introduce the discrete Sobolev norm ||¢y||, = ||A§h¢h||Lz for
on € Vi, and r € R, where

énllo = llénllL>, Nonll-1x = 11437 dnllL> Yén € Vin.

With the above statements, the standard finite element approximation of (2.17)
and (2.18) based on Xy, x Mo, x Xop, reads as follows: Find (uf,p},0p) € Xin x
Moy, x Xop, such that
(3.8)

(deugts vn) + a1 (uf, on) =(V - on, oo + (V- upty an)o =2, VO (2,9, €)dE, vn)o

+ (k< vn)a + blup i o) + b(up Tl ) = (FI, vn)as
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(3.9)
(di0y,, on)a+az (0}, on)+o </dV-uZ_1(x,y,€)d§,¢h> +b(u 0, on) = (F3', dn)a
- Q

for all (vn, gn, n) € Xin X Mop X Xop, U, = v — Up,. Here, (u}l, p}) can be solved by
(3.8) without 8} and 6} can be solved by (3.9) without (u},p}), respectively. Set

0

n —M ~MNn *77. n ~N —N

up = up + ap, =d / up(z,y,2)dz, ap = up —up.
—d

Then (3.8) can be rewritten as follows: For each n and (u} ™', 67~ "), find (alf, p}, a})
such that
(3.10)

(dyuy, vn) + ar (g, on) — (V- 0p, p)a + (V@ qn)o — v([7, VO dE, vr)a

+ (fF x ay, o) + b(up "t ul =t o) = (Ff, oh)o,

(dyay,vn)a + a1 (uy, op) — (/ A\ Lde, vh>
Q
(3.11) + (Fk x g, on)a + blup ", 5,) = (FT, 9h)a

for all vj, € X15, and g € Moy, together with the initial condition: @ = gy (2, y) and
@) = ton(z,y, 2).

(ap, py) can be solved by the Stokes equations (3.10) in the 2D domain w without
4y and 4} can be solved by the linearized equations (3.11) in the 3D domain €.
Hence, the scheme (3.9)-(3.11) is a first-order decoupled semi-implicit scheme with
respect to 6y, (ay,p}), and 4.

4. H'—L? — H"! error estimates. In this section, we shall provide the optimal
H' — L? — H! error estimates of the numerical solution (u}, plt, 87) to (u™,p™, ™) by
the induction method and the Gronwall lemma.

First, using (2.1)—(2.14), (3.6)—(3.7), and Lemma 2.3, we deduce the following
important inequalities:

(4.1)
1 1 1
[b(u, ¢, wn)| < cllLyullr2lLf @l ol Afywnllre Vu € X1,v € Xi, wp € Vi,
|b(u, v — Pipo,wp)| < chHL uHLzHA U|‘L2||Alhwh”L2 Yu € X1, v € D(4;),wn €Vip,
|b(w, v, )| <ch 2 HLluHLz||L21)||L2||wh||L2 Yue Xy, veX;, w,€ Vi,
|b(w, v, wp)] <ch~ 1||L1 u||L2HL2vHL2HwhHLz Vu € X1, ve X, w, € Vi,

) ) 2 Ulir2 Uhll, 7 ) ) ih;
|b(w, vy, wp)| < ch~ HL I ||A 12 2||A hvhHLgHwhHLz Yu € X1, vp, wp € Vip,
|b(u, v, v)] =0 Yuel, ’UEX“

1 1
|b(u, v, v)] < c||LEul2||L2v)3. Vu € X1, veE X,
L .
|b(w, v, wp)| < CHUHL2”UH{I?’HAfhwh”L? Vu € Hy,v € H3(Q)' N X;,wp, € Vip,
|b(w, v, wp)| < cllullgs||L2v|| p2||wnllzz Yu € H3(Q)?N Vi, v € X;, we H;,

where i = 1, 2.
LEMMA 4.1. Suppose that assumptions (A1)—(A3) hold and 0 < 7 < 1 satisfies the
stability condition: Cim < 1. Then (u},py,0y) satisfies the following error estimate:
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1 1
(eI + ezl = lle™ Mz + lle™HIZe] + L7 (™ — wp) o7 + L3 (0" — )| Z7

1 % n—1 n—1 % n|2 % ni|2
+o@ =Ly (W —uy ™) le2) ([ Arpe [ze + 1Az, I22)7

1
+ 1= col[ Ay [Tam)lle” — e H|Ta — cal|AF (u" T —up )| 7o
1 1
— o[ Avu™||[ 72 + B2 Ao (|72 + | AT (w — u" " |[Z|LE (w" T = up ) |[FeT
<dna ("7 + 1€ M IZ2)T + ch®(|Aru™ (|72 + [ A260"||72)7
400 45, n—1)2 3 n)2 n2 n—1y2

+ch™ (AT u 72 + [[AT u"[|72 + [|A20™[|72)(|w 7=
+ ch ([[u" 13 + 1107 I3 | Are” |77
+ ch ([Ip" 72y + 1 A1u™ (122 + [[Aru™ Y22 + [ A260™|72)7
for some positive constants c1 and co, where (e",r",e") = (Pipu™ — uy, ppp” —
py, Pon0™ — 07) and

dn—1 = c+ cl[u"]|Fs + cl|0"[|Fs.

Proof. 1t follows from (2.17), (2.18), (3.8), and (3.9) that
(4.2)
(di(u™ = upt),vn)a + ar(u™ = ujt,vp) — ([, V(0" = 077 1)dE, vn)a
+b(unt - uZ_l,u"’l —u", up) + (fE x (u™ —u}),vn)e
+buf ™t —un T — ) T = (= ), on) + b(u T u T T — (u — ), o)
+b(unt — qul, u™, vp) + b(u;Tl — " — il o) + b(uhfl— u ™ — Ul )

— (Voo p" —p)a+ (V- (" —uf),qn)o =0 V(vn,qn) € Xin X Mop,

(de(0™ = 07), dn)e + az(0™ — Op, dn) + b(u" " —up ™", 0", ¢n)
(4.3)  +b(up = w0 — 07, ¢y)

+o(u L 0" — 07 dp) + o (7, V- (unTE —u TN dn)a =0 Vo € Xop,
with the initial condition ¢® = 0 and €% = 0.

Taking (vp, qn) = (€",7™) in (4.2) and ¢p, = €™ in (4.3), adding these two relations,
and using (2.13)—(2.14), we find

4.4
(%[)He"l\%z — e Fe + llem = e M Ta] + gl 17 — e 172 + lle™ — e HI7e]
AT e 3 + 14530 + 123 (" = )3 + 125 (6" — 67) 3]
+bun ™t =t = e) + b(up T —ut T T — T = (ut = ), en)
+b(unt — u’,fl,u", e") + b(uzf1 —u" " =l em) + (fE X (u™ — Pipu™), e™)q
+b(unt — uzfl, 0", ™) + b(uzf1 —u" 0 — 0 e™) — (V- e, p™ — prp™)a
+ b u = — (u =), €) + b(u T ut — Pryu®, e™)
+b(unL, 0" — Popfm em) + U(ffd V- (unt — uZ_l)df, e"a

—y(J7, V(O =0 hdE e)q
= S[ILE (u™ = Pipum™)[|32 + [ L3 (0™ — Ponb™)[|3-]-
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Due to (3.6), (3.7), (4.1), and the Young inequality, we have

pun ™ g — e < oAb

el < 32
1 1
(45) ellLf @t = AT

(4.6)

1
b == (=), )| < e LF (= Y el AR

1 _ 1
2 A e+ e(h?| Ay |2 + 1L (=t — w3 ILF (@ = u ) s

(4.7)
l -

[blup ™" —u" T u" = P, )| < o I\Alhe”l\m+ch2||A1U"HLzH P =y,
3 — n

(4.8) bl — e )] < el L ('t =) e A" 3,

(4.9)

b(un~ 1 n—1 o — P 0n A n h2 Ao0" % -1_,n—1

[bup, ™ —u", 2h )I_32|| Sne" 122+ ch || A20" |72 | L (u" —up ™ D] Ze,
3 - n

(4.10) bup ™" = w1 e, < ellLE (= ) g2 AF, e

(4.11)

[b(un =t = ™ u )| [b(un Tt — w07 e )I < HIAfem 3 + 145,27 13:)

+ C(I\u"II%e,JrII@"IIHz)Hu eI,
(4.12)

bt ) e)] < gy Awe” [
+ ch* | Ayu 2 ([ Ayun 12, + [|Arum]|22) + | Ayun 2L e — en T2,

(4.13) |b(u™ "t u™ — Pu™ e™)| <

< 32|\A1he"|\§2 + cht || Avu |2 lu" s,

(4.14) [b(u" "1, 0" — Pop 0", e™)| < ||A2h6"||%2 + ch* || A20" || Lo ||u I3,

ol(f7, V- (=t —uphdg Mol + (7, V(O = 077 )dE e)al

(4.15)
< 32|\A1h6”|\%z 2||A2h5n||%2+c(”un_l up 3 + 107 = 0512,

(fk x (u" — Pipu™), e™)a| + (V- €™, p" — prp™)al

(4.16) L . A N
< gllAne™ 22 + ch (| Avu (122 + 1P" 3 )-
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Combining the above estimates with (4.4) and using (3.6)—(3.7), we have completed
the proof of Lemma 4.1. a
Now, we need to define the following H!-projections: R;j, : V; — Vi, such that

a;i(Rind, ¥n) = ai(¢,¥n) Vo € Vi, by, € Vip.

By the standard error estimate technique, we can prove the following error estimate
results:

(4.17)  ||Rinu — ul|z2 + h||L? (Ripu — u)|| g2 < chl|jullm Yu € HY(Q)?> N4,
(4.18) |R2n0 — 0|12 + h||LZ (Rapb — 0)|| 1> < ch'||0]| ;0 VO € H'(Q) N V3

o ZL_El\l/I’l\i.& 4.2. Under the assumptions of Lemma 4.1, (u},py,0p) satisfies the
following error estimate:
L3 (um — )22 + 125 (6™ — 6122 + 5 S0 (e 2
+|Ane™|132 4 (| die™ (172 + [| Azne™ (|7 ]
< CR? +7Ch e L3 (unt — w2,
(4.19) +7C S [ILE (an — ) [3s + 123 (6" — 67)]13:]
78 S (IF (! — a4
L3 (O — B[4 (1LE (u” — )2 + 13 (67 — 7)]13)
0 (1L (w0 — up)lf3a + L5 (6" — 07)I13).

where (e™, 7™, e") = (Ripu™ — uy, ppp™ — pi, Ron0™ — 0)) and
dn1 = c+clu™[Fs + cll0"1Fs + cllu s
Crirs, n—1 n—1y(2 (o ny |2
+E[HL1 (" =y )72 + L7 (u" — up)l|72]
“113/gn ny (2 30 n—1 n—1y(2 n|2 n2
+ch™ L3 (0™ — Ol 72 + el L7 (" —up ™)z ([[Aru™ |72 + [|A207(72).

Proof. This proof will be provided in Appendix A. |
THEOREM 4.3. Suppose that assumptions (A1)—(A3) hold and 0 < h < 1 and
0 < 7 < 1 satisfies the following convergence condition:
(4.20)
Ci7 <1, 2c1/Rs(h+7) <1, 8co(kg+k3)T <1, 8cakoh® <1, ks(h+7) <1

Then (uy,py,07) satisfies the following stability and error estimates:
(4.21)

1 1
™ = l|7s + [10™ = 07172 + 7 300 (ILF (w —up) 17 + 1123 (6" — 03)]172] < wah®,
(4.22)

L3 (™ — )2 + L3 (0™ — 022 + 7 S [ Aun (Runu™ — )12
+ [ Aon(Ran™ — 07)]122] + 7 Y0 [llds (u™ — w13z + (6" — 67)[22] < ms(h2 + hr).
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Here, the constants ko and k3 are from Theorem 2.1, which are the regularity constant
bounds of the solution (u™,p™,0™) in some norms, and k4 and k5 are the error constant
bounds of (uj,p},07) to (u™,p™,6™) in some norms.

Proof. We will prove Theorem 4.3 by the induction method. It follows from (4.1),
(4.19), and (4.20) that (4.21) and (4.22) hold for m = 0,1. Assuming that (4.21) and
(4.22) hold for m =0, 1,...,.J, we need to prove (4.21) and (4.22) for m = J + 1.

From Lemma 4.1, (4.20), and the induction assumption, there holds
(4.23)

1 1
Me™172 + lle™l7] = [l HIZ2 + lle™HIZ=] + [1L3 (0™ = Op) 1727 + 1L7 (u™ — up)||Z=7
1
—ILE @ — w37 < dpoa(fle T + e HIZ)7
+ch? (| Avu™|| 7 + | A20"(172)T
1 1
+eh (JAPu" T2 + (AP w |72 + [[A207 (| 2) |u" e T
A B + 07 0) | A [
(5" By + A2 + | Aram 2 + | A27 20)r,
where (e, 7", ") = (Pyu™ — uf, ppp™ — pi, Pap0™ — 07) and dy,—1 = ¢+ c|[u"||3s +
c[|6™|3;s. Summing (4.23) from n =1 to n = J +1 and using Theorem 2.1, we deduce
J+1 3
e/ M5 + e/ M 17 + 7305005 ILF (u" P g7 + 111 (0" — 07)]17]

(4.24)
< Tznzo n(||en||L2 + H5n||L2) + Ch?.

Applying Lemma 2.2 to (4.24) and using (3.6), (3.7), and Theorem 2.1, we have
showed that (4.21) holds for m = J+1. Finally, using (4.20), (4.21), and the induction
assumption in (4.19) with m = J + 1, we obtain

(4.25)

1 1
ILF (™t — w132 + 123 (074 = 67713 + 7 Zolillldee™ 132 + | Awne™|[32
+lldee™ 172 + [ Azne™(|7:]

J 2 n n 3 n
< C(R* +hr) + 735 o dull(1LF (u™ = u) |7 + 123 (0" — 07)1172),

where C' and 7 Zi:o d,, are not dependent of k5. Applying Lemma 2.2 to (4.25) and

using (4.20) and Theorem 2.1, we have proven that (4.22) holds for m = J + 1. The

proof is completed. O

LEMMA 4.4. Under the assumptions of Theorem 4.3, (u},py,07) satisfies the
following error estimate:

(4.26) Y P = pllie ) < K(H® + hr).

n=1
Proof. Tt follows from (4.2) that
d(V - Op, prp"™ — Pp)w = (de(u™ — up), Up)o + a1 (u™ — ujp, vp)
+b(unt — uZ_l,u"’l,T)h)
b = o)+ (FR < (u” = ), o)
—y(f7, V(0" — 07 HYdE vn)a — (V- O, p™ — prp™)a, VOn € Xon.

(4.27)
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It follows from (4.27) and assumption (A3) that

(4.28)
1
llonp™ = PillL2(w) < clldi(Ripu™ —up)|| 2 + ¢l diu™ — Ripdyu™|| L2 + el LT (u™ — u)|| L2

1 1 1 1
+ellLg (ur = a2 | A ut Ml ge + el Lf (=gl 2 l|Lg (w = gl e

1 -
+efut —upllzz + el L3 (0" = 67 )llz2 +cllp™ — prp” | 2.

Hence, by using (4.28), (4.17), Theorem 2.1, Theorem 4.3, and assumption (A3), we
deduce (4.26). O

5. L? error estimates. In this section, we shall provide the L? error estimates
of the numerical solution (u},0}) to (u™,0™) by using the negative norm technique
without using the standard duality argument in [15].

First, we need modified versions of the discrete Sobolev inequalities in [14].

LEMMA 5.1. Suppose that assumptions (A1)—(A3) hold. Then, for each ¢p, € Vi,
with i = 1,2, there hold

1 1 1 1 1
A% 0nllLe < cllAindnllLz;  onllze + |AGOnllLs < clAZonllzallAindnlf2-

Second, we also need the following extended versions of the stability results of
(diu™, d0™) in Theorem 2.1.

LEMMA 5.2. Under the assumptions of Theorem 2.1, for each 1 < m < N there
holds
(5.1)

1 1 m
o(tm)| A7 deu™ (72 + [|AF de0™ [ 72] + 7 32001 o () [ Ardeu™ |72 + (| A2dif7][7.] < 5,
m=1,...,N.

Proof. This lemma can be proven by (2.17), (2.18), (4.1), Theorem 2.1, and the
standard energy estimate technique. Hence we omit the proof. O

LEMMA 5.3. Under the assumptions of Theorem 4.3, if 0 < 7 < 1 satisfies
(5.2) 3T + 2¢4k5T < 1

for some positive constants cz and cq, then (uy,0}) satisfies the following error esti-
mate:

(5:3)  lle™ 2+ lle™ 2y + 7 Y (lu” = upllzs + 16" = 6;ll72) < w(h* +7h%),

n=1
where (e™,e™) = (Pipu™ — uy, Pap™ — 0}).

Proof. Taking (v, qn) = (A}l e™,0) in (4.2) and ¢, = Ay;'e™ in (4.3) and adding
these two relations, we find
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5.4
(%[)H P2y = e 2y A e = eI g le 2y = e IZ A+ fle™ — en 2]
+ (Rupu” — ™ e")q + [|e"[|§ + (Renf" — 0",e™)a + |le"3

bt — et - A ) b = — (= ), A )
R <u"—uz>,@">

+buf ™t —un T u — ul, Ale™) + b(un Tt — T um, Aple™)

+b(unt u™ — uZ,Alhle”) (fE x (u™ — Pypu™), Alhle”)g

+b(urt — T om, Agle™) + (w0 — 0, Agle™)

—|—b(u2_1 — e — o7, AQh e") — (V- Al_hle",p" — prp™)a

(2, V(T =T g, Aglem)a — (2, VO = 07 )dg, Al et)o =0,

where (€™, 7", ™) = (Pipu™ — ufl, ppp™ — pit, Pop™ — 67), € = 0 and ° = 0.
Due to (4.1), (3.5)—(3.7), and Lemma 5.1, we have

— 1
|b(un*1 ’U’Z 1’un — UnilvAl_hlen” < ﬁ”ean

2 — n— 3 n n—
(5.5) el LF (@t up Y Bl A (a3,
n— n— n— n— n n 1 n
(5.6) bt =gt = (= ), Aple )| < 3l [
(5.7)

1 1 1 1
+el L3 (™ =g L7 (" =D [ Ra el L (@ —up) (1221 LF (" =g )1 2s,

(5.8)

1 1 1
[b(u™ =~ w — g, Ape™)| < ﬁl\e”llﬁJrCIILf (u" —up)[[Z21LF (u " =) 22,

(5.9)
1
p(un =~ 0" 05, Azl e < ol el L3 0" ) 3 2 (0 ),
— N
gy O ) AR < e+ gyl
bt (| Ay 3 Avt 3 + [ Ava ) + el v L e,
(5.11)
(", ", A" < ol eh | v s v el Ayl
(5.12)
p(u" ", 66, Ag )| < oI+ Avu 3 26" [Fatel A a2,
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1 1
bl — a7 Ale)] < o llenE + s llen R + b v e A

(5.13) + el Ay |7 €12 g,
n— n — 1 n 1 n— n— n
[b(u" "t —up =t 0", Ayte™)| < 3l |\3+3—2||€ IS+ eht[Avu™ |72 42077
(5.14) + ]| A0 (|72 €™ 125,

n— n— 1 n 1 n— n
o (f 7 =g Alhe)ﬂ\sg—Qne I3+ g5 e 13 + elle™ 2,

(5.15) + ch*|| Ax0™ 12,
of ([ -t =g dzten) | < gl I+ g5len B el
2h 0 = 32 0 32 0 —
(5.16) +ocht|| Ay,
(5.17) | x (u™ = up), Ayl e™al < 32H6”||o+0h4|\f41u”|\m +ellen]| s,
- n n n 1 n n
(5.18) (V- Are™,p" = prp™)al < 3l 15+ ch* 1™ 172 )

(B = u”, "ol + [(Rand"™ — 0", e")al < o= (€[5 + 1l"II5)
(5.19) WA (| Ava™ |22 + [ A26™122)-
Combining the above estimates with (5.4) and using (3.6) and (3.7) yields
(5.20)
le™1Zy + lle™1Za] = e 2y + 1™ HIZ] + Z(HG”H% +lle15)

c,.~>|H

(R

1= eam — eallAra™H|%s + [ Avu” s + [ A267]|52)7)(le” — 1%,

+ [l — e 2y

< e(ILF (" =" YR+ LE W = DIB)ILE (@ - a R
+e(ILF (™ — )2 + L3 (0" — 603 IILF (w " — )2

+ e[| Ava™ e + [ Avu™3e + A6 + [ A26™ e + 107 32 )7

+ ch*[[[Avum Y |%e + [ Avum e + [ A7 |5a)r + oy (e 2, + €120

for some positive constants c3 and ca, where d,,—1 = ¢+ c([|A1u™ | + [[Aru™]|. +
[A26™]|72). Summing (5.20) from n = 1 to n = m and using (3.6), (3.7), Theorems
2.1 and 4.3, and assumption (A3), we deduce

(5.21)
m—1
Hemll21+llf3m|\21+72 (lu™ =up |5+ 10" =015) < Ch*+7 >~ du(lle™| 1+l ]121)-
n=1 n=0
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Applying Lemma 2.2 to (5.21), we arrive at (5.3). O
THEOREM 5.4. Under the assumptions of Lemma 5.3, (uf,0)) satisfies the fol-
lowing error estimate:

(5.22) otm)[[u™ = uf? 3 + 67 — 6113:] < (bt +72).

Proof. Setting (e, r™,e") = (Ripu™ — u}, ppp™ — pp, Rop™ — 67') and taking
(vn,qn) = (e™,r™) in (4.2) and ¢, = €™ in (4.3), adding these two relations, and using
(2.13) and (2.14), we find

1 _ _ 1 _ _
2-[”6””%2 —[le" M2 + lle — e H|Z] + ;[anl\%z —[le" M2 + [le™ =" H|Ze]
+ HAthnHLQ + ||A2h5”|\%2 + (du” — Rypdiu™, e™)q + (di0™ — Ropdi0™,e™ )
+b(u" !t —up T —wE) + b T =T = (u — ), e)

+b(u" Tt —uf T u ™) 4+ b(u" T u™ — Rypu,e™) + + (fk x (u" — Rypu™), e™)q
+ b(u;’:—l o un—17un 1 UZ 1 (un _ UZ), é”) + b(u;’:—l o un—17un _ uZa en)
( n

Fh(u" T = 0" M) b(uy T = w0 = O, ™)+ Ab(u 0" — R, ")

_ (V . en7pn o php")ﬂ +o </ vV - (unfl n 1)df, )
—d Q

_ - n—1 _ gn—1 n _
’y</dV(9 0,7 )dE, e )Q 0.

In the calculations of (4.10)—(4.16), by replacing (Pip, Pop) by (Rin, Ron), we
deduce exactly the same estimates as (4.10)—(4.16). Combining these estimates with
the above relation yields

(5.23)
ez + lle™172 = [le™ T2 + e I7e]
1 3/ n— n— n
+350 —allLf (u LY ) (JAFen 2 + 1| AGe" 22)r
S 2|(dtu" — thdtu", 8”)Q|T + 2|(dt0n — thdtG”,E”)Qh
A% n _ ,n—1y2 L% n—1_ , n—1y)2 L% n— n—1\(12
+ (]| A7 (u u" )72 + LT (u up )|[2)IILT (u —up )77

1 1
+ e(B L3 (" — )3 + ek Avu”3a + +2 [ Ao 3| (un ™t — ) Far
1 L L L i h L
+ el s [l Avu |72 + (| A26" (|F2)7 + A [ Ava”|| 72 + (| 42607 |72 + 12" 72 (u))7
+ el A e llu” = upl|7e + dpoa (JJu” Tt =g 2+ (107 = 6 [T
where dp,—1 = ¢+ c(||[u"||%s + [|0"]1%5).
Hence, multiplying (5.23) by o(t,), summing from n = 1 to n = m, and using

(4.17), (4.18), Theorem 2.1, Theorem 4.3, Lemma 5.2, and Lemma 5.3, we deduce
(5.24)

o(tm)llu™ = w3 + 107 = 07 132] + 37 0y o) (| AR 13 + 145,67 132)
< C(h* + h°7) + 27 0 duo(ta) (Ju™ — it + 167 — 07]172).

Applying Lemma 2.2 to (5.24), we arrive at (5.22).
Finally, by combining Theorem 4.3, Theorem 5.4, and Lemma 5.3 with Theorem
2.1, we deduce Theorem 1.1. d
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el
Pavgs

VAV’A
B A ATl
AR DA A
""%&mmgvhaa

F1G. 1. Schematic mesh partition for the cylindrical computational domain Q.

6. Numerical investigations. In this part, numerical investigations are imple-
mented to validate the theoretical error analysis in the previous sections. Meanwhile,
the proposed numerical method is used to simulate a double gyres problem for further
validation of reliability of this numerical method.

6.1. Numerical accuracy. In this part, we check the numerical accuracy of
the numerical scheme by flows with analytic solutions. The computational domain is
Q =w x [-1,0], where w = {(z,y) : 2% + y*> <=1r?} and r = 0.5. The exact velocity
u = (u1,uz) and p are set by the following formulations:

(6.1) u=y(@,y)1h=(2), v = ¢u(r,y)9=(2), p=z+y,

where ¢(z,y) = (22 + 32)(2? + y% — r2)exp(—(v1 + p1)t) and ¥(z) = 2%(z + 1)2.
According to (1.3), w and the external force F; can be determined explicitly. 6 is set
by

(6.2) 0 = ¢(2,y)P(2)exp(= (1 + p)t).

The right-hand side F» of (1.2) can be determined by (6.2). v1 = u1 = vo = po = 0.1,
fo=B8=10"%0=0.001,y=1, and a = 0.

In order to validate the theoretical results in the error analysis, we choose a
series of mesh scales: h = {1/20,1/25,1/30,1/40,1/45,1/50,1/55,1/60,1/65,1/70}.
In simulations, we set the discrete time step 7 = 0.0001 < h%. The schematic mesh
partition is illustrated in Figure 1. In Figures 2 and 3, the L? and H' relative errors
of u and 6 are shown. According to Theorem 1.1, for 7 < h?, we have

lu(tm) = up'llzz/lultm) |2 ~ 10(tm) = 5|2/ 10(tm) ]2 ~ h?

and
[ultm) — up'[1/|u(tm)|r ~ [0(tm) — 05" |1/10(tm) |1 ~ h.

The above relations can be observed clearly in Figures 2 and 3. In Figures 4 and 5,
the 3D plots of u, v, w, p, and 8 are illustrated at ¢t = 0.2.
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10°
2107}
e :
< <
— 40! =
e 10 prmpimiimnsiage &=
~ 110
E o s
: R +Numerlca1 ““““““ : : S e Numerical "
P o st —Ref Slope_l 3 - o o - - —Ref Slope—z
10 = 10 =
10 10
h h
(@) llu(tm) —upllzz/[lultm)l L2 ~ h® (b) 10(tm) = 03| 2/110(tm) | 2 ~ P2
FI1G. 2. L? relative errors of u and 6 at t = 0.02.
10°
10
= =
= =
% gf‘]O I
1107 )
: : "o~ Numerical : : b +Numerrlcad :
3 o i —Rek SlOpC_2 - - . . ¢ :  ——Ref: Slope=1:
10 : 10 —
107 10
h h
(@) [utm) = up o /u(tm) L ~ R (b) 10(tm) = O 22 /10CEm) | 112 ~ B

FiG. 3. H' relative errors of u and 6 at t = 0.02.

6.2. Double gyres simulations. In order to carry out practical investigations
conveniently, the nondimensional form of the PEs is introduced. Let U and 6y be the
reference values of the horizontal velocity and density, respectively. Meanwhile, we
also consider L and H as the reference scales of the horizontal and vertical lengths.
Let 6 = H/L be the aspect ratio; we introduce the following rescaled quantities:
(6.3) w=Uu,w=0560w,0=000t=tL/Ux=La",y=Ly,2=Hz =L
and

(6.4) Fy = FJU?/L,Fy = FyUby/L.

The corresponding parameters Re,,,, Re,,, Re,,, Re,,, Ri, Ra, R, and Ry are defined
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(b)

(a)

Var:u

Var:v

.6.180

1.983

2.080

-2.119

-6.317 -6.411
Max: 6.278 Max: 6.180
Min: -6.317 Min: -6.411

z

L,

/N
% <

Var:w
7.601

2535

-2.531

-7.596
Max: 7.601
Min: -7.596

V4
ky
X

Fic. 4. Velocity u(zx,y, z,t) (a), v(z,y,z,t) (b), and w(z,y, z,t) (¢) at t = 0.2.

as follows:
(6.5)
1/Re,, =11 /LU, 1/Re,, = u1 L/H?U = 1 /6°LU,1/Ry = foL/U,1/R, =~U?/H,

(6.6)
1/Re,, = v2/LU,1/Re,, = 2L/ H*U = 112 /6° LU, 1/ Ry = fo/BL,1/Ry = o L/Ub.

Substituting (6.5) and (6.6) into (1.1)—(1.4) and dropping the super index primes, the
nondimensional form of the PEs reads as follows:

1 1 1 -
(67) Ut — Reul Au— RTM(‘)Z’UJ—F (uV)u—l—w@zu—FVP—!— R—1(1+R2y)k X ’LL:Fl,
1 1

. AN —0, - 61 — R,
(6.8) 0, Ren, 0 Ren, 0.0 + (u- V)0 +wd,0 — 1/Ryw 5
(6.9) V-u+0,w=0,

1

(6.10) 0.P+—0=0.

R,
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<

ar: p
0.6928

—0.2320

l-0.2288

0.6896
Max: 0.6928
Min: -0.6896

z

<,

-0.01525
Max: 0.6935
Min: -0.01525

Y

o

X

Fia. 5. p(z,y,t) (left) and 0(z,y, z,t) (right) at t = 0.2.

The basic parameters used in the simulation are listed below:

Coriolis parameter fo=5x10"%s"1
fo+ By B=2x10""tm ts7?
Wind stress amplitude 79 = 0.1 Nm ™2
Density scale po = 1022kgm ™
Acceleration of gravity ¢ = 9.806 ms 2
Reference velocity U=1ms"!

The surface of the ocean is forced by a steady wind stress 7 = (7;,7,) =
(—7ocos(2my/L),0), where 7y is the amplitude. The boundary conditions for the

velocity and density on I'y, are given as follows:
(6.11) 7= (72,0),a = 0.001.

The physical domain is €, = wj, x [—500m, 0], and w;, = [0,2x10%m] x [0, 2x 10°m].
The computational domain is Q = w x [—1, 0], where w is a square with the edge length
of unity.

First, we consider a low Reynolds number problem with Re,, = Re,, = 10 and
Re,, = Rey, = 20. The time step is 7 = 0.0001, the horizontal mesh scale hj of
w is 1/20, and the vertical mesh scale h, is 1/15. The schematic domain with a
mesh partition is shown in Figure 6. For these values of the Reynolds number, the
flow reaches a steady state characterized by two gyres (cyclonic and anticyclonic) in
Figure 7. Also, in Figure 8, the pressure P(z,y, z) and the averaged pressure p(x,y)
are shown at the slice z = 0.5. We observe that along the vertical direction, at each
horizontal plane, the pressure p(z,y) has the same profile and the pressure P(x,y, z)
has different profiles with respect to different depths.

In order to validate the reliability of the proposed method, we choose larger
Reynolds numbers Re,, = Re,, = 20 and Re,, = Re,, = 200 and implement a
long-time simulation. In Figures 9 and 10, the stream tracers are given at differ-
ent dimensionless time t. It is clear to observe that the flows are characterized by
two gyres. Furthermore, the approximate steady state is reached for the long-time
evolution.
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Fic. 7. 3D Velocity vectors (left) and stream tracers (right).
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Fic. 8. Slices of pressure P(z,y,z) and surface pressure p(x,y) at © = 0.5: (left) P(x,y,z);
(right) p(z,y).
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I 1.223E-01 I 2.562E-01

0.000E+00 0.000E-+00

-1.506E-01 -3.280E-01

a A

Fic. 9. Stream tracers at early stages. Colorbar is set by pressure (t denotes dimensionless
time unit).

2.575E-01 2.575E-01

0.000E+00 0.000E-+00

-3.335E-01 -3.335E-01
Eh g g
e oAy
(a)t=1 (b)t=3
[2.399E-0'I 2.423E-01
0.000E +00 0.000E-+00
-2.500E-01 -2.500E-01
-3.207E-01 -3.214E-01
Eh g g
e oAy
() t=6 d)t=9

Fia. 10. Stream tracers at long-time stages. Colorbar is set by pressure.
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Appendix A. The proof of Lemma 4.2.
Proof. Taking (vp, qn) = (A1pe™ +die™,0) in (4.2) and ¢, = Agpe™ +die™ in (4.3)
and adding these two relations, we find

(A1)
1
(deu™ — de Ripu”, Arpe™ + die™)o + [I\Alhe”l\%z — | A e I
3 n n—1y\12
+ [|AF, (e" — e )| 7]
+ (d™ — dy Rop0", Agpe™ + dye™) + [||A2ha"||2L2 HA2h€ Y2,

3 n n—1y12
+[A, (" — " )IILe]
+lldee™ 72 + ldee™ |72 + [[Arne 72 + [ Azne™ (|72 + (Aine™ + die™, V(p" — prp™))e
+b(umt —uy L=t — ™ Aje™ + diem) + (flg x (u" —uy), Aipe™ + die™)q
+bo(up ™t —um T — T = (u = ul), Arpe™ + die™)
+ b(un 1_ uzfl’ un’ Alhe + dten) + b(u;;*l _ un—l’un _ uZ,Alhe” + dten)
+ b(un—l o uzfl’ 011’ 611) + b(u;;*l o un—17 " — Z,’ 6”)
— (V- (Aipe”™ +die”),p" — pup™)a
+b(u" u ! —uy b (um — up), Ajpen + dee™) + b(u" "t u™ — ult, Agpe™ + die™)

+b(un 0" — 07, Agpe™ + die™) 4o </ V- (unt - u’,:_l)dg, Aope™ + dﬁ”)
—d Q

— (/ ] A 0,’:_1)d§,A1he" + dte") =0.

Q

Due to (4.1), (4.17), (4.18), and the Young inequality, we have the following estimates:
(A.2)

1
|(deu”™ — Ripdyu™, Aipe™ + die™)a| < g5 (| Aine”[|72 + l|dee™||72) + ch?|| A7 dyu™ (|72,

(de0" — Ropdy8™, Aspe™ + die™)a| < 25 ([ Aane™|22 + [ldec||22) + ch®||AF du8" |2,
(Arne™ +dpe”, V(p" = prp™))al < 35 ([ Arne" |72 + lldee™[72) + ch? ([Pl ),
(

[(FF x (u" —up), Aune™ + dye™al < o5 ([Ame3a + [dee”[32) + el L (w0 — uf)[2

1

1 ( [ vt =i Aver + d) | < Sl Amem2a + e 3:)
- Q

(A3) Lz (O =617

; - n n 1 n n
0" </ V- (’U,n71 — ’U,Z 1)df,A2h€ + th > ’ S 3—(”142}15 HLz + ||dt8 ||L2)
—d
3 n—1 n—1y2 !
(Ad) +ellLf (u™ =, )[ze,

1
32

1 1 _
(AB)  +eh AP (u" —umT[LlILT (" — T,

("™ —up T =" A + deem)| < oo ([ Awne™ |72+ lldee”|[72)
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b(up ™t —uHu ™ — T Ayen + dem)| < |Aine™||2 + [|dee™||72)

1
35
1 1
(A6)  +ch YILT ("t —up )L lIL] ("t = up T2,
n—1 n—1 _n n A n L on 1 ni|2 n||2
g " — A ¥ )| < o (LA s + e )
1 1
(A7) +eh T LE (W = up TR LF (" = up)Ze,
1
b(up ™! —u™ " u™ — Rypu, Ajpe™ + die™)| < || Aju”|| 2| L7 (u™ ™ —up )
1
el Aine™ + dee (|2 < o5 (| Ane™ 22 + lldee™[172)
32

1
(A8)  +ellAva”|[TallLf (u" ™ = up™H)Ze,

— n— n n n 1 n n
bt — " A"+ die™)] < g (| Ame"l[7a + [ldi”172)
1
(A9) el 2|LE (= da ] A e ||L2,
- n— n 1 n n
|b(uZ 1—u 1,6‘ R2h9 AghE +dt<€ )| 3—(||A2h8 ||2L2+Hdt€ H%z)

1 _
(A10) el A" || |ILT (u" ™" = up ™[,

n— n— 1 n n
[b(up ™! — w7 e, Agpe™ + dpe™)| < 35 (1 42ne 72 + lldee™[172)
1
(A.11) +eh 2 LE (" = Yl AT,
n—1 n—1 , n n n 1 n n
[b(u™ ™" —up ™" u”, Arpe” +dee™)| < o5 ([[Arne 172 + [ldee™[172)
3 n—
(A12) + el Bl LF (™t = a2,
n—1 n—1 pn n n 1 n n
[b(u" ™" —up ™, 07, Azne™ + dee”)| < 5 (|| A2ne 172 + ldee™(172)
1 _ ne
(A.13) el 07 L7 (@t = up )22,
n—1 ,n n n n 1 n n
|b(u , U —Plhu ,Alhe +dt€ )| < 3—(||A1h€ ||L2+Hdte HLz)
(A.14) + ch?||[u" |3 || Aru™ |3 -,
n—1 _n n n 1 n n
[b(u" " e", Ane™ +dee™)| < 5 ([ Arne 72 + ldee™[172)
1
+ el Avu 22| LF (u = up)|[7e
(A.15) +ch®|| A | e [ Ava™ | 2,

1

[b(u™"1, 0™ — Pop0", Agpe™ + die™)| < 5

(A.16) + ch?||u™ |25 || A20™ )3 2,

(lA2ne™ (|72 + llde™1Z2)
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— n n n 1 n n
[b(u" """, Asne™ + die™)| < ([ Azne" |72 + i 72)
+ || Ay 2] A20™ |72

(A17) + e Avam Y| | L3 (07— 67)]3e

p(un = e ¥ dem)| < o (LA + e )
(A18) A 2lILE (Tt — w2,

b(u" " — A+ dem)| < o (LA s + e )
(A19) | Ara™ 2 lILF (" — )2

Combining (A.1) with these inequalities and using Theorem 2.1, we obtain
(A.20)

1Az 122 — Az, e 2] + (1 AZ,e™ |22 — [ AZ,em 2]

+ Lllldee™ |22 + lldse™ 2] + Ll Awne™ |2 + [ Azne™|2.)7

< Teh? (1A dr[3a + 145 6" 3 + 97 e o)

+reh 1P AZ dyun |2, L (un ! — w2,

+reh?(| Ay |2, + | 4207 12:) (a1 + [ Arun=1]14,)]

+re(l+ [Aram Y2, + | Aram V40 (ILE (un — )2, + [ L3 (67 — 6)]2.)

3 n— 3 n— n— 3 n n
+reh (L7 (= = up "D ge + 123 (071 = 037 D) (LT (u" = w17
L3 (0" = 03)172)

3 n— 3 n— n—
Frdp-|[(ILF ("t = up G2 + L3 (0771 = 057 )]72)-

Summing (A.20) from n = 1 to m and using (4.17), (4.18), and Theorem 2.1, we have
completed the proof of Lemma 4.2. O
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