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FIRST-ORDER DECOUPLED FINITE ELEMENT METHOD OF THE
THREE-DIMENSIONAL PRIMITIVE EQUATIONS OF THE OCEAN∗
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Abstract. This paper is concerned with a first-order fully discrete decoupled method for solving
the three-dimensional (3D) primitive equations of the ocean with the Dirichlet boundary conditions
on the side, where a decoupled semi-implicit scheme is used for the time discretization, and the
P1(P1) − P1 − P1(P1) finite element for velocity, pressure, and density is used for the spatial dis-
cretization of these equations. The H1 −L2 −H1 optimal error estimates for the numerical solution
(un

h , p
n
h , θ

n
h) and the L2 optimal error estimate for (un

h , θ
n
h ) are established under the restriction of

0 < h ≤ β1 and 0 < τ ≤ β2 for some positive constants β1 and β2. Moreover, numerical investigations
are provided to show that the first-order decoupled method is of almost unconditional convergence
with accuracy O(h+ τ) in the H1-norm and O(h2 + τ) in the L2-norm for solving the 3D primitive
equations of the ocean. Numerical results are given to verify the theoretical analysis.

Key words. primitive equations of ocean, optimal error estimate, P1(P1)− P1 − P1(P1) finite
element, second-order decoupled implicit/explicit method
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1. Introduction. Given a smooth bounded domain ω ⊂ R2 and the cylindrical
domain Ω = ω × (−d, 0) ⊂ R3, consider the following three-dimensional (3D) viscous
primitive equations (PEs) of the ocean in Ω:

ut + L1u+ (u · ∇)u + w∂zu+∇P + f�k × u = F1,(1.1)

θt + L2θ + (u · ∇)θ + w∂zθ − σw = F2,(1.2)

∇ · u+ ∂zw = 0,(1.3)

∂zP + γθ = 0.(1.4)

The unknowns for these 3D viscous PEs are the fluid velocity field (u,w) = (u1, u2, w) ∈
R3 with u = (u1, u2) being horizontal, the density θ, and the pressure P . f = f0(β+y)
is the given Coriolis rotation frequency with a β-plane approximation, F1 and F2 are
two given functions, �k is a vertical unit vector, and σ > 0 and γ > 0 are given
constants. The elliptic operators L1 and L2 are given, respectively, as follows:

Li = −νiΔ− μi∂
2
z , i = 1, 2,
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A274 YINNIAN HE, YAN ZHANG, HUI XU, AND ZHANGXIN CHEN

where the positive constants ν1 and μ1 are the horizontal and vertical viscosity coef-
ficients, and the positive constants ν2 and μ2 are the horizontal and vertical thermal
diffusivity coefficients, respectively. The following notation is introduced for conve-
nience:

ut =
∂u

∂t
, θt =

∂θ

∂t
, ∇ = (∂x, ∂y), Δ = ∂xx + ∂yy, ∂xi =

∂

∂xi
, ∂xixi = ∂2xi

,

with i = 1, 2, 3 and (x1, x2, x3) = (x, y, z).
We partition the boundary of Ω into the following three parts:

Γu = {(x, y, z) ∈ Ω̄; z = 0},

Γb = {(x, y, z) ∈ Ω̄; z = −d},

Γs = {(x, y, z) ∈ Ω̄; (x, y) ∈ ∂ω, − d ≤ z ≤ 0}.
Next, we provide system (1.1)–(1.4) with the following boundary conditions with the
wind-driven on the top surface and nonslip and nonheat fluxes on the side walls and
the bottom (see, e.g., p. 246 in [5], p. 160 in [18], and p. 1037 in [25]):

on Γu, ∂zu = d τ∗, w = 0, ∂zθ = −α(θ − θ∗),
on Γb, ∂zu = 0, w = 0, ∂zθ = 0,
on Γs, u · n = 0, ∂u

∂n × n = 0, ∂θ
∂n = 0,

or on Γs, u = 0, ∂θ
∂n = 0,

where τ∗ = τ∗(x, y) is the wind stress on the ocean surface, α is a positive constant,
n is the normal vector of Γs, and θ

∗ = θ∗(x, y) is the typical density distribution of
the top surface of the ocean. Based on the above conditions, it is natural to assume
that τ∗(x, y) and θ∗(x, y) satisfy

τ∗ · n = 0,
∂τ∗

∂n
× n = 0, or τ∗ = 0, and

∂θ∗

∂n
= 0 on ∂ω.

Due to this condition, we can convert the previous boundary conditions into the
homogeneous ones by replacing (u, θ) by (u + 1

2 ([(z + d)2 − 1
3h

3]τ∗, θ + θ∗) (refer to
p. 248 in [5]).

Hence, we consider the following boundary conditions for the 3D viscous PEs:

(1.5) w|Γu∪Γb
= 0,

(1.6a) ∂zu|Γu∪Γb
= 0, u · n|Γs = 0,

∂u

∂n
× n|Γs = 0,

(1.6b) or ∂zu|Γu∪Γb
= 0, u|Γs = 0,

(1.7) ∂zθ|Γb
= (∂zθ + αθ)|Γu = 0,

∂θ

∂n
|Γs = 0.

Refer to (28) and (29) on p. 248 in [5], (1.3) and (1.4) on p. 160 in [18], and Remark
2.1 on p. 1038 in [25] for the boundary conditions (1.5)–(1.7).
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FIRST-ORDER DECOUPLED FINITE ELEMENT METHOD A275

The initial conditions of u(x, y, z, t) and θ(x, y, z, t) are given by

(1.8) u(x, y, z, 0) = u0(x, y, z), θ(x, y, z, 0) = θ0(x, y, z).

Using the Dirichlet boundary condition (1.5) of w on Γu ∩ Γb, (1.3), and (1.4), we
have

w(x, y, z, t) = −
∫ z

−d

∇ · u(x, y, ξ, t)dξ,
∫ 0

−d

∇ · u(x, y, ξ, t)dξ = 0,

P (x, y, z, t) = p(x, y, t)− γ

∫ z

−d

θ(x, y, ξ, t)dξ.

With the above statements, one obtains the initial boundary value problem of the 3D
viscous PEs:

ut + L1u+∇p(x, y, t)− γ

∫ z

−d

∇θ(x, y, ξ, t)dξ + f�k × u+ (u · ∇)u

−
(∫ z

−d

∇ · u(x, y, ξ, t)dξ
)
∂zu = F1,(1.9)

(1.10) θt+L2θ+σ

∫ z

−d

∇·u(x, y, ξ, t)dξ+(u·∇)θ−
(∫ z

−d

∇ · u(x, y, ξ, t)dξ
)
∂zθ = F2,

(1.11) ∇ · ū = 0,

together with the boundary conditions (1.6) and (1.7) and the initial condition (1.8),
where

φ̄(x, y) =
1

d

∫ 0

−d

φ(x, y, z)dz, φ̃ = φ− φ̄,

for any function φ(x, y, z) in Ω.
Remark 1.1. Recall from [5, 18] that F1 = 0 and γ = 1 in (1.1) and (1.4) and

σ = 0 in (1.2) and (1.10).
The 3D viscous PEs are very important research subjects in the field of geophysical

fluid from both the theoretical and numerical points of view. There are some well-
known difficulties associated with these fundamental equations of the 3D oceanic
model due to their strong nonlinearity and coupling.

A mathematical study of the PEs was originated in a series of articles by Lions,
Temam, and Wang in the early 1990s [22, 23, 24], where a mathematical formulation
for the PEs, which resembles that of the Navier–Stokes equations, was established.
Also, an asymptotic analysis and the finite-dimensional behavior of the 3D viscous
PEs in a thin domain as the depth of the domain goes to zero were studied in [16, 17].
For a more extensive discussion and review on this subject, the reader is referred to
the recent articles [4, 5, 12, 18, 27, 28].

A numerical simulation study of a first-order coupled method based on a two-grid
finite difference method for the PEs of the ocean was proposed by Medjo and Temam
in [25]. However, an error analysis was not given in [25]. To the best of our knowledge,
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A276 YINNIAN HE, YAN ZHANG, HUI XU, AND ZHANGXIN CHEN

it was the first time that the first-order decoupled method for the 3D viscous PEs
of the ocean was represented. The derivation of error estimates for the numerical
solutions of these equations has been challenging. In a recent paper [13], He analyzed
only time discretization of problem (1.9) and (1.11) in the finite time interval [0, T ]
with the boundary conditions (1.6) and (1.7) and the initial condition (1.8); the spatial
variables remain continuous. Setting τ to be a time step size, tn = nτ and T = Nτ , we
consider the time discrete approximation (un, pn, θn) of (u(tn), p(tn), θ(tn)) by (2.17)
and (2.18). He also discussed the stability of the first-order decoupled semi-implicit
scheme and the optimal error estimates of the time discrete solution (un, pn, θn) with
n = 1, 2, . . . , N [13].

In the first part of this paper we will propose the first-order fully discrete de-
coupled method for solving the 3D PEs of the ocean in the case of the Dirichlet
boundary conditions on the side, where the decoupled semi-implicit scheme is used
for the time discretization and the P1(P1) − P1 − P1(P1) finite element for the ve-
locity, pressure, and density is used for the spatial discretization of these equations.
The H1 − L2 −H1 optimal error estimates of the numerical solution (unh, p

n
h, θ

n
h) are

provided by the induction method and the Gronwall lemma, and the L2 optimal error
estimate of (unh, θ

n
h) is provided by using the negative norm technique and the Gron-

wall lemma under the restriction of 0 < h ≤ β1 and 0 < τ ≤ β2 for some positive
constants β1 and β2. The main results of this paper are stated as follows.

Theorem 1.1. Under the assumptions (A1)–(A3) below, if 0 < h ≤ β1 and
0 < τ ≤ β2 for some positive constants β1 and β2, then (unh, p

n
h, θ

n
h) satisfies the

following error estimates:

(1.12) σ(tm)[‖u(tm)− umh ‖2L2 + ‖θ(tm)− θmh ‖2L2 ] ≤ κ(h4 + τ2),

σ(tm)
[
ν2‖∇(θ(tm)− θmh )‖2L2 + μ2‖∂z(θ(tm)− θmh )‖2L2(1.13)

+μ2α‖(θ(tm)− θmh )(z = 0)‖2L2(ω)

]
+ σ(tm)[ν1‖∇(u(tm)− umh )‖2L2 + μ1‖∂z(u(tm)− umh )‖2L2 ] ≤ κ(h2 + τ2),

(1.14) τ

m∑
n=1

σ(tn)‖p(tn)− pnh‖2L2(ω) ≤ κ(h2 + τ2),

where σ(t) = min{1, t} and κ is a general positive constant depending on the data
(Ω, α, σ, γ, d, ν1, μ1, ν2, μ2, f, F1, F2, u0, θ0, T ), which can have a different value at its
different occurrence.

The second part of this paper is mainly focused on validating stability and numer-
ical accuracy of the first-order decoupled method for the 3D PEs of the ocean. In the
numerical investigation part, we first construct a test case with analytical solutions
and validate the theoretical L2 and H1 error estimates. The results demonstrate that
the theoretical results coincide with the numerical results very well. Second, the first-
order decoupled method is used to simulate a classical practical problem of double
gyres. The correct double gyres phenomena are simulated. By the simulation of the
double gyres problem, the reliability of the proposed first-order decoupled method is
validated.

This paper is outlined as follows. In section 2, some basic mathematical nota-
tion and important inequalities are recalled and basic lemmas and estimates of the
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nonlinear terms are provided. In section 3, the P1(P1) − P1 − P1(P1) finite element
discretization based on the first-order decoupled scheme is introduced. In section 4,
we use the induction method and the Gronwall lemma to obtain the H1 − L2 −H1

optimal error estimates of (unh, p
n
h, θ

n
h) to the exact solution (u(tn), p(tn), θ(tn)) under

the restriction of 0 < h ≤ β1 and 0 < τ ≤ β2. In section 5, the negative norm tech-
nique is used to provide the L2 optimal error estimate of (unh, θ

n
h) to (u(tn), θ(tn)). In

section 6, numerical investigations are provided to show the efficiency of the first-order
decoupled method for solving the 3D PEs of the ocean. Finally, in the appendix, we
give a detailed proof of an important and complex H1 error estimate.

2. Preliminaries. For the 3D domain Ω, 2D domain ω, m ≥ 0 and p ≥ 1, we
introduce the standard Sobolev spaces Hm(Ω) and Hm(ω) or Hm(Ω)2 and Hm(ω)2

with the norms ‖·‖Hm and ‖·‖Hm(ω) and seminorms | · |Hm and | · |Hm(ω), respectively.
For details of the Sobolev spaces, refer to Adams [1]. Here, we introduce the following
spaces:

H1 = {v ∈ L2(Ω)2; div v̄ = 0, v · n|Γs = 0}, H2 = L2(Ω), X2 = V2 = H1(Ω),

X1 = {v ∈ H1(Ω)2; v ·n|Γs = 0} in the case of (1.6a), X1 = {v ∈ H1(Ω)2; v|Γs = 0}
in the case of (1.6b), and V1 = X1 ∩ H1. Next, we introduce the Sobolev spaces
X0, M0, and V0 in the 2D domain ω by

X0 = X̄1 =

{
v̄ ∈ H1(ω)2; v̄ = d−1

∫ 0

−d

v(x, y, z)dz, v ∈ X1

}
,

M0 = L2
0(ω) =

{
q ∈ L2(ω);

∫
ω

q(x, y)dxdy = 0

}
, V0 = {v̄ ∈ X0;∇ · v̄ = 0}.

Furthermore, (·, ·)Ω and (·, ·)ω will be used to denote the inner product in L2(Ω) and
L2(ω) or L2(Ω)2 and L2(ω)2 or L2(Ω)4 and L2(ω)4, respectively.

Denote by A1 the Stokes-type operator associated with the PEs (see [5, 18]); that
is, A1 = PL1, where P is the L2-orthogonal projection from L2(Ω)2 to H1. Also, we
denote A2 = L2. Then we define the bilinear forms ai : Xi × Xi → R, i = 1, 2, as
follows:

a1(u, v) = ν1(∇u,∇v)Ω + μ1(uz, vz)Ω = (L
1
2
1 u, L

1
2
1 v)Ω,

a2(θ, φ) = ν2(∇θ,∇φ)Ω + μ2(θz , φz)Ω + μ2α(θ(z = 0), φ(z = 0))ω = (L
1
2
2 θ, L

1
2
2 φ)Ω.

Define D(Ai) = {φ ∈ Hi;Aiφ ∈ Hi}, i = 1, 2, with the norm ‖Ai · ‖L2 . Then Vi =

D(A
1
2

i ) and ai(φ, ψ) = (A
1
2

i φ,A
1
2

i ψ)Ω = (L
1
2

i φ, L
1
2

i ψ)Ω for φ, ψ ∈ Vi.
We have the following Poincaré inequalities [1, 5]:

4γ0‖u‖2L2 ≤ ν1‖∇u‖2L2 ∀u ∈ X1,(2.1)

4γ0‖θ‖2L2 ≤ μ2(‖∂zθ‖2L2 + α‖θ(z = 0)‖2L2(ω)) ∀θ ∈ X2,(2.2)

for some positive constant γ0 depending on Ω or (ω, d). Here and after, we shall use the
letters c and C (with or without subscripts) to denote a general positive constant de-
pending on the data (Ω, α, σ, γ, d, ν1, μ1, ν2, μ2) and the data (Ω, α, σ, γ, d, ν1, μ1, ν2, μ2,
F1, F2, u0, θ0, T ), respectively, which can have a different value at their different oc-
currences.
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Generally, we need a further assumption on the regularity results of the solution
of the Stokes-type system associated with the PEs of the ocean and the modified
Poisson equation when the domain ω is sufficient smooth.

(A1) For a given g1 ∈ Hk(Ω)2, the steady modified Stokes-type system

(2.3) −ν1Δv − μ1∂zzv +∇q(x, y) = g1 in Ω, div v̄(x, y) = 0 in ω,

admits a unique solution (v, q) ∈ (H2(Ω)2 ∩ V1)× (L2
0(ω) ∩H1(ω)) for the boundary

conditions ∂zv|Γu∪Γb
= 0 and v · n|Γs = 0, ∂v

∂n × n|Γs = 0 or v|Γs = 0 such that

(2.4) ‖v‖22,Ω + ‖q‖21,ω ≤ c‖g1‖20,Ω,
and for a given g2 ∈ L2(Ω), the elliptic equation

(2.5) −ν2Δφ− μ2∂zzφ = g2 in Ω

admits a unique solution φ ∈ H2(Ω) for the boundary condition

(2.6) ∂zψ|Γb
= (∂zψ + αψ)|Γu = 0,

∂ψ

∂n

∣∣∣∣
Γs

= 0,

such that

(2.7) ‖φ‖2,Ω ≤ c‖g2‖20,Ω.
The second part in assumption (A1) is a classical result. Some details of the first
part in assumption (A1) can be found on pp. 2740–2741 in [19], pp. 56–57 in [29],
and pp. 308 and 311 in [30] in the case of the boundary conditions (1.5), (1.6b), and
(1.7). In the case of the boundary conditions (1.5), (1.6a), and (1.7), some results in
assumption (A1) can be proved in a similar manner as in [19, 29, 30].

We also make the following assumption about the prescribed data for problem
(1.9)–(1.11):

(A2) The initial data (u0, θ0) ∈ D(A1) × D(A2) and (F1, F2), (∂zF1, ∂zF2),
(F1t, F2t), (F1tt, F2tt) ∈ L∞([0, T ];L2(Ω)2) × L∞([0, T ];L2(Ω)) such that, for some
positive constant C,

‖A1u0‖2L2 + ‖A2θ0‖2L2 + sup
0≤t≤T

{‖F1(t)‖2L2 + ‖F2(t)‖2L2 + ‖∂zF1(t)‖2L2 + ‖∂zF2(t)‖2L2}

+ sup
0≤t≤T

{‖F1t(t)‖2L2 + ‖F2t(t)‖2L2 + ‖F1tt(t)‖2L2 + ‖F2tt(t)‖2L2} ≤ C.

Also, we recall the following important inequality (see [5, 12]):
(2.8)∫
ω

∫ 0

−d

|∇u(x, y, ξ)|dξ
∫ 0

−d

|∂zφ||w|dzdxdy ≤ c0‖∇u‖
1
2

L2‖Δu‖
1
2

L2‖∂zφ‖
1
2

L2‖∇∂zφ‖
1
2

L2‖w‖L2

for u ∈ D(A1), (φ,w) ∈ D(A1)×L2(Ω)2 or (φ,w) ∈ D(A2)×L2(Ω), and the following
Sobolev and Ladyzhenskaya inequalities [1, 5, 8, 10, 20]:

‖φ‖L4(ω) ≤ c0‖φ‖
1
2

L2(ω)‖φ‖
1
2

H1 ∀φ ∈ H1(ω),

‖φ‖L∞(ω) ≤ c0‖φ‖
1
2

L2(ω)‖φ‖
1
2

H2(ω) ∀φ ∈ H2(ω),(2.9)D
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(2.10) ‖φ‖L3 ≤ c0‖φ‖
1
2

L2‖φ‖
1
2

H1 , ‖φ‖L4(∂Ω) + ‖φ‖L6 ≤ c0‖φ‖H1

for all φ ∈ X1 or X2, where the norm ‖ · ‖Lq denotes ‖ · ‖Lq(Ω)2 or ‖ · ‖Lq(Ω) and

(2.11) ‖φ‖L∞ + ‖∇φ‖L3 + ‖∂zφ‖L3 ≤ c0‖A
1
2
i φ‖

1
2

L2‖Aiφ‖
1
2

L2

for all φ ∈ D(Ai), with i = 1, 2.
It is easy to see that for v ∈ X1 and φ ∈ X2, there hold [5]

h

(∫ z

−d

∇ · v(x, y, ξ)dξ, φ
)

Ω

−
(∫ z

−d

∇φ(x, y, ξ)dξ, v
)

Ω

=

(∫ 0

−d

∇ · v(x, y, ξ)dξ,
∫ 0

−d

φ(x, y, ξ)dξ

)
ω

,(2.12)

(2.13) f�k × v · v = 0 ∀v ∈ L2(Ω)2.

Moreover, we define the trilinear form

b(v, φ, ψ) = ((v · ∇)φ, ψ)Ω −
((∫ z

−d

∇ · vdξ
)
∂zφ, ψ

)
Ω

for all v ∈ X1, (φ, ψ) ∈ H1(Ω)2 × H1(Ω)2 or (φ, ψ) ∈ H1(Ω) × H1(Ω). It can be
checked that

(2.14) b(v, φ, ψ) + b(v, ψ, φ) = −
(∫ 0

−d

∇ · vdξ, φ(z = 0) · ψ(z = 0)

)
ω

for all v ∈ X1, φ, ψ ∈ H1(Ω) or H1(Ω)2.
With the above statements, the weak form of (1.9)–(1.11) with the boundary

conditions (1.5)–(1.7) and the initial condition (1.8) is as follows: Find (u, p, θ)(t) ∈
X1 ×M0 ×X2 with 0 ≤ t ≤ T such that, for (v, q, φ) ∈ X1 ×M0 ×X2,

(ut, v)Ω + a1(u, v) + b(u, u, v) + (f�k × u, v)Ω − γ

(∫ z

−d

∇θ(x, y, ξ, t)dξ, φ
)

Ω

− (∇ · v, p)Ω + (∇ · u, q)Ω = (F1, v)Ω,(2.15)

(2.16) (θt, φ)Ω + a2(θ, φ) + b(u; θ, φ) + σ

(∫ z

−d

∇ · u(x, y, ξ, t)dξ, φ
)

Ω

= (F2, φ)Ω.

Refer to [12] for more details.
Letting τ be a time step size, tn = nτ, T = Nτ , u0 = u0, and θ0 = θ0, then

we recall the time discrete decoupled semi-implicit scheme of (2.15)–(2.16) in [13] as
follows: For each n, find (θn, un, pn) satisfying
(2.17)

(dtu
n, v)Ω + a1(u

n, v)− (∇ · v, pn)Ω + (∇ · un, q)Ω − γ(
∫ z

−d∇θn−1(x, y, ξ)dξ, v)Ω

+ (f�k × un, v)Ω + b(un−1, un−1, v̄) + b(un−1, un, ṽ) = (Fn
1 , v)Ω,D
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(2.18)

(dtθ
n, φ)Ω + a2(θ

n, φ) + σ

(∫ z

−d

∇ · un−1(x, y, ξ)dξ, φ

)
Ω

+ b(un−1, θn, φ) = (Fn
2 , φ)Ω

for all (v, q, φ) ∈ X1 ×M0 ×X2, ṽ = v − v̄, and

dtu
n =

1

τ
(un−un−1), dtθ

n =
1

τ
(θn−θn−1), Fn

1 =
1

τ

∫ tn

tn−1

F1(t)dt, F
n
2 =

1

τ

∫ tn

tn−1

F2(t)dt.

Here, θn can be solved by the linearized elliptic equation (32) without (un, pn), and
(31) can be rewritten into the Stokes equations on (ūn, pn) in the 2D domain ω without
θn and the linearized elliptic equations on ũn in the 3D domain Ω without θn and
(ūn, pn).

From [13], there hold the following. stability and convergence results.
Theorem 2.1. Suppose that the assumptions (A1) and (A2) hold and 0 < τ < 1

satisfies the stability condition C1τ ≤ 1 for some positive constant C1. Then there
hold
(2.19)

‖A 1
2
1 u

m‖2L2 + ‖A 1
2
2 θ

m‖2L2 + τ

m∑
n=1

[‖A1u
n‖2L2 + ‖dtun‖2L2 + ‖A2θ

n‖2L2 + ‖dtθn‖2L2 ] ≤ κ1,

(2.20)

‖dtum‖2L2+‖dtθm‖2L2+‖A1u
m‖2L2+‖A2θ

m‖2L2+τ

m∑
n=1

[‖A 1
2
1 dtu

n‖2L2+‖A 1
2
2 dtθ

n‖2L2] ≤ κ2,

(2.21) ‖pm‖2H1(ω) + τ

m∑
n=1

[‖un‖2H3 + ‖θn‖2H3 + ‖pn‖2H2(ω)] ≤ κ3,

‖u(tm)− um‖2L2 + ‖θ(tm)− θm‖2L2 + σ(tm)(‖A 1
2
1 (u(tm)− um)‖2L2

+ ‖A 1
2
2 (θ(tm)− θm)‖2L2)

+ τ

m∑
n=1

σ(tn)‖p(tn)− pn‖2L2(ω)

+ σ2(tm)‖p(tm)− pm‖2L2(ω) ≤ κτ2(2.22)

for 0 ≤ m ≤ N , where κi with i = 1, 2, 3 are some positive constants depending on
the data (Ω, α, σ, γ, d, ν1, μ1, ν2, μ2, f, F1, F2, u0, θ0, T ).

In order to analyze the convergence of the numerical solution, we need the fol-
lowing Gronwall lemma [26].

Lemma 2.2. Let C0 be a positive constant and an, bn, and dn be three positive
series satisfying

am + τ

m∑
n=1

bn ≤ τ

m−1∑
n=0

dnan + C0, m ≥ 1.

Then

am + τ

m∑
n=1

bn ≤ C0 exp

(
τ

m−1∑
n=0

dn

)
∀m ≥ 1.D
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Finally, we recall the integral version of the Minkowsky inequality for the Lp

spaces [5].

Lemma 2.3. Let Ω1 ⊂ Rm1 and Ω2 ⊂ Rm2 be two measurable sets, where m1 and
m2 are positive integers, and let f(ξ, η) be measurable over Ω1 × Ω2. Then

[∫
Ω1

(∫
Ω2

|f(ξ, η)|dη
)p

dξ

] 1
p

≤
∫
Ω2

(∫
Ω1

|f(ξ, η)|pdξ
) 1

p

dη.

3. First-order decoupled semi-implicit finite element method. From now
on, h is a real positive parameter approaching 0. To avoid the lengthy and technical
treatments of the smooth curved boundary of ω, we assume from now on that ω is
a planar polygonal domain. For the cases with curved boundaries we can combine
some standard techniques as developed in [7, 9, 21] with the analysis in this work to
establish the error estimates for the corresponding finite element solutions.

Let τ2h = {K̃} be quasi-uniformly regular partitions of ω made of triangles with
diameters bounded by 2h, and let −d = z0 < z1 < · · · < zL = 0 be quasi-uniformly
regular partitions of [−d, 0] with Ij = zj−zj−1 ≤ h for j = 1, 2, . . . , L. Also, we define

τh = {K} by subdividing each triangle K̃ ∈ τ2h into four triangles K1, K2 ,K3, and
K4 by the midpoints of the sides. Then we obtain prismatic grids {K× Ij} on the 3D
domain Ω̄ that are used by Rebollo and Gonzalez [6] for the hydrostatic approximation
of the Navier–Stokes equations. First, we will establish the finite element space pair
(X0h,Mh) based on the P1 − P1 elements on ω̄ as follows:

X0h = S2
h ∩X0, Sh = {φh ∈ C0(ω̄) ∩H1(ω) : φh|K ∈ P1(K) ∀K ∈ τh},

M0h = {qh ∈ C0(ω̄) ∩M0 : qh|K ∈ P1(K) ∀K ∈ τ2h}.

Next, we will establish the finite element spaces X1h ⊂ X1 based on the P1(P1)
element and X2h ⊂ X2 based on the P1(P1) element on the prismatic grids {K × Ij}
on the 3D domain Ω̄ as follows:

Jh = span{ψh ∈ H1([0, d]) : ψh|Ij ∈ P1(Ij) ∀j = 1, 2, . . . , L}, X2h = Sh×Jh = V2h,

X1h = {vh ∈ (Sh × Jh)
2; vh · n|Γs = 0}

in the case of (1.6a) and

X1h = {vh ∈ (Sh × Jh)
2; vh|Γs = 0}

in the case of (1.6b).

Remark 3.1. From [2], the finite element space pair (X0h,M0h) satisfies the
discrete inf-sup condition. Moreover, the other finite element pair (X0h,M0h) can be
found in [3, 11]. Also, another finite element space pair of the 3D horizontal velocity
and the 2D pressure satisfying the discrete inf-sup condition is constructed by Rebollo
and Gonzalez in [6].

Here, we need to define the subspace V1h of X1h as follows:

V1h = {vh ∈ X1h; (∇ · v̄h, qh)ω = 0 ∀qh ∈M0h}.
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Furthermore, we define the L2 projection operator P1h : L2(Ω)2 → V1h and P2h :
L2(Ω) → V2h by

(P1hu, vh)Ω = (u, vh)Ω ∀u ∈ L2(Ω)2, vh ∈ V1h, (P2hθ, φh)Ω = (θ, φh)Ω,

∀θ ∈ L2(Ω)2, φh ∈ V2h.

We easily deduce that the above finite element spaces (X1h,M0h, X2h) based on the
P1(P1)− P1 − P1(P1) element satisfy the usual approximation assumption (A3):

• There exist the mappings Ih ∈ L(V1;V1h) and πh ∈ L(V2;X1h) such that

‖Ihu− u‖L2 + h‖L 1
2
1 (Ihu− u)‖L2 ≤ chl‖v‖Hl , l = 1, 2,(3.1)

‖πhθ − θ‖L2 + h‖L 1
2
2 (πhθ − θ)‖L2 ≤ chl‖θ‖Hl , l = 1, 2.(3.2)

• The L2-orthogonal projection operator ρh :M0 →M0h satisfies

(3.3) ‖p− ρhp‖L2(ω) ≤ chl‖p‖Hl(ω), ∀p ∈ H l(ω) ∩M0, l = 1, 2.

• There exists a constant β0 > 0 such that

(3.4) sup
v̄h∈X0h

(∇ · v̄h, qh)Ω
‖∇v̄h‖L2(ω)

≥ β0‖qh‖L2(ω).

• The following inverse inequality holds:
(3.5)

‖φh‖L∞(ω) ≤ ch−1‖φh‖L2(ω), ‖L 1
2

i φh‖L2 ≤ ch−1‖φh‖L2 ∀φh ∈ Xih, i = 1, 2.

The following estimates, which are the consequences of properties (3.1)–(3.3), will
be very useful:

‖u− P1hu‖L2 + h‖L 1
2
1 (u− P1hu)‖L2 ≤ chl‖u‖Hl ∀u ∈ H l(Ω)2 ∩ V1,(3.6)

‖θ − P2hθ‖L2 + h‖L 1
2
2 (θ − P2hθ)‖L2 ≤ chl‖θ‖Hl ∀θ ∈ H l(Ω)(3.7)

for l = 1, 2.
Now, we define the discrete forms of the operators A1 and A2:

(Aihφh, ψh)Ω = (A
1
2

i φh, A
1
2

i ψh)Ω = (L
1
2

i φh, L
1
2

i ψh)Ω ∀φh, ψh ∈ Vih

with i = 1, 2. Here, we introduce the discrete Sobolev norm ‖φh‖r = ‖A r
2

ihφh‖L2 for
φh ∈ Vih and r ∈ R, where

‖φh‖0 = ‖φh‖L2, ‖φh‖−1 = ‖A− 1
2

ih φh‖L2 ∀φh ∈ Vih.

With the above statements, the standard finite element approximation of (2.17)
and (2.18) based on X1h ×M0h × X2h reads as follows: Find (unh, p

n
h, θ

n
h) ∈ X1h ×

M0h ×X2h such that
(3.8)
(dtu

n
h, vh)Ω + a1(u

n
h, vh)−(∇ · vh, pnh)Ω + (∇ · unh, qh)Ω−γ(

∫ z

−d ∇θn−1
h (x, y, ξ)dξ, vh)Ω

+ (f�k × unh, vh)Ω + b(un−1
h , un−1

h , v̄h) + b(un−1
h , unh, ṽh) = (Fn

1 , vh)Ω,D
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(3.9)

(dtθ
n
h , φh)Ω+a2(θ

n
h , φh)+σ

(∫ z

−d

∇ · un−1
h (x, y, ξ)dξ, φh

)
Ω

+b(un−1
h , θnh , φh)=(Fn

2 , φh)Ω

for all (vh, qh, φh) ∈ X1h ×M0h ×X2h, ṽh = vh − v̄h. Here, (u
n
h, p

n
h) can be solved by

(3.8) without θnh and θnh can be solved by (3.9) without (unh, p
n
h), respectively. Set

unh = ūnh + ũnh, ūnh = d−1

∫ 0

−d

unh(x, y, z)dz, ũnh = unh − ūnh.

Then (3.8) can be rewritten as follows: For each n and (un−1
h , θn−1

h ), find (ūnh, p
n
h, ũ

n
h)

such that
(3.10)

(dtū
n
h, v̄h)Ω + a1(ū

n
h, v̄h)− (∇ · v̄h, pnh)Ω + (∇ · ūnh, qh)Ω − γ(

∫ z

−d ∇θn−1
h dξ, v̄h)Ω

+ (f�k × ūnh, v̄h)Ω + b(un−1
h , un−1

h , v̄h) = (F̄n
1 , v̄h)Ω,

(dtũ
n
h, ṽh)Ω + a1(ũ

n
h, ṽh)− γ

(∫ z

−d

∇θn−1
h dξ, ṽh

)
Ω

+ (f�k × ũnh, ṽh)Ω + b(un−1
h , unh, ṽh) = (F̃n

1 , ṽh)Ω(3.11)

for all vh ∈ X1h and q ∈M0h, together with the initial condition: ū0h = ū0h(x, y) and
ũ0h = ũ0h(x, y, z).

(ūnh, p
n
h) can be solved by the Stokes equations (3.10) in the 2D domain ω without

ũnh and ũnh can be solved by the linearized equations (3.11) in the 3D domain Ω.
Hence, the scheme (3.9)–(3.11) is a first-order decoupled semi-implicit scheme with
respect to θnh , (ū

n
h, p

n
h), and ũ

n
h.

4. H1−L2−H1 error estimates. In this section, we shall provide the optimal
H1 −L2 −H1 error estimates of the numerical solution (unh, p

n
h, θ

n
h) to (un, pn, θn) by

the induction method and the Gronwall lemma.
First, using (2.1)–(2.14), (3.6)–(3.7), and Lemma 2.3, we deduce the following

important inequalities:
(4.1)

|b(u, φ, w̄h)| ≤ c‖L 1
2
1 u‖L2‖L 1

2

i φ‖L2‖A 1
2

ihw̄h‖L2 ∀u ∈ X1, v ∈ Xi, wh ∈ Vih,

|b(u, v − Pihv, wh)| ≤ ch‖L 1
2
1 u‖L2‖Aiv‖L2‖A 1

2

ihwh‖L2 ∀u ∈ X1, v ∈ D(Ai), wh∈Vih,
|b(u, v, w̄h)| ≤ ch−

1
2 ‖L 1

2
1 u‖L2‖L 1

2
i v‖L2‖w̄h‖L2 ∀u ∈ X1, v ∈ Xi, wh ∈ Vih,

|b(u, v, wh)| ≤ ch−1‖L 1
2
1 u‖L2‖L 1

2

i v‖L2‖wh‖L2 ∀u ∈ X1, v ∈ Xi, wh ∈ Vih,

|b(u, vh, wh)| ≤ ch−
1
2 ‖L 1

2
1 u‖L2‖A 1

2

ihvh‖
1
2

L2‖Aihvh‖
1
2

L2‖wh‖L2 ∀u ∈ X1, vh, wh∈Vih,
|b(u, v, v)| = 0 ∀u ∈ V1, v ∈ Xi,

|b(u, v, v)| ≤ c‖L 1
2
1 u‖L2‖L 1

2

i v‖2L2 ∀u ∈ X1, v ∈ Xi,

|b(u, v, wh)| ≤ c‖u‖L2‖v‖H3‖A 1
2

ihwh‖L2 ∀u ∈ H1, v ∈ H3(Ω)i ∩Xi,wh∈Vih,
|b(u, v, wh)| ≤ c‖u‖H3‖L 1

2

i v‖L2‖wh‖L2 ∀u ∈ H3(Ω)2 ∩ V1, v ∈ Xi, w ∈ Hi,

where i = 1, 2.
Lemma 4.1. Suppose that assumptions (A1)–(A3) hold and 0 < τ < 1 satisfies the

stability condition: C1τ ≤ 1. Then (unh, p
n
h, θ

n
h) satisfies the following error estimate:
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[‖en‖2L2 + ‖εn‖2L2 ]− [‖en−1‖2L2 + ‖εn−1‖2L2 ] + ‖L 1
2
1 (u

n − unh)‖2L2τ + ‖L 1
2
2 (θ

n − θnh)‖2L2τ

+
1

2
(1− c1‖L

1
2
1 (u

n−1 − un−1
h )‖L2)(‖A 1

2

1he
n‖2L2 + ‖A 1

2

2hε
n‖2L2)τ

+ [1− c2‖A1u
n−1‖2L2τ ]‖en − en−1‖2L2 − c2‖A

1
2
1 (u

n−1 − un−1
h )‖4L2τ

− c2[h
2‖A1u

n‖2L2 + h2‖A2θ
n‖2L2 + ‖A 1

2
1 (u

n − un−1)‖2L2]‖L
1
2
1 (u

n−1 − un−1
h )‖2L2τ

≤ dn−1(‖en−1‖2L2 + ‖εn−1‖2L2)τ + ch2(‖A1u
n‖2L2 + ‖A2θ

n‖2L2)τ

+ ch4(‖A 1
2
1 u

n−1‖2L2 + ‖A 1
2
1 u

n‖2L2 + ‖A2θ
n‖2L2)‖un−1‖2H3τ

+ ch4(‖un‖2H3 + ‖θn‖2H3)‖A1u
n−1‖2L2τ

+ ch4(‖pn‖2H2(ω) + ‖A1u
n‖2L2 + ‖A1u

n−1‖2L2 + ‖A2θ
n‖2L2)τ

for some positive constants c1 and c2, where (en, rn, εn) = (P1hu
n − unh, ρhp

n −
pnh, P2hθ

n − θnh) and

dn−1 = c+ c‖un‖2H3 + c‖θn‖2H3 .

Proof. It follows from (2.17), (2.18), (3.8), and (3.9) that
(4.2)
(dt(u

n − unh), vh)Ω + a1(u
n − unh, vh)− γ(

∫ z

−d∇(θn−1 − θn−1
h )dξ, vh)Ω

+ b(un−1 − un−1
h , un−1 − un, v̄h) + (f�k × (un − unh), vh)Ω

+ b(un−1
h − un−1, un−1 −un−1

h − (un − unh), v̄h) + b(un−1, un−1− un−1
h − (un − unh), v̄h)

+ b(un−1 − un−1
h , un, vh) + b(un−1

h − un−1, un − unh, vh) + b(un−1
h − un−1, un − unh, vh)

− (∇ · vh, pn − pnh)Ω + (∇ · (un − unh), qh)Ω = 0 ∀(vh, qh) ∈ X1h ×M0h,

(4.3)

(dt(θ
n − θnh), φh)Ω + a2(θ

n − θnh , φh) + b(un−1 − un−1
h , θn, φh)

+ b(un−1
h − un−1, θn − θnh , φh)

+ b(un−1, θn − θnh , φh) + σ(
∫ z

−d
∇ · (un−1 − un−1

h )dξ, φh)Ω = 0 ∀φh ∈ X2h

with the initial condition e0 = 0 and ε0 = 0.
Taking (vh, qh) = (en, rn) in (4.2) and φh = εn in (4.3), adding these two relations,

and using (2.13)–(2.14), we find
(4.4)

1
2τ [‖en‖2L2 − ‖en−1‖2L2 + ‖en − en−1‖2L2 ] +

1
2τ [‖εn‖2L2 − ‖εn−1‖2L2 + ‖εn − εn−1‖2L2]

+ 1
2 [‖A

1
2

1he
n‖2L2 + ‖A 1

2

2hε
n‖2L2 + ‖L 1

2
1 (u

n − unh)‖2L2 + ‖L 1
2
2 (θ

n − θnh)‖2L2 ]

+ b(un−1 − un−1
h , un−1 − un, ēn) + b(un−1

h − un−1, un−1 − un−1
h − (un − unh), ē

n)

+ b(un−1 − un−1
h , un, en) + b(un−1

h − un−1, un − unh, e
n) + (f�k × (un − P1hu

n), en)Ω

+ b(un−1 − un−1
h , θn, εn) + b(un−1

h − un−1, θn − θnh , ε
n)− (∇ · en, pn − ρhp

n)Ω

+ b(un−1, un−1 − un−1
h − (un − unh), ē

n) + b(un−1, un − P1hu
n, en)

+ b(un−1, θn − P2hθ
n, εn) + σ(

∫ z

−d
∇ · (un−1 − un−1

h )dξ, εn)Ω

− γ(
∫ z

−d∇(θn−1 − θn−1
h )dξ, en)Ω

= 1
2 [‖L

1
2
1 (u

n − P1hu
n)‖2L2 + ‖L 1

2
2 (θ

n − P2hθ
n)‖2L2 ].
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Due to (3.6), (3.7), (4.1), and the Young inequality, we have

|b(un−1 − un−1
h , un − un−1, ēn)| ≤ 1

32
‖A 1

2

1hē
n‖2L2

+ c‖L 1
2
1 (u

n−1 − un−1
h )‖2L2‖A

1
2
1 (u

n − un−1)‖2L2 ,(4.5)

(4.6)

|b(un−1
h − un−1, un−1 − un−1

h − (un − unh), ē
n)| ≤ c‖L 1

2
1 (u

n−1 − un−1
h )‖L2‖A 1

2

1he
n‖2L2

+ 1
32‖A

1
2

1he
n‖2L2 + c(h2‖A1u

n‖2L2 + ‖L 1
2
1 (u

n−1 − un−1
h )‖2L2)‖L

1
2
1 (u

n−1 − un−1
h )‖2L2 ,

(4.7)

|b(un−1
h −un−1, un−P1hu

n, en)| ≤ 1

32
‖A 1

2

1he
n‖2L2+ch2‖A1u

n‖2L2‖L
1
2
1 (u

n−1−un−1
h )‖2L2 ,

(4.8) |b(un−1
h − un−1, en, en)| ≤ c‖L 1

2
1 (u

n−1 − un−1
h )‖L2‖A 1

2

1he
n‖2L2 ,

(4.9)

|b(un−1
h −un−1, θn−P2hθ

n, εn)| ≤ 1

32
‖A 1

2

2hε
n‖2L2+ch2‖A2θ

n‖2L2‖L
1
2
1 (u

n−1−un−1
h )‖2L2 ,

(4.10) |b(un−1
h − un−1, εn, εn)| ≤ c‖L 1

2
1 (u

n−1 − un−1
h )‖L2‖A 1

2

2hε
n‖2L2 ,

(4.11)

|b(un−1 − un−1
h , un, en)|+ |b(un−1 − un−1

h , θn, εn)| ≤ 1
32 (‖A

1
2

1he
n‖2L2 + ‖A 1

2

2hε
n‖2L2)

+ c(‖un‖2H3 + ‖θn‖2H3)‖un−1 − un−1
h ‖2L2 ,

(4.12)
|b(un−1, un−1 − un−1

h − (un − unh), ē
n)| ≤ 1

32‖A1hē
n‖2L2

+ ch4‖A1u
n−1‖2(‖A1u

n−1‖2L2 + ‖A1u
n‖2L2) + c‖A1u

n−1‖2L2‖en − en−1‖2L2 ,

(4.13) |b(un−1, un − P1hu
n, en)| ≤ 1

32
‖A 1

2

1he
n‖2L2 + ch4‖A1u

n‖2L2‖un−1‖2H3 ,

(4.14) |b(un−1, θn − P2hθ
n, εn)| ≤ 1

32
‖A 1

2

2hε
n‖2L2 + ch4‖A2θ

n‖2L2‖un−1‖2H3 ,

(4.15)
σ|(∫ z

−d∇ · (un−1 − un−1
h )dξ, εn)Ω|+ γ|(∫ z

−d ∇(θn−1 − θn−1
h )dξ, en)Ω|

≤ 1
32‖A

1
2

1he
n‖2L2 +

1
32‖A

1
2

2hε
n‖2L2 + c(‖un−1 − un−1

h ‖2L2 + ‖θn−1 − θn−1
h ‖2L2),

(4.16)
|(f�k × (un − P1hu

n), en)Ω|+ |(∇ · en, pn − ρhp
n)Ω|

≤ 1
32‖A1he

n‖2L2 + ch4(‖A1u
n‖2L2 + ‖pn‖2H2(ω)).
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A286 YINNIAN HE, YAN ZHANG, HUI XU, AND ZHANGXIN CHEN

Combining the above estimates with (4.4) and using (3.6)–(3.7), we have completed
the proof of Lemma 4.1.

Now, we need to define the following H1-projections: Rih : Vi → Vih such that

ai(Rihφ, ψh) = ai(φ, ψh) ∀φ ∈ Vi, ψh ∈ Vih.

By the standard error estimate technique, we can prove the following error estimate
results:

‖R1hu− u‖L2 + h‖L 1
2
1 (R1hu− u)‖L2 ≤ chl‖u‖Hl ∀u ∈ H l(Ω)2 ∩ V1,(4.17)

‖R2hθ − θ‖L2 + h‖L 1
2
2 (R2hθ − θ)‖L2 ≤ chl‖θ‖Hl ∀θ ∈ H l(Ω) ∩ V2(4.18)

for l = 1, 2.
Lemma 4.2. Under the assumptions of Lemma 4.1, (unh, p

n
h, θ

n
h) satisfies the

following error estimate:

(4.19)

‖L 1
2
1 (u

m − umh )‖2L2 + ‖L 1
2
2 (θ

m − θmh )‖2L2 +
τ
2

∑m
n=1[‖dten‖2L2

+‖A1he
n‖2L2 + ‖dtεn‖2L2 + ‖A2hε

n‖2L2]

≤ Ch2 + τCh−1τ
∑m

n=1 ‖L
1
2
1 (u

n−1 − un−1
h )‖2L2

+τC
∑m

n=1[‖L
1
2
1 (u

n − unh)‖2L2 + ‖L 1
2
2 (θ

n − θnh)‖2L2 ]

+ τc
h2

∑m
n=1(‖L

1
2
1 (u

n−1 − un−1
h )‖4L2

+‖L 1
2
2 (θ

n−1 − θn−1
h )‖4L2)(‖L

1
2
1 (u

n − unh)‖2L2 + ‖L 1
2
2 (θ

n − θnh)‖2L2)

+τ
∑m−1

n=0 dn(‖L
1
2
1 (u

n − unh)‖2L2 + ‖L 1
2
2 (θ

n − θnh)‖2L2),

where (en, rn, εn) = (R1hu
n − unh, ρhp

n − pnh, R2hθ
n − θnh) and

dn−1 = c+ c‖un‖2H3 + c‖θn‖2H3 + c‖un−1‖2H3

+
c

h
[‖L 1

2
1 (u

n−1 − un−1
h )‖2L2 + ‖L 1

2
1 (u

n − unh)‖2L2 ]

+ ch−1‖L 1
2
2 (θ

n − θnh)‖2L2 + c‖L 1
2
1 (u

n−1 − un−1
h )‖2L2(‖A1u

n‖2L2 + ‖A2θ
n‖2L2).

Proof. This proof will be provided in Appendix A.
Theorem 4.3. Suppose that assumptions (A1)–(A3) hold and 0 < h < 1 and

0 < τ < 1 satisfies the following convergence condition:
(4.20)
C1τ ≤ 1, 2c1

√
κ5(h+ τ) ≤ 1, 8c2(κ2 + κ3)τ ≤ 1, 8c2κ2h

2 ≤ 1, κ5(h+ τ) ≤ 1.

Then (unh, p
n
h, θ

n
h) satisfies the following stability and error estimates:

(4.21)

‖um − umh ‖2L2 + ‖θm − θmh ‖2L2 + τ
∑m

n=1[‖L
1
2
1 (u

n − unh)‖2L2 + ‖L 1
2
2 (θ

n − θnh)‖2L2 ] ≤ κ4h
2,

(4.22)

‖L 1
2
1 (u

m − umh )‖2L2 + ‖L 1
2
2 (θ

m − θmh )‖2L2 + τ
∑m

n=1[‖A1h(R1hu
n − unh)‖2L2

+ ‖A2h(R2hθ
n − θnh)‖2L2] + τ

∑m
n=1[‖dt(un − unh)‖2L2 + ‖dt(θn − θnh)‖2L2] ≤ κ5(h

2 + hτ).
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Here, the constants κ2 and κ3 are from Theorem 2.1, which are the regularity constant
bounds of the solution (un, pn, θn) in some norms, and κ4 and κ5 are the error constant
bounds of (unh, p

,
hθ

n
h) to (un, pn, θn) in some norms.

Proof. We will prove Theorem 4.3 by the induction method. It follows from (4.1),
(4.19), and (4.20) that (4.21) and (4.22) hold for m = 0, 1. Assuming that (4.21) and
(4.22) hold for m = 0, 1, . . . , J , we need to prove (4.21) and (4.22) for m = J + 1.

From Lemma 4.1, (4.20), and the induction assumption, there holds
(4.23)

[‖en‖2L2 + ‖εn‖2L2 ]− [‖en−1‖2L2 + ‖εn−1‖2L2 ] + ‖L 1
2
2 (θ

n − θnh)‖2L2τ + ‖L 1
2
1 (u

n − unh)‖2L2τ

− 1
2‖L

1
2
1 (u

n−1 − un−1
h )‖2L2τ ≤ dn−1(‖en−1‖2L2 + ‖εn−1‖2L2)τ

+ ch2(‖A1u
n‖2L2 + ‖A2θ

n‖2L2)τ

+ ch4(‖A 1
2
1 u

n−1‖2L2 + ‖A 1
2
1 u

n‖2L2 + ‖A2θ
n‖2L2)‖un−1‖2H3τ

+ ch4(‖un‖2H3 + ‖θn‖2H3)‖A1u
n−1‖2L2τ

+ ch4(‖pn‖2H2(ω) + ‖A1u
n‖2L2 + ‖A1u

n−1‖2L2 + ‖A2θ
n‖2L2)τ,

where (en, rn, εn) = (P1hu
n − unh, ρhp

n − pnh, P2hθ
n − θnh) and dn−1 = c+ c‖un‖2H3 +

c‖θn‖2H3 . Summing (4.23) from n = 1 to n = J +1 and using Theorem 2.1, we deduce

(4.24)
[‖eJ+1‖2L2 + ‖εJ+1‖2L2 + τ

∑J+1
n=1[

1
2‖L

1
2
1 (u

n − unh)‖2L2 + ‖L 1
2
2 (θ

n − θnh)‖2L2 ]

≤ τ
∑J

n=0 dn(‖en‖2L2 + ‖εn‖2L2) + Ch2.

Applying Lemma 2.2 to (4.24) and using (3.6), (3.7), and Theorem 2.1, we have
showed that (4.21) holds form = J+1. Finally, using (4.20), (4.21), and the induction
assumption in (4.19) with m = J + 1, we obtain
(4.25)

‖L 1
2
1 (u

J+1 − uJ+1
h )‖2L2 + ‖L 1

2
2 (θ

J+1 − θJ+1
h )‖2L2 + τ

∑J+1
n=1[‖dten‖2L2 + ‖A1he

n‖2L2

+‖dtεn‖2L2 + ‖A2hε
n‖2L2 ]

≤ C(h2 + hτ) + τ
∑J

n=0 dn‖(‖L
1
2
1 (u

n − unh)‖2L2 + ‖L 1
2
2 (θ

n − θnh)‖2L2),

where C and τ
∑J

n=0 dn are not dependent of κ5. Applying Lemma 2.2 to (4.25) and
using (4.20) and Theorem 2.1, we have proven that (4.22) holds for m = J + 1. The
proof is completed.

Lemma 4.4. Under the assumptions of Theorem 4.3, (unh, p
n
h, θ

n
h) satisfies the

following error estimate:

(4.26) τ

m∑
n=1

‖pn − pnh‖2L2(ω) ≤ κ(h2 + hτ).

Proof. It follows from (4.2) that

(4.27)

d(∇ · v̄h, ρhpn − pnh)ω = (dt(u
n − unh), v̄h)Ω + a1(u

n − unh, v̄h)

+ b(un−1 − un−1
h , un−1, v̄h)

+ b(un−1
h , un−1 − un−1

h , v̄h) + (f�k × (un − unh), v̄h)Ω

− γ(
∫ z

−d
∇(θn−1 − θn−1

h )dξ, v̄h)Ω − (∇ · v̄h, pn − ρhp
n)Ω, ∀v̄h ∈ X0h.
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A288 YINNIAN HE, YAN ZHANG, HUI XU, AND ZHANGXIN CHEN

It follows from (4.27) and assumption (A3) that

(4.28)

‖ρhpn− pnh‖L2(ω)≤ c‖dt(R1hu
n−unh)‖L2 + c‖dtun−R1hdtu

n‖L2 + c‖L 1
2
1 (u

n − unh)‖L2

+ c‖L 1
2
1 (u

n−1− un−1
h )‖L2‖A 1

2
1 u

n−1‖L2 + c‖L 1
2
1 (u

n−1−un−1
h )‖L2‖L 1

2
1 (u

n−1 − un−1
h )‖L2

+ c‖un − unh‖L2 + c‖L 1
2
2 (θ

n−1 − θn−1
h )‖L2 + c‖pn − ρhp

n‖L2 .

Hence, by using (4.28), (4.17), Theorem 2.1, Theorem 4.3, and assumption (A3), we
deduce (4.26).

5. L2 error estimates. In this section, we shall provide the L2 error estimates
of the numerical solution (unh, θ

n
h) to (un, θn) by using the negative norm technique

without using the standard duality argument in [15].

First, we need modified versions of the discrete Sobolev inequalities in [14].

Lemma 5.1. Suppose that assumptions (A1)–(A3) hold. Then, for each φh ∈ Vih
with i = 1, 2, there hold

‖A 1
2

ihφh‖L6 ≤ c‖Aihφh‖L2 , ‖φh‖L∞ + ‖A 1
2

ihφh‖L3 ≤ c‖A 1
2

ihφh‖
1
2

L2‖Aihφh‖
1
2

L2.

Second, we also need the following extended versions of the stability results of
(dtu

n, dtθ
n) in Theorem 2.1.

Lemma 5.2. Under the assumptions of Theorem 2.1, for each 1 ≤ m ≤ N there
holds
(5.1)

σ(tm)[‖A 1
2
1 dtu

m‖2L2 + ‖A 1
2
2 dtθ

m‖2L2] + τ
∑m

n=1 σ(tn)[‖A1dtu
n‖2L2 + ‖A2dtθ

n‖2L2] ≤ κ,

m = 1, . . . , N.

Proof. This lemma can be proven by (2.17), (2.18), (4.1), Theorem 2.1, and the
standard energy estimate technique. Hence we omit the proof.

Lemma 5.3. Under the assumptions of Theorem 4.3, if 0 < τ < 1 satisfies

(5.2) c3τ + 2c4κ
2
2τ ≤ 1

for some positive constants c3 and c4, then (unh, θ
n
h) satisfies the following error esti-

mate:

(5.3) ‖em‖2−1 + ‖εm‖2−1 + τ
m∑

n=1

(‖un − unh‖2L2 + ‖θn − θnh‖2L2) ≤ κ(h4 + τh2),

where (en, εn) = (P1hu
n − unh, P2hθ

n − θnh).

Proof. Taking (vh, qh) = (A−1
1h e

n, 0) in (4.2) and φh = A−1
2h ε

n in (4.3) and adding
these two relations, we find
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(5.4)
1
2τ [‖en‖2−1 − ‖en−1‖2−1 + ‖en − en−1‖2−1] +

1
2τ [‖εn‖2−1 − ‖εn−1‖2−1 + ‖εn − εn−1‖2−1]

+ (R1hu
n − un, en)Ω + ‖en‖20 + (R2hθ

n − θn, εn)Ω + ‖εn‖20
+ b(un−1 − un−1

h , un−1 − un, A−1
1h e

n
) + b(un−1, un−1 − un−1

h − (un − unh), A
−1
1h e

n
)

+ b(un−1
h − un−1, un−1 − un−1

h − (un − unh), A
−1
1h e

n
)

+ b(un−1
h − un−1, un − unh, A

−1
1h e

n) + b(un−1 − un−1
h , un, A−1

1h e
n)

+ b(un−1, un − unh, A
−1
1h e

n) + (f�k × (un − P1hu
n), A−1

1h e
n)Ω

+ b(un−1 − un−1
h , θn, A−1

2h ε
n) + b(un−1, θn − θnh , A

−1
2h ε

n)

+ b(un−1
h − un−1, θn − θnh , A

−1
2h ε

n)− (∇ ·A−1
1h e

n, pn − ρhp
n)Ω

+ σ(
∫ z

−d
∇ · (un−1 − un−1

h )dξ,A−1
2h ε

n)Ω − γ(
∫ z

−d
∇(θn−1 − θn−1

h )dξ,A−1
1h e

n)Ω = 0,

where (en, rn, εn) = (P1hu
n − unh, ρhp

n − pnh, P2hθ
n − θnh), e

0 = 0 and ε0 = 0.
Due to (4.1), (3.5)–(3.7), and Lemma 5.1, we have

|b(un−1 − un−1
h , un − un−1, A−1

1h e
n
)| ≤ 1

32
‖en‖20

+ c‖L 1
2
1 (u

n−1 − un−1
h )‖2L2‖A

1
2
1 (u

n − un−1)‖2L2 ,(5.5)

(5.6) |b(un−1 − un−1
h , un−1 − un−1

h − (un − unh), A
−1
1h e

n
)| ≤ 1

32
‖en‖20

(5.7)

+ c‖L 1
2
1 (u

n−1−un−1
h )‖2L2‖L

1
2
1 (u

n−1−un−1
h )‖2L2+c‖L

1
2
1 (u

n−unh)‖2L2‖L
1
2
1 (u

n−1−un−1
h )‖2L2 ,

(5.8)

|b(un−1−un−1
h , un−unh, A−1

1h e
n)| ≤ 1

32
‖en‖20+c‖L

1
2
1 (u

n−unh)‖2L2‖L
1
2
1 (u

n−1−un−1
h )‖2L2 ,

(5.9)

|b(un−1−un−1
h , θn−θnh , A−1

2h ε
n)| ≤ 1

32
‖εn‖20+c‖L

1
2
2 (θ

n−θnh)‖2L2‖L
1
2
1 (u

n−1−un−1
h )‖2L2 ,

(5.10)
|b(un−1, un−1 − un−1

h − (un − unh), A
−1
1h e

n
)| ≤ 1

32‖en‖20 + 1
32‖en−1‖20

+ ch4(‖A1u
n−1‖2L2‖A1u

n‖2L2 + ‖A1u
n−1‖4L2) + c‖A1u

n−1‖4L2‖en‖2−1,

(5.11)

|b(un−1, un−unh, A−1
1h e

n)| ≤ 1

32
‖en‖20+ch4‖A1u

n−1‖2L2 |A1u
n‖2L2+c‖A1u

n−1‖4L2‖en‖2−1,

(5.12)

|b(un−1, θn−θnh , A−1
2h ε

n)| ≤ 1

32
‖εn‖20+ch4‖A1u

n−1‖2L2 |A2θ
n‖2L2+c‖A1u

n−1‖4L2‖εn‖2−1,D
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|b(un−1 − un−1
h , un, A−1

1h e
n)| ≤ 1

32
‖en‖20 +

1

32
‖en−1‖20 + ch4‖A1u

n−1‖2L2 |A1u
n‖2L2

+ c‖A1u
n−1‖4L2‖en‖2−1,(5.13)

|b(un−1 − un−1
h , θn, A−1

2h ε
n)| ≤ 1

32
‖εn‖20 +

1

32
‖en−1‖20 + ch4‖A1u

n−1‖2L2 |A2θ
n‖2L2

+ c‖A2θ
n‖4L2‖εn‖2−1,(5.14)

γ
∣∣∣ (∫ z

−d

∇ · (θn−1 − θn−1
h )dξ,A−1

1h e
n

)
Ω

∣∣∣ ≤ 1

32
‖en‖20 +

1

32
‖εn−1‖20 + c‖en‖2−1

+ ch4‖A2θ
n−1‖2L2 ,(5.15)

σ
∣∣∣ (∫ z

−d

∇ · (un−1 − un−1
h )dξ,A−1

2h ε
n

)
Ω

∣∣∣ ≤ 1

32
‖en−1‖20 +

1

32
‖εn‖20 + c‖εn‖2−1

+ σch4‖A1u
n−1‖2L2,(5.16)

(5.17) |(f�k × (un − unh), A
−1
1h e

n)Ω| ≤ 1

32
‖en‖20 + ch4‖A1u

n‖2L2 + c‖en‖2−1,

(5.18) |(∇ ·A−1
1h e

n, pn − ρhp
n)Ω| ≤ 1

32
‖en‖20 + ch4‖pn‖2H2(ω),

|(R1hu
n − un, en)Ω|+ |(R2hθ

n − θn, εn)Ω| ≤ 1

32
(‖en‖20 + ‖εn‖20)

+ ch4(‖A1u
n‖2L2 + ‖A2θ

n‖2L2).(5.19)

Combining the above estimates with (5.4) and using (3.6) and (3.7) yields

[‖en‖2−1 + ‖εn‖2−1]− [‖en−1‖2−1 + ‖εn−1‖2−1] +
5

4
(‖en‖20 + ‖εn‖20)τ

(5.20)

− 1

4
(‖en−1‖20 + ‖εn−1‖20)τ

+ [1− c3τ − c4(‖A1u
n−1‖4L2 + ‖A1u

n‖4L2 + ‖A2θ
n‖4L2)τ ](‖en − en−1‖2−1

+ ‖εn − εn−1‖2−1)

≤ c(‖L 1
2
1 (u

n − un−1)‖2L2 + ‖L 1
2
1 (u

n−1 − un−1
h )‖2l2)‖L

1
2
1 (u

n−1 − un−1
h )‖2L2τ

+ c(‖L 1
2
1 (u

n − unh)‖2L2 + ‖L 1
2
2 (θ

n − θnh)‖2L2)‖L
1
2
1 (u

n−1 − un−1
h )‖2L2

+ ch4[‖A1u
n−1‖2L2 + ‖A1u

n‖2L2 + ‖A2θ
n‖2L2 + ‖A2θ

n−1‖2L2 + ‖pn‖2H2(ω)]τ

+ ch4[‖A1u
n−1‖4L2 + ‖A1u

n‖4L2 + ‖A2θ
n‖4L2]τ + dn−1(‖en−1‖2−1 + ‖εn−1‖2−1)τ

for some positive constants c3 and c4, where dn−1 = c+ c(‖A1u
n−1‖4L2 + ‖A1u

n‖4L2 +
‖A2θ

n‖4L2). Summing (5.20) from n = 1 to n = m and using (3.6), (3.7), Theorems
2.1 and 4.3, and assumption (A3), we deduce
(5.21)

‖em‖2−1+‖εm‖2−1+τ

m∑
n=1

(‖un−unh‖20+‖θn−θnh‖20) ≤ Ch4+τ

m−1∑
n=0

dn(‖en‖2−1+‖εn‖2−1).
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Applying Lemma 2.2 to (5.21), we arrive at (5.3).
Theorem 5.4. Under the assumptions of Lemma 5.3, (unh, θ

n
h) satisfies the fol-

lowing error estimate:

(5.22) σ(tm)[‖um − umh ‖2L2 + ‖θm − θmh ‖2L2 ] ≤ κ(h4 + τ2).

Proof. Setting (en, rn, εn) = (R1hu
n − unh, ρhp

n − pnh, R2hθ
n − θnh) and taking

(vh, qh) = (en, rn) in (4.2) and φh = εn in (4.3), adding these two relations, and using
(2.13) and (2.14), we find

1

2τ
[‖en‖2L2 − ‖en−1‖2L2 + ‖en − en−1‖2L2 ] +

1

2τ
[‖εn‖2L2 − ‖εn−1‖2L2 + ‖εn − εn−1‖2L2 ]

+ ‖A 1
2

1he
n‖2L2 + ‖A 1

2

2hε
n‖2L2 + (dtu

n −R1hdtu
n, en)Ω + (dtθ

n −R2hdtθ
n, εn)Ω

+ b(un−1 − un−1
h , un−1 − un, ēn) + b(un−1, un−1 − un−1

h − (un − unh), ē
n)

+ b(un−1 − un−1
h , un, en) + b(un−1, un −R1hu

n, en) + (f�k × (un −R1hu
n), en)Ω

+ b(un−1
h − un−1, un−1 − un−1

h − (un − unh), ē
n) + b(un−1

h − un−1, un − unh, e
n)

+ b(un−1 − un−1
h , θn, εn) + b(un−1

h − un−1, θn − θnh , ε
n) + γb(un−1, θn −R2hθ

n, εn)

− (∇ · en, pn − ρhp
n)Ω + σ

(∫ z

−d

∇ · (un−1 − un−1
h )dξ, εn

)
Ω

− γ

(∫ z

−d

∇(θn−1 − θn−1
h )dξ, en

)
Ω

= 0.

In the calculations of (4.10)–(4.16), by replacing (P1h, P2h) by (R1h, R2h), we
deduce exactly the same estimates as (4.10)–(4.16). Combining these estimates with
the above relation yields

[‖en‖2L2 + ‖εn‖2L2 − [‖en−1‖2L2 + ‖εn−1‖2L2 ]

(5.23)

+
1

2
(1− c1‖L

1
2
1 (u

n−1 − un−1
h )‖L2)(‖A 1

2

1he
n‖2L2 + ‖A 1

2

2hε
n‖2L2)τ

≤ 2|(dtun −R1hdtu
n, en)Ω|τ + 2|(dtθn −R2hdtθ

n, εn)Ω|τ
+ c(‖A 1

2
1 (u

n − un−1)‖2L2 + ‖L 1
2
1 (u

n−1 − un−1
h )‖2l2)‖L

1
2
1 (u

n−1 − un−1
h )‖2L2τ

+ c(h2‖L 1
2
1 (u

n − unh)‖2L2 + ch2‖A1u
n‖2L2 ++h2‖A2θ

n‖2L2)‖L
1
2
1 (u

n−1 − un−1
h )‖2L2τ

+ ch4‖un−1‖2H3 [‖A1u
n‖2L2 + ‖A2θ

n‖2L2]τ + ch4[‖A1u
n‖2L2 + ‖A2θ

n‖2L2 + ‖pn‖2H2(ω)]τ

+ c‖A1u
n−1‖2L2‖un − unh‖2L2τ + dn−1(‖un−1 − un−1

h ‖2L2 + ‖θn−1 − θn−1
h ‖2L2)τ,

where dn−1 = c+ c(‖un‖2H3 + ‖θn‖2H3).
Hence, multiplying (5.23) by σ(tn), summing from n = 1 to n = m, and using

(4.17), (4.18), Theorem 2.1, Theorem 4.3, Lemma 5.2, and Lemma 5.3, we deduce
(5.24)

σ(tm)[‖um − umh ‖2L2 + ‖θm − θmh ‖2L2 ] +
1
4τ
∑m

n=1 σ(tn)(‖A
1
2

1he
n‖2L2 + ‖A 1

2

2hε
n‖2L2)

≤ C(h4 + h2τ) + 2τ
∑m−1

n=0 dnσ(tn)(‖un − unh‖2L2 + ‖θn − θnh‖2L2).

Applying Lemma 2.2 to (5.24), we arrive at (5.22).
Finally, by combining Theorem 4.3, Theorem 5.4, and Lemma 5.3 with Theorem

2.1, we deduce Theorem 1.1.
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Fig. 1. Schematic mesh partition for the cylindrical computational domain Ω.

6. Numerical investigations. In this part, numerical investigations are imple-
mented to validate the theoretical error analysis in the previous sections. Meanwhile,
the proposed numerical method is used to simulate a double gyres problem for further
validation of reliability of this numerical method.

6.1. Numerical accuracy. In this part, we check the numerical accuracy of
the numerical scheme by flows with analytic solutions. The computational domain is
Ω = ω × [−1, 0], where ω = {(x, y) : x2 + y2 <= r2} and r = 0.5. The exact velocity
u = (u1, u2) and p are set by the following formulations:

(6.1) u = φy(x, y)ψz(z), v = φx(x, y)ψz(z), p = x+ y,

where φ(x, y) = (x2 + y2)(x2 + y2 − r2)exp(−(ν1 + μ1)t) and ψ(z) = z2(z + 1)2.
According to (1.3), w and the external force F1 can be determined explicitly. θ is set
by

(6.2) θ = ψ(x, y)ψ(z)exp(−(ν1 + μ1)t).

The right-hand side F2 of (1.2) can be determined by (6.2). ν1 = μ1 = ν2 = μ2 = 0.1,
f0 = β = 10−5, σ = 0.001, γ = 1, and α = 0.

In order to validate the theoretical results in the error analysis, we choose a
series of mesh scales: h = {1/20, 1/25, 1/30, 1/40, 1/45, 1/50, 1/55, 1/60, 1/65, 1/70}.
In simulations, we set the discrete time step τ = 0.0001 < h2. The schematic mesh
partition is illustrated in Figure 1. In Figures 2 and 3, the L2 and H1 relative errors
of u and θ are shown. According to Theorem 1.1, for τ < h2, we have

‖u(tm)− umh ‖L2/‖u(tm)‖L2 ∼ ‖θ(tm)− θmh ‖L2/‖θ(tm)‖L2 ∼ h2

and

|u(tm)− umh |1/|u(tm)|1 ∼ |θ(tm)− θmh |1/|θ(tm)|1 ∼ h.

The above relations can be observed clearly in Figures 2 and 3. In Figures 4 and 5,
the 3D plots of u, v, w, p, and θ are illustrated at t = 0.2.
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Numerical
Ref: Slope = 1
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Numerical
Ref: Slope = 2

(a) ‖u(tm)−umh ‖L2/‖u(tm)‖L2 ∼ h2 (b) ‖θ(tm)− θmh ‖L2/‖θ(tm)‖L2 ∼ h2

Fig. 2. L2 relative errors of u and θ at t = 0.02.
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Numerical
Ref: Slope = 2

10
−1

10
−2

10
−1

10
0

h

|θ
(t

m
)
−
θ
m h
| 1/

|θ
(t

m
)| 1

 

 

Numerical
Ref: Slope = 1

(a) ‖u(tm)− umh ‖H1/‖u(tm)‖H1 ∼ h (b) ‖θ(tm)− θmh ‖H1/‖θ(tm)‖H1 ∼ h

Fig. 3. H1 relative errors of u and θ at t = 0.02.

6.2. Double gyres simulations. In order to carry out practical investigations
conveniently, the nondimensional form of the PEs is introduced. Let U and θ0 be the
reference values of the horizontal velocity and density, respectively. Meanwhile, we
also consider L and H as the reference scales of the horizontal and vertical lengths.
Let δ = H/L be the aspect ratio; we introduce the following rescaled quantities:

(6.3) u = Uu′, w = δUw′, θ = θ0θ
′, t = t′L/U, x = Lx′, y = Ly′, z = Hz′ = δLz′

and

(6.4) F1 = F ′
1U

2/L, F2 = F ′
2Uθ0/L.

The corresponding parametersReν1 , Reμ1 , Reν2 , Reμ2 , R1, R2, Rγ and Rθ are defined
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Fig. 4. Velocity u(x, y, z, t) (a), v(x, y, z, t) (b), and w(x, y, z, t) (c) at t = 0.2.

as follows:
(6.5)
1/Reν1 = ν1/LU, 1/Reμ1 = μ1L/H

2U = μ1/δ
2LU, 1/R1 = f0L/U, 1/Rγ = γU2/H,

(6.6)
1/Reν2 = ν2/LU, 1/Reμ2 = μ2L/H

2U = μ2/δ
2LU, 1/R2 = f0/βL, 1/Rθ = σL/Uθ0.

Substituting (6.5) and (6.6) into (1.1)–(1.4) and dropping the super index primes, the
nondimensional form of the PEs reads as follows:

ut − 1

Reν1
Δu − 1

Reμ1

∂zw + (u · ∇)u+ w∂zu+∇P +
1

R1
(1 +R2y)�k × u = F1,(6.7)

θt − 1

Reν2
Δθ − 1

Reμ2

∂zθ + (u · ∇)θ + w∂zθ − 1/Rθw = F2,(6.8)

∇ · u+ ∂zw = 0,(6.9)

∂zP +
1

Rγ
θ = 0.(6.10)

D
ow

nl
oa

de
d 

03
/1

4/
17

 to
 1

36
.1

59
.1

19
.1

16
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

FIRST-ORDER DECOUPLED FINITE ELEMENT METHOD A295

Fig. 5. p(x, y, t) (left) and θ(x, y, z, t) (right) at t = 0.2.

The basic parameters used in the simulation are listed below:

Coriolis parameter f0 = 5× 10−5s−1

f0 + βy β = 2× 10−11m−1s−1

Wind stress amplitude τ0 = 0.1Nm−2

Density scale ρ0 = 1022 kgm−3

Acceleration of gravity g = 9.806ms−2

Reference velocity U = 1ms−1

The surface of the ocean is forced by a steady wind stress τ∗ = (τ∗x , τ
∗
y ) =

(−τ0cos(2πy/L), 0), where τ0 is the amplitude. The boundary conditions for the
velocity and density on Γu are given as follows:

τ∗v = (τ∗x , 0), α = 0.001.(6.11)

The physical domain is Ωp = ωp×[−500m, 0], and ωp = [0, 2×106m]×[0, 2×106m].
The computational domain is Ω = ω×[−1, 0], where ω is a square with the edge length
of unity.

First, we consider a low Reynolds number problem with Reν1 = Reν2 = 10 and
Reμ1 = Reμ2 = 20. The time step is τ = 0.0001, the horizontal mesh scale hh of
ω is 1/20, and the vertical mesh scale hv is 1/15. The schematic domain with a
mesh partition is shown in Figure 6. For these values of the Reynolds number, the
flow reaches a steady state characterized by two gyres (cyclonic and anticyclonic) in
Figure 7. Also, in Figure 8, the pressure P (x, y, z) and the averaged pressure p(x, y)
are shown at the slice x = 0.5. We observe that along the vertical direction, at each
horizontal plane, the pressure p(x, y) has the same profile and the pressure P (x, y, z)
has different profiles with respect to different depths.

In order to validate the reliability of the proposed method, we choose larger
Reynolds numbers Reν1 = Reν2 = 20 and Reμ1 = Reμ2 = 200 and implement a
long-time simulation. In Figures 9 and 10, the stream tracers are given at differ-
ent dimensionless time t. It is clear to observe that the flows are characterized by
two gyres. Furthermore, the approximate steady state is reached for the long-time
evolution.
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Fig. 6. Schematic mesh partition for the cube computational domain Ω.

Fig. 7. 3D Velocity vectors (left) and stream tracers (right).

Fig. 8. Slices of pressure P (x, y, z) and surface pressure p(x, y) at x = 0.5: (left) P (x, y, z);
(right) p(x, y).D
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(a) t = 0.1 (b) t = 0.5

Fig. 9. Stream tracers at early stages. Colorbar is set by pressure (t denotes dimensionless
time unit).

(a) t = 1 (b) t = 3

(c) t = 6 (d) t = 9

Fig. 10. Stream tracers at long-time stages. Colorbar is set by pressure.
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Appendix A. The proof of Lemma 4.2.
Proof. Taking (vh, qh) = (A1he

n+dte
n, 0) in (4.2) and φh = A2hε

n+dtε
n in (4.3)

and adding these two relations, we find

(dtu
n − dtR1hu

n, A1he
n + dte

n)Ω +
1

τ
[‖A 1

2

1he
n‖2L2 − ‖A 1

2

1he
n−1‖2L2

(A.1)

+ ‖A 1
2

1h(e
n − en−1)‖2L2 ]

+ (dtθ
n − dtR2hθ

n, A2hε
n + dtε

n)Ω +
1

τ
[‖A 1

2

2hε
n‖2L2 − ‖A 1

2

2hε
n−1‖2L2

+ ‖A 1
2

2h(ε
n − εn−1)‖2L2 ]

+ ‖dten‖2L2 + ‖dtεn‖2L2 + ‖A1he
n‖2L2 + ‖A2hε

n‖2L2 + (A1he
n + dte

n,∇(pn − ρhp
n))Ω

+ b(un−1 − un−1
h , un−1 − un, A1hen + dten) + (f�k × (un − unh), A1he

n + dte
n)Ω

+ b(un−1
h − un−1, un−1 − un−1

h − (un − unh), A1hen + dten)

+ b(un−1 − un−1
h , un, A1he

n + dte
n) + b(un−1

h − un−1, un − unh, A1he
n + dte

n)

+ b(un−1 − un−1
h , θn, εn) + b(un−1

h − un−1, θn − θnh , ε
n)

− (∇ · (A1he
n + dte

n), pn − ρhp
n)Ω

+ b(un−1, un−1 − un−1
h − (un − unh), A1hen + dten) + b(un−1, un − unh, A1he

n + dte
n)

+ b(un−1, θn − θnh , A2hε
n + dtε

n) + σ

(∫ z

−d

∇ · (un−1 − un−1
h )dξ,A2hε

n + dtε
n

)
Ω

− γ

(∫ z

−d

∇(θn−1 − θn−1
h )dξ,A1he

n + dte
n

)
Ω

= 0.

Due to (4.1), (4.17), (4.18), and the Young inequality, we have the following estimates:
(A.2)

|(dtun −R1hdtu
n, A1he

n + dte
n)Ω| ≤ 1

32 (‖A1he
n‖2L2 + ‖dten‖2L2) + ch2‖A 1

2
1 dtu

n‖2L2 ,

|(dtθn −R2hdtθ
n, A2hε

n + dtε
n)Ω| ≤ 1

32 (‖A2hε
n‖2L2 + ‖dtεn‖2L2) + ch2‖A 1

2
2 dtθ

n‖2L2 ,

|(A1he
n + dte

n,∇(pn − ρhp
n))Ω| ≤ 1

32 (‖A1he
n‖2L2 + ‖dten‖2L2) + ch2‖p‖2H2(ω),

|(f�k × (un − unh), A1he
n + dte

n)Ω| ≤ 1
32 (‖A1he

n‖2L2 + ‖dten‖2L2) + c‖L 1
2
1 (u

n − unh)‖2L2,

γ
∣∣∣ (∫ z

−d

∇(θn−1 − θn−1
h )dξ,A1he

n + dte
n

)
Ω

∣∣∣ ≤ 1

32
(‖A1he

n‖2L2 + ‖dten‖2L2)

+ c‖L 1
2
2 (θ

n−1 − θn−1
h )‖2L2(A.3)

σ
∣∣∣ (∫ z

−d

∇ · (un−1 − un−1
h )dξ,A2hε

n + dtε
n

)
Ω

∣∣∣ ≤ 1

32
(‖A2hε

n‖2L2 + ‖dtεn‖2L2)

+ c‖L 1
2
1 (u

n−1 − un−1
h )‖2L2,(A.4)

|b(un−1 − un−1
h , un−1 − un, A1hen + dten)| ≤ 1

32
(‖A1he

n‖2L2 + ‖dten‖2L2)

+ ch−1‖A 1
2
1 (u

n − un−1)‖2L2‖L
1
2
1 (u

n−1 − un−1
h )‖2L2 ,(A.5)D
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|b(un−1
h − un−1, un−1 − un−1

h , A1hen + dten)| ≤ 1

32
(‖A1he

n‖2L2 + ‖dten‖2L2)

+ ch−1‖L 1
2
1 (u

n−1 − un−1
h )‖2L2‖L

1
2
1 (u

n−1 − un−1
h )‖2L2 ,(A.6)

|b(un−1
h − un−1, un − unh, A1hen + dten)| ≤ 1

32
(‖A1he

n‖2L2 + ‖dten‖2L2)

+ ch−1‖L 1
2
1 (u

n−1 − un−1
h )‖2L2‖L

1
2
1 (u

n − unh)‖2L2 ,(A.7)

|b(un−1
h − un−1, un −R1hu

n, A1he
n + dte

n)| ≤ c‖A1u
n‖L2‖L 1

2
1 (u

n−1 − un−1
h )

‖L2‖A1he
n + dte

n‖L2 ≤ 1

32
(‖A1he

n‖2L2 + ‖dten‖2L2)

+ c‖A1u
n‖2L2‖L

1
2
1 (u

n−1 − un−1
h )‖2L2 ,(A.8)

|b(un−1
h − un−1, en, A1he

n + dte
n)| ≤ 1

32
(‖A1he

n‖2L2 + ‖dten‖2L2)

+ ch−2‖L 1
2
1 (u

n−1 − un−1
h )‖4L2‖A

1
2

1he
n‖2L2 ,(A.9)

|b(un−1
h − un−1, θn −R2hθ

n, A2hε
n + dtε

n)| ≤ 1

32
(‖A2hε

n‖2L2 + ‖dtεn‖2L2)

+ c‖A2θ
n‖2L2‖L

1
2
1 (u

n−1 − un−1
h )‖2L2 ,(A.10)

|b(un−1
h − un−1, εn, A2hε

n + dtε
n)| ≤ 1

32
(‖A2hε

n‖2L2 + ‖dtεn‖2L2)

+ ch−2‖L 1
2
1 (u

n−1 − un−1
h )‖4L2‖A

1
2
1 ε

n‖2L2 ,(A.11)

|b(un−1 − un−1
h , un, A1he

n + dte
n)| ≤ 1

32
(‖A1he

n‖2L2 + ‖dten‖2L2)

+ c‖un‖2H3‖L
1
2
1 (u

n−1 − un−1
h )‖2L2 ,(A.12)

|b(un−1 − un−1
h , θn, A2hε

n + dtε
n)| ≤ 1

32
(‖A2hε

n‖2L2 + ‖dtεn‖2L2)

+ c‖θn‖2H3‖L
1
2
1 (u

n−1 − un−1
h )‖2L2 ,(A.13)

|b(un−1, un − P1hu
n, A1he

n + dte
n)| ≤ 1

32
(‖A1he

n‖2L2 + ‖dten‖2L2)

+ ch2‖un−1‖2H3‖A1u
n‖2L2 ,(A.14)

|b(un−1, en, A1he
n + dte

n)| ≤ 1

32
(‖A1he

n‖2L2 + ‖dten‖2L2)

+ c‖A1u
n−1‖4L2‖L

1
2
1 (u

n − unh)‖2L2

+ ch2‖A1u
n−1‖4L2‖A1u

n‖2L2 ,(A.15)

|b(un−1, θn − P2hθ
n, A2hε

n + dtε
n)| ≤ 1

32
(‖A2hε

n‖2L2 + ‖dtεn‖2L2)

+ ch2‖un−1‖2H3‖A2θ
n‖2L2 ,(A.16)D
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|b(un−1, εn, A2hε
n + dtε

n)| ≤ 1

32
(‖A2hε

n‖2L2 + ‖dtεn‖2L2)

+ c‖A1u
n−1‖4L2‖A2θ

n‖2L2

+ c‖A1u
n−1‖4L2‖L

1
2
2 (θ

n − θnh)‖2L2 ,(A.17)

|b(un−1, un−1 − un−1
h , A1hen + dten)| ≤ 1

32
(‖A1he

n‖2L2 + ‖dten‖2L2)

+ c‖A1u
n−1‖2L2‖L

1
2
1 (u

n−1 − un−1
h )‖2L2 ,(A.18)

|b(un−1, un − unh, A1hen + dten)| ≤ 1

32
(‖A1he

n‖2L2 + ‖dten‖2L2)

+ c‖A1u
n−1‖2L2‖L

1
2
1 (u

n − unh)‖2L2 .(A.19)

Combining (A.1) with these inequalities and using Theorem 2.1, we obtain
(A.20)

[‖A 1
2

1he
n‖2L2 − ‖A 1

2

1he
n−1‖2L2 ] + [‖A 1

2

2hε
n‖2L2 − ‖A 1

2

2hε
n−1‖2L2 ]

+ 1
2 [‖dten‖2L2 + ‖dtεn‖2L2]τ +

1
2 [‖A1he

n‖2L2 + ‖A2hε
n‖2L2 ]τ

≤ τch2(‖A 1
2
1 dtu

n‖2L2 + ‖A 1
2
2 dtθ

n‖2L2 + ‖pn‖2H2(ω))

+ τch−1τ2‖A 1
2
1 dtu

n‖2L2‖L
1
2
1 (u

n−1 − un−1
h )‖2L2

+ τch2(‖A1u
n‖2L2 + ‖A2θ

n‖2L2)(‖un−1‖2H3 + ‖A1u
n−1‖4L2)]

+ τc(1 + ‖A1u
n−1‖2L2 + ‖A1u

n−1‖4L4)(‖L
1
2
1 (u

n − unh)‖2L2 + ‖L 1
2
2 (θ

n − θnh)‖2L2)

+ τch−2(‖L 1
2
1 (u

n−1 − un−1
h )‖4L2 + ‖L 1

2
2 (θ

n−1 − θn−1
h )‖4L2)(‖L

1
2
1 (u

n − unh)‖2L2

+ ‖L 1
2
2 (θ

n − θnh)‖2L2)

+ τdn−1‖(‖L
1
2
1 (u

n−1 − un−1
h )‖2L2 + ‖L 1

2
2 (θ

n−1 − θn−1
h )‖2L2).

Summing (A.20) from n = 1 to m and using (4.17), (4.18), and Theorem 2.1, we have
completed the proof of Lemma 4.2.
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