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Abstract

A numerically based program TAVRT (Tilted Anisotropic Viscoelastic Reflection
and Transmission), which calculates scattering coefficients for generally anisotropic
media with arbitrary tilt, is tested for isotropic, VTI and monoclinic anisotropic
media. The results agree with those of the scattering coefficients calculated via an-
alytical formulae found in the literature. TAVRT is also tested for the HTI case
and the results are in good agreement with those calculated using the Seismic Unix
program program refRealAziHTI (Riiger, 2001; Stockwell, 1997) which computes
the exact scattering coefficients numerically for interfaces between two HTI media

having the same symmetry plane.

Formulae for SH-wave scattering coefficients for an interface between two tilted
VTI media with angles ¢; and ¢, about the x,-axis have been derived and their

results matched very well those of TAVRT.

The program TAVRT can be used to have more confidence about new derived
exact and approximate scattering coefficient and group velocity formulae. It can be

also used to study more complex anisotropic media.

For tilted VTI media, it is found that the scattering coefficients vary with tilt, but
are unaffected by the sign of the tilt angle of the lower medium, i.e., the scattering
coeflicient for an interface between two tilted VT media with angles ¢; and ¢, and

the scattering coefficient for an interface between two tilted VTI media with angles
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1 and —9 are equal.

For tilted VTI media at pre-critical angles of incidence, the magnitude of the
reflection coefficient is inversely proportional to the absolute value of the tilt angle
of the upper medium. The magnitude of the transmission coefficient is directly pro-

portional to the absolute value of the tilt angle of the upper medium.

In general, the angle of incidence and the angle of reflection are different for tilted

VTT media.
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Chapter 1

Introduction

1.1 Background

The kinetic and dynamic properties of wave propagation in anisotropic media
have been the subject of many publications (Daley and Hron (1977), Thomsen (1986),
Graebner (1992), Riiger (2001), Carcione (2001), Tsvankin (2005)). However these
publications focus on simple anisotropic models such as vertical transverse isotropy
(VTI) and horizontal transverse isotropy (HTT), because of their simplicity and abun-
dance in nature. Unfortunately, simple models become invalid for more complicated
anisotropic media such as tilted transverse isotropy (TTI) and thin layered media
with a multi-fracture orientation system. Consequently the study of more complex

anisotropic models becomes necessary.

1.2 Objectives of the Thesis

In 2001, Professor E.S. Krebes developed a theory and a code for the numer-
ical calculation of scattering coefficients at a flat interface between two generally
anisotropic media (with up to 21 medium parameters) that can be oriented (tilted)
in any arbitrary direction. He called the program TAVRT which stands for “Tilted
Anisotropic Viscoelastic Reflection and Transmission”. Despite its name, TAVRT

does not yet treat the viscoelastic case as it stands. Because TAVRT has not yet



been fully tested, the main objective of the thesis is to test the validity of TAVRT
program by comparing its results with the results of, as many as possible, existing

scattering coefficients analytical formulae.

1.3 Structure of the Thesis

The thesis is composed of seven chapters. Chapter 1 introduces and gives the
motivation and objectives of this research. Chapter 2 is devoted to providing some
background material on wave propagation in anisotropic, homogeneous and elastic
media. Chapter 3 treats the analytical solution of the scattering coefficient problem
in anisotropic media, used to validate the results obtained numerically by TAVRT.
Chapter 4 presents the theory behind the TAVRT code. Chapter 5 presents the
derivation of analytical formulae for the reflection and transmission coefficients of an
SH-wave propagating in a VTI medium tilted with an angle ¢ about the z,-axis. It
then investigates the effect of the tilt on the scattering coefficients. Chapter 6 com-
pares the numerical results obtained by TAVRT and those obtained via the formula
based scattering coefficients. The comparison is done for isotropic, VTI, tilted VTI,
and monoclinic media. For HTI media, the comparison is done between the results
obtained by the program TAVRT and those obtained by the Seismic Unix program
refReal AziHTI (Riiger, 2001; Stockwell, 1997). Finally, chapter 7 concludes the

present research and gives some recommendations for future work.

1.4 Contributions of the Thesis

The contributions of this thesis are:



A presentation of the daunting theory of the scattering coefficient computa-
tion in generally anisotropic (with up to 21 medium parameters) and oriented

(tilted) in any arbitrary direction in an easy way.

A derivation of SH-wave scattering coefficients formulae for an interface be-

tween two tilted VTI media with angles ¢; and ¢y about the xs-axis.

Checked and re-derived the theory behind TAVRT.

Modifications of TAVRT:

- Converted TAVRT into a MATLAB function

- The coordinate transformation of the stiffness matrix is done now outside

TAVRT
- The input parameters were all over the code and now they are passed as
input function arguments

e Implementation of codes to calculate the :

- Exact scattering coefficients for interfaces between two isotropic media
- Exact scattering coefficients for interfaces between two VTI media
- Exact SH reflection and transmission coefficients for interfaces between two

tilted VTT media with angles ¢; and ¢ about the xs-axis

e The conversion of the Seismic Unix program refRealAziHTI (Riiger, 2001;
Stockwell, 1997) to MATLAB.



o Investigated the effect of tilt on the SH reflection and transmission coefficients
for interfaces between two tilted VTI media with angles ¢; and ¢, about the

To-axis.

e The testing of TAVRT for isotropic, VTI, tilted VTI, HTI and monoclinic

media.

e Chapters 1 to 4 are mostly a review of known material while chapters 5 and 6

are essentially new.



Chapter 2

Review of Anisotropic Wave Propagation

In general, anisotropy is the dependence of the physical properties of a medium
on the direction. Thomsen (2002) defined seismic anisotropy as “the dependence of
seismic velocity upon angle”. This is a simple but yet accurate definition of seismic
anisotropy. A seismic wave produced by a point source travels through different
directions of an anisotropic medium with different velocities which produces a non-
spherical wavefront.

Heterogeneity is the dependence of the physical properties of a medium on the
position. Heterogeneity on the small scale (smaller than the seismic wavelength)
appears as anisotropy on the large scale (Thomsen, 2002).

Anisotropy can be caused by the preferred orientation of anisotropic mineral
grains or the preferred orientation of the shapes of isotropic minerals. It can be
also caused by a stack of isotropic layers having thicknesses smaller than the seismic
wavelength, in which case the stack of layers can be treated as a single anisotropic
medium (Backus, 1962) . Another common cause of anisotropy is the existence of
fractures and cracks (Thomsen, 1986) in a material.

This chapter is devoted to providing some background material on wave propa-
gation in anisotropic, homogeneous and elastic media. The main idea of this chapter
is that, for anisotropic, homogeneous and elastic media, the direction of the wave
vector and the direction of energy flow (the ray direction) do not coincide, which

means that the phase velocity is generally different from the energy velocity. The

5



energy velocity vector is identical to the group velocity vector and has the same

direction as the energy flux vector.

2.1 Equation of Motion and Hooke’s Law

The equation of motion for a general anisotropic and heterogenous medium comes
from the application of Newton’s second law to a volume element AV within a
continuum (Krebes, 2001) . It is given by

anj 82UZ’ .
= p—, =1,2,3 2.1
o, tfi= 05 i (2.1)

where o;; is the stress tensor, x;,7o and xz3 are the cartesian coordinates,
f = (f1, fa, f3) is the body force, p is the density and u = (uy,us,us) is the dis-
placement vector. The summation convention is used in equation 2.1 and in the
remainder of the thesis, i.e., if a term contains a doubly-repeated index, then a sum
is performed over that index (unless otherwise indicated).

Notice that the equation of motion (2.1) depends on two unknowns: the stress
tensor o;; and the displacement w. Therefore, to solve it for the displacement w, we
need to find a relation that links the two unknowns. It is reasonable to consider the
stress resulting from a seismic wave experiment to be small, which allows us to treat
sedimentary rock as a linear elastic material. Under this condition, the relationship

between the stress and strain is linear and is given by the generalized Hooke law

Oij = CijkiCkl i,7=1,2,3 (2-2)



where ¢,y is the fourth-order stiffness tensor and ey; is the second-order strain tensor.

The stress o;; produces the strain e;;. The dimensions of stress are force per unit
area. The strain ey, describes the change of shape of a medium under stress and is
defined by

1 <8uk 8ul> (2.3)

el =s\m— T 75—
2 aZL’l al’k
The stress and strain tensors are symmetric, i.e., 0;; = 0j; and ey = €. Another

convenient form of Hooke’s law is given as follows (Krebes, 2001):

oij = cijklg—z]i = Cijklg_zl; 1,7 =1,2,3 (2.4)
Hooke’s law given by equation 2.2 holds for the general case of a linearly elastic,
heterogenous and anisotropic medium but doesn’t hold for a dissipative (anelastic)
medium (Krebes, 2001).
Replacing the stress tensor in the equation of motion 2.1 by its definition given
in equation 2.4, we obtain the equation of motion for a generally anisotropic, elastic
and homogeneous medium:

aQUk i f 82Ui
Ciipl 4 f = gt
I 0z ;0x; Por



2.2 Conservation of Energy

We can derive a conservation of energy for the equation of motion of equation 2.1

by taking its dot product with the velocity vector @ (Krebes, 2001), and we have

Joj , 0K
i+ il = — 2.6
oz, T Jii = (2:6)
where K is known as the kinetic energy density and is defined as follows:
1 /0u;\2
K== ( ) 2.7
5P\ 5 (2.7)

Applying the rule for the differentiation of a product, we can write the first term

of the left hand side of equation 2.6 as follows:

@O'ij, . 0 . 8uz
o, i =5 (oi5t7) U’Jaxj (2.8)

J

Letting “, 7”7 denote partial differentiation with respect to x;, the last term in
equation 2.8, can be written as follows:
O-ijui,j =

(O'Z‘ju@j + O-jiuj,i) = 50-1']‘ (ui’j + Ujﬂ‘) = Uijéij (29)

N | —

(0igttsy + 075 g) =

N | —

where the symmetry of the stress tensor was used in the next-to-last step. Substi-

tuting equations 2.8 and 2.9 into equation 2.6, we get:

oK oW ou

E—FE:—V-I—F]”'(,% (2.10)



where I is the intensity, or the energy flux vector, given as follows:

j = —O'ija (211)

and W is the potential energy density or the strain energy density, given implicitly
as follows:
ow 861-]-

The effects of body forces, e.g., gravity, on the propagation of seismic waves is

usually negligible, hence we can write equation 2.10 as follows:

oF
o =V (2.13)

where £ = K + W is the total energy density. Equation 2.13 is usually known as
the equation of the continuity for the energy density (Krebes, 2001).
2.3 Strain Energy Density

So far, we have not given an explicit general formula for the strain energy density
W. All we know is its rate of change given by equation 2.12. Assume that the strain

energy density W is a function of all the strain components as follows (Krebes, 2001):

W =W (e, €12, ,e33) (2.14)
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Applying the chain rule we have:

ow ow 8611 ow 8612 ow 8633 ow 8617
_ . = 2.15
ot ey Ot Do 0t e 0t Oey Ot (2.15)
From equations 2.12 and 2.15 we have
8615 . ow 862']' (216)

Yot T Dey ot
For equation 2.16 to be true for all possible stress-strain fields, we must have

oW
N 8627-’

0ij 1,7 =1,2,3 (2.17)

To get a better insight on equation 2.17, we make the analogy with the notion
of basic physics that states that the force is derived from the potential energy. In
the context of elasticity theory we say that the stress tensor o;; is derived from the
potential energy density W.

Substituting equation 2.2 into equation 2.17, we get

ow o
% = cl-jklekl, 1,] = 1, 2, 3 (218)
%)

The explicit form of the strain energy density W can be obtained by integrating

both sides of equation 2.18:

1
W = §Cijkl€kleij (219)
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or

1
W = QeTCe (2.20)

where C' and e are defined in equations 2.23 and 2.27 below.

2.4 Symmetry of Stiffness Tensor

The second-order stress and strain tensors o;; and ey have 32 = 9 components
each, but only 6 of them are independent. This is due to the fact that o;; and ey
are symmetric, which means that o;; = 0j; and ey = ey

The stiffness tensor ¢;j;,; has the following symmetry properties:

Cijkl = Cjikl, because Oi5 = 0j;
Cijkl = Cijlk, because €ij = €ij (2'21>

Cijkl = Criij, because 0?W/de;;0ey = 0*W /ey ey

The second-order stiffness tensor c;;i; has 3* = 81 components, but because of
the stiffness tensor symmetries, only 21 of them are independent. Therefore, only 21
medium parameters are required to describe the most general anisotropic medium,

and we can represent the stiffness tensor ¢;j;; by the following 6 x 6 symmetric matrix:

Ci111 Ci122 C1133 Ci1123 Ci1113  C1112
Ci122 C2222 C2233 (2223 (2213 (2212
C1133 (2233 (3333 (3323 (3313 (3312
€= C1123 (2223 (3323 (2323 C2313 (2312 <2'22>
C1113 C2213 C1113 C2313 Ci1313 Ci1312

C1112 C2212 C3312 C2312 Ci1312 C1212

By using the well known Voigt notation which relates each element c;;,; of the



stiffness tensor to the ¢,,, of the 6 x 6

equation 2.22 as follows

Table 2.1: Voigt Notation

1] m
11 1
22 2
33 3
23 4
13 2
12 6

Ci1
Ci2
C13
C14
C15
Ci6

Ci2
C22
Ca3
C24
C25
C26

€13
Ca3
C33
C34
C15
C36

Ci4
C24
C34
Ca4
C45
C46

C15
Ca5
C35
C45
Cs5
Cs6

where ¢;; = ¢j; and equation 2.2 can be rewritten as

011
022
033
023
013
012

C11
C12
C13
Ci4
C15
C16

C12
C22
C23
Co4
Ca5
C26

C13
C23
C33
C34
Ci5
C36

C14
Co4
C34
Caq
C45
Ca6

C15
Ca5
C35
C45
Cs5
Cs6

Ci6
Co6
C36
C46
Cs6
Ce6

Ci6
C26
C36
C46
Cs6
Ce6

€11

€22

€33
2623
2613
2e1o

12

stiffness matrix (see table , we can rewrite

(2.23)

(2.24)



13

or in a concise way as

o=~Ce (2.25)
where o and e are defined as follows:
T T
g = <017027U37U4705706> - (0-1170-2270-3370-2370-1370-12> (226>
T T
e = (617 €2, €3, €4, €5, 66) - (6117 €22, €33, 26237 26137 2612) (227>

The stiffness matrix given by equation 2.23 represents the most general anisotropic
model which is known as the triclinic model.

So far, triclinic models have not been used in seismological applications, because
of the large number of independent parameters (Tsvankin, 2005) and because no
geophysical survey can measure all these parameters (Thomsen, 2002).

The simplest stiffness matrix is the one for isotropic symmetry. While isotropic
symmetry is very useful for understanding wave propagation, it fails to describe all
the effects we see in the data we record (Thomsen, 2002). The stiffness matrix for
isotropy contains only two independent elastic parameters, A and p, the well known

Lamé constants, and is given by

A2 A A 00 0

A A+20 A 0 0 0

o) A A A+20 0 0 0
C = 0 0 0 U 0 0 (2.28)

0 0 0 0 u O

0 0 0 00 u

A more realistic but yet simple anisotropy model is the transversely isotropic (TI)
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symmetry known also as hexagonal symmetry or polar symmetry. This type of
anisotropy has only one axis of rotational symmetry. It is called vertical transverse
isotropy (VTI) when the axis of symmetry is vertical (with respect to the Earth’s sur-
face), horizontal transverse isotropy (HTI) when the axis of symmetry is horizontal
and tilted transverse isotropy (TTI) when the axis of symmetry is tilted.

The TT stiffness matrix has the same form as the isotropic stiffness matrix but
(in terms of the locations of the zero and non-zero elements) has five independent

elastic parameters and is given, for the case of a VTT medium, by (Tsvankin, 2005)

cn ci1—2c6 c3 0 0 0

c11 — 2¢e6 C11 ciz 0 0 0

(oti) 13 13 czz3 00 0
= 0 0 0 ¢ 0 0 (2.29)

0 0 0 0 Cs5 0

0 0 0 0 0 «cg

and for the case of HTI medium, by (Tsvankin, 2005)

C11 C13 C13 0 0 0

13 C33 c33—2c44 0 0 O

. €13 €33 — 2Cy 33 0 0 O

hti

c =1 g 0 0  cu O 0 (2.30)

0 0 0 0 Cs5 0

0 0 0 0 0 cs5

Thomsen (1986) suggested replacing the five independent elastic parameters for

a VTI medium with two vertical velocities and three dimensionless anisotropy para-



15

meters, defined by

Vpo = c33/,0
Vso = \/Cs5/p
€ = (611 — 633)/(2033) (231)

v = (g6 — €355)/(2¢55)
o= ((013 + 055)2 - (033 - C55)2)/(2033(C33 - 055))

where Vpy and Vg, are the vertical P wave and S wave velocities.

The most realistic simple anisotropy model is the orthorhombic symmetry model
(Bakulin et al., 2000b). An orthorhombic medium is characterized by three mutually
orthogonal planes of symmetry. For example, an orthorhombic medium can be used
to model a set of thin horizontal layers with a set of parallel vertical fractures, and in
this case one of the symmetry planes is horizontal and the other two are parallel and
perpendicular to the fractures. The medium coordinate system has the symmetry
planes as coordinate planes. If we choose the cartesian coordinate system to coincide
with the medium coordinate system, the stiffness matrix will have nine independent

parameters, as follows (Tsvankin, 2005)

cii ¢z ¢z 0 0

clg c2 c3 0 0

ci3 C3 ¢33 0 0
ort

C%=1"0 "0 0 cu 0

0 0 0 0 Cs5

0 0 0 0 0 Ce6

(2.32)

o OO OO

A symmetry model with one plane of mirror symmetry is known as the monoclinic

system. Such a system can be formed, for example, by two systems of parallel vertical
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fractures, making between them an angle other than 0° or 90°. A monoclinic medium

with x; — x3 plane of symmetry has the following form for the stiffness matrix:

C(mnc)

Ci1 Ci2 C13
Ci2 C22 Ca3
Ci13 Co3 Cs3
- 0O 0 O
Ci5 C25 C35
0 0 O

0 C15 0
0 Ca5 0
0 C3s 0
caa 0 6
0 Cs5 0
cse 0 Cop

(2.33)

It is necessary to be able to define how the stiffness matrix transforms in an

arbitrary cartesian coordinate system.

Let C be the stiffness matrix of a given medium, in the medium coordinate

system (xy, 9, 13), and let C’ be the stiffness matrix of the same medium but in a

different coordinate system (z), 2, %). It can be shown that (Mavko et al., 2003;

Carcione, 2001)

where
a%l a%2
a%l a§2
az a3
M = 21031 (A22032
a31a11  A32012
a11a21 A12022

C'=MCM?"
a%g 2a12a13 2a13a11
G%g 2a22a93 2a93a2:
a3, 2a3za33 2a33a3;
(23033 (22033 + A23Q32 (21033 + A23A31
(33013 Q12033 + A13A32 Q13031 + 411033
(13023 Q12023 + A13G22 Q130921 + 11023

(2.34)

2a11a12

2a1a22

2a31a32
Q22631 + G21G32
a11a32 + G12a31
a11022 + G120921

(2.35)

where a;; are the direction cosines defined as the cosine of the angle between the

x;-axis and the z;-axis.
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2.5 Stability Conditions of Elastic Parameters

The strain energy density W provides the only constraints on the elastic parame-
ters ¢ (Slawinski, 2003). These constraints, known also as the stability conditions,
guarantee that the medium is stable; i.e., remains undeformed if energy is not ex-
pended.

We can write the strain energy density W of equation 2.19, in a concise way, as
follows

W=_(e'Ce) (2.36)

| —

where C' is the stiffness matrix given in equation 2.23 and e is the strain vector
shown in equation 2.27 (Slawinski, 2003).

Generally, the energy is positive unless the material is undeformed, in which case
the strain energy density is null. This means that we have the following stability
condition

(e"Ce) >0 for all e, with e # 0 (2.37)

N —

Equation 2.37 means that for the medium to be stable, the stiffness matrix C

should be positive-definite.

2.6 Christoffel Equation

Consider the plane wave

u = U ezt — [ gilkz—wt) (2.38)
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as a trial solution for equation 2.1, where U = (Uy, Us, Us) is the polarization vector,
w is the angular frequency and s and k are the slowness and wavenumber vectors

defined by

and k="n (2.39)

where m is a unit vector in the direction of s and k, i.e. the direction of wave
propagation, and v is the velocity of wave propagation, also known as the phase
velocity.

The time derivative of the displacement vector, i.e. the particle velocity, is given
as follows:

u=0u=—iwu (2.40)

which means that the following replacement can be made in mathematical manipu-

lations involving plane harmonic waves:

0 — —iw (2.41)

The spatial derivative of the displacement vector is given as follows:
Ju=iknju=iws;ju, j=123 (2.42)

which means that the following replacement can be made in mathematical manipu-

lations involving plane harmonic waves:

8j — iknj, j = 1,2,3 (243)
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Let D be the differential-operator matrix defined as follows (Carcione, 2001):

o 0 0 0 05 0O
0 0 03 9 01 O

The differential-operator matrix D can be replaced by (Carcione, 2001):

ny 0 0 0 n3 Mo

0 0 ng N9 N1 0

or by:

s1 0 0 0 s3 s9
D —w 0 s9 0 s3 0 s =iwS (246)

0 083 S9 810

From equations 2.3 and 2.27, the strain vector e can be rewritten as:

e=D"u (2.47)

Using the differential-operator matrix D, the equation of motion 2.1 becomes
Do + f = pd}u (2.48)
Combining equations 2.25, 2.47 and 2.48 we obtain

D [C(DTU)} +f = pdPu (2.49)
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Substituting equations 2.41 and 2.45 into equation 2.49 and dropping the body force

f we obtain

E*Gu = pw*u (2.50)

where

G=LCL" (2.51)

is known as the Christoffel matrix.

From equation 2.39 and 2.50 we obtain the so-called Christoffel equation

(G —p*I3)U =0 (2.52)

where I(3) is the 3 x 3 identity matrix.

The Christoffel matrix G can also be rewritten as follows

Gik = cijkmjnl (253)

Note that, from the symmetry properties of the stiffness tensor, we have:

Gir = CijkiT Ty = CglijTyN; = Gri (2-54)

which means that Christoffel matrix G is symmetric. In addition, Christoffel matrix
G is positive-definite (Tsvankin, 2005).
Note that equation 2.52 is an eigenvalue equation with eigenvalue pv? and eigen-

vector U for the symmetric 3 x 3 matrix G, and because the Christoffel matrix G
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is positive definite, the eigenvalues are real and positive.

To find the different eigenvalues, we need to solve the characteristic function

|G — pv*I5)| =0 (2.55)

Equation 2.55, known as the dispersion relation, is a third degree polynomial in
the variable pv? and has three possible real and positive solutions. This means that
to each direction of the slowness s, there are three values for pv?. One corresponds
to the P-wave and the other two to the S-waves. To find the eigenvectors U we need
to substitute the eigenvalues in equation 2.52.

Because the Christoffel matrix G is real and symmetric, the corresponding eigen-
vectors are mutually orthogonal, but they are not necessarily parallel or perpendic-
ular to the slowness s. Thus, in general, there are no pure longitudinal and shear
waves in anisotropic media. This is why we usually call the fast mode, ”quasi-P”
(¢P) and the two slower modes ”quasi-S;” (¢S7) and ”quasi-Sy” (¢S2) (Tsvankin,
2005).

In the case the Christoffel matrix is non-singular (rank two) we get three distinct
eigenvalues (pv? # pvs # pv?). To each of the eigenvalues corresponds a distinct
polarization direction. In the case the Christoffel matrix is singular with rank one,
two of the eigenvalues are equal (pvi = pv3s # pv2). In this case of degeneracy, the
eigenvectors corresponding to the eigenvalues pv? and pv3 do not have uniquely de-
termined directions within a plane. The eigenvector corresponding to the eigenvalue
pv3, is perpendicular to the plane containing the other two eigenvectors. In the case

the Christoffel matrix is singular with rank zero, all the eigenvalues are identical
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(pv? = pv3 = pv2). In this case, all the eigenvectors are not uniquely determined.

2.7 Energy Velocity

The energy velocity vector V g represents the velocity at which energy propagates
and may be defined as the ratio of the mean energy flux vector <I > to the mean total

energy <E>, as follows:

n
VES B T )+ (1) (259

To calculate the energy velocity, we need to calculate the mean of the energy
flux and the total energy. For the complex vectors a, b, A and B and the arbitrary

symmetric matrix D, where
a(x,t) = A(x)e™™" and b(x,t) = B(x)e™™! (2.57)

the mean over a period T has the following properties:

(Re(a")Re(b)) = ;Re(a”b) (2.58)
(Re(a”)Re(D)Re(a)) = %Re(aTDa*) (2.59)
(Re(a")im(D)Re(a)) = ;1m(a” Da) (2.60)

where the asterisk denotes the complex conjugate (Carcione, 2001).

Applying equation 2.58 to the energy flux I defined by equation 2.11, we get:

(1) = ~(Relo Reli) = ~3Re(oyi) = ~3Re(cyunais) (261
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The particle displacement u is given by equation 2.38, namely
u=Ue>Ee = [Jels2-t) g (2.62)

where U = U d, U is the amplitude of the wave and d is the unit polarization

vector. Hence,

(I;) = —%Re (cymiwU s €™ Ddpiw U* em =1 )

1
= §w2|U|2 6_2w [m(s)-x Cijkl Re(sldkdf) (263)
or
1
(I) = S Uf* ™ m(s)* Re(H*CS"d) (2.64)
where
d 0 0 0 d3 do
0 0 d3 dy di O
If we exclude evanescent waves, and assume d to be real, then we obtain:
1
<Ij> = §w2|U|26ijleldkdi (266)
or
1
(I) = 50U’ (HCS"d) (2.67)

Applying equation 2.59 to the strain energy density W defined by equation 2.20,
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we get:

(W) = %<Re(eT)CRe(e)> = %lRe(eTCe*) (2.68)

From equations 2.46 and 2.47, we have
e=D"'u=iwS"u (2.69)
Substituting equation 2.69 in 2.68 and using equation 2.62, we obtain:

(W) = %Re (iwU e 0(8Td) ' C(—i)w U e = i)

1
= WU e R (decst*) (2.70)

If we exclude evanescent waves, and assume d to be real, then we obtain:
|
(W) = 3?01 @71)

The kinetic energy density K defined by equation 2.7, can be written in matrix

form as follows:

(K) = %piLT’d (2.72)

Applying equation 2.58 to the kinetic energy density K, we obtain:

(K) = %p<Re('&T)Re('a)> = ip Re (4" ") (2.73)
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Substituting equation 2.62 in 2.73, we obtain:

1 , -
(K) = pRe( —iwl ¢“==0d i o)
1
= prQ\U\Z e~ 2@ Re(d" d") (2.74)

If we exclude evanescent waves, and assume d to be real, then we obtain:
Lo o2
(K) = 1Pl = (W) (2.75)

Hence, the energy velocity vector is

2Re(H*CS"d)
Vi =
pRe(d"d") + Re(d'SCS"d")

(2.76)

If we exclude evanescent waves, and assume d to be real, then, from equations 2.67,

2.71, and 2.75, we obtain:
Vi = D _ p ' (HCS"d) (2.77)

Note that, Because <K> is a scalar and <I> = 2<K>VE, VE and <I> have the
same direction.
2.8 Group Velocity

In anisotropic, homogenous and elastic media, the phase velocity differs in general

from the group velocity. The group velocity is of primary importance in the kinematic
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Wavefront

Receiver

Figure 2.1: Group versus phase velocity

analysis of seismic anisotropy. It is a vector whose magnitude is the wave speed
along the raypath and whose direction is aligned with the source-receiver direction
as shown in figure 2.1. In isotropic, homogenous and elastic media the group velocity
and phase velocity are identical. In the most general form, the group velocity vector

can be defined as (Carcione, 2001; Tsvankin, 2005)

Oow ow . ow .

Ve=gr a2t ot

(2.78)

where ki, ko and ks are the components of the wave vector k, w is the angular

frequency, and 21, 25 and 23 are the the unit coordinate vectors.
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From the Christoffel equation 2.50, we have
kG = pwu; (2.79)
Substituting the Christoffel matrix 2.53 into 2.79, we obtain
kQCijklnjnlUk- = pwu; (2.80)
From equations 2.39 and 2.62, equation 2.80 becomes
cijk;kidy, = pwid; (2.81)
Differentiating both terms of equation 2.81 with respect to k,, we get
ok; ok,

com (kg + kg

Oow

)dk:2

Note that 0k;/0k,, = 0k,. Multiplying the above equation by d; and summing over

1 gives
ow

—d;d; 2.
ok, " (2:83)

Cijkl <k‘z5jn + kj5ln) drd; = 2pw
If we exclude evanescent waves, and assume d to be real, we have d;d; = 1 (as d; is a

unit vector). Now we expand and perform the sums involving the Kronecker delta.

For the first delta, we sum over j, and for the second, we sum over [. This gives

1%,
Cinkikidrd; + Cijenkjdid; = 2PW8TW (2.84)
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We now show that the second term on the left is the same as the first term on the
left. First, since j is just a dummy summation index, we can replace it with [ (as [

appears nowhere else in the second term). The second term on the left then becomes

Similarly, we can switch the ¢ and the k as they are also just dummy summation
indices. This gives

Cklinkldidk (286)

Next, we use one of the symmetries of the stress tensor, giving
Cinkikid;dy (2.87)

Note that this is now the same as the first term on the left in equation 2.84 above

(didy = did;). We also replace k; with ws;. Therefore, we obtain

Oow
2Cin d;d, = 2pw—— 2.88
CinklWS1U; A Pwakn ( )

Cancelling the 2w from both sides, gives

ow

Cink1S1d;dy,



Finally, this reduces to

0
;Cinklsldidk = a—l:; n=123

We can replace n with j now, as n is a free index. This gives

1 Oow
—CiimSidid, = — 7 =1,2,3
pC]lel k (%j J

Hence, the group velocity is

Oow 1

Voj = = = —cijmsidid, 7 =1,2,3
J ak,j p J

or

Ve=p '(HCS"d)
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(2.90)

(2.91)

(2.92)

(2.93)

Note from equations 2.77 and 2.93, that the energy velocity and the group velocity

are identical for anisotropic, homogeneous and elastic media.



Chapter 3

Analytical Solution of Scattering Coefficients

Problem

The scattering coefficient problem in anisotropic media can be found in Daley
and Hron (1977), Graebner (1992), Riiger (2001) and Carcione (2001). In this chap-
ter we are interested in the analytical solution of the scattering coefficient problem
in anisotropic media, which will be used later to validate the results obtained nu-
merically in chapter 6. In the first section, we give the solution of the Christoffel
equation for isotropic as well as VTI media. In the second section, we review exact

scattering formulae for isotropic, VTI and Monoclinic media.

3.1 Solution of the Christoffel Equation

In this section, we are interested in finding the phase velocity and the polarization
of body waves in a given medium, which can be obtained by solving the eigenvalue

problem of equation 2.52.

3.1.1 Isotropic Media

The Christoffel matrix for isotropic media is given as follows:

30
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Figure 3.1: Unit vector n for a wave propagating in the z; — z3 plane

G = (A +2p)n3 + u(ni +n2),
G12 = ()\ -+ M)?’Llng,
Gis = (A + p)nins,

Gop = pu(nf +n3) + (A + 2p)n3,
Gasz = (A 4 p)nans,

Gz = pu(nf +n3) + (A + 2p)ni.

(3.1)

For propagation in the z; — z3 plane (without loss of generality), ny = 0, n =

(sinf,0,cosf) (see figure 3.1) and the Christoffel equation can be given as follows:

GH — pUQ 0 G13 Ul
0 G22 — pU2 0 U2 =0 (32>
G 0 Gis3 — PU2 Us
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where
G11=(A+2u) sin® 0 + pcos? 0
Gz = (A + p)siné cos (3.3)
Gaoo = 1t
Gaz = psin® 0 + (A + 2p) cos? 0

We obtain two uncoupled dispersion relations,

ppv* =0, (3.4)
pN+2u) — B+ A)pv? + p*vt =0

which gives the phase velocities

o = /ilp
U2 = \/,u_/p (3.5)

vs =/ (A+2u)/p

Replacing the phase velocities (eigenvalues) in equation 3.2, we obtain the corre-

sponding normalized polarization vectors (eigenvectors) (see figure 3.2).

UY =(0,1,0)"
U® = (cosh,0,—sinf)” (3.6)
U® = (sin6,0,cos )T

The first wave has a polarization given by U" = (0,1,0)7, which is normal
to the 1 — x3 plane. Hence, this solution describes a pure shear wave, known as
an SH-wave. The H denotes a horizontal polarization. The coupled solutions have
in-plane polarizations as we can see in figure 3.2. The wave with the polarization

U® = (cos®,0, —sin )T describes a pure shear wave, know as an SV-wave. The V
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Figure 3.2: Eigenvectors of the Christoffel matrix for a wave propagating in x; — z3
plane in an isotropic medium

denotes a vertical polarization (but it has also a non-vanishing in-plane horizontal
component). The wave with the polarization U () — (sin®, 0, cos §)T describes a pure
P-wave because it is polarized in the wave propagation direction.

From equation 3.5, notice that vy, the velocity of the SH-wave, is equal to vs, the
velocity of SV-wave. This is referred to as a shear-wave singularity in the language

of wave propagation and degeneracy or singularity in the language of mathematics.

3.1.2 VTI Media

In this section, we are going to consider wave propagation in the x; —x3 plane, be-
cause for VTT media all planes containing the symmetry axis are equivalent (Tsvankin,

2005). Hence, the Christoffel equation is given as follows:
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Gy — pv? 0 Gi3 Uy
0 Gog — ,OU2 0 U, =0 (37>
Ghs 0 G33 — pv? Us

where

G11 = cq18in2 0 + ¢55 cos? 6
G13 = (Clg ‘—|-2C55) sin 6 COS 0 (38)
G22 = Cgg S111 0 —+ Cs5 COS 0
G33 = Csx5 sin2 0 + C33 COS2 0

which gives us two uncoupled dispersion relations (Carcione, 2001),

ce6 Sin% 0 + c55 cos? O — pv? =0,
(c118i0% 0 + c55 cos? § — pv?)(csz cos? O + cs55in? 0 — pv?) — (c13 + c55)2 sin? Hcos? 0 = 0

(3.9)

The solution of equation 3.9 will give the following phase velocities

1(0) = \/(c66 sin @ + cs5 cos26) /p
v2(0) = \/(c11 502 0 + c33c082 0 + c55 — C) /(2p) (3.10)
Ug(e) = \/(011 Sin2 0+ C33 cos? 0 + Cs5 + C)/(Qp)

<

where C = \/[(011 — ¢355)sin® 0 + (cs5 — c33) cos2 0]2 + 4[(c13 + cs5) sin @ cos ]2 (Car-
cione, 2001).
Replacing the phase velocity v in equation 3.7, we obtain the normalized polar-

ization vector

UY =(0,1,0)7 (3.11)

which describes a horizontally polarized pure shear wave, i.e. SH-wave. Note that
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the first dispersion relation in equation 3.9, can be rewritten as

sin?@/v?  cos?0/v?

,0/ C66 P/ Cs5

=1 (3.12)

which means that the slowness curve for an SH-wave is an an ellipse with semi-axis
p/cee in the horizontal direction and p/cs5 in the vertical direction (Carcione, 2001).
The normalized polarizations for the two coupled waves with velocities vy and vs

can be given from equation 3.7 as follows

U® = (\/(GSS - pv%)/(Gn + G33 — 2pv§), 0, \/(Gn - Pvg)/(Gn + G33 — 2/)?1%))

U® = (\/(Gss — pv2)/(Gr1 + Gs3 — 2p03),0,1/(G11 — pv3)/(Gr1 + Gss — 2p03))
(3.13)

where vy and v3 are defined in 3.10 and G is the Christoffel matrix as defined in
equation 3.7 (Carcione, 2001).
The phase velocities for the special case where the wave propagates along the

x3-axis, can be easily found by substituting with # = 0 in equation 3.10,

01(0 = 0) = \/055/
va(6 = 0) = \/e5s/p (3.14)

Ug(e = 0) = 633/

I D

UuY =(0,1,0)7
U® =(1,0,0)7 (3.15)
U® =(0,0,1)T
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which means that for the polarization vector U® = (1,0,0)” we have a pure shear
SV-wave with a horizontal in-plane polarization and for the polarization vector
U® = (0,0, 1)T we have a pure P-wave polarized in the direction of propagation.
Notice from equation 3.14, that the SV- and SH-waves have the same vertical
velocity, meaning that we have a shear-wave singularity for § = 0.
The phase velocities for the special case where the wave propagates along the

x1-axis, can be easily found by substituting 6 = 90° in equation 3.10,

01(6’ = 900) = Cﬁﬁ/p
'UQ(Q = 900) = 1/ C55/p (316>
v3(0 =90°) = /11 /p

UuY =(0,1,0)7
U® =(0,0,1)7 (3.17)
U® =(1,0,0)7

which means that for the polarization vector U® = (0,0,1)T we have a pure shear
SV-wave with a vertical in-plane polarization and for the polarization vector U® =
(1,0,0)T we have a pure P-wave polarized in the direction of propagation. The z1—x9
plane of a VTI medium is a plane of isotropy and equations 3.16 and 3.17 are valid
for any wave propagation direction in the horizontal plane. Notice from equation
3.16, that the velocities of the SV- and SH-waves are different, which produces what
is known as shear-wave splitting (Tsvankin, 2005).

For waves traveling with oblique propagation angles, the polarization directions
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are no longer parallel and perpendicular to the wave propagation direction for the
P- and SV-waves respectively, which means that the waves are no longer pure waves

and instead we call them quasi-P (qP) and quasi-SV (qSV).

3.2 Scattering Coefficients of Plane Waves

In this section, we are interested in finding the scattering coefficients resulting
from a plane wave of the form 2.38 propagating in the xy —z3 plane, incident from an
upper medium on a plane boundary between two elastic media. The sign convention
adopted in this work is the one used by Aki and Richards (1980), which chooses the
directions of the polarization vectors so that their horizontal components are in the
same direction as the horizontal slowness component (Riiger, 2001).

The computation of reflection and transmission coefficients is based on two phys-
ical principles known as the kinematic and dynamic boundary conditions. The kine-
matic boundary conditions state that the sum of displacements are equal across the
interface and the dynamic boundary conditions state that the sum of stress com-
ponents are equal across the interface. These are sometimes referred to as welded-

contact boundary conditions.

3.2.1 Isotropic Media

An incident P-wave propagating in the z; — x3 plane, will generate two trans-
mitted and two reflected waves upon arrival into the plane interface (z3 = 0) (see
figure 3.3). The upper medium is isotropic and is defined by its P-wave propagation

velocity ay, S-wave propagation velocity ; and density p;. The lower medium is
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isotropic and is defined by its P-wave propagation velocity as, S-wave propagation
velocity (5 and density ps. The angles 61, @1, 65, and @, are the angles between the
P-wave and S-wave propagation direction and the xs-axis for the upper and lower
media, respectively. The particle displacement of the incident P-wave with unit
amplitude, is given as follows

sin 91 ) )
uf) — U]ID 0 ezw((s1n01/a1)x1+(c0591/a1)137t) (318)

cos 6,

The two generated reflected waves are given as follows

sin 61 ) )
’U,IIE _ U]IJ% 0 ezw((sm91/a1)xlf(cos91/o¢1)137t) (319>

—cos b,

cospr |
’U/g — Ué% 0 ezw((smgpl/ﬂl)xl—(cosgm/ﬁl)xg—t) (320)

sin ¢
where U}, is the the amplitude of the incident P-wave, and Uf and UZ are the
amplitudes of the reflected P-wave and S-wave, respectively.
The two generated transmitted waves are given as follows

sin 92 ) )
ug — Ug O elw((smeg/ag)x1+(C0592/a2)1’3—t) (321)

cos 0,
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COS 2 ) )
ug — Ug 0 ezw((smapg/ﬁg)a:l—l—(cosapg/ﬁg)azg—t) (322)

— sin o
where U} and UZ are the amplitudes of the transmitted P-wave and S-wave, respec-
tively.
For welded-contact, the kinematic and dynamic boundary conditions are written

as follows:

1 R R T T ( )
(Xp+Xp+3g) n=(Ep+X5) n

where n is a unit vector normal to the interface and X is defined as follows:

011 O12 013

> = (3.24)

012 O22 023
013 023 033

Equations 3.23 will produce a system of four equations and four unknowns, i.e.
the reflection and transmission coefficients. The scattering coefficients for the P-wave

incident from the upper medium are (Aki and Richards, 1980; Krebes, 2001):

Rpp = UR U} = [(b&1 — c&)F — (a + d&uins) Hp?| D™
Rps = U /U = —2&ip(ai /1) (ab + cdéann) D™ (3.25)
Tpp = Up/Up = 2p1&i(ar/a) FD™
Tps = Us /Uf = 2p1&i(en/B2)pF D!
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where

a="—",b="2+xip, c=mn+xap, d=2(paf55 — p137),
Xi = 20:07D, vi = pi(1 = 267p), & = cos0;/a;, n; = cos @/ By, i = 1,2 (3.26)
E=0b& +c&, F'=bm +cnp, G =a—d&im, H =a—d&m,
D = EF + GHp?
Aki and Richards (1980) derived expressions for all reflection and transmission

coefficients in isotropic media and they presented the solution in the following con-

venient matrix from:

MR=N (3.27)
where
—Qp — COS @1 Qo COS 2
M — cos 0, —ip cos By —Bop 7
2pfBipcosty  p1Bi(1—267p?)  2paB3pcosty  pafa(l — 2037
—proa(1 —=261p%)  2p1Bipcoser  paca(l —203p°)  —2pafipcos oy
(3.28)
arp COs 1 —ap — €08 Py
N — cos 6, —p cos 6y —Bop
201 Bipcosty  pifi(1 —267p%) 2pa35p cos by p202(1 — 233p?)
proa(l—26ip%)  —2pifipcospr —paaa(l —263p°)  2p205pcos oy
(3.29)
and
PP SP PP SP
rR=| L9 55 PS5 55 (3.30)
PP SP PP SP
pPs SS PS SS
The notations “7 and “” represent downgoing and upgoing waves respectively.

Hence, for example, Sp represent the reflection coefficient of a P-wave resulting
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from an S-wave incident from the lower medium.

3.2.2 VTI Media

The analytic solution of the scattering coefficients problem for VTT media was
studied in great detail by many authors (e.g. Daley and Hron (1977), Graebner
(1992) and Riiger (2001)).

The following is a summary of Graebner’s (1992) solution of the scattering coeffi-
cients problem for VTI media, which was described in Riiger (2001). The scattering
coefficients given by the vector R = (Rp, Rps, Tp, Tpg)T, resulting from a P-wave

propagating in the x; — x3 plane can be obtained by solving the following linear

system:
MR=0b (3.31)
where
T
B P 4 @Ol D+ pmld)
(1) (1) (1) @ ( (1) 1)
mg pmg Cig — % l 033 —lg 055 (Qg m@ pls’)
M = 2 2) (2) (2 2 2 (3.32)
—l&) (pl _|_q((l)m( )C( )) m((l) ( )l()—l—pm )
2 2) (2 2) (2 2
i <pmg>c§; U D P i)

(Note that there is a typo in the elements m;; in Riiger (2001).)
and

T
b= (1. pUDel + gPmDel), ml ) (@10 +pml)) (3.3
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with

lo = /(a3 2+ assp* — 1)/(an1 p® + as5 2 — 1 + azgs 2 + asz p* — 1)

My = \/(a11p2 +as5¢2 —1)/(ann p? + as5 2 — 1 + ass g2 + ass p* — 1) (3.34)

lg = \/(a11p2 +assq3 —1)/(a11p? + ass ¢ — 1+ asz @5 + ass p* — 1)

ms = \/(CL33 @3+ assp* — 1) /(a1 p* + ass ¢ — 1+ asz @5 + ass p* — 1)

where ¢, and gg are the vertical slowness of the P-wave and S-wave respectively.

3.2.3 Monoclinic Media

The scattering coefficient problem becomes simpler if we restrict ourselves to the
case where the incidence plane coincides with the symmetry plane of the upper and
lower media, because an incident qP-wave or qSV-wave will generate reflected and
transmitted qP and qSV-waves, and an incident SH-wave will generate reflected and
transmitted SH-waves. Carcione (2001), provided analytic formulae for reflected and
transmitted SH-waves resulting from an incident SH-wave traveling in the plane of

symmetry of a monoclinic medium, as follows:

L) _ 7(2) 271)
= T=—~+—+ (3.35)
70 1+ 7@ 70 1+ 7@
where
20 =\ [p0) - () - () =12 (330

The index i in equation 3.36 is the index of the medium. The + sign in equa-
tion 3.36 corresponds to downward propagating waves and the — sign corresponds to

upward propagating waves. The horizontal slowness s; is equal for all waves (Snell’s
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law) and can be given as a function of the incidence angle 6/ and the phase velocity

v as follows:

s1 = sin 6 Jv(6") (3.37)

where

v(0) = \/% (a4 c08? 0 + co8In* 0 + cy65in(26)) (3.38)
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Figure 3.3: Scattering coefficients generated from a P-wave propagating in the x; —x3
plane of an isotropic medium. The thick lines indicate the unit vectors for each wave
mode



Chapter 4

Numerical Solution of Scattering Coefficients

Problem

In this chapter we present the theory behind the program TAVRT which stands
for “Tilted Anisotropic Viscoelastic Reflection and Transmission”. The theory be-
hind TAVRT as well as the code was developed by Professor Edward S. Krebes.
Despite its name, TAVRT does not yet treat the viscoelastic case as it stands. It has
also not yet been fully tested (and modified if necessary) for all possible anisotropic

cases.

4.1 Scattering Coefficients for Generally Anisotropic Media

Let us consider a plane wave of the form given by equation 2.38, incident from an
anisotropic upper (lower) medium on a plane horizontal boundary to an anisotropic
lower (upper) medium. The incident wave will generate three transmitted and three
reflected waves. Each medium can be generally anisotropic (with up to 21 medium
parameters) and can be oriented (tilted) in any arbitrary direction. Note that there
are six different possibilities for the incident wave: the incident wave can be either in
the upper medium or in the lower medium and it can be either qP-wave, qSV-wave or
gSH-wave. We will set up the problem by incorporating all possible incident waves,
to save ourselves some work. To solve the system for a given incident wave, we set

the amplitude of the remaining incident waves to zero.

45
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The particle displacement u for each wave has the form given by equation 2.38,

namely:

w=U eiw(s-m—t) _ Ueiw(sm—t) d (41)

where U = Ud, is the polarization vector, U is the amplitude of the wave and
d is the unit polarization vector. Each wave has a different amplitude U, unit
polarization direction d and slowness s. The naming convention for the different
waves is according to figure 4.1.

For welded contact, the boundary conditions are the continuity of the displace-

ment and stress across the interface:

4

> (1) (ulh + ully +uldy ) =0 (4:2)
=1
Z(—1)l<2§1§l +30, + zggH) n=0 (4.3)
=1

where . = (0,0,1)7 is a unit vector normal to the interface and ¥ is defined as

follows:

011 O12 013
012 022 023 (4'4>

013 023 033
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(1 (3)
@ Ugsh Uosh @
(1 (2)
UqSV UqS\/
(1) (3
U U
L X1
(2) (4]
(2) (4
@ @
(2) (4)
UqSH UqSH
vX;

Figure 4.1: Reflection and transmission of an incident qP, qSV or qSH-wave from
the upper or lower medium in a generally anisotropic medium

Equation 4.3 only involves 013, 093 and o33, because
o11 012 013 0 013

Y-n= 019 O92 093 0 = 0923 (45)

013 023 033 1 033
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with

0;3 — Ci3kl iwsluk, 1= 1, 2, 3 (46)

Snell’s law implies that all slowness vectors lie in the plane formed by the slowness
vector of the incident wave and the normal to the interface which means, in our case
(figure 4.1), that so = 0 for all waves. Moreover, the projections of the slowness

vectors on the interface coincide, which means in our case, that

1) (2 (3) 4 (1) 2) (3
quP - Slq)P =S1qp = qu)P = S1q5v = S14q5v = Slq)SV =

“ _ .o _ .2 _ .06 _ @ _
SquV - SquH - SquH - squH - squH = S1

(4.7)

This is just Snell’s law. From equation 4.6 and Snell's law (with so = 0), we can

write the tangential stress components as follows:

0; = iWUhi, 1= 3,4, 5) (48)

where 03, 04 and o5 are the third, fourth and fifth elements of the stress column

vector (2.26), and where

hl‘ = cilsldl 4+ Ci383d3 —+ Ci4S3d2 4+ Ci5(81d3 + Sgdl) + Ciﬁsldg (49)

Note that the complex exponential is not present in equation 4.8 because it cancels

out when Snell’s law is applied at the interface. Together, equations 4.2 and 4.3 will



49

produce the following system of six equations:

4 i G i i
> i (=1 (Ui(cép +U1(m);sv +ul(€215’H> =0, k=1,2,3

: (4.10)
4 i i i
> iz (1) <Jl(q)P + Jl(q)sv + C’l(qSH> =0, [=345
where o; is defined in equation 4.8.
From equations 4.7 and 4.8, the system of equations 4.10 becomes:
4 i(770) 4 i) 6 i)
> i (=1) (Uézgdéép + Uq(S?le(c;SV + UéS)Hdgm)z.S'H> =0, k=123 (4.11)
4 il 7). G i) (i i) ’
Zi:l(_1> <U(§12hl(qP + UéS?Vhl(q)SV + Uq(S)th(q)SH> =0, [=3,45
which can be written more explicitly as follows:
Ax =By (4.12)
where
3 3 3 4 4 4 3
B e g ey Ky 2
3 3 3 4 4 4 3
Ay Ay K A o
(3) (3) (3) (4) (4) (4) ®3)
A— _quP _quSV _d3qSH d3qP quSV dSqSH r — UqSH
3 3 3 4 4 4 T 4
_hgq)P _h’gq)SV _h§q)5H hgq)P hgq)SV hgq)szr{ U;P)
3 3 3 4 4 4 4
Ay W e ey W )
(3) (3) (3) (4) (4) (4) (4)
_h3qP _h3qSV _thSH thP h3qSV h3qSH UqSH

(4.13)
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1 1 1 2 2 2 1
R R I o
(1) (1) (1) (2) (2) (2 1)
d2 qP dz qSV dz qSH _d2 qP _dz qSV _d2 qSH UqSV
1 1) (1 2 2 2 1
oo | e e b e i e || 0,
h(l) h(l) h(l) _h(2) _h(2) —h(2) ’ U(Z)
1qP 1¢SV 1q9qSH 1qP 1¢SV 19qSH qP
(1) 1) (1) (2) (2) (2) (2)
hz qP h2 qSV h2 qgSH hz qP hz qSV. h2 qSH UqSV
(1) 1 1) (2) 2) (2 2
h3 qP hi(’> q)SV hi(% qSH h3 qP hé qSV h3 q)SH Uq(S)H
(4.14)

For example, for an incident P-wave from the upper medium, the array y will be
given as follows:

y = (1,0,0,0,0,0)" (4.15)

and the right hand side of equation 4.12, namely By, will be given as follows:

1 1 1 1 1 1
By = (dgq)P7 déq)P7 d:(sq)P> hgq)P7 hgq)P’ hi(')q)P)T (4.16)

The scattering coefficients given by the vector = (U q(]gg), U q(;)v, U q(?h,, U, q(;lg), U q(é)v, U, q(

resulting from an incident P-wave from the upper medium, can be obtained by solv-

ing the following linear system:
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)l e ) (U] [
~dyp ~dyysy ~dygsy dygp digsy dogsu Upsv dagp
~dsye —dsiey ~dipsn digp digsy digsn || Ugw || dior
R M X 1 7 P I/ B 8
~hgap —hiysv —hssy M hsosy hyasw || Ussv hap
~hap —hSasv ~hiasi hsoe hsosy hssw )\ Ussh hap
(4.17)

4.2 Arbitrary Tilt Angles

The TAVRT program handles anisotropic media with arbitrary tilt angles. One
of the most common ways of describing 3D rotations is by using Euler’s angles (¢,
0, 1) (Goldstein, 1980). Starting from the cartesian coordinate system (xy, z9, x3),
the first rotation is a rotation about the xs-axis by the angle ¢. Denoting the new
coordinate system by (x), 2}, x%), the second rotation is a rotation about the z}-
axis (the line of nodes) by the angle §. Denoting the new coordinate system by
(7,25, %), the third rotation is a rotation about the z%-axis by the angle ¢. The
new coordinate system is denoted by (x7’, 23, x4') (see figure 4.2).

Notice that Euler’s angles (¢, 6, 1) described here to specify the rotation of
the coordinate system (x7’, 2%, x4') relative to the coordinate system (z1, x5, x3), can
be found with variations in the literature. Note that we have used the x)-axis as

the second axis of rotation and the line of nodes, unlike Goldstein (1980) who uses

x| -axis.
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Line of nodes

Figure 4.2: The definition of the Euler angles (¢,60,1) that relate the un-tilted
coordinate system (z”, 3", 2"") to the tilted coordinate system (x,y, 2)

TAVRT assumes that the stiffness matrix C”’ for the medium is known in the

2" 2l x%') system and computes the stiffness matrix C' in the (21, 22, 23) System.
1,%g,23 ) 8y

Figure 4.3 was produced by TAVRT. It depicts the comparison between P1P1
scattering coefficient versus angle of incidence of a VTT over isotropic interface and
P1P1 scattering coefficient versus angle of incidence of a tilted VTI over isotropic
interface. The tilt is given by the following Euler angles: (¢ = 15°,60 = 30,1 = 45°).

The model parameters are given in table 4.1.
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Table 4.1: Model parameters used for constructing figure 4.3

Parameter Upper Medium Lower Medium

Vpo  3.00 3.50
Voo 2.00 2.70
p 2.50 2.70
¢ 0.10 0.00
5 0.10 0.00
5 0.10 0.00

Velocities in km/s and density in g/cm’

4.3 Solution of the Christoffel Equation

4.3.1 Calculation of Vertical Slownesses

The vertical slowness s3 components for each wave can be obtained by solving

the dispersion relation (2.55), which can be rewritten, using equations 2.39 and 2.53,

as follows:
’Cijklsjsl - /)5@" =0 (4.18)
or
’SCST—p](g) =0 (4.19)
where
S1 0 0 0 S3 0
S=100 0 s3 0 s (4.20)
0 0 S3 0 S1 0
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Figure 4.3: A comparison between P1P1 scattering coefficient versus angle of inci-
dence of a VTT over isotropic interface and P1P1 scattering coefficient versus angle

of incidence of a tilted (¢ = 30°,6 = 30°,v¢ = 45°) VTI over isotropic interface. The
model parameters are given in table 4.1.

Equation 4.19 is a sixth degree polynomial of s3 and by solving it we get 6 solu-
tions: 3 upgoing qP, qSV and qSH waves and 3 downgoing P, ¢SV and qSH waves.
The distinction between upgoing and downgoing waves is based on the rule that the
energy flux vector I should be pointing towards the incidence medium for a reflected

wave and to the transmission medium for a transmitted wave (Carcione, 2001). To
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calculate the energy flux vector I, we need first to calculate the unit polarization
vector d as we can see from equation 2.63. The solutions of the dispersion rela-
tion (4.19) can be either real or complex. The sign of the imaginary part of the
complex solutions should be chosen so that the amplitude decays exponentially with
distance (Carcione, 2001). These types of waves are known as evanescent waves.
An evanescent wave has an energy flux vector I parallel to the interface (Carcione,

2001).

4.3.2 Degeneracy

If two or more of the 6 vertical slownesses s3 obtained in section 4.3.1 are the
same, degeneracy exists. For example, the isotropic case is degenerate for all input
ray parameter values (the qSH and qSV wave speeds are the same) and the VTI
case is degenerate at ray parameter s; = 0 (the qSH and SV vertical wave speeds
are the same). The program checks for degeneracy and skips the computations for

scattering coefficients for ray parameter (s;1) values resulting in degenerate s3 values.

4.3.3 Calculation of Unit Polarization Vectors

The Christoffel equation (2.52) can be rewritten, using equations 2.39 and 2.53,
as follows:

(SCS" - 1)U =0 (4.21)

where C is the density-normalized stiffness matrix.
For each value of the vertical slownesses s3 obtained in section 4.3.1, we solve

the eigenvector problem of equation 4.21. We obtain three eigenvalues and eigen-
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vectors. In theory, the only correct eigenvalue is 1 and the other eigenvalues need
to be rejected because they correspond to other wave types with the same slowness
direction. We select the eigenvector that corresponds to the eigenvalue equal to 1.
The unit polarization vector d can be then obtained by normalizing the eigenvector
U. Notice that the sign of the polarization vectors have not been specified yet and

to do this we need to calculate the energy flux vector.

4.4 Wave Types Determination

We have seen in section 4.3.1 that by solving the dispersion relation (4.18), we
get six solutions for the vertical component of the slowness s3. In this section, we
are interested in determining the wave types corresponding to each vertical slowness
value among the six possible solutions.

The six solutions of equation 4.19 correspond to an upgoing and a downgoing qP-
wave, an upgoing and a downgoing qSV-wave, and an upgoing and a downgoing qSH-
wave. The qP-waves are characterized by having the closest unit polarization vectors
to the slowness vector and hence they have the highest cosine of the angle between
the unit polarization and the slowness vectors. The qSV-waves are characterized
by having the closest unit polarization vectors to the normal to the slowness vector
and hence they have the highest cosine of the angle between the unit polarization
and the normal to the slowness vectors. The qSH-waves are characterized by having
the closest unit polarization vectors to the xy-axis and hence they have the highest
cosine of the angle between the unit polarization vector and the zs-axis.

The energy flux vector can be calculated using equation 2.63. It is clear from this
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Figure 4.4: Mean Energy Flux Vector <I >

equation that even with a wrong sign for the polarization vector we get the correct
energy flux vector. The energy flux vector has in general an x5 component, i.e., it is
not always in the x; — x5 plane (see figure 4.4).

Let ¢, ., be the angle in the 21 —x3 plane made by the x; — x3 projection of the
mean energy flux vector(see figure 4.4). An upgoing wave would have an angle ¢, .,
between —7/2 and 7/2, a downgoing wave would have an angle ¢,, ., between 7/2
and 37 /2 and an evanescent wave would have an angle ¢, .. equal to —7/2 or 7/2
(see figure 4.5).

The sign of the polarization vector of qP-wave is chosen so that the cosine of
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Figure 4.5: Distinguishing Upgoing, Downgoing and Evanescent Waves

the angle between the unit polarization and the slowness vectors is positive (see
figure 4.6).

The sign of the polarization vector of qSV-wave is chosen so that the cross product
of the slowness with the polarization vector has a positive (negative) x5 component
for waves with upgoing (downgoing) energy flux. This rule assumes that the z3 axis
is pointing upwards (see figure 4.7).

The sign of the polarization vector of gSH-wave is chosen so that it has a negative
o component if the z3 axis is pointing upwards and a positive x5 component if the

r3 axis is pointing downwards.
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Figure 4.6: qP-Wave Unit Vector Sign Determination

4.5 True Incidence Angles Check

If the phase angle corresponding to a given ray parameter (s;) for an incident
wave is between —90° and 90° but the ray angle (or energy angle) is not, then the
wave is not really an incident wave, and the given ray parameter value (or phase
angle of incidence) should not be included in the plots of the scattering coefficients
for that incident wave. At the same time, if the phase angle is not between —90°
and 90°, but the ray angle is within it, then the wave is a true incident wave, and
should be included in the plots. The program computes which ray parameter values

correspond to true incident waves, so that the proper plots can be produced.
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Figure 4.7: qSV-Wave Unit Vector Sign Determination

4.6 TAVRT Algorithm

The main steps involved in TAVRT program can be summarized in the flowchart

given in figure 4.9.

4.7 Outputs
In addition to the scattering coefficients, the program outputs:

e The vertical component of the slowness s3 for all twelve waves (see figure 4.1)

corresponding to three downgoing waves (qP, qSV and qSH) in medium 1
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Figure 4.8: qSH-Wave Unit Vector Sign Determination

representing incident waves, three upgoing waves (qP, ¢SV and qSH) in medium
2 representing incident waves, three upgoing waves (qP, qSV and gqSH) in
medium 1 and three downgoing waves in medium 2 representing scattered

waves.
The energy velocity (ray or group velocity) vector as well as its magnitude.

The angle, in degrees, that the energy velocity makes with the x; — x3-plane,
i.e., the angle between the energy velocity and its projection onto the x; — z3-

plane.
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Read: C,, Gy, 1y, s pstart: first ray parameter
pstart, pend, pinc value,
pend: last ray parameter
p = pstart value.
ping ray parameter
> increment.
¥
»_[oi=1toZ2
¥

| Solve |SCST - p, ly=0 for 55 |

»_Doj=1t06

| Solve eigenvalue prob |SC,8T- |5/ U=0 |
¥

. - - —— sn: vector normal to
| Calc. unit pol. vect. do = UG (UGTU®)12 | SlOWNESS vactor 8.
v

| Calc cos(s®, d), cosisn® d0) cos(x,, dO) | cos(s d). cosine of angle
between vectors s and d.

| Calc. mean energy flux vector <I= |

:

| Wave type determination |

:

Solve linear systern 4 .12 for scattering coefficients |

True Incidence Angle?

Yes

Write scattering coefficients

Figure 4.9: TAVRT Flowchart
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e The angle, in degrees, made in the 1 —x3-plane by the projection of the energy

velocity onto the x; — x3-plane.
e The phase angle in degrees.
e The magnitude of the phase velocity.

e The phase-energy angle, i.e., the angle, in degrees, between the phase velocity

and the energy velocity.

e The components of the complex unit polarization vector (which gives the di-

rection of particle motion).

Using these outputs, one can produce, for example, the following plots:

e Any one of the scattering coefficients versus phase angle.

e Any one of the scattering coefficients versus the x1 — x5 projection of the energy

(ray or group) angle.

e The slowness diagram which is the cross-plot of the horizontal component of

the slowness s; and the vertical component of the slowness s;.

e A 3D plot of a scattering coefficient versus the ray direction. The vertical axis
would be the amplitude axis, and the two horizontal axes would be the two
angles required to specify the ray direction (which does not necessarily lie in

the 1 — z3-plane)
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4.8 Graphical User Interface (GUI)

In order to facilitate the testing of TAVRT program I created a graphical user

interface (GUI) (see figure 4.10) with the following main capabilities:

1. The media parameters can be entered for a given experiment either by filling
the stiffness matrices or by entering Thomsen’s parameters, then computing

the corresponding stiffness matrices.
2. Experiments can be imported and exported.
3. The upper and/or lower stiffness matrix can be rotated, flipped or cleared.

4. The magnitude and phase spectra of a given scattering coefficients can be

displayed versus ray parameter or phase angle.

5. The media parameters can be modified to eliminate degeneracy.
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Chapter 5

Investigation of the Effect of Tilt on the

Scattering Coefficients

In this chapter we are going to investigate the effect of tilt on the scattering
coefficients of an SH-wave propagating in a VTI-medium. We first start by deriving
analytical formulae for the reflection and transmission coefficients of an SH-wave
propagating on a VTT medium tilted with an angle ¢ about the zs-axis (see fig-
ure 5.1). We then give some examples to help understand the effect of tilt on the

SH-wave reflection and transmission coefficients.

5.1 Stiffness Matrix for Tilted VTI Media

A VTI medium refers to a medium represented by the stiffness matrix given by
equation 2.29, with the symmetry axis along the x3-axis. By performing a rotation
with an angle ¢ about the xs-axis of the coordinate system, the medium becomes
tilted VTI as can be seen in figure 5.1. From equation 2.35, the corresponding

transformation matrix is given by

cos’p 0 sin’e 0 —sin2p 0
0 1 0 0 0 0
M — sinp 0 cos?yp 0 sin 2¢ 0 (5.1)
0 0 0 CoS ¢ 0 sin ¢
tsin2p 0 —isin2p 0 cos 2¢ 0
0 0 0 —sing 0 coS ¢

66
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Symmetry Axis

Figure 5.1: Tilted VTT medium with an angle ¢ about the xs-axis

Using equation 5.1, the stiffness matrix in the new system is given by

/ / / /
( ¢ g 3 0 5 0 \
/ / / /
Clg Cy Co3 0 5 0O
/ / / /
C—| @3 s 3 0 g 0 (5.2)
/ / :
0 0 0 cy 0 cy
/ / / /
\ Cl5 Co5 C35 0 s O
0

0 0 dg 0 ch )
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where

ro_ 4 2 2

Cip = (CH + C33 — 2C13) COoS™ —+ 2(013 — 033) COS™ ¢ — C55 COS 2g0 + C33 -+ Css

/o 2
chy = (c11 — c13 — 2¢66) cO8™ p + c13

ro=(2 _ _ 4 -9 2 2 2 _

hs = (2c13 — 11 — ¢33) cos® o + (11 + €33 — 2c13) €08” p + €55 €087 200 + C13 — Cs5
1 .
Cls = 5sin2¢( (c11 — 2c13 + c33) cos? p — 2¢55 €S 20 + 13 — C33

Chy = C11
s = (c13 — c11 + 2c66) cOs* 0 + 11 — 2¢e6
Chs = —%(013 — €11 + 2¢66) Sin 2¢p
Chy = (c11 + €33 — 2¢13) cos® @ + 2(cy3 — €11) cos® @ — 2¢55 co8® 29 + ¢11 + C55
Chs = —% sin 2p( (c11 — 2¢13 + ¢33) cos? @ — 2c55 cos 20 — ¢11 + 0131>

iy = (e55 — Co6) CO82 @ + Co6 = C55 COS%  + cgg 8in?
che = (6 — C55) sinp cos @
0/55 = i((QClg — C11 — C33 + 4055) COS2 2(,0 + C11 — 2013 + Cg3>
Che = (Co6 — C55) cos® @ + 55

(5.3)
I have checked that these are correct by comparing them with the numerical

results from TAVRT.
5.2 Solution of the Christoffel Equation for Tilted VTI Me-
dia
The Christoffel equation for a tilted VTI medium can be given as follows:

/ 2 / / /
11 — PY 12 13 Ui
/ / 2 ! / =
12 99 — PV 23 Us 0 (5.4)
! A ! 2 !
13 23 33 — PV Us
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where
G, = c’nn’? + c%Gn’g + cg5n'§ + 2 n'1n/3
he = cg6n’f + c’mn’g + cﬁMn’g + 2dgn/ 1’3
Lo = Chant'T 4 Chyn'y + Chan's 4 2chsn/ 113 (5.5)
Gy = (Cly + ca3)n'an’s + (chs + cig)n' 10’y
Gy = s/ + dygn’s + /s + (g + s ) a1
12 = (chg + chs)'an’s + (chy + o) 1ns

For propagation in the x; — z3-plane (n's = 0), the stiffness matrix becomes

T PU2 0 13 Ui
/13 0 §3 - PUQ Ué

where
r o 12 I
Gy = 021171 1t 2201571 13
! / / / ! / ! /
99 = CeMl'y T CyyM'5 + 241103

ro_ 12 /12 A
[
, =0
ro_ ’oo / / AN
13 = Ci5n'T + Csn's + (chg + c5)cgm’in's

We obtain the following two uncoupled dispersion relations:

Gy — pv? =0
T (5.8)
(G = pv?)(Gi3 — pv?) = G5 =
From equation 5.6, we can see that the first equation of 5.8 has a displacement
v = (0,u),0)”, which describes a horizontally polarized pure shear wave, i.e. SH-

wave. The phase velocity of the SH-wave can be given as follows:

1
v = \/; (cgﬁn’f + cyn’s + 2cg6n’1n’3> (5.9)

where n/; = sinf and n's = cos .
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For the case of no tilt (¢ = 0), equation 5.9 becomes

1
v = \/— (Cﬁ6 sin? 0 + ¢55 cos? 9) (5.10)
p

since cg = g6, Cjy = Cs5, and s = 0 for ¢ = 0, which is, as expected, identical to
the phase velocity of an SH-wave traveling in a VTI medium (3.10).

The first equation of 5.8 can be rewritten as follows:
s+ 2,65 183 + Chss —p =10 (5.11)

Solving equation 5.11 for s's, we get 2 solutions:

r (1) 1 o ;2 42 / r2
53 —@<_C4631+\/C4631_044<06631_P)

r(2) 1 o ;2 42 / r2
S3 —@<_C4651_\/04651_044(06651_P)

(5.12)

(1

For an x3-axis pointing downward, the solution s'3'"/ corresponds to downward

(2

propagating waves while the solution s'3'” corresponds to upward propagating waves.

5.3 Scattering Coefficients for Tilted VTI Media

The particle displacement of the incident, reflected and transmitted SH-waves

propagating in a tilted VTI medium can be written as (see figure 5.2)

ulg _ eiw(s’lm’1+s’§ x'3—t)

u/? _ Reiw(8’1:c’1+8’§ z'3—1) (5.13)

ulg — Teiw(s’lxﬁ—i-s’g a’'3—t)
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L
X3

Figure 5.2: Scattering Coefficients of an SH wave. The positive direction of particle
motion is the positive 2’y direction (out of the page).
where R and T are the reflection and transmission coefficients, respectively.

From the stress-strain relation (2.2), we have the 2’y component of the stress of

the incident, reflected and transmitted SH-waves in a tilted VTT medium can be

written as
17 ) ) (1) s / (1) /I
0’55 = iwu'y(Chggy 8"t + Chgpz8'3)
/R . JR/ 4 (1) s / (1) /R
O 93 = WU, (02321 51+ Cy393 'S'3 ) <5'14>

T Ty (2) s / (2) /T
0 93 = WU (02321 51+ Coz93 'S 3)
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or

(1) (1) /I)

/ /
S1t+Cy S

U,f = iwu’?(cﬁm(l)s’l + 0214(1)5/:?) (5.15)

/7 11y g
o'y = iwu'y (g

D1+ )

T _ . T
o'y =iwd'y (dg
using Voigt notation.

The boundary conditions states that v’ and ¢’4 are continuous across the bound-

ary (z's = 0), i.e.,

[ + 5], o= (W3], (5.16)
[OJZIL + O-/f] z/3=0 - [OJZ} z'3=0

Substituting equations 5.13 and 5.15 into equation 5.16, we get

T=1+R
(5.17)
ZTT = 7' + ZRR
where Z = cjgs'y + ¢y 5's.
The system of equations 5.17, has the following solution:
AR VAR AL
R=—ri—0y T=—"—1 (5.18)
7T _ 7R 7T _ 7R

The dispersion relation can be given for the incident wave as follows

S5 20815 + s — p =0 (5.19)



and it can be given for the reflected wave as follows
dus’s” + 20468185 + st —p =10
Subtracting equation 5.20 from equation 5.19, we get

21651 (5's = 8'3) + chu(s'y” — 857) =0

In general, (s'5 — s'5) # 0, then equation 5.21 becomes
265"t + s’y +5'5) =0

which means that
7t =—-7'

and hence the reflection and transmission coeflicients become

zt— 77 271

R=2_=_ T=_"=_
Zt+ 77’ zZt+Zz7

The angle of incidence can be defined as follows:

3/1

0; = arctan | —
S/

3
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(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)
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and because the incident wave propagates downwards, we have

(5.26)

8/1
f; = arctan
/

1 /ol /22 / /o ol2 )
a<_c4651+\/c46 §'1 — Cuu(ches'y _,0)>

The angle of reflection can be defined as follows:

6, = arctan <511%> (5.27)
5’3

and because the reflected wave propagates upwards, we have

0, = arctan ( ) (5.28)
1 /2
M ( St — \/646 87 — chu(cees't P))

In general, equations 5.27 and 5.28 are not equal, i.e., the angle of incidence is

not equal to the angle of reflection in tilted VTT media.

5.4 Ray Angle

True incidence angles correspond to ray (group) angles between —90 and 90°
and only the phase angles corresponding to these angles should be used for plotting
scattering coefficients. For a ray (group) angle between —90 and 90°, the phase angle
could be outside of this range and vice versa.

We have seen from section 2.8, that the energy velocity and the group velocity
are identical for anisotropic, homogeneous and elastic media. We have seen also from
section 2.8, that the energy velocity and the mean energy density <I >, have the same

direction. Hence to calculate the ray angle, we need to calculate the the mean energy
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density <I > Using equation 2.67, the mean energy density for a tilted VTT medium

can be given as follows
1
(I) = G [UI (s + s, 0, 51k + sicha) (5.29)

From equation 5.29, the ray angle can be defined as follows

! !
¢ = arctan <M> (5.30)

$1C66 + S5C)6
5.5 Examples

In this section we are going to give some examples to illustrate the effect of tilt
on the scattering coefficients of an SH-wave propagating in a VTI-medium.

Based on the theory developed in this chapter, I implemented a program that cal-
culates explicitly the exact SH reflection and transmission coefficients for interfaces
between two tilted VTI media with angles ¢; and o about the z,-axis (figure 5.1).

Figures 5.3 and 5.4 show the SH-wave reflection and transmission coefficients,
respectively, as a function of incidence and tilt angles for a boundary between a
tilted VTT medium and an isotropic medium. The tilt is measured with respect to
the xs-axis in the clockwise direction. The model parameters are given in table 5.1.

From figures 5.3 and 5.4, we can see that the reflection and transmission coef-
ficients vary with tilt. Figures 5.5 and 5.6 are a zoom in of figures 5.3 and 5.4,
respectively. From figure 5.5 we can see that the magnitude of the reflection coef-
ficient decrease with increasing tilt angle and from figure 5.6 we can see that the

magnitude of the transmission coefficient increase with increasing tilt angle.



Table 5.1: Model parameters used for constructing figures 5.3 through 77?7

Parameter Upper Medium Lower Medium

Voo 3.00 3.50
Veo  2.00 2.70
p 2.50 2.70
€ 0.10 0.00
5 0.10 0.00
5 0.10 0.00

Velocities in km/s and density in g/cm®
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Figure 5.3: H1H1 Scattering Coefficient vs. Incidence Angle and Tilt.
Medium is Tilted VTI and Lower Medium is Isotropic. The model parameters are

given in table 5.1.
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Medium is Tilted VTT and Lower Medium is Isotropic. The model parameters are

given in table 5.1.
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Figure 5.5: Zoom in of figure 5.3.
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Figure 5.6: Zoom in of figure 5.4.

Notice from figures 5.3 and 5.4, that the angles of incidence (phase angles) beyond
852 and tilt angles —30° and —60° correspond to non-physical rays. To confirm this,
we plot the ray angle versus phase angle in figure 5.7, from which we can see that, in
fact, the corresponding ray angles are greater than 90° and the corresponding rays
are non-physical.

Figures 5.8 and 5.9 show the SH-wave reflection and transmission coefficients,
respectively, as a function of incidence and tilt angles for a boundary between two
tilted VTT media. The tilt is measured with respect to the xs-axis in the clockwise
direction. The model parameters are given in table 5.2.

From figures 5.8 and 5.9, we can see that the reflection and transmission coeffi-
cients are unaffected by the sign of the tilt angle of the lower medium. Notice that

in both figures, only reflection and transmission coefficients for physical rays have
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Figure 5.7: Ray vs. Phase Angle. Upper Medium is Tilted VTI and Lower Medium
is Isotropic. The model parameters are given in table 5.1.

Table 5.2: Model parameters used for constructing figures 5.8 and 5.9

Parameter Upper Medium Lower Medium

Voo 3.00 3.50
Voo 2.00 2.70
P 2.50 2.70
¢ 0.10 0.20
5 0.10 0.20
5 0.10 0.20

Velocities in km/s and density in g/cm®
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Figure 5.8: H1H1 Scattering Coefficient vs. Incidence Angle and Tilt. Both Media
are Tilted VTI. The model parameters are given in table 5.2.
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Figure 5.9: H1H2 Scattering Coefficient vs. Incidence Angle and Tilt. Both Media
are Tilted VTI. The model parameters are given in table 5.2.



been plotted.
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Chapter 6

Comparison Between Numerical and Formula

Based Scattering Coefficients

In this chapter I am going to compare between numerical (TAVRT) and formula
based scattering coefficients. The comparison is done for isotropic, VTI, tilted VTI,
and monoclinic media.

For HTT media, the comparison is done between the results obtained by the pro-
gram TAVRT and those obtained by the Seismic Unix program
refReal AziHTI (Riiger, 2001; Stockwell, 1997) which computes the exact scatter-
ing coefficients numerically for interfaces between two HTI media having the same
symmetry plane.

The program TAVRT does not include degenerate cases, when the shear wave
speeds of the media involved are the same in a given direction. The code simply skips
these angles which do not cause problems as they are few and sparse. Interpolation
will suffice to fill in these gaps in the reflection and transmission coefficient curves.
One other possible solution is to slightly change some appropriate medium parame-

ters without changing the general behavior of the medium to avoid the degeneracy.

6.1 Isotropic Media

Isotropic media are degenerate for all input ray parameter values and to make

TAVRT work we need to modify the medium parameters so that the medium becomes

82



83

Table 6.1: Model parameters used for constructing figures 6.1 through 6.16

Parameter Upper Medium Lower Medium

Ve 2.50 3.60
Vs 1.40 2.08
P 2.00 2.00

Velocities in km/s and density in g/cm®

slightly anisotropic to eliminate the degeneracy. This can be achieved by replacing
Thomsen parameters €, § and v by a small number, say 0.003 instead of zero, for
example.

Based on section 3.2.1, I implemented a program that calculates the exact scat-
tering coefficients for interfaces between two isotropic media. Figures 6.1 through
6.16 show the comparison between the scattering coefficients obtained by the for-
mula based program and the numerical program (TAVRT). The model parameters
are given in table 6.1.

From these figures we can see that the scattering coefficients calculated explicitly

based on formulae agree very well with the numerical results computed with TAVRT.

6.2 VTI Media

VTI media are degenerate in the vertical direction (p = 0), because the qSH and

qSV wave speeds are the same. To remove the degeneracy, we need to modify slightly
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Figure 6.1: P1P1 scattering coefficient versus angle of incidence of
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Figure 6.5: P2P1 scattering coefficient versus angle of incidence of an
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Figure 6.7: P2V1 scattering coefficient versus angle of incidence of an
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Figure 6.9: V1P1 scattering coefficient versus angle of incidence of an

isotropic/isotropic interface. The model parameters are given in table 6.1.
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Figure 6.10: VI1P2 scattering coefficient versus angle of incidence of
isotropic/isotropic interface. The model parameters are given in table 6.1.
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Figure 6.11: V1V1 scattering coefficient versus angle of incidence of an
isotropic/isotropic interface. The model parameters are given in table 6.1.
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Figure 6.12: V1V2 scattering coefficient versus angle of incidence of an
isotropic/isotropic interface. The model parameters are given in table 6.1.
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Figure 6.13: V2P1 scattering coefficient versus angle of incidence of an
isotropic/isotropic interface. The model parameters are given in table 6.1.
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Figure 6.14: V2P2 scattering coefficient versus angle of incidence of an
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Figure 6.15: V2V1 scattering coefficient versus angle of incidence of an
isotropic/isotropic interface. The model parameters are given in table 6.1.
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Figure 6.16: V2V2 scattering coefficient versus angle of incidence of an
isotropic/isotropic interface. The model parameters are given in table 6.1.
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Table 6.2: Model parameters used for constructing figures 6.17 through 6.20

Parameter Upper Medium Lower Medium

Veo  3.30 4.20
Vso 170 2.70
P 2.35 2.49
€ 0.10 0.00
5 0.10 0.00

Velocities in km/s and density in g/cm’

some appropriate medium parameters so that the medium is nearly the same but
more anisotropic. For example, we can replace cs5 with, say cs; x 1.001.

Based on section 3.2.2; I implemented a program that calculates the exact scat-
tering coefficients for interfaces between two VTI media. Figures 6.17 through 6.20
depict the comparison between the scattering coefficients obtained by the formula
based program and the numerical program (TAVRT). The model parameters are
given in table 6.2.

From these figures we can see that the scattering coefficients calculated based on

formulae agree very well with the numerical results computed with TAVRT.

6.3 Tilted VTI Media

Based on chapter 5, I implemented a program that calculates the exact SH reflec-

tion and transmission coefficients for interfaces between two tilted VTI media with
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Figure 6.17: P1P1 scattering coefficient versus angle of incidence of a VT1/isotropic
interface. The model parameters are given in table 6.2.
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Figure 6.19: P1V1 scattering coefficient versus angle of incidence of a VT1/isotropic
interface. The model parameters are given in table 6.2.
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Figure 6.20: P1V2 scattering coefficient versus angle of incidence of a VT1/isotropic
interface. The model parameters are given in table 6.2.
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Table 6.3: Model parameters used for constructing figures 6.21 through 6.28

Parameter Upper Medium Lower Medium

Vpo  3.00 3.50
Voo 2.00 2.70
p 2.50 2.70
¢ 0.10 0.00
5 0.10 0.00
5 0.10 0.00

Velocities in km/s and density in g/cm’

angles ¢ and @y about the xe-axis (figure 5.1). Figures 6.21 through 6.28 depict
the comparison between the scattering coefficients obtained by the formula based
program and the numerical program (TAVRT). The model parameters are given in
table 6.3.

From these figures we can see that the scattering coefficients calculated based on

formulae agree very well with the numerical results computed with TAVRT.

6.4 HTI Media

In this section I am going to compare the results obtained numerically by the
program TAVRT with the results obtained numerically by the Seismic Unix pro-
gram refReal AziHTT (Riiger, 2001; Stockwell, 1997) that calculates the exact scat-
tering coefficients for a boundary between to HTT media having the same symmetry

axis direction. For a given incident wave mode, phase angle, and azimuth angle,
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Figure 6.21: H1H1 scattering coefficient versus angle of incidence of a tilted (0°) VTI
over isotropic interface. The model parameters are given in table 6.3.
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Figure 6.22: H1H2 scattering coefficient versus angle of incidence of a tilted (0°) VTI
over isotropic interface. The model parameters are given in table 6.3.
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Figure 6.23: H1H1 scattering coefficient versus angle of incidence of a tilted (30°)
VTI over isotropic interface. The model parameters are given in table 6.3.
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Figure 6.24: H1H2 scattering coefficient versus angle of incidence of a tilted (30°)
VTTI over isotropic interface. The model parameters are given in table 6.3.
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Figure 6.25: H1H1 scattering coefficient versus angle of incidence of a tilted (60°)
VTI over isotropic interface. The model parameters are given in table 6.3.
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Figure 6.26: H1H2 scattering coefficient versus angle of incidence of a tilted (60°)
VTTI over isotropic interface. The model parameters are given in table 6.3.
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Figure 6.27: H1H1 scattering coefficient versus angle of incidence of a tilted (90°)
VTI over isotropic interface. The model parameters are given in table 6.3.
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Figure 6.28: H1H2 scattering coefficient versus angle of incidence of a tilted (90°)
VTTI over isotropic interface. The model parameters are given in table 6.3.



Table 6.4: Model parameters used for constructing figure 6.29

Parameter Upper Medium Lower Medium

Veo  2.260
Voo 1.428
P 2.600
¢ 0.000
5 0.000
~ 0.000

2.370
1.360
2.700
0.050
0.020
0.100

Velocities in km/s and density in g/cm’

100

refReal AziHTT starts by computing the phase velocity and the horizontal slowness.

Then the Christoffel equation is used to determine the vertical slowness components

which will be sorted to determine the different wave modes. The next step of the

algorithm would be to calculate the polarization vectors. The final step would be to

solve the system resulting from applying the welded contact boundary conditions to

the interface for the scattering coefficients.

Figures 6.29 depicts the P-wave reflection coefficient as a function of incidence

and azimuthal angles of an isotropic/HTT interface obtained by refRealAziHTI and

by TAVRT. The model parameters are given in table 6.4.

From figure 6.29 we can see that the scattering coefficient calculated based on

the two numerical programs refReal AziHTI and TAVRT agree very well with each

other.
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Figure 6.29: H1H1 scattering coefficient of an isotropic/HTI interface. The model
parameters are given in table 6.4.

6.5 Monoclinic Media

Based on section 3.2.3, I implemented a program that calculates the exact SH-
wave scattering coefficients for interfaces between two monoclinic media. Figures 6.30
and 6.31 depict the comparison between the scattering coefficients obtained by the
formula based program and the numerical program (TAVRT). The model parameters
are given in table 6.5.

From these figures we can see that the scattering coefficients calculated based on

formulae agree very well with the numerical results computed with TAVRT.
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Figure 6.30: H1H1 scattering coefficient of an isotropic/monoclinic interface. The
model parameters are given in table 6.5.
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model parameters are given in table 6.5.
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Table 6.5: Model parameters used for constructing figures 6.30 and 6.31

Parameter Upper Medium  Lower Medium

Ca4 10.00 11.00
Cy6 0.00 -7.00
Ce6 10.00 22.00
p 2.500 2.700

Stiffness elements in GPa and density in g/ cm”®



Chapter 7

Conclusion and Possible Extensions

7.1 Conclusion

The program TAVRT was tested for isotropic, VTI and monoclinic anisotropic
media. The results matched very well the results of the scattering coefficients for-
mulae found in the literature. TAVRT was also tested for the HTT case and the results
matched very well the results of the Seismic Unix program
refReal AziHTI (Riiger, 2001; Stockwell, 1997) which computes the exact scatter-
ing coefficients numerically for interfaces between two HTI media having the same

symmetry plane.

The results of the derived SH-wave scattering coefficients formulae for an interface
between two tilted VTI media with angles ¢; and o about the xs-axis (figure 5.1)

matched very well the results of the program TAVRT.

The program TAVRT can be used to check the validity of new derived exact and
approximate scattering coefficients and group velocity formulae. It can also be used

to analyze very complex anisotropic media.

For tilted VTI media, the scattering coefficients vary with tilt, but they are unaf-

fected by the sign of the tilt angle of the lower medium, i.e., the scattering coefficients
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for an interface between two tilted VTI media with angles ¢; and ¢, and the scat-
tering coefficients for an interface between two tilted VTI media with angles ¢; and

—(po are equal.

For tilted VTI media, and pre-critical angle of incidence, the magnitude of the
reflection coefficient decreases as the absolute value of the tilt angle of the upper
medium ¢; increases and the magnitude of the transmission coefficient increases as

the absolute value of the tilt angle of the upper medium ¢; increases.

In general, the angle of incidence and the angle of reflection are different for tilted

VTI media.

7.2 Possible Extensions

The program TAVRT has some provisions to treat the anelastic (viscoelastic)
case for dissipative media, but is not fully developed. More work is needed to make
it fully operational.

Although, slightly modifying the medium parameters, to avoid degeneracy works
well, a more rigorous mathematical investigation is desirable to overcome the prob-
lem.

Currently, TAVRT expects horizontal slowness values s; as input and can be
extended to accept phase and ray angles of incidence as well. However, phase and
ray angles that correspond to the horizontal slowness values s; are computed in the

program, and can be used to make plots of scattering coefficients against phase or
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ray angles.

Scattering coefficients formulae for arbitrary tilt angles (not only about the xo-
axis) can be derived for the SH-wave propagating in tilted VTI media as well as
deriving scattering formulae for a P-wave and SV-wave propagating in tilted VTI

media.
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Appendix A

Calculation of Vertical Slownesses

In this appendix I present explicitly the sixth degree polynomial of s3. Equa-

tion 4.19 of the main text, can be rewritten as follows:

|SAS™ — 5| =0 (A1)

where A is the density normalized stiffness matrix.

Using MATLAB’s symbolic math, the sixth degree polynomial of s3 is

A+ Bs3+Cs;+Dsy+Ess+ Fsy+Gs§=0 (A.2)
where
2 2 2
A = —C35 Ca4 + 2 % (34 C35 C45 — C33 Cys — C34 C55 + €33 C44 C55
2
B = 2% | —ci5c34 + C1aC34C35 + C15C33 Cag — C13 C35 Caq — C14 C33 Ca5

2
+C13 C34 C45 + C35 C36 C45 — C35 C46 — C34 C36 C55 1 C33 C46 Cr5

+C34 €35 C56 — €33 C45 Cr6 | S1
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2 2 2
Cay + a5 — C33caa + Cis — (€33 + Caa) 55
2 2 2 4
+| — €14 C33 — C11C34 + 2 % C16 C34 C35 — 4 * C15 C34 C36
2
—C13Ca4 + C11 C33 Caa + 2 % C15 C35 Caq — 2 % C16 C33 Ca5
2
—2% C15C34 Ca5 + 2 % €13 C36 Ca5 + 2 % C13 Cy5 + 4 * €15 C33 Cap
2
—4 % €13 C35 Ca6 — Cg C55 — 2 % C13 Caq C5 + 2 % C13 C34 Cs6
+2 % — 2 4+ 2x (35 (€36 — Ca5)
C35 C36 C56 — €33 Cxg C14 \C35 \C36 — C45

2 2
+c34 (c13 + C55) — C33 Cs6) — C35 Co6 + C33 Cs5 666] Eh
2% [035 (€13 — €4a) — €15 (33 + caa) + c34 (€36 + Ca5)

2
—cCa6 (€33 + C55) + Ca5 (Cra + 056)} 51— 2 [614 C35
2
+C11 €34 C36 — C16 €35 C36 + C15 C35 — C11 C35 Ca4
2

+C11 €34 C45 + C16 C35 C45 + C15 C36 C45 + Ci3 Ca6
—C11 C33 C46 — 2 * C15 C35 Cag — C16 C34 C55 + C16 C33 C56
+c15 C34 C56 + C14 (C16 C33 — €15 C34 — C13 (€36 + Ca5)
—C36 C55 + C35 C56) — C15 C33 Coe + C13 (—C16 C34 + C15 Caa

+2 % c46 C55 — (C36 + 2 * C45) C36 + C35 666)] Si’
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2 2
E = ¢33+ cua+ o5+ |13+ €y — 2% c15 ¢35 — 11 (€33 + Caa)
2
+2 % 16 Ca5 + (€36 + Ca5)” — 4 % (c15 + €35) Cap + 2 * 13 55
2 2
—Cay C55 + 2 % (C14 + C34) C56 + C56 — (€33 + C55) C66] S1
2 2 2
+ [ — CigC33 — C11 C35 — Ci5Caq — 2 % C11 C36 C45
2 4 4 2
—C11 Cy5 — 4% C13 C15 Ca6 + 4 * C11 C35 C46 — Ci4 C55
+ — 2% — 2% + 2 % 2
C11 C44 C55 C11 C34 C56 C15 C36 Cs6 C13 Cxg
+2 % c14 (€15 (c36 + Ca5) + €13 C56) + 2 * 16 (€15 C34
2
+c13 (€36 + Ca5) + €36 C55 — C35 (2 C14 + C56)) — €13 Cos
+ + 2 % — 2% 4
C11 C33 Cep C15 C35 Ce6 C13 C55 Ce6 | S1
F = 2x [015 +e35 + 046] S1
+2 % [013 15 + 14 C16 — C11 (€35 + Ca6) — Ca6 Cs5
3
+(c16 + €36 + Ca5) €56 — (C15 + C35) 066] S1
2 2
+2 [ — € C35 — C15 Ca6 T C16 (C15 (C36 + Ca5) — C14 C55
+c13 C56) + €15 (€14 C56 — €13 Co6) + €11 (Cag Co5
5
—(c36 + Ca5) 56 + C35 066)] S1
2
G = -1 + |:011 + Cs5 + 666] S1
2 2 2 4
+ [015 + ¢l — €11 Cs5 + i — (€11 + C55) Cos | S

2 2 2 6
+ [ — Cig Cs5 + 2 % C15 C16 C56 — C11 Csg — C15 Co6 + C11 C55 066] Sq



