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ABSTRACT

The theory of normaliiy is extended to include both thermal and
plastic effects. Some restrictions imposed on the free energy function
are obtained. The relation between the free energy function and dissi-
pation function is clarified. A theorem for constituting the two leading
functions of thermodynamics is justified. By employing the concépt of
internal state variables and taking into account the dissipative nature
of plastic deformation, strain hardening and temperature effects, the
constitutive equations for thermoplastic solids are developed based upon
the extended theory of normality and the field theory of irreversible
thermodynamics. '

Different combinations of free energy function and dissipation
function  are introduced for different  properties of  materials under
consideration. Because both the free energy. function and dissipation
function have been employéd, self-compatibility of the derived equations
is assuféd. The developed model is tempefature-dependent, and the
material properties considered allow the constitutive equations for a
wide temperature-range application.

A particularly  selected rate-sensitive  constitutive  equation-set is'
employed to study "plastic wave  propagation problem in a  semi-infinite
rod. The resulting equations are numerically solved by utilizing CYBER-
175 computer. Two  different numerical integration procedures are
involved. One is the  characteristics and the other is of finite
difference. For different boundary conditions the two methods generate
physically meaningful results. In these results, mechanical and thermal

coupling is clearly displayed.
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CHAPTER 1

INTRODUCTION

1.1  Significance of Field Theory of Thermodynamics

The field theory of mechanics can be dated back to the 18th
century when fluids were studied By Euler and to the 19th ‘century when
solids were ‘studied by“ Cauchy. Compéréd with this fact the theory of
thermodynamics established by Carnot, Mayer and Clausius 1s a younger
science, and the development of its field theory has just been existing
for several decades.

For a long time the objective in the study of thermodynamics
. has been to consider a finite portion of matter. This situation covers
nearly entire published literature and it is still almost true for
today’s works, where one usually assumes that the state under conside-
ration is the same through the entire volume of the body. From mechanics
point of view this simply means that the body is in a homogeneous state.
With this assumption, if we try to solve a mechanics problem to obtain
the values of dependent variables such as stress and strain, which are
associated  with  thermodynamics dependent variables lik¢ femperature,
heat flow efc. we would be unable even to solve very simple problems
like a circular bar subject to torsion or a cantilever beam subject to
transverse  loading and non-uniform  temperature  distributions,  without
using the field theory of thermodynamics. Lack of the field theory even
at the 'middle of fhis century has resulted in a far reaching negative
consequences.

Reversible process is one of the fundamental concepts in

classical thermodynamics. Suppose we- consider a finite portion of a



2.
continuum. Mechanical and thermodynamic states within this = portion
generally differ from point to point, and the state usually changes even
when it is isolated from its swrroundings. For instance, at least the
temperature will tend to be uniform as time goes on; the process is
accompanied by an increase of entropy, and therefore, is irreversible.
To  minimize the  irreversibility, classical  thermodynamics has to
restrict itself to infinitely slow processes, or in other words, to the
states that are in the immediate vicinity of equilibrium. Under this
assumption most  processes are considered reversible, and as a
consequence classical thermodynamics claims that every sufficiently
slow process is reversible. While the assumption has produced many
conclusions in practice, a counter example concludes obviously that
plastic deformation of a solid is alWays irreversible, no matter how
slow it may be.

As continuum mechanics deals with motions in which rﬁany thermo-
dynamic  processes may bé involved, it is  closely related to thermo-
dynamics. However, as the reasons mentioned above the classical
theory can not be directly applied to continuum mechanics, unless a
refined theory or so called field theory of thermodynamics is

available.

1.2 Balance of Linear Momentum

Suppose a body of continuum, B shown in Fig.1.1, is under
examination. Its volume is denoted by v, and its surface @ whose exterior
normal is v is denoted by s. Now let us consider the balance law of
momentum associated with the body.

If f is the body force per unit mass, and t(v) is the stress



Fig. 1.1 A body of continuum



4.
vector acting on the surface element ds whose exterior normal vector is
v, then the resultant external force F acting on the body is given by

the following expression:

F=jt(v)ds+jpfdv : | (1.1)
S v

According to the law of balance of linear momentum, which
asserts that the time rate of change of momentum is equal to the

resultant force F acting on the body, we have:

%Ipvdv=F, (1.2)

v

where ]I%_t stands for material derivative. Combining equation (1.1) with

(1.2) yields the expression for global balance of linear momentum:

g_tjpvdv=jt(v)ds+jpfdv : (1.3)
v S v

When the indicated differentiation on the left hand side is carried out,
and the local form of mass conservation is noticed, equation (1.3) can

be written in the form of

Jpvdv=ft(v)ds+jpfdv, (1.4)
v h) v
or

Jp\'/i dv=ft(v)ids+jpfi dv . (1.4b)
v S v -



5.
Here the dot also means material derivative. By the stress principle of

Euler and Cauchy [1.44] we have:

twi = %5 Yy o : (1.5)

where Gij
vector along the outer normal to the surface of the region v.

is the stress tensor and Vj- is the components of the unit

Substituting equation (1.5) in (1.4b) and applying Gauss’

theorem to convert the surface integral into volume integral, we obtain:

J [0, +p & - ¥l dv =0 . (1.6)
v

For equation (1.6) to be valid for any arbitrary volume v, the necessary

and sufficient condition is vanishing of the integrand. Hence

3

Gij,i +p (fj - vj) =0 . (1.7

Equation (1.7) expresses the local form of the law of balance of

momentum, and is the equation of motion.

1.3 Conservation of Energy

‘For considering conservation of energy let us. re-examine the
ways by which the energy of a non-isolated system can be altered. By
definition, the amount of energy transferred to a system as work, W,
associa'ted with some infinitesimal changes in the position of the system
is:

dW = Fdx = Fi dxi , (1.8)



6.
where F is a force vector exerted by the surroundings on the system and
dx is the vector of infinitesimal displacement. d means this term is not
necessarily an exact differential.

The rate at which work is done on the system can be expressed

as below:

_dw _ . dx _ _ .
P = t-—F-aT—F-V—FiVi. (1.9)

When this equation is applied to body B and the force is expressed with

body force and surface traction, it takes the form of:

P= f by V 4 + f pfvdv , (1.10)
S v
or
P=Icijvjvids+prividv. (1.11)
S v

Heat, like work, is a form of energy being transferred in a
thermodynamic process. However, usually heat transfer is not visible. If
q with components q; is heat flow entering the system, the rate of heat

input is

Q=-Iqivids=-qu,idv . (1.12)
A v

Beside the energy forms mentioned above, kinetic energy is
another one which is often involved in  a thermomechanic process. The

kinetic energy K  contained in body B is defined by:



1
K=2Ip%%dv. (1.13)
v

Similarly, the internal energy is expressed in the form of

U=[pud , | | (1.14)
v

where u is the internal energy per unit mass of body B.

According to the principle of conservation of energy, for the .
continuous medium contained in v, the time rate of kinetic energy K
and internal energy U is equal to the rate of heat and the rate of work,

therefore, we have:
K+U=0+P . : (1.15)

Substituting ‘ equations  (1.11) through (1.14) in  equation (1.15),
carrying out the indicated differentiation and wusing Gauss’ theorem to
convert the surface integrals into volume integrals, it is possible to

obtain the local form of principle of conservation of energy:
p ll = Gij dij - qi,i 9 ) (1.16)

where dij is the deformation rate tensor.

1.4 Irreversible Thermodynamics

The second law of thermodynamics postulates that any process which

would reduce entropy of an isolated system is 1impossible to occur.



8.
Processes which do not violate the second law can be classified as
reversible and irreversible. Let wus consider a process taking place
within .an isolated system. In what we shall call the forward direction
the change in state of the system is such that the entropy increases.
Then for the backward process, that is the reverse change of the state,
the entropy would decrease. The backward process is therefore impos-
sible, and the forward process 1is irreversible. If the entropy is
unchanged, however, during the forward process, it will be unchanged
during the backward process, and the process can go in either direction
without ’violating the second law; such a process is called reversible.
It can be seen that the key point of a reversible process within an
isolated system is that it produces no entropy. That is what we have
learnt from the classical lthermodynamics. To make the theory applicable
to coﬁtinuum mechanics, we need to extend it with two more features.
Fﬁst, we should be able to count entropy in a more precise way and
then to establish its evolution equation for an isolated system for any
interesting  process. And second, tbe formulation involved must be
suitable for non-uniform systems, that is the theory must be of field
form. These two items will be the main objectives of the theory of
irreversible  thermodynamics in which we are interested. Since these
features are beyond the scope of classical thermodynamics some
additional hypotheses have to be introduced.

The first assumption is that entropy is a function of state in
irreversible processes as well as in reversible processes. Obviously,
the assumption is significant for the development of ﬁjeversible
thermodynamics. Its justification has been studied by Prigogine [1.45].

Having compared the results due to this assumption with those of
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statistical mechanics for some particular models  of non-uniform  gases,
the author shows that the domain of wvalidity of the assumption covers
that of wvalidity of linear phenomenological laws such as Fourier's law
of heat conduction, Fick’s law of mass diffusion, ezc. |

The second assumption consists of extending the second law of
thermodynamics locally to evéry portion of a continuum, either uniform
or non-uniform. It may be explained as follows. For precise accounts, it
should  be noticed that entropy is an extensive quantity, therefore it 7
must be subject to a law of balance: for a given set of particles
occupying a domain v the total change of entropy must be equal to the
total amount of entropy transferred to  these particles  through  the
boundary plus that produced ins;ide this domain. Referring to body 8,

Fig 1.1 , we may have:

g—tjpsdv=-Ié-dA+g—th(s(i))dv , @
M v

where s is the specific entropy per unit mass, s(l) is the entropy

source or internal entropy  production per unit mass. S is the entropy
flow vector on the boundary . dA is a  surface element of boundary s.
Its direction is represented by the outward normal. The ~dot  between
é and dA implies scalar product. The material derivative ]]g_t is taken
with respect to a given set of particles. On transforming the first term
of the right hand side into a volumetric integra13 reducing the material
derivative of an integral, realizing that domain v is arbitrary and
using the continuity condition of entropy we are able to obtain the

following equation:
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PRy =-divS+p D (1.18)
or
(i) _
DS =D rdvs , . | (1.19)
where
s=ps=94, | (1.20)

in which q is the heat flow vector, and 0 is the local absolute tempe-
rature. ‘

Equation (1.18) or (1.19) serves as the relation a;nong total
entropy rate, entropy flow due to heat conduction and internal entropy
production ~ which is  essentially related to the second law  of

thermodynamics. The law may be stated as follows:

@
g‘:f— = 0 corresponding to reversible processes; (1.21a)
Ds(i) . . .
P> 0 corresponding to irreversible processes; (1.21b)
Ds )
D < 0 never occurs in nature. (1.21¢)

Combining equation (1.21b) with equations (1.19) and (1.20)

generates the Clausius-Duhem inequality:

Ds _ 18 1 :
O Dt 50 % 5% (122)

where g= G,i . . (1.23)
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CHAPTER 2

BACKGROUND OF PLASTIC WAVE PROPAGATION

2.1 Historical Background

Studying plastic waves in solids has had an unusually contro-
- versial history concerning  whether the geometry, loading, boundary  and
initial conditions could be precisely defined. However, one of the  most
controversial topics has been around the velocity of wave front  since
1951 when Bell did his experiments on incremental wave propagation in
plastically prestressed rods of mild steel [2.37]. The specimen rod was
pulled in  simple tension until yielding occurred, Then a longitudinal
tensile wave was generated by dropping a sleeved ring onto the end of
t'he rod. At the same time the longitudinal wave was recor@ed by strain
gauges attached to the specimen rod. The significant result of these
experiments was that the wave front propagated at the velocity of an
elastic rod. This fact appeared to contradict the rate independent
theory of plastic wave propagation in rods, developed by von Karman and
Duwez [1.6], Taylor [1.2], Rakhmatulin [1.22] and White and Griffis
[1.10]. According to that theory the wave front should propagate at the
plastic wave speed of c=((d6/de)/p) u 2, in which do/de is the slope of
the stress-strain curve at the prestressed state, and p is the mass
density of the rod. Such a fundamental disagreement between theory and
experiment was clearly unacceptable. When many investigators tried to
clear the discrepancy, Sternglass  and ~ Stuwart [2.38] repeated the
ekperiment and obtained the same résult with copper rods. Later on, some
other  researchers conducted the  similar  experiments on  different

materials with different designs, but all these experiments showed that
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the wave front velocity corresponded to the elastic wave.

As the experiments were accepted to be well-founded, efforts
were directed towards re-examination of the theory. Several researchers,
eg. Craggs [2.48] and " Hill [2.49], considered plane plastic wave
propagation as a better explanation. In their researches, the strain
rate independent theories based on the commonly used form of plasticity
constitutive equations were still used. The result obtained showed that
under plaﬁé plastic wave consideration, there were three  wave speeds of
propagation involved, and the fastest one was lying between the elastic
shear wave  and elastic longitudinal wave speed. Based upon the result,
there was speculation that elastic wave speed was observed in
experiments because three-dimensional effect was neglected in a one
dimensional rod. However, when a better numerical solution for plane
strain  case was obtained by Clifton [2.39] and an approximate
axi-symmetric  solution obtained by Hunter and Johnson [2.40], the
explanation from three-dimensional theory became doubtful. The newer
result showed that the theoretical disturbance which could propaéate atr
elastic speeds would be too small to be observed as wave front at the
experiment. It was more clear when torsion case was re-examined, where
the wave front propagated also at an elastic wave speed but no three-
dimensional effect included. Thus a broad agreement formed that three-
dimensional effect was not, at least, the main reason for wave front of
incremental  disturbance propagated at elastic speed through a pre-
stressed region.

Soklovsky [2.41] and Malvern [2.42] introduced a one-dimensional
plasticity wave theory which included the part of rate dependent strain.

The theory was based upon the assumption that when a load is applied to
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a  crystalline  solid, the instantaneous response is  elastic, then
inelastic process begins, mainly by the glide motion of dislocation, and
plastic  deformation  occurs. ‘Because ;the instantaneous  response  is
elastic, the incremental wave propagates at elastic speed.

Although  there were some other interpretations for Bell’s
tests, the following conclusion is  broadly acceptable that rate
dependent theory of plasticity does include the feature of - instantaneous
elastic response, which is consistent with the experimental observation
that in a plastically prestressed rod the wave front of an incremental
disturbance propagates with elastic speed.

The model of wave propagatioﬁ in a plastic material consists
of balances of momentum and energy, compatibility, heat conduction, and
the most active of all, the constitutive relation between stress and
strain. In classical elasticity this relation 1is described with two
Lamé constants which are sufficient to set up the law. In plasticity,
however, two constants are far from enough to completely describe the
features of stress-straiﬁ relation. As a matter’ of fact, a lot of
varieties of constitutive laws have fully been evolved by diiffenrent
research workers [2.12], [2.15], [2.23], [2.17], [2.19] etc. Because of
the variety and the directness of its influence on the analytical
results, controversy on plastic wave propagation had concentrated on the
nature of the constitutive law from the very beginning ( see, e.g.
Cristescu and Suliciu [4.1] ). This fact tells us how importan\t is the
development of plasticity constitutive  theory to the problem of plastic
 wave propagation.

Although criterion for the yielding of plastic solid such as

soil ~ was suggested .by Coulomb in 1773. It was not considered to be a
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significant  investigation éonceming metal  deformation.  The plasticity
theory as a scientific study may be justly regarded as beginning in
1864, when Tresca published his experiments on punching and extrusion
and stated that a metal yielded plastically when the maximum shear
stress reached a certain value. For the first time he realized that
_ initiation of plastic  deformation. was governed primarily by = shear
stress.

Tresca’s yield criterion was utilized by Saint-Venant to
determine the stress distribution in a cylinder of perfectly plastic
material. Then Lévy adopted the idea of perfectly plastic material from
Saint-Venant to establish three dimensional relations between stress and
strain rate. |

After a long period of time , early this century von Mises
proposed  another  yield criterion on  the Basis of  mathematical
consideration. It was interpreted afterwards by Hencky as that yield
‘occurred when the elastic shear strain energy attained a critical value.
VYon Mises also independently proposed equations similar to Lévy’s.  The
Lévy-Mises theory is sometimes regarded as "flow rule".

During the time period between the two world wars some
important advances were made by German researchers. While Prandtl and
_Reuss made allowance for the elastic components of strain to be
included, Schmidt and Odquist showed how work—hardéning could be brought
into the framework of Lévy-Mises” stress-strain  relations. Besides, at
about the same time Hencky proposed a rival plasticity theory which was
analytically convenient for ~the problems where plastic strain was small.
Hencky’s equations lead to approximately —correct result only for simple

loading paihs; sometimes it is regarded as 'deformation theory".



1S.

After more than a century’s effbrts, all the contributors
working in the area of classical plasticity, typically re;;resented by
Lévy-Mises” theory, seem to have laid its foundation. However, up to
the present time, for each specific  subject in  plasticity, confusion
seems no less than understanding. While too many questions are con-
trasted with too few answers, thére seems still a long way to go before
being able to say it is a well developed branch of solid mechanics.

The backward situation is basically due to the complicated
features of plastic deformation process.

It is understandable if we say that physical non-linearity is
an impediment to the progress of plasticity theory. With this incon-
venience even. when Hencky’s “simple” theory is employed, the solutions
for  practically ' interesting problems are  sill  limited. The  main
difﬁéulty brought to us by non-linearity is that it makes the well-
established mathematically linear theory of analysis lose its power.
Even for solving a pretty simple problem we probably have to take
numerical procedure, which, in many cases, would diminish our field of
vision. .

Another feature of non-linearity relates to large deformation
which is sometimes called  geometrical non-linearity. Since plastic
deformation  of metals can be notably large, to solve such a problem one
-has to use the geometrical relations based on finite displacement
consideration, which surely makes any practically interesting  problem
even harder to be solved.

One of the important characteristics of plastic deformation is
its. irreversibility. In classical thermodynamics, while a process is

under study, it is assumed that if the process is very slow it can be
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treated as a reversible process. Unfortunately, this hypothesis -does not
hold for a plastic deformation process. No matter how slow it is,
plastic ~ deformation is definitely irreversible. It may be said that
plastic -deformation is an inherently irreversible process. The irrever-
sibility endows the material with a memory of the whole history it has
experienced, and therefore makes the plastic deformation path-dependent.
At least up to now, no  successful modelling has been achieved to
clearly describe the | dependency. As a result, it is difficult to
comprehend under What circumstances the simpler “deformation theory"
would just reach the limit of the domain of its applicability.

To treat such inherently irreversible processes the theory of
irreversible  thermodynamics has to be utilized @~ As mentioned in
Chapter 1, unlike classical thermodynamics 'in which uniform systems are
studied, combined with continuum mechanics the irreversible; thermo- .
dynamics deals with a continuous field, therefore sometimes it is called
field theory of irreversible thermodynamics. This theory bad not been
well-established until the 50’s or 60s of this century, thus it was
impossible to utilize the theory of irreversible thermodynamics  solving
plasticity problems before that age. A

Plastic defonﬁaﬁon results in strain hardening. The concept
was introduced into Lévy-von Mises” theory  in the 30’s. But not until
the material science acquired enough knowledge, was it possible for
scientists to  comprehend its mechanisms. The up-to-date theory of
material science has revealed the connection between hardening  and
micro  structure  movements of metallic materials.  Nevertheless, a
realistic  model  relating  various  variations of micro scale to

macro-hardening still remains open.
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- The deformation-induced heat further complicates the nature of

the problem. As a result the heat causes temperature and therefore

sfress re-distribution, deteriorates mechanical behavior or even bring

about phase movement of a  metallic material. For this complexity it isr

not surprising that the research in plastic deformation-induced heat is
decades behind plasticity itself.

With all these difficulties comes today’s plasticity. Looking
back on it we feel some aspects concerning the advance  are still worth
notice:  despite the theory itself keeps on being improved, the
research methodology adopted has experienced a notable evolution. While
Tresca, worked out his yield criteria based on the experimental results,
von Mises, Plandtl, Reuss and others employed mathematical techniques
for improving the theory. Today’s plasticity, consisting of relations of
stress and strain, expreésion of dissipative ér;ergy, influence of micro
scale variation on hardening efc. has become a system. Any amendment
motivated either by experimental results or mathematical consideration
in one aspect may alter its other features, therefore the methodology of
continuum mechanics must be used to assure the consistency inside - the

whole system and no contradiction with fundamental laws.

2.2 Review of the Related Literature of Thermoplasticity

It is known from thé preceding  section that plastic  defor-
mation is a very complex process. The main feature of the process is its
irreversibility, which always keeps company with energy dissipation. For
such a complicated thermodynamic process any attempt to describe  every
detail with pcrfectness‘ is not possible. From the published literature

it is seen that different aspects have been considered important and
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worth studsr by different authors, and differences of their backgrounds
and brand of era result in different methodology to be wused. For
instance,  in studying ~ constitutive  theory of  so-called Maxwellian
materials, Nunziato and Drumbheller [2.25] started their formulation with
assuming the type of  stress-strain relatio;x. When  theories  of
thermodynamics,  especially,  Clausius-Duhem inequality is  applied, the
restricting conditions which the constitutive model must observe are
obtained. It is interesting that the authors ‘have shown when the
equilibrium state is considered both stress and temperature can be
directly obtained from internal energy function.

In addition to stress-strain  relation assumed to be in
differential forms, the assumed law can also be in an integral form
[2.6], [2.26], wherein there is a hypothesis that the entire history of
the independent constitutive variables influence the constitutive
response aspect of the material in a principle like fading memory. This
kind of treatment has  been very successful in obtaining some important
results in viscoelasticity [2.50]. However, when non-linear kernels are
involved as in the case of viscoplasticity the situation will be quite
different and it is hard to expect the method to be so fruitful as it
has been in the linear case.

| The two methods mentioned above start with  assumed
stress-strain  relations and then utilize the theory of irreversible
thermodynamics to pursue the desired results. Another feasible procedure
is  quite different.  First, it recognizes the deformation is an
irreversible  thermodynamic process, then independent and internal state
variables, which characterize the process, and related thermodynamics

functionals are prescribed. Application of fundamental thermodynamics
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theory to the system leads to tﬁe desired constitutive relations.

It seems not enough to regard the method of assuming
thermodynamic functionals just as an inverse of that assuming the type
of stress-strain relation. As a matter of fact the formér has some
notable advantages compared with its rival. When it is used, more or
less, the research work of constitutive law of thermoplasticity becomes
a systematic job, and the resulted relations are ensured to be self-
consistent. Because of these features it has been adopted by a great
number of authors since the 60’s when the theory of irreversible thermo-
dynamics became popular.

No matter which one is chosen and employed to establish the
constitutive  relations for a  thermoplastic  deformation process, the
obtained results must be subject to re-examination. They should not con-
tradict the conclusions which have proved to be valid. When they are
introduced in a plastic wave propagation problem the output should be
physically reasonable.

To study a system with irreversible thermodynamics Tequires
choosing a set of variables to characterize the system. Some of these
variables have appeared in classical thermodynamics, and the others are
introduced for a closer examination. The variables characterizing the
internal  state of the system are called internal state variables, or
simply, internal variables. The concept of internal state . vaiﬁ.ables may
date back to half century ago when Onsager published his conspicuous
’articlges [3.32], [3.33]. Since then, quite a few" of works have been
followed by Eckart [2.33], Biot [2.28,], Ziegler [2.32] and Schapery
et al. [2.16]. However, among those authors Coleman and Gurtin

[2.5] seem to be the first who laid a solid foundation for studying
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thermoplastic  behavior of materials with the concept of internal state
variables. Their article has been cited repeatedly by different writers.

Since the 60’s of this century, a great number of works about
pléstic deformation  behavior ~of materials employing the theory of
irreversible thermodynamics have been undertaken. It is impossible to
make an overall review within few lines, but only those which are
directly related to our interest will be discussed below.

First, we would like to mention the v;/orks of Kratochvil and
Dillon [2.12], [2.19]. Therein the authors constructed analysis
framework | for plastic behavior of materials, using  Coleman-Gurtin’s
theory. Rate-dependent phenomenon was studied and the internal state
variables were considered to be the average quantities of micro
structural ~re-arrangement. Thermodynamics functional such as free energy
was examined, but no explicit expression was given.

In early 1970’s Rice [2.15], [1.17] presented his framework
combining continuum mechanics and irreversible thermodynamics for estab-
lishing constitutive relations concerning plastic deformation. In these
works emphasis was given to the connection between ;macroscopic defor-
mation mechanisms and micro scale re-arrangement of metallic materials.
Although the author believed that many other mechanisms like diffusion,
phase changes could be treated in the same manner, tﬁe main concern  was
the deformation caused . by slip mechanism. In these articles no
detail of expressions of the leading thermodynamics function.als was
mentioned.

While many researchers built their frameworks of theory on the
normality principle, Lehman [2.23] argued that revision of stress-strain

relation based on normality was necessary, if the loading path was much
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different from the proportional. With this idea, not only was plastic
deformation as global process, but also the generation, - re-distribution
of lattice defects were considered.

Although a great number of writers assuming thermodynamics
functionals as a start point have used normality principle, the works
about the theory itself are rarely repdrted. Ziegler [3.34], Ziegler and
Wehrli [3.17] have presented a normality framework, in which according
to the authors’ opinioﬁ, the theory can be utilized to construct
constitutive equations of  heat conduction, thermoelasticity, gases,
visco-liquids and isothermal plasticity.  Actually, being compared with
other works regarding normality and its application, this one built
strictly from the field theory of thermodynamics shows its remarkable
consistency. The addition of the dissipation functional therein’ is never
superfluous, but makes designation of phenomenological relation between
stress and strain more versatile.

Nevertheless, the theory has not been used widely ‘by the
researchers in the related area. This may be due to the fact that it
does not include thermal effects in plastic deformation process. It is
well known that a  distinguishing feature  of plastic deformation as an
irreversible process is that a part  of plastic work becomes heat energy
and is dissipated. Having failed to account for thermal effects means
neglecting one of the fundamental features of piastic deformation
process and would lower the value of the theory.

Another point worth noting is that since the 60's many
researchers in this area have been working for establishing the
relations  between micro  structure rearrangements  and  macro  plastic

behaviour of metallic materials. In their works the concept adopted from
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science of materials has been wused in the constitutive  theories of
plastic  deformation, e.g. Gilman [1.46], Kratochvil [2.12], [2.19],
[2.20], Rice [2.15], Perzyna [2.34], Lehman [29] et al Through these
studies it is believed that the generation, motion and interaction of
dislocations of metallic materials is the most important factor among
the micro structure re-arrangements which contribute to  strain hardening
properties of the materials. Unfortunately, the evolution aspect of
strain  hardening property is not included in Ziegler’'s framework. It
seems that the main concern there is about the strictness of normality
and its widespread applications.

Since more work to be done is relaied to the normality, we feel

it necessary to give an outline below.

2.3 Outline of Normality Theory

A thermodynamic state of a point of continuum can generally
be rdescribed by a set of independent variables eij and temperature 0. If
the deformation process, however, is irreversible, or  entropy pro-
ductive, more additional variables may be needed to describe the state.
In that case we can introduce an  additional set of variables into  the
problem which is under consideration to cheiracterizen different states of
the continuum. The variables so introduced are generally related to the

internal state of the continuum. They are denoted by « in  the

ij
following derivation.
Combining equations of energy conservation (1.16) and entropy

production (1.19), (1.20), the following equation is obtained:
0
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If a function which is called free energy function is defined

as:
Y=u-06s , (2.2)

equation (2.1) takes the form of

0,. .
: 8 . . ’ )
? ) &+ G) S =0y - wa-p o ey

Now that the stress tensor may be obtained from the following

equation:

- Y |
oij =p &Tj . ’ 2.4

The internal thermodynamic force tensor can  be decomposed into

quasi-conservative and dissipative parts as below:
= 3@ , g@
By =By + By > 2.5)
where by definition, the qdasi-conservative part is

pD=p ¥ | @)

and Bi(?) is the dissipative part. For the reason that Bij do not show

up in the energy equation (1.17) explicitly, the total ﬁij should vanish:

Bi(}l)* Bi(?)= o. @7
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Substituting  equation (2.4) through (2.7) in equation  (2.3)
yields: |

q) . 0. ey )
ij)alj ~( _g'l‘ ) q =P 0 S(l)= po (2.8)
where
o=0:D | 29)
is the specific dissipation function. According to the second law of
thermodynamics ¢ can never be negative.
7 If we consider p, the material density a constant as in most

cases of solid mechanics, the free energy and dissipation rate of unit

volume can be expressed as:

¥ = p‘ v o, | (2.10)

D=po . | 2.11)
Then equation (2.8) can be written as:

@ = Bg}) é; - &b g | @2.12)
Agaih, the second law asserts that

o3>0 . @13
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If it is assﬁmed that  the dissipation function is only de-

pendent on the "velocities" as it appears in equation (2.12), having

éck stand for dij (conjugate with Bg(ji)), q; (conjugate with -géi ), where

k runs from 1 to 9, and Flgd) stand for the corresponding dissipative
force, equation (2.12) can be written as

o = F(ﬁ) & 2.14)

Furthermore, if @ is a given single-valued  differentiable
function in the velocity space, then equation (2.14) has a unique

solution for Ff{d) which is:

’

F(§)= v (2.15)
where
v=o @ ¢yl . | 2.16)
80(.m

And the normality asserts that

dk >0 (2.17)
F(l‘? >0 (2.18)
@ 50 . | (2.19)

The surface @ ( dk) = constant is star-shaped and convex in
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the velocity space.
The duality is also true, if the dissipation function is given

~ in the force space as following
o =& FO | | (2.20)

then the solution is unique as

50’ (ng))

where
’ e 807 (d)\-1
v = @ F /) , (2.22)
aF(maj m ‘

And similarly

& >0 | @.17)

Fd 5o | | (2.18)
ad’ _

w0 0 . (223)

2.4 Objectives of This Research

When a solid body deforms elastically, its temperature may go
up or down instantly, depending upon whether it is compressed or
dilated. Since there is no energy dissipated, the process is said to be

reversible. As loading is increased the body will deform plastically,
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and it is found that the plastic deformation is a typically irreversible
process. No theory of classical plasticity yet, either Lévy-Mises-Reuss’
flow rule or Hencky's deformation theory takes into account the
dissipated heat energy. The classical plasticity seems independent of
thermodynamics.

The combination of continuum mechanics with thermodynamics
yields the field theory of thermodynamics, . or continuum  thermodynamics.
With this theory it is possible to consider  quantitatively  the
dissipated  heat energy induced from plastic  deformation  process.
The  theoretical analysis  shows that plastic = deformation always
accompanies temperature rising. Unfortunately, this important fact has
not been strictly introduced into the theory of normality to construct a
consistent framework, therefore, the first objective of this research is
to extend the fundamental theory of normality which is based on
isothermal plasticity regime to that based on thermoplasticity, and then
employing the developed framework to study the constitutive relationé of
different metallic materials.

Studying plastic wave propagation or dynamics of thermo-
plasticity, in  which balance of momentum, conservation of energy,
compatibility of deformation, heat conduction and constitutive relation
of stress and strain are involved, is another objective of this
research. The obtained constitutive equations will be examined with
dynamic modeling environment, and at the same time, the important
phenomena of plastic wave propagation in one-dimensional system will be
investigated in detail.

For comparison, two numerical methods of iﬁtegration, namely

characteristics and finite difference, will be employed to obtain the
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solutions of the concerned problem.

2.5 Organization of the Dissertation

This dissertation consists  of six chapters. Chapter 1 intro-
duces the field theory of thermodynamics, including the law  of energy
conservation and  the second law  of irreversible thermodynamics. These
theories are utilized in the development of our constitutive equations.

In  Chapter 2, the background of plastic wave propagation is
discussed. The literature related to our subject is reviewed. Besides,
an outline of Ziegler’s normality theory 1is presented.

Chapter 3 deals with the theoretical development of this re-
search. The restriction imposed on  Helmholtz  free energy function and
the relation betweep free energy function and dissipation function afe
derived. A theorem concerning the leading thermodynamics function is
justified. Then the  developed  theory is used to study the constitutive
relations of thermoplasticity for two kinds of metallic materials. The
obtained results for mild steel are applied to the plastic wave
propagation problem presented in the next chapter.

In Chapter 4, the. problem of plastic wave propagation in ;a
semi-infinite  rod is studied. The system of the equations governing the
problem and the associated characteristics analysis are presented. Then
the jump conditions are given at the end of the chapter.

In Chabter 5, the computational algorithms solving the system "
of equations are introduced. Two integration methods are considered. One
is the characteristics method, and the other is the two-sub-step finite
difference method. Since the computational procedure for interior = grid

points is different from that for boundary grid points both methods  are
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treated differently at interior and boundary points.

In Chapter 6, the information about boundary and initial
conditions  is - given, and - the numerical results are presented and
discussed. The main body of the dissertation concludes with Chapter 6,
wheré the conclusions of this research and  recommendation  for fqrther

work are addressed.
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CHAPTER 3

DEVELOPMENT OF CONSTITUTIVE THEORY OF THERMOPLASTICITY

3.1 The Restriction Imposed on Helmholtz Free. Energy Function

Before further discussion on our subject we need to determine
the state variables which are employed in the analysis. Since the selec-
tion of the  variables has some arbitrariness, at the beginning we will
do it with a broad point of view. As modeling is further developed more
specification of independent state variables may become necessary and
natural. |

To make it distinct let us divide the independent variables
into two groups. One of them consists of internal state variables, which
characterize the variation happening inside the material and are closely
connected to dissipation process. The other is wused to describe the
state of the material and consists of free state variables. Following
Coleman and Gurtin [2.5], and Ziegler et al. [3.17] we choose € 0 and g
as independent variables, where € 1is the total strain tensor, © is the
absolute temperature of the . system, and g 1is the gradient of the
temperature. In addition, o (i) & used to denote a set of internal
variables.

As soon as the independent variables have been selected, the
fundamental leading thermodynamics functions ¥ and CD,' which are free
energy and  dissipation function respectively, may be expressed as
function of the independent wvariables. It should be pointed out that
the  “independent"  variables  themselves are  functions of  spatial
coordinates and  time,  actually, they  are "dependent"  variables, ,

therefore, the fundamental functions should be called functionals.
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However, for simplicity, we still call them functions, and the free

energy function can be written as

\P = \P (8ij, 6, gi, O(.i) . (3.1)
By the definition of the free energy which is

¥Y=U-S5S6, (3.2)

and equation (1.16) which represents the principle of energy
conservation or the first law of thermodynamics, . the following equation

can be readily obtained:

(3.3)
where S is entropy, Gij is stress tensor, and q is heat flow. Equation
(3.3) expresses the requirement of energy conservation. Besides, a
thermodynamic process is possible to occur only if it meets the
restriction imposed by the second law, which is expressible by Clausius-

Duhem inequality (1.22). With S = p s it takes the following form:

- B aq;
es>9_qi'a_xi (3.4)
Substituting (3.4) in (3.3) we obtain
: ’ . &;
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Assumihg the free energy function éxpressed in (3.1) is differentiable

with respect to its arguments, we have

y _ 8F ¥ ¥ . ¥
‘P—a—e-i—je +—9-6+agg+aaoc . (3.6)

Combining (3.5) and (3.6) yields

¥ a‘P

5 ;

+ ¥ & + X g+ i, <o X
aoc ag & tgq : ‘

According to the second law of thermodynamics  inequality (3.7)

holds for any deformation process, where éij’
independently. For (3.7) to be valid we must have:

6, g could vary

_ 8¥
Cij; = e (3.8)
_  a¥
S = - xS (3.9)
a¥Y _
a—g-i =0 , | | (3.10)

where (3.10) implies that ¥ is a function independent of g. With equa-

tions (3.8) through (3.10) being valid inequality (3.7) becomes

g .
g‘ga+5q<o. GRS
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'Assurning that validity of the law of heat conduction is independent of
the changes of internal state variables we have:

g3 .
g <0 , (3.12)

Inequality (3.12) asserts that for a real process which can
occur in nature, the gradient of temperature and the heat flow always
have opposite signs. In other wbrds, as is well known the heat energy 1is
always transferred in the direction from the higher temperature to the
lower. :

Then from independence of heat conduction and internal state
variables we obtain:

Ha <o . (3.13)
1

Although  inequality (3.11) has been . obtained elsewhere  such
as [4.6], the deduction (3.13) and the important fact behind it have
been neglected. As a result, errors may be brought into the expression
of the free energy function.

For simplicity, the signs of the internal variables are so
defined that o i e positive and during an irreversible thermodyhamic
process ég ; are greater than zero [3.34]. This requirement: can be easily
satisfied when a monotonic process is considered. If a process is non-
monotonic, however, the characteristic physical quantity may change its
sign during ‘the whole process. In such circumstances the whole process
rshould be divided into several sub-processes. Each of them is monotonic

and may be considered as an independent thermodynamic process, for which
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the above mentioned requirement is satisfied.
The combination of (3.13) and (2.17) yields the following
inequality and theorem.
¥ '
-a—(ii <0 . . (3.14)

Theorem 3.1: The free energy function is a decreasing function

of the internal state variables.

When the irreversibilities of thermodynamic processes are
examined, an essential question wmay arise: does the irreversibility
diminish the free energy in the system? Theorem 3.1 answers the question
in the affirmative and implies the free energy contained in the real
system is less than that in the system which were with "less" or "no"
- irreversibility.

As a simple example we may consider a bar subject to tension.
Let us assume the selected independent variables to characterize the
system are temperature, total strain  and an  internal state  variable
which is plastic strain. For such a system when the total strainl is
fixed, the cése with more plastic strain will contain less free energy.
In other words, when total strain is constant, the case with more

plastic strain recovers less strain energy when the system is unloaded.

3.2 Effects of Temperature

From the discussion in Chapter 2 it is seen that the theory of
plasticity is still in its developing stage. In order to do some

research work in that area we have to assign some limitation to
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ourselves. In the following discussion it is assumed again that the
material is  plastically  incompressible;  Baushinger effect is  ignored;
the change of terr;perature would not cause the processes such as phase
change, recovering etc. to occur.

Generally speaking, increasing temperature has several effects
on the system. First of  all, the higher temperature directly increases
the internal energy of the system. Second, it changes the mechanical
properties of the material, and third, it causés re-distribution  of
strain and stress field. Hereinafter, we will concentrate our attention
to the last issue.

Our discussion will eventually take into account thermoplastic
effects, however, for a Dbetter understanding we will start our
discussion with a thermoelastic case.

It is well known that if a solid body, subjected to a uniform
temperature  increase, can expand freely, there will be no stress
developed inside. If, however, the temperature increase 1is non-uniform
or the expansion is restrained, stresses and corresponding strains will
be developed inside the body. For further ~development the strains

“concerned are distinctly defined as follows.

Definition: The strain developed  independently — of stress is
called free strain, and that developed due to stress is called

constrained strain.

With this definition we can see that if a body subjected to a
uniform temperature increase can expand freely, there is only free

strain  existing; however, if the temperature is not uniform or the
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expansion 1is restrained, there will be both free and restrained  strains
existing. In other words, the effect of temperature generates both free
expansion and stressed strain  which co-exists with swess developed
inside the body. The stress so developed, depending upon the selected
coordinate system, can be normal or shear or both normal and shear
stress. This simply means that temperature rising can develop shear
stress and constrained shear  strain  inside  the solid body even when
it is isotropic. This 1is the basic picture concerning thermoelasticity.
However, an important fact which should be noticed is that the effect of
temperature never produces “"free distortion sﬁain" inside an isotropic
body. |

Now let us examine the construction of free energy function for
a linearly i-sotropic body. From thermoelasticity point of view two
state parameters are decisive, which are temperature and elastic strain.
By all possible combinations the free energy function would have the

form as follows:
¥ = \pl(e) + ‘Pz(e) + ‘I’3(e, 0 , (3.15)

where ‘Pl(e) is corresponding to thermal internal energy of the system.
It is related to temperature changes only. ‘I’z(e) is the strain energy
corresponding to the stressed strains due to both loading and restrained
thermal expansion. ‘I’3(8,6), representing the coupling of temperature
changes and  stressed strain is our main  concern. Physically, this
coupling means the work done by the stress tensor during thermal free
expansion, "or in the words of the definition, it is the strain energy

of stress tensor and free strain. Since temperature changes produce no
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free distortion strain, ‘I’3 is only related to dilatation part of the

stress tensor and thermal free expansion. It can be shown that

This fact may be explained in a different way. Physically, it can be
said that a deviatoric stress tensor does no work during a thermal free
expansion, or mathematically, the inner product of a  deviatoric
stress and another tensor of free dilatation strain is zero. Thus we

may state as below:

Statement: For an isotropic body there is no explicit coupling
between temperature change and distortion in the evaluation of strain

energy.

After examining the coupling effect between distortion and
temperature change in the elastic range we are ready to study the same
problem in thermoplasticity. It has been noticed since the very
beginning that distortion plays a major role in plasticity. Tresca first
found that shearing caused plastic yield. Then the theory developed by
Lévy and Mises confirmed that plastic deformation was gov;:med by the
relationship ~ between  deviatoric  stresses and  the  increments  of
distortion  strains. All of this means plastic deformation is of
distortion in nature. As we already know in the elastic range, the free
thermal expansion directly contributes to dilatation. By the same
reasoning we can conclude that for a plastically incompressible

isotropic ~ material,  temperature = changes  generate no  "free  plastic
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strain”, and finally, the following statement is justified.

Statement: For evaluation of the energy, there is no explicit

coupling between temperature change and plastic deformation.

The statement is significant for evaluating the free energy and
dissipative energy. In constituting the two leading functions, which
are free energy function and dissipation function, it suggests that

there be no explicit coupling terms appearing in their expressions.

3.3 ' Selection of Internal State Variable

As we have noticed, plastic deformation of a metallic material
is a complicated process in which many microscopic = mechanisms, such as
twinning, void growth, and dislocation efc. may be involved. If our
knowledge of material science enabled us to comprehend the evolution law
of every such mechanism and the combination relation of its contribution
to the free energy and dissipation functions, a great number of internal
state variables would be used to specify the effect of each mechanism
individually. However, if some of them remain, at least at the time
being, obscure, a smaller number of internal state variables- will be
employed and only the major concerned factors or their comprehensive
influence will be considered. Thus, the * number of internal state
variables selected shows how much we know the system and indicates the
degree of freedom with which the thermoplastic system is examined.

As soon as the number of internal state variables has been
determined, we are faced with the problem of selecting thé physical

variables which are to be considered- as basic unknowns. For instance,
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let us assume the strain is under consideration. The total strain can be
divided into two parts: the elastic part and the plastic part, and . is
the sum of the two parts so long as the small deformation is considered.
Then, in order to describe the deformation state we may either choose
elastic and plastic strains or plastic énd total strains as independent
variables.

One of the important features. concerning plastic deformation of
metallic ~ materials is the strain hardening effect. If thermoplasticity
éan be successfully applied to engineering problems with the sophisti-
cated fcontinuum mechanics theories and as many as possible = micro
structure features included, the hardening effect should be within the
scope of our examination. As for answering the question whether
hardeniﬁg should be chosen as an internal state variable deliberation is
necessary to make the system of equations to be consistent.

In analyzing behaviors of elastic-viscoplastic materials
Kratochvil and Dillon [3.14] employed the free energy: function of

following form

\P:%u052+va-k'r(1n,}:§-1), | (3.17)

~where o is the stress, T is absolute temperature, TR the reference
temperature, K, V, k are mateﬁal constants, and o is an internal state
variable characterizing the defect arrangement. It is noteworthy that
hardening effect was brought in by «, but_ plastic strain was not
introduced simultaneously as another independent internal state variable.

Kim and Oden [3.6] presented the following expression fbr free

energy function:
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¥ =2 I @B + 2 p u@hlZ,W . > (Z)Zpexp(mW),  (3.18)

where A and W are Lame’s constants of elasticityy, E is  elastic strain

tensor, Wp is plastic work. The same as in (3.17), the authors did
not consider thermoelastic effect. Another point noteworthy is that only
one internal state variable Wp has been used, while Z the hardening
variable is introduced as conjugate of the plastic work.

It is believed that in above articles the authors have  recog-
nized there is only one degree of freedom in the internal state space
when plastic hardening is considered, therefore introducing one internal
state variable is enough. It can be either the  hardening  parameter or
plastic work or something else. But if more than one were employed to
characterize the plastic deformation system with isotropic ' hardening,
the "introd‘uced state variables would not be independent of each other,
therefore erroneous conclusion would result. |

Moreover, it is clear from these two expressions that the gra-
dient of temperature Iis not an argument of the free energy  function; it
only appears in the equation of heat conduction.

With these considerations, the variables adopted as independent
in this research work are e, € and O. Here € stands for the total

P
strain tensor, ep the plastic strain tensor and © absolute temperature.

3.4 Constitutive Relations of Thermoplasticity

3.4.1 The Free Energy Function

According to the theory of normality the  constitutive equa-

tions are derived from free energy function ¥  and dissipation  function
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®. The free energy function ¥ 1is, generally, a function of the basic in-
dependent  variables gij’ si(?) and ©. It can be expressed in the
following form:

¥ =¥ G eg?), 6) (3.19)

For a better approximation of limited-term expansion of Taylor
series, the independént variables - may be equivalently subétituted with
(Je) the elastic part of strain, eg.’), the plastic part of strain and
0, the temperature. In so doing we have the free energy function ¥ as

follows:
_ (e) .(p)
¥ =¥ (eij , Sij , 9) . (3.20)

If the material is assumed to be isotropic, the free energy

: : : () (&) (&) ) b)) (p)
function ¥ will be a function of 8(1), (2), (3), (1) (2) (3)
and O, where the subscripts (1), () and (3) stands for the first,
the second and the third invariants, respectively. Then b 4 can be

re-written as

(€) (&) (&) O D (M g
¥ =T Eay qy fay Sy f@r Gy - G.2h)
Expanding ¥ into a Taylor series with respect to the
~ ORI T (O T () R () B ()
reference conﬁgurauon where (1), (2) (3), (1) ((2)) (3)( | and
= - i e
T 6 OR are zero, taking the small amount such as E(1y €3y Or
T as the increment and neglecting the terms which are higher than the

second order, we obtain the following expression:



_ a¥ (e) av¥ (p) , 8¥ 1 az‘}’ 2
‘P-‘PO+—(—788(?)8(1)+7—768I1)8(11’)+3-6-T+2W88

(1) , (1)
2 2 2
1 3% P2, 18°Y 2 Y (e).(p)
T2 astp)z 8(1) T2 52_ ot as(e) aa(pj e(l)e(l)
(1) (1"~
2
¥ _(e) ¥ (e ¥ ()
¥ 3¢ ((61’)) 30 gy T+ 8e (( 5)5 t2) * e (( 12’)5 82 - (3.22)

In equation (3.22) if T, e(p) and 8(p) are identically
(1) )

zero, ¥ degenerates to that for an elastic case:

' 2
_ Y e) , 1 &Y (e)2 oY (e)
V=Y, + _(_jaa(i“) &1y * g Wae(‘f) gy * Tae(g) €029 - (3.23)

For the free energy function, which is the strain energy
function in an elastic case, expressed .in equation (3.23) to be
positive definite, its second term must vanish.

If we assume that the i)lastic deformation of the material is
incompressible, all the terms containing BEIB in equation (3.22) vanish.

As a result we have:

2 2
_ o1 P (2. 18%.2. 2% (o)
‘P"‘Po‘“WT*zme(l) tz 57T t e O T

(1) (1)
¥ _(e) ¥  _(p)
+ 9 &) *+ — P £5) - (3.24)

€(2) (2)

For a thermoelastic case ‘concerned, there is no plastic term

in the expression of the free energy function, and it takes the form:
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_ ¥ 1 Y €2 ,138% .2 Y (e)
‘P-\P0+59-T+27—7268(%) 8(1) +2£2-T +as(?)ae e(?)T
+ a;i(‘f’a egg (3.25)
(2) ‘ ,

It can be shown that if the material properties are indepen-
dent of temperature, the thermoelastic free energy function assumes the

following form [3.17]:

¥ =¥, - ST + % 882 + 1L 88; - Gh+ 21 k 88 T
) ,
- 5_8_ T . (3.26)

The comparison of (3.23) with (3.26) yields the following set of

equations:

%\g=-s=-(so+(31+2u)k£8+ —p—gET) (3.27
2
3™ _ pc , (3.28)
202 YR |
) .
v _ :
TR | | (3.29)
(1)
__(_y_az‘l‘ =-Gh+2)k (3.30)
ae(ff) 80 , ‘
a‘\Pe —— . ' (3.31)
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Setting % -H, | (3.32)

88(2)

which is a hardening parameter, with equations (3.27) through (3.32)

noticed, equation (3.24) can be written as
A (p) (p)
¥ = ‘I’O SOT+7(1)+IJ(8-€ )(2)+He(2)

- (3L + 20) k gggyT gg__" , (3.33)

in which € is the total strain. Equation (3.33) is the expression of
free energy function for linearly elastic and plastic strain  hardening
materials of non-isothermal situation. |

Generally  speaking, the  coefficients of Taylor series in
equation (3.24) are state-dependent. This fact means that both sides of
equations (3.27) through (3.32) are functions of the independent vari-
ables, which are & e® and 6. Actually, however, most of them but H
show little change as deformation goes up, while every one apparently
depends on  temperature. When  thermoplasticity is  concerned, the
dependency of properties of materials on temperature must be taken into

account. Thus, the free energy function takes the following form:
WO =¥, - S, 0 -8,) + L A®) g2 + pu®) e - P
©) 0 0( R)+Z()8(1)+H()(8 € )(2)

+H(9W)e§2) D(®) €5 @ - 0)

(1)

- F@©) O - 0)° (3.34)

where
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D(6) = (3AO) + 2u(8)) k(®) , (3.35)
and
F(6) = Zé—ﬁ p(®) c(®) . (3.36)

3.4.2 The Meaning of Dissipation Function

In [3.17], Ziegler et al. consider the cases of thermoelasticity
and isothermal plasticity. The theory of normality is used to obtain the
corresponding  constitutive  equations. The article is certainly motiva-
tional, yet since plastic deformation irreversibly transfers some part
of mechanical energy into heat, thermal effects in plasticity is
inherent, therefore, we feel it essential for our research to have the
free energy function include thermal effects in deve;loping plasticity
theory as it is shown in equation (3.34), from which by the field theory
of thermodynamics we are able to obtain the expression of entropy

function as below:

S = - ilg; = SO 2 7\1,(6) 8(1) H(e)(e - g(p))(z)

aH(0,W ) )
- —g— (2) + D’(0) 8(1)(9 ) ) + D(0) 8(1)

+ F(0)® - eR)2 + 2 F@)O - 0p) , (3.37)

where the prime stands for derivative.
On the other handfrom equation (1.19) we have the following

expression for the specific rate of entropy increase:
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. <. q.

s =59 @h, _ (3.38)
which states that the rate of change of entropy consists of a reversible
and an irreversible part. The reversible part is the entropy supply
from the outside of the element, and the irreversible part, interpreted
as an entropy production within the element, is never negative.

Equation (3.38) can be written as

: 0,.
93:‘1”’0—1‘11"11,1 , (3.39)

* where ® = 0 S(l) is defined as dissipation " function. This function
consists of two parts. One of them, (I)l is corresponding to mechanical
irreversible process, and the other, @ 5 = - 9—’1 q; is due to heat

conduction, therefore, equation (3.39) is simplified as

Recall equation (1.16), which we have for the expression of

rate of change of internal energy, shown as below:

U=pu=o;¢. -q

ij i i (3.41)
Combination of equation (3.40) with equation (3.41) yields:

However, by the definition of free energy function we have
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U=0S+0S+V¥ . (3.43)

Substituting  equation (3.43) in (3.42) generates  the  interesting

expression for <I)1.

o, = O'ij éij - (é S + ‘i‘) . (3.44)

As S and W are related with each other by equation (3.9),
our equation (3 .44) establishes a relationship Vbetween the mechanically
dissipative power and the rate of change of free energy. This equaﬁon
is important not only because it directly relates the two leading
thermodynamic  functions, but also because it can be conveniently
employed to derive the plasticity‘ constitutive  equations. In  other
words, the equation is an alternative way other than normality for
esfablishing the constitutive equations.

The firit term on the right hand side of equation (3.44) is
easily to be recognized as total mechanical power. The second term can

be changed as below on the basis of equation (3.9)
Y+S0=(¥-206) (3.45)

which is the rate of chanée of free energy due to the factors other than
temperature. |

As a matter of fact, ‘from equation (3.34) the expressipn of
the rate of change of the free en‘ergy is

¥ = So 0 + 3 () 0 e(‘;‘) + W) 0 (e - e(P))(z)



aH ) o ¢ i
e e(g) D'(6) 6 (8 - 6p) g1y - DO) 8 &,

“F©) 0 0 - 05)> - 2 F®) 6 (© - 0

+ MO) &) é(l) +2 wo) (€ - Py - @)

® (P -
+ 2 H(o, wp) e ¢'P) . piyo - 0p) £1)

+ 9H Wy )
W, Tt Q)

Equation (3.37) allows us to obtain the following expression:

-8 Do) 6 (@ - 6p) €4y + D) 6

) 6y (D

+F@) 0 (@ - 6p)% + 2 F(9) 0@ - 0g) -
Then from equations (3.46) and (3.47) we have
¥+ 0 S = AO) ey Eqy *+ 2 KO (e - €P)e - £

‘ ®) -(p) | :
+ 2 H(8, wp)aP g\P - DO)® - Bp) &1

LoH Y )
Ta_ (2)

Realizing & = £+ ¢P), and

48.

(3.46)

(3.47)

(3.48)

8(1) = &) the above equation can l?e
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written as
P +0S = 215 M0 eg‘fgz + ) 9% - DE)® - 8y) sg‘;g
(p)
+HO, W) eB) 1 . (3.49)

Now it is seen that the second term on the right hand side of
equation (3.44) is nothing but the recoverable part of the mechanical
power.  Then the meaning of equation (3.44) is clear. It says the
mechanically  dissipative power is the difference between the . total
mechanical power and the recoverable part. Of course, this is nothing
surprising, yet it does show that after so much manipulation the
dissipation function keeps its clear physical meaning.

The stress tensor can be directly derived from the free energy

function (3.34) on the basis of equation (3.8):

- ¥ _ (p)
- D(©)(©O - OR) Sij . (3.50)
The deviatoric part of the stress tensor, which is responsible for

plastic deformation is then obtained as:

;o , 4]
ofj = 2 WOXEj; - eiﬁ.’) , (3.51)

where the prime means deviatoric.

With all these results ready, equation (3.44) is reduced to
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the following form:

Dy =2 u(9>(e{j - e%’)) é%’) - 2 HE, W) ei(]j.’) é%.’)

dw
oH " p (p)
TawWL aT Q) (3.52)

To make a better understanding of = equation (3.52) let wus
consider a simple case. For the materials whose hardening parameter H is
independent of W_ [3.17], the last term vanishes, and - with equation

p
(3.51) noticed, the dissipation function becomes

= o @ PP
from which it is seen that the entire amount of plastic deformation
power has not been dissipated. The second term, part 2He.(P)é§P) is  not

13 1]
dissipated.

3.4.3 Constitutive Equations for Linear Dissipation Materials

In elasticity where the processes are : reversible, the free
energy is a potential function, and wusually is a function of "position"
characterized by strain tensor. Anyway, it . is- not a function of
"velocity", therefore, there is no time factor involved. In
thermoplasticity, however, things are completely different. Because the
processes are irreversible, the factor of time is always involved. An
attempt to employ the free energy function alone to describe the

dissipative processes and to obtain the constitutive equations seems no
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longer a proper way, because the evolution equation of the internal
variable can not be directly derived from the assumed free energy
function. It is because of this reason that Ziegler and Wehrli [3.17]
inuo&uced the dissipation function in the velocity space. |

In the preceding section the constructive features of func-
tion (I)l have 'been discussed. It is believed that there should be no tem-
perature term  explicitly involved in the  function. According to the
theory  of normality the  dissipation function is defined in the velo-
city space of internal state variables [3.17]. For the  materials with
linear dissipation, the ifunction can be chosen as follows

1
@, = CO ePhz (3.54)

)
where C(0) is a temperature-dependent material property. The subscript
(2) stands for the second invariant.

As mentioned before, CI)Z, the other part of the dissipation
function concerns the process of heat conduction, for which the selected
"velocity" is heat flow or ‘"equivalent heat flow" depending upon which
law of heat conduction is adopted, and the the conjugated "force" is
(-%- ). In order the law of heat conduction is to be satisfied, for
isotropic materials the dissipation function due to heat conduction is

assumed as:
@, = ( E(FIFSH )RR, (3.55)

where k(0) is a temperature-dependent  material property, and R is heat

flow ie. R = ¢ when Fourier’s heat conduction law is adopted; or
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cal% if Cattaneo’s hyperbolic heat

1l
.
+
]

equivalent heat flow R
conduction law is employed.

A hypothesis employed in this research is that the constitutive
laws  for plasticity and fof heat conduction are independent of each

other, therefore we have
) 1 1

With free enérgy function described by equation (3.34), dissi-
pation function by (3.56) all the constitutive equations  concerning
the dependent variables can be derived from the leading functions
according to the theory of thermomechanics.

First of all, the relation among stress, totai strain, plastic °
strain and difference of temperature can be readily established as
given in equation (3.50), and the‘ expression of entropy is given Dby
equation (3.37).

Heat conduction is a dissipative process, therefore, the
establishment of the constitutive relation governing the process is
related to the dissipation function. By equations (2.15) and (2.16) the

following equation between the "velocity" and the "force" is obtained:

. P 3P
0.i g/ 2n 12

Substituting- equation (3.55) in equation (3.57) yields either
one of the following equations, depending upon which law of heat conduc-

tion is adopted:
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q; = - k@) 8, , (3.58)

or
q +Tq =-k® 6, . | (3.59)
In addition to those obtained above, the most important one is
the plasticity constitutive equations, which can be obtained either by
by normality equations (2.4) through (2.7) and (2.14), (2.15), (2.16) or

directly by our equation (3.44), and the result is:

o1 + J(m; (6), my(8),.... m(8), W )s(P)} -2H® w) ei(?)

(2)
= C(0) (% ggg) 7 e(P) , . (3.60)
* where
sH( O ,W.)
I(my ©), my(©),...m;8), W) = - —5—F- (3.61)
P

is the s;)ftening rule of strain hardening parameter of the material, and
ml(e), m2(6),...,mi(6) are the material properties depending upon the
temperature. The softening rule serves as an interface between the
constitutive theory and the related experimental works. A simple example
of fhis rule has been given by  Bodner and Parton [3.18] as well as
Bodner and Aboudi [1.26], where only the isothermal case is examined,
and based upon the experimental observation exponential law is
considered suitable for metallic materials such as copper, aluminum and

titanium with variable strain hardening properties.
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Many authors have been trying to introduce strain  hardening
effects into the theory of plasticity since Schmidt and Odquist
succeeded in revising Lévy-Mises plasticity theory of perfect material.
Ziegler and Wehrli [3.17] introducéd a simple parameter into the free
energy' function of isothermal plasticity, in which the strain hardening
parameter, instead of being a function of plastic work,‘ is taken as a
constant. Of course, it only represents a simple model, yet the authors
havé realized that strain hardening is- contributive to the free energy
function. Bodner er al. [1.26], [3.18] have been considering the strain
hardening parameter as a function of plastié work. Similarly to Schmidt
and Odquist, Bodner et al use -the flow rule of plasticity to obtain the
desired equations, and as a result, the thermal effects can not be
naturally taken into account.

Trying to obtain a consistent set of constitutive equations of
thermoplasticity is a major objective of this research. As a consiquence
the expressions for the leading functions, equations (3.34), (3.54) and
(3.55); the expression for entropy, equation (3.37); for stress,
equation (3.50); for heat conduction, equation (3.58) or (3.59) and most
important, for thermoplasticity  constitutive relaﬁon, equations  (3.60)
and (3.63) are obtained. | All these equations are cqnsistent with one

another.

3.4.4 Constitutive Equations for Non-Linear Dissipation Materials

Experiments have shown that metallic materials like mild steel
e.g. Steel 1010 are very rate-sensitive. Cowper and Symonds [3.35] and
Bodner and Symonds [3.36] presénted a relation between stress and rate

of strain, based on Manjoine’s test data. For the reason that the
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formula is only applicable to isothermal case and empirically based it
does not reveal any information concerning thermodynamic features of
plastic. deformation. It is  worthwhile to re-examine the process  with
the theory of thermomechanics. Referﬁng to [3.17], let us have the non-

linear dissipation function of the following form:
@)= KON + K,©)( 68 NTOR @ eggg , (3.62)
and the free energy function
W=, -5y T+ 4 M) e(%)+ w(O)( ¢ - a(P))(z)
- D) £y T - FO) T2 . | (3.63)

With the léading functions given above the expression of entropy can be

found on the basis of equation (3.9) as:

S=38 1 dA(6) du (6) (e - S(P))(Z) + D(O) €

0 Z7dg (1) do 1)

+ dD(8) dF(G)
T+2F@O) T+ - T

=35 £ ’ (3.64)

and the plastic constitutive relation on the basis of equation (3.44)

is:

- K(®) 11 + K ©) BTy 1 ¢ £B) 2 &P (3.65)

J )"

For one-dimensional case equation (3.65) assumes the following form:
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P = 6O Ty - DO, 3.66
where
: n(0)
GO = /3 K@ 2 (3.67)
op® = V3 K,® | | | (3.69)
and ' 4
k@) = X% . (3.69)

To gain some physical understanding let us consider a simple
case of deformation-induced heat. Afound_ the centre part of the sample,

the equation is simplified as:
68 = <I>1 . (372

Substituting equations ' (3.62) and (3.64) in (3.70) yields the following

relafion between the increase of temperature and the deformation rate:

Gy(9) 3 213111;; k‘l(m -(p) ZE%W (‘p) I
= {1+ ()77 (oo (sG]}’
‘{[ %ﬂéﬂ &) - d”(e) €3 * 2 “F5 &)

2 2
+ —Z“ddl;(e) ey T + 4 O T + 2 F@) + _Z—ddl;(e) T2 ] T

dD(G) dr(9) :
[D“” ey + Ty - =5 S0t
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-2 40 () ége)]} r 7). (3.71)

It can be seen from equation (3.71) that plastic deformation
corresponding to term egg on the left hand side of equation (3.71)
will cause an increase of temperature. While in elastic region in
which é?%: 0, equation (3.71) .implies that a positive é(l) ie.
expansion comresponds to a negative T. The elastic body behaves as an
ideal gas, expansion causes decrease of temperature.

The isothermal form of equation (3.66) is called Cowper-
Symonds formula. The constitutive relation (3.66) is employed for study

of wave propagation in a uniaxial solid in this research.
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CHAPTER 4

PLASTIC WAVE PROPAGATION IN A SEMI-INFINITE ROD

4.1 Introduction

’ It is well known that” the action of impulsively applied
loads is not distributed instantaneously through the body, but is
transferred from particle to particle in a wave manner. |

The theory of plastic wave propagation deals with motions of
disturbances in metallic solids when the stresses are large enough to
cause  plastic strains in the nmaterial. The theory was originally
motivated by the necessity of protection from an explosive attack during
World War II. Now it has found widespread applications in different
areas. In spite of its importance in practical applications, study of
plastic wave propagation along with the associated plastic constitutive
relations is  considered  significant for the reason that a  sound
constitutive law must generate the results which can be proved correct.

In this chapter, the problem of plastic wave propagation in a
semi-infinite rod is examined, and a uniaxial model 1is utilized. The
reason of this wusage is its simplicity and feasibility, yet it
illustrates the. main features of the problem  without much undue
mathematical complications. The chapter begins with the description of
the motion. When the fundamental laws are applied, the equation of
motion, the equation for energy conservation are obtained. Then
associated  with tiie geometric  compatibility - equation, the Cattaneo’s
hyperbolic heat conduction and the constitutive equation are derived.
the system of equations which govern the problem is thus established.

Characteristics analysis of the  system is undertaken following
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the establishment of the system of equations. The statement of the
problem is completed by prescribing initial and boundary conditions. The
jump conditions at the wave fronts, which are essential for determining

the values of discontinuities, are discussed thereafter.

4.2 Description of the Problem

Many practical problems for deformable media may be simplified
by means of appropriate justifiable assumptions, so that the medium can
be regarded as a one-dimensional geometric object. Also, there are many
dynamic problems for which it is justifiable to assume the dependent
variables depend upon only one space variable and time. These physical
situations, when occurring in the field of propagation of disturbances,
lead to the theory of one-dimensional waves.

In the development of the theory of one-dimensional wave, some
fundamental assumptions are made in the outset. First of all, the
cross-section of the rod is assumed to remain plane and normal to the
axis of the rod during the dynamic deformation. Second, the inertia
forces corresponding to the motion of the rod in transverse directions
“are negligible. Then the problem can be readily treated as a uniaxial
one. |

The rod is composed of material particles each of  which is
called a . particle for simplicity. The instantaneous geometric locaﬁén
of a particle will be spoken of as a point. At the beginning, to label a
particle we choose a coordinate system x, which is called as Lagrangian
coordinate system. At a later time t, the particle with label x is moved
to another point. Its position is denoted by coordinate x, which is

called as Eulerian coordinate. Then . the motion of the particle  is
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described by the following relation:
x=x &t . 4.1

Equation (4.1) is said to be Lagrangian description of motion. It
implies that a material particle which initially had a label coordinate
x is at position x at time t. With this information the displacement

function can be written as
u=uxt)=x-x , 4.2)

Infinitesimal strain is then expressible as

au(x,t)

€ = g(x,t) = 3%

4.3)

The velocity .of the particle can be obtained as the derivative

of displacement function with respect to time t.

au(x,t) .

v = v(x,t) = 37

4.9
Assuming function wu(x,t) to be smooth enough, its alternate  derivative
respect to x and t does not depend upon the order of differentiation,

and we have

Q

€

t

QJlQ)
»nl <

, | (4.5)

known as the geometric compatibility equation. In addition, there are
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some other governing equations which can be derived from the fundamental
balance laws of continuum mechanics.

The law of balance of momentum generates the equation of motion
(1.7). In one-dimensional case it is in the form

36 _ _ av
S=pgr-t, (4.6)

where © stands for stress, p is mass ‘density of the material, and f is
the body force per unit volume.

The balance of angulay momentum is automatically satisfied since
there is only one stress component involved, and .the symmetry of stress
tensor is automatically ensured.

Because constant density is assumed, conservation of mass gives
no further governing equation, but is identically satisfied.

The law of energy conservation or the first law of thermo-
dynamics plays an important role in a thermomechanic process. The law
asserts that the time rate of the internal energy equals the sum of
inputs of external power and heat flow. According to equations (1.16)

the first law can be represented by the following form

v _ o~ 08 89
U=06 5 - 7 - 4.7)

Besides, as we discussed in Chapter 3, the system gets some restric-
tions imposed by the second law of thermodynamics. Among them the most

impressive one is

dlp| >

D : (4.8)
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where and thereafter p stands for plastic strain.
The relations (4.5) through (4.8) are utilized in  establishing

a system of governing equations.

4.3 System of Equations Governing the Problem of Wave Propagation

The requirements of balance of momentum, compatibility, energy
conservation, heat conduction and the relation l;etween stress and rate
of plastic strain form the system of equations governing the problem of
wave propagation in a semi-infinite rod. Based on equations (4.5),
(4.6), (4.7) associated with equations (3.59) and (3.68) the system of

equations can be listed below:

p .- (4.92)
the equation of motion,
80 aT , ap ov _
D2'aT+DSa—t+5f'"a§"0 (4.9b)
the geometric compatibility equation,
80 aT 8p , 8q _
D13T+D3?9T'D4ﬁ+a_x" (4.9¢)
the equation of energy conservation,
SN R - AP (4.9d)
03t T fax T4 : ’ : :

the Cattaneo’s hyperbolic heat conduction equation, and
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P g

- F=0 (4.9)
the constitutive equation. The coefficients Dk( k=1, 2,., 5) are
functions of temperature, stress and plastic strain. F is the exp-

ression of the right hand side of equation (3.68).

4.4 Characteristics Analysis of the System

Equations (4.9) may be re-written as:

[l (b [ml{%)-{a). o

where
‘p 0 0 0 0)
0 D, Dg 0 I
[AO]= 0 D, Dy 0 D,| , (4.11a)
0 0 0 T 0 |
L0 0 o0 o0 1)
F 0 -1 0 0 0
1 0 0 0 0
[BO]= 0 0 0 1 0 : (4.11b)
0 0 k 0 0
L0 0 0 0 0 )
T
.. | v 80 8T a8q &p
{Yt}—[ﬁﬁﬂﬁa—t] , (4.11c)
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) ,
_[av a6 8T aq ap
{Yx}—[éia—xzia—xa—x] ’ (4.11d)

T
{c0}=[f 0 0 -q F] : (4.11¢)
and superscript T stands for transpose of the column matrix.

Equation (4.10) may be simplified by left-multiplying both

sides with A(')l, the inverse of AO‘ In so doing the equatibns become

1
= 0
(5 0 0 0 N
. & ~_5 . _(D3+D4D5)
D D D
-1 D D (D,+D,D,)
[AO] =l o L 2 o 1 7274 (4.13)
, D D D
1
0 0 0 Z 0
0
) 0 0 -0 1

(x}e[a){x)}={c}. 0

or simply
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Y +AMY, =C, (4.15)
where
1
o0 L 0 \
50 | 0
D D
3 0 o 2 o
B B
A ] =| D D , (4.16)
D D
k
o o X 0
K0
o 0 0 0 0
T (D,+D,DJF  (D,+D.D )F
{c}:[f 3+D4Ds 172204 %F] “@1n
p B D 0
and
B=D,D,-D, Ds. (4.18)

For obtaining the eigenvalues of equations (4.15) the characteristic

equation is expressible as
dt (A-AI)=0. (4.19)

Substituting equation (4.16) in equation (4.19) and accomplishing the

required operation we obtain

A -

D
31,k 22,2 kK, _
(Fprmz )V }=0. (4.20)

The solution of equation (4.20) generates the eigenvalues which are
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Do, (4.212)
A 4.21b)
A= 2y, 4.21c)
where
1
Y2={C(1+/1-R)}2, (4.222)
1
V3={C(1-\/1-R)}2, ' (4.22b)
D
1,k 3
c=l (kp .3y, (4.220)
28 % 2 P
4 Dpryk
R = - (4.22d)
(D37 o +PkD,)
The system of the partial differential equations is hyperbolic
if its associated eigenvalues ADG=1, 2, .., 5)  are real This

requirement is satisfied if
C(o,0,p)>0 |, : (4.23)

and

R(o,0,p)<1 . (4.24)

In other words, equations (4.23) and (4.24) assure of the hyperbolicity



67.
of the system of equations, therefore, they are referred to as hyper-
bolicity = conditions. ~The eigenvalues given by equations (4.22) are
called ‘as characteristic speeds, which reflect the fact that thermal
and plastic deformations are coupled with each other.

When TO’ the relaxation time tends to zero, the equation of
heat conduction becomes that of Fourier, and equations_ (49) become
singular. With T and q deleted, equations (4.9a), (49b) and (4.9¢) can
be re-organized to be a degeneratéd equation-system. The main eigenvalue

of this system, which reflects the velocity of wave propagation is

1
A= 2, : 4.25
D5 (4.25)
which is the velocity of elastic wave propagation. This result is

consistent with Bell’s experiments [2.37]. The fact means that rate
dependent type constitutive equations: are - capable of predicting the
speed of plastic wave propagation. In the history of controversy, this
was the reason for some -people preferring it to the' constitutive

equations of rate-independent type.

4.5 Statement of the Problem

The governing equations (4.9) foi' the problem may be written

in the following form:

6_"_13_0-%f=0 ‘ (4.26)
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ac ’ aT ’ ap ’ aq -
'a_t + D4 (G7Tap) W - D5 (GaTap) 'a_t" + D6 (G,T,P) ﬁ =0 (428)

aq , k aT , q _ .
ﬁ““%a_x’LEO‘O (4.29)
P . FoTp =0 , (4.30)

where Di = Dé, and DJf( j =1, 2,..,6) are related to Dk via equations
(49). The solution for the basic unknowns will uniquely and
continuously depend upon the initial values, if the . initial and
boundary conditions are properly prescribed. Following Orisamolu [4.6],
these conditions are chosen as below.
Initial conditions:

v(x,0) = VI(X)

6(x,0) = o(x)

Tx,0) =0 or Ox,0) = 60

q(x,0) = q;(x)

p(x,0) = py(x) \ (4.31a,b,c,d,e)

Boundary conditions:

Case (A): 0(0,t) = GO(t) ,
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6(0,) = Gy (4.32a,b)

Case (B): 0(0,t) = Go(t)
v(0,t) = vo(t) . (4.33a,b)

The performed numerical work has shown that the problem is

properly stated, and the values of following unknowns are obtainable:
v(x,1), ox.t), T(x.t), q(x,t) and p(x,t).

Other dependent functions such as free energy, internal energy, entropy

etc. if ' necessary, may be obtained from the fundamental ones.

4.6 Jump Conditions at the Wavefront

A wave propagating thfough the rod is a smooth curve in the
(x,t) plane with' property that the dependent wvariables v, 6, T, q, p and
their derivatives are continuous with respect to x and t everywhere
except at the wavefront. The continuous variations of the dependent
variables are governed by the system of equations (4.9). However,
discontinuities or jumps exist . across the wavefront, and the quantities
of the discontinuities must be determined separately.

Quite a few researchers have studied the wave propagation
problem, in thch the hyperbolic heat conduction equation is employed
and internal state variables are involved. Cristescu and Suliciu [4.1]
have presented the relevant literature. In  Chapter VII, [4.1], the

authors show that for such a hyperbolic system, there exist acceleration
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waves, and the corresponding jump conditions across the wavefront can be
accordingly determined.

A regular curve in the (xt) plane is called an acceleration
wave if the dependent variables such as v, o, T, q and p are continuous
across this curve, but their derivatives with respect to x and t have
jump discontinuities when crossing it. As {y}T= { vio,T.qp } are
" continuous  functions,  Hadamard’s  kinematic = compatibility = conditions,
which have to be satisfied when crossing the curve, are expressible in

the form

2 v =0, (@434

where Vo is the propagating velocity of the wave, and the brackets [ 1
in this section, denote the jump of the quantity inside. On the basis

of equation (4.34), we have
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ax q

5 = v, 7,

= =7 .

(=, 5 . r(4.35a—j)

where v, O, i q and p are jumps across the wavefront; their values
are to be determined.

As equations 4.9) are quasi-linear, the coefficients
Di( i=1,...,5 ) do not contain the derivatives of the dependent
variables; neither does function F, the expression on the right hand
side of equation (3.66). Assuming the body force is continuéus every-
where and applying the jump operation to équations (4.9), we obtain the

Hadamard’s dynamic and geometric compatibility equations as below.

p=0 . (4.36a-c)
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The first four equations can be written as

C1{vsTq}) =0 , (4.37)
where \
P Vy 1 0 0
1 D,v D_.v 0 '
[C] = 2w 5w , (4.38)
L 0 0 k -'EOVW )

2

. 2
with det[(_l]—pvw(kD2+*c0vwﬁ)+kD1'c0vw

(4.39)
Because equations (4.37) are non-singular, the quantities of jumps can
always be evaluated.

Since there are two positive eigenvalues involved ((4.22a) and
(4.22b)), the coupled waves propagate with leading and trailing
wavefronts, whose velocities may be denoted by Vil and Vot respectively.
The total jumps of the derivatives of the dependent variables are the
sum at the two wavefronts, therefore, we have the following results:

LBV, _ =
[ﬁ]—v1+vt,

Vi _ _
Gl = (Vg1 V1 Ve Y
86, = . =
['é'i] = 0] + O,

80, _ _ _
[35] = -( Vg1 Op + Vi O)
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el =T + Ty >

[%] =« Vwl :I:I o Vet Et) ’
F =9 +q .

aq

ﬁ] = ~( Vwl c_11+ Vwt qt )
apy _
[5(-] =0,

2 =0. ' (4.40a-j)

The values of Vl, Vt, 61, Et’ Tl’ Tt’ ﬁl, ﬁt are determined by

equations (4.37) at the leading and trailing wavefronts respectively.
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CHAPTER 5§
DEVELOPMENT OF COMPUTATIONAL ALGORITHMS

5.1 Preface

The principle of numerical integration of hyperbolic equation
was first presented by Massau [5.16] at the end of last century. Because
these kinds of partial differential equations relate 'to many importa;lt
phenomena such as vibration in engineering, various waves in mechanics,
supersonic aerodynamic flow etc. its numerical integration has attracted
much attention.

When  compared with other kinds of partial differential equa-
tions the hyperbolic equations have some particular features. First,
there 1is discontinuity existing in the solution. This fact makes it more
difficult to solve it than others. Another feature is that there are
characteristics ~ with which it is possible to utilize some  particular
methods of integration like Massau’s to obtain numerical result.

The existing numerical procedures for integration of hyperbolic
partial differential equations include two difference methods. One of
them 1is the characteristic method. In this method, first of all, the
characteristics are worked out, then the original equations' are changed
into  ordinary  differential equations along the characteristics.Numerical
integration of the equations generates the solution of the problem along
the characteristics. The values of unknowns at the positions out of the
" characteristics may be obtained by the interpolation technique.

It has been asserted [5.14] that the aécuracy of Massau’s method
for a hyperbolic system is comparable to that of the Euler method for

ordinary differential equations. There are also some variants of the
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characteristic = method, which give greater accuracy. For instance, the
extrapolation. method by Busch and Esser et al [5.15] has proven to
be particularly useful. The method uses higher order difference
quotients, therefore is much more involved than Massau’s. Before using
such a procedure one should also consider the cost of the increased
accuracy.

Two types of nets can be employed for numerical integration
of hyperbolic equations. For one of them, like Massau’s, both
integration‘ and net grid are along characteristics. In order to obtain :
the values of the unknowns at certain points in the x-t space one has
to utilize interpolation procedures, therefore, outputting the
calculated results at certain time and positions are not very
convenient.

For the other net type, the grid is formed by constant-time and
constant-position lines. The values at the points  which do not coincide
with the grid ‘nodes . are obtained via interpolation. Integration
procedures  are still along characteristics.  Although the slopes of
characteristics vary from point to point due to non-linearity of the
system, the interpolation easily provides the necessary data) for the
next integration step with tolerated ' error. This procedure has proved to
be very convénient and efficient.

In addition to the method of integrating the equations  along
characteristics a  finite  difference  procedure is. also  applicable. In
this procedure a partial differential equation is reduced into a finite
difference equation in terms of the unknowns at grid nodes. The equation

is then employed to evaluate the desired unknowns at the grid nodes.
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5.2 Integration of the System via Characteristics Method

A feasible computational algorithm based on characteristics
method will be provided in this section. As the system of .partial
differential equations developed in Chapter 4 is highly non-linear, the
eigenvalues, and therefore the slopes of the chara;:teristic lines vary
from point to point. Under these circumstances, the most convenient and
efficient grid system to choose is the constant-time grid. In our
development présented below, the  original syétem is, at  first,
transferred into ordinary differential equations which hold along the
characteristic = lines; then  these  ordinary  differential  equations  are
integrated  with  prescribed  auxiliary = conditions.  Recall  that  the
original partial differential equations as obtained in eduations ~(4.26§
through (4.30) are:

av l oo 1 . _
at ~ p & pf_O’

Q- Di(0.8.p) = a" + D (o, 9,p) 5t + D30, e,p) ,
a 4 69 7’ a , a
o D4(0,0,p) 77 - D5(5,6,p) % + D{(c.0,p) a_i =0 ,

aq . k ae+q 0
dx ’COBX 0

S

- F(c,0,p) =0 . (5.1a-¢)
This system is represented by:

Y+AMY =Cm, | (5.2)

~
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where matrix A (Y) and vector C (Y) were determined by equation (4.16)

~

and equation (4.17), respectively.
With the eigenvalues given by equations (4.21) and (4.22) the

corresponding  characteristics are determined by the following equations:

for  aD=o dfl =0 (5.32)
for A= Vo0 ;? = V)™ . (5.3b)
for  A®=. V(D) g? = -V, (5.3¢)
for APz V40 gz:ﬁ = V300 (5.3d)
for A= V3(1()' g}t{i = -V, . (5.3¢)

It can be seen from equation (5.3a) that its corresponding
characteristics in the x-t space is a straight line parallel to the t
axis. For the other four, however, their slopes in the space are non-

linear functions of the basic unknown vector Y whose values vary from

~

point to point, therefore, the characteristic lines are curvilinear.

For equations (5.2), the left eigenvectors associated with

matrix A(Y) are found from the following relation:

~

1Dy A = 9w 1Dy (5.4)

~



where l(i)(Y) stands for the ith left eigenvector.

~

~ eigenvectors have been determined as:

D0 0 0 o 1

@)

)

?

pVaD -D
2Dy

Ty pV%ﬁ -D
Pk D)
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In Appendix B all the

(5.52)

(5.5b)

(5.5¢)
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(5.5d)

(5.5¢)
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On the basis of partial differential equations (5.2) and equations (5.3)
of the characteristic lines, the ordinary differential equations holding
along each of . the characteristic lines can be determined by the left
eigenvectors. Left multiplying equations (5.2) and utilizing equations

(5.4) we obtain

1Dy Y, + 1Dyy A D¢y Y, l(l)(Y) cy) . (5.6)

~ A~

Making use of equations (5.3), we can re-write equations (5.6) as:

ay '
1Dy 1z =1 Qvy oo =12, .5 . (5.7)

~

These are the desired  ordinary differential equations  which hold along

the characteristics. The explicit form is expressed as:

=0  (5.82)

v (1,do (Vzﬁ D3)d9 o(Pgﬁ )
a Gyt Cpvop D at Do D a@

VE s szﬁ -D; D,;+D,D,

1
1 F
PPV, f5 pPVoDy ( 5 )

(-__D_.__) along & =V, ; (5.8b)
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2 2 ‘
dv do (PV2D ‘D3) a8 , o (PV2D 'D3) dq
dt  *pVpyDy Tdf Tpk D T d@t

1
Hayo)
dt "pV,

e
1, (D3+D4D5) . PY3D -Dy Dy+D,D,

—) F
PVsy D PV, D

Qe
pV5D -Dg dx

- %K (__D_i____) along z= =V, ; (5.8¢)

~ 9w
3D -D3 49 T PV3D -Dy 4,

dv  1,do y o, 0 )
dt pVy dt © v pVaDy T dr T pk v Dy Y dt

pV3

’ ' 2
1 (D3+D4D5) - pv3ﬁ -Dy D;+D,D,

( — ) F
pV3 5 pPV3Dy b}

e

- %E (_Dl___) along 3= = V3 ; (5.8d)

2 2
dv 1, do (PV35 D340, o (""3ﬁ 3, dq
dt “pVy dt T pVvaDy T dt pk v Dy dr

2
1 (D3+D4D5)F pv3D -D; Dy+D,D,

1
pV3 5 pVaDy ( D

5 ) F

f

2
pV3ﬁ -D3)

- 8 —Ip—2 along $% = -V, . (5.8¢)

The above equations are to be. numerically integrated along the

characteristics.
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At P \Q/ R’

At

P $;5,3;

Q
- AX --:-4- Ax -
X

x-Ax

Fig. 5.1 Characteristics at a typical point Q’
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5.3 QOutline of the Numerical Procedure via Characteristics Method

Since solutions in closed analytical form are seldom possible
for our quasi-linear system, to solve the problem We now turn to finite
difference method. Among various numerical . procedures of finite  diffe-
rence method which exist we would like to present that due to Courant ez
al.[5.12]. This method has the advantage of being straightforward and
geperal in  its  application, but particularly  suitable for initial-
boundary value pr;)blem of quasi-linear hyperbolic system  which has two
independent and n dependent variables. To outline the method let us
‘examine the representative  points in  the x-t plane illustrated in
Fig. 5.1. Suppose the values of ‘the vector Y at point p are denoted by
Y(p), then the initial data at time t will give the values of the
vectors Y(P), Y(Q), Y(R). Now it is required to determine the values of
the vectors at the next moment t+At, that is the values of Y(P), Y(@Q)
and Y(R’). For arbitrary values‘ of net intervals Ax, At the n
characteristics passing through Q" when traced backwards in time will
intersect the line through PR at points Sl,...,S n all of which may not
lie between P and R. That is, in general, line segment PR does not
contain the whole domain of dependence of the point Q’. However, since
the solution is required to be evaluated at the mesh points and all the
initial data specified within the domain of dependence Sl,...,S 1 will
influence the solution at Q7 it is clear that for simplicity Ax and
At must be so chosen that line segment Sl,...,S 1 lies within the line
segment PR. This condition is of fundamental importance and will be
expresssd more conveniently. Since in the finite difference  approxi-
mation no knowledge of the solution between net points is available,

simplification of the requirements regarding the domain of dependence of
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Q" is taken as follows. The Ax and At are so selected that at all points
of interest the tangents to the characteristics at Q° when traced
backwards in time intersect the line through P and R at points always
between P and R. Satisfaction of this condition ensures that the domain
of dependence is contained within the segment PR. Geometrically, this

condition may be conveniently expressed by :
max | A0@Q)] < £, i=1,2,.0 . (5.9)

for all points Q" under consideration. 7

Inequality (5.9) imposes an important condition  which must be
satisfied when net sizes are selected.

The method of Courant et al. was revised by M. Lister [5.5]
with three obvious improvements. First, Lister introduced a second-order
approximation by trapezoidal rule formula, that substantially enhanced
the precision of the solution. Second, in the article particular atten-
tion was paid to the boundary points with which proper algorithm was
re-developed, and third, it  gave the concrete quadratic  interpolation
procedures matching with  the second order process. To apply the proce-

dures to the present problem let us begin with the interior points.

5.4 Algorithms for the Interior Grid Points by Characteristics Method

Now let us consider an interior grid point P shown in Fig. 5.2
where C1 is the ‘characteristics curve corresponding to k(l). The
intersect of C1 with axis x is denoted by C. C;, Cé, CZ, C;r are the cha-
racteristics curves passing through point P. -These curves corresponding

to K(Z), 7»(3), ?»(4), 7»(5) intersect the x-axis at SZ’ S3, S 4‘ and 85
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M
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Fig 5.2 A typical interior grid point P

85.
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respectively. Our grid size is so designed by  taking inequality  (5.9)
into account, which guarantees that the points SZ’ S3, S 4 and 85 are
within  the segment AB. In section 5.2 the ordinary  differential
equations (5.8) which hold along C, 5 Co, Cy and C; have been
established. Now the solution at point P is to be obtained by the
numerical integration of equations (5.8) and taking into account the
va}lues at points 82’ S3, S 4 S 5 and C. It will generate five simul-
taneous !equations which are just enough for the solution of the five
unknowns, v, o, 6, q and p.

Along each characteristics line the integral Vcan be approxi-
mated with finite difference. The first-order approximation is expressed

as:

1 .
r f(x) dx = f(xp)x; - xp) (5.10)
X0

which is equivalent to supposing that the integrand keeps its value at

X0 The second-order approximation is:

1 . ' ,
: J)( f(x) dx = % [f(xo) + f(xl)](x1 - xO) , (5.11)
X
0 ‘

which is equivalent to assuming the integrand is  the average value at
X0 and X1 |

If, say, equation (5.11) is employed to evaluate the integral
from 82’ S3, S 4 85 or C, the values of dependent variables at SZ’ S3,
S 4 85 must be known. However, for an interior point like P, all the

information available is at the points' A, B and C, obtainable either
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from  previous step of calculation or initial  condition assigned
beforehand. To make the values of dependent variables at points SZ’ S3,
S 4 and S 5 available a quadratic ‘interpolation procedure as follows is

utilized [5.5],

YD Yo+ e (Y, - B)(V(k) + VK

~ S
+ % ocZ(YA +Yp- 2 Y )(v(k) + v(k)) . (5.12a)
%‘:1) Yo+ > o (Y Y, - YB)(V(k) + Vi)

+ 51; ocz(z{ AtYp-2Y )(V(k) + v§11§))2 ; (5.12b)

Y(k+1) Yo - 7o (Y, B)(V(k) + Vi)

S5
+ 21; oc2(YA +Y¥p-2Y )(v(k) + v(k)) : (5.12¢)
(k+1)_ 1 k) (k)
YS3 Yo-go (Y, - YB)(V( s, + VE%)

+ 8 o (Y +Yp-2Y )(V(k) + V§1‘§))2 : (5.12d)

=5 . . . (5.12¢)



88.
Before going any further, for the reason * of convenience let

us change the equations (5.8) into following forms:

dx

®_F along T =0 ; . (5.13a)

dv do e dq _

Rt - Ry + Ry o+ Ry =R F-R q+Rs £ (5.130)
alongg%=V;

dv do 8 dq _

Ry +Ry "Ry o+ Ry P =R, F-Rq+R £ (5.13)

along zdIX‘f = -V, ;

dv do de dq _ wr
Wlaf-W23T+W3HT+W4HT_W7F—W6q+W5f (5.134d)

.along g% = V3 ;

dv do de dq _
W121T+W26T'W3H+W46T—'W7F'W6q+w5f (5.13e)

along g% = -V3 ;
where the coefficients are defined as follows

R, = pV,D,D , (5.14a)

R, = Dlﬁ , (5.14b)



and

R -4
6 To

W, =pVsD,D,
W, =D,5,
=D (pv3B D
'cOV D

WS—V%DIﬁ,
w
4
W = T
6 'cO
W

7

=D;(D; + D,Dy) + (D; + D2D4)(pV3ﬁ -Dj) .
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(5.14c)

(5.144)
(5.14e)

(5.14f)

(5.14g)

(5.152)
(5.15b)

(5.15¢)

(5.154d)
(5.15¢)

(5.15¢%)

(5.15¢)
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To obtain a discrete form of differential equations (5.13) let
us  apply the finite  difference method of second-order  approximation,

equation (5.11), which is equivalent to assuming “that the coefficients
of equation (5.13) remain constant along each segment of the characte-
ristics curves such as SZP’ S3P, S 4P or S 5P, and the wvalue of the
coefficient equals the average value at the two points such as 82 and P,
etc. Then the equations to be integrated are reduced to the

following finite-difference forms:
P =po o+ By A, (5.162)
ol + 3D i D Wi e+ e
) WP« (R ) B - Y 4 e
+ GRS + RO + (R I + (5 0 + &g 0f0
- R - ®Rg o + ®; HE+ ®, B &, (5.16b)
29+ 7{5) VD o)+ G Ol ¢ gD
R+ R - xS 1) ¢ )+ R0

- Cr§Y + RIOED + RE+ RINE + (&g 0B + R B

- Rg§S - ®g 089 - ®, BE- ®; B A (5.16¢)



o1.
AW+ w(O) WD, 2wl o wiholerD, B 4 oD

b AW 4 WDl o (w0, w10 2wl 00,50
v W+ Wil & AW, w9 4+ (w0 + o, t)<1<>

- W - W o + Wy BEP W, B9 A (5.16d)

o D 0 B WD D+ wofe
¢ O WD = Cw B WD + CwY + Wil
W W 1w Wil + (o + wy pl
- wg 0 - g o - oy BED- oy B & (5.16¢)

where, for instance, (k) stands for the value of .Ri defined by
equation (5.14) at point S i during the kth iteration; iWJng) stands  for
the value of Wi defined by equation (5.15) at point j p during the kth
iteration, and so forth.

The values of the unknowns at point P, e.g. vp, Op» OP and dp
are to be obtained J;'rom the above equations. Because of the non-
linear nature of the system of equations, the coefficients of equations
(5.16) remain unknown until the unknowns’ ‘values Vps Ops.. are obtained.
To be out of the dilemma and get the discrete equations solved, an

iteration  procedure is  required. @ For initiating the  iteration  the
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initial values of the unknowns are needed. As a first order approxi-
mation it may be assumed that the values of the -coefficients along the
segments of the characteristics curves are the same as those at points
SZ’ S 4 G 85 and S3. This simply means equation (5.10) is being
utilized. By doing so the initial values of the unknowns for iteration

can be obtained from the solution of the following equations:
py)= p + Fg At | | . (5.172)
lRég)vl(:O)- ZRSZGI()O) + 3R§g)el()0)+ 4R§g)q1(>0) - 1ASZ + 2AS2At . (5.17b)
ROV, 2R o0 - 3 De(0s RDa(® = 3a, + A, (170

Lyr{Ou(0. 2w o0y S {Da( 4w(Dl® - Sx, 4 6agae , (5170
Wssvp + Wesop - Wigap + WiPagd = Tags + Pagsar, 170

where superscript (0) stands for "initial", and

Agp = v Qo Ds R QoD DY, | S50
*Agp = Rs DSY - Rg 0§ + ®, B (5.18b)
gy = g0 Do RGP+ RO . s
ngy = @5 00 - g 00 - & B . st



50 _ 1g(0)(0) 24,(0) (0), 34, (0)a(0), 4y, (0) 0
Agq = W§4)"§4' ZWs4 °§4+ W§4 9§4)+ W§4)q34 ,

0) 0 0
sa= W5 D - W 0y + W, BEP
7 1, (0).(0), 2 (0)_(0) 3 (0)a(O 0) 0
Ags = W§5)V§5)+ W§5)°§5)‘ W§5)9§5)+ 4Wés)qss ;
(0

0 0
Ags = (Ws f)ss) - (W q>§5) + (Wy F)§s)

The intermediate unknowns involved are obtained by

linear interpolation equations:
Y53 = Yo - o Voo + @ Yy Voo
f§2)= Yol - @ Vi) + 0 Y Vao s
Y55 = Y - 0 Va) + @ YpVae
f§2)= Yo - 0 Voo + @ YpVoro

Equations (5.17) with (5.18) can be put in a matrix form :

2@y (0 _ 1O

~

2

where El(’O)= [vl(,o) cl()o) 61(30) q]L(,O)]T ,

the
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(5.18¢)

(5.18f)

(5.18g)

(5.18h)

following

(5.19a)

(5.19b)

(5.19¢c)

(5.194d)

(5.20)

(5.21)



94.

3AS3 + 4AS3 At
n (0 ; (5.22)
: 6
AS 4 + AS 4 At
7 8
| TAgg + BAgs At
L 10 250 35(0) 4y (0) .
Réz) - Réz) Rsz) R'sz)
1, (0 2,00 3,000 4, (0
| Rs3) Rg3’  -"Rgs Rg3
2O _ (5.23)
1es,(0) 0)  34,(0 (0)
W§4 '2Ws4) Ws4) 4Ws4
14,(0) (0) 3y (0) (0)
. W§5 2Wss ~Wgs 4Wss /

The solution of equations (5.20) gives us

of the unknowns at an interior point P. Yet, care must be taken

equations are ill-conditioned.

initial wvalues

as the

As soon as the initial values have been obtained, the main ite-

ration equations are to be solved. They are

QWD) _ y®

2

(5.24)
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u1(>k+l) - [vl()k+1) cyl()k+1) 61()k+1) ql()k+1)]?

~

where , (5.25)

off = e
off - Caff + )
off =
off - )+
o - )+

k k k
o =)+ nfp

o = - 3r{¥ + rD)

2

o - e xp

b

o = tw{® L Wi
o = . Ew® Wiy

k) _ 3y (k k
o - 2w+ vy

?

k k k) .
o - i+ vl -



and
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Qik) - W(k) + W(k)

K K K
Qi = 2wis + wip

o = - 3w 4 wid)

QM = ‘wd + wib | | (5.26a — p)

o« D 1) D - Or D D) off

5 q(k)

+ (3R§12‘) + R{E) 0{5 + (R{Y + r(K
+ (Rs By + ®s DE - Rg 0 - ®Re O

+ Ry B + ®, B} A, (5.27a)

k 1, (k k k 25 (k k k
o« g8 8D )+ Ol + ) o

el o+ o+ o
+ (Rs DEY) + Rs DI - Re D8P - ®g 9P

- ®, F)(k) ®R, B} A, (5.27b)
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v W+ W) o 4 AWl wiky g0

P 954
+ (W5 By + Wy B - W, ol - w, 9l

+ W, B + w, pi) ac (5.27¢)

b0 = AwOs wik) V0 4 AWl | W) o

W+ W) o + (w1 Wi o9

¢ (W5 089 + w5 0 - W o - wg o
- (W, F)(k) - (W, i) A . (5.27d)

At any interior point like P equations (5.24) are solved

iteratively until the precision requirement is satisfied.

5.5 Algorithms for the Boundary Grid Points by Characteristics Method

In Fig5.3 a boundary point M  with  characteristics passing
through is shown. It is clear that the situation for a typical boundary
point like M is different from that of an interior point, therefore, the
treatments for the two types of points must be different as well. Gene-
rally, for determination of the solution of the system  some auxiliary
conditions must be prescribed on the boundary. In this research they are

considered as follows.



M
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Fig.5.3 A boundary grid point M
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Cdse (A):  o(0,t) and 6(0,t) prescribed

‘ Due to the non-linearity of the system, the solution at boun-
dary points as well as at interior points requires iterative procedures.
For the initial values of iteration the intermediate unknowns  are ob-

tained from the linear interpolation formulas:

Yég) =Y (- aVy) + o YoV, (5.28a)
YO -v.a-av Y.V 5.28b
Y83 = YAd - e Vo) +a YoV, (5.28b)

Re-examination of equations (5.16¢) and (5.16e) gives the
following equations for determining the initial values of the unknowns

at a boundary point:

{0 0 A1 o0 - Ca Qe 4D

- RDoy + RD 0, (5.292)
1, (0) (0 0) ,(0) _ 7,(0), 8,(0)
W§5) VI\(/I ) +4W§5) ql\(/[ ) = ¢ A§5)+ Aés At
) Zwég)GM + 3WS(2) OM) . (5.29b)

The solutions of equations (5.29) generate VI\(/IO) and ql\(/[O) , the
initial values of velocity and  heat flow supplementary  to stress  and

temperature which are already prescribed.



100.
As soon :as the initial values of the unknowns are obtained, the

main iteration procedure may be executed as follows.
At first the intermediate unknowns are determined via the three-

point quadratic interpolation formulas:

¥5t0= Yo - 1 (0 - YpavE) + Vi) - 2)
+ g (Vg + Yp - 2YQLaVEG) + VED) - 27, ©(5300)
§13<+1)_ e - 1 ¥, - YB>{0°<V§ )+ Vi g
* zli (Yp + Yp - ch){“(Vgsc% + V(k)) .22 . (5.30b)

The equations for the iterative values of vy and qpq are of the

form:
)+ R{Em I Rl Bl -
O+ xfihon Crff + iy
v R+ REDWR, 20, R(k))(,(k)

CRED+ RENOM 4 AR R



101.
H®s DG+ Ry DAF- R 9

Rg Dy - ®; DE®R, DI A, 531

(1W§k) W(k)) (k+1)+ (4W§15c) + Wzg.l\ljl))ql\(/lk-*-l) -
Cwi® + wixDey, -Cwid + wikhe
¢ U WDV BB o
e I+ g vl
+{(Ws D¢+ Wy 0 (0- W q)(k)
-(w6 Dt W BED-ow, BOY A (5.31b)

Equations (5.29) may be written in the matrix form as

;(gk) g::l)‘ (k) (5.32)
where

am=Ivy 1" (5.33a)

;‘fi = IR{® + r{P) (5.33b)

oK) _ 4p(k) R(k) (5.33¢)

g12 S3-



102.
2K _ Ly | ik

2521 S5 M . - (5:33d)
als) = "W+ Wi (5.33¢)

1= CRS + Ry - CRG3* Ry
+(R{Ox RU O, 2R, R(k))o(k)

CrE9 RYERG: (R R
+Rs DI+ R D~ Rg 05

‘Rg DR, Y- ®; B ac (5330

B o+ i - oS i

o W(k)+ W00, 2y (9, w5 (0
3ar(k k k k k k
Cwg+ wiiheids wids Wiyl
H(Ws DE+ Wy DO~ wg ¥
W D 0-w, B{- w, B A (5.33g)

Equations (5.32) are to be solved for every iteration to obtain

(k+1) (k+1)

the values of M and dp . The procedure is continued until a

satisfactory solution is obtained.
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Case (B):  v(0,t) and 6(0,t) prescribed

When the particle velocity and the temperature are prescribed
on the boundary grid points, the solution procedure is = similar to

Case (A) where the stress and temperature are given.

The intermediate values are evaluated from the following linear

interpolation formulas:

v{P=v,a - o NETR A (5.34a)

~

YP= Y, - 0 Vy) +a Y Vo, - (5.34b)

The wvalues of the unknowns for initiating the iterative proce-

dure are determined from the following sét of linear equations:
2p(0) (0)_ 45 (0) (0)_ 3,(0) 15(0), -
Rs3OM - Rs3dy = “Rgz'Oy - Rg3'vy

15,(0). (0), 25 (0) _(0) 3. (0)a(0) 4 (0) (O
+ R§3)V§3)+ R§3)°§3)' R§3)9§3)+ Rés)qés)

+H®Rs 0§~ ®Re 0P~ ®, By ar (5.352)

0)_(0 0). (0)_ 3¢, (0 14, (0)
2W§5 orp - 4W§5)q1\§1 )= Wss)e - WssYM
1., (0). (0 0)(0) 3, (0)a(0) 4. (0) (O
+ WiPviP+ w{DolD. Sw(De(D A (Dq (0

+HWy piD- (W q)§‘5’)? W, BSD) At (5.35b)
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As soon as the values of GI\(,IO)and qI\SIO) have been obtained from

the solution of equations (5.35) we are ready to run the main iteration
for evaluating the values of oM and Q- For the main iteration the
intermediate unknowns are obtained by the three-point quédratic inter-
polation formulas, equations (5.30). Then the main iteration based on

equations (5.16c) and (5.16e) are expressed in the matrix form as

k) ((k+1 k
bf(;)Ef’m ) b() , : (5.36)

where
b(k) [G(k+1) q 1\5[k+1)]T , (5.37a)
bgﬁ R§13<>+ (15[) . (5.37b)
o) - e rll) 63
o] = W W 5310
o) - e 538

b (0= R+ R0, - (R R
+R{Os REDNG & PRI RY))6

BRI (AR RN

+HRs DI+ Ry t)“‘) Rg D5 -Rs



® RS- ®, B} A - (5;(:;
biy= Wi+ Wity - dwiPs wiy
NN + e wiE
VDR D el

+{(Ws D5+ Wy D iO-W, 9l -w, o)
W, B§D- w, B ‘At . (5.380)

In each above-mentioned case, based on equation (5.16a) the

plastic strain is calculated from the following equation:

Pt =Dy + 2 @y + B A (5.39)

5.6 Algorithms of Finite Difference for Interior Grid Points

Like other partial differential equations the equations of wave
propagation can be solved with common finite difference method. Now  let

us recall the basic equations, equations (5.2):

Y+ AY =C , (5.40)
where

_rdv 8 80 aq 8p T
Yo=[3 3¢t o7 52 217, (5.41a)
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Y =[av 86 380 aq 48p T (5.41b)

X 39X 8X ©8x, 8x ox 1

The elements other than zero of the square matrix A are as follows:

Ay = - % , (5.42a)
D3 .
Ay =- 3, (5.42b)
2l p
D, |
Ay, =- 5, (5.42¢)
24 =75
Dy
Ay, =1, (5.42d)
317 5
D,
Agy = =2, (5.42¢)
34 = 5
A, =k 5.42
3= (5.420)
0
Vector C has the following elements:
c, =1 5.43
17 5 (5.43a)
(D,+D Do)
C,=-—2>23F (5.43b)
) .
"(D,+D,D,)
q=—1_2*%F (5.43c)
D
c,=-L (5.43d)
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C5 =F . (5.43¢)

To solve hyperbolic differential equations by finite difference
method  MacCormack has developed a  procedure with  alternative features
[5.7]. The procedure includes two sub-steps. The first one is called
"predictor” which is done under the condition that time 1is "fixed". The
second suB-step is called ‘“corrector" which 1is elaborately designed. The
method was originally developed for solving field problem of supersonic
flow. However, it has been shown that it can also be successfully
applied to wave and dynamic problems of solid mechanics.

The modification of MacCormackt method which is suitable for

~ 'wave propagation problem is given as follows:

wh+l _ on n n

XJ' — X [A(Y )(YJ+1 Zj)] + At E(Xj) , (5.44)
YEH-]. =3 ( YJ + Y31+1 At [A(Yn+1)(Y?+1 ) Yn+1)]

+ At C&}‘“)} : . ‘- (5.45)

~ o~

where n counts for time t and j for coordinate x. Equations (5.44) are
for the predictor and equations (5.45) are for the corrector sub-steps
respectively.

Expanding equations (5.44), we obtain
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¢ —n+1) . SRR n
—n+1 n n n n,
S; o Ag1Vi1 V) HA24(q5 4 179p)
n+ly _ ' an At n .n n n
19 = O 1 - &x Y A310j41 V) A0y 7
—n+1 n n n
: qj qj A43(9j +1"9j)
—n+1 n
; - 0
’ Cl 3
)
+At§ C o, (5.46)
C4
\ C5
which yields
-n+l _ n At n
—n+1 _ At n n n n
) = 0] - g Ay 0Vug - VP + Ay - gl + ALC,
n+l _ At n n n n
—n+l _ n At n n
qj = qj - Ax A43(6j+1 - GJ.) + At C4 ,
§j+1 = o} + & G (5.47ab,c,d,e)
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Then from  equations (5.45) the  following equations of corrector are

obtained:

+AtT; 1, - (5.48a)

n+l _ 1 —n+1 At —n+l -—n+l
of =z 105+ 3y - &y By Oy - 91D
+ K (—n+1 -n+1 At C .
24\ P +arGl, (5.48b)
n+l _ 1 (a0 n+l_ —n+1 —n+1
Gj =5 {Gj + HJ A— [A. 1( J 1)
+ &, 4@3‘*1 M + ATy, (5.48¢)

n+l _ 1 -n+1 At n+l n+l
qj 5 [qj + q] AX 43(6 6 1)

L MT,) (5.484)
p}l+1 %{p "3‘*1- A Cy) (5.48¢)

5.7 Algorithms of Finite Difference for Boundary Grid Points

At the points of boundary grid the predicted values le i may

not be available for ‘the corrector. With the forward derivatives

employed, the scheme then becomes as : ‘
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v+l Yg o [A(YO)(Yn ] YO)] + At C(YO) , (5.49)

1
(o]
I

and

Y8+1 - % {YO + Y8+1 o [A(Yn+1)(Yr11+1-Yn+1)]
+ At C(Yn+ 1)} . (5.50)

Expanding equations (5.49) we obtain the expression of the predictor for

boundary grid points as :

-n+l _ n At
Vi =V - A% Alz(og - 6‘1‘) +ALC (5.51a)
—n+l _ n At n n
6] =0] - ax [Ay vy - VD
+ Ayy(qy - apl + At C, (5.51b)
n+l _ n At n _n
9] =0 - xx [Ag;(vp v
+A, (g} -gD] + At C (5.51c)
34\9) 91 3 ‘
gl o o AL AR 0% + At C (5.51d)
U =% " & M43 4 > '

Py =p] +ACs (5.51e)
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where Aij take their values at the boundary grid points.
Similarly, according to equations (5:50) the corrector for

boundary grid points is expressed as :

n+l

_1.:n _n+1 At —n+1
vi =gl Ayl

g T AX )

] 6’1‘“) + AT, © (5.52a)

A1 _n+l At n+l  —n+l
o =g (o] + 5] - 5z By @ - )
ntl —
+ A, @ A+ AT,y (5.52b)

n+l _ 1 ;an n+l At -n+l -n+l
0] =7 8 + 0 - F A - V)

_ _n+1
FR,@T - e aTy ), (5.520)

_ 1. n —n+tl At n+1
9 =gpla 9y - xx Ay

-6‘1"’1) + AT, (5.52d)

A S ALV o (5.52¢)
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By utilizing equations (5.47), (5.48), (5.51) and (5.52) we are
able to solve the basic equations (5.40) in either case of the boundary

conditions prescribed.
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CHAPTER 6

NUMERICAL RESULTS AND CONCLUSIONS

6.1 Preface

The coupled one-dimensional thermoplastic waves propagating in
-2 semi-infinite mild steel rod have been studied in the chapters 4 and 5
under different combinations of time-dependent inputs. The numerical
results are presented in this chapter.

. Two algorithms of numerical integration discussed in the pre-
ceding chapter have been implemented with computer programs coded in
FORTRAN-77 language and carried out on CYBER-175. For the generality of
the results the programs are written in dimensionless form. Since the
algorithms for the boundary grid points are different from those for the
interior grid points, each program contains two different parts to deal
with the different types of grid points.

As presented .in the preceding chapter, the solution procedures
for the two boundary conditions assigned in Case (A) and Case (B) are
different,  therefore  different  computational programs have to  be
utilized when using the method of characteristics. For each of these
programs, according to the numbering rule the computer judges the types
of grid points and then executes.the appropriate subroutine.

Because the system is non-linear, an iterative procedure had to be
imposed upon the two subroutines for both interior and boundary grid
points. In addition, as- the system is ill-conditioned, to obtain a
convergent solution, “high accuracy linear system solution" coded as
LSARG in Nosve, CYBER-175 was called in each iteration. With properly

selected net size these two measures guaranteed convergence of the
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solutions;  nevertheless, large number of iterations were still required
for any boundary point.

The program of finite difference method is much more straight-
forward; yet, two different procedures  were needed for different types
of grid points. The program for interior grid points was based on
equations - (5.44) and (5.45), while the program for boundary grid points
was based on equations (5.49) and (5.50).

6.2 Boundary Conditions Assigned -in the Numerical Calculation

It is assumed that the rod is initially in unstressed state
with known temperature and then the following. forms of inputs are
applied for Case (A). '

(i) Stress and temperature increment are in the form of step input,

c(0,t) = ) H@® , ' (6.1a)
T@O,1) = 90 Hb , (6.1b)

where H(t) is the Heaviside function defined as:

H() = (6.2)

This type of input prescribes the impact condition at the boundary,
through  which the discontinuity propagates into the medium. In the
figures, the boundary- condition is coded as 1. '

(ii) Stress and temperature increment are in the form of ramp input as
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c(0,t) = Oy H<t> , (6.3a)

TO.D = 8 p<t> (6.3b)
where L<-> denotes the McAuley bracket defined as

O<t<t
0 0

=1 =t

p<t> = {
' 1 t >t (6.4a,b)

This kind of input prescribes a continuous function, but its
derivatives are discontinues at t=0 and t The boundary condition is
coded as 2 in the figures.

(iii) Stress and temperature increment inputs are of sinusoidal form as

c(0,t) = Sy S® , (6.52)
TO,t) = 90 S , (6.5b)

where S(t) is the sine function defined as below

Sin ot ift < .
S = (6.6a,b)
0 if t >

ela

ela

Again, the input prescribes a continuous function for the de-

T

pendent variables, but its derivatives are discontinues at t=0 and t=¢

This boundary condition is coded as 3 in the figures.

(iv) Stress input alone is prescribed on the boundary as step function,
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o(0,9 = o5 HO)
TOr =0 . ‘ (6.7a,b)

This case is assignéd with intent to show the temperauire change
due to mechanical deformation process. The boundary condition is coded
as 4 in the ﬁgﬁres.

Similar forms of inputs are considered in Case (B), where the
increments of velocity and ternperature are prescribed.

During the calculations the data of Steel SAE1010 were employed.

Its'physical properties at room-temperature are:

E=20x 101 &wm?
p =778 x 10° (kg M) |
a =125 x 10° &l |
k=525 w Mkl |
C=5250k ikl |

v = 0.32

All the calculated results are  expressed in  Fig.6.1 through
Fig 6.78. The solid lines are of the solutions by the method of charac-
teristics, while the dashed are of the finite difference solution. B.C.
stands for "boundary condition", where the first Roman letter other than
H denotes the types of boundary conditions. "A" means that stress ¢ and
temperature increment T are prescribed on the boundary, while "B" means
that velocity v and temperature increment are prescribed on the
boundary. The first Arabic numeral stands for the type of boundary

conditions; 1 is the code of case (i); 2 for case (ii) and so on. The
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second Arabic number gives the information of what the figure is for. 1
indicates that the figure is for wvelocity; 2 means the figure is for
stress; 3 is for temperature; 4 is for heat flow and 5 for piastic
strain. When the first letter under "B.C." is A. or B, the figure is
plotted with dependent variable versus distance x, while time t is the
parameter whose values corresponding to different curves are denoted by
t, ty, etc. If the first letter under "B.C." is H, the figure is
plotted with dependent variables versus time t, while distance (or po-
sition) x is the parameter whose values are denoted by X{» X, and so on.
The following dimensionless time and distance have been

employed:
_,E pcC ‘I
t= (6)(1(—') t o,
E 1 pcC ’ .
x=@I @Y , (6.88,5)
where t” and x” denote the real time and distance respectively.

6.3 Description of the Results

All the results obtained from the numerical work  show that
both characteristics and  finite difference  methods have produced  pro-
files of excellent resolution. It can be seen from Fig.6.1, Fig6.2,
Fig.6.31 and Fig.6.33 that the results obtained by the two methods are
convergent and very close to each other. It can also be seen that for
the basic responses like velocity, stress, and plastic  strain  the
characteristics method wusually gives a sharper solution. However, the

situation for heat flow is different as is shown in Fig.6.39.
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It is interesting to note that for the case of an end step
input the values of dependent variables are continuous everywhere except
on the boundary. This simply means that there is no discontinues shock
waves except on the boundary, therefore, all. the waves in the problem
are of acceleration type. The conclusion can be justified by checking
Fig.6.1 to Fig.6.10, Fig.6.30 to Fig.6.40, Fig.6.41 to Fig.6.50 and
Fig.6.71 to Fig.6.80. 7 '

The comparisons of Fig.6.1, Fig.6.2, and ( Fig.6.5 with Fig.6.3
and Fig.6.4; of Fig.6.41, Fig.6.42, and Fig.6.45 with  Fig.6.43 and
Fig.6.44 reveal the fact that the fronts of mechanical waves such as
velocity, stress, plastic strain and of thermal waves like temperature
increment, heat flow are propagated with the Isame velocity. This fact
shows the thermoplastic waves are coupled.

The thermal responses produced by mechanical input can be seen
in  Fig.6.33 and Fig.6.34 which indicates that due to the stress step
input, each point in . different position, i.e. with different value of x
experiences a pﬁlse of heat wave.. After that pulse the heat wave dimi-
nishes and tends to a stable value. The fact can be observed in Fig.6.38
and Fig.6.39 which show the similar situation for the heat flow except
that the range of variatibn is wider.

It may be noticed from Fig.6.6 and Fig.6.36 that the dis-
continuity ~ corresponding to step input loses its sharpness when it is
propagated in a plastic medium. Because the input is that of Heaviside
function type, at x=0, it takes no time‘ to reach its maxirhum value ‘for
each of the inputs. At 7{1=O.16, however, by  Fig.6.6 and Fig.6.36 it
takes about 3 units of time for the velocity to reach its ‘maximum value.

At x2=0.047, it takes about 5 units-of time to do so. At x3=0.08, it
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temperature step inputs (0,=340 MPA,8,=5K)
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and temperature step inputs (GO=340 MPA,90=5K)
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stress and temperature Step inputs (60=340 MPA,60=5K)
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takes about 6 wunits of time, and at x 4=O.11, it takes more than 7 units
for the wvelocity to reach its maximum value. Similar feature can be seen
in Fig.6.7 and Fig.6.37 for stress, Fig.6.9 for heat flow, Fig.6.38 for
temperature efc. This "dulling" phenomenon is due to the fact that in
our system the front and trailing edges of the waves are propagated by
different velocities. As time increases, the distance between the front
and the trailing edges increaseé correspondingly. The increased abscissa
decreases the slope.

Although the wvelocity and stress inputs are decreasing fur_1ctions
of time in boundary conditions coded by A3 and B3, which correspond to
Fig.6.21 to Fig630 and Fig6.61 to Fig.6.70, respectively, at any
point x=constant the plastic strain once established never goes down.
This tallies  with the assertion  that the evolution  of internal  state
variables is  irreversible. Fig.6.30  and Fig.6.70 clearly show the
feature.

Cattaneo’s hyperbolié equation of heat conduction has been emp-
loyed in  the analysis of the thermomechanical coupled system. The rela-
xation time included in the equation is decisive for selecting the time
step of integration algorithm. No matter whether characteristics or the
t'wo-sub~step finite deference method is wused, the time step utilized can
never be greater than thc;, relaxation time in order to obtain a conver-
gent solution. By the achievement of modern computer science,” even if
super computer is used, - it is still impossible to get the results
coﬁesponding to a really lon.g time. Our observations are drawn from the
profiles sketched with the certain calculated data; yet, it brings us a

distinct picture.
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6.4 Discussion

When an elastic long ' rod is impacted at one énd, the particle
velocity and elastic strain are propagated in the form of a shock wave.
There is a discontinuity or jump formed at the wavefront. However, for
thermoplastic wave propagation the situation is different. The numerical
results presented in the preceding section have shown that the discon-
tinuity only exists at the end of the rod. As the waves are propagated
along the rod, the sharpness of the discontinuity becomes vanishingly
small. It suggests there is no shock wave propagated in the rod.

Orisamolu [4.6] has numerically studied the wave propagation
problem associated with thermoplasticity, in which Cattaneo’s hyperbolic
heat conduction eQuation and a plastic constitutive relation associated
with internal state variables are employed. In spite of the assertion on
jump conditions | at wave fronts, some of his numerical results show the
feature similar to an acceleration wave. When the end of rod is
subjected to a step input of stress or velocity and temperature
change, the sharpness of the step decreases as the waves propagate along
the rod. This feature 1is indicated by Fig.6.9a, Fig.6.9b, Fig.6.13a,
Fig.6.17a, Fig.6.17b, Fig.6.19a, Fig.6.19b et cetera [4.6].

Cristescu and Suliciu have presented some numerical results
of plastic wave propagation in Chapter IV, Section 4, [4.1], where a
rate-independent  constitutive equation  is employed. The results suggest
that when the end of the rod is impacted, discontinuity of strain ShO\.JVS
up clearly at the positions near .the end. However, as the distance of
the point from the end becomes larger, the discontinuity vanishes.

" In Chapter VII, [4.1], the existence of real acceleration

waves has been discussed. It is shown when Cattaneo’s hyperbolic heat
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conduction equation and a plastic constitutive equation with internal
state  variables are employed, quasi-linear thermoplastic equation  system
with real eigenvalues leads to the existence of acceleration waves
inside the body. That conclusion is congruent with the numerical results

obtained in this research.

6.5 Conclusions

In this research, a constitutive theory of thermoplasticity is
developed based on the free energy function and the dissipation
function. At first, the‘ physical aspects and the constitutive features
of the two leading functions are examined and clarified. It is found
that the free energy is a decreasing function of the internal state
variéibles; and it is also found that for a plastically incompressible
material there is no explicit coupling between the temperature  change
and plastic deformation for evaluation of the energy. A relation between
the two leading functions is established. This expression can be
employed to directly derive the  plastic  constitutive equations.
Contribution of the strain hardening parameter to the free energy has
been taken into account, and the dissipative feature of softening of
this parameter is considered by a particularly assigned function which
is able to relate the experimental results to the constitutive
equations.

Based upon the examination of the leading functior{s, a model
system of constitutive equations has been established. The system
includes the evolution of entropy, law of heat conduction and plastic
constitutive equations.

From the numerical results. the following conclusions can be
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obtained:
i. Both the characteristics and two-sub-step  finite difference methods
are applicable to generate a convergent result for the problem of

plastic wave propagation, if the time-step is correctly selected.

ii. Generally speaking, the method of characteristics is more strict,
and gives a sharper solution in most cases, therefore, is .more suitable
and dependable for solving hyperbolic partial  differential  equations.
However, compared with the other, it is more involved and more
computer-time consuming. Roughly, it is 207 to 40 times more time

consuming than the two-sub-step finite difference method.

iii. The results show that after being propagated in the plastic medium,
the discontinuity of step input is “"dulled" so smoothly that the values
of the dependent variables are continuous at the front of the waves. But
it can be seen from the related figures that their derivatives are still
discontinues. By  the  definition those kinds of waves are classified as
“acceleration waves. In other words, the thermo-mechanical coupled waves

propagated in plastic media are of acceleration type.

iv. The discontinuity associated with step input is propagated between
the front and  the trailing edges of the waves. As time increases, the
distance between the two edges increases correspondingly, and the

the discontinuity becomes vanishingly small.

v. The mechanical waves (stress, velocity, plastic strain) and the

thermal waves (temperature increment, heat flow) are coupled and
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propagate between the leading and trailing edges with the same
velocity.

Consistency is an important feature of the newly established
constitutive  relations. ~ Thermoplastic  analysis based on  fundamental
laws associated with numerical calculation which clarify some basic
facts of plastic wave propagation problems have not been hitherto
reported in the literature. I hope this research would make a further

step in the developing efforts of the related areas.

6.6 Recommendation for Further Research

From the development presented in Chapter 3 it is seen that
there | are three factors which are decisive for the plastic constitutive
equations. The first one is the strain hardening parameter which is
related to cold work and contributes to the free energy function. The
second is the time-dependent term of plastic strain which is closely
related to the dissipation function; and the third the softening rule of
the  strain hardening' parameter, which - constitutes another part of
dissipative power. Different kinds of materials correspond to different
combinations of these factors, which are characterized by correspoﬁding
material properties. ~ Experimental research efforts are recommended to
identify the these  material  properties for  various engineering
materials.

Since the 60’s of this century a great number of experiments
have been done on determining material behaviors at elevated temperature
to meet the growing industrial needs. Because most of the works are
empirically based, the essential features of thermoplasticity are seldom

taken into account. After so many years of continuous development it is
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the time to relate the theory of therméplasticity to the experimental
results of metallic materials at elevated temperature.

At the same time, material science is expected to make more
research  efforts towards the relation of strain hardening and micro
structure movement at  different temperature  levels. A  better under-
standing of micro scale movement is of vital importance for further

development of thermoplasticity of metallic materials.
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APPENDIX A
INVERSION OF MATRIX A

0

Square matrix AO=[a(i)j] is given in such a way that the elements

other than zero are:

A =

9, = D,

d93 = Dy

a3 = Dg

33 = Dy

a24 =T

gy = as = 1
agg = Dy

It can be easily seen that det AO = pT, D, where D = D2D3 - D4D5 . If we
set ‘ |

_1_
AO = [aij] s

then the elements other than zero are:
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D
_ 73
a0 = 5
a. = -]_).l
923 B
o5
327 B
0 =2
33~ B
_1
ayy = %
(D3+D 4Ds)
a -
52 )
(D1+D2D4)
a = -
53 B

The matrix with these elements is the inverse of AO‘
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. APPENDIX B |

DETERMINATION OF EIGENVECTORS

The basic equations (4.15b) are written in the following form:

Y, +AY =C, (B1)

where Yt’ Yx and C are defined in Chapter 4. Matrix A is expreésed as
follows

1
/0 = 0 0 0 )
p
D D
3 0 0 — 0
D D
A =
D D
1 0 0 2 0 (B2)
D D
k
0 0 X 0 0
%0
~ 0 0 0 0 0 ‘

As soon as the eigenvalues are available, the left eigenvectors can be

found by the following equations

D A =@ O (B3)

For eigenvalue - A - 0, we have



which yields
=0 0 0 0 1]-.

For 7»(2) = V2, we have
Ll b I3 iy ls) Ayl = Vol Iy L I3y 1]

which yields

pvzﬁ-D‘ T pV21~)-D
=11 1 2 3 0( 2 %
B PV, pV,Dy KD

Similarly, for AP= v,

2 2x

=11 pVZ pV2D1 EE(-——DI———) 0] .

For ?»(5) = V5
e
| pV3D-D; <,pviD-D,
A=ttt pvy veor o 01
For A® = v :

 pV3D-D; 1, pViD-D,
W=t gy pvppy D

01

01.
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(B3)

(B6)

(B7)

(B8)

(B9)

(B10)



