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ABSTRACT

A new multidimensional (MD) digital filtering technique is described in this
thesis. The continuous-discrete frequency domain (CDFD) filtering technique employs
continuous-frequency (e.g. infinite impulse response) filtering in N of the M
dimensions (N < M) and discrete-frequency (e.g. discrete Fourier transform) filtering in
the remaining M-N dimensions. Notation is developed to describe CDFD filtering
concisely. The advantages of MD CDFD filters over MD continuous-frequency and

MD discrete-frequency filters are demonstrated in various signal processing examples

and applications.

Some topics for further research are proposed, especially in the use of CDED

filters in three dimensions and in real-time MD filtering applications.
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CHAPTER 1

SOME BASIC CONCEPTS IN MULTIDIMENSIONAL

DIGITAL FILTERING

1.1. Introduction

Due to recent advances in high-speed computers and dedicated signal
processing hardware, multidimensional (MD) digital filtering is being used in a
wide variety of applications. MD digital filters are predominantly used to solve 2D

and 3D signal processing problems.

Two-dimensional digital filters are used extensively in image processing
applications such as biomedical image analysis and seismic signal processing.
Typical biomedical image processing applications include the enhancement of CAT
(Computer-Aided Tomography) scan and X-ray images [1]. In the field of seismic
image processing, two-dimensional digital fan filtering techniques are used to
selectively enhance and reject signals on the basis of their velocity, such as the
removal of low velocity ground roll interference from seismic images [2].

Applications in three-dimensional signal processing are to be found in areas
such as 3D seismic image processing and situations involving two dimensional
time-varying images; for example, sonar, radar and television [3]. Three-
dimensional frequency planar filters are used to track objects in time-varying radar

or sonar images [4].



An exciting potential application of three-dimensional digital filtering is in the
rapidly developing field of videophone technology. This involves transmitting and
receiving video signals over currently-existing telephone networks which are

subject to heavy interference.

There are two widely followed and, so far, distinct approaches to MD digital
filtering. Firstly, discrete frequency methods, such as the MD discrete Fourier
transform (MD DFT), have been employed using techniques that are essentially
extensions of the 1D case [3]. Secondly, MD continuous frequency methods, such
as finite impulse response (FIR) and infinite impulse response (IIR) techniques,

have been employed [3].

Both these techniques have certain advantages and disadvantages [3]. The‘
Continuous-Discrete Frequency Domain (CDFD) filtering technique presented in
this thesis combines both continuous aﬁd discrete frequency filtering into a novel

filtering technique that possesses some of the advantages of both continuous and

discrete frequency filtering.

Some important fundamental concepts in MD digital filtering are presented in

the next section.

1.2. MD Signals and Systems

This section covers some fundamental concepts in MD digital filtering. In
addition to covering some basic theory on MD signals and systems, this section

also defines the MD DFT and the MD IDFT (inverse discrete Fourier transform) -



two widely used transforms in MD digital filtering.

1.2.1. MD Signals

A signal is simply a means of conveying information; for example, a
television picture, music or a sequence of numbers in the memory of a computer.
Filters extract useful information and reject undesirable information from inpur
signals to produce filtered output signals. For example, filters in a stereo system
may be designed to remove unwanted high-frequency noise from music or remove

D.C. or low-frequency signals to avoid damage to speaker systems.

A 1D signal (Fig. 1.1) is a function of one independent variable. For
example, the sine wave x(¢) in Fig. 1.1 is a function of the independent variable ¢.
The 2D sine wave x(tl, t2) = sin (colt1 + coztz) in Fig. 1.2 is a function of wo
independent variables ¢ 1 and Ly Similarly, an MD signal x(tl, ys *t s tM) is a
function of the M independent variables t1stg T Iy Thus, a

multidimensional signal is any signal that can be expressed as a function of M

independent variables (M = 2).

There are three types of MD signals - continuous, discrete and mixed
continuous and discrete. A continuous MD signal can be expressed as a function
of M independent variables where each variable is defined over a continuum of
values; for example, the intensity I(x, y) of a black and white photograph. The

2D sinusoidal signal x(tl, t2) in Fig. 1.2 is also a continuous 2D signal.



A discrete MD signal is expressed as a function that is defined only on a set

of points; for example, the intensity / (kl, k2) of a digitized image. The 2D signal
x(kl, k2) in Fig. 1.3 is a discrete 2D‘ signal. Discrete signals are often obtained

from continuous signals by rectangular sampling. In the case of a digitized image,

for example, (kl’ kz) is obtained from I (x, y) by periodic rectangular sampling.

That is,

I(kl, kz) = I(x,y)
x =kiTy (1.1)
y =kyT,

where T 1 and T o are the sampling periods in the x and y directions respectively.

A mixed continuous-discrete MD signal is expressed as a function of both
discrete variables and continuous variables; for example, a seismic image where a
fixed number of geophones at discrete locations measure waveforms that are

continuous functions of time. The 2D signal x(kl, t2) in Fig. 1.4 is continuous in

ty and discrete in kl‘

A finite-extent MD sequence is one which takes the value zero outside a finite
region of support. The region of support can have any shape although typically it
is rectangular. Thus, for a 2D finite-extent signal, the region of support is usually

a rectangle (Fig. 1.5).

This thesis deals primarily with finite-extent MD discrete signals of the form

x(k 1,k2, cee, kM), that have a region of support defined by O Skz. <Li ;



Fig. 1.3. Graphical representation of a 2D discrete signal x (k 1 kz).



x(kp. )

)
0 ky
Fig. 1.4. Graphical representation of a 2D mixed continuous-discrete
signal x (k 1 t2).
k24

0| Ly ky

Fig. 1.5. A rectangular region of support (shaded area) for a
2D discrete signal (represented by dots) which is zero
outside the region of support, (0 < k1 <L,0< k2 <L,).



ki’ Li integer, 1< Li <eoand i =1,2, -, M. Henceforth, unless otherwise

specified, all MD finite-extent signals will be assumed to have a region of support

as described above.

1.2.2. Multidimensional Discrete Fourier Transform and Inverse Discrete

Fourier Transform

It is often convenient to represent and analyze temporal and spatial domain

MD discrete finite-extent signals x(kl, k2, RN kM), henceforth referred to as

MD spatial domain signals, in terms of their MD discrete frequency components.
The MD Discrete Fourier Transform (MD DEFT) transforms any MD spatial domain

signal x(k, k4, -, k,,) into a frequency domain MD discrete finite-extent
™2 M

signal x(Ql, QZ’ SR QM), henceforth referred to as an MD frequency domain

signal, where Ql, QZ, s, QM are the discrete frequency variables
corresponding to the variables kl, k2, cee, kM, and 0 < Qi < Li .

The MD Discrete Fourier Transform X (Ql, 92’ s QM) of an MD spatial

domain signal x(kl, k2’ s kM) is defined as

Ll-l L,-1 LM—l

A co

XQpQy )8 X S e, X xlpky k)
k=0 ky=0 ky =0
(1.2)
k. Q k,Q ka2
exp|—j2n é1'+ 22 R Ile
1 2 M



WhereOSkl. SLz. —l,OSQi SLl. —1and1<Ll. <o fori=1,2, -+-,M.
For example, the 2D DFT of a 2D spatial domain signal x(kl, k2) is given by

Q

Lt ~ J2mk Qg _ J 21k 52,
1-"2 L L
X@Q,Q) & X X xlkpkye 1 . 2 (1.3)
k1=0 k2=0

Just as the MD DFT transforms an MD spatial domain signal into an MD
frequency domain signal, the multidimensional Inverse Discrete Fourier Transform
(MD IDFT) transforms an MD frequency domain signal into an MD spatial domain

signal. The MD IDFT is defined by

LTI SRR
A 1 Lgl Lzz—l LA%:—l .0 o
= L, L, - -,L T e R R V O
172 M Q=0 Q,=0 QM=O (1.4)
k,Q k,Q ky Q
expj27c1111+§12+--'+A2M
1 2 M
In the 2D case given by (1.3), this becomes
. 11; 1 j21ck1§21 J 21k, Q,
1 "2 L L
xpk) 4 = 3 3 x@pope 1. 2 @9

An important application of the MD DFT is in deriving the frequency responses of

MD linear shift invariant digital filters which are described in the following



section.

1.2.3. MD Linear Shift Invariant Filters

Linear shift invariant (LSI) filters are the most widely used digital filters
because they are comparatively easy to design and analyze, and sufficiently

powerful to solve a variety of digital filtering problems.

1.2.3.1. Definition of an MD LSI Filter

Consider an MD discrete-domain filtering operator P[] that maps a set of

MD discrete input signals {xi (k 1 k-2’ s ,kM)} into a set of MD discrete output

signals {yi (kl’ k2, SR ,kM)}. This operation can be written as

Pl{x; (kg kg, - dy ) 8 {y;(eqs kg oo, Ky 02 (16)
The filtering operator P [ ] is linear if and only if

P[{Z Cixi(ky kz: Tt kM)}] = Z ci{yi(kl’ kz, T, kM)} 1.7
] i

i

for any input x; (kl’ k2, s, kM) and any scalar constant ¢
P[] is said to be shift invariant if and only if

PlixUey =Kqp kg =Ky = gy = Kypi] = Uy = Ky,

kZ—KZ’ "',kM— M)}

(1.8)



10
where Kl’ KZ’ s KM are any constants.

The linearity condition implies that the response to a sum of scaled inputs is
simply the sum of the scaled responses due to the inputs applied separately, while
the shift invariance condition implies that a shift in the input produces a
corresponding shift in the output. A filter satisfying both the linearity and shift

invariance conditions is said to be a linear shift invariant (LSI) filter.

1.2.3.2. Impulse Response of an MD LSI Filter

The impulse response of a LSI filter, characterized by the filtering operator

P[], is defined as
Rk kg o kyy) 8 PISGy ko, w0, Ky )] (1.9)

where S(kl, k2, IO kM) is the discrete unit impulse defined to be

Okysks, k) _ |1, ky=ky=+-+,=k,, =0
| M —{ 1 2 M (1.10)

0 , otherwise
The output y(kl, k2, cee kM) of a MD LSI filter is calculated from the
input x(kl, k2, sk, kM) and the impulse response h(kl, k2, SR kM) using -

the MD convolution summation defined as
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y(k13k2, '.',kM)

L1—1L2—1 LM—l
é Z Z Y . Z h(kl’kZ’ et ’kM)x(kl—jl’kZ_jZ’ Tt kM "'JM)
J1=O .12=0 JM=O
(1.11)
where each ji i =1,2, -+ M,is an integer.

1.2.3.3. BIBO Stability of an MD LSI Filter

A MD LSI filter is BIBO (Bounded Input Bounded Output) stable if and only
if, for any bounded input sequence, the output sequence remains bounded. A
necessary and sufficient condition for an MD LSI filter to be BIBO stable is that its

impulse response h(kl, k2, T, kM) be absolutely summable. That is

le—:-1 L22—1 LMZ—1 l )
T, Wik, ka, - k =D <ee (1.12)
k=0 k=0 ky=0 ®r %2 )

In general, it is considerably more difficult to test for MD stability than for

1D stability [3].

1.2.3.4. Frequency Response of an MD LSI Filter
The steady state frequency response H (Ql, QZ’ SRIIN .QM) of an MD LSI
filter is the ratio of the response j(kl, k2’ s kM) to the input

Xk, k2, ** 5 k) when the input is an exponential of the form
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M kQ
Xk, kn <",k = i 2 _—
x( 1 %9 M) exp|j2r| Y, I,
i=1
and Qi’ Li are integer for all i. The """ above the x and y implies that these

signals are periodically extended in all M dimensions with period Li in the ith
dimension [3].

The frequency résponse of an MD L3I filter can be obtained by applying the

MD DFT to the impulse response of the filter and is given by

L.—-1L L, —1
A 1 2 M
H@p Oy @ & 3 X o I Mlpky k)
‘ —O = M—O
(1.13)
kQ ky 2
exp|—j2rn 22+-'+A§M
2 M

The MD DFTs of the input and output sequences, X(Ql, ‘QZ’ SRR QM) and
Y(Ql, QZ, SEIEIN QM), respectively, are related through the frequency response

H(Ql, 92, SEIEIN QM) as follows :

Q) = HQ,, Q

Y(QI,Q 29 IR

1.2.3.5. Z-transform Transfer Function of an MD LSI Filter

The z-transform transfer function T(Zl’ Zys 7 zM) of an MD LSI filter is
shown as a block diagram in Fig. 1.6. T(zl, Zoy "7y zM) relates the MD z-
transforms of the input and output signals, X (zl, Zys T zM) and

Y(z rIp s zM), respectively, in accordance with
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Y524, * 5 2Zay)
_ 1“2 M
T(Zl, 22: "',ZM) = X(z

1.15
1322’..',ZM) ( )

where the z-transforms of the input and Aouqiut signals are obtained using the

definition of the MD z-transform :

X(zla 22, tee ’ZM)

>

oo -k, —k

3 y o, > x(kl’kZ’...’kM)zl 1z2 2 ...,ZMM

k ,==—o00 f n=—0c0 kMz—oo

T(z

1 2

For LSI filters, (1.15) can also be represented as a ratio of polynomials so that

N(Zl,zz, T ’ZM)
D(ZI’ZZ’ R ’ZM)

1’22’ .."ZM)

I "M J1 Jg Y
.Z .Z‘ ..."Z n(jl’jz’...,jM)Zl 22 ...’ZM
J1=0.12=0 JM=O

TN O LV
.Z .Z ...’.Z d(ll’JZ:"':JM)zl 22 ".’ZM
J71¥075=0 y=0

(1.17)

X(Zl, Z2, .oe ZM) Y(Zl,Zz, ‘; ZM)

T(zl,zz, zM)

Fig. 1.6. Block diagram of z-transform transfer function,
T(z 129 " zM), of an MD LSI filter.
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J;

where z; =e and m; Snl. for i=1,2, ---, M. Each ©; in (1.17) is a

continuous-frequency variable and the complex variable z; is the unit advance

operator in the ith direction.

. jo; '
The substitution z; =e ! in (1.17) can be wused to express

T(z 1229 " zM) as a function of the -continuous-frequency variables

O, Wy, ~ "7, O That is,

T (0)13 mz, T, (‘OM) = 'T(zl, 227 e :ZM) ]0)
z;=e t

i=1,2, -+, M
When the transfer function of a LSI filter can be expressed as a function of

continuous-frequency variables, it is said to be a continuous-frequency domain

filter.

Continuous and discrete frequency filtering are discussed in the next two

sections.

1.3. MD Discrete-Frequency Filtering

An MD discrete-frequency filter has a frequency response that is a function of

M discrete frequency variables Ql, QZ’ SRR QM. For example, consider the 2D

discrete-frequency response H (Ql, QZ) shown in Fig. 1.7 which is defined by
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. 02 2 2

0 ; elsewhere

H (Ql’ QZ) takes the value 1 at all discrete ‘frequency points t‘Ql’ QZ) on dr inside
the shaded region on the QIQZ plane, and it takes the values O at all other discrete
frequency pomts

A MD discrete-frequency filter, such as the one shown in Fig. 1.7, can be
implemented using MD DFT filtering which is a three step filtering process.

The first step in MD DFT filtering is to apply the MD DFT to a MD spatial
domain signal x(k 1 k2, < kM) to obtain the MD frequency domain input
signal X(Ql, Qz, R QM). That is |

lHEQ,, )|
A

Fig. 1.7. Frequency response of a 2D DFT circularly symmetric lowpass filter.
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Ll—l L2—1 LM—l
XQpQy Q) = XX o, N xbpky k)
kl—O k=0 kM=O
(1.19)
k. Q k,Q ky Q
expl—j2n }_, 1+ i 2+ Tt ]Vi’, M
1 2 M
The MD frequency domain output signal Y(Q, Qy, ~ -, Q) is now
obtained by multiplying X (91,92, cee, QM) by the MD frequency response of
the filter H(Ql, 92, R .QM), so that

Y(Ql, 9.2, ceey, QM) = H(Ql, .QZ, cee, QM) X(Ql, QZ, LN .QM) (1.20)
This constitutes the second step in the filtering process. The sequence
X(Ql, QZ, s, QM) is usually complex while H(Ql, Qz, SRIEI .QM) is usually
real. Therefore, the real and imaginary parts of X (Ql, QZ, SRIE QM) are
separately multiplied by H (Ql’ 92, T, QM) and then combined to form
Y(Ql, Qz, SRR .QM). The third and final step in MD DFT filtering consists of
applying the MD IDET to ¥(Q, @), - -, &) to obtain the required spatial
domain output signal )‘)(l’c1 k2’ cee, kM) which is periodically extended in M

dimensions [3]. Thus,



17

y(k19 k2’ T H kM)
L Lgl Lzz—l LMZ—I S o)

=TI I ] cee Qo )

172 M Ql—O 522:0 QM=O (1.21)

kiR Ky kg
eXp|2M| — =t~ 4 7
1 2 M

The required signal y(k 12 k2, RN kM) is simply the part of
yk 12 k2, SR kM) having support in RN = {kl.: 0< ki <Li;

ki, L; integer, L; < eo,i =1,2, -+, M}.

For example, consider a 2D signal x(kl, k2) as the input to the filter whose

frequency response is shown in Fig. 1.7. The 2D DFT filtering process carried out

on x(kl, kz) can be represented by the following sequence of equations:

Step 1.
Jomk Qg j2mk,Q,
L.-1L,-1 -
1 2 L 7
XQpQ) = 3 T xlkpkpe L e 2 (12
k=0 k=0
Step 2:
Y (@, Q) = H(Q, Q) X(Q[, Q) (1.23)

where H(Q,, Q,) is defined in (1.18)
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Step 3.
J2mk Q  j2mk,Q,
L.—1L. -
1 2 L 2
Fhpky = ¥ X YQ,Q)e 1 e 2 (1.24)
Q].:()szo

One of the advantages of MD discrete-frequency filtering techniques, such as
MD DFT filtering, is their simplicity. The design of MD DFT filters is
straightforward and any required passband shape can be implemented.

However, a significant disadvantage of these methods is that they are
computationally intensive and require large amounts of memory for data storage.

In general, for an MD input signal of size L1 X L2 X o X LM’ where

Ll’ L2, SR LM are all powers of 2, the number of floating-point operations

requited for MD DFT filtering is given by 2(L 1L2 s ,LM)
[log2(L 1L2 s ,LM) + 1]. For example, for a 256 X 256 x 256 point 3D input
signal (L1 = L2 = L3 = 256), over 800 million ﬂoaﬁpg-point operations will be
required for 3D DFT filtering. Based solely on these computation requirements,
such a filtering operation will take at least 25 seconds if the 3D DFT filter is
implemented on a single Texas Instruments TMS-320C30 [5], one of the fastest
signal processing chips currently available (speeds 01{c up to 33 MFLOPS are
possible). As a result, real-time video filtering cannot be achieved for a

256 x 256 x 256 point image using a 3D DFT filter implemented on a single

TMS-320C30.

Block filtering techniques [3], where large "blocks" of input data are

processed simultaneously using parallel processing, are sometimes used to decrease
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the time required for the filtering operation. However, since such blocks of data do
not occur naturally in most real-time applications, these methods are typically used
in off-line filtering applications where the data can conveniently be maintained and

manipulated in computer memory.

DFT filtering techniques generally require significant amounts of memory for

data storage. Typically, for a L1 X L2 X o+ X LM MD input signal, assuming
the MD DFT filter has a purely real frequency response, 2(L 1L2 cee ,LM) words

of data must be stored in addition to the original input signal. For example, for a
3D 256 x 256 x 256 image with a (relatively low) data wordlength of 16 bits, over
64 megabytes of memory are required. This is a considerable requirement, even on
the most powerful of computer systems currently available.

The finite sequence length of the DFT and the periodic extension of the
output signal produces undesirable "edge effects” in MD DFT filtering. In the case
of 2D images for example, edge-effects produce "ringing" artifacts in the filtered
output image. Ringing artifacts are also produced by Gibbs phenomena [6]. To
reduce edge-effects the input signal is usually multiplied by a windowing function,
such as Hamming [6], raised cosine [6], etc. Naturally, this increases the

computational overhead for the MD DFT filtering process.

In spite of these disadvantages, MD DFT filtering is still widely used (for
M <£2) because MD DFT filters are relatively easy to design and are inheréntly

stable. MD continuous-frequency filtering techniques, described in the next
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section, lend themselves to faster and much more compact filter algorithms than
MD DFT filtering techniques, but the design process is much more complicated, as

it is often very difficult to produce stable filters.

1.4. MD Continuous-Frequency Filtering

A MD continuous-frequency filter has a frequency response that is a function

of M continuous freqtiency variables @1, Oy, ** 75 @y . These filters are

typically implemented using finite-order linear difference equations (LDE)
henceforth referred to as simply LDEs. Transfer functions of the filters can be
derived from these LDEs and it can be shown that they are functions of

continuous-frequency variables.
Consider, for example, the 2D filtering operation represented by the first order
2D LDE that relates the input x(kl, k2) to the output y (kl’ kz) as follows :

(kg ko) = x(ep, ko) + 20 (kg = 1, ko = 1)+ 3x 0k, ky — 1) +

(1.25)

xtk, -1,k

1 2)

In order to derive the z-domain transfer function T (z 1 22), of the filter represented

by (1.25), the 2D z-transform is applied to both sides of (1.25) resulting in

Y(zp2y) = X(zp, 2 + 227 25T 3251 4271 (1.26)

From the definition of the z-domain transfer function in (1.15),
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Y(Zl’ 22)

R
2 = X (z

T(z,4,z
1 1’ 22)

= 1+2:7250 #3251 4271 (1.27)

The frequency response H (col, co2) of the filter can be derived from (1.27)
using the relationship in (1.18). That is,

H(0, @y) = T(zy,2,)

Z21= (1.28)

where ©,, W, are continuous frequency variables and T1 and T', have been chosen
as unity for simplicity.

H (0)1, 0)2) can now be written

— -1, -1 -1 ~1
H((z)l, 0)2) = 1+221 Zs +3z2 +z] io
z =e 1 (1.29)
jC‘)Z
22—6
—j(; + —jo —j
H(p, 0,) = 1+2e 7y 2)+3e L T A (1.30)

Using De Moivre’s theorem to express the complex exponentials as a sum of

sinusoids in (1.30) gives

H (col, 602) = 1+ ZCos(co1 +c02) -j ZSin(co1 + (02) + 3coscx)2
(1.31)
-J 3sin(02 + Cos®; — J sinco1 .

Collecting real and imaginary terms,
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H (col, 032) = 1+ 2cos((:)1 + 0)2) + 3003(02 + coscol]
(1.32)

—J [2sin(co1 + 0)2) + 3sinc02 + sincnl]
Clearly, from (1.32), the 2D frequency response H (col, 0)2) corresponding to
the first-order 2D LDE in (1.25) is a function of two continuous frequency

variables, o) and @y.

In general, MD continuous-frequency filtering can be performed via MD

LDEs of the form:

y(kl’kZ’ '..,kM)
P1—1P2—-1 PM—I
= Z Z T, Z a(pl:pz? aPM)x(kl"Pl:kz"‘Pz’ ”.:kM—pM)

D 1=0 p2=0 pM=O

Q 1_1 Qz"'l QM—I
- X > s X b(ql’qZ’ "°,qM)}’(k1—quk2_qZ, ”"kM_qM)
210 4,=0 =0
(1.33)
where qd1 99 "y cannot  simultaneously  equal zero and

P,Q, <L ;i=1,2 - ,M.

Since the output MD spatial .domain signal is calculated directly from the
input MD spatial domain signal, only one stage of filtering is required.
Continuous-frequency techniques are more suitable for real-time filtering because

y(kl, k2, T, kM) is calculated immediately after x(kl, k2, SRR kM) is
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known, for all kl’ kz, SR kM' The edge effects inherent in discrete-frequency

techniques can be eliminated if appropriate initial conditions are imposed at the

boundaries of the input x(kl, k2, I kM).

There are two types of continuous-frequency filters, namely, Infinite Impulse
Response (IIR) filters, often referred to as recursive filters, and Finite Impulse
Response (FIR) filters, often called non-recursive filters. These two filtering

techniques are described in the next two sections.

1.4.1. MD Non-Recursive (FIR) Filtering

An MD non-recursive filter can be implemented by a LDE that is a special
case of (1.33), that is, when b(g 199 " qM) =0 for all 4199 "9y

Since b(ql, 99 """ qM) =0 for all d1:99 "y each output sample
| yki, ks, + ., ky,)is a function of the previous and current input samples only.
1’ ™2 M ‘

Previously calculated output samples are not used to calculate the next output
sample - hence the term non-recursive filter. Such a filter may be implemented

using an LDE of the form
y(k1> k2’ e ’kM)

Pl—-l P2—1 PM-—l (1.34)
= Z Z Z h(plapza .”’pM)x(kl—pl’kZ_pZ’ "':kM"pM)
p1=0 p2=0 pM=O

wherePl.<Li ;i=1,2, -+, M.
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A comparison of (1.34) and (1.11) shows that h(pl’pZ’ ce ,pM) is the
impulse response of the non-recursive filter represented by (1.34). Since P, <L,
for i=1,2, ---,M, the impulse respc;nse h(pl,pz, s ,pM) has a
finite number of non-zero samples. Hence MD non-recursive filters are also called
finite impulse response (FIR) filters.

A long impulse response is usually required to achieve high selectivity (i.e.
shafp transitions from passband to stopband) in the frequency domain. Due to the
necessarily finite extent of the impulse response, non-recursive filters satisfying
given filter specifications often require a much higher order than recursive filters.

A convolution of the impulse response 4 (p 1Py " pM) with the MD
input spatial domain signal x(kl, k2, I kM) produces the MD output spatial
domain signal y(kl, k2, sy, kM) according to Equation (1.34). Thus, a higher
order non-recursive filter requires a substantial number of computations and, if the
filter order is sufficiently high, MD DFT filtering provides better computational

efficiency. MD non-recursive filters are not used in this thesis.

One of the advantages of MD non-recursive filters is that they are always
BIBO stable, since a finite length impulse response is always absolutely summable,
according to (1.2). Consequently, FIR filter design algorithms are free to
manipulate the filter coefficients to approximate a given specification without

having to impose stability constraints.
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Finally, non-recursive filters can be designed to have a purely real frequency
response which implies that the frequency response possesses linear phase
characteristics (zero phase). This eliminates distortion of lines and edges caused

by non-zero phase frequency responses.

1.4.2. MD Recursive (IIR) Filtering

An MD recursive filter can be implemented by an LDE of the form (1.33)
where b(q 199 s qM) # 0 for any 9199 s Uy Since each oufput
value of y (kl, k2’ s, kM) is a function of previously calculated output values,
the term recursive filtering is used to describe this type of filtering operation. A
recursive filter has an impulse response that has an infinite number of non-zero
samples; therefore it is often called an infinite impulse response (IIR) ﬁlter.' The
long impulse responses that are a characteristic of recursive filters can produce a

high degree of selectivity in the frequency domain.

Thus, for a given filter order, a recursive filter generally provides a higher
degree of selectivity than a non-recursive filter. Alternatively, for a given filter
specification, the required recursive filter usually has a much lower order than the
corresponding non-recursive filter. This implies that fewer computations are
required for a recursive filter than for the corresponding non-recursive filter. The
computational efficiency of a recursive filter is a significant advantage and makes it

more desirable than a non-recursive filter in real-time applications.
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There are several methods for realizing MD recursive filters, the most
common being the direct form method used in this thesis. As its name implies, the
direct form method is a direct implementation of the recursive equation - the LDE

for the recursive filter. The coefficients a(pl, Py " ,pM) are used to form an
MD ‘"input mask" of size P1 X P2 X+ X PM points, where each point
corresponds to one of the coefficients a(pl, Py s pM). Similarly, the
coefficients b(ql, 9 """ qM) are used to form a MD Q1 X Q2 X X QM
point "output mask".

Each input point overlapped by a point, or coefficient, on the mask is
multiplied by that coefficient. All the weighted inputs are then added to form the
input sum. Similarly, an output sum is created from the output mask and past
outputs. The output sum is then subtracted from the input sum in accordance with
the recursive equation to produce the next output point.

For example, for the 2D recursive filter shown in Fig. 1.8, the solid lines in
Fig. 1.8a denote the boundary of the input mask and the solid lines in Fig. 1.8b

represent the boundary of the output mask. Each point within the input mask

corresponds to a coefficient a(p 1P 2), which multiplies the input value that it

overlaps. These input values are added to form the input sum which is the first
summation on the RHS of (1.33). Similarly, each point in the output mask

corresponds to a coefficient b (g 1 q2), which multiplies the past output value that

it overlaps. These weighted past output values are now added to form the output
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k
2
ky
J current input
L,-1 value
2 1
+ X X Lyl x X
+ . ./ X X SR - X X
+ . 1‘ . X X , . . T X X
a(0,0) ¥ ' b(-1,0)
+  + .. ox x . 0 |x
a(-1,-1 -
+ + (. ). X X b(O: D X
—t S | I 1‘ _ x S
0 Li-1 ol output mask
+ +| +'+ + + + 1
input mask
. - previous input values . - past output values
x - future input values x - future output values
+ - initial conditions 0 - next output values
(a) input mask (b) output mask

Fig. 1.8. Input and output masks for a 2D recursive filter.

sum - the second summation on the R.H.S. of (1.33). The next output value is

now calculated by subtracting the output sum from the input sum in accordance

with (1.33). The masks are then moved by one point to the next row or column,

depending on the direction of recursion, and the process is repeated for the next

output value.

From Fig. 1.8, it is clear that some initial conditions have to be set for the

input mask. These are chosen to be zero to ensure stability.
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There are some disadvantages associated with MD recursive filters. The

determination of the coefficients a(pl, Pg s Ppy) and b (g 4y ) is

a complicated problem that is the subject of continuing research [3]. The stability
of MD recursive filters is non-trivial and not well understood at present.
Approximation methods that are used to derive MD recursive filter coefficients
often require sophistiéated, computationally intensive, algebraic or numerical
techniques in order to avoid instability [3]. MD recu£sive filter designs that
guarantee stable MD filters are now available but complicated design procedures
still limit their widespread use [3].

Another problem is that recursive filters are not zero-phase, that is, they have
a non-linear phase response which can distort finely-detailed features in an image.
This problem is usually overcome by resorting to "two-pass" filtering. This

involves cascading two recursive filters having z-domain transfer functions

!H(z 122 " zM) and H(Zl—l R zé‘l , C zﬂ}l) which produces the real non-

Jjo.
negative frequency response |H (col, Oy, "7, OJM)IZ, z; =e L.

The next section briefly describes the proposed CDFED filtering technique that
combines some of the advantages of continuous-frequency filtering and discrete-
frequency filtering while circumventing some of the disadvantages inherent in each

of these methods.
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1.5. MD CDFD Filtering

The method of CDFD filtering applies discrete-frequency filtering to an MD

input spatial domain signal x(kl, k2, SR kM), over less than all of the M

dimensions and then applies continuous-frequency filtering over the remaining
dimensions. Hence, if discrete-frequency filtering is first applied over (M-N) of the
M dimensions (N < M), then continuous frequency filtering will be applied over

the remaining N dimensions.

MD CDFD filtering is a three-step process. First, the (M-N)D DFT is applied

to an input MD spatial domain signal x(kl, k2, SR kM) over the M-N variables

kN 41 kN 2 kM’ resulting in a partially DFT transformed complex signal
X(kl, k2’ IR kN’ QN+1’ ‘QN+2’ v QM). This first step can be written as
X(kl: kz’ T, kN’ QN+2’ Y QM)
Ly 171 Ly o1 Ly-1
2 X s X oxlkpky ks ky s Eygge s k)

k4170 Ky 19=0 kpg=0 (1.35)

k Q k Q k, Q
exp|—j2n NZl N+1 + NZZ N+2 4 oot A{I[J M

'N+1 N+2 M

The second step in MD CDEFD filtering consists of applying a continuous-
frequency filtering operator, such as an ND recursive (IIR) filter, to the complex

signal X(kl’ k2, -k Q QN+2’ ---,QM) over the N variables

VN> SN

kl’ k2, T, kN’ to obtain the partially DFT transformed complex output signal
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Yy, k ky, Q

Ry Ry Qg Qi s Q) Since Xk kg, oL Ry

Q‘N +1° QN 49 QM) is a complex valued signal, the ND recursive filter must

operate separately on the real and imaginary parts of this signal. That is, a complex
filtering operation is required. The filtered real and imaginary output signals are
then combined to form the partially DFT transformed complex output signal

Q

Y(kl, k2’ s kg, N o QM). The second step can be written

N SN

Yy, kg ool Sy Oy 0 @)

Pl-—l P2—1 : PN—l

= Z E Ooo’ Z aQ Q "-VQ (pl,pz,---’pN).

X(kl Py kz"pz’ T, kN — Py QN+1’ QN+2’ Tt Q'M) (1.36)

Q1051 Oy-1

- ¥ X .3 by

(qlan, Tt an) ’
q]_:O Q2=O ’ qN=O N+l

Q

N2 T €

M

Yy =apky=ap = ky = ay Oyypr Qv 7 )
where 99 sy cannot be zero simultaneously and Pi’ Qi < Li for

i=1,2, ---,N. For each value of the discrete (M-N) tuple QN 12

QN o ’QM’ the appropriate ND recursive filter has a different set of

coefficients ag

(p’p: ’p) and
N+1 2 N

Q

N A

M

b o cee 0 (491,99 T gy Thus a  total of

N+1"°N+2 M

L

N+1L

Nig ’LM (Ll XLyX *+- X LN)-point ND recursive filtering
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operations are performed.

The third and final step in MD CDFD filtering is to apply the (M-N)D IDFT;

over the M-N variables QN+1’ QN+2’ s QM’ to Y(kl, k2’ s kN’
QN 417 QN 4 s QM). This produces the MD spatial domain output signal
y(kla k2’ tT S, kM). That is
e . ) Lyl Iyt Lyt
y( 1° *2 ,M)“‘ LN+1LN+2',LMQZ_OQZ_O QZ_O
N+177 "“N+2~ M~
Yy kg w ot ks Qg Oy 775 )
Q k Q k Q. k
exp|j2n NL+1 N+1 + NL+2 N+2 PR JI‘,{[M
N+1 N+2 M
1.37
where y(kl, k2, s, kM) is periodically extended in the dimensions over which

the (M-N)D DFT is applied.
For example, a 3D cone filter might have a magnitude passband frequency
response IHD Q) Q,, 9.3)| of unity at the discrete points shown in Fig. 1.9a

where the 93 axis has been enlarged for clarification. Consider the design of the

3D CDFD filter corresponding to the cone filter in Fig. 1.9a, using continuous-

frequency filtering in one dimension (N = 1) and discrete frequency filtering in the
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remaining two dimensions.
For a given input 3D signal x(kl, k2, k3) M = 3, N = 1) the conventional
two-dimensional DFT (M-N = 2) is applied to x(kl, k2, k3) over the dimensions
k2 and k3, leading to a partially DFT transformed complex signal X (kl’ ‘QZ’ 93),

defined over a cubic grid. This step can be written as

jamk,Q,  j2mkaQq
L,-1L,-1 - -

X, @, Q) = Y Y xlkys ko kg)e e
ko=0 ky=0

This completes the first step in the CDFD filtering process.
Now, for each value of the discrete couple QZ’ Q3, the real and imaginary
components of the corresponding complex sequence X (kl’ 92, .(.23) are separately

filtered by means of identical continuous-frequency filters (such as 1D recursive

filters), leading to a filtered, complex output signal Y(kl’ 9.2, .Q3). Each of the

required L2 X L3 filtering operations can be written

P.—1
1
Y(kl, Qza 9-3) = 2 aQZQ3(P I)X(kl —Py 92, 93) -
p=0
1 .
(1.39)
Q 1—'1
Z]_ bQZQ?)(q I)Y(k]_ - ql’ QZ’ 93)
91=

wherePl, Q1 <L1.
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Fig. 1.9 (a) Frequency response H D (Q) of a 3D cone filter

(dots represent passband gain of unity).
(b) CDED filter approximation of the frequency response in
(a) (parallel lines represent passband gain of
approximately unity).

33
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The corresponding frequency response function H (col, QZ, Q3) is continuous
in the frequency variable 0, and discrete in the frequency variables ‘QZ and 9.3.

The corresponding passband magnitude frequency response |H (@, Q,, .Q3)|,
shown in Fig. 1.9b, is simply a set of parallel straight lines, in the direction of the
o axis, along which |H (@4, 92, 93)1 = 1. These lines pass through any plane

0, = 0)10 at the points (0)10, .Qz, 93) where 0)10 is a constant.

Each passband line in the CDFD cone filter in Fig. 1.9b corresponds to the
passband of a separate 1D continuous-frequency bandpass filter, having upper and
lower cutoff frequencies chosen to achieve the required cone shape by

appropriately choosing the values of the coefficients aQZQ?)(p 1) and b QZQS(q P

In this thesis, applications of CDFD filtering are described, where recursive
(IR) filtering is employed in one frequency dimension and DFT filtering is
employed in the remaining frequency dimensions. It is shown that such filters
have some inherent practical advantages over MD filters that are either entirely

discrete or entirely continuous in the frequency domain.

1.6. Scope and Objective of Thesis

The objective of this thesis is to introduce and employ MD CDFD filtering in
a variéty of signal processing problems and to identify promising potential

applications for MD CDFD filters.
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Some of the basic concepts and notation which are used to describe the MD
CDFD filtering technique are discussed in Chapter 2. Two key concepts, namely
alternate array representations of M-variate functions and the partial DFT, are also

introduced in Chapter 2.

The CDFD filtering technique is described in Chapter 3. The frequency
response of an MD CDFD filter is derived. Numerous design examples are
provided to illustrate the CDFD filtering technique and the wide range of
applications for MD CDFD filters. A comparison of a 2D CDFD fanstop filter
with its IIR and 2D DFT counterparts is used to demonstrate the advantages of

CDED filtering over conventional filtering techniques.

A 2D image processing system using 2D CDFD filters is described in Chapter
4. Hardware schemes for hardware implementation of MD CDFD filters are also

proposed.

Finally, conclusions and recommendations for further work are given in

Chapter 5.



CHAPTER 2

NOTATION FOR CDFD FILTERING

2.1. Introduction

The equations describing the CDFD filtering technique in Section 1.5. are
cumbersome. It is therefore desirable to express them in a more compact form as
since equations of this type are used extensively in this thesis to describe CDFD
filtering. To this end, notation that allows a more compact representation of MD.
functions is developed in this chapter. A more compact notation for the MD DFT

and bartial MD DFT is also presented.

In the next section, vector representation of MD frequency domain and spatial

domain variables in MD signals is introduced.

2.2.' Vector Representation of Frequency and Spatial Variables in MD Signals
Consider the real MD spatial dqmain signal x(ki, k2’ s, kM) € R which

is a scalar real valued function (having region of support R) of the M spatial

domain variables kl’ k2,‘ s, kM. The set of M spatial domain variables

k kM‘ can be represented by a component column vector having

1’k2’ cee,

elements that are discrete spatial variables. Thus,

k = {kp,ky ook} e RM @y
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where 0 < ki < Li; with ki’ Li being positive integers fori = 1,2, -+, M. The
prime in (2.1) denotes transposition. The MD spatial domain signal
x(kl, kz, SR kM) can now be written as a function of k in the form

x(kpsky “v o k) = x(k) €R (22)

Similarly, a complex MD frequency domain signal Y(Ql, Qp, =7 QM)
€ C ( the C indicates that Y(Ql, Qz, s, QM) is a scalar complex valued

function) can be written as a function of the MD column vector Q having elements

that are discrete-frequency variables, as follows :

Q=1{Q,Q, ", erM 2.3)
where 0 < Qi < Li with Qi’ Li being positive integers for i =1,2, - -+, M.
Thus, Y(Ql, QZ’ v, QM) can now be written as a function of Q

Y(Q,Qy, 00 ,Q,) =Y(Q) eC 2.4)

The vector representation of a set of M variables can also be applied to
continuous variables such as the set of M continuous-frequency variables

O, Wy, * 7, Wy These variables can be expressed in terms of the MD column

vector ®, having elements that are continuous-frequency variables, as follows : :
® = {0, 0, -, mM}' erRM (2.5)

Thus, a function x(ml, Oy, * coM) € R, of the continuous frequency variables
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O, O, * "5 Oy, CAN be wriften as a function of the MD column vector ®, that
is
x(ml’ mZ’ Tt T mM) = X((O) € R ‘ (2.6)

The representation of purely discrete or purely continuous signals as functions
of MD column vectors (Equations (2.4) and (2.6), respectively) can be extended to
mixed continuous-discrete signals. For example, consider the mixed continuous-

discrete frequency response of an MD CDFD filter, H (col, Oy, ~ "5 Oy,

Q

N+17 2

Ny T »8) € C. The N continuous frequency variables

O, Wy, *°°, Wy, CAN be expressed as an ND column vector @ where
,
®, = {0, 0y, -+, 0} RN 2.7)
The subscript ¢ on ® e denotes that @, is a column vector associated with
continuous frequency variables.

Similarly, the M-N discrete frequency variables QN +17 QN 4y s Q‘M’

can be written as a (M-N)D column vector da 8° that

= S ! M—N
Q= Q1 iy ) eR 2.8)

where 0 < Qi < Li with Qi, Li being positive integer-fori =N + 1, N +2, - -,
M. The subscript d on Qd signifies that Q d is a column vector associated with

discrete frequency variables. Henceforth, in this thesis, unless otherwise specified,

the subscripts ¢ and d will be used to denote vectors associated with continuous
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and discrete frequency variables, respectively.

Thus, the MD mixed continuous-discrete frequency response H (col, 05,

T, O QN+1’ ‘QN+2’ LI QM) can be written in terms of o, and Qd’
That is
H(Cola 0)2’ e mN’ QN+1: QN+2> T, QM) = H(mc, Qd) € C (2.9)

where the R.H.S. is clearly a more compact expression than the L.H.S.

MD signals that are a function of some frequenéy variables and some spatial

variables, such as the partially DFI’ed MD signal X(k k

1’k2: T, N:

QN 417 QN Y -'-,QM) €C (Equation (1.35)), can also be expressed as

functions of vectors. For the signal X (kl’ k2, -",kN, QN 1 Q‘N 42

LN QM), two vectors k c and Qd are defined so that
k, = {kp,ky =5 kyt e RV (2.10)

where k e is an ND column vector associated with continuous frequency variables

and Q; is the (M-N)D column vector defined in (2.8). This leads directly to a

d

more compact expression for X(kl’ k2, s, kN’ ‘QN+1’ QN+2’ R QM),
that is

X(kl’kZ’ sy kg, Q2 QN+2’ ,QM) = X(kc, Qd) eC (2.11)

N SN+

The vector representation of frequency and spatial variables described in this

section is used throughout this thesis. In the next section, a system of notation that
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represents MD signals using arrays is introduced. As a result, the CDFD filtering

process can be described in a much more compact and convenient manner.

2.3. Alternate Array Representations of Scalar Functions in

M variables

In section 2.2, a system of notation that represented sets of M variables as
vectors was used to write M-variate functions (i.e. functions of M variables) in a
more compact form. This notation was then extended fo represent functions of two
types of variables, such as spatial and frequency variables, as functions of two
types of vectors (Equation (2.11)). In this section, the system of notation
introduced in section 2.2 is further extended so that M-variate functions can be

represented by arrays.

Consider the MD complex signal A (k) € C, which is a scalar M-variate

function and k is the vector defined in (2.1). In the 3D case, for example, k =
{kl’ k2’ k3}' and A(k) = A(kl’ k2, k3). Now, if k is divi@ed into the vector kc

and k d such that k e is defined by (2.10) and

kdE{k

N+1 K,

ao kgt € RMN (2.12)
then A (k) can be written as follows :

AW = Ay ky <C @.13)

In the 3D example described above, let k c= {k 1} and kd = {k2’ k3}, so that

A (kc, kd) = A (kl, kz, k3) as before.
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Alternatively, A (k - k d) can be written as an (M-N)D array Ad(k c) having

elements that are scalar complex functions of the N variables k & that is

L XL X+ XL
- +1
Ak, kp & Ak) = 4y &} C N+N+2 M 2.14)

d
In Equation (2.14) above, the brackets { } enclose the term describing each

element of the array Ad(k c)’ The subscript k 4 on the expression for an element

A, (k c) implies that the array A &) has an clement for each value of the
k
d

vector kd. Thus, the array Ad(kc) is of size LN +1 X LN 49 X X LM and

each element A d k c) is a scalar complex function of the N variables k e
k
d

The expression representing the array A d is written in bold type to distinguish

it from the expression for an element of the array A d The expression for an
k
d

element of the array also contains an additional subscript vector (such as k d in

A d ) to distinguish it from the expression representing the array Ad’ This
k
d

notation will be used throughout this thesis to represent (M-N)D arrays of N-

variate scalar functions which may be either real or complex.

For the 3D example described above, Equation (2.14) can be written as

follows :
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Alkp kg = Alky ey k) & Ay = {4, G

[ A, k) A, (k) - A k) |
d0,0 1 dO,l 1 dO,L3—1 1
A (k) A k) -+ - A k
dy o1 d, 1 tdl,L3_1 1) (2.15)
A k) A (k) - - - A (k)
d 1 d 1 d 1
i L2-—1,O L2—1,1 Lz—l,L3—1

where the 2D array (or matrix) in (2.15) is clearly of size L2 X L3.

A scalar M-variate function such as A(k) = A(k - k d) e C, can also be
written as an ND array A c(k d) having elements that are scalar complex functions

of the M-N variables k & that is

L XL,x -+ XL
Ak kp B Ay = {4, kot eCc 172 RS

ke

The array A c has one element for each value of the vector k c and is of size L 1%
L2 X 0 X LN’ In the 3D case described in this section, equation (2.16) can

now be written



- A
Ak k) = Alkys ko, k3) B A ks, ko)

=4, (e ky)

1.

A (ks
(:12

[ A (.,
c02

k3)

k3)

e C
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(2.17)

where the 1D array (or vector) in (2.17) has L1 elements, each of which are

complex scalar functions of the variables k2’ k3.

Thus, any of the following functional equivalences may be used to represent

the scalar M-variate function A (k - k d) =AK):

Adkg) = 14, (g) 8 Ak, ky & A4k = Uy
d

c

which, in the 3D case described above, may be written as

(2.18)
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A (k)
A (k)
A ko, k)
cLl_1 2’73
(A, k) A, (k) A (k) 1)
dyo 1 dg 1 dOL3_1 1
A, &y A, (k) ---A (k)
dig1 d; "1 dl,L3—1 1
A A
B Ak kykg) A
A k,) A k) -+ A
d 1) A4 P4
| “Ly-1.0 L,-1,1 Ly-LLy-1]

It follows from (2.18) above that any scalar complex M-variate function X (k)

can be expressed as an MD array of complex elements as follows :

L xLx XL
Xk) & X, = {Xdk} ec 172 M (2.20)

For example, a 2D real scalar function x (k 1 kz) can be written as
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xki ks, 2 x; = jx
1’72 d d
x x . . . x i
Y0 %1 0.L,-1
x X B
40 4 d1,L2— (221)
= € RL1XL2
x x cr X
d d d
i Ll—l,O Ll-—l,l L1—1,L2—1_
where the value of each real element x 4 is simply the value of the function
ki, k
1’"2

x(k 1 k2) evaluated with the appropriate values of k1 and k2.

In the next section, some element-wise array operations that facilitate the

manipulation of MD arrays used to describe CDFD filtering are defined.

2.4. Element-Wise Array Operations

Three element-wise array operators are described in this section. They
operate on MD arrays and are useful in describing both CDFD and MD DFT
filtering. First, let A = {Ak}, B= {Bk} and C = {Ck} be MD real arrays of size

L. XLyX -+ XL

L,XL,X +++ XL, sothat A,B,Ce R 1 2 M

1 2 M
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Multiplication and Division

The M-dimensional element-wise array multiplication operator - M is defined

such that
C=AyB 2.22)
implies that
C = {Ck} = {AB} (2.23)
and also that
C={BAL} =B A (2.24)

For example, for two 2D arrays of size 3 X3, X = {Xk % } and H= {Hk % }
' 12 172
where 0 < kl, k2 < 3, the 2D element-wise array multiplication operator " can be
used to derive a third array ¥ = {Yk k } such that
172
Y=H ) X (2.25)

This can be written in full as
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Yoo Yo,1 Yoz
Y = {Ykl,kz} = Y10 Y11 Y12
Y20 Y21 Y22

LH0,0 Ho1 Hopl %00 Xo,1 Xo2

= [Hyo Hyg Higl 2 X0 X110 X122

H2,0 Ha1 Hap X0 X231 X9

Ho o Xo0 Ho1X0,1 H02%X02
= H1,0500 H1,151,1 H12X12
_H2,0X2,0 HyXo1 Hp0X59

(2.26)

Thus, each element of Y is the product of the corresponding elements in H and X.

From (2.26), it is clear that all three arrays must have the same size and dimension.

Similarly, the M-dimensional element-wise array division operator | M is

defined for B # 0, such that

C=A v B (2.27)
implies that
C = {Ak/Bk} (2.28)

In the 2D example described above, this becomes



H=Y /2 X
which can be written in full as

Hyo Hyq Hyy
H = {Hkl,kz} = |Hio Hyg Hyy
Hyo Hyy Hyy

Y Y Y

00 Yo0,1 Y02
= Y0 Y1,1 Y12| 12
Yo0 Y21 Y22

Y0,0%0,0 Y0,1%0,1
= Y1,0%1,0 Y1,1%1,1

Yo0X00 Y2,1%9

provided X # 0.

48

(2.29)

X X X

0,0 0,1 %02
X10X1,1 X12| @30

Xr0 %21 X2

Y0,2%02
Y12%12
Y9000

The two operators ° M and / M defined above provide a useful relationship as

follows :
Given

C=A ‘M B
thenif B#0

A=C/,B

(2.31)

(2.32)
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Convolution

Now assume that Ak and Bk are scalar functions of N variables. The M-

dimensional element-wise array convolution operator *ﬁ is defined such that

= N
C=A*B (2.33)
implies that
C={A* By} (2.34)
where * is the N-dimensional circular convolution operator.

For example, for two 2D arrays of size 3x3, x= {xk k (n 1)} and
‘ 172
h= {hkl’kz(n 1)} where 0 < kl’ k2 <3, a third array y = {ykl’kz(n 1)} can be
defined such that
y =h *21 X (2.35)

implies that
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Yo, Y0,1(*1) Yooy
Y1,0%) Y1109 ¥q09)
2,01 Y2,1(0p) Yoy

]
]

hootp) o (g hgong)
= |r1,00p) By 1(ep) Ryolny)

X000ty *g1(np) X0y
%100t *11(np) xq5(m9) (2:36)
_hz,o(”l) hy 1) hz,z(”l)_ 2,001 *2,1(%p) *2,207)|

% 1
2

hoottp) * xony) ko) * xg1(ng) ko olng) * x4 50 )
= ot * X100t By * xg () kg ) * xg 5(my)
hooltp * Xoglny) ko 1(n) * x5 1(n)) by 5ny) * x5 5(ny)

where * is the 1D circular convolution operator [4]. In (2.36) above, each element

of y is the result of a 1D circular convolution of the corresponding elements of h

and x.

In the next section, the MD DFT operator Fllu,M [ ]is defined. The equations

for MD DFT filtering are then rewritten using the notation described thus far in

this chapter.

2.5. The MD DFT Operator F}; []

The MD operator FIIVIM [ ] operates on an MD spatial domain signal
xk) = x(kl, k2, < ,kM) and transforms it into an MD frequency domain signal

X(Q) EX(Ql, 92, R QM) as follows :
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X A FIIW,M[x(k)] 2.37)
and
. X L-1L,-1 Ly~1
Fiyb®l 2 ¥ % -, ¥ x®

k=0 k,=0 k=0

(2.38)

x| 21| ki@ Ry Ry Qy
Ly L, Ly

In Equation (2.38) above, even though x (k) has been written in the notation
developed in this chapter, the multiple-summation and exponential terms on the
R.H.S. are still cumbersome. In order to express the exponential term in a more

compact forrh, the diagonal matrix L is defined such that

"Ll 0 0
0 L, 0
O O e e O
L=|. . . (2.39)
0 0 Ly

where Li is the finite sequence length in the jth

dimension. The multiple-
summation in (2.38) will be written, for brevity, as follows :

L. -1L,-1 L, -1

1 2 M A L-1
X X . X 2 X (2.40)
k1=0 k2=0 kM=O k=
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Thus, Equation (2.38) can now be written

M g A K . (o -1
Fiyx@] £ 3 x@expl-/Q 2rL™ k] (2.41)
k=0

where Q and Kk are defined by (2.3) and (2.1) respectively. The superscript M on

FJIW,M denotes that an MD sequence is being transformed while the subscript 1,M

k k

indicates that the transformation is applied over all M variables & M

pky s

The significance of the subscript 1,M becomes apparent when the DFT
operation is not performed on all M variables, such as during a partial DFT
operation. For example, the partial DFT operation in Equation (1.35) in Chapter 1
can be represented by the operator F]]\‘,l +1M since the DFT is applied only to the
variables kN +1° kN 4 T kM‘ It will be shown in the next section that the

notation that allows the MD DFT operation to be written compactly (Equation

(2.41)), can also be applied to the partial DFT.

An operator F 1—% [ ] representing the MD IDFT is defined as follows :

u ; L-1 o
x(k) & FryX@] & =0 2, X @ expli @rL K (2.42)

where the negative sign on the superscript of Fl—,% signifies that the inverse

transform is applied. As an example of the notation described in this chapter, the

MD DFT filtering process, represented by equations (1.19), (1.20) and (1.21) in



53

Chapter 1, is now described using this new notation.

Equation (1.19) can be written as follows :

M a5l o !
X(@Q) = Fyyx@®] 2 ¥ x(k) exp[-jQ 2L~ k] (2.43)
k=0
Equation (1.20) can be written as
Y(Q) = HEQX(Q) (2.44)

If Y(Q), H(Q) and X (L) are expressed as MD arrays having real or complex

elements as in (2.20), then (2.44) can also be written as

Y@ & Y, = g b = Hap Xq = g Xa b (2.45)

The MD frequency response of the filter can be derived from (2.45) using (2.31)

and (2.32), so that

HQ) A Hy={H; } = Yd/M Xg=1{,; /X, 1 (2.46)

Q Q Q

The final step in the MD DFT filtering process, represented by (1.21) can be

written as follows :

L-1 ’
Y Y@ expljQ L7kl (2.47)
Q=0

- _ =M A 1
k) = F]_M[Y(Q)] £ det(L)

In the next section, the partial MD DFT is described using the notation developed

thus far in this chapter.
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The partial MD DFT operation on an MD signal x(k); k=

{ky,

Let k be partitioned as follows :

= ’ M
k = {kk;} R
where
N
ko = tkpky o kyY €R
= - ’ M-N
kg = by - kygp skt eR
and N < M. Define the diagonal matrix
Iy O 0
0 Ly 0
Ld =
_ 0 0 LM

where L, are the sequence lengths in the th

i=N+1,N+2, -, M.

The partial MD DFT of x (k), denoted by the operator F

kz, cee, kM },, consists of applying the DFT to not all of the M variables k.

(2.48)

(2.49)

(2.50)

(2.51)

dimension for

]1},4 1y [1is defined
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LN+1‘1 Ly o1 Lyl
N+1M[x(k)] . Z_O . Z_O Tty . Z_O x(kc, kd)
N+17" "N+2~ M~

(2.52)

exp[—]ﬂd(ZnL )k} e C

where Q d is given by (2.8). The multiple-summation in (2.52) will be written, for

brevity, as follows :

Ly 171 Ly g1 Lyt A L4-1
> > o2 2 X (2.53)
knr 4150 K 4p=0 kp=0  kg=0

using the notation introduced in (2.40).
The above summations are over the variables k d and do not include the

variables k - It is therefore more convenient to write the scalar function x (k o k d)

L1><L2><---><L

as an array x c(k d) € R N , having elements that are scalar functions

of the M-N variables kd‘ This is done using the functional equivalences in (2.18),
so that Equation (2.52) now becomes

L,-1
d o’
Fil 01 & 3 x (kpexpl—j @ @nL k] (2.54)

kq=0

The expression on the RHS of (2.54) is evaluated by applying the (M-N)D DFT to

each element x, (k d) of the ND array x c(k d), over the M-N variables k da The
k
(
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resulting ND array of (M-N)D DFT’ed sequences XC (Q d) can be written
k
c

L XL A% XL
_ Y ) N
X (L2 = {Xck (Qd)} = Fnsim [xck (kd)] e C (2.55)
C C

Combining Equations (2.54) and (2.55) leads directly to

L .~1
d ,
F%_*_I’M[x(k)] A kzio x (k) exp[—de(ZnL('i'l)kd] 4 X (@)
e
(2.56)

L XL A%+« XL
oM 1Ly N
= JF N+1,M[xck (kd):l €C
C

The partial MD DFT X c(Q d) has the same dimensions as x c(k d)' Therefore, X c is

L xXLaX -

- PLgxr Xy ,
an array in C having complex elements and of size

L1><L2>< s ><LN.

The partial MD IDFT denoted by Fﬁﬁ M[ ] can be written as
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it g

A L 3 X () explje, 2L, k]
det(L ) G0 g d @by iy 257

M
Fnim

X, (Qd)] = x (g 2 x(k)
(
In 2.57), Xk & Q cl) is a partially MD DFT’ed signal that can be expressed as the

ND array X C(Q d) having elements that are scalar complex functions of Q a The

application of the partial MD IDFT Fi{:_ll M [Jto X c(Q d) results in the ND array
xc(k d) having elements that are scalar complex functions of k d xc(k d) can then

be expressed as a scalar complex function x (k) using the functional equivalences in

(2.18).

As an example, consider the 3D scalar real function x (k 1 k2, k3); 0< ki <3
fori=1,2,3 (ie. k= ks ks, k3},). Let k.= {k;, kz}, and k4 = {k3}. The
function x(kl, k2, k3) =xk - kd) can be expressed as a 2D array (or matrix)

X c(k d) using the functional equivalences in (2.18). That is,
= - A -
x(k) = x(kc’ kd) - x(kl’ k2’ k3) = Xc(k3) - {xckl,kz(k3)} (2.58)

This can be written in full as
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x. (ky) x. (k) x. (ko)
CO,O 3 co,1 3 CO,2 3
x(®) = x(eq, ko, ky) B x (kq) = xclo(k3) % 1(k3) xclz(k3)
x, (kg) x, (k3) x, (k3)
02’0 3 c2’1 3 c2,2 3

(2.59)

Now, the partial MD DFT, which in this case is simply the 1D DFT in the

variable k3, is applied to each element of x c(k3) so that

P @1 = F35lxey, by, kgl & X (@)

F3.Ix. (k] F3.lx. (k)] F3.[x. (k)]
3,3 COO 3 3,3 COI 3 3,3 CO,Z 3

H b

(2.60)

F3.lx, (k)] F3.[x, (k)] F3:[x. (ko)
3,3 clO 3 3,3 c11 3 3,3 01’2 3

b ?

F3.lx, (k] F3.0x. (k)] F3.[x. (k)]
3,3 020 3 3,3 c21 3 3,3 022 3

L > 2 H

where Fg 3 [ ] is simply a 1D DFT on the variable k3. Thus, for the top left hand

element of the matrix in (2.60),

k30
3 p 2 I
F3sle, Gl & 3% x. Gege | =X (@

0,0 ky=0 00 0,0

) (26D

Similar operations are performed on the other elements of X c(§23) leading directly

to
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X Q)X @)X @
0 ° o1 ° o2
X Q)X ()X (@
0 ° €11 2 TCqn
X Q)X Q)X @
20 ° a1 O €22

3)
X, (Q

3) 3)

3)

(2.62)

= F33lx(ky, ky k)]

which is the partial 3D DFT of x (k 1 k2, k3) performed on the variable k3. Using
the functional equivalences in (2.18), Xc(Q3) can also be written as
X Q) & X(ky, kyp, Q) (2.63)

where X (kl’ ks Q3) is a scalar complex function of the spatial variables kl’ ko

and the frequency variable Q.

In the next chapter, the CDFD filtering process is described using the notation

developed in this chapter.



CHAPTER 3

CDFD FILTERING AND APPLICATIONS

3.1.. Introduction

The notation developed in Chapter 2 is used to provide a detailed description
of MD CDEFD filtering in this chapter. The procedure used to calculate the output
sequence y (k) for an MD CDFD filter is described in Section 3.2. The frequency
response of MD CDFD filters is derived in Section 3.3 and compared with the
frequency response of MD DFT filters. The design of CDFD filters is deécribed in
Section 3.4. Variou§ design considerations are examined and discussed. Finally,
the advantages and disadvantages of CDFD filtering compared to conventional

filtering techniques are discussed in Section 3.5.

3.2. Calculation of the Output Sequence y (k) for CDFD filters

The first step in MD CDFD filtering is to obtain the partial MD DFT of the
MD input signal x (k), as given by (2.56). The expression Xc(Qd) in (2.56) is the
partial MD DFT of x (k) where the DFT is applied over the (M-N) variables k 4=

k

% N+2

N +1° sk ¥. Using the functional equivalences in (2.18), Xg:('Qd)’

which is an ND array of (M-N)-variate complex sequences X c « d), can be

ke

written as an (M-N)D array X d(k c) of N-variate complex sequences X J (kc ), as
o. -
d
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follows :

Ll

X c(‘Q

) {Xck (Qd>} A Xk, Qp & Xyk) = {ng (kc)}
c

d
(3.1)

Fi g a1

The signals X c(Qd), X d(k c) and X(k - Q d) in (3.1) are all periodically
extended in the (M-N) dimensions Q d because the partial MD DFT is applied over

these dimensions. In the general MD DFT case, periodic extension is present in all

M dimensions and gives rise to "edge effects" in the filtered output MD signal [3].

The second step in MD CDFD filtering is to apply an array filtering operator

to the partial MD DFT transformed array X d(k c)' This array filtering operator @

consists of a set of LSI continuous-frequency ND filter operators ¢Q , SO that

® = {q)gd} = {¢QN+IQN+2 e ’QM} (3.2)

In (3.2), the array operator ® must be of dimension (M-N), the same as Xd(k c).

The elemental LSI filter operators ¢, are applied to each sequence in the N
24

variables k - X d (kl’kZ’ SRIRIN kN), over k ¢ Typically,

Q1940 Ry

¢Q corresponds to an IIR or FIR filter having a corresponding ND impulse
d

response th(kl’ k2, T, kN) = h Qd (kc). The corresponding output of such
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a filter is given by

Yd (kc) =h Qd(kc) * Xd (kc)

(3.3)
24 24
where * implies N-dimensional convolution over the N variables k - In general,

X d (kc) is complex, implying that the real and imaginary parts are filtered
Q

d
separately to obtain the complex filtered output sequence Y d (k c). The
Q4
complete (M-N)-dimensional array Yd(k c) ={Y P k c)} is therefore given by
Qg
Y, k) = |hy k) * X k
d( c) { Qd( C) d Qd( c)} (3.4)

which, for brevity, can be written in terms of the element-wise array convolution

operator as

_ N
Yako = hyler) *pr_n Xq(ko) (3:5)

where
h d(k é) = {h Qd(k c)}

This describes the (M-N)-dimensional set of ND convolution operations, where Y @

- XL

Ly, XL
M
and Yd’ Xd’

X, ¢ ¢ N4l Na2* L

L xL, X .-
M, hde R N+1""N+2

h q are all periodically extended in the (M-N) variables Q da Following the
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notation in (2.18), Y d(k c) can be written in alternate array representations as

Y, k) A Y(Qg4 k) A Y .(Qp = {Yck (Q‘d)} (3.6)
C

L. XL,X -« XL

where Y is a complex M-variate scalar function and Yc eCc 172 N i

an N-dimensional array having elements Yc (Q d)’ that are scalar complex

ke

functions of the (M-N) variables Q d:

The third and final step of MD CDFD filtering is to obtain the inverse partial

DFT of Y c(Q d) over the frequencies Q & given by

M
Fyyim [Yc(‘Qd)]
L1
1 d . , _ L XL X oeoe e XL
8 iT X YL@ expli@y@rLlykge ¢ 12 !
d' Q=0 ‘

3.7

ke

M |
Fyyim [Yc (Qd)}

L. XLyX XL
= ylky) = {yc <kd)}e ¢y TN
kc

[This operation corresponds to the conventional M dimensional inverse DFT for

N=0.] Thus, using the notation in (2.18), the final output sequence is defined as
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0 & vy = Fh Y@y (3.8)

The three steps for CDFD filtering, as described in equations (3.1), (3.5) and (3.7)

may be combined to give

F}\‘{ Y, [x (k)]ﬂ (3.9)

which is the CDFD input/output equation, and can be written in full as

a0 A _ M N
vl £ ylkg) = F N+1,Mlh(kc) “M-N

F&) &y &y

L1 L 1
= ————ILdI Y, h(kc) * M -N Y =xk o k d)exp[—] Q d(211:L d k d]]
“a=0 ka0 (3.10)
- explf (2L 1k ]

The sequence ¥ (k) is the MD periodically extended output signal of the CDFD
filter. It is important to note that y (k) is periodically extended only in the

dimensions kN L1’ kN 4 ’kM over which the DFT is applied. The final

output sequence y (K) is that part of y (k) having support in RM where

RM = {x:0xk SLi-1,i=1,2 -, M ;L integer, L; <oo
(3.11)
fori=N+1,N+2, --- , M}
"RM s similar to the region of support RM for the conventional DFT case.
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However, for CDFD filtering, the region of support RM does not require that Li
be integer for i <N because the partial (M-N)D DFT is not evaluated over the
dimensions ki for i <N. This more relaxed region of support RM  eliminates
troublesome "edge effects" in the N dimensions kc unlike the conventional DFT
case where edge effects are present in all M dimensions.

An interesting special case occurs for N =0, that is, for discrete-frequency

filtering of all M variables. In this case, each element of the array h(k c) in (3.10)

corresponds to 2, (k) in (3.3) and is equal to constants p where p is a
Q d © Q d Q d

real number. Then, from (3.3)

Y, (k)=psX, &)
de c Qd de c 3.12)

L><L2><"',LM

Therefore, with p = {p o }e R 1 and k e = 0, it follows that
d ;

Yy =Py Xy (3.13)

From Equations (2.32) and (2.33) it is easily shown that (3.13) is the same as
Equation (2.44), implying that CDFD filtering is equivalent to conventional MD

DFT filtering for the special case when N = 0.

3.2.1. Example: The 3D Case with N = 1
The 2D partial DFT is applied to the input signal x (k) = x (k 1 ks, k3) with

k = {kl}’ and k d={k2, k3},, so that the output of the DFT process is given by
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X (kR = X(ky, Qy, Q3

= F3brey, ky, k)]

(3.14)
Lydlsd | Ff2  k3Qg
= ¥ Y x (k> ko, k) exp|—j2n 2 + 3
ky=0 k3=0 2 3

where Q d= {9.2, 93}’. This is represented by the first of the three blocks in Fig.
3.1. The signal X (kc’ Qd) = X(kl’ QZ, Q3) may be thought of as a set of one-
dimensional (N = 1 ) complex sequences where each sequence corresponds to a
particular discrete pair QZ’QS’ Thus, there are L2L3 such complex sequences
having support in R3. X k o Q d) can be expressed in its alternate array

representations, according to (3.1), as follows :

X (@, Q) = {Xck 1(92, 93)} BX (k000 X (k) = {Xd o, Q;" 1)} (3.15)

The second step in the filtering process is to apply a two-dimensional (M-N =

2 ) array filtering operator @[ ] = {¢ [ 1} to the 2D partial DET array X ,(k ).
QZQS (i A
Each element ¢Q 0 [] of ®[] is an LSI continuous-frequency one-dimensional
2™°3 .

(N = 1) filter operator which, in this example, is a 1D IR filter operation on the

variable k1 of each elemental sequence X d (k 1) of X d(Ic 1). The second step

Q) Q2

can therefore be written in terms of the filtering operator ®f ] as follows :
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2D DFT N? 1D IR filters Inverse 2D DFT
N output signal '
’ Yy (kl’ k2’ k"S)_
input signal e | F{g | )
x (ki1 ka, k3) N 2,3 L0 "
k2 ‘QZ hz k 2
ks

oulput sgqtilence'
Y (k1, Qp, Q)

1D IR filter

input sequence ¢

X (k1 O Q)

kq

Fig. 3.1. Block diagram of a 3D CDFD filter.
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X (k)
d 1
3 Q,Q, ]} (3.16) |

Each elemental filtering operation, denoted by the ¢Q 0 X d k 1)] term of
2773

Yqk) = )Y (k)| = PIXgk )] = |o
a1 {dQZQ3 1} a1 {QZQ

(3.16), can be written as a linear difference equation (LDE) of the form

P-1
Y *k,) = a X (k1 -p)
d 1 P d 1
QZQ3 p=0 9293 9293
3.17)
Qz—l b Y &, —q)
- q d 1~ 4
The coefficients a and b are functions of Q,, Q.. The frequency
D q 2> °°3
Q,Q Q,Q :
273 2773
response corresponding to (3.17) is given by
P-1 p Ql
a exp|—j2n 7
p=0 "L,Qq 1
H, (Ql) = (3.18)
Q304 0-1 7%
1+ bq exp|—j2n 7
having a corresponding unit impulse response 4 5 (kl)' Equation (3.17) may
“ Q,Q
2773
therefore be written in the alternate form
Y k) =X (ki) * B (k1)
dQQ 1 dQQ 1 dQQ 1 (3.19)

2773 2°°3 2773

where * represents 1D convolution in the variable kl' Equation (3.19) represents
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an elemental convolution that can be written in the array notation of (2.33) so that
= — 1
Yd(k) =Yg k| = Xd(kl) *3 by
Q,Q
273
(3.20)

= [x k) * h ()
d P * Ry 1
{ 2,03 2,03 }

where * is the 1D convolution operator in kl’ -The second step is represented by
the second block and the inset in Fig. 3.1.

Using the functional equivalences in (3.1), Y d(kl) can be written as

Y

Y k)] 2 Y@, Q) =Y (Q, Q)
d {d%% 1} e\ 243 {Ckl 2 3}

(3.21)

1l

Y (kqs @y, Q)

The third and final step is to obtain the partial 3D IDFT of Yc(QZ’ 9.3) with
respect to the variables QZ’ 93 and is represented by the third block in Fig. 3.1.

The output of this operation is given by

O ky) = F ko ks)

1l

FI3Y (kg Qg Q)] 5o

1 L2-1 L3—1 k QZ k.0
= —ﬁ— Z Z Y(kl, QZ, 93)6){1) ]27C +
273 Q,=0 Q3=0 2
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This signal is periodically extended in the dimensions k2 and k3, with periods L2
and L3, respectively. The output y (k) = y(kl, kz, k3) is that part of y(kl, k2’

k3) having support in
R3 = {k:0<k <L -1,i=1,23 ; L, integer for i = 2,3}

3.3. Steady-State Frequency Response of CDFD Filters

In order to derive an expression for the steady-state frequency response of a
CDFD filter, it is useful to express MD signals that are functions of both frequency

and spatial variables as M-variate functions (e.g. x(k o Q d)) where N of the M
variables are spatial variables (k c) and the rest of the variables are frequency
variables (€2 d)' Thus, the alternate array representation of MD signals will not be
used in this section,

The calculation of the overall steady-state input-output frequency response of
MD CDEFD filters requires that the input signal x(k) be bounded in only those
dimensions kN 1 kN 4 kM over which the partial MD DFT and MD
IDFT are applied. (A similar assumption must be made for all M dimensions to
calculate the frequency response for conventional MD DFT filters). However, x (k)

may be spatially unbounded for the dimensions kl’ k2, cee ’kN over which
continuous-frequency filtering occurs.

The impulse response of an MD CDED filter is expressed as an (M-N)D array

of N-variate functions in Equation (3.5). Using the functional equivalences in
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(3.1), hd(kc) can also be expressed as an M-variate function h(kc, Qd) of N

spatial variables k o and (M-N) frequency variables Q g Thus,
, _ A
hyk,) = {hdgd(kc)} & hk 2y 623

The steady-state frequency response of an MD CDFD filter H (Q o Q d), can be

obtained by applying the partial MD DFT to the impulse response of the filter

h(k o Q d)’ on the variables kc’ as follows :

HQ,Qp = FYyha, 0y

(3.24)

L 1—1 Lz—l LN—l ‘ N Qi li
=¥ XY -, ¥ h(lc,Qd)cxp —j2r} Y, 2
ll=0 12=O lN=O i=1 i
where 1 = {l 1 { 9 s ZN }, is used instead of k c for convenience.

The steady state frequency response H (Q o Qd) is the ratio of the reponse

¥ (k) to the input % (k), where the input is an exponential of the form

M kin.
x(k) = exp|j2rw| Y, I (3.25)
i=1 i
and Qi is an integer for all i andL-i is an integer for i =N +1,N +2, -+, M.

The above constraints on Li are required to ensure that x(k), which is defined as

the part of X (k) in RM , has no discontinuities at the boundaries of RM , thereby

ensuring (as in the conventional MD DFT case) that X (kc’ Q d), Yk - Q d) and
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¥ (k) are periodic. If Li’ i=N+1,N+2, ---,M are permitted to be non-
integers, then spectral leakage effects will occur in X (k o Q d), Yk - Q d) and y (k)
due to discontinuities in x (k) at the boundaries of RM , exactly as for the
conventional MD DFT case.

After the first step in the MD CDFD filtering technique, the input to the IIR
filter is the partial MD DFT of x (k) given by
M ‘ N kl. Qi
Xk, Q) = Fyg 2x@)] = 8(Q4-Q do) IL ylexp|j2m 'ZIT (3.26)
i=1 71
which is an unbounded N-dimensional complex exponential sequence. The (M-

N)D delta function 3(2 d—-Q d ) indicates that the energy of the transformed signal

0
is present at the point Q d= Q d € RM . The (M-N)D delta function is defined as
0
follows :
M0 0q) = MOy > O o P ) .27)

The second step in the filtering process is to filter each X (k o Q d) using an
N-dimensional IR ﬁlter. The output of each IIR filter Y (k & Q d) can be expressed
as the N dimensional convolution of the input sequence X (k o Q d) with the unit

impulse response of the IIR filter z (k - Q d) as follows :
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Yk @) = Xy Q@ * kK, Q)
L-1L,-1 Ly-1 -(3.28)
= X X X Xk -1, QA Q)
1,=0 1,=0' 1y=0

where * represents ND convolution over the variables k -

lc = {11912’ :IN}
and

ke—lp = kg —Ip kg =1y oo osky — Iy}

Substituting (3.26) in (3.28) gives

L~1Ly1 Ly-1 (ke
Y(kc, Qd) = Z Z ce Z S(Qd—QdO)ILdlexp j2n § L_
1,=0 1,=0 =0 oL
o | N
- exp|—j2m .Z < h(l, Qy)
i=1l 1
(3.29)
| N KLYy
= §(Q4Q4 )L4lexp|j2n| 3 <
0 ' i=1 i
Ll—l L2—l LN—I | N ‘Qili
y Oy -, ¥ h(lc, Qd)cxp —j2m| Y, 7
1,=0 1,=0 Iy=0 : i=1 i

Substituting (3.24) and (3.26) in (3.29) gives
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Yk, Q) = X(k, QYHQ, Qy (3.30)

The third and final step in the filtering process is to obtain the partial MD

IDFET of (3.30) which leads directly to

) . vt Iygpl Lyt | N EQ
yk) = T > > o, Y lLdlexp 2|y
d QN+1=O QN+2=O QM=O i=1 "I
(3.31)
| MR
'S(Qd—ﬂd )H(Qc, Qd)exp j2n| Y, T
0 i=N+1 i
Rearranging terms in (3.31) and substituting (3.25) gives
0 = HQp 2y )50 (3:32)
Thus, for any given value of d€ RM ,» Equation (3.32) can be written as
Tk = HQ, Ry £(K) . (3.33)

Rearranging terms in (3.33) leads directly to the following expression for the
steady-state frequency response of an MD CDFD filter. That is, with X (k) as given

in Equation (3.25),

HEQ, Q) = % (334)

Consequently, the frequency responses of the set of IIR filters uniquely determine

.the overall input-output frequency response of the CDFD filter.
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The above frequency response H (Q - Q d) is periodically extended only in the

dimensions Q d because the DFTs are applied over these dimensions. It should be

noted that the troublesome "edge effects" that can occur at the boundaries of RM

k k

(due to discontinuities of X (k)) do not occur in the dimensions % N

pkg

over which continuous-frequency filtering is applied.

The periodic extension of the frequency response of DFT and CDFD filters is
illustrated in Fig. 3.2. The periodic extension of the frequency response of a 3D

DFT cone filter is shown in Fig. 3.2a. The QS axis has been enlarged for

clarification and the dots describe the region in which the gain of the ideal cone

filter is unity. The frequency response is repeated in. all three directions ‘Ql’ QZ,
Q3 with periods Ll’ L2, L3 respectively, because the DFT is applied in all three
dimensions Ql, ‘QZ’ 3

The corresponding 3D CDFD cone filter, employing continuous-frequency
(IIR) filtering in the @, dimension and discrete-frequency (DFT) filtering in the QZ

and 9.3 dimensions, is shown in Fig. 3.2b. No periodic extension is present in ©;

direction because continuous frequency (e.g. IIR) filtering is applied in this
dimension. The parallel lines represent a passband gain of approximately unity. In

this case, the continuous-discrete frequency response is repeated only in the 92
and Q3 dimensions, with periods L2 and L3 respectively, because DFT filtering is

applied only over these two dimensions. The absence of periodic extension in the



frequency response

(b) 3D'CDFD cone filter
0 frequency response

Fig. 3.2. Periodic extension of frequency response
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o, dimension eliminates "edge effects" in this dimension. This constitutes one of

the advantages inherent in CDFD filtering.

3.4. Design of CDFD Filters

The design of CDFD filters from a given set of specifications is described
here with the aid of illustrative examples. The design procedure and the examples
are based on CDEFD filters that employ continuous-frequency filtering in one
dimension and discrete-frequency filtering in the remaining.djmensions. This type
of CDFD filter can be designed easily because the one-dimensional IIR filters
employed are easy to design and stability issues are well understood. It is shown
that this approach has the added advantage that any passband shape, limited by the

frequency responses of the 1D IIR filter sections, can be implemented.

3.4.1. Design Considerations

The design of CDFD filters involves finding a suitable approximation to a
specified "ideal" frequency response. This approach is somewhat similar to the
design of MD IIR filters because the one-dimensional continuous-frequency filters

used in the CDFD technique are 1D IIR filters.

The required filter order for the 1D IIR filters is a function of the specified
passband shape and the transition region from the passband to stopband. In
general, MD CDFD filters employ lower filter orders than their MD IIR

counterparts, which results in computational savings. When choosing the filter
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order and the passband and stopband widths, it is important to ensure that desired
signal frequencies liec well within the passband of the 1D IIR filters. If the desired
signal frequencies lie in the transition region of the 1D IIR filters, then the output
of the CDFD filter will have a large imaginary component because the maximum
phase shift occurs in the transition region of an IIR filter. This is undesirable
because the output of the CDFD filter has an imaginary component that must be
eliminated by techniques, such as two-pass ﬁlteﬁné, which result in high
computational overheads. An appropriate choice of filter order and passband width
for the 1D IIR filters allows the imaginary component of the output of the CDFD

filter to be neglected.

- For example, one quadrant of the frequency response of a 2D CDFD
circularly symmetric lowpass filter is shown in Fig. 3.3. Discrete-frequency
filtering (DFT) is applied in the Ql dimension and continuous-frequency filtering is
applied in the 0, dimension. This implies that a set of 1D IIR filters, one for each
value of Ql, is used to approximate the 2D frequency response. From
straightforward geometric considerations, it is clear that these 1D IIR filters must

be lowpass filters.

The difference between a good design (Fig. 3.3a) and a poor design (Fig.
3.3b) is illustrated in Fig. 3.3. The dots represent a desired set of frequencies. In
Fig. 3.3a, the desired signal lies 'well within the passband of 2D CDFD filter and

hence, in the passband of the 1D IIR filter used to implement it (inset). In Fig.
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fo, )

127)

1

desired signal frequency

°|

desired signal

(a) Good design

E= ransition region o,
passband
)
desired signal frequency
»> Q]_
0

desired signal
(b) Poor design

Fig. 3.3. One quadrant of the frequency response of a circularly
symmetric lowpass 2D CDFD filter with continuous
frequency (IIR) filtering in the o, dimension. The

insets show the 1D.IIR lowpass filter frequency response
at the cross-section.

3.3b, the desired signal lies in the transition region of the CDFD filter giving rise
to undesirable phase shifts aﬁd, consequently, a large undesirable imaginary

| component at the output of the CDFD filter.
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It is generally desirable to use the same filter order for the set of 1D IIR
filters because this simplifies hardware implementation of the resulting CDFD
filters. An advantage of the CDFD technique that makes it suitable for hardware
implementation is the fact that in some cases the same 1D IIR filter may be used
more than once to implement the CDFD filter. Furthermore, for some values of
the discrete-frequency variables, no 1D IIR filter need be implemented when the
gain of the filter is required to be zero, resulting in computational savings and

reduced hardware complexity.

These design considerations are demonstrated in Fig. 3.4 which shows the
circularly symmetric 2D CDFD lowpass filter in 2D frequency space. It is clear

frorh symmetry, that the set of 1D IIR filters used at Ql < Ql are the same filters
0

required at Ql > Qlo - 1).

It is also clear that for Q, <Q, < (L, -Q, —1), no 1D IR filters are
10 1 1 10

required due to the zero passband specified for these frequencies. In the next
section, a summary of the design procedure is described for MD CDFD filters
employing continuous-frequency IIR filtering in one signal dimension and discrete-

frequency filtering in the remaining signal dimensions.

3.4.2. Design Procedure for MD CDFD Filters

The design procedure for MD CDFD filters is listed below. It is assumed that

continuous-frequency filtering is employed in only one dimension and discrete-
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0, 0)
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—]y
Ly

Fig. 3.4. Symmetry in passband of circularly symmetric 2D CDFD
lowpass filter.

frequency filtering is employed in the remaining (M-1) dimensions.
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1.  The specified MD frequency response is examined for symmetry. By choosing

the proper dimension for continuous-frequency IIR filtering, utilising the

symmetry of the MD frequency response, the overall hardware requirements

for the IR filters can be reduced to a minimum.
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After dimension o for IR filtering has been chosen, the specified MD

Jrequency response is projected on to this dimension for each value of the

discrete-frequency variables 92, 93, s, QM.- This results in a set of filter

specifications for a total of Ly x Lyx +--x L,, 1D IIR filters.

The required L2 X L3 X oo X LM 1D IR filters are designed based on the
specifications obtained in (2).
a) It is desirable to use the same filter order for all 1D IIR filters.

b) 1D IIR filters may not be required for all values of Qz, Q Q

3 s Q.

some values an "all go" function may be required while at other values an "all

stop” function may be required. The set of filters may therefore be

completely bypassed (all go) or the output for a given value of Qz,

s, QM may simply be 0 ("all stop").

¢) The frequency response of the MD CDFD filter will then be completely

determined by the frequency responses of the 1D IIR filters.
d) Upon completion of these steps, there will be up to L2 X L3 X+ XL
LDEs to be implemented.

e) The filtering process can now be carried out according to the procedure

outlined in Section 3.2.
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3.4.3. Design Examples of CDFD Filters

3.4.3.1. CDFD Approximation of a 3D Cone-Stop Filter - A Design Example

The following example illustrates how the CDFD filtering technique can be
used to approximate and implement a 3D digital filter having a cone-stop

magnitude frequency response, as shown in Fig. 3.5a. The filter has an input x (k)
and output y(k) where k = {kl’ k2’ k3},. The shaded region represents the
stopband of the filter in which the value of the magnitude frequency response is
ideally O at all discrete-frequency points Q = {Ql, QZ, Q3},. ‘The ideal magnitude
frequency response |H (Q) is unity outside the shaded cone region.

In this example, the magnitude frequency response |H(Q)| in Fig. 3.5a is
approximated using a 3D CDFD filter having IIR filtering in one signal dimension

©, and DFT filtering in the remaining two signal dimensions 92, 3-
In the case of conventional discrete-frequency filtering, |1H (Q)! is defined on a
3D rectangular grid, as indicated in the Q3 =0 section shown in Fig. 3.5b.

However, for CDFD filtering, the corresponding frequency-response is continuous

in the o) dimension due to continuous frequency filtering along kl‘ |H (@,
Qz, QS)I is defined as the vertical lines shown for Q3 =0 in Fig. 3.5¢c. The full
set of vertical lines over the 92, .Q3 plane defines the passbands of the required set

of lowpass filters which, from simple geometry, must have bandwidths B (QZ, 93)

that are proportional to the distance '\/Qg + Qg of the lines from the origin in the
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Wy = 0 plane. Thus,

= 2. 02 3.35
B(Q,y, Q) = BO'\/Qz + Q3 (3.35)

where B 0 is a constant that determines the width of the cone.

The impulse response of the ideal lowpass filter, having the frequency
response shown in Fig, 3.5d, is given by
= 73
hy kp=F 1,1[H (€24, L, 93)] (3.36)

0,4

which is the impulse response of the required 3D cone-stop filter at specific values

of Q. and Q

2 3

Let the sequence lengths of x(kl, k2’ k3) in the k2 and k3 directions be 64
and an unspecified length in kl; that is, L2 = L3 =64 and L a= diag {LZ’ L3}.
. Using the expression for the partial MD IDFT from Equation (2.57) in Equation

(3.36) gives

. It jomk Q,
hd (kl) = . >, H (glzv 92: 93) €Xp 7 (3.37)
Q‘ZQS 1 Ql=0 1

If the sequence length L 1 in Ql is sufficiently large and k1 < L1/2, then Equation

(3.37) can be written as
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o
Q=0
_ /4‘ 3 . AL,
/
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Fig. 3.5. Design of 3D CDFD cone-stop filter.’
(2) Ideal magnitude frequency response of a 3D cone-stop filter.
(b) Section through 93 = 0 plane of frequency response in (a).
Dots represent passband gain of unity.
(c) Frequency response of CDFD filter approximation to (2) at Q3 = 0 plane.
Vertical lines represent passband gain of approximately unity.
(d) Lowpass filter frequency response in @ required to produce

the frequency response in (a).
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- 2nk T A :
~ 2,02 1 «\/ 2,02
hd (kl) = ZBO'\/QZ + 93 sinc 2 BO Qz + Q3 (3.38)

9.293 1

which is the required impulse response for the CDFD filter to approximate the

ideal cone-stop filter for given values of Qz and Q3. The impﬁlse response h d(kl)

of the CDFD filter for all values of (kl, QZ’ 93) can therefore be written in matrix

form
-h0,0(kl) hoalep) g gy
hro®y Bpgkp o By gty
hyk) =| L (3.39)
263,061 Pe3akp) o he3 3ty
where each element of the impulse response matrix h d(k 1) = {h dQ o (k 1)} is

2773

given by Equation (3.38). Clearly, this design example requires 64 X 64 (= 4096)
different lowpass filtering operations, in addition to two 2D-DFT operations on

64 x 64 data points for each value of kl’

3.4.3.2. CDFD Approximation of a 2D Circularly Symmetric Lowpass Filter -

A Design Example

The magnitude frequency response of an ideal circularly symmetric 2D
lowpass filter is shown in Fig. 3.6a. The shaded region represents the passband of

the filter where the magnitude frequency response |H (Ql, Qz)l is ideally unity,
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|H Q) QZ)I is assumed to be ideally O in the stopband of the filter (unshaded
region). The filter has input x (k) and output y (k) where k= {kl, k2},.

In the case of conventional discrete-frequency filtering, H (Ql, QZ) is defined

on a grid of discrete-frequency points, as shown in the Ql = Ql cross section in
0

Fig. 3.6b. A set of lowpass filters, such as the one in Fig. 3.6b, will approximate
the frequency response in Fig. 3.6a. From simple geometry, the bandwidth of

these filters at each value of Ql is given by

B(Q)) = \/RZ-QZ— <Q <R
(3.40)

= 0, lQll >R
The discrete-frequency response in Fig. 3.6b can be approximated by a
continuous-frequency 1D IIR lowpass filter in @, having the frequency response

H Q‘l(mz) in Fig. 3.6c.

For this example, a 3rd order 1D IIR lowpass Butterworth filter in ®, has

been used to implement H p (coz). The filter has a cutoff frequency B (Ql),
Q
1

where B (Ql) is given by Equation (3.40). Thus, the frequency response

H d (0)2) of each filter (one for each value of 9.1) is given by
Q
1
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H(Qy)
Ql = Q
: 1
1.0 0
-R 7 0 V.4
-B(Q) B(Q)
() (b)

- B(Qy)

(©)

Fig. 3.6. Design of 2D CDFD lowpass filter.
(a) Ideal frequency response of a 2D lowpass filter.
(b) Section through Ql = Qlo'line of the frequency response in (a).

(c) Lowpass filter frequency response in ®, required to approximate
the frequency response in (b).
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H, (@) = 1
Q, 14 223 6 (3.41)
B(Q,)
It is important to note that the 1D IIR filter used for QI = Ql is the same as the

0

filter required for Ql = —Ql . Therefore for -R < Ql < R, the number of filters
0

required is half the total number of discrete-frequency points Ql in this range.
This represents a substantial saving in hardware. Furthermore, from (3.40),
B (%) = 0 when lQll > R, implying that an all stop filtering operation is required
for this range of values of 9.1. In other words, no 1D IIR filtering operations are
required for LQll >R. This results in a further significant decrease in
computation and hardware because after obtaining the L2 Ll-point row-DFTs
(sequence lengths L1 and L2 are assumed for Ql and QZ’ respectively), only 2R

1D IIR lowpass filtering operations are required. Finally, by taking the symmetry
of the required frequency response into account, a total of only R distinct 1D IIR

filters are required.
The overall input/output frequency response H d(602) of the 2D CDFD lowpass

filter can be written as a 1D array as follows :
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H d (032)

H d (mz)

Hd(mZ) = = HdQ (0)2) (3.42)
. 1

d (C‘)Z)

where each H 4 (0)2) is calculated from Equation (3.41) for a given value of Q

.
Q;

The reduction of "edge-effects" in at least one dimension in CDFD filtering is
illustrated in Fig. 3.7. The input signal is shown in Fig. 3.7a. The input signal has

a sharp discontinuity at the rear edge in the k2 direction, swinging from a

magnitude of 1 to zero. This edge discontinuity will give rise to "edge-effects” in

the k2 direction if 2D DFT filtering is applied to the input image. The transitions
of magnitude from 1 to O in the input image in the k1 direction occur away from
the edges of the image. This reduces the "edge-effects" in the k1 direction and

allows the edge-effects in the k2 direction to be observed more easily.

The output of a 2D DFT lowpass filter, having the frequency response in Fig.
3.6a, is shown in Fig. 3.7b. The 2D DFT filter has a 3rd order lowpass

Butterworth cross-section in the QZ direction with the cutoff frequencies varying as
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(b) 2D DFT filtered output (c) 2D CDFD filtered output

Fig. 3.7. Reduction of edge effects using CDFD filtering.
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a function of Ql, as given by Equation (3.40). Fig. 3.7b clearly shows the edge-
effects due to DFT filtering in the k2 direction. A spurious edge is present at the

front of the signal and "ringing" artifacts can be observed. In contrast, the output

of the 2D CDFD filter described in this section shows no edge-effects in the ko

direction because IIR filtering was applied in this direction. This demonstrates one
of the advantages inherent in CDFD filtering, namely, that edge-effects are
eliminated in the signal dimensions in which continuous-frequency filtering is
applied. However, ringing are present in the direction k; in which DFT filtering is

applied.

3.4.3.3. An Application of CDFD Filters in Seismic Image Processing -

A Design Example

A 2D fanstop filter, having the ideal magnitude frequency response

|7 Qg QZ)I shown in Fig. 3.8(a) can be used to eliminate low-velocity ground
roll interference from 2D seismic images [2]. This fanstop filter has a total angular
stopband width of GS = 10° and may be implemented using the CDFD filtering

technique. A cross-section of the frequency response in Fig. 3.8(a), along the

92 = QZ line is shown in Fig. 3.8(b). The frequency response
0

|7 (Ql) 0. =0 is clearly a discrete-frequency lowpass filter frequency response
27772
0

in Ql‘ This has been approximated using a 3rd order 1D IIR lowpass Butterworth

filter as shown in Fig. 3.8c. From simple geometry, the cutoff frequency B (&'22)
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Fig. 3.8. Design of fanstop filter required for seismic image processing.
(a) Magnitude frequency response |H (Q P QZ)I of a fanstop filter required

for ground-roll removal from seismic images.
(b) Section through Q, = 920 plane of frequency response in (a).

(c) Frequency response of 1D IIR filter used to approximate (b).
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for the 1D IIR lowpass filter at a given value of 92 is given by

2
B (QZ) = ——e
0 R (3.43)
t —
)
Therefore, the frequency response H g (@ 1) of each 1D IIR filter is given by
)
1
H, (0 =
‘o, ! ® G 3.44
* \/ 1+ (5-tan(5) 49
9.2 2

The frequency response of the 2D CDFD fanstop filter can be written as a 1D

array (or vector) of functions of © as follows :

o

do 1

H, (o))

4,1

Hyo) = {H; (o)} = G4
2

H, (o,
d63 1

where the sequence length L2 in 9.2 is 64 and each element H g (@) is given
Q
2

by Equation (3.44).
The input to the CDFD filter is a 1024 x 64 (kl, k2) 2D seismic image

consisting of 64 traces (L, =64) having 1024 temporal samples per trace
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(L1 = 1024). The first step in the CDFD filtering process is to perform 1024 64-

point FFTs on the input image according to Equation (2.56). The required fanstop
filtering operation is then approximated using 64 1D IIR filter operators, one for

each value of QZ' Due to the symmetry of the fanstop filter, only 32 different

filters are required, since the filter for Q, = Q, is the same as the filter for
0

Q, =-Q

) 9 - Each filter operates on the real and imaginary components of a

0

1024-point trace (row) of the partial discrete Fourier transformed input image
according to Equation (3.4). Third-order lowpass Butterworth filters whose
passband widths vary linearly with trace number 9.2 (as given by Equation (3.43)),
have been employed. The recursive (IIR) filtering has been performed in the 0y
dimension because the larger sequence length (L1 = 1024) allows the startup
transients of the 1D IIR filters to decay to zero, resulting in less distortion in the
output image. In addition, applying 1024 64-point FFTs to the input image
requires 60 percent of the complex multiplications required for 64 1024-point
FFTs. Finally, 1024 64-point inverse FFTs are performed on the complex outputs
of the IIR filtering operations to produce the complex output of the combined

CDEFD filter, according to Equation (3.7).

For this application, the magnitude of the imaginary component of y (k) of the
CDFD filter is found to be less than 3 percent of the magnitude of the real
component. Therefore, the imaginary component of the output of the CDFD filter

is neglected for this application.
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The input image x (k) and the real and imaginary components of the output -
¥ (k) of the CDFD filter are shown in Figs. 3.9a, b and c, respectively. The ground
roll, which corresponds to the angular ’‘ripples’ in Fig. 3.9a, has clearly been
reduced by the CDFD filter, as required. A comparison of Figs. 3.9b and 3.9¢
confirms that the magnitude of the imaginary component of the CDFD filter output
is negligible compared to the magnitude of the real component of the output.

The corresponding output of a 2 X 5 IIR 10 degree 2D fanstop filter, designed
by Bruton, Bartley and Stein [2], is shown for comparative purposes in Fig. 3.9d.

A comparison of Figs. 3.9b and 3.9d shows that the input/output performance of

the CDFD filter is similar to that of the 2 x 5 IIR filter.

3.5. Comparison of CDFD Filters with IIR and DFT Filters in Seismic Signal

Processing Applications

Some simple calculations have been performed to compare the complexity of
the CDFD fanstop filter with its IIR [2] and 2D DFT counterparts, for the
application described in Section 3.4.3.3. The criteria chosen for this comparison

are the approximate number of multiplications NMULT’ the approximate number
of additions N ADD and the approximate amount of memory storage required for

each of the three filtering methods for a 64 x 1024 seismic image. The results of
this comparison [Appendix A], for the seismic filtering application, are shown in

Table 3.1.
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(d) IR-filtered output

Fig. 3.9. Low velocity ground roll removal from seismic images using
a 2D CDFD fanstop filter. The output of a 2D IIR filter is

shown in (d) for comparison.
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Bytes of
Types of Filters | N MULT N ADD Memory
(8 bit data)
CDFD 4.06 x 100 | 236 x 100 | 1.62 x 105
IR 459 x 10° | 4.46 x 106 | 6.55 x 10%
2D-DFT 8.52 x 100 | 4.19 x 10° | 1.97 x 10°

Table 3.1. Comparison of computational efficiency and memory usage

for CDFD, IIR and 2D DFT filtering of seismic images.

The CDFD filter requires fewer additions and multiplications than the IIR and
2D DFT methods. As expected, the 2D DFT method is computationally least
efficient and is the most memory intensive. The IIR method requires the smallest
amount of memory. However, the CDFD method requires fewer computations than

the IIR method.

The approximate number of additions and multiplications required for each of
the three methods, for varying image sizes, has been calculated [Appendix Al.
Calculations have been performed for a constant number of spatial seismic traces

(64) with the number of temporal samples per trace L1 varying from 2 to 512.

The graphs in Figs. 3.10 and 3.11 show the number of additions and
multiplications, respectively, for all three methods. From these data it is clear that
the CDFD method requires fewer additions and multiplications than the other two

methods, for the range of image sizes considered here.
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Fig. 3.10. Number of additions necessary for removing ground roll from a
64 x Ly seismic image using 2D -DFT, IIR and CDFD fan stop filters.
L, represents the number of temporal samples per seismic trace.

66



40406

Nyurr

3e+06-

2e+086-

'

L)

2D-DFT

200 ) "~ 400

Fig, 3.11. Number of multiplications necessary for removing ground roll
from a 64 X L, seismic image using 2D-DFT, IIR and CDFD fan stop

filters. L, represents the number of temporal samples per seismic trace.

001



101

Another set of calculations has been performed, for a constant number of

temporal samples (64) per seismic trace, with the number of traces L, varying

from 2 to 512. The number of additions and multiplications, respectively, for all
three methods is shown in Figs. 3.12 and 3.13. It is evident from Fig. 3.13 that if
the image size exceeds 128 traces, the IIR method requires fewer multiplications
than the CDFD method. For an image containing fewer than 128 spatial seismic
traces, 64 in this case, the CDFD methqd requires fewer multiplications than the
IIR method. These results agree with the results in Table 3.1 and demonstrate that

for the application described in this section, CDFD filtering requires fewer |

computations than both IIR and 2D DFT filtering.

CDFD filtering has two other significant advantages. Firstly, edge effects are
eliminated in the dimensions in which continuous-frequency filtering in applied,
unlike MD DFT filters. Secondly, MD filter passbands of arbitrary shape can be
designed easily unlike MD IIR filters. This is demonstrated for the 2D casé in
Chapter 4 which describes a software image processing system based on CDFD
filters. Some important considerations in implementing this system in hardware are

also discussed.
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CHAPTER 4

AN IMAGE PROCESSOR USING CDFD FILTERS

4.1. Introduction

In many image processing applications, such as biomedical and seismic image
processing, it is desirable to have an image processing system that allows the user
-to interactively filter iniages. For example, in order to enhance an X—ray image, a
radiologist may require selective filtering of certain features of the image. An
interactive image processing system, designed for this type of application, is
described in this chapter. The system, based on a software implementation of 2D
CDEFD filters, is described in Section 4.2. Some hardware schemes, which may be

used to implement this system, are described in Section 4.3.

4.2. Software Image Processing System

| The interactive software image processing system described in this section
runs on a SUN-3 computer. The program used to implement the image processing
system is written in ’C’. An FFT program and some display routines written by
N.R. Bartley are included in the package. Apart from some sections of the FFI‘-
program that are- written in assembly language, all other programs are in ’C’. The
image pfocessing program requires‘ input from the temﬁnal and a mouse (used for

drawing filter passbands on the display terminal).
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The image processing program has been written primarily to demonstrate the
advantages of CDFD filters in fast, interactive fmage processing. The image
processing system will first be described from the user’s perspective. The images
processed by the system are 128 x 128 pixels in size and are stored in binary files.
A sample run of the program on a file called "testfile" will be used to demonstrate

the user interface.

The image in ’testfile’ is shown in Fig. 4.1a. It consists of the superposition

of a very low frequency 2D sinusoidal waveform parallel to the edges of the image

and a high frequency 2D sinusoidal waveform at 459 to the edges of the image. It
is required to remove this high frequency waveform from the image. The display
in Fig. 4.1a, that is the operation of viewing an image file, is obtained by the
keyboard command "dspl testfile". Since the 2D CDFD filter required to remove
the high frequency component from the test image has to be designed in the
frequency domain, a 2D FFT operation is applied to the test image. This is
accomplished by the command "fft testfile". The output of the 2D FFT operation
is written into a file called "fft out". This file is now displayed using the "dspl"
command and is shown in Fig. 4.1b. By inspection of the Fourier transformed
image, the user must determine which areas of the 2D frequency space constitute
the required signal. This requires a background in 2D frequency domain filtering

and the user must be properly trained to make use of the system.

The required passband (or stopband) of the 2D CDFD filter is drawn on the

Fourier transformed image. This involves using the mouse to outline the region



Fig. 4.1. Output of software interactive image processing system.
a) input test image '
b) 2D FFT of test image
c) stopband of required CDFD filter (encircled)
d) 2D CDFD filter output

containing the required signal frequencies. Alternatively, the region containing

undesirable frequencies may be outlined as the stopband if convenient. It should
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be noted that the frequency domain signal is displayed from (0,0) to (2w, 2%) in
normalized 2D frequency space instead of (—m, —m) to (&, ®). The higher
frequencies lie at the center of the Fourier transformed image instead of at the

edges and this must be taken into account when drawing the CDFD filter passband.

The actual procedure of drawing the passband or stopband shape using the
mouse is straightforward. The drawing procedure is invoked by the command
"mouse”. This configures the right button of the mouse as "draw", the center
buttpn as "redraw" and the left button as "quit". Pressing and holding down the
draw button causes a dotted line, starting at the bottom left corner (0,0), to be
drawn on the Fourier transformed image. This line is used to encircle the required
region for the passband (or stopband) of the CDFD filter. A closed contour is
required for the passband (or stopband). This is shown in Fig. 4.1c. If an error is
made while drawing, the "redraw" (middle) button on the mouse will clear the
dotted line and a new contour can be drawn using the "draw" button. Once a
satisfactory. contour has been drawn, the "quit" (left) button is used to exit the

drawing procedure.

If the top or bottom edge of the Fourier transformed image is part of the
contour, then a lowpass or highpass 2D CDFD filter is required. Otherwise a 2D
bandpass or bandstop filtering operation is necessary. The user must choose any
one of four types of filtering operation by using one of the commands: "lowpass”,
"highpass", "bandpass" and "bandstop”. Upon invoking one of these commands,

the input image is filtered using the required type of 1D filters in the CDFD
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method. This normally takes between 8 to 18 CPU seconds on a SUN-3 computer
for image sizes of 128 x 128 pixels. The filtered image is written into a file called
"output" which can be displayed using the "dspl" command. The output file
usually contains only the real part of the output image. However, the program can
easily be modified to display the imaginary part of the output image. It is evident
from the filtered image in Fig. 4.1d that the high frequency sinusoidal waveform

has been almost removed as required.

The lowpass, highpass, bandpass and bandstop 1D IR filters used in the
system are all derived from 3rd order Butterworth filters. The selectivity obtained
using these filters was found to be satisfactory for the test images used. Higher
order filters may be used if required. During the CDFD filtering process, a set of
128, 128-point row FFTs is applied to the input image. A 1D IR filtering
operation is then performed along every column of the partially Fourier
transformed image (if necessary). For columns which lie in the 2D CDFD filter
stopband, no filtering is performed and a column of zeros is written into the real
and imaginary parts of the IIR filter output. If an entire column lies in the 2D
CDED filter passband, once again no IIR filtering is performed and the real and
imaginary parts of the column are simply copied into the corresponding columns of
the IIR filter output. This results in substantial savings in computation and
processing time. The required bandwidths and cutoff frequencies for the IIR filters
are generated by the "mouse" program based on the filter passband drawn on the

screen.
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It is also possible to view the magnitude frequency response of a CDFD filter
designed using this system. This is achieved by using a unit impulse (a Kronecker
delta function) at the origin as the input image. The filter passband is drawn as
before on the Fourier transformed input image. The Fourier transform (2D FFT) of
the output is obtained using the "fft" command. The output of this 2D FFT is the
frequency response of the 2D CDFD filter. Two such frequency responses are |
shown in Fig. 4.2, demonstrating the ﬂexibility of CDFD filtering in designing

filter passbands of arbitrary shape.

The software image processing system allows the user to easily design 2D
CDFD image processing filters of arbitrary passband shape. However, some
knowledge of 2D filtering is required b¢fore the user can efficiently use the system.
The system can be made more user friendly so that all technical decisions (e.g. the
type of filtering required) can be presented to the user in layman’s terms. An
alternative approach is to incorporate the image processing system in an expert
system so that user decisions are reduced to a minimum. A threshold level can be
set to determine the desirable portion of the image and the system can then design
the necessary filters. A more sophisticated approach might involve pattern
recognition in the Fourier transformed image to determine desirable and

undesirable signal frequencies and patterns.

. This type of system can be used in medical image processing because, with
proper training, the user can selectively enhance features in the image. The next

section ouflines some ideas for implementing this system in hardware.



(a) "W" shaped passband

(b) Fan shaped passband

Fig. 4.2. Arbitrary passband shapes of 2D CDEFD filters obtained using
the image processing system.
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4.3. Proposed Scheme for Hardware Implementation of the Image Processing

System

The image processing system described in Section 4.2 can be implemented in
hardware to increase the processing speed, possibly to real-time. A brief
description of the hardware that can be used for this purpose is given in this
section based on the TMS320C30 signal processor, one of the fastest digital signal
processors available [5]. The current cost of this chip is approximately $300 and
therefore, in order to keep the cost of the proposed system to a minimum, it is
assumed that a single TMS320C30 used. It is possible to use a number of
TMS320C30s in parallel to increase processing speeds but this can be very

expensive.

The hardware scheme outlined here utilizes some of the special features
inherent to CDFD filters and therefore can be applied to general MD CDFD filters.
It is assumed that the 1D IR filters required for the signal processor will be
programmed in direct form in the TMS320C30 software. A control program
resides in the TMS320C30 ROM and performs some special functions aside from
the usual control functions such as input/output (I/O), timing etc. The input data

(size L1 X L2) is read in row by row. The next section describes some of the

special functions of the control program.
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4.3.1. Control Program

Aside from the usual control functions such as timing operations, /O and
control of arithmetic operations that are required in conventional digital signal
processors, the control program has certain functions that are unique to CDFD
filtering. The control program checks bandwidths and cutoff frequencies of the
filters required for successive columns of the partially DFTed images to see if
different 1D‘ IIR filters are required for successive columns. If not, then the
coefficients used for the previous filter are simply copied and used for the next

filter.

The control program also checks for special cases, such as columns where "all
go" or "all stop" fuﬁctions are required. In the former case, the input signal to the
bank of filters is simply copied into the appropriate memory locations for the
output of the filters. For an "all stop" operation, that is, when the entire column
lies in the stopband of the 2D CDFD filter, the output memory locations for the

column are cleared to zero.

The control program also controls the input and output of data row by row.

A row FFT is performed on each row and each of the L1 samples is channeled

into the input of the appropriate 1D IIR filter. Two filtering operations must be
performed for each input point because the input to the filters is usually complex.
The previous m rows (m being the order of the IIR filters) are stored in memory
and updated by the program after calculation of each row of output. The control

program also initiates the calculation of appropriate filter coefficients based on
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bandwidths and cutoff frequencies obtained from the user-specified frequency
response. Alternatively, a "lookup table" approach can be used to obtain the
coefficients and this is discussed in Section 4.3.2 which describes some features of

the memory storage used.

4.3.2. Memory

A schematic memory diagram is shown in Fig. 4.3. The top of the diagram
shows the ROM for storing the coefficients required for the FFT operations in the
form of a lookup table. This technique speeds up the FFT operation because the

coefficients need not be calculated every time the FFT is applied.

In order to minimize computation, a lookup table approach can be used to
determine filter coefficients for the 1D IIR filters. This implies that a finite number
of bandwidths and cutoff frequencies can be achieved for any type of 1D IIR filter
(i.e. lowpass, highpass, bandpass and bandstop). For example, if the sequence

length for each column is L2 (filtering performed along k2), then the following
cutoff frequencies for lowpass filters are allowed: 0 < Q  <L,2,Q, o being an

integer. This constraint is not very restrictive because specifications for the 1D IIR

filters provided by the user are only accurate to the smallest increment of k2 which

is 1. A schematic lookup table for bandpass filter coefficients is shown in Fig. 4.4.

Each set of upper and lower cutoff frequencies (Q and ) produces an
COy; co;

address ADDRQ o of the memory location containing the coefficients for

co T, COU



ROM FFT COEFFICIENTS LOOKUP TABLE

ROM LOOKUP TABLE FOR FILTER
COEFFICIENTS (OPTIONAL)

LPIHP‘BP‘BS

RAM FILTER COEFFICIENTS

OUTPUT BUFFER FOR ROW IFFT OF Y4 Ql(1(2)

INPUT BUFFER FOR ROW FFT OF x(kq, ky)

MEMORY4 REFRESH

CURRENT ROW OF X 4(ky) AND Y ;(k,)

Fig. 4.3. Memory diagram.
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the 1D IIR bandpass filter. Lookup tables can be implemented for all four types of

filters as shown in Fig. 4.3 (LP, HP, BP, BS). The lookup tables are situated in

ROM. Different filter orders may be implemented by changing the coefficient

values which are stored in RAM.
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1 |ADDR;; [ADDRj5| - - . | ...

2 |ADDR,; [ADDRy, | - - - < ..

Fig. 4.4. Lookup table for coefficients of the required 1D IIR bandpass
filters. Each combination Qc 0 BW produces the address

(ADDR) in memory where the required coefficients are stored.

Q co is the lower cutoff frequency and

L

Q is the upper cutoff frequency.
coys :

The RAM also contains input and output buffer space for the FFT and inverse

FFT operation. If the size of the image is L1 X L2, (L1 columns and L2 TOWS)

then an Ll-point FFT is required on each row. Since the output of the FFT is

complex, 2L1 data points must be stored. The input row x (k 1 kz) is read into the
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buffer and a 1D FFT is applied. The output of the FFT X (Ql, k2) is written into
the buffer, overwriting x(kl, kz). X (Ql, k2) can be written in its alternate array

representation as Xd(kZ) = {X J (k2)}. Each complex sequence X d (k2) is
Q Q
1 . 1
used as the input to the 1D IR filter for the appropriate value of 9.1. The last m

values, where m is the order of the 1D IIR filters, of X d

(ko) and Y (k,) are
o 2 d 2

1 &

stored in memory (RAM) and refreshed as each new value of these sequences
becomes available. These values are accessed directly by the 1D IIR filters. The
filter output for an entire row is written into the output buffer and the inverse FFT
is applied to this complex signal. The contents of the buffer make up one row of
the CDEFD filter output. The advantage of the lookup table approach to obtaining
the filter coefficients lies in the fact that the pipelining available in the
TMS320C30 can be used to advantage. The TMS320C30 has a 4-level deep
pipeline [5] so that as one arithmetic operation is being carried out using one
coefficient the next three coefficients are already in the pipelines, instead of having

to be calculated. This results in improved speed. The next section briefly

discusses the speeds obtainable using the scheme outlined in this section.

4.3.3. Processing Speed

Some estimates of the processing speed of the hardware signal processor,
described in the previous sections, are given in this section. These estimates do

not take into account the fact that the TMS320C30 must also be programmed to
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handle the I/O and user interface. They are simply an estimate of the maximum
speed at which the 2D CDFD filtering can be carried out on a single TMS320C30

signal processor.

Due to the extensive pipelining available in the TMS320C30 [5], a "multiply
add and store" instruction is executed in 100 ns. Calculations have been performed
for an input image of size 1024 x 1024 pixels. Each row of 1024 pixels will
require 4L log,L (L =1024) "multiply add and store" operations for a 1024-
point row FFT. This first step in CDFD filtering requires a processing time of
approximately 4.10 ms (per row). The second stage in CDFD filtering consists of
applying L (1024) 1D IIR filtering operations for both the real and imaginary parts
of the row DFT performed in the first step. Assuming approximately 10 "multiply
add and store" operations for each output point for the ID IIR filtering operation,

approximately 10 L, X 2 (because real and imaginary points are filtered separately)
1

"multiply add and store" operations are required. Assuming an execution time of
100 ns, this requires approximately 2.05 ms. Finally, the inverse row DFT on the
output from the filters requires another 4.1 ms. The total processing time for a
1024-point row 1is therefore approximately 10.25 ms. For real-time video
applications based on a frame update rate of 30 Hz, éhc maximum allowable time
for processing a row is 0.032 ms. Clearly, the processing speed obtained does not

meet this criterion.
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Some techniques for improving the processing speed are proposed in the next

chapter. In addition, some areas for further research are presented.



CHAPTER 5

AREAS FOR FURTHER RESEARCH

5.1. Introduction

The hardware signal processor, based on the TMS320C30 signal processor,
described in Chapter 4 does not achieve real-time video filtering speeds. However,
it is important to note that this signal processor filters an input image row by row.
This ﬁlterin;g scheme can be readily adapted to real-time filtering. Factors that
should be taken into account in order to achieve real-time speeds are discussed
briefly in the next section. The extension of real-time CDFD filtering to 3D is also
described. A CDFD filtering technique using the Discrete Ilartley Transform
(DHT) instead of the DFT is' described in section 5.3. _Finally, some concluding

remarks are given in Section 5.4.

5.2. Factors Affecting Real-Time CDFD Filters in Two and Three
Dimensions
- The signal processor described in Section 4.3 is ideally suited to real-time
processing because it processes an input image row by row. The input image is
often available in this row format, sﬁch as in a raster display. The ability to
process such an image, without requiring one entire frame of the image to be read

and stored by the system, represents a substantial saving in processing time. The
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two major factors affecting the processing time are the time taken to perform a

L l-point row FFT on the input row (of L1 pixels) of the image and the time taken

by the L1 1D IIR filters to generate the next row of output samples.

One approach to these problems is a hardware intensive solution. Dedicated
FFT hardware can be constructed for very fast row FFT operations based on bit-
slice designs or a custom VLSI design. The IIR filtering operations can also be
made faster by using L1 parallel 1D IIR filters instead of the L1 consecutive IIR
filtering operations described in Section 4.3. This approach will prove to be very

expensive c;specially when extended to 3D CDFD filtering.

The "row by row" approach to 2D CDFD real-time filtering can be extended
to 3D CDFD filtering in real-time. One of the most common applications of 3D
CDFD real-time filters would be in the processing of video signals. This usually
involves processing a two-dimensional time-varying image. One approach to real-
time 3D CDFD filtering is to perform a 2D FFT operation on each frame (size

L1 X L2) of the input signal and then apply L1 X L2 IIR filtering operations in the

x L, IIR

remaining dimension, time. Finally, the output frame from the L1 2

filtering operations, one per pixel, is inverse FFT transformed to produce the output
image. This method has the advantage that a time-varying image of specified size

L 1% Lz) but having an unspecified number of frames can be filtered as the input

becomes available, frame by frame.
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However, the above method clearly requires even more computations per
output pixel than the "row by row" scheme for 2D real-time CDFD filters: An
alternative approach to both 2D and 3D CDFD filtering is based on the fact that
the input signal often has no imaginary component. In such cases, it is desirable to
use the discrete Hartley transform (DHT), which transforms a real sequence into
another real sequence, rather than the DFT which transforms a real sequence into a

complex one. The next section outlines some of the advantages of using the DHT

in CDFD filtering.
5.3. CDEFD Filtering Using the Discrete Hartley Transform (DHT)

5.3.1. The Discrete Hartley Transform (DHT)

The MD discrete Hartley transform (DHT) H IIM,M[] of a MD signal x(Kk) is

defined as follows

Hfl‘{M [x(k)] = X, (Q)
5.1
L-1 - 6.1
A'Y x®)cas|2nk L1 0
k=0

. L1 L1 L, Lyl
where L=dzag{L1,L2, Lyl >y= 3 DREE Y and

k=0 k=0 k,=0 ky =0

cas(x) = cos(x) + sin(x). The "real-to-real" nature of the DHT is evident from

equation (5.1). The MD inverse discrete Hartley transform (IDHT) is defined as
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H @] = 26
(5.2)
1 L_l ’ 1
A Y X, (Qas|2nk L710Q
L H
Q=0
The partial MD DHT H2Yf 1,34 and IDHT oM g axe defined as follows:
oM [x(k)] = X, (k, Q)
N+1,M H%e 234
L1 (5.32)
4 3 xky,ky cas[znk('nglgd}
k=0
and
M _
HY 4 [XH(kc, Qd)] = x(K)
Lyl (5.3b)
A _1_ 1 =1
IR >, XH(kc’ Qd) cas{Zﬂ;ded Qd]
d' Q=0

5.3.2. MD CDFD Filtering Using the DHT Instead of the DFT on Real Signals

The procedure for MD CDEFD filtering, using DHT filtering in (M-N)
dimensions and IIR filtering in the remaining N dimensions, is very similar to the
CDEFD filtering process described in Chapter 3. In fact, the partial MD DHT and
MD IDHT are substituted for the partial MD DFT and IDFT in the filtering

process. Thus, the following three step process is used:
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1. Partial MD DHT is applied to input signal x (k) resulting in the real signal

X H k - Q d)’
2. ND recursive (IIR) filtering operations are performed on X H k - Q d) over the

N variables k c resulting in the MD real output YH (k - Q d).

3. Partial MD IDFT is applied to YH (k - Q d) resulting in the real periodically
extended (in the (M-N) dimensions Q d) output sequence y (k). The output of
the CDFD filter y (k) is the part of J (k) having support in RM
The DHT and IDHT can be computed using fast Hartley transform (FHT)

algorithms [7]. These algorithms require api:roximately the same amount of

computation and memory as real-valued FFT algorithms [7]. This, in itself, does
not represent a significant advantage over using the DFT. However, major
computational savings are obtained because, unlike the DFT case, complex filtering
is not required since the DHT transforms a real sequence into another real

sequence. Thus, the required number of filtering operations is halved.

Furthermore, unlike the DFT case where the imaginary output of the CDFD
filter is often ignored, no such approximation is necessary for the DHT. In real-
time applications in 2D and 3D CDFD filtering, the DHT can significantly reduce

the amount of computation required if the input signal is real.
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5.4. Conclusion

A new hybrid MD filtering technique is described in this thesis. Continuous-
frequency filtering is performed in less than all M aimensions of an MD signal
while discrete-frequency filtering is performed over the remaining dimensions.
This results in a powerful and flexible filtering technique - continuous-discrete

frequency domain (CDFD) filtering.

A system of notation that allows the equations and symbols for CDFD
filtering to be written concisely, is introduced. Some examples and applications of
CDED filters in 2D and 3D are described. Some important factors affecting the

implementation of real-time CDFD filters in hardware are discussed.

Further work is required in this area and in the utilization of CDFD filters in
3D and higher dimensions. The flexibility and computational advantage of CDFD

filters make them well suited to multidimensional digital filtering.
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APPENDIX A

COMPUTATION AND MEMORY REQUIREMENTS FOR 2D CDFD, IIR

AND DFT FILTERS

I) Memory Requirements (M)

Assume for simplicity each data value is stored in 1 byte of memory. Let the

image size (signal size) be L1 X L2 data points. Assume mask sizes for recursive

filtering are small compared to image size. The following approximate values for

memory required by each of the three methods are obtained:

IIR METHOD
Input-image size = L 1L2 bytes. Output imaged can be overlapped over input

image if filter mask is small. Therefore
Myp = L{L, bytes .
2D DFT METHOD
Input-image/output-image size = L Lo bytes. Real and Imaginary DFT
transformed images require 2L 1L2 bytes. Real windowing function requires L 1L2

bytes. Therefore,

Mppr = 4L L, bytes .
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CDFD METHOD
Input-image/output-image size = L1L2 bytes. Real and Imaginary DFT
transformed images require 2L le bytes. Assume recursive filter mask is small

and output can be overlapped over input. Then

MCDFD = 3L1L2 bytes .

II) Number of Additions Required (W 'AD D)

A row FFT of sequence length L requires 2L logzL additions [2]. The input
image is assumed to be of size L1 X L2’ where the FFT is applied to the columns

(L, points) during CDFD filtering.

IIR METHOD

Assume filter mask is of size m.n,. Then

2[(2m0 n, = 1] LlL

NspD 2

(4m0 n, - 2)L 1L2
assuming two-pass filtering.

2D DFT METHOD
N ADD = 2(2L 1L210g2L2) + 2(2L2L llogzL 1)

= 4L 1L2(log2L1 + logZL 2)



128

because of forward and inverse DFT.

CDFD METHOD

Assume filter mask is of size n,- Then,

1l

2L1L2[210g2L2 + (2n0 - 1]

because the real and imaginary parts of the partially DFT transformed image are

filtered separately, each requiring (2n = 1) additions per data point.

III) Number of Multiplications Required (V MULT)

A row FFT of sequence length L requires 4L log2L multiplications [2].
During CDFD filtering, the 1D FFT is applied to each column (length LZ) of the

input image.

IIR METHOD

Assume filter mask is of size m.n, and two-pass filtering is performed. Then

Nyurr = 2@m,n, —DLL,
2D DFT METHOD

N MULT = 2(4L 1L210g2L2) + 2(4L 2L 110g2L 1) + 2L lL2

= 2L lL2(4log2L 1t 410g2L2 +1)



129

because of forward and inverse DFTs and the multiplication of the real and

imaginary parts of the 2D DFTed image by a real window function.

CDFD METHOD
Assume filter mask is of size n 5 and real and imaginary parts of partially
DFT transformed image are filtered separately, each requiring (2n0 - 1)

multiplications per data point. Then, if column FFTs are applied,

= 2L.L,[4log,L, + 2n  — 1)]



