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Abstract

Radio frequency isolators based on ferrite junction circulators have been the domi-

nant isolator technology for the past fifty years, yet they have not been integrated

practically because ferrites are generally incompatible with semiconductor processes

and their size is inversely proportional to their operating frequency. Hall isolators are

another approach whose operating frequency is independent of their size, are compat-

ible with semiconductor processes and are thus appropriate for integration. Through

simulation, this thesis demonstrates that these devices can be on the order of microns

in size and have a bandwidth from DC to over a terahertz. Measurements of an un-

optimized Hall element demonstrate an operating bandwidth from DC to 1127 MHz.

A technique using multi-contact Hall plates is shown to reduce isolator insertion loss

to 0.89 dB, which is competitive with ferrite-based devices.

Keywords: Isolators, Circulators, Gyrators, Hall effect devices, Ultra wideband

technology, Indium antimonide.
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Chapter 1

Introduction

Radio frequency (RF) isolators are two-port devices that allow energy to flow in the

forward direction, but absorb energy flowing in the reverse direction, in a signal chain.

They are used to prevent signal reflections between components, as well as protect

the components from damage due to reflected energy. Figure 1.1 is an example of

how an isolator is used in a signal chain.

Antenna Amplifier 2IsolatorAmplifier 1

Mixer

Local

Oscillator

Forward

Reverse

Preselector

Filter

Clean-up

Filter

Figure 1.1: Diagram of a superheterodyne receiver signal chain using an isolator.
The isolator is preventing local oscillator leakage to the antenna, while improving the
impedance match between amplifier 1 and the mixer and preventing energy reflections
from the mixer.

The isolators that are commonly used in industry today are based around de-

vices called ferrite junction circulators. Ferrite circulators are resonant devices whose

operating frequency is determined by the size of a ferrite puck within the device.

Therefore, attempts at integrating ferrite circulators onto chips have resulted in

devices that only operate at very high frequencies and over narrow bandwidths

[1],[2],[3],[4],[5],[6],[7],[8],[9], [10],[11], [12]. Appendix A is a primer on ferrite junction

circulators.
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The objective of this project is to create an isolator that can be integrated onto

a chip. One approach is to use a large magnetic field to change the direction

of charge carriers within a semiconductor. These devices are called Hall isolators

[13],[14],[15],[16].

The Hall effect was discovered by Edwin Hall in 1879 [17]. Hall found that when

he passed a current through a thin metal strip in a magnetic field, he could measure

a voltage on opposite edges of the strip. The magnetic field deflects the paths of

charge carriers within conductors. When the charge carriers arrive at an insulating

boundary (the edges of the strip), the charges ’pile-up’, creating an electric field

across the conductor, which can be measured as a voltage. Appendix B describes

galvanomangetic effects that are present in a Hall isolator. The Hall effect is one of

these effects and is described in section B.2.

1.1 Motivation: Why integrate an isolator?

If it can be integrated, it will be integrated. Advanced manufacturing techniques have

reduced the cost of integrated circuits to pennies per unit. Integrated components

are much closer together and permit much higher operating frequencies. Ferrite-based

isolators used in industry have thus far resisted mainstream integration, cost around

$200 to $1000 per unit and require careful manual tuning to produce.

The operating frequency of Hall isolators is independent of their size. The mini-

mum practical size for a Hall isolator is on the order of microns, which makes them

ideal for integration. The theoretical bandwidth of a Hall isolator is huge, from DC

to over a terahertz. Measurements in Chapter 4 will show that a practical device can

have a bandwidth into the gigahertz range, which is suitable for industrial use as well

as opening up new applications not available to ferrite-based isolators. The reverse

isolation of Hall isolators can be tuned to be very high, as high as 50 dB [15] or more.
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Active isolators based around transistor amplifiers can also be integrated success-

fully. They do not require a magnetic field and can have gain instead of loss. Hall

isolators have the advantage of not requiring a power source and potentially have

higher bandwidth, linearity, dynamic range and power handling ability.

1.2 Project History

The original concept for this thesis was to use a magnetic field to deflect charge car-

riers in the channel of a silicon MOSFET, to create an isolator. Silicon would be an

ideal material because it is inexpensive and the isolator could interface with existing

electronics. Quite early on it was found that this method would require an impracti-

cally large magnetic field to work. A material with high electron mobility is required

and there are many materials with higher mobility than silicon. In addition, the

gate interface of the MOSFET degrades the channel mobility, which further reduces

performance and makes a silicon MOSFET-based isolator even more impractical.

Research then concentrated on a simple square Hall plate structure, as well as

indium antimonide (InSb), which has the highest known electron mobility of con-

ventional semiconductors. It was soon revealed that these Hall plate isolators had

already been invented and investigated in the 1950s and 60s [13],[15]. They were

passed over for isolators based on ferrite junction circulators, which are the dominant

isolator technology to this day. There are two main reason for this: high quality thin

films were not readily available and Hall plate isolators have a high minimum theo-

retical insertion loss (∼3 dB or ∼6 dB depending on configuration). The insertion

loss is poor when compared to ferrite-based isolators (<1 dB). Methods were found

to reduce this insertion loss [16], but before processes to grow high quality thin films

became readily available, such as Molecular Beam Epitaxy (MBE), these Hall devices

faded into obscurity.
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1.3 Applications

These Hall devices have a theoretical bandwidth from DC to terahertz frequencies

as opposed to ferrite-based devices, which are limited from an octave to a decade of

bandwidth. Integration itself allows much higher operating frequencies due to smaller

dimensions and reduced parasitics. Reverse isolations of 50 dB or more can exceed

the capabilities of ferrite based devices. These properties can be exploited to create

new applications.

1.3.1 Hall Isolator

Simplification of matching design

Amplifiers are often designed so that they are unconditionally stable under all

load conditions. By presenting a known constant load, an isolator could relax

the unconditionally stable requirement and allow increased amplifier perfor-

mance.

Signal isolation

Mixers can create problems such as local oscillator (LO) leakage. By putting

an isolator before the mixer, LO leakage to the mixer input can be eliminated.

Mixers are also notorious for having poor matching qualities and the isolator

can be used to improve this match.

Equipment protection

Antenna impedance can vary if metal or dielectrics are placed near them, which

may result in mismatch reflections that could damage the amplifier driving the

antenna. By placing an isolator between the amplifier and the antenna, the

amplifier is protected from damaging reflections.
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Isolating Balun

A four-terminal gyrator-mode Hall isolator is a differential device. However,

any one of the four terminals could be grounded, creating a balun. This

would be quite useful for converting single-ended signals onto a differential

transmission line, or vice-versa, and the isolator would also prevent reflections.

Attenuator

The integral Hall isolator loss can be put to use as an attenuator, which also

isolates. The magnitude of the attenuation can be tuned by varying the mag-

netic bias field of the Hall isolator.

Single-pole single-throw (SPST) switch

The direction of isolation can be reversed by flipping the direction of the

magnetic biasing field. This switch will present a matched load on its input.

If the magnetic field bias is removed, the switch may be reflecting, if the change

in impedance is high enough.

Unilateralized Feedback

Resistive feedback is not truly unilateral; signals can feed forward at the same

time they are fed back. By placing an isolator in the feedback loop, the

feedback becomes truly unilateral.

1.3.2 Hall Circulator

Full-duplex communications at the same frequency

Transmitters and receivers often share the same antenna, which requires ei-

ther a switch to switch between them, or a diplexer so that they can operate

on different frequencies. A circulator separates the transmitted and received

signals so that the transmitter and receiver can operate simultaneously.
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Phased array radars use hundreds to thousands of transmit/receive modules

that use circulators. If integrated, the size and cost of these modules could be

greatly reduced.

Separation of forward and reverse signals

Couplers are microwave devices, which have an operating frequency that is

proportional to their size. A Hall circulator could replace a coupler in equip-

ment such as vector network analyzers (VNAs), greatly reducing the size of

the equipment. Integrated test equipment may be possible, and it would work

down to DC.

This principle can be applied to digital systems. Forward and reverse signals

can share a transmission line, halving the required bus lines. Or, a switching

mesh of Hall circulators could route full-duplex signals.

Low frequency circulator

Ferrite junction circulators generally have a lower frequency limit of about 50

MHz, and get physically larger as frequencies decrease. Hall circulators can

work down to DC, and their size is independent of their operating frequency.

Enabling one-port amplifiers

Negative-resistance amplifiers such as transferred electron devices and para-

metric amplifiers are two-terminal devices, which are more difficult to imple-

ment as amplifiers when compared to three terminal devices such as transistors.

A circulator will separate the signals into and out of the two-terminal device,

making one-port amplifiers much easier to design.

Oscillator priming and locking

By using a circulator to send a signal into an oscillator, the oscillator can be
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’primed’ with that signal, and possibly tuned. In combination with a phase-

locked loop, the oscillator signal can be phase-matched with an external signal.

Single-pole dual-throw (SPDT) switches

By flipping the direction of the magnetic bias field, the direction of circulation

can be changed from clockwise to counter-clockwise (or vice versa), creating a

switch.

1.3.3 Hall Gyrator

Inverting Impedances

If a capacitor is placed on the output port of a gyrator, the ’sense’ of the

reactance is inverted and an inductance will be seen on the input port. This

is useful for inductor simulation in filters. Integration could reduce the size of

the device to less than the size of an equivalent inductor.

1.3.4 Areas of application

• Communication systems - wideband matching, equipment protection, duplex

communications.

• Defence / Aerospace (radar) - duplexing in transmit / receive modules.

• Test equipment - wideband matching, signal separation, attenuation, switch-

ing.

• Software Defined Radio (SDR) - wideband operation for agile radios.

• Cryogenics / Magnetic Resonance Imaging - improved Hall device performance

at cryogenic temperatures for signal processing.
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1.4 Contributions

The contributions of this thesis are:

• First microwave measurements of a Hall device, confirming that it works as

an isolator from DC to 1127 MHz.

• Simulation of a Grutzmann-type [16] isolator demonstrating an insertion loss

of 0.89 dB.

• Simulations exploring the maximum frequency limits of Hall devices, demon-

strating operating bandwidths that could potentially exceed DC to a terahertz.

• Description of the three-terminal Hall circulator, which was claimed to be

impossible [15].

• Simulations that contribute to the understanding of Hall isolators, with a view

to optimizing their performance.

• General understanding of Hall circulators, isolators and gyrators.

1.5 Thesis Structure

Chapter 2 discusses the history and theory behind Hall devices. Chapter 3 explores

the performance and limits of these devices through simulation as well as suggesting

fabrication methods. Chapter 4 describes the testing method and measurement re-

sults of a Hall element. The thesis is concluded in Chapter 5. Appendices supplement

the main work with derivations, useful network theory and primers on ferrite junction

circulators and galvanomagnetic phenomena.
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Chapter 2

Background and Theory of Hall Isolators

Isolators are a RF/microwave component used to direct signals and protect other RF

components. Isolators used in industry today are made from Y-junction circulators,

which operate based on the anisotropic properties of magnetized ferrite. They are

resonant devices whose frequency of operation is dependant on the size of the ferrite

pucks. Commercial devices of the size of about 1” (2.5 cm) have been available for

over 50 years. However, they have not been integrated into a chip outside the lab.

The ones that have been integrated can only operate at very high frequencies due to

their small size, and have disappointing performance.

This chapter introduces the history of Hall isolators as well as the theoretical

mathematics behind them.

2.1 What is an isolator?

Figure 2.1: Isolator symbols.

A radio frequency isolator is a two-port device that allows energy to flow in the

forward direction but absorbs energy in the reverse direction. In some respects, it

resembles a diode but for AC as well as DC. An isolator presents a matched impedance

on both ports, and ideally has no loss in the forward direction. It is a unilateralized

device, which means that S12 = Z12 = Y12 = 0, in terms of network parameters. This

property means that the impedance ’seen’ looking into the isolator input and output
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is independent of the load or source impedance on the opposite port of the device

(explained in more detail in Appendix C: Useful Properties of Network Parameters).

Figure 2.1 shows the circuit symbol for the isolator.

AntennaIsolator 2Amplifier 2Isolator 1Amplifier 1Signal In

Figure 2.2: Isolator applications in a signal chain.

Isolators are used to protect and isolate stages in a radio frequency signal chain.

In figure 2.2, isolator 1 is protecting amplifier 1 from energy reflected back from

amplifier 2. Isolator 2 is protecting amplifier 2 from reflections at the antenna. An-

tenna impedance can vary if conductive material is placed nearby, therefore isolator

2 protects amplifier 2 from changes in the environment near the antenna.

Isolators are a kind of non-reciprocal device, where a signal going in one direction

does not propagate the same way in the reverse direction. They are formed from

other non-reciprocal devices called circulators and gyrators, which are lossless. In

order to turn circulators and gyrators into isolators, a lossy element must be added

to absorb the energy of the backward propagating signal.

Note that the devices called digital isolators (or opto-isolators) have a very dif-

ferent function when compared to radio frequency isolators. They provide galvanic

isolation between parts of a system for safety and equipment protection. In these

devices, signals are changed from electrical to magnetic (or optical) energy and back

again in order to isolate two electrical systems.

The radio frequency isolators that are used in industry today are based around

a device called a ferrite Y-junction circulator. Ferrite junction circulators have low

insertion loss and high power handling ability, but are somewhat narrowband and
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their size is proportional to their frequency of operation. For this reason, ferrite-

based isolators are not generally integratable and provides the motivation behind

this thesis. The operation of these devices is described in Appendix A: Operation of

the Ferrite Junction Circulator.

Another type of isolator is called the active isolator, which is composed of amplifier

circuits. Transistor amplifiers are generally isolating in the sense that they greatly

attenuate signals in the reverse direction, while amplifying in the forward direction.

These circuits can be configured such that they can absorb or steer energy flowing in

the reverse direction and form isolators. They are an important competitor to Hall

isolators because they are easily integratable. However, Hall isolators do not require

a power source.

2.2 Non-Reciprocal Devices

Networks composed of passive devices such as resistors, capacitors and inductors are

reciprocal, and they satisfy the reciprocity condition:

[Xij] = [Xji], ∀ i, j, [X] = [S], [Z] or [Y ]. (Reciprocity Condition). (2.1)

This means that the off-diagonal components of a scattering or immittance parameter

matrix from a reciprocal device are equal to their components mirrored on the opposite

side of the diagonal. Non-reciprocal devices such as isolators, circulators and gyrators

violate this condition.

Active devices such as amplifiers generally have gain in the forward direction and

loss in the reverse direction (that is, |S21| > 1, |S12| < 1, therefore S21 6= S12), and

are thus non-reciprocal.
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Ideal isolators, circulators and gyrators are passive (do not amplify a signal). A

device with an n× n S-matrix will be passive if:

n∑
i=1

|Sij|2 ≤ 1, ∀ j. (Passivity Condition). (2.2)

That is, the sum of the absolute squares of the elements in each row of the matrix

are less than or equal to one. If equal to one, the device is lossless, if less than one it

is lossy and if greater than one, the device is active.

The ideal isolator will have the parameters:

[S] =

 0 0

1 0

 , [Z] = Z0

 1 0

2 1

 , [Y ] = Y0

 1 0

−2 1

 . (2.3)

where Z0 and Y0 are the characteristic impedance and admittance of the S parameters.

Applying the passivity condition to the S-parameters, it is found that the ideal isolator

is lossless in the forward direction and dissipates all energy in the reverse direction.

Since the proposed Hall isolators are made from Hall circulators and gyrators, it

is useful to discuss those devices.

2.2.1 Circulators

A circulator is a multiport microwave device that ’circulates’ energy from one port

to another port in sequence.

Figure 2.3: a) Circulator symbol and b) Isolator made from a circulator and a matched
load.
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The S and Y-parameters of a ’clockwise’ and a ’counter-clockwise’ 3-port circulator

are:

[SCcw] =


0 0 1

1 0 0

0 1 0,

 , [SCccw] =


0 1 0

0 0 1

1 0 0

 ,

[YCcw] = Y0


0 −1 1

1 0 −1

−1 1 0

 , [YCccw] = Y0


0 1 −1

−1 0 1

1 −1 0

 .
(2.4)

Note that in a clockwise circulator the energy is circulated in the port sequence

1 → 2 → 3 → 1 and 1 → 3 → 2 → 1 in the counter-clockwise circulator. Applying

the passivity condition, it is found that the ideal circulator is lossless.

A circulator can become an isolator when a port is terminated in a matched load,

as in figure 2.3. For example, if port 3 is terminated in a matched load, the energy

going into port 1 comes out port 2, but any energy entering port 2 is circulated to

the load on port 3 and is dissipated.

Note that if port 3 is terminated in an open or short, energy entering port 2

is circulated to port 3, reflected and sent back to port 1. Therefore, the isolation

between ports 2 and 1 will be decreased if there is a load mismatch on port 3.

Figure 2.4: Circulator applications. a) Transmit/receive module. b) One-port ampli-
fier.
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The circulator has many applications in addition to acting as an isolator when a

port is terminated. As in figure 2.4 a), an antenna simultaneously transmits and re-

ceives at the same frequency using a circulator. The alternatives are to use a diplexer

to transmit/receive at different frequencies, or use a switch to transmit/receive at dif-

ferent times. Another application is the one-port amplifier such as negative resistance

amplifiers (e.g. tunnel diodes) or parametric amplifiers (e.g. varactors). Figure 2.4

b) shows a one-port amplifier in use. A circulator is required to split the incoming

and outgoing waves to use the one-port amplifier in a conventional circuit.

2.2.2 Gyrators

The gyrator is a circuit element proposed by Tellegen in 1948 [18]. The ideal gyrator

is a lossless two-port device, which couples the voltage at port 1 to a current at port

2 through a ratio called the gyration resistance, RG. In the reverse direction, the

voltage at port 2 couples a current to port 1, which is 180◦ out of phase:

V1 = −RGI2

V2 = RGI1.

(2.5)

The network parameters of an ideal gyrator are:

Port 1 Port 2

a) b)

Figure 2.5: a) Gyrator symbol and b) Isolator made from a gyrator and resistors.

[Sgyr] =

 0 −1

1 0

 , [Zgyr] = RG

 0 −1

1 0

 , [Ygyr] =
1

RG

 0 1

−1 0

 , (2.6)
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where RG is equal to 50Ω in the above S parameters. By applying the passivity

condition, it is shown that the ideal gyrator is lossless.

A gyrator can become an isolator by placing a resistance in parallel (as in figure

2.5). Admittance matrices add in parallel:

[Y ] =

 0 1
RG

− 1
RG

0

+

 1
2RP

− 1
2RP

− 1
2RP

1
2RP

 =
1

RG

 1 0

−2 1

 , (2.7)

when RP = RG/2.

Gyrators can replace transformers (figure 2.6):

Figure 2.6: A pair of gyrators can replace a transformer.

And can also invert impedances(figure 2.7):

Figure 2.7: A gyrator can replace an inductor by inverting a capacitive impedance
(and vice versa).

2.3 What is a Hall Isolator?

A Hall device (in the context of this thesis) is a plate-shaped semiconductor with 3

or more contacts that is placed in a large magnetic field, which is perpendicular to

the plate. The magnetic field bends the paths of charge carriers within the device,
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Figure 2.8: Diagram of a 4-terminal, square Hall plate.

which causes it to exhibit non-reciprocal properties. The semiconductor must have a

high carrier mobility for the charge carriers to be strongly affected by the magnetic

field.

Hall plates can form gyrators or circulators depending on their configuration.

External networks are added to convert the gyrators or circulators into isolators.

2.4 History of Hall Isolators (Literature Review)

The origin of the isolator lies in the theory of non-reciprocal circuits. Tellegen pro-

posed the idea of the gyrator in 1948 [18], based on the violation of reciprocality in

electro-mechanical systems found by McMillan in 1946 [19]. The search for devices

with non-reciprocal properties was found in electro-mechanical systems (McMillan,

1946 [19]), magnetized ferrites (Hogan, 1952 [20]), transistor amplifiers (Miles, 1947

[21], Linvill 1953, [22] Shekel 1953 [23], Bogert, 1955 [24]) and the Hall effect (McMil-

lan, 1947 [25], Casimir, 1949 [26], Mason, 1953 [13]).

Hogan’s work grew into the Y-junction stripline ferrite circulator (Chait, 1959 [27],

Milano, 1960 [28]), which became the dominant non-reciprocal microwave component

in industry.

Small ferrite circulators have been created in the lab [1], [2], [3], [4], [5], [6],

[7], [8], [9], [10], [11], [12], however the size of the device is proportional to the
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operating wavelength, and therefore they only operate at high frequencies. Most of

these devices have a ferrite puck diameter of 3 mm or more, which may be too large for

practical integration. Exceptions are Schloemann [1], who describes a 0.015” (0.381

mm) diameter yttrium-iron-garnet (YIG) circulator that has an insertion loss of 0.5

dB, an isolation greater than 15 dB and operates at X-band with a bandwidth of 150

MHz. Shi [4] describes a circulator that is 1.4 mm in diameter and operates at both

above and below resonance with an insertion loss of 1.5 dB and isolation of 25 dB at

24 GHz, and an insertion loss of 1.2 dB and isolation of 15 db at 37.8 GHz. Dehlinger

[10] describes a circulator that has a diameter of approximately 0.5 mm, but it has an

insertion loss of 17 dB and a isolation of only 19.6 dB at 40 GHz. Peng [12] describes

a circulator with a 1.84 mm diameter, an insertion loss of 27 dB and isolation of 44

dB at 26 GHz.

Circulators have been integrated onto semiconductor dies [29], [30], but the paper

does not state how large the circulators are.

Field displacement-type isolators that use ferrite slabs along transmission lines

have been integrated at the printed circuit board (PCB) scale [31],[32],[33], but not

the integrated circuit level. Popov [34] describes a tuneable W-band isolator that

uses a ferrite resonator with a diameter of 1.24 mm.

Active circulators [35], [36], [37], [38], [39], [40], [41], [42], [43], [44] and gyrators

[24], [45], [46], [47], [48] based on transistor amplifiers are easily integrated, can have

gain and do not require a large magnetic bias field. However, they inherit the limita-

tions of the amplifiers which include increased noise, limited power handling, limited

dynamic range and can be nonlinear, inducing harmonics into the signal. Active

circulators are often implemented as quasi-circulators, where there is no conduction

from port 3 to port 1, which are useful for most applications.
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Analysis of Hall isolators, circulators and gyrators [13], [14], [15] show that the

minimum insertion loss of Hall isolators is 3 dB. This value is not favourable when

compared to the typical insertion loss of <1 dB for ferrite-based isolators. Although

valid methods to reduce the insertion loss were proposed [16], these Hall devices

require high-mobility semiconductor thin films, which were not readily available in

the 1960s. The result is that these Hall devices faded into obscurity.

Now, the techniques to create high quality thin films, such as Molecular Beam

Epitaxy (MBE), have been developed and refined by the semiconductor industry.

Chapter 4 presents the measurement of a Hall sensor made of indium antimonide,

which conveniently has a similar structure to the Hall isolators proposed in Chapter

3. There are many more applications for Hall plates including analog multipliers,

inductor simulation, power meters and many others: [49], [50], [51], [52], [53], [54],

[55].

2.5 Unilateralization of Hall Devices

Unilateralization is the process of adding external circuit elements to a two-port

network in order to reduce the the signal in the reverse direction to zero. In terms

of network parameters, this is equivalent to setting Z12 = Y12 = S12 = 0, which

is essentially making an isolator. A unilateralized device will present an impedance

on its input and output that is independent of the load and source impedances,

respectively.

Hall gyrators require external unilateralization networks to be made into isolators.

There are two main methods of unilateralization: lossy, which uses resistive networks;

and lossless, which uses transformer networks. Ideal circulators and gyrators are loss-

less and require a resistive component to become isolators. Hall plates are inherently

lossy, therefore lossless unilateralization is an option.
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Lossy gyrator unilateralization has the advantage of being easy to implement

through parallel resistances, but has a minimum theoretical insertion loss of 6 dB.

Lossless unilateralization has a minimum insertion loss of 3 dB, however it requires

transformers and an impedance transform.

2.6 Figure of Merit: Mason’s U

U, known as Mason’s Invariant and Mason’s Unilateral Gain [56], [57], is a measure of

non-reciprocality in a two-port network. It is typically used to characterize and com-

pare transistors and amplifiers, but can also be applied to passive networks like Hall

plates. U = 0 implies a reciprocal device, U = 1 for a lossless (fully unilateralized)

non-reciprocal device and U > 1 implies an active device. U is defined as:

U =
|det(Z − ZT )|
det(Z + Z∗)

=
|Z21 − Z12|2

4(R11 ·R22 −R12 ·R21)
, (2.8)

where Rij is the real part of Zij.

Mason’s U is useful because it is invariant with device impedance. It will be shown

in Chapter 3 that Hall plate impedance is easily adjusted by changing the Hall plate

thickness, doping and/or applied magnetic field. U allows a more general comparison

between devices with different impedances.

When a two-port device is matched and unilateralized, S11 = S22 = S12 = 0 and

U = |S21|2. Therefore, U represents the maximum gain (or minimum loss) that a

device can have when it is optimally unilateralized. For Hall isolators, S21eff =
√
U

is a more useful figure of merit than U itself as it represents an effective insertion loss

for a matched, optimally unilateralized device.

Appendix D.1 shows that the impedance of any two-port can be arbitrarily scaled

with a pair of transformers, therefore networks of different impedances are equivalent.
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2.7 Hall Gyrator

In order to understand the operation of the Hall gyrator, figure 2.9 presents a simu-

lation of a Hall plate as the magnetic field is increased:

B = 0.0 T B = 0.1 T B = 0.5 T

 Figure 2.9: Simulation of the electrostatic potential in 4-terminal Hall plate in in-
creasing magnetic fields. Top terminal is at +V and bottom terminal is at -V.

Note how the electrostatic potential is rotated as the magnetic field increases. The

differential voltage seen at the side electrodes will also increase with magnetic field.

The potential across the side electrodes will be proportional to the current from top

to bottom, which is essentially the Hall effect.

The 4-terminal Hall plate can be configured differentially, with two ports, as shown

in figure 2.10.

Figure 2.10: Diagram of Hall gyrator operation.

Note how the signal from the positive terminal 1 is rotated to the positive terminal
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2. If a signal is applied at port 2 across terminals 2 and 4, the positive terminal 2

signal is rotated to the negative terminal 3. Therefore, in the forward direction the

phase of the signal remains the same, while in the reverse direction, the phase is

flipped 180 degrees. This is a hallmark of a gyrator.

After a 4-port single-ended to 2-port differential conversion and renormalization

(discussed in Appendix: D.2 and D.3), the symmetrical Hall gyrator has the Z and

Y-parameters of:

[Z] = Zgyr

1 −α

α 1

 , [Y ] = Ygyr

 1 α

−α 1

 . (2.9)

Compared to the ideal lossless gyrator:

[Z] = Zgyr

0 −1

1 0

 , [Y ] = Ygyr

 0 1

−1 0

 , (2.10)

where Zgyr and Ygyr are the normalized immittances of the respective matrices (Ygyr 6=

Zgyr) and α is the magnitude of the voltage that is transferred from one pair of

electrodes to the other. This voltage cannot be larger than the driving voltage due to

the resistive nature of Hall plates, therefore α ≤ 1. This is known as the No Voltage

Amplification (NVA) rule [15].

In order to be made into an isolator, the gyrator must be unilateralized. The

best-case for unilateralization can be found by calculating U for the gyrator:

Ugyr =
|2α|2

4(1 + α2)
=

α2

1 + α2
=

1

1 + 1/α2
. (2.11)

In the ideal case, where α = 1, Ugyr = 0.5, which corresponds to an insertion loss of

3 dB.
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2.7.1 Gyrator-Mode Isolator

n:1

Figure 2.11: Gyrator unilateralization schemes.

The Hall gyrator can be unilateralized by either lossy or lossless unilateralization

as shown in figure 2.11. Other unilateralization schemes are possible. The details of

the unilateralizations are presented in Appendix D.2. After lossy unilateralization,

the Z and Y-parameters are:

[Z] =
Zgyr
1 + α

 1 0

α 1

 , [Y ] = Ygyr(1 + α)

 1 0

−α 1

 . (2.12)

For the ideal lossless isolator:

[Z] = Zgyr

1 0

2 1

 , [Y ] = Ygyr

 1 0

−2 1

 . (2.13)

The unilateral gain of the lossy unilateralized gyrator-mode isolator is:

Ugiso = α2/4. (2.14)

Again, α < 1 due to NVA, and in the best performance case, α = 1 and Ugiso = 0.25,

which corresponds to an insertion loss of 6 dB. A practical level is U = 0.2, which

corresponds to an insertion loss of ∼7 dB.

The Z-parameters after lossless unilateralization are:

[Z] = Zgyr

 1 + α2 0

2α 1

 . (2.15)
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Notice how lossless unilateralization increases Z21 over the lossy case, but also in-

creases Z11. The isolator may require an additional transformer for impedance trans-

formation if the input and output impedances must be equal.

The unilateral gain for the lossless unilateralized gyrator-isolator is:

Ugll =
α2

1 + α2
=

1

1 + 1/α2
, (2.16)

which is the same result as for the Hall gyrator. Therefore, ideal lossless unilateraliza-

tion attains the same U as the bare gyrator. In the ideal case, α = 1 and Ugll = 0.5,

which corresponds to an insertion loss of 3 dB. A practical level is U = 0.4, which

corresponds to an insertion loss of ∼4 dB.
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Figure 2.12: Reverse isolation versus a) parallel resistor to gyrator impedance ratio
and b) resistor tolerance

For the lossy-unilateralized gyrator-mode isolator, the magnitude of the reverse

isolation depends on the tolerances of the parallel resistors. If Rpar can be precisely

matched to Zgyr, the isolator can theoretically achieve perfect isolation. The practical

limits of resistor tolerance are examined in figure 2.12. The isolations achieved by

0.1%, 1% and 10% variances from Zgyr are 72 dB, 52 dB and 32 dB respectively.
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2.8 Hall Circulator

The operation of the Hall circulator is shown through a simulation of a 3-terminal

Hall plate in figure 2.13:

B = 0.0 T B = 0.1 T B = 0.5 T

 Figure 2.13: Simulation of the current flow and electrostatic potential in a 3-terminal
Hall plate in increasing magnetic fields. Top terminal is at +V and other terminals
are grounded.

Note how more streamlines flow from the top to the right electrode as the magnetic

field is increased. A Hall plate can be thought of as a resistor that allows current to

be selectively directed to certain ports using a magnetic field.

1

23V1

I3

I1

I2

Figure 2.14: Diagram of Hall circulator operation.

This device is symmetrical, therefore the positions of the terminals could be ro-

tated and the device would perform the same way. Current is shifted from port to

port, just like a circulator. Note that the setup in figure 2.15 is identical to the
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method of determining Y-parameters. Using these properties, the Y-parameters of

the 3-terminal Hall plate are:

[Y ] = Ycirc


1 −(1− α) −α

−α 1 −(1− α)

−(1− α) −α 1

 . (2.17)

Compared to the ideal lossless circulator:

[Y ] = Y0


0 −1 1

1 0 −1

−1 1 0

 , (2.18)

where Ycirc is the normalized matrix admittance of the Hall circulator and α is the

fraction of current from terminal 1 that leaves terminal 2. Assuming that no charge

is stored, the current that leaves terminal 3 will be (1− α).

With no applied magnetic field, the current that exits terminal 2 will be equal

to that of terminal 3, and α = 0.5. As the magnetic field is increased, a greater

proportion of current will flow into terminal 2 and α will rise above 0.5. If the

magnetic field were oriented in the opposite direction, α would decrease below 0.5.

Therefore, the polarity of the magnetic field determines the circulation direction. The

best performance is when α = 0 or 1.

2.8.1 Circulator-Mode Isolator

A ferrite-junction circulator becomes an isolator when the third port is terminated in

a matched load resistance. For the Hall circulator, there is already a lossy component.

It is shown in Appendix D.4 that the ideal load for a circulator-mode isolator is a

short, and that the network parameters for this device are:

[Y ] = Ycirc

 1 −(1− α)

−α 1

 . (2.19)
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Port 1 Port 2

Figure 2.15: Diagram of a circulator-mode Hall isolator.

The unilateral gain for the circulator-mode isolator is:

Uciso =
|2α− 1|2

4[α2 − α + 1]
. (2.20)

The best performance is when α = 1, where U = 0.25, which corresponds to an

effective insertion loss of 6 dB. A practical and achievable value is U = 0.2, which

results in an insertion loss of ≈ 7 dB.

For a non-deal circulator-isolator, α < 1 and |Y12| = Y0 · (1−α) has a finite value,

which means the isolator isn’t fully unilateralized. Applying lossless unilateralization

using a transformer can reduce Y21 to zero. This derivation appears in Appendix D.4,

and also shows that the losslessly unilateralized circulator-isolator achieves the same

U as the non-unilateralized circulator-isolator. Note that the lossy unilateralization

method of parallel resistances cannot be used for the circulator-mode isolator because

it relies on the properties of the Hall gyrator, where Y12 and Y21 have opposite signs.

2.9 Summary

Table 2.1 summarizes the results of Chapter 2. The different configurations give a

designer some flexibility to choose an isolator based on the application at hand. For

example, the losslessly-unilateralized gyrator-mode isolator has the lowest insertion

loss, while the non-unilateralized circulator-mode isolator works down to DC and does
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not require any external components.

Table 2.1: Comparison of isolator configurations.
Isolator type Gyrator-mode Circulator-mode

Unilateralization Lossy Lossless None Lossless
Umax 0.25 0.50 0.25 0.25

S21max(dB) -6 -3 -6 -6
Perfect Reverse Isolation? Yes Yes No Yes

External Components Resistors Transformer None Transformer
Works down to DC? Yes No Yes No

Note that gyrator-based isolators can operate in differential-to-differential, single-

ended-to-differential and differential-to-single-ended signal modes. Circulator-based

isolators can only operate in single-ended-to-single-ended signal mode.
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Chapter 3

Simulation and Fabrication

Chapter 2 introduced theory on the performance of Hall devices. In this chapter, the

properties of Hall devices are examined through simulation. The goal is to converge

on the properties of an optimal Hall isolator. The requirements for the fabrication of

Hall isolators are also examined.

3.1 Simulation Method

The Hall devices were simulated using Synopsys Sentaurus, a Technology Computer-

Aided-Design (TCAD) software package. Sentaurus is meant for simulating semicon-

ductor devices and phenomena, as well as emulating and optimizing semiconductor

fabrication processes. Sentaurus has the capability of simulating semiconductors in

magnetic fields, which is applied throughout this chapter. The simulations were per-

formed using Sentaurus version H-2013.03-SP1, as well as Version E-2010.12.

Simulation consists of several steps: First, the geometry of the device is described,

then a mesh is applied to the geometry to break the device up into finite elements.

A mathematical matrix representation of the interconnected elements is created from

the mesh. Next, a solver is used to apply differential equations to the matrix to

simulate physical processes within the device. The result is a dataset of the device

response, such as electrode voltages and currents. Finally, the data is analyzed, either

within Sentaurus or with other software such as MatLab or Agilent Analog Design

System (ADS).

Sentaurus consists of several command-line driven tools to process the simulation.

Sentaurus Workbench is a graphical user interface (GUI), which generates scripts
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that are sent to the different tools. Sentaurus Structure Editor defines the geometry

and materials of the device and calls a mesh generator to create the device mesh.

Sentaurus Device specifies the boundary conditions and solves the mesh matrix rep-

resentation. Sentaurus Visual is used to examine the output data in three dimensions

as well as the device structure. Inspect is used to analyze the data and put the data

in a useable form for external programs.

In Sentaurus Workbench, simulation parameters are specified in the interface,

and a discrete set of parameters is called an ’experiment’. Sentaurus Workbench

generates scripts based on the parameters, calls the tools and sends them the scripts,

and coordinates the flow of data through the toolchain.

Sentaurus Structure Editor can work as either a CAD GUI or can be driven by

scripts through Sentaurus Workbench. The scripts are written in a Lisp variant called

Scheme. Parameterized scripts were used extensively to examine different properties

of Hall devices. The GUI is particularly useful to ’debug’ scripts as well as prototype

meshing strategies.

Mesh generators include Sentaurus Mesh and Noffset3D. Sentaurus Mesh is an

axis-aligned mesher, meaning that the mesh points are created on a grid, while Noff-

set3D generates meshes that can conform to curved surfaces by creating offset points.

Both meshers were used in different circumstances: Noffset3D creates a more random

distribution of elements, while Sentaurus Mesh is more economical with elements and

was used when devices had a particularly thin dimension.

Meshing is an art in tradeoffs: a coarse mesh may be unable to simulate the device

effectively, while a too-fine mesh will use up the computer memory resources and can

take days to solve. Two-dimensional simulations are preferred and used whenever

possible in order to reduce the number of elements. Devices with up to a million

elements were simulated, but typically the element count was between thirty to fifty
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thousand.

Sentaurus Device defines the boundary conditions around the device as well as

the physical phenomena to be simulated. Mixed-mode simulation enables devices to

be placed into circuits with basic circuit elements and is the required mode for AC

simulation. It is critical to carefully select the physical phenomena to be modelled, as

additional phenomena increase memory load and solve time, and can lead to conver-

gence problems. The default equations solved in this thesis are the Poisson equation,

electron and hole continuity and circuit continuity. As the device dimensions are

kept above 1 um, quantum effects are ignored. Sentaurus Device simulations can be

specified to run on multiple processor cores, greatly speeding up solution time.

The galvanic transport (magnetic) model in Sentaurus modifies the drift-diffusion

transport equations. This can cause the simulation to fail to converge when large

magnetic fields are applied. The usual solution is to add more mesh points, but this

increases memory requirements and solve time, therefore it is a balance of keeping

mesh points low while ensuring that the simulations converge. The Sentaurus Device

Manual [58] suggests a limit of 10 T before convergence issues set in. However,

magnetic flux densities of over 100 T have been successfully simulated in this work.

Simulation results include electric fields, current densities, carrier concentrations

and many others, which are viewed using Sentaurus Visual. This tool is useful for

diagnosing problems; often a very high electric field in a small area indicates that the

mesh is too sparse in that area.

The results of the AC simulation are essentially single-ended Y-parameters. In-

spect provides some extensions for two-port parameters and complex numbers. How-

ever, multiport data analysis requires an external program such as MatLab. Data

analysis results can be outputted to the Sentaurus Workbench GUI and then ex-

ported to a spreadsheet program for further analysis. Inspect scripts are written in
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Tool Command Language (TCL).

Multiport data is processed in MatLab. In the course of this project, scripts to

convert between different network parameters, unilateralize devices and output data

in Touchstone format were developed. Touchstone is suitable for import into ADS.

ADS is used to rapidly prototype circuit structures and visualize data using a GUI.

3.2 Properties of Hall Plates

The most important property for Hall isolators is the unilateral gain, U, of the Hall

gyrators and circulators. U determines the insertion loss after unilateralization and

is dependant on the semiconductor mobility and intensity of the magnetic field. Hall

plate performance is synonymous with a high value of U.

The next most important property is device impedance, and it will be shown that

impedance can be readily adjusted through geometry, doping and the strength of the

magnetic field.

The following sections examine how different aspects of the Hall plate affect per-

formance and device impedance through simulation.
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3.2.1 Performance and Magnetic Field
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Figure 3.1: Simulation of Ugll versus B and S21eff versus mobility and magnetic flux
density product (µ·B) in Hall isolators of selected materials. ND = 1 · 1015 cm−3

Figure 3.1 demonstrates that the lossless unilateral gain of the gyrator-mode iso-

lator is proportional to (µ·B)2 up to a saturation point. From a µ·B standpoint,

all semiconductors are equivalent at low magnetic field flux densities. However, the

figure also shows that high mobility semiconductors such as InSb reach a practical

Ugll at much lower magnetization.

Indium antimonide (InSb) has the highest electron mobility of conventional semi-

conductors and indium arsenide (InAs) has the second highest. The decreasing Ugll

response of InSb and InAs at higher magnetizations is due to hole conduction. At

a ND = 1 · 1015 cm−3 doping level they are still intrinsic semiconductors. Silicon

and gallium arsenide (GaAs) are strongly extrinsic at this doping level, and do not

share this response. Doping above this level begins to reduce mobility, and thus per-

formance, due to ionized impurity scattering. The low mobility of silicon effectively

rules it out of possible materials for Hall isolators.

To achieve an insertion loss of less than 4 dB requires Ugll > 0.4 and thus a

µ·B � 1. This is only achieved below 2 T by InSb. InAs is not far behind and

GaAs insertion loss would be ∼7dB at 2 T. Therefore, electron mobility is the most

important factor in material selection for Hall devices.
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Two tesla is chosen as a maximum magnetic flux density for practical devices

because it can be achieved without expensive equipment or cryogenics. The reasoning

behind this value and methods of making high-B magnetic fields are discussed later

in section 3.9.2.
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Figure 3.2: Simulation of Z11gll versus B and magnetic flux density product (µ·B)
in Hall isolators of selected materials. ND = 1 · 1015 cm−3

Figure 3.2 clearly shows the two impedance regimes as the magnetic field bias

is increased. At µ·B � 1, impedance is independant of field, while at µ·B � 1

impedance is directly proportional to field. This is due to the Hall plate being sym-

metrical, which results in a magnetoresistance dependancy of R(B) = R0·
√

1 + (µB)2

(from Lippman [59] via Heremans [60]). As the relationship is linear at µ·B � 1, it

is a convenient method to tune the device impedance after fabrication.

An ideal magnetoresistor is not symmetrical; its width is much wider than its

length, and has an impedance dependance of R(B) = R0 · (1 + (µB)2). An ideal Hall

plate is much longer than its width, and has an impedance that is independant of

magnetic bias: R(B) = R0. These topics are discussed in more depth in Appendix

B, sections B.2 and B.4.
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Figure 3.3: Simulation of U versus B for different isolator configurations. InSb Hall
plate, ND = 1 · 1015 cm−3

Figure 3.3 compares the performance of the different isolator configurations. Through-

out these simuations, Ugiso is generally about half of Ugll and in turn Uciso is slightly

less than Ugiso (for a given Hall plate).
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Figure 3.4: Simulation of Z versus B for different isolator configurations. InSb Hall
plate, ND = 1 · 1015 cm−3

Figure 3.4 shows that device impedance is similar for different configurations, with

the unilateralized circulator-mode isolator having the highest impedance, followed by

the non-unilateralized circulator-isolator, losslessly unilateralized gyrator-isolator and

lossily unilateralized gyrator-isolator.
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3.2.2 Mobility, Doping and Materials

Mobility, µ, is a property of conductors that describes how fast individual charge

carriers will drift in the presence of an electric field as well as how much they are

deflected by a magnetic field. Electron mobility, µe is always larger than hole moblity,

µp, and in the case of InSb, electron mobility is about a hundred times more than

hole mobility. Therefore, mobility will refer to electron mobility throughout this text.

The interactions between semiconductor mobility and magnetic fields are described

in detail in Appendix B.1.2.

Semiconductor mobility is directly related to the scattering of charge carriers

within the semiconductor. Semiconductors with less scattering will have higher mo-

bility. The most important scattering mechanisms are ionized impurity and lattice

scattering. In covalent semiconductors (e.g. Si, Ge), lattice scattering is caused by

acoustic phonons, while in compound semiconductors (e.g. InSb, GaAs) it is caused

by optical phonons. Other types of scattering are neutral impurity scattering and

defect scattering, but these can be minimized by growing pure, high quality crystals.

At room temperature and at low doping levels (ND � 1 · 1015 cm−3), ionized

impurity scattering is insignificant and lattice scattering is dominant. However, as

the doping level is increased (ND � 1 · 1015 cm−3), total scattering is increased by

ionized impurity scattering and mobility begins to decline. Figure 3.5 demonstrates

this relation. In this figure, the doping dependant mobility models for InSb and Si

are better than the ones for InAs and GaAs, therefore it is expected that the InAs

and GaAs responses would more closely resemble the InSb and Si responses if better

models were used.
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Figure 3.5: Normalized µe and µe versus ND for selected materials.

The intrinsic carrier concentration, ni, defines the doping level between intrinsic

and extrinsic semiconductors. At ND � ni there are approximately equal numbers

of electrons and holes and the semiconductor is considered to be intrinisic. At ND �

ni, electrons become the dominant carrier and the semiconductor is considered to

be extrinsic. InSb has an intrinsic carrier concentration of 2·1016 cm−3 at 300 ◦K,

therefore it is not extrinsic until a doping level of ND > 2·1017 cm−3.

10
15

10
16

10
17

10
180

0.1

0.2

0.3

0.4

0.5

U
gl

l (
un

itl
es

s)

N
D

 (cm−3)

 

 

2.0 T

1.0 T

0.5 T

Figure 3.6: Ugll versus ND for different magnetic fields. InSb Hall plate.

Figure 3.6 demonstrates that at ND ≈ 1015 cm−3, there is significant hole con-

duction. Both electron and hole mobility are ∝ 1/(1 + (µ0B)2), however the electron

mobility in InSb is much higher, therefore the point where the mobility is reduced
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happens at a lower magnetic field level. At lower doping levels, the net mobility will

be a combination of electron and hole mobility and performance will drop off as the

magnetic field is increased. At higher doping levels, the conduction is exclusively by

electrons. The result is that at higher magnetic fields, performance will increase as

donor doping is increased, until ionized impurity scattering reduces mobility at higher

doping levels.

Figure 3.7 demonstrates that at low magnetic field, increased doping will reduce

performance due to ionized impurity scattering, while at higher magnetic fields, lower

doping levels will reduce performance through increased hole conduction. At higher

doping levels, the U versus B response for InSb begins to resemble the U vs B response

of GaAs at ND = 1015 cm−3, as shown above in figure 3.1.
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Figure 3.7: Ugll versus B for different doping levels. InSb Hall plate.

The ideal semiconductor would have very high electron mobility, a low hole mo-

bility and ni � 1 ·1015 cm−3, which requires a wide bandgap. It would then be doped

to ND = 1015 cm−3 to 1016 cm−3 in order to minimize mobility degredation due to

ionized impurity scattering.
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Table 3.1 outlines the properties of semiconductors that are attractive for use in

Hall devices.

Table 3.1: Table of semiconductor properties at 300◦K. H.F. = High Frequency. All
parameters from the Ioffe Institute’s New Semiconductor Material archive [61].

Material µn µp EG ni H.F. εr
(cm2/(V·s) (cm2/(V·s) (eV) (cm−3)

Silicon ≤1400 ≤450 1.12 1·1010 11.7
Indium Phosphide ≤5400 ≤200 1.344 1.3·107 9.61
Gallium Arsenide ≤8500 ≤400 1.424 2.1·106 10.89
Indium Arsenide ≤40,000 ≤500 0.354 1·1015 12.3

Indium Antimonide ≤77,000 ≤850 0.17 2·1016 15.7

Silicon is the ideal choice for integration because it is by far the most common

semiconductor in use today. However, silicon’s low mobility would require impracti-

cally large magnetic fields for Hall devices to work. It is possible to grow a layer of

higher-mobility semiconductor on top of silicon to integrate Hall devices with silicon

electronics.

Indium antimonide has the highest room temperature mobility of conventional

semiconductors. However, it has a narrow band gap resulting in an intrinsic concen-

tration higher than 1 · 1015 cm−3. Doping levels of ND ≈ 2 · 1017 cm−3 are required to

make it extrinsic. At this doping level, ionized impurity scattering can significantly

reduce mobility from the intrinsic value. Despite this, it is the best semiconductor

for use in Hall devices.

Indium arsenide has the second highest mobilty as well as a narrow bandgap,

therefore it shares the same disadvantages as InSb with a lower mobility.

Gallium arsenide has a unique combination of relatively high mobility and a wide

bandgap. When undoped, it is considered semi-insulating, making it an excellent

substrate for RF circuits. GaAs has the potential to be more temperature stable and

operate at higher power levels than InSb.
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Indium Phosphide is similar to GaAs, but has a lower mobility and slightly nar-

rower bandgap.

Throughout the rest of this chapter, Hall plates made of InSb will be examined

because they do not require excessively large magnetic fields to work. However, if

higher magnetic fields are available, GaAs is a very attractive material for Hall devices.

Compound semiconductors made of three or more semiconductors may be an

option to combine the properties of high mobility and wide bandgap. However, mixing

semiconductors tends to reduce mobility through alloy scattering, and mobility is

paramount for these Hall devices.

In cryogenic applications such as nuclear magnetic resonance spectroscopy, mag-

netic resonance imaging or cryocooled detectors used in infrared imagers and radio

telescope receivers, the situation favourably changes. Mobility is much higher and ni

is much lower at liquid nitrogen temperatures as compared to room temperature, for

all semiconductors. Superconducting electromagnets would allow magnetic fields into

the tens of tesla, greatly improving performance and enabling more semiconductors

to be effective.

3.3 Geometry

The performance characteristics of a Hall isolator depend on its geometry. Figure 3.8

defines length, width and thickness for the Hall plate.

Length, L

Width, W
Thickness, t

Figure 3.8: Diagram of Hall plate showing length, width and thickness.
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3.3.1 Thickness

The impedance of the Hall plate is directly proportional to its thickness but indepen-

dant of its length and width. It is similar to the concept of sheet resistance. Making a

Hall plate thicker is equivalent to placing plates in parallel, reducing the impedance,

as shown in figure 3.9. If the length and width are both doubled or halved, it does not

change the device impedance. As shown in Appendix D.1, Hall plates are equivalent

if their normalized immittance parameters are the same. Therefore, the performance

of a Hall plate will not change as it is made thicker or thinner, as shown in figure 3.9.
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Figure 3.9: Z11c and Uc versus thickness. InSb Hall plate doped at ND = 1 · 1015

cm−3 in a 1 T magnetic field.

There is an exception to this rule when plates are thin films on a substrate. If there

is a lattice mismatch between the substrate and the Hall plate, dislocation defects will

be introduced, which will reduce mobility and in turn, device performance. Additional

scattering off the film interfaces will also reduce mobility. As the film thickness

increases, the film mobility will approach that of the bulk mobility; however a low-

mobility region will still remain next to the substrate. The critical thickness where

mobility is reduced is ≈ 2µm for InSb on GaAs [62] and on mica [63]. If the film is
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grown on a lattice-matched substrate, many fewer defects will be introduced, which

will reduce the critical thickness.

Simultaneously scaling the length and width of the Hall plate does not affect per-

formance; therefore, performance is independent of size, which permits the integration

of Hall devices. This is valid only at low frequencies: it will be shown in Section 3.6

that Hall plates with higher thickness-to-length ratios are preferred for high frequency

operation.

3.3.2 Contact Size and Hall Plate Shape

The performance of the Hall isolator depends on the contact size in relation to the

device width. Figure 3.10 shows several common shapes for Hall plates. Contact

ratio, Crat, is defined as the ratio of the contact length divided by the Hall plate

length (Crat = LC/L). In the case of the circle, it is the fraction of the perimeter that

is contacted.

Square Circle Diamond Cross

LC

L

Figure 3.10: Diagram of Hall plate shapes, demonstrating contact ratio, Crat. After
Popovic [64]

Figure 3.11 shows that each of these shapes has a particular ideal Crat and roughly

the same maximum performance. The most common shape for Hall sensors in indus-

try is the cross [64],[65] and is the shape of the Hall element measured in Chapter

4. The van der Pauw shape [66] minimizes measurement errors due to contact size

variance and is used to measure the conductivity and mobility of material samples
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using the Hall effect.
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Figure 3.11: Uciso and Z11ciso versus contact ratio for different Hall plate shapes. InSb
Hall plate, ND = 1 · 1015 cm−3 in 1 T magnetic field.

Figure 3.12 shows that for different isolator configurations, the ideal contact ratio

for a square Hall plate is about the same, at Crat ≈ 0.2. The shape of the curves in

figure 3.12is consistent with Wick [67] who derived a similar result using a conformal

mapping technique.
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Figure 3.12: Uciso and Z11ciso versus contact ratio for different isolator configurations.
Square InSb Hall plate, ND = 1 · 1015 cm−3 in 1 T magnetic field.

Table 3.2 shows that the peak magnitude of Ugll, Ugiso and Uciso are the same for

all four shapes. Topologically they are all equivalent and can all achieve the same
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peak performance, however the ideal contact width to achieve this value depends on

geometry. Gyrator-based isolators have the same ideal Crat while circulator-based

isolators have a slightly smaller ideal Crat. Although some shapes are less sensitive

to contact variations, the shapes can achieve equivalent performance, therefore the

shape is chosen for manufacturing practicality.

Table 3.2: Properties of Hall plates of various shapes. InSb Hall plate doped n-type
to 1 · 1015 cm−3 in 1 T magnetic field.

Shape Peak Ugll At Crat Ugiso At Crat Ugiso At Crat εr

Square 0.395 0.20 0.200 0.20 0.188 0.17
Circle 0.395 0.31 0.200 0.31 0.188 0.27

Diamond 0.395 0.49 0.200 0.49 0.188 0.46
Cross 0.395 0.28 0.200 0.28 0.188 0.27

3.3.3 Top-Contacted Hall Plates

Contacts on the top of the Hall plate may be desirable for a planar process; however it

may come with performance penalties. Figure 3.13 compares the layout of top versus

side-contacted Hall plates.

Figure 3.13: Diagram of side-contacted and top-contacted Hall plates.

As a top-contacted plate is made thicker, more charge carriers will flow parallel

with the magnetic field. These charge carriers will not be turned as much by the

Lorentz force, which is proportional to ν ×B (as discussed in Appendix B: Galvano-

magnetic Phenomena). In effect, this current is ’wasted’ and device performance will

be reduced.
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Figure 3.14: Ugll versus thickness to length ratio for a top-contacted Hall plate. InSb
Hall plate, ND = 1 · 1015 cm−3 in 1 T magnetic field.

Figure 3.14 shows that the performance penalty is minimized when t/L � 1. A

thickness-to-length ratio of 1:10 or less is best, while side-contacted Hall plates are

still preferred.

3.3.4 Skewed Electrodes

Skewing Hall plate electrodes can increase device performance [16],[67]. Skewing

reduces the Hall angle between the electrodes, which will boost performance at a

particular magnetic field value or reduces the required magnetic field for a particular

performance point.

Srat = 0.50Srat = 0.05 Srat = 0.95

ΘH ΘH

ΘH

1

2

Figure 3.15: Diagram of a Hall plate demonstrating skew ratio, Srat.

Figure 3.15 demonstrates the concept of skew ratio, Srat. Srat = 0.5 corresponds

to neutral skew, which is the same position as described elsewhere in this chapter.

44



Lowering Srat below 0.5 reduces the Hall angle (discussed in Appendix B.2) between

electrodes 1 and 2, which increases performance. Increasing Srat above 0.5 will de-

crease performance, and is not desirable. At Srat = 0.0 and 1.0, the electrodes touch

and the device will not work.
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Figure 3.16: U versus skew ratio for several Hall device configurations. Square InSb
Hall plate, ND = 1 · 1015 cm−3 in 1 T magnetic field.

Figure 3.16 shows that the lossy unilateralized gyrator-mode isolator, Ugiso, gains

the most benefit from skewing, the circulator-mode isolator, Uciso, has a slight im-

provement and the losslessly unilateralized gyrator-mode isolator, Ugll, does not gain

any benefit at all.

The lossy gyrator-isolator is still bound by the No Voltage Amplification rule and

is still limited to the same minimum insertion loss of 6 dB (U = 0.25). However it is

possible to achieve an equivalent performance at a lower magnetic field bias.
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3.4 Load Resistance Value

Figure 3.17: Diagram of a circulator-mode isolator with load resistor.

For a ferrite junction circulator-based isolator, maximum isolation is achieved

when the third port is terminated in a precisely matched load, as shown in figure

3.17. Any load mismatch will translate into less isolation. However, a Hall isolator

is lossy, and there will be some dissipation in the device. Figure 3.18 shows that the

maximum performance of a circulator-mode Hall isolator is achieved when the load

is a short, and adding any extra resistance reduces the isolator performance. This is

convenient because an external load is not required to convert a Hall circulator into a

Hall isolator. Also, the simulation agrees very well with the theory in Appendix D.4.
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Figure 3.18: Theoretical and simulated Uciso versus load resistance value of a circu-
lator-mode isolator.
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3.5 Temperature Stability

Both mobility and intrinsic concentration vary with temperature, which can affect

device performance and impedance.
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Figure 3.19: Ugll and change in S21eff relative to 300 ◦K versus temperature, for
various doping levels. InSb Hall plate in a 1 T magnetic field.

Figure 3.19 shows that U is not affected much by temperature variations, as

the difference in insertion loss is less than 0.5 dB over the the entire temperature

range, relative to the 300 ◦K value. Selecting ND = 1 · 1017 cm−3 results in minimal

peformance change around the 300 ◦K point.
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Figure 3.20: Impedance and normalized impedance versus temperature, for various
doping levels. InSb Hall plate in a 1 T magnetic field.

Doping levels dramatically change the impedance of Hall plates, as figure 3.20

demonstrates. For InSb, where ni ≈ 2 ·1016, as doping is increased the Hall plate goes
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from intrinisic to extrinsic, and thus becomes less sensitive to temperature variations.

Doping in the region of ND = 1 to 5 · 1017 cm−3 will result in a Hall plate that

has minimal impedance variation around 300 ◦K. GaAs, with ni ≈ 2 · 106 cm−3,

is extrinisic at all doping levels and therefore would be insensitive to temperature

variations over a much wider temperature range.

3.6 Frequency Response

Hall devices are ultrawideband, working from DC to over a terahertz. In comparison,

the ferrite-based isolators in use today have a bandwidth limited to about an octave

before performance begins to decline, and a maximum bandwidth of a decade. Ferrite

devices can work to high frequencies (100+ GHz), but become quite large at lower

frequencies (<50 MHz). Therefore, Hall devices could potentially replace ferrites at

low frequencies, compete at high frequencies, and also be applied in situations that

require very wide bandwidths.

According to Popovic [64], the uppermost frequency of operation of a Hall plate

is limited to the relaxation time of the semiconductor material, τ . If the signal

frequency is on the order of the frequency of scattering events, the carrier velocity

becomes dependent only on effective mass, instead of the time between scattering

events.

fτ =
1

2πτ
. (3.1)

For most semiconductors, τ ≈ 10−13s, which yields an upper limit on the order of 1

THz.

The next limit is the dielectric relaxation time. If there is a charge imbalance in a

semiconductor, the time it takes for the charges to redistribute to equilibrium is the
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dielectric relaxation time:

fD =
1

2πτD
=

σ

2πε
=
qµn

2πε
, (3.2)

where σ and ε are the plate conductivity and permittivity, respectively. Thus, more

conductive materials will have a higher maximum frequency. However, the µn term

is important. For extrinsic semiconductors at the same doping level, higher mobility

materials will have a higher top frequency.

The next frequency limit Popovic calls global capacitive effects. Electric flux can

travel through the material surrounding the Hall plate, bypassing the plate itself. He

calls this limit the intrinsic relaxation time τi of the Hall plate:

fi =
1

2πτi
=
π

2

σ

2πεD

t

L
, (3.3)

where t and L are the Hall plate thickness and length, and εD is the permittivity of

the surrounding material. Devices with higher t/L ratios will have higher maximum

frequencies.
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If the plate is located on a dielectric above a conductive ground plane, it can form

a parasitic capacitance that reduces maximum frequency:

fi =
1

2πτi
=

σ

2πεD

t

L

tD
8L
, (3.4)

where tD is the thickness of the dielectric. When compared with equation 3.3, the

2/π term is replaced with tD/8L. As tD/L→ 16/π the plate approaches the infinite

dielectric case.
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Figure 3.21: Simulation of Uciso versus frequency for different thickness-to-length
ratios. Scenario is a Hall plate on a GaAs substrate surrounded by air. InSb Hall
plate doped at ND = 1 · 1015 cm−3 in a 1 T magnetic field.

Equation 3.3 states that as the t/L ratio is increased, the maximum frequency

increases, which is confirmed by figure 3.21. ’Peaking’ is observed at high t/L ratios

as with t/L = 1 in this figure. It is not known if the response is valid after the peaking

point.
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Figure 3.22: Simulation of Uciso versus frequency for different substrate materials.
The thickness to length ratio is 0.01. InSb Hall plate doped at ND = 1 · 1015 cm−3 in
a 1 T magnetic field.

In figure 3.22, the ”Nothing” curve presents the maximum frequency that a plate

can achieve, independant of geometry (as fD above in equation 3.2). The Hall plate

is simulated without a dielectric around it, not even vacuum, hence ”Nothing”. ”Air”

and ”GaAs” are plates surrounded by those respective materials and ”Air and GaAs”

is a Hall plate on a GaAs substrate surrounded by air. This figure demonstrates a

range of εD values, where the lowest εD have the highest top frequencies.

These curves are used to generate figures 3.24 and 3.23 below. The maximum

frequency is taken as the point where the value of U declines to half its low frequency

value. In the case of ’peaking’ as with t/L = 1, the point is taken as where Zgiso

peaks, which correlates well to the half-maximum U point at lower frequencies.
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Figure 3.23: Maximum frequency versus donor dopant density for different thickness–
to-length ratios. InSb Hall plate in a 1 T magnetic field.

Equation 3.2 implies that increasing the conductivity will also increase the max-

imum frequency. This is confirmed in figure 3.23. Simulated maximum frequencies

can exceed 10 THz.
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Figure 3.24: Maximum frequency versus thickness-to-length ratio for different sub-
strate materials. InSb Hall plate doped at ND = 1 · 1015 cm−3 in a 1 T magnetic
field.

Figure 3.24 shows that the maximum frequency is proportional to t/L at low

ratios, which confirms equation 3.3. As t/L→ 1, the maximum frequencies approach

the dielectric relaxation frequency of the ”Nothing” curve and saturate at that value.
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High aspect ratio structures (where t/L is high) are more difficult to fabricate. If

top contacts are used, it is a requirement that t/L� 1 or t/L ≤ 0.1, as discussed in

section 3.3.3. There are also practical limits to increasing conductivity, eventually the

plate impedance gets too low to be practical. Therefore, there are tradeoffs involved

with different requirements in Hall plate design. To maximize the top frequency,

surround the plate with low εr material, keep the t/L ratio high, dope as high as

reasonable to get a 50 Ω device impedance and keep conductors and ground planes

well away from the Hall plate.

3.7 Other Considerations

3.7.1 Power Handling and Thermal Effects

Power handling is limited by dielectric breakdown and thermal properties. The gen-

eral tradeoff for better power handling is to increase device dimensions, which will

reduce the maximum operating frequency. Power efficiency is directly proportional

to U, therefore these Hall devices will have to dissipate a lot of heat at higher power

levels and where U < 0.25.

The breakdown voltage of intrinsic InSb is ≈1000 V/cm, in comparison with

silicon, which is ≈300,000 V/cm [61]. Increasing the lateral dimensions of the Hall

plate will reduce the possibility of dielectric breakdown between contacts, however it

may also reduce the maximum frequency as discussed in Section 3.6 above. Dielectric

breakdown is inversely proportional to conductivity, therefore heavier doped devices

will have a lower withstand voltage.

At room temperature, semiconductor mobility decreases in temperature (µ ∝

T−3/2) due to lattice scattering, so these devices must be kept as cool as possible

for maximum performance. The heat dissipation can be spread over a wider area by

enlarging the lateral dimensions of the Hall plate or by placing devices in parallel,
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which will increase parasitic capacitance.

Heat transfer can be increased by placing the device on a metal heat sink and

thinning the substrate. If the substrate is made too thin, the contacts and the heat

sink will form a parasitic capacitor that will again reduce the maximum frequency.

Diamond would make an ideal heat sink because it is thermally conductive and elec-

trically isolating, but it is obviously too expensive for most applications.

3.7.2 Linearity

Ferrite junction circulators can create harmonics and often require a post-selection fil-

ter to stop these signals from propagating. As passive, resistive devices, it is expected

that Hall isolators would be quite linear, and thus would out-perform ferrite-based

devices in this respect. However, considering that InSb has a low breakdown voltage,

it would be possible for the Hall isolator to become non-linear at higher power levels.

GaAs may have an advantage here. It is unknown what the linearity properties of

these Hall devices are at this point and is considered future work.

3.7.3 Noise

Any insertion loss will contribute directly to the noise figure of an isolator, therefore

the minimum insertion losses of the Hall isolator are a serious liabilty in low noise

applications. There is evidence that excess noise could be created from avalanche

breakdown at higher power levels in InSb [68], [69],[70]. This would create another

barrier to high power operation: interfering signals could raise the noise floor and

’drown out’ the target signals. High bandgap materials such as GaAs would not

suffer as badly with this problem as InSb.
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3.8 Enhancement - Grutzmann’s Method

Recall in Chapter 2 that an isolator created from a Hall gyrator has a minimum

insertion loss of 3 dB using lossless unilateralization, and 6 dB using lossy unilateral-

ization. Ferrite-based isolators regularly achieve insertion losses below 1 dB; 0.1 dB

is possible in commercial waveguide devices. Grutzmann [16] describes a method to

reduce the minimum insertion loss of Hall devices by using multicontact Hall plates

and transformers. The insertion loss can be reduced an arbitrary amount by adding

more contacts and transformers. The result is a gyrator and must be unilateralized

to work as an isolator. A diagram of Grutzmann’s device is shown in figure 3.25.

Figure 3.25: Diagram of 8-terminal Grutzman gyrator.

Grutzman’s method requires transformers, which removes the ability of Hall iso-

lators to work down to DC and may reduce bandwidth as well. There is a class of

wideband transformers called transmission-line transformers that have bandwidths of

up to 4 decades [71],[72],[73],[74]. These devices can restore the wideband isolator

properties, with a penalty of ∼1 dB insertion loss.

Simulations using ideal transformers demonstrate that Grutzmann’s method works,

which are presented in Table 3.3. In all cases, return loss is <-50 dB and reverse iso-

lation is >50 dB. Lossless isolation is more effective than lossy, and creates a device

with unequal input and output resistances. If transformers are involved, there isn’t
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Table 3.3: Simulation results for Grutzmann’s method for 4, 8 and 12 terminal Hall
plates.

Unilateralization Lossy Lossless
Gyrator Type 4-T 8-T 12-T 4-T 8-T 12-T

U 0.223 0.366 0.458 0.445 0.702 0.815
S21(dB) -6.52 -4.36 -3.39 -3.51 -1.54 -0.89
S12(dB) -60.9 -57.7 -70.4 -61.3 -62.7 -60.5
S11(dB) -54.9 -54.1 -63.5 -52.8 -52.0 -64.0
S22(dB) -54.9 -54.1 -63.5 -52.8 -52.1 -64.0
Z11(Ω) 719 1315 2832 1365 3336 8771
Z22(Ω) 719 1315 2832 756 995 1625
Rpar(Ω) 1523 1086 2091 – – –

much reason to use lossy unilateralization. The simulated Hall plates were all 1 µm

thick, and therefore had the same impedance. The table shows that adding more

contacts and transformers increases device impedance. This example uses ideal 1:1

transformers; however it is possible to use different turns ratios to adjust the device

impedance ratio.

An insertion loss of 0.89 dB for the 12-terminal losslessly unilateralized Grutzman

isolator is comparable to ferrite-based devices. Using real transmission-line trans-

formers would limit the bandwidth to 3 or 4 octaves, and would add ≈1 dB to the

insertion loss. It is possible to integrate transmission-line transformers on-chip, mak-

ing integrated isolators with performance comparable to ferrite-based devices possible.

However, there may be problems with transformers coupling signals into the poles of

the magnetic bias, which may require separating the on-chip transformers and Hall

plate by an adequate distance.

3.9 Device Fabrication

The two main device fabrication challenges are high mobility thin films and intense

magnetic field biases.
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The Hall plate itself has a simple, planar structure. All that is required is a

semiconductor plate in an insulating medium with three or four electrodes. The

challenge is to make thin films with high mobility, requiring very pure, defect-free

crystals.

The second challenge is an intense magnetic field bias. Creating a magnetic field

greater than one tesla becomes progressively more difficult. Ideally, the magnetic

bias would fit inside the IC package and be the same size as the die itself, in order to

maintain the size advantage of the Hall isolator.

3.9.1 Thin Film Fabrication

Semiconductor mobility is determined by scattering mechanisms. Impurities and crys-

tal defects increase scattering and must be minimized in order to maximize mobility.

Wafer impurities are minimized through high quality crystal growth methods such

as the Czochralski technique, followed by zone refining, which can yield an impurity

density of < 1014 cm−3.

Discussion focuses on InSb due to its high electron mobility, but it has drawbacks

due to its low bandgap. GaAs has both high mobility and a wide bandgap, however it

has an order of magnitude less electron mobility than InSb, requiring a much stronger

magnetic bias for the same performance.

In order to be integrated with a planar process, the Hall plate must be compatible

with that process. The Hall plate could be placed within the semiconductor substrate

in an n-well, and its depth determined by the doping profile. Substrate leakage is

a concern as well as the plate being close to the high permeability substrate, and

controlling the purity of the semiconductor film. A better solution is to create a

semiconductor mesa by growing high mobility crystals on an insulating substrate.
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Epitaxy

The process of growing crystals on a substrate is called epitaxy. The two main meth-

ods of epitaxy used today are Molecular Beam Epitaxy (MBE) and Metal Organic

Vapour Phase Epitaxy (MOVPE). MBE involves sending a stream of evaporated

atoms onto a substrate at high vacuum. The crystal structure can be precisely con-

trolled and the result is very high quality crystals, but it is slower than MOVPE and

requires a higher vacuum, thus is mainly used in research. MOVPE involves injecting

metal-organic gases into the growth chamber, which react on a heated substrate to

form the crystal. It is much faster than MBE and is more suited to a manufacturing

environment. However, there is a potential to incorporate the organic part of the

gas into the crystal in the form of carbon and hydrogen, resulting in poorer crystals.

With careful attention to process control, MOVPE grown crystals can approach the

quality of MBE crystals.

Table 3.4 outlines many methods of growing high quality InSb crystals on a sub-

strate. Note that the highest reported values are for 10 µm films, which approach

that of bulk InSb (78,000 cm2/(V·s)). The thicker films tend to have higher mobility

because the thinner films are more affected by crystal defects due to lattice mismatch,

as well as interface scattering. Therefore, growing thin, high mobility films is difficult.

The first films were grown on glass. Commercial InSb Hall sensor elements are

grown on mica, which is a naturally occurring mineral that can be easily split into

thin sheets, creating a low-cost, insulating substrate with good thermal conductivity.

Glass and mica are not useful for integrated circuits, however.

Note that the table values are maximum values from the papers. Fukunaka’s

paper [65] is a study of creating thin (0.7 µm), high resistance Hall plates in industrial

quantities to make magnetic sensors. A sensor similar to these is measured in Chapter

4.
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Table 3.4: Selected electron mobilities in InSb thin films at 300 K.
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High quality InSb films can be grown directly on GaAs, despite the 12.7% lattice

mismatch. Table 3.4 shows that many methods can be used to create high quality

InSb films on GaAs.

InSb can also be grown on silicon, which is the most desirable material in terms of

integration. InSb has been successfully grown directly on silicon, but the best results

seem to be with a buffer layer.

Lattice mismatch introduces crystal defects, which lowers mobility. The best films

have a buffer between the substrate and the Hall plate. MBE permits the growth

of graduated lattices, which create the highest mobility thin films. The interface

between the top of the Hall plate and the oxide / nitride layer can also introduce

defects, so a graded buffer can be grown on top of the Hall plate to further increase

mobility.

Figure 3.26 outlines a process to grow a Hall plate mesa on top of an insulat-

ing substrate. The Front-End-Of-Line (FEOL) steps that create the transistors to

integrate the Hall plate could be done either before or after the Hall plate mesa is

grown and processed. Afterwards, the metallization and oxide / nitride insulation are

deposited in the Back-End-Of-Line (BEOL) steps.

60



Active Layer

Bottom Buffer

Substrate

Top Buffer

1) Clean insulating substrate 

and prepare for epitaxy 

(passivation).

2) Grow a lattice-matched 

buffer layer using MBE. 

(optional)

3) Grow the active area of the 

Hall plate, with controlled 

doping, preferably using MBE.

4) Grow a lattice-matched 

buffer layer using MBE. 

(optional)

4) Apply resist and expose 

using a mask of the outline of 

the Hall plate.  Dissolve 

unexposed resist.

5) Etch down to the substrate, 

while minimizing damage to the 

active area.  Remove resist.

6) Apply resist and expose 

using a mask for the contacts.  

Dissolve unexposed resist.

7) Deposit ohmic metal contacts 

using a physical deposition 

method such as sputtering.  

Remove resist.

8) Anneal the active layer if dry 

etching or ion implantation 

were used.  Continue with the 

Back-End-Of-Line process.

Resist

Oxide or Nitride

Figure 3.26: Diagram of Hall plate fabrication process.
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Doping

It is best to dope the semiconductor as the active layer is grown. Ion implantation can

be used to dope afterwards, but it can introduce crystal defects, which may require

an annealing step to improve the mobility.

Ohmic Contacts

Hall plate devices require ohmic contacts to work properly. A metal-semiconductor

junction can form a rectifying junction called a Schottky barrier. The Schottky-

Mott rule predicts the height of the Schottky barrier using the contact metal work

function and the semiconductor electron affinity. This would allow the engineering of

the contacts to make them ohmic. However, this rule is often invalid due to surface

states and a phenomena called Fermi-level pinning. This causes the Schottky barrier

height to be approximately half the semiconductor bandgap and independent of the

metal work function. Therefore, the right combination of material and doping for

ohmic contacts must be determined empirically and is unique to a given process. The

ohmic contact material for InSb is indium.

Etching

The two main types of etching are called wet and dry etching. Wet etching involves

dissolving material using chemicals such as hydrofluoric acid. In some cases, wet

etching can selectively dissolve materials. Dry etching involves blasting away material

with accelerated particles, such as ion beams or plasmas. Dry etching can damage

crystal structure and reduce mobility, but it is the method of choice for fine and high

aspect ratio structures. Wet etching does not cause damage, but it can undercut the

photoresist and is less controlled. Crystal damage can be repaired by annealing the

wafer, but this adds an additional step to the process.
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HEMTs

The original concept of this work was to use the channel of a silicon MOSFET as

a Hall plate isolator. This technique is not practical because of the relatively low

mobility of silicon, which is further reduced by the roughness of the channel / gate

oxide interface. High Electron Mobility Transistors (HEMTs) are field-effect devices

like MOSFETs, but possess a much higher mobility.

HEMTs are made by creating layers of different semiconductors on top of a sub-

strate. A heavily n-doped wide-bandgap semiconductor is placed next to a layer

of intrinsic high-mobility narrow-bandgap semiconductor. The electrons from the

heavily doped semiconductor diffuse into the intrinsic semiconductor, forming a thin

channel layer of highly mobile electrons not affected by impurity scattering. This

layer is called a Two-Dimensional Electron Gas (2DEG), which forms a quantum

well.

HEMTs are made with a ternary or quaternary semiconductor system such as

InGaAs or InGaAsSb. This permits grading to match the lattice of the intrinsic

channel layer to maximize mobility. At room temperature, mobility is limited to

that of the intrinsic bulk material therefore it is no better than a bulk Hall plate.

However, mobilities exceeding 35,000,000 cm2/(V·s) have been achieved at liquid

helium temperatures [94].

HEMTs have some advantages and disadvantages for use as Hall isolators. The

thin layer permits small devices, but will create high impedance Hall plates, which

must be placed in parallel to get the device impedance down to 50 Ω. As discussed

in section 3.6 of this chapter, thin devices have a reduced maximum frequency. The

typical structure of a radio frequency HEMT is a series of long fingers, which is

quite different from a symmetrical Hall plate, which may require modification of

semiconductor processes. The channel conductivity can be modulated with a gate

63



voltage, which creates another degree of freedom to control the Hall plate impedance.

The HEMT electrodes can be DC biased to create a hybrid active-Hall device.

Using an InSb/AlInSb heterostructure system, mobilities approaching that of

the ones mentioned in table 3.4 have been achieved (51,100 cm2/(V·s) [95], 41,500

cm2/(V·s) [96]).

Two-Dimensional Materials

InSb may have the highest mobility of conventional semiconductors, but there is

now a new class of semiconductors with an even higher room temperature mobility.

Graphene [97],[98],[99], a single layer of carbon atoms in a hexagonal mesh, can have

mobilities as high as 200,000 cm2/(V·s) [100] suspended in air, but cannot exceed

40,000 cm2/(V·s) [101] on a silicon oxide substrate. The fact that the bandgap of

graphene is 0 eV is not a problem for Hall plates. The hole mobility of intrinsic

graphene is the same mobility as the electrons, which is a problem as the Hall electric

fields from the electrons and holes will cancel each other out if they are in equal

numbers. Therefore, graphene is doped by adsorbing molecules onto its surface or

edges [101].

Graphene is as thin as a material can get, which may create high impedance Hall

plates, requiring devices to be placed in parallel to reduce the impedance to 50 Ω.

Boron nitride is another two-dimensional material that is insulating. Alternating

layers of graphene and BN can lower the device impedance, while still maintaining a

mobility of >100,000 cm2/(V·s) [102].

3.9.2 Magnetic Bias design

Hall isolators (and other Hall devices) require very intense magnetic fields to function.

With a stronger magnetic bias, the requirement for ultra-pure high mobility materials

is lowered and permits wider bandgap materials such as GaAs, which has many
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more favourable attributes over InSb. Fields into the tens of tesla are possible with

cryogenic superconducting coils and special techniques that use megawatts of power.

These methods are deemed unpractical for this device, therefore this discussion will

concentrate on more practical magnetic biases.

The two main classes of magnetic biases are electromagnets and permanent mag-

nets. Electromagnets have the advantage of tuneability to adjust the Hall plate

impedance. Permanent magnets do not require a power supply and generally can

be made smaller than electromagnets. A third possibility is a hybrid device using a

permanent magnet to provide the bulk of the magnetic flux, while using an electro-

magnet to tune the field intensity. Both types use a magnetic circuit to concentrate

flux into the desired volume where the Hall plate will be placed.

Important material properties are remanent magnetization, Br, saturation magne-

tization, Bsat, coercivity, Hc, and relative permeability µr. Remanent magnetization

is the magnetic field that remains in a material after a magnetizing source is removed.

Saturation magnetization is a measure of the highest magnetic flux density that a ma-

terial can support. Coercivity is the reverse magnetization level that can remove the

remanent field of a magnet. Relative permeability is the amount of magnetic flux cre-

ated in a material from a given magnetization, relative to a vacuum. It is important

for permanent magnets to have high remanent magnetization and coercivity. Elec-

tromagnets and flux concentrators need high saturation magnetization and relative

permeability.

Magnetic circuits require high saturation magnetization. Plain iron (as well as

silicon steel and other mostly iron alloys) saturates at about 2.1 T, while the highest

practical materials are iron-cobalt alloys (known as Permendur or Hiperco in industry)

that saturate at 2.45 T [103]. There is a material, Fe16N2, which may have a saturation

magnetization as high as 3.1 T [104], but it is only available as a thin film.
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For permanent magnets, materials with the highest remanent magnetization are

desired. Today, the best material for this application are Nd2Fe14B rare earth mag-

nets, which have a maximum remanent magnetization of about 1.41 T, however they

have a limited temperature range (maximum of 80◦C). For extended temperature

ranges, SmCo5 rare earth magnets can be used, which will work to 200◦C but have a

lower Br of 0.95 T.

AlNiCo magnets are another option. They have a Br of up to 1.35 T and are less

expensive. They can work to very high temperatures, but they have low coercivity

relative to NdFeB and thus can be demagnetized. The low coercivity of AlNiCo

magnets could be an advantage as it would be easier to modify the magnitude of the

permanent magnetic field.

Halbach arrays [105], [106] are a technique to enhance the magnetic field of per-

manent magnets. A special configuration of magnets cancels the field below the array,

but enhances the field above the array, effectively doubling the maximum field. Mag-

net arrays have been made to create fields of 3 T [107], 4.3 T [108] and 5.16 T [109]

using NdFeB magnets with FeCo flux concentrators. However, the first example has

a mass of 20 kg and the last example has a mass of 900 kg making them impractically

large. If the volume to be magnetized can be made quite small, the size of the bias

can be reduced as well.

A) 

NdFeB

B) C) 

Iron

Figure 3.27: Diagram of magnetic biases.
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In figure 3.27, A) is the preferred option because the iron can concentrate the flux

of the rare-earth magnets above the magnets’ Br, and it will take up less space than

the electromagnet, B). C) has the advantage that the high permeability material is

far from the gap. This will prevent signals from inductively coupling from the Hall

plate into the iron pole pieces.

Practical magnetic field levels are limited to about 2 T because that is the satura-

tion magnetization of common materials (iron). This level can be increased by using

different materials (FeCo) and techniques (Halbach arrays), but the returns begin to

diminish quickly. Soon the only options become cryogenic superconductors or Bitter

magnets, which are much less practical. For this reason, semiconductors with very

high electron mobilities are required.
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Chapter 4

Measurement of a Hall Element

Simulations from Chapter 3 claim that a Hall isolator could work from DC to over a

terahertz, under ideal circumstances. How might a practical device perform?

In this chapter, a commercial Hall element is measured with a network analyzer to

microwave frequencies. These measurements confirm the simulations from Chapter 3

and demonstrates that the device can work as an isolator to 1127 MHz. The measured

device is high impedance and requires impedance transformation to be matched in a

50 Ω system. High frequency response is limited by parasitics and the high impedance

of the device. The device impedance response versus magnetic field is measured. This

data is used to estimate the carrier mobility of the measured device.

4.1 Hall Elements

Commercially available Hall elements have a structure that is similar to the Chapter 3

simulations. Garg and Carlin (1965) [15] ran into the problem that their Hall devices

were too thick and had too low an impedance. Now microelectronic technology has

made thin film devices available.

Asahi-Kasei has a product line of 4-terminal Hall elements made of various ma-

terials. The Asahi-Kasei Hall elements suffer from the opposite problem as Garg-

Carlin: the devices are too thin to be a 50 Ω Hall isolator and consequently are high

impedance. This is a deliberate choice to reduce power consumption and interface

with measuring systems.

The most pertinent Hall element in the Asahi-Kasei product line is the HW-

105C. It is a surface mount InSb device that consists of a Hall plate in a four-terminal
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package. It has high sensitivity due to the high mobility of the InSb. Higher sensitivity

InSb devices are available (HS series), however the sensitivity is increased through

the use of ferrite flux concentrators, which will saturate at a relatively low magnetic

field. Other materials include extrinsic GaAs (HG series), extrinsic InAs (HZ series)

and quantum well InAs (HQ series). These devices have lower performance than InSb

devices, but may have other desirable properties such as stability with temperature.

The HW-105C datasheet [110] states that the maximum input current is 20 mA

and the maximum input resistance is 450 Ω, which suggests that the maximum power

dissipation is P = (0.02A)2 · (450Ω) = 0.18W . This value is equivalent to 22.6 dBm,

which is well into the useful range of power levels, but much less than a ferrite-based

device.

4.2 Measurement Technique

Figure 4.1 represents the test setup. The current source magnetizes the electromag-

net, which directs a magnetic flux through the Hall element. Meanwhile, the vector

network analyzer takes 4-port S-parameter measurements of the Hall element at each

magnetic field bias point.

Vector

Network

Analyzer

Current

Source

Electromagnet

B

B

Hall Plate

Under Test

Figure 4.1: Diagram of Hall element test setup. Not to scale.
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4.2.1 Equipment

Vector Network Analyzer (VNA)

The Agilent E5071B ENA Series Network Analyzer is a 4-port Vector Network

Analyzer with a bandwidth of 300 kHz to 8.5 GHz. Low frequency measure-

ments are taken at 300 kHz. The VNA is calibrated with an Agilent 85033E

3.5 mm Calibration Kit.

Electromagnet

The magnetic field bias is applied through a magnetic circuit consisting of two

250-turn coils (Leybold 562 13) surrounding a U-shaped core made of lami-

nated steel (Leybold 562 11). The test fixture is placed between two steel pole

pieces that sit on top of the core and complete the magnetic circuit. Maximum

possible magnetic field is achieved when the core saturates, at approximately

2.1 T.

Power Supply

The electromagnet is driven by an Agilent E3631A power supply, which can

supply up to 5 A of current.

Magnetometer

The magnetometer must be able to read at least 2.1 T. A high-field magne-

tometer was not available, so one was designed (Details below in 4.2.2).

Voltage Measurement

The magnetometer output voltage is measured with a Data Precision 3600

digital multimeter, which has 5.5 digits of precision.

Test Fixture

The test fixture consists of a printed circuit board and spacers with magnetic

flux concentrators.
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Device Under Test Printed Circuit Board (DUT PCB)

To measure the Hall element it must be attached to a printed circuit board.

(Described below in 4.2.3 and in figure 4.2).

Dummy PCB

A second unpopulated PCB is required to move the measurement plane from

the ends of the VNA cable to the device terminals on the PCB.

Spacers with Flux Concentrators

Spacers with flux concentrators will prevent the electromagnet from crushing

the Hall element, while controlling the distance between the poles and keeping

the high permeability poles away from the PCB transmission lines. (Described

below in 4.2.4 and in figure 4.3).

Miscellaneous

3.5 mm cables, adaptors, torque wrench.

4.2.2 Magnetometer design

A high field magnetometer was unavailable, so one was designed. After experimen-

tation, it was found that commercial Hall magnetometer ICs are not able to measure

more than 0.2 T, and at least 2.1 T is needed, therefore a magnetometer was de-

signed using a Hall element. The sensitivity of a Hall element can be reduced by

simply decreasing the current bias.

An Asahi-Kasei HG-106C Hall element (GaAs) is driven at approximately 4 mA

by a LM334M current source IC. The Hall voltage is amplified by an AD8553 instru-

mentation amplifier, and the bandwidth is reduced to 10 Hz using an RC filter circuit

to reduce noise. The magnetometer is calibrated by using an Allegro A1326 linear

Hall effect sensor to measure a known magnetic field. The A1326 has a sensitivity of

25±5% V/T and can measure up to 0.1 T. The magnetometer element is placed in
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that field and the amplifier gain and offset are adjusted to achieve a sensitivity of 1

V/T, with a null output at 0.5 V.

The magnetometer can measure up to 4.5 T with a 5 V supply. The magnetometer

Hall element uses the same package as the InSb element to be tested and has the same

height. This simplifies the design of the spacers in the test fixture.

Figure 4.2: Printed circuit board for 4-port device measurement. The PCB is 2” long
by 1.5” wide, with 0.065” microstrip transmission lines. Space is provided at the end
of the transmission line to place resistors to create a gyrator-isolator.

4.2.3 Printed Circuit Board Design

To test the Hall element with the VNA, it first must be mounted to a test board,

shown in figure 4.2. The PCB consists of four microstrip transmission lines that run

from the connectors to the DUT’s pads, and must work up to 8.5 GHz. Rogers 4350B

material was chosen because it was available, has a controlled εr and has better high

frequency performance than FR-4 while being less expensive than other laminates.

RO4350B has a low copper peel strength, which shortens the PCB milling time by

only tracing the outline of the circuit and then peeling off the excess copper foil. Using

the Rogers MWI-2010 Transmission Line Modelling Software, for a 0.030” laminate

a 50 Ω microstrip line is 0.065” wide. The PCB was designed in Eagle version 6.1

CAD software. The connectors are Johnson Components 142-0701-881 and are rated

up to 18 GHz.

72



Aluminum Spacers

Flux Concentrators

 Electromagnet Pole Pieces

Figure 4.3: Spacer schematic for test setup; cut-away view on the left and side view
on the right. Aluminum is light gray and steel is dark gray.

4.2.4 Spacers / Flux Concentrator Design

The high magnetic field will cause the pole pieces to crush anything placed between

them, therefore spacers are needed. For a given current level, the magnetic field

between the poles depends strongly on the distance between the poles, so the thickness

of the spacers must be precise. Also, the presence of the high permeability of the pole

pieces will distort the transmission line impedance. For these reasons, spacers were

machined out of aluminum with steel flux concentrators, shown in Figure 4.3.

It was found that the maximum field delivered to the element was 1.28 T. This is

due to the narrow shape of the flux concentrator poles. A tapered shape is preferred so

that the flux concentrators do not saturate as easily. Also, the steel used (12L14) was

specified for ease of machining, not its magnetic properties. Saturation magnetization

may improve if the flux concentrators are annealed.

4.2.5 Measurement Procedure

1. First measure the current-magnetic flux density (I-B) response of the electro-

magnet. Place the spacers with flux concentrators between the electromagnetic

poles and apply maximum current to maximize the remanent magnetization.

Turn off the current source.
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2. Place the magnetometer between the flux concentrators in the test fixture

and measure the remanent magnetization of the electromagnet. Measure the

magnetic field intensity of the electromagnet at regular intervals, from zero to

maximum current.

3. Set up the VNA. Set the sweep range from 300 kHz to 8.5 GHz in linear sweep

mode. Set the intermediate frequency (IF) bandwidth to 5 kHz or less to

ensure the VNA frequency sweep is automatically put in stepped mode, which

is the most accurate.

4. Calibrate the VNA using the female calibration standards and 3.5mm cables.

Use a female-to-female connector for the Unknown Through portion of the

calibration.

5. Place the spacers and flux concentrators around the dummy PCB and attach

SMA cables to the test fixture.

6. Check the VNA response to see if it is reasonable. The response should show

an open circuit on each port, with approximately the same phase delay at

higher frequencies. The ports should have at least 20 dB of isolation between

them to high frequencies.

7. Use the auto port extension function to extend the measurement plane to the

end of the transmission lines on the PCB.

8. Remove the dummy PCB from the test fixture and place the spacers and flux

concentrators around the DUT PCB. Attach SMA cables.

9. Place test fixture between electromagnet poles and apply maximum current to

maximize the remanent magnetization, to ensure the I-B response is consistent.
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10. Check the VNA response to see if it is reasonable. There should be a ”gap”

between the forward and reverse (i.e. S21 and S12) responses due to the non-

reciprocal nature of the device. This should be present sequentially between

all four ports, resembling a four-port circulator. This gap will also be seen in

the Z and Y parameters.

11. Perform microwave measurements at various electromagnet current levels. The

magnetic field can be extracted from the I-B response.

4.2.6 Sources of error

Transmission line coupling to electromagnet pole pieces

This is minimized through the use of flux concentrators.

Variation in gap width between flux concentrators

Gap variation will change the I-B response. Variation is minimized by carefully

machining the spacers and flux concentrators to ensure repeatability.

Temperature variations

Temperature is not controlled in this experiment. It is assumed to be 300◦ K,

and that all experiments are conducted at approximately the same tempera-

ture.

Magnetometer Accuracy

The magnetometer is linearized by extrapolating the readings of the A1326

Magnetometer IC, which has a sensitivity of a sensitivity of 25±5% V/T. For

calibration purposes, it is assumed that its sensitivity is precisely 25 V/T. At

higher magnetic fields, the magnetometer output may become nonlinear. It is

assumed that the output is linear over the entire measurement range.
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4.3 Mobility and Thickness Estimation

The carrier mobility of the Hall element can be estimated by measuring the device

impedance versus magnetic field.

The resistance of an ideal magnetoresistor (L� W ) has a square law dependance

on the magnetic field, R(B) = R0 · (1 + (µB)2), while an ideal Hall plate (L �

W ) is independent of the magnetic field, R(B) = R0. Measurements of the DC

resistance between sequential Hall element terminals are 300±5 Ω, implying the device

is symmetric and thus not an ideal magnetoresistor (L ≈ W ), therefore it will have a

magnetoresistance somewhere between that of an ideal magnetoresistor and an ideal

Hall plate. From Lippman [59] via Heremans [60], the corrected magnetoresistance

of a square symmetrical Hall plate is R(B) = R0 ·
√

1 + (µB)2.
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Figure 4.4: Device impedance versus magnetic field at 300 KHz.

4.3.1 Discussion

Using the Gauss-Newton nonlinear least squares algorithm to fit the measured data

in figure 4.4, the mobility is found to be 23,700 cm2/(V·s) (R2 = 0.9994). Popovic

[64], suggests that low-cost InSb sensors are made from polycrystalline InSb on mica.

He states that the mobilities are typically 20,000 cm2/(V·s), which is similar to the
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measured value in this experiment. Fukunaka [65] describes mass-produced InSb

on mica Hall elements, however those devices achieve an average mobility of 44,800

cm2/(V·s).

23,700 cm2/(V·s) is far less than the maximum room temperature electron mobility

of InSb, 78,000 cm2/(V·s). Thus there is room for improvement in device mobility

and in turn device performance.

The HW-105C Hall element has the minimum thickness of InSb for minimum cost

while maintaining a high impedance that is useful in magnetic field measurement

applications. This makes the HW-105C an optimal device for measuring magnetic

fields, but less optimal in the application of Hall isolators to RF systems, which

typically require an impedance of 50 Ω.

4.4 Microwave Measurement Results

Four-port measurements of the InSb Hall element were made at magnetic field levels

from 0 to 1.28 T. These measurements were placed in an Agilent Advanced Design

System (ADS) model (ADS version 350.500, Feb 19 2009). In ADS, the system

impedance is transformed to maximize the bandwidth for all Sii ≤ -10 dB. At B =

0.526 T, the device is well matched at a system impedance of 365 Ω.
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4.4.1 Four-Port Circulator
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Figure 4.5: 4-port S-parameters of Hall element at 50 Ω impedance. B = 0.526
T. Dashed lines are S11, S13, S31, S12 and S41 for emphasis. Grey lines are reverse
parameters on forward parameter plot, and vice versa, to emphasize the forward /
reverse isolation gap.

Figure 4.5 shows the 50 Ω response of the Hall element. As predicted, the 4-port

device behaves as a 4-port circulator, therefore the S-parameters are organized in the

4-way symmetry of the device. The return losses are in the upper-left quadrant, the

forward insertion losses are in the upper-right quadrant, the reverse isolations are

in the lower-left quadrant and the cross-isolations are in the lower-right quadrant.

There is 9.85 dB of isolation between the forward and reverse directions from DC to

200 MHz, isolating up to 3 GHz on port pair 3-4. Low frequency insertion loss in the

forward direction is 17.4 dB. Return loss is poor at -2.4 dB, which is expected from

the high impedance device.
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Figure 4.6: 4-port S-parameters of Hall element at 365 Ω impedance. B = 0.526
T. Dashed lines are S11, S13, S31, S12 and S41 for emphasis. Grey lines are reverse
parameters on forward parameter plot, and vice versa, to emphasize forward / reverse
isolation gap.

Figure 4.6 shows the device response transformed to a 365 Ohm system impedance.

Insertion loss improves to 8.3 dB, forward / reverse separation decreases to 5.4 dB

and the device is matched to 492 MHz.

Note that S11 is higher than the other return losses at high frequency. The cross

isolation, S13, S31 is worse than S24, S42. The reverse isolations S12 and S41 have worse

isolation than S23, S34 at high frequencies. These responses indicate a higher capac-

itance between port 1 and the other ports, resulting in ’leakage’ at high frequencies.

Multiple devices were tested and found to have this response.

Upon opening a device package, it was found that the Hall element was mounted

as described in Fukunaka [65]. The Hall element sits on a metal plate, which is

attached to pin 1, creating a larger capacitance to ground and the other pins. This

explains the ’leakage’ seen in the S-parameter measurements that involve pin 1.
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4.4.2 Gyrator-Isolator

The 4-port S-parameter measurements are placed in ADS models and unilateralized

using ideal components.
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Figure 4.7: S-parameter device response in lossy gyrator-isolator mode at 50 Ω and
342 Ω system impedances. B = 0.526 T.

Figure 4.7 shows the device response in lossy unilateralized gyrator-isolator mode.

Port 1 is the differential of terminals 1 and 3, and port 2 is the differential of terminals

2 and 4. The maximum isolation depends on the value of the parallel resistors, which

are adjusted to reach a minimum S12 at 795 Ω. At low frequencies, S12 is -73.7 dB

and S21 is -11.3 dB. The lossy gyrator-isolator is matched to 1032 MHz.
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Figure 4.8: S-parameter device response in lossless gyrator-isolator mode at 50 Ω and
388 Ω / 405 Ω system impedances on port 1 / port 2. B = 0.526 T.

Figure 4.8 shows the device response in losslessly unilateralized gyrator-isolator

mode. The transformer ratio is adjusted to reach a minimum S12 at a ratio of 2.63:1.

At low frequencies, S12 is -78.4 dB and S21 is -9.3 dB. The lossless gyrator-isolator is

matched to 797 MHz.
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4.4.3 Circulator-Isolator
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Figure 4.9: S-parameter device response in circulator-isolator mode at 50 Ω and 314
Ω system impedances. B = 0.526 T.

Figure 4.9 shows the device response in circulator-isolator mode on terminals 3

and 4, with terminals 1 and 2 terminated in a short circuit. This avoids the extra

capacitance seen at terminal 1 and improves frequency response. At low frequencies

and 314 Ω impedance, S12 is -20.9 dB and S21 is -9.9 dB. The device is matched to

1127 MHz.
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4.5 Comparison
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Figure 4.10: U versus B for different isolator configurations.
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Figure 4.11: S21 versus B for different isolator configurations.

As expected, the losslessly unilateralized gyrator-isolator has the highest unilat-

eralized gain and the lowest insertion loss, as shown in figures 4.10 and 4.11. The

circulator-isolator has lower U and lower S21 when compared to the lossy gyrator-

isolator because it is not fully unilateralized. This explains why the circulator-isolator

has a lower insertion loss than the gyrator-isolators at low magnetization, as the act

of unilateralization will greatly increase the insertion loss if the device is weakly non-

reciprocal, as seen in figure 4.11.
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Figure 4.12: Maximum matched frequency versus B for different isolator configura-
tions.

Figure 4.12 demonstrates the tradeoff between device impedance and maximum

frequency in the presence of parasitics. At higher magnetizations, device impedance

will be direcly proportional to the magnetic field because of magnetoresistance in the

Hall plate. The capacitive parasitics form a low-pass filter where fmax ∝ 1/RplateCparasitic.

As the impedance rises the maximum frequency decreases proportionally, as seen as a

roughly 1/x response in figure 4.12. The circulator-isolator has the lowest impedance,

followed by the lossy gyrator-isolator and the lossless-gyrator-isolator, which is re-

flected in their relative positions in the figure.

If the Hall-plate impedance were decreased, while keeping the same parasitics, it

could be expected that the maximum frequency would rise by a factor of 6 or more,

in a 50 Ω system. Therefore, an optimized Hall isolator may work to 6 GHz or more,

in the same package.
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4.6 Summary

A practical Hall element has been measured to microwave frequencies. Low frequency

measured results are consistent with simulation. High frequency response is limited

by packaging parasitics. The measured element has a potential maximum power

dissipation of 180 mW. Hall plate mobility is found to be 23,700 cm2/(V·s), which

is far less than the maximum room-temperature value of 78,000 cm2/(V·s) for InSb.

Table 4.1 summarizes the measurement results.

Table 4.1: Summary of measurement results.
B = 0.526 T

Isolator Type U S21 S12 Zin Zout Max. Freq.
(dB) (dB) (Ω) (Ω) (MHz)

Circulator 0.054 -9.9 -20.9 314 314 1127
Lossy-Gyrator 0.074 -11.3 -73.7 342 342 1032

Lossless-Gyrator 0.119 -9.3 -78.4 405 388 797
B = 1.004 T

Isolator Type U S21 S12 Zin Zout Max. Freq.
(dB) (dB) (Ω) (Ω) (MHz)

Circulator 0.076 -9.2 -23.2 524 524 581
Lossy-Gyrator 0.098 -10.1 -71.5 561 561 582

Lossless-Gyrator 0.172 -7.6 -69.2 888 635 484
B = 1.280 T

Isolator Type U S21 S12 Zin Zout Max. Freq.
(dB) (dB) (Ω) (Ω) (MHz)

Circulator 0.078 -9.2 -23.6 642 642 439
Lossy-Gyrator 0.100 -10.0 -71.2 681 681 453

Lossless-Gyrator 0.178 -7.5 -83.5 1104 781 366

The Hall circulator is matched from DC to 492 MHz with an insertion loss of 8.3

dB and reverse isolation of 13.8 dB at B = 0.526 T and 365 Ω system impedance.

Increasing magnetization to 1.004 T improves these values slightly to 8.0 dB and 14.8

dB, but increases the system impedance to 582 Ω, with a reduced bandwidth of 255

MHz.
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The circulator-mode, lossy gyrator-mode and lossless gyrator-mode isolators work

from DC to a maximum frequency of 1127, 1032 and 797 MHz respectively, at a mag-

netization of 0.526 T. Insertion loss decreases at higher magnetizations and plateaus

at B = 1.004 T, with insertion losses of 7.6, 9.2 and 10.1 dB for the lossless gyrator-

mode, circulator-mode and lossy gyrator-mode isolators, respectively. For a given

Hall plate, the circulator-mode and lossy gyrator mode-isolators have the widest

bandwidth, while the lossless gyrator-mode isolators have the lowest insertion loss.

Increasing magnetization above 1 T does not improve performance; it only results in

lowered bandwidth due to increased device impedance.

These results confirm that Hall devices are ultrawideband and can work to useful

frequencies, even with unoptimized devices. Hall isolators could replace ferrite-based

devices in situations where insertion loss is not critical. These devices could be used

in new applications where ultrawideband performance is necessary. Improvements

could be made in reducing packaging parasitics, decreasing device impedance and

increasing mobility.
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Chapter 5

Conclusion and Future Work

This thesis has examined the theory behind Hall isolators, simulated their properties

with a view to enhancing performance, presented measurements of a Hall device and

demonstrated that they can work to practical frequencies. The question remains, are

Hall isolators better than existing solutions?

Ferrite junction circulator-based isolators excel at high power handing and low

insertion loss, and it has not been determined if Hall isolators can approach the same

power levels. However, Hall isolators surpass them in bandwidth and integratability.

Grutzmann’s technique combined with transmission line transformers may make Hall

isolator insertion loss competitive with ferrite-based isolators, with a wider band-

width.

It is hard to beat the integration qualities of active isolators. They do not require

the large magnetic field or exotic semiconductors that Hall isolators do and can have

gain instead of loss. However, Hall isolators do not require a power source. Hall

isolators may have higher maximum frequencies, wider bandwidths, better linearity

and higher power handling abilities, but this has not been conclusively proven.

5.1 Contributions

The contributions of this thesis are:

• First microwave measurements of a Hall device, confirming that it works as

an isolator from DC to 1127 MHz.

• Simulation of a Grutzmann-type [16] isolator demonstrating an insertion loss

of 0.89 dB.
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• Simulations exploring the maximum frequency limits of Hall devices, demon-

strating operating bandwidths that could potentially exceed DC to a terahertz.

• Description of the three-terminal Hall circulator, which was claimed to be

impossible [15].

• Simulations that contribute to the understanding of Hall isolators, with a view

to optimizing their performance.

• General understanding of Hall circulators, isolators and gyrators.

5.2 Future Work

Many properties of Hall isolators, circulators and gyrators require closer examination,

including:

• Fabrication and testing of a 50 Ω device to determine practical frequency limits

and verify simulation results.

• Fabrication of Grutzmann-type devices to determine minimum insertion loss

limits.

• Integration of the devices with active electronics on the same semiconductor

die, to demonstrate that it is practical.

• Examine device power limits, dynamic range and linearity to determine if

they exceed those of active isolators and approach that of ferrite junction

circulators.

• Examine the device noise characteristics to determine if the noise figure is

dependant on the operating power.
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5.3 Final Words

Hall circulators, isolators and gyrators faded into obscurity in the 1960s, before the

thin film technology to make them had matured. Now techniques such as MBE are

ready and able to make these devices a reality.
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Appendix A

Operation of the Ferrite Junction Circulator

Commercial isolators are typically built around ferrite Y-junction circulators with one

port terminated in a load. These circulators have been in use since the 1950s, and

have excellent power handling and insertion loss over a limited bandwidth. In order

to compare to Hall isolators it is useful to understand how ferrite junction circulators

work. Note that there are other methods of constructing circulators and isolators

that are not common commercially, such as field displacement isolators and faraday

rotators.

Figure A.1 outlines the construction of a ferrite junction circulator. Three mi-

crostrip transmission lines merge into the junction. Electric and magnetic fields cou-

ple into the ferrite discs above and below the junction. Magnets above and below the

junction bias the ferrites. Not shown is the return path for the magnetic field, which

is usually through the steel case of the circulator.

Magnetically biased ferrites will have tensor permeability, meaning that the per-

meability will become direction dependant. In the ferrite junction, electromagnetic

waves will propagate faster in one direction than another; i.e. the counter-clockwise

permeability can be lower than the clockwise permeability. If a standing wave is

Microstrip Junction

Magnet

Ferrite

Ferrite

Magnet

Figure A.1: Construction of a ferrite junction circulator.
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set up inside the circulator junction, the effect of the different propagation velocities

rotates the standing wave inside the junction, as in figure A.2. If the circulator is

biased properly so that the standing wave is rotated 30 degrees, a null will appear at

port 3. Now, energy entering port 1 can only exit port 2. If port 2 is stimulated, then

the null appears at port 1 and energy can only pass from port 2 to port 3, thereby

creating the circulating action.

Port 1

Port 3

Port 2

Port 1

Port 3

Port 2

a) b)

30°

Figure A.2: Electric field in a ferrite junction circulator stimulated by port 1 (higher
magnitude is darker). a) is non-magnetized and b) is magnetized to put a null at
port 3.

In the ferrite, the electron magnetic moments (spin) align themselves with the

external magnetic field. Like a spinning top, the magnetization vector of the electrons

will precess in a circle around the magnetic field vector; the stronger the field, the

faster the precession (a top will precess faster if placed in a higher acceleration than

earth’s field). If a signal is coupled into the ferrite at the same frequency as the

precession, the ferrite will readily absorb that energy. Therefore, it is desirable to set

the magnetic bias such that the operating frequency is above or below the resonant

frequency. This will minimize losses, as shown in figure A.3.

Above resonance circulators are operated in the range of 50 MHz to 2.5 GHz, but

are limited by requiring large magnetic fields at higher frequencies. Below resonance

circulators can be operated as high as 30 GHz using microstrip, 100 GHz using waveg-

uide. Circulators are normally narrowband devices; the bandwidth can be widened

by matching transformer sections on the transmission lines. An octave of bandwidth

106



Lo
ss

Magnetic field

Below 
Resonance 
Operation

Above 
Resonance 
OperationLo

w
 F

ie
ld

 
Lo

ss
 R

eg
io

n

Resonance 
Loss Region

Figure A.3: Circulator loss versus magnetic field, identifying the above and below
resonance modes of operation.

is common, and the bandwidth can be extended to two octaves, but the insertion loss,

power dissipation and matching suffer. Below 1 GHz, matching is done by lumped

element transformers.

Commercial isolators are built around ferrite Y-junction circulators by terminating

a port in a matched load. The load determines the power handling in the reverse

direction. Most isolators are narrowband with a minimum of 20dB of isolation. The

VSWR is typically specified to be below 1.5 over the operating bandwidth. Insertion

loss depends on construction: microstrip isolators are typically 1 to 2 dB, while

waveguide isolators are typically less than 0.5 dB. Typical device dimensions range

from a centimeter to around 20 centimeters.

For more information on circulator operation, refer to: Kurokawa [111], Bosma

[112] and Fay and Comstock [113].
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Appendix B

Galvanomagnetic Phenomena

The Hall effect is part of a class of phenomena called galvanomagnetism, which stem

from the Lorentz force. Galvanomagnetic effects arise from the interaction of moving

charges and magnetic fields. More than one of these phenomenon can occur simulta-

neously in a Hall device.

The intention of this chapter is to give background information on galvanomag-

netic phenomena (the Hall effect being one of these), and how they relate to Hall

devices.

B.1 Lorentz Force

The Lorentz force is the source of all galvanomagnetic phenomena, and was first de-

rived from Maxwell’s Laws by J. J Thomson (1881)[114]. Oliver Heaviside (1889)[115]

later corrected Thompson’s equation. Hendrik Lorentz (1892)[116] put the equation

in the form that we see today.

The Lorentz equation:

FL = q(E + (ν ×B)). (B.1)

B.1.1 Lorentz Force in a Vacuum

Consider a charged particle in a vacuum. If an electrostatic field is applied, the

particle will experience a force similar to a mass in a gravitational field, ie. compare

FL = qE versus Fg = mag. Without an opposing force, the particle will accelerate:

aL = qE/m.

Now, consider a charged particle moving at constant velocity as it enters a constant
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r

r

Figure B.1: Lorentz force in a vacuum. Charged particle paths are curved into a circle
in a magnetic field by the Lorentz force. Faster particles result in a larger radius.

magnetic field (without an electrostatic field). If the magnetic field is going into the

page and the particle is positively charged, the Lorentz force will cause the path of

the particle to curve upwards, according to the right hand rule, FL = q[ν × B] (as

per figure B.1). The force vector is always perpendicular to the velocity vector, and

the magnitude of the velocity is constant, so the path the particle describes will be

a circle. This circle lies only in the plane that is perpendicular to the magnetic field.

Due to the sign change, negative particles will curve downward.

The component of the velocity that is parallel to the magnetic field will be un-

affected by the Lorentz force, and the particle will continue to drift parallel to the

magnetic field. Therefore, the three dimensional path of a charged particle in a vac-

uum in the presence of a magnetic field will be a helix, rotating about the magnetic

field vector.

B.1.2 Lorentz Force in a Solid

Free electrons in a solid at room temperature will have kinetic energy. They will

have a distribution of velocities with an average of νth =
√
kBT/m) ≈ 107cm/s.

These charge carriers are constantly scattering off of the crystal lattice, gaining and
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1

2

Z

X
Ex

Figure B.2: Paths of charge carriers in two solids in the presence of a magnetic field
(into the page). Path 2 is of a charge carrier in a material with a higher mobility than
path 1. Net trajectories are indicated by the dotted lines. Note how the carriers of
path 2 scatter less often than path 1, which corresponds directly to higher mobility.

losing energy. On a macroscopic scale, this thermal motion will average out to zero,

resulting in no net current within the solid.

When an electric field is applied, the field accelerates charge carriers until they

scatter off the crystal lattice and lose kinetic energy. The charge carriers will accel-

erate and be scattered over and over again. On a macroscopic scale, the motion of

the charged particles can be averaged out to a drift velocity, 〈νd〉. This results in the

notion of a material property called mobility, µ where:

νd = µE. (B.2)

In effect, the Lorentz force causes particles to drift at a velocity directly proportional

to the electric field that they are in.

There are exceptions to the mobility relation. In devices with very high electric

fields, the velocity will ’saturate’ at a maximum level, at about 107cm/s for most

semiconductors. At this point, an increase in electric field will not increase carrier

velocity. Another exception is ballistic transport, where the size of the device is less

than the mean free path of the carrier between scattering events. In this case, the

acceleration of the carrier is linear with electric field, and the velocity is parabolic.

Charge carriers will travel in circles when a magnetic field is applied, as in the
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vacuum case, until they are scattered. In a relatively weak magnetic field, the charge

carriers will tend to be scattered before they complete an orbit. The circle is changed

into a linear deflection from the electric field vector. Carriers in high mobility materi-

als are scattered less often and will be deflected more by the magnetic field. Referring

to figure B.2 and substituting the mobility equation into the Lorentz equation:

Fnet = qEx + q(ν ×By)and ν = µEx,

Fnet = qEx + qµ(Ex ×By) = qExx̂+ qµExByẑ.

This demonstrates the Hall angle:

ΘH = tan−1(
qµByEx
qEx

) = tan−1(µB). (B.3)

High magnetic field is defined when multiple orbits are completed before scattering

(µB � 1). Therefore low magnetic field is defined when a small fraction of an orbit

is completed (µB � 1).

B.2 Hall Effect

I
VH

Figure B.3: Current is sent through a thin metal strip in a magnetic field (into the
page). Electrons are deflected by the magnetic field and are ’pressed’ on the bottom
edge of the metal strip. A voltmeter measures the Hall voltage generated by the
deflected charge.

The Hall effect was discovered by Edwin Hall in 1879 [17]. Hall found that when
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he passed a current through a thin metal strip in a magnetic field, he could measure

a voltage on opposite edges of the strip, as shown in figureB.3.

X

Z

Y

B

a

c

d

b

Ex EH
I

L

t

WJ FL

Figure B.4: The Hall effect. When W � L, current streamlines are parallel to
the insulating boundaries. Applying a magnetic field deflects charge carriers, which
gather on the top surface, creating a charge imbalance and the Hall electric field. This
example assumes net positive charge carriers; negative charges represent an absence
of positive charge.

Consider a Hall plate as in figure B.4. A current source pushes positive charges

from electrode ’a’ to ’b’. As positive charge carriers enter the Hall plate, they are

deflected upwards by the magnetic field via the Lorentz force and accumulate on the

top surface. An absence of positive charges on the bottom section of the plate is

equivalent to negative charge. The charge separation creates an electric field between

the top and bottom surfaces. This downwards field will continue to grow and separate

charge until the Lorentz force is balanced by the electric field. The Hall voltage

is measured between contacts ’c’ and ’d’. Note that the current streamlines are

parallel with the top and bottom of the Hall plate, which is a result of the insulating

boundaries and the condition that W � L.

Analysis of the Hall effect:

F = qE + q(ν ×B).

Substituting F = qE,ν = µE:

Enet = Ex + µ(Ex ×B),
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Figure B.5: Hall effect vectors for positive and negative carriers, from figure B.4.

then change the cross product into vectors:

Enet = Exx̂+ ExµBẑ = Exx̂+ EH ẑ, where EH = ExµB. (B.4)

Then the Hall angle between the two electric fields can be defined as:

ΘH = tan−1 |EH |
|Ex|

= tan−1(µB). (B.5)

The Hall voltage can be measured between electrodes ’c’ and ’d’:

VH =

∫ c

d

−EHdz =

∫ c

d

−µBExdz = µBExW. (B.6)

Substituting Ex = J/σ = J/qµn = I/qµnWt then:

VH =
IB

qnt
= RH

IB

t
, where RH =

1

qn
is known as the Hall factor. (B.7)

This is the familiar expression for the Hall effect. For a given current drive and

magnetic field, a thinner plate will have a higher hall voltage. Materials with fewer

charge carriers will have a higher Hall voltage. This is the reason why most Hall

sensors are made of semiconductors.

What about negative charge carriers? These will flow from ’b’ to ’a’. Due to

sign changes in the Lorentz force, the negative particles will also build up on the

top insulating barrier. Therefore, the Hall voltages due to electrons and holes in

semiconductors will cancel each other out, if the mobility-density products are equal

(µpp = µnn). To maximize the Hall voltage, semiconductors are doped n-type, to
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make electrons the dominant charge carrier because they have a higher mobility than

holes.

B.3 Current Deflection Effect

J
J

W

L

t

a

b
a b

B,Y Z

X

I
J

a) b)

Figure B.6: a) The Corbino disc and b) short Hall plate. A short Hall plate ap-
proximates a section of a Corbino disc. Dark arrows indicate current path without a
magnetic field and light arrows indicate path with a magnetic field. Magnetic field is
into the page.

Consider a structure known as the Corbino disc [117], [118], in figure B.6. In the

absence of a magnetic field, positive charge carriers will flow radially from the inner

contact ’a’ to the outer contact ’b’. Unlike a long Hall plate, there is no insulating

boundary for the charge carriers to ’pile up’ on, and thus does not generate a Hall

electric field. Instead, the Lorentz force deflects the carriers’ paths and thus the

current in the device.

Applying the Lorentz equation to the velocity of carriers in the solid:

F =
q

µ
νnet = qE + q[νnet ×B] =

q

µ
(νxx̂+ νzẑ),

νnet
µ

= Exx̂+ [νxx̂×By] + Ezẑ + [νzẑ ×By],

νnet
µ

= Exx̂+ νxByẑ + Ezẑ − νzByx̂,

νnet = (µEx − µνzBy)x̂+ (µEz + µνxBy)ẑ.

If the Hall plate is sufficiently short (L� W ), the electric field will be perpendicular

to contacts ’a’ and ’b’. If this is true, Ez ' 0. In this case, the current deflection
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effect is dominant over the Hall effect.

Applying the right hand rule to reduce the cross product into vectors:

νxx̂ = µExx̂− µBνzx̂,

νzẑ = µBνxẑ.

Substituting these equations into each other yields:

νxx̂ = µExx̂− µ2B2νxx̂ =
µEx

1 + (µB)2
x̂,

νzẑ = µB(µEx − µBνz)ẑ =
µ2BEx

1 + (µB)2
ẑ.

Substituting J = σE = qµnE = qnν:

Jxx̂ =
qµnEx

1 + (µB)2
x̂, (B.8)

Jzẑ =
(µB)qµnEx
1 + (µB)2

ẑ. (B.9)

Solving for the Hall angle yields:

ΘH = tan−1 |Jz|
|Jx|

= tan−1(µB). (B.10)

Just as in the Hall field for the long Hall plate case.

Jnet,p

νz = μ[νx×B]

v1 = μEx

νxp=  

v1-v2
v2 = μ[νz×B]

B,Y

Z

X

νnet,p

Jxp

ΘHp

Jnet,n

ExJxn

ΘH

νz = -(-μ[νx×B])

v1 = -μEx

νxn = v1-v2
v2 = -μ[νz×B]

νnet,n

ΘHn

a) b)

Ex

Figure B.7: Current deflection effect vectors for a) positive and b) negative charge
carriers. In figure B.6, both carrier types would be deflected upwards.

Negative charge carriers will travel in the opposite direction as the positive carriers,

from electrode ’b’ to ’a’. When a magnetic field is applied, they will be deflected

upwards with the positive charge carriers as in figure B.7.
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B.4 Magnetoresistance Effect

In a short Hall plate (and Corbino disc), the current is deflected with increasing

magnetic field. Only the current that is parallel with the electric field will contribute

to current through the device, and thus the resistivity. From equation (B.8), the

current density parallel with the electric field is:

Jxx̂ = J(B) =
qµnEx

1 + (µB)2
.

The resistivity with a magnetic field can be defined as:

ρB =
J(B)

Ex
=

1 + (µB)2

qµnEx
.

And the resistivity without a magnetic field as:

ρ0 =
J(0)

Ex
=

1

qµn
.

Therefore:

ρB = ρ0(1 + (µB)2). (B.11)

This increase of resistivity with magnetic field is magnetoresistance.

In a long Hall plate, where the Hall effect is dominant, the current vector is

parallel with the insulating boundaries. There is no current deflection, and thus

no magnetoresistance. Therefore magnetoresistance is always accompanied by the

current deflection effect.

The 1 + (µB)2 magnetoresistance factor is at a maximum for a short plate, and

is equal to one for a long (Hall effect) plate. If the Hall plate is neither short nor

long, the magnetoresistance value will be somewhere between these extremes. An

approximation for this relation is in Lippman [59] via Heremans [60].
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Appendix C

Useful Properties of Network Parameters

Multiport network theory is a critical tool for the analysis of the Hall devices examined

in this thesis. The material used for this analysis is spread out over several references,

therefore this appendix puts all the necessary tools in one place. The definition of

parameters can vary from source to source, so this appendix also represents a single

definition of the parameters.

C.1 Network Parameters

The types of network parameters can be divided up in a few different ways. Some

parameters can represent multiport networks (N > 2) (Z, Y and S), while others

can only represent two-port networks. Immittance parameters (Z, Y, H, G, ABCD

and B) are defined in terms of voltages and currents at the ports, while scattering

parameters (S and T) are defined by the ratios of the magnitudes of transmitted and

reflected power waves. Cascade parameters (ABCD and T) have the property that if

their two of their matrices are multiplied, it represents the parameters of a cascade

of the two networks.

Not all parameters can represent all possible networks. For example, Z-parameters

cannot represent an ideal series impedance, Y-parameters cannot represent an ideal

shunt impedance, and neither Z nor Y-parameters can represent an ideal transformer.

Scattering parameters can work in all situations because the only options for a wave

imposing on a port are for the wave to be reflected or transmitted into the port.

Within the network, the wave can be attenuated or amplified and then leave the

other ports.
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Notes:

• Network parameters describe systems that are linear, time invariant and small

signal, therefore other methods must be used to represent other systems. For

example, Agilent’s X-parameters can describe a network’s response to large

signals, but will not be discussed in this appendix.

• X is used to represent examples of generic network parameters. They do not

represent the X-parameters of the Agilent Corporation.

• For consistency, ABCD parameters will be referred to as A-parameters from

here on.

• The network parameters will be represented by square matrices. Although

non-square parameter matrices are possible, they will not be discussed in this

appendix.

References used in this chapter include Pozar [119], Matthaei, Young and Jones

[120] and Kurokawa [121].

C.2 Properties of Network Parameters

C.2.1 Immittance Parameters

Immittance parameters (Z, Y, H, G, A and B) are defined in terms of voltages and

currents at the ports. For example: V1

V2

 =

 Z11 Z12

Z21 Z22


 I1

I2

 ,
 I1

I2

 =

 Y11 Y12

Y21 Y22


 V1

V2

 . (C.1)

Z-parameters are known as open-circuit impedance parameters because the currents

at the ports are set to zero in order to determine the value of the parameters. Similarly
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X
Port 1 Port 2

I1

V1

I1

I2

I2

V2

Figure C.1: Generic two-port immittance network showing current and voltage po-
larities. Note that an arbitrary number of terminal pairs may be added to create an
n-port network.

Y-parameters are known as short-circuit admittance parameters as the port voltages

are set to zero to determine the parameters.

Z11 = V1
I1

∣∣∣
I2=0

Z12 = V1
I2

∣∣∣
I1=0

Z21 = V2
I1

∣∣∣
I2=0

Z22 = V2
I2

∣∣∣
I1=0

Y11 = I1
V1

∣∣∣
V2=0

Y12 = I1
V2

∣∣∣
V1=0

Y21 = I2
V1

∣∣∣
V2=0

Y22 = I2
V2

∣∣∣
V1=0

. (C.2)

Y-parameters are the inverse of Z-parameters, always:

[Y ] ≡ [Z]−1, [G] ≡ [H]−1, [B] ≡ [A]−1. (C.3)

Similarly, G-parameters are the inverse of H-parameters and B-parameters are the

inverse of A-parameters. Two Z-networks can be ’stacked’ in series by the addition

Z1

Z2

Y1

Y2

Figure C.2: Series and parallel combination of immittance parameters.

of the elements of the Z-networks, as shown in figure C.2. Two Y-networks can be

placed in parallel by the addition of the elements of the Y-networks.

[Znet] = [Z1] + [Z2], [Ynet] = [Y1] + [Y2]. (C.4)
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The creation of new networks by the addition of Z-parameters is not always valid.

For example, if one set of the joined terminals is shorted, while the other is not, an

ideal transformer is required to represent the combined Z parameters properly.

C.2.2 Hybrid Parameters

H-parameters are used to join two networks in a series-parallel fashion, while G-

parameters are used to join two networks in a parallel-series fashion.

H1

H2

G1

G2

Figure C.3: H and G parameter combination.

[Hnet] = [H1] + [H2], [Gnet] = [G1] + [G2]. (C.5)

C.2.3 Cascade Parameters

A-parameters are used to cascade the network parameters of a chain of components.

The matrix multiplication of A-parameters results in a matrix that is equivalent to the

cascade of the two networks. A-parameters are often referred to as ABCD-parameters,

Anet A1 A2=

Figure C.4: Cascade of A-parameters.

where:  A11 A12

A21 A22

 =

 A B

C D

 . (C.6)
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As seen in the A-parameter definition in Table C.1, I2 has a negative sign. If the two

port definition is revised so that I2 points out of the network: In the new configuration,

A

I1

V1

I1

V2

I2

I2

A1

I1

V1 V2 = V3 A2 V4

I4I2 = I3

Figure C.5: Redefinition of two-port parameters for cascading A-parameters.

V2 = V3 and I2 = I3, therefore: V1

I1

 =

 A11 A12

A21 A22


 V2

I2

 ,
 V3

I3

 =

 A33 A34

A43 A44


 V4

I4

 , (C.7)

 V1

I1

 =

 A11 A12

A21 A22


 A33 A34

A43 A44


 V4

I4

 , (C.8)

Therefore the matrix multiplication of A-parameters results in a network that is

equivalent to the cascade of the two networks:

[Anet] = [A1] · [A2] · [A3] · · · (C.9)

As the inverse of A-parameters, B-parameters can be used to remove the effect of

networks, e.g. in the procedure to de-embed a test fixture from a device under test.

Alternatively, a B-parameter cascade requires multiplication in the reverse order:

[Bnet] = · · · [B3] · [B2] · [B1], (C.10)

[Anet] = [A1] · [A2] · [A3] · · · (C.11)

C.2.4 Scattering Parameters

At high frequencies, it is useful to express power flow in terms of reflected and trans-

mitted waves. This avoids the problem of measuring voltages and currents of opened
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and shorted components as in immittance parameters, which is impractical at high

frequencies. Scattering parameters measure the ratios of reflected and transmitted

waves at a given impedance.

The scattering parameter matrix is represented by:
b1

b2

...

 =


S11 S12 · · ·

S21 S22

...
. . .



a1

a2

...


S11 = b1

a1

∣∣∣
a2=0

S12 = b1
a2

∣∣∣
a1=0

· · ·

S21 = b2
a1

∣∣∣
a2=0

S22 = b2
a2

∣∣∣
a1=0

...
. . .

,

(C.12)

where ai represents the intensity of a wave entering a port and bi represents a wave

leaving a port. There a multiple definitions of a and b which are useful for different

purposes.

A simple expression for a and b [122] is:

ai =
Vi + Z0Ii

2
, bi =

Vi − Z0Ii
2

(C.13)

where Z0 is the characteristic impedance. The voltage and current at the port are:

Vi = ai + bi, Ii =
ai − bi
Z0

, (C.14)

However these expressions are not always valid. In situations where the port impedance

has a reactive component, as in a waveguide or a lossy transmission line, Z0 can vary

with frequency. The Smith chart relies on a constant, normalized impedance therefore

it is necessary to have a representation of travelling waves at a constant impedance.

Marks and Williams [123], in the context of waveguides, define the forward and

backwards travelling wave intensities as:

a0 =

√
Re(p0)

2vi
(v − iZ0), b0 =

√
Re(p0)

2vi
(v + iZ0), (C.15)

where v and i are the waveguide voltage and current, v0, i0 and p0 are normalization

constants where p0 = v0 · i∗0 and Z0 is the characteristic impedance, where Z0 = v0/i0.

122



Assuming that Re(Z0) 6= 0, the voltage and current are:

v(z) =
v0√
Re(p0)

(a0 + b0), i(z) =
v0√
Re(p0)

(a0 − b0), (C.16)

where z is the position along the waveguide. The power passing position z is:

P (z) = |a0|2 − |b0|2 + 2Im(a0b0
∗)
Im(Z0)

Re(Z0)
, (C.17)

therefore the power passing through z is not equal to the powers carried by the forward

and reverse waves unless a0 = 0, b0 = 0, or Z0 is real. This is the most accurate form

for a and b, but not the most useful. Marks and Williams propose a mathematical

construction they call pseudo-waves, where the pseudo-wave amplitudes are:

a(Zref ) =

[
|v0|
v0

√
Re(Zref )

2|Zref |

]
(v+ iZref ), b(Zref ) =

[
|v0|
v0

√
Re(Zref )

2|Zref |

]
(v− iZref ),

(C.18)

where Zref is an arbitrary reference impedance where Re(Zref ≥ 0). The waveguide

voltages and currents become:

v =

[
v0

|v0|
|Zref |√
Re(Zref )

]
(a+ b), i =

1

Zref

[
v0

|v0|
|Zref |√
Re(Zref )

]
(a− b), (C.19)

and the power becomes:

P = |a|2 − |b|2 + 2Im(ab∗)
Im(Zref )

Re(Zref )
. (C.20)

Pseudo-waves reduce to the travelling waves expression when Zref = Z0. The advan-

tage of pseudowaves is that they closely represent travelling waves. As Zref can be

chosen arbitrarily, it is now possible to convert measurements taken at one impedance

to another. Zref can be chosen as a real value, then the imaginary term in equation

C.20 disappears and the power flow can be derived directly from a and b.

Another expression for a and b are power waves [124] [121]:

ai =
Vi + ZiIi

2
√
|ReZi|

, bi =
Vi − Zi∗Ii
2
√
|ReZi|

. (C.21)
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When Zi is real, power waves reduce to pseudo-waves. Power waves have the property

that p = |a|2−|b|2 for any Zi, which is useful for matching to achieve maximum power

transfer. However, there are problems with power waves, such as their representation

on Smith charts, as discussed in [123] and [125].

If the port is terminated with a load, the reflection coefficient can be found by

substituting Vi = Ii · ZL:

Γi = Sii =
bi
ai

=
ZL − Zi
ZL + Zi

. (C.22)

A wave that is partially or wholly reflected from a port will form a standing wave

with the incoming wave. If the magnitude of the voltage at the peak and trough of

the standing wave is measured, the Voltage Standing Wave Ratio (VSWR) can be

calculated. The VSWR is a measure of the impedance mismatch at the port, and is

equivalent to:

V SWRi =
1 + |Sii|
1− |Sii|

. (C.23)

Just as in immittance parameters, there are a cascade version of scattering parameters

called T-parameters: b1

a1

 =

 T11 T12

T21 T22


 a2

b2

 T11 = b1
a2

∣∣∣
b2=0

T12 = b1
b2

∣∣∣
a2=0

T21 = a1
a2

∣∣∣
b2=0

T22 = a2
b2

∣∣∣
a2=0

. (C.24)

a2 = b3 and b2 = a3, therefore: b1

a1

 =

 T11 T12

T21 T22


 a2

b2

 ,
 b3

a3

 =

 T33 T34

T43 T44


 a4

b4

 (C.25)

,  b1

a1

 =

 T11 T12

T21 T22


 T33 T34

T43 T44


 a4

b4

 , (C.26)

and:

[Tnet] = [T1] · [T2]. (C.27)
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C.3 Definitions of Immittance Parameters

Table C.1: Definitions of immittance parameters.
Z-Parameters Y-Parameters V1

V2
...

 =

 Z11 Z12 · · ·
Z21 Z22

...
. . .


 I1

I2
...


 I1

I2
...

 =

 Y11 Y12 · · ·
Y21 Y22
...

. . .


 V1

V2
...


Z11 = V1

I1

∣∣∣
I2=0

Z12 = V1
I2

∣∣∣
I1=0

· · ·

Z21 = V2
I1

∣∣∣
I2=0

Z22 = V2
I2

∣∣∣
I1=0

...
. . .

Y11 = I1
V1

∣∣∣
V2=0

Y12 = I1
V2

∣∣∣
V1=0

· · ·

Y21 = I2
V1

∣∣∣
V2=0

Y22 = I2
V2

∣∣∣
V1=0

...
. . .

H-Parameters A-Parameters[
V1

I2

]
=

[
H11 H12

H21 H22

] [
I1

V2

] [
V1

I1

]
=

[
A11 A12

A21 A22

] [
V2

−I2

]
H11 = V1

I1

∣∣∣
V2=0

H12 = V1
V2

∣∣∣
I1=0

H21 = I2
I1

∣∣∣
V2=0

H22 = I2
V2

∣∣∣
I1=0

A11 = V1
V2

∣∣∣
I2=0

A12 = −V1
I2

∣∣∣
V2=0

A21 = I1
V2

∣∣∣
I2=0

A22 = −I1
I2

∣∣∣
V2=0

[Y ] ≡ [Z]−1, [G] ≡ [H]−1, [B] ≡ [A]−1

C.4 Conversions of Network Parameters

For square matrices and a system where all the ports have the same real impedance,

Y0 = 1/Z0:

S = ( Z
Z0
− I)( Z

Z0
+ I)−1,

S = (I − Y
Y0

)(I + Y
Y0

)−1,

Z = Z0(I + S)(I − S)−1,

Y = Y0(I − S)(I + S)−1,

(C.28)

where I is an identity matrix of the same dimensions as the other matrices.
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Table C.2: Conversions between various two-port network parameters.

P
ar

am
et

er
s

Z
Y

H
A

Z

[ Z 1
1
Z

1
2

Z
2
1
Z

2
2

]
1 |Y
|

[ Y
2
2
−
Y

1
2

−
Y

2
1

Y
1
1

]
1
H

2
2

[ |H
|

H
1
2

−
H

2
1

1

]
1
A

2
1

[ A 1
1
|A
|

1
A

2
2

]
Y

1 |Z
|

[ Z
2
2
−
Z

1
2

−
Z

2
1

Z
1
1

]
[ Y 1

1
Y

1
2

Y
2
1
Y

2
2
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1
H

1
1

[ 1
−
H

1
2

H
2
1
|H
|
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1
A

1
2

[ A 2
2
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|A
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−
1

A
1
1
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H

1
Z
2
2

[ |Z
|

Z
1
2

−
Z
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1

1
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1
Y
1
1

[ 1
−
Y

1
2

Y
2
1
|Y
|

]
[ H 1

1
H

1
2

H
2
1
H

2
2

]
1
A

2
2

[ A 1
2
|A
|

−
1

A
2
1

]
A

1
Z
2
1

[ Z 1
1
|Z
|

1
Z

2
2
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−

1
Y
2
1

[ Y 2
2

1
|Y
|
Y

1
1
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−

1
H
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1

[ |H
|
H

1
1

H
2
2

1
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[ A 1

1
A

1
2

A
2
1
A

2
2

]
[Y
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≡
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1
,

[G
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≡

[H
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1
,

[B
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≡
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1
|X
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X
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X
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Y
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S
2
1

]
[ A 1

1
+
A

1
2
/Z

0
−
A

2
1
Z
0
−
A

2
2
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1
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2
1
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2
2

2
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1
1
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2
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1
2
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2
1
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1
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2
1
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0
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2
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1
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2
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0
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2
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2
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0
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2
2
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+
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/Z
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+
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2
1
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0
+
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2
2
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1
S
2
1

[ −
|S
|
S

1
1

−
S

2
2

1

]
1
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2
2

[ T 1
2
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|

1
−
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2
1

]
∆
X

=
(X

1
1

+
X

0
)(
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2
2
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X
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−
X
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2
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|=

X
1
1
X

2
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−
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0

126



C.5 Port Collapsing

Terminating one of the ports of a multiport network with an impedance is known

as port collapsing. The known impedance provides a relationship between Vport and

Iport, which allows multiport Z or Y-parameters to be reduced by a port.

In this thesis, port collapsing is used to examine the properties of a circulator-

mode isolator as well as discuss input and output impedance.

Take a square multiport Z-network:

V1

V2

V3

...


=



Z11 Z12 Z13 · · ·

Z21 Z22 Z23

Z31 Z32 Z33

...
. . .





I1

I2

I3

...


. (C.29)

Expanding the matrix into its equations:

V1 = Z11I1 + Z12I2 + Z13I3 + · · ·

V2 = Z21I1 + Z22I2 + Z23I3 + · · ·

V3 = Z31I1 + Z32I2 + Z33I3 + · · ·
...

...
...

...
. . .

. (C.30)

If port 3 is terminated in an impedance, then ZT = V3/ − I3, and the relationship

between V3 and I3 is known. I3 is negative because current flow is in the opposite

direction in port 3 if V3 is applied. Now, line 3 can be written as:

V3

I3

= −ZT =
Z31I1

I3

+
Z32I2

I3

+ Z33. (C.31)

Solving for I3 yields:

I3 =
Z31I1

−(ZT + Z33)
+

Z32I2

−(ZT + Z33)
, (C.32)
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which can be substituted back into the matrix equations:

V1 =
(
Z11 − Z31Z13

ZT +Z33

)
I1 +

(
Z12 − Z32Z13

ZT +Z33

)
I2 + · · ·

V2 =
(
Z21 − Z31Z23

ZT +Z33

)
I1 +

(
Z22 − Z32Z23

ZT +Z33

)
I2 + · · ·

...
...

...
. . .

. (C.33)

For a two-port network:

[Z ′] =

 Z11 − Z31Z13

ZT +Z33
Z12 − Z32Z13

ZT +Z33

Z21 − Z31Z23

ZT +Z33
Z22 − Z32Z23

ZT +Z33

 . (C.34)

Similarily, for two-port Y-parameters:

[Y ′] =

 Y11 − Y31Y13
YT +Y33

Y12 − Y32Y13
YT +Y33

Y21 − Y31Y23
YT +Y33

Y22 − Y32Y23
YT +Y33

 . (C.35)

C.5.1 Input and Output Impedance

Terminating one port of a two port network gives the input / output impedance.

Applying port collapsing to a two port network yields:

Zin =
V1

I1

∣∣∣∣
Z2=ZT

=

(
Z11 −

Z21Z12

ZT + Z22

)
, Zout =

V2

I2

∣∣∣∣
Z1=ZT

=

(
Z22 −

Z21Z12

ZT + Z11

)
.

(C.36)

Similarly, for Y-parameters:

Yin =

(
Y11 −

Y21Y12

YT + Y22

)
, Yout =

(
Y22 −

Y21Y12

YT + Y11

)
. (C.37)

If Z12 = 0, as in the case of a unilateralized device, Zin = Z11 and Zout = Z22. The

input / output impedances have become independent of the input / output loading.

This is one of the most important properties of isolators: the impedance looking

into an isolator from either port is independent of the load on the other side of the

network.
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C.6 Mixed-Mode S-Parameters

The Hall plates examined in this thesis are often 4-terminal devices, however Hall

gyrators and isolators are two-port devices. Sentaurus simulations can only output

single-ended parameters, therefore a method is required to convert four-port single-

ended parameters into two-port differential parameters. Mixed-mode S-parameter

conversion is a method that fulfills this requirement. References: Bockelman and

Eisenstadt [126], Huynh [127] and Fan [128].

An alternate method of obtaining differential parameters using Y-matrices is pre-

sented in Appendix D.3.

Given that S4P is a four-port network, a transformation matrix, M is chosen.

Assuming ports 1 and 3 and ports 2 and 4 are to be paired, M is:

[M ] =
1√
2



1 0 −1 0

0 1 0 −1

1 0 1 0

0 1 0 1


. (C.38)

The single-ended to mixed mode conversion is:

[Smixed] = [M ] · [S4P ] · [M ]−1. (C.39)

The result is another 16 element matrix:

Smixed =



Sdd11 Sdd12 Sdc11 Sdc12

Sdd21 Sdd22 Sdc21 Sdc22

Scd11 Scd12 Scc11 Scc12

Scd21 Scd22 Scc21 Scc22


. (C.40)

The upper left quadrant represents driving the ports of the new two-port network

differentially. The lower right represents driving both ports in common-mode. The
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upper right represents driving port 1 differentially and port 2 in common mode, while

the lower left represents driving port 1 in common mode and port 2 differentially.

For the requirement of four-port single-ended to two-port S-parameter conversion,

the upper left quadrant is the interesting one:

[Sdiff ] =

Sdd11 Sdd12

Sdd21 Sdd22

 . (C.41)

This sub-matrix can now be analyzed as a two-port network to calculate U, or

be transformed into immittance parameters for combination with other networks.

Mixed-mode S-parameters can be extended to other port pairs as well as higher order

networks by modifying the M matrix appropriately.
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Appendix D

Derivations

The purpose of this appendix is to remove long and unwieldly derivations from the

main text to improve the document flow.

D.1 Double Transformer Impedance Transform

This derivation demonstrates that the impedance of a two-port network can be ar-

bitrarily scaled using a pair of transformers. Therefore, Hall plates with the same

normalized immittance parameters can be considered equivalent.With transformers

on ports 1 and 2:

V1
′ = V1/n1, I1

′ = I1 · n1, V2
′ = V2/n2, I2

′ = I2 · n2. (D.1)

Then:

Z11
′ =

V1
′

I1
′

∣∣∣∣
I2

′=0

=
V1/n1

I1 · n1

=
Z11

n1
2
,

Z12
′ =

V1
′

I2
′

∣∣∣∣
I1

′=0

=
V1/n1

I2 · n2

=
Z12

n1 · n2

,

Z21
′ =

V2
′

I1
′

∣∣∣∣
I2

′=0

=
V2/n2

I1 · n1

=
Z21

n1 · n2

,

Z22
′ =

V2
′

I2
′

∣∣∣∣
I1

′=0

=
V2/n2

I2 · n2

=
Z22

n2
2
.

(D.2)

And for Y-parameters:

Y11
′ =

I1
′

V1
′

∣∣∣∣
V2

′=0

=
I1 · n1

V1/n1

= n1
2 · Y11,

Y12
′ =

I1
′

V2
′

∣∣∣∣
V1

′=0

=
I1 · n1

V2/n2

= n1 · n2 · Y12,

Y21
′ =

I2
′

V1
′

∣∣∣∣
V2

′=0

=
I2 · n2

V1/n1

= n1 · n2 · Y21,

Y22
′ =

I2
′

V2
′

∣∣∣∣
V1

′=0

=
I2 · n2

V2/n2

= n2
2 · Y22.

(D.3)
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Therefore:

[Z ′] =

 Z11/n1
2 Z12/(n1 · n2)

Z21/(n1 · n2) Z22/n2
2

 , [Y ′] =

 n1
2 · Y11 n1 · n2 · Y12

n1 · n2 · Y21 n2
2 · Y22

 .
(D.4)

Assuming n = n1 = n2:

[Z ′] = 1/n2 · [Z], [Y ′] = n2 · [Y ]. (D.5)

This result demonstrates that the immittance parameters of a two-port network can

be arbitrarily scaled using a pair of transformers. Therefore, any immittance param-

eters can be directly compared after they are normalized. If two sets of normalized

immittance parameters are equal, they are equivalent, even if the networks are at

different impedances.

D.2 Analysis of the 4-Terminal Hall Gyrator

Figure D.1: Symmetrical Y-parameters of a 4-port Hall plate.
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The Y-parameters of a normalized symmetrical 4-port Hall plate as shown in

figure D.1 can be represented as:

[Y ] = Ycirc



1 −β −γ −α

−α 1 −β −γ

−γ −α 1 −β

−β −γ −α 1


. (D.6)

If the device were a 4-port circulator, α represents conduction in the forward direction,

β represents reverse conduction and γ is a ’cross-conduction’ between terminals 1 and

3 and terminals 2 and 4. Given that any current that enters port 1 must leave another

one, Y11+Y21+Y31+Y41 = 0 and therefore Y11 = α+β+γ. In the ideal case, β = γ = 0,

and:

[Y ] = Ycirc



1 0 0 −1

−1 1 0 0

0 −1 1 0

0 0 −1 1


. (D.7)

Applying the single-ended to differential transform (in this appendix, D.3):

[Y ′] = Ygyr

 1 + γ α− β

−(α− β) 1 + γ

 , (D.8)

which represents a Hall gyrator. The unilateral gain is found to be:

Ugyr =
|2(α− β)|2

4[(1 + γ)2 + (α− β)2]
=

(α− β)2

(1 + γ)2 + (α− β)2]
. (D.9)

If the applied magnetic field and electron mobility are high enough, and applied so

that conduction is in the forward direction, α� β, α ≈ 1 and:

Ugyr =
1

(1 + γ)2 + 1
. (D.10)

Therefore, γ, the ’cross conduction’ in the forward direction, will always reduce the

maximum U and should be minimized. If α = 1 and β = γ = 0, then U = 0.5, which

is the maximum U for the Hall gyrator.
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The Y-matrix can be simplified by re-normalizing the matrix to 1+γ and by using

the substitution: α′ = α−β
1+γ

The new Y-parameters become:

[Y ′′] = Y ′gyr

 1 α′

−α′ 1

 , [Z ′′] =
1

Y ′gyr(1 + α2)

 1 −α′

α′ 1

 , (D.11)

which is a much simpler expression. The unilateral gain of the gyrator is:

Ugyr =
|2α|2

4(1 + α2)
=

α2

1 + α2
=

1

1 + 1/α2
. (D.12)

In the ideal case, where α = 1, Ugyr = 0.5, which corresponds to an insertion loss of

3 dB. The two-port Hall gyrator can now be unilateralized into an isolator as shown

in Chapter 2.

What if the Hall plate is not symmetrical? Garg [15] and Marsocci [129] show

that Z12 = −Z21 and by the No Voltage Amplification rule, Z21 ≤ Z11,Z12 ≤ Z22.

Normalizing to Z11:

[Z] = Zgyr

 1 α

−α k

 , (D.13)

where 0 < α < 1 and k ≥ 1. Solving for U yields:

Ugyr =
α2

k + α2
=

1

k/α2 + 1
, (D.14)

which shows that increasing k will decrease Ugyr. Ugyr is maximized when k = 1, which

is the case when the Hall plate is radially symmetric, therefore radial symmetry is

optimal.
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D.2.1 Lossy Unilateralization of a Hall Gyrator

Port 1 Port 2

Figure D.2: Lossy unilateralization scheme.

Hall gyrators can be lossy unilateralized with a pair of parallel resistances [13],[15].

Y-parameters add in parallel, so it is simple to lossy unilateralize using them:

[Ygiso] = Ygyr + Yp

[Ygiso] = Ygyr,

 1 α

−α 1

+ Yp

 1 −1

−1 1

 =

 Ygyr + Yp αYgyr − Yp

−αYgyr − Yp Ygyr + Yp

 ,
[Ygiso] = Ygyr(1 + α)

 1 0

−α 1

 , [Zgiso] =
Zgyr
1 + α

 1 0

α 1

 ,
(D.15)

where Ygyr and Zgyr is the normalized admittance and impedance of the Hall gyrator

and Yp is value of the parallel admittances. For Y12 = 0, choose Yp = αYgyr, and then

Zgyr = 1/Ygyr(1 + α). The unilateral gain is calculated as:

U = α2/4, (D.16)

and for the best case, α = 1 and the insertion loss is 6 dB.

If Y12 has a reactive component, it can be cancelled by adding equivalent reactances

to the parallel admittances.
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D.3 4-port Differential to 2-port Single-Ended Y-Parameter Conver-

sion

The Hall gyrator is a 2-port differential-mode device, while the output of Sentaurus

simulations are 4-port single-ended Y-parameters. Using a substitution, the 4-port

Y-parameter measurements can be converted into 2-port differential values, and then

further manipulated as a 2-port network.

The 4-port Y-parameter matrix is represented by:

I1

I2

I3

I4


=



Y11 Y12 Y13 Y14

Y21 Y22 Y23 Y24

Y31 Y32 Y33 Y34

Y41 Y42 Y43 Y44





V1

V2

V3

V4


. (D.17)

To differentially pair terminals 1 to 3 and 2 to 4, substitute:

V3 = −V1, I3 = −I1, V4 = −V2, I4 = −I2. (D.18)

The matrix equations become:

I1 = Y11V1 + Y12V2 + Y13(−V1) + Y14(−V2),

I2 = Y21V1 + Y22V2 + Y23(−V1) + Y24(−V2),

−I1 = Y31V1 + Y32V2 + Y33(−V1) + Y34(−V2),

−I2 = Y41V1 + Y42V2 + Y43(−V1) + Y44(−V2),

(D.19)

. which reduces to:

2I1 = (Y11 − Y13 − Y31 + Y33)V1 + (Y12 − Y14 − Y32 + Y34)V2,

2I2 = (Y21 − Y23 − Y41 + Y43)V1 + (Y22 − Y24 − Y42 + Y44)V2.

(D.20)

The transformed differential voltages and currents are substituted as:

V ′1 = V1(−(−V1)) = 2V1, V ′2 = 2V2, I ′1 = 2I1, I ′2 = 2I2. (D.21)
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The final transformation matrix is:I ′1
I ′2

 =
1

2

(Y11 − Y13 − Y31 + Y33) (Y12 − Y14 − Y32 + Y34)

(Y21 − Y23 − Y41 + Y43) (Y22 − Y24 − Y42 + Y44)


V ′1
V ′2

 , (D.22)

or expressed as:

[Y ′] =
1

2

(Y11 − Y13 − Y31 + Y33) (Y12 − Y14 − Y32 + Y34)

(Y21 − Y23 − Y41 + Y43) (Y22 − Y24 − Y42 + Y44)

 . (D.23)

D.3.1 Lossless Unilateralization of a Hall Gyrator

Garg and Carlin [15] suggest a method to losslessly unilateralize a 4-terminal Hall

plate using a passive transformer network. This scheme can lower the minimum

insertion loss of an ideal Hall plate isolator from 6 dB (lossy unilateralization) to 3

dB.

1:
n

Port 1 Port 2

jX1

Figure D.3: Lossless unilateralization scheme.

The lossless unilateralization scheme in figure D.3 requires a transformer in series-

parallel with the network to be unilateralized. Series-parallel H-parameter networks

can be combined directly by adding the matrix elements. Therefore, the procedure

is to convert the network Y-parameters into H-parameters, add the transformer H-

parameters, and convert back into Y-parameters. Using Appendix C: Useful Prop-

erties of Network Parameters, a generic Y-parameter transform for a series-parallel

137



transformer is:

[Htotal] = [Hnetwork] + [Htransformer],

[Htotal] =

 1
Y11

−Y12
Y11

Y21
Y11

Y11·Y22+Y12·Y21
Y11

+

 0 1
n

−1
n

0

 =

 1
Y11

(
Y12
Y11
− 1

n

)
(
Y21
Y11
− 1

n

)
Y11·Y22+Y12·Y21

Y11

 .
(D.24)

Converting back to Y-parameters yields:

[Ytotal] =

 Y11 Y12 − Y11
n

Y21 − Y11
n

Y22 − Y12+Y21
n

+ Y11
n2

 . (D.25)

The symmetric Hall gyrator has the parameters:

[Y ] = Ygyr

 1 α

−α 1

 . (D.26)

Applying the transform yields:

[Ygll] = Ygyr

 1 α− 1
n

−α− 1
n

1 + 1
n2

 . (D.27)

Select the transformer ratio such that:

Y12 = α− 1

n
= 0, n =

1

α
. (D.28)

If Y12 has a reactive component, such that Y12 = G + jB, the reactive component

must be cancelled out by the opposite reactance so that the transformer turns ratio

is real. This reactance is the ’jX’ in figure D.3. The result is that the device will be

isolating only at a single frequency, therefore real values of Y12 are preferred.

The Y-parameters become:

[Ygll] = Ygyr

 1 0

−2α 1 + α2

 . (D.29)
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The unilateral gain is:

Ugll =
|2α|2

4[1 + α2]
=

α2

1 + α2
=

1

1 + 1/α2
, (D.30)

which is the same expression as Ugyr, therefore the losslessly unilateralized gyrator-

mode isolator is ideally unilateralized.

However, as Y12 is reduced to zero, Y22 is increased by α2/Ygyr. In terms of S-

parameters, when α = 1:

[Ygll] = Ygyr

 1 0

−2α 1 + α2

 =

 1 0

−2 2

 , [Sgll] =

0 0

2
3
−1

3

 . (D.31)

Therefore, port 2 is mismatched. If it is required that both port 1 and 2 have the

same impedance, the impedance can be transformed with a second transformer on

port 2. Using the single-transformer transform from Appendix D.5:

[Ygll] = Ygyr

 1 0

−
√

2 1

 , [Sgll] =

 0 0

1√
2

0

 . (D.32)

D.4 Analysis of the 3-Terminal Hall Circulator

1

23V1

I3

I1

I2

Figure D.4: Diagram of Hall circulator operation. Note that terminals 2 and 3 are
shorted to ground.

The conditions of figure 2.14 are equivalent to the determination of Y-parameters.

With no applied magnetic field the Hall plate resembles a resistor. In a uniform,
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symmetrical device, the current entering terminal 1 will be equally split between

terminals 2 and 3.

Consider column one of the three-port Y-parameter definitions:

Y11 =
I1

V1

∣∣∣∣
V2=V3=0

,

Y21 =
I2

V1

∣∣∣∣
V2=V3=0

,

Y31 =
I3

V1

∣∣∣∣
V2=V3=0

.

(D.33)

If all the current is steered towards terminal 2, then none of the current will

leave terminal 3, because the current leaving the device cannot exceed the current

entering the device, as it is passive. Therefore,
∑
Y11, Y21, Y31 = 0, |Y21| < |Y11| and

|Y31| < |Y11|. The Hall plate is radially symmetrical, so the same conditions apply to

columns 2 and 3 of the Y-parameters, therefore the Y-parameters of the 3-terminal

Hall circulator are:

[Y ] = Ycirc


1 −(1− α) −α

−α 1 −(1− α)

−(1− α) −α 1

 , (D.34)

where α is the fraction of current that leaves terminal 2, and (1 − α) is the fraction

of current that leaves terminal 3, as in the configuration in figure 2.14.

D.4.1 Hall Circulator as an Isolator

A circulator can be converted into an isolator by terminating port 3 in a resistance.

Using the port collapsing method from this appendix, and a terminating admittance

where KT = YT/Ycirc the new Y-matrix becomes:

[Yciso] =

 Y11 − Y31Y13
YT +Y33

Y12 − Y32Y13
YT +Y33

Y21 − Y31Y23
YT +Y33

Y22 − Y32Y23
YT +Y33

 = Ycirc

 1− α(1−α)
KT +1

−(1− α)− α2

KT +1

−α− (1−α)2

KT +1
1− α(1−α)

KT +1

 .
(D.35)
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Solving for the unilateral gain yields:

Uciso =
KT |2α− 1|2

4(KT + 1)(α− 1)2
. (D.36)

The KT portion of the equation can be separated from the α part:

Uciso ∝
KT

4(1 +KT )
=

1

4(1 + 1/KT )
. (D.37)

With an open circuit termination, KT → 0 and U → 0. With a short, KT → ∞

and U → 0.25. This function is monotonic: U always gets worse with decreasing KT .

Therefore, the ideal termination for a Hall circulator mode isolator is a short.

With KT =∞ then YT =∞, and the new Y-matrix is:

[Yciso] = Ycirc

 1 −(1− α)

−α 1

 , (D.38)

which is a similar result to the lossy-unilateralized gyrator-mode isolator, except that

in this case Y12 is finite, except when α = 1.

In the case of a ferrite junction circulator-isolator, the termination should be a

matched resistance for optimal performance. It is an interesting result that the best

termination for a Hall circulator-mode isolator is a short.

D.4.2 Lossless Unilateralization of a Hall Circulator

Unless α = 0 or 1, the 3-terminal Hall circulator-mode isolator will have some finite

conductance in the reverse direction. This finite conductance can be reduced to zero

through lossless unilateralization. Lossy unilateralization cannot be used as it requires

that Y12 and Y21 have opposite signs.

The Hall circulator-isolator Y-parameters are:

[Yciso] = Ycirc

 1 −(1− α)

−α 1

 . (D.39)
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Applying the generic serial-parallel transformer transform from Appendix D.3.1 (equa-

tion D.25) above yields:

[Ycll] = Ycirc

 1 −(1− α)− 1
n

−α− 1
n

1− α+(1−α)
n

+ 1
n2

 = Ycirc

 1 −(1− α)− 1
n

−α− 1
n

1− 1
n

+ 1
n2

 .
(D.40)

Assuming α > 0.5, select the transformer ratio such that:

Y12 = −(1− α)− 1

n
= 0, n =

−1

1− α
. (D.41)

This generally results in a negative transformer ratio, which becomes large as α→ 1.

As in the Hall gyrator case, if Y12 has a reactive component, the reactive compo-

nent must be cancelled out by the opposite reactance so that the transformer turns

ratio is real.

The Y-parameters become:

[Ycll] = Ycirc

 1 0

−2α + 1 α2 − α + 1

 . (D.42)

Between α = 0.5 and α = 1, Y22 varies monotonically between 0.75 · Ycirc and 1.0 ·

Ycirc. Therefore, for α = 1 the input and output impedances are the same, and the

differences would be minor for α close to 1.

The unilateral gain is:

Ucll =
|2α− 1|2

4[α2 − α + 1]
, (D.43)

which is the same expression as Uciso, therefore the losslessly unilateralized circulator-

mode isolator is ideally unilateralized.

D.5 Single Transformer Impedance Transform

Transformers can be used to adjust the input and output impedance of networks. If a

symmetrical Hall gyrator is losslessly unilateralized as discussed in this appendix, the
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input and output impedances will differ. A transformer can then be used to restore the

input impedance so that it matches the output impedance. This derivation examines

how the other network parameters will be affected by this transformation. Given that

a transformer is placed on port 1:

V1
′ = V1/n, I1

′ = I1 · n, V2
′ = V2, I2

′ = I2. (D.44)

Then:

Z11
′ =

V1
′

I1
′

∣∣∣∣
I2

′=0

=
V1/n

I1 · n
=
Z11

n2
,

Z12
′ =

V1
′

I2
′

∣∣∣∣
I1

′=0

=
V1/n

I2

=
Z12

n
,

Z21
′ =

V2
′

I1
′

∣∣∣∣
I2

′=0

=
V2

I1 · n
=
Z21

n
,

Z22
′ =

V2
′

I2
′

∣∣∣∣
I1

′=0

=
V2

I2

= Z22.

(D.45)

And for Y-parameters:

Y11
′ =

I1
′

V1
′

∣∣∣∣
V2

′=0

=
I1 · n
V1/n

= n2 · Y11,

Y12
′ =

I1
′

V2
′

∣∣∣∣
V1

′=0

=
I1 · n
V2

= n · Y12,

Y21
′ =

I2
′

V1
′

∣∣∣∣
V2

′=0

=
I2

V1/n
= n · Y21,

Y22
′ =

I2
′

V2
′

∣∣∣∣
V1

′=0

=
I2

V2

= Y22.

(D.46)

Therefore:

[Z ′] =

 Z11/n
2 Z12/n

Z21/n Z22

 , [Y ′] =

 n2 · Y11 n · Y12

n · Y21 Y22

 . (D.47)

In the case of an isolator where Z12 = Y12 = 0, Z11 or Z22 can be adjusted for an

impedance match, but it will also affect Z21.
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