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Abstract

Cloud computing has emerged as a new computing paradigm, with data centers proliferating in
today’s Internet. Cloud service providers often adopt static resource provisioning to pack cloud
resources to fixed types of virtual machines (VM), failing to address user demands efficiently and
precisely. In this thesis, we focus on dynamic cloud resource provisioning, which provides real-
time, on-demand access to cloud resources. We propose efficient algorithms to guide resource
allocation and workload dispatching in cloud systems.

We first study dynamic VM provisioning via an online auction algorithm. We generalize the
existing literature by introducing computing jobs with completion deadlines. A cloud user bids for
future cloud resources to execute its job. Each bid specifies (a) a resource profile of tailor-made
VMs, (b) a utility, reflecting the amount that the user is willing to pay for executing its job, and
(c) a soft deadline, specifying the preferred finish time of the job, as well as a penalty function
that characterizes the cost of violating the deadline. We propose efficient cloud job auctions that
execute in an online fashion, provide truthfulness guarantee, and achieve a good competitive ratio.

We then discuss cloud container services, a more recent form of cloud resource provisioning.
Compared to traditional VMs, cloud containers are more flexible and lightweight. We exploit this
new algorithm design space, and study dynamic cloud container provisioning. We design efficient
scheduling algorithms for complex computing jobs that are running on cloud containers. Our of-
fline and online schedulers permit partial execution, allow a job to specify its job deadline, desired
cloud containers, and inter-container dependence relations, and achieve near-optimal expected ob-
jective values.

We further extend our study to cloud container clusters. Enterprise users often create clusters of
inter-connected containers to provision complex services. Compared to traditional cloud services,
key challenges in container cluster (CC) provisioning lie in the optimal placement of containers

while considering inter-container traffic in a CC. The challenge further escalates when CCs are

i



provisioned in an online fashion upon CC request arrivals. We investigate dynamic cloud CC pro-
visioning, and propose an online algorithm to address the above challenges. Our online algorithm

achieves computational and economical efficiencies.
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Chapter 1

Overview

Resource allocation problems in cloud computing systems have attracted substantial attention in
the recent literature. This thesis focuses on the design of efficient algorithms to dynamically allo-
cate cloud resources. In this chapter, we introduce the background of cloud computing, describe
the problem of dynamic cloud resource provisioning, and overview the structure of this thesis.

Cloud computing has emerged as a new computing paradigm that offers users rapid on-demand
access to shared pools of configurable resources such as CPU, RAM and disk storage, with mini-
mal management effort. According to a recent report, global cloud service providers account for
approximately $260 billion of revenue, from cloud computing services by the end of 2017, up
from $219.6 billion in 2016, and will reach $411 billion by 2020 [34]. Meanwhile, the energy con-
sumption of data centers rises rapidly. Data centers consumed 1.5% of all electricity worldwide in
2011, and the ratio is predicted to increase to 8% by 2020 [50]. A small fraction of improvement
in system efficiency would lead to considerable revenue improvement and energy saving.

In the past decade, two types of cloud platforms blossomed on the Internet, including (i) large-
scale Internet data centers, exemplified by Amazon EC2 [1], Microsoft Azure and Linode [5, 6],
which organize a shared resource pool for serving their users; and (ii) co-location data centers,
often found in metropolitan areas, where smaller clouds from different users are physically co-
located, jointly managed and serviced by the co-location [79]. Our proposed algorithms can be
applied to both platforms.

Cloud service providers often pack their computing resources into different types of virtual
machine (VM), to serve different cloud jobs. For example, Amazon EC2 [1] offers 18 VM instance
types in 5 categories. Table 1.1 illustrates selected VM types available at Amazon EC2. Each type

of VM has its focus and forte, and a large computing job often requires cooperation among multiple



VM instances. For example, social games [60] and enterprise applications [41] are often composed
of a front-end web server tier, a load balancing tier and a back-end data storage tier, each suited for
execution on a VM that is abundant in a particular type of resource: bandwidth, CPU, and storage,

respectively.

Table 1.1: Amazon EC2 virtual machines instance types

VM type vCPU | Memory(GiB) | Storage (GB) | Networking Performance
m3.medium | 1 3.75 1 x4 SSD Moderate

m3.2xlarge | 8 30 2 x 80 SSD High

c3.large 2 3.75 2x6SSD Moderate

c3.4xlarge | 16 30 2 x 160 SSD High

r3.4xlarge 16 122 1 x 320 SSD High

d2.2xlarge | 8 61 6 x 2000 HDD | High

Currently, cloud service providers often adopt static resource provisioning, where VM in-
stances are provisioned in advance with a fixed number of VMs for each type. Although cloud
service providers have been expanding the variety of VM instances, sometimes they still fail to
meet the exact needs, leading to a waste of resources and an unbalanced matching between user
demands and available resources. For example, assume a user needs to deploy a MapReduce ser-
vice in Amazon’s data centers. Its job requires 8 vCPU and 16 GB memory to process 80 GB usage
data [14]. Among all VM instance types Amazon EC2 can provide, m3.2xlarge is the best match.
However, it is still far away from a perfect match and roughly half of the allocated memory and
SSD storage are wasted. Recently, some cloud platforms start to offer customized VMs that pack
various resources at user-specified amounts [2] [7]. Under dynamic provisioning, cloud service
providers assemble customized VMs in an online fashion upon requests, capturing the dynamic
fluctuation of user demands.

In this thesis, we focus on the efficient algorithm design for dynamic cloud resource provi-
sioning. We aim to design general and expressive algorithms that can help cloud service providers

more efficiently allocate their resources, to improve system stability and achieve maximum possi-



ble social welfare. We not only study the dynamic provisioning of VMs, but also pay attention to
the newly emerged cloud container services. Compared to VMs, cloud containers do not require a
full, dedicated operating system to be installed within them, and can launch in microseconds [76].
Cloud containers are more flexible and lightweight, offering an effective alternative for cloud re-
source provisioning. The following three problems are investigated in this thesis: 1) Online auction
algorithm design for cloud computing jobs with deadlines; ii) Scheduling framework design for
cloud container services; iii) Online placement scheme design for cloud container clusters.

In what follows, we provide a brief introduction to each of the problems described, and list our

contributions.

1.1  Online Auction for Cloud Computing Jobs with Deadlines

Cloud computing jobs can be categorized into two types, depending on whether their computing
need is elastic or not. Cloud jobs such as large scale web servers utilize cloud service as a utility,
and require the rented VMs to be always active, with possible dynamic size scaling. These jobs are
similar to the power users in a power grid, who demand always-on power supply. Other jobs such
as big data analytics and Google crawling data processing often have a batch processing nature.
They require a certain computing job to be completed without demanding always-on VM service,
and may tolerate a certain level of delay in job completion. These users are similar to the energy
users in a power grid who need to draw a fixed quantity of energy for powering a given job, but in
a flexible time window.

Today’s cloud providers often adopt a fixed price policy and charge users a fixed amount per-
VM usage. Despite their apparent simplicity, fixed-price policies inherently lack market agility
and efficiency, failing to rapidly adapt to real-time demand-supply fluctuations. Consequently,
overpricing and underpricing routinely occur, which either dispel or undercharge the users, jeopar-
dizing overall system social welfare as well as the providers’ revenue. In contrast, a well designed

auction mechanism can automatically discover the right market price and dynamically allocate



resources according to user demands.

Existing market mechanisms for cloud computing, particularly the auction type mechanisms,
have been implicitly targeting the case of non-elastic cloud jobs. In such one-round [78] and online
[62] cloud resource auctions, once a bid is accepted, the service time window of the corresponding
VMs is fixed, i.e. either in the current round [62] or between the start and finish times prescribed
in the bid [80]. Such auction algorithms do not need to consider the scheduling of accepted jobs.
In contrast, a well designed market mechanism for elastic jobs must pay close attention to not only
whether to accept a bid, but when to schedule its execution based on its deadline information. For
example, consider a cloud user who bids for a VM bundle tailored for human genome analysis.
Its job can be processed within 3 hours if the specified VM bundle is provisioned; however, as
long as the computing result is available within the next 24 hours, the user is happy. This leaves
ample space for job scheduling in the temporal domain, which a well-designed auction algorithm
should judiciously exploit to maximize resource utilization and social efficiency — for example,
scheduling a job within its tolerance window to time slots with relatively low demand. In Chapter
3 of the thesis, we focus on elastic computing jobs that have completion deadlines, and propose an
online auction to address the dynamic provisioning of VMs. More specifically, our contribution

can be stated as follows:

e We propose a new framework, compact-exponential linear programs (LPs), which

works in concert with a dual oracle to handle non-conventional deadline constraints.

e We first consider a basic setting, where each job has several alternative hard dead-
lines. By combining the compact-exponential technique with the classic primal-
dual method, we are able to adapt the recent posted-pricing auction framework
to design an efficient online cloud auction that guarantees truthful bidding, and

achieves near-optimal social welfare.

e We further generalize our cloud auction design by considering server cost and the

general form of a soft deadline. We propose a truthful online auction that achieves

4



computational efficiency and a good competitive ratio.

e We conduct simulation studies based on real world trace data. We show that our
online auctions perform better than the theoretical bound, and can produce between

25% — 80% of the optimal social welfare.

1.2 Scheduling Frameworks for Cloud Container Services

Cloud resources, including CPU, RAM, disk storage and bandwidth, used to be packed into differ-
ent types of VMs to serve different computing jobs. Launching a VM instance requires running a
full, dedicated operating system, which often consumes extra resources and takes minutes or even
longer [73]. More recently, cloud containers offer an alternative to VMs, providing a streamlined,
easy-to-deploy method of resource management. Relying on encapsulated applications, container
service requires no dedicated operating system. A cloud container is flexible, operates with the
minimum amount of resources and starts in microseconds [76]. Container services available on
the cloud market today include Google Container Engine [36], Amazon EC2 Container service
(ECS) [11], Aliyun Container Service [10], and Azure Container Service [54].

A complex computing job consists of multiple subtasks, each requiring a different configuration
of cloud resources. A customized cloud container can be created accordingly to serve each subtask
based on a user-defined resource profile. A subtask may depend on another, and can start execution
only after the latter is completed. Such dependencies can be captured by a dependence graph. For
example, a service chain in Network Function Virtualization (NFV) is composed of a sequential
chain of virtualized network functions (VNFs) [39]. An image rendering job creates a 2D raster
representation of a 3D model. It is composed of four subtasks to be executed sequentially: vertex
processing, clipping and primitively assembling, rasterizing and fragment processing [70]. Tailor-
made cloud services are available to such jobs. For instance, Azure Batch [56] is a service from
Microsoft Azure, for batch processing in the cloud. A user first creates a batch job in its account

and then initializes the job, including creating subtasks, configuring the container for each subtask,



defining schedules and dependencies of subtasks.

While some computing jobs are time-sensitive, requiring full execution before the deadline,
other jobs are elastic, and can be partially executed to obtain partial values. For example, a partially
completed web searching job may return the top search results in a short time period, which is often
good enough for the users [81]. After finishing the first subtask in an image rendering job, the shape
of the 3D model has been outlined by vertices [70], which already provides useful information to
the user. The new model of partial value for partial execution is first described as a Quality-of-
Service (QoS) problem concerning the visualization of large images across a network [25]. It
has applications in numerical computation, heuristic search, and database query processing [26].
Scheduling of computing jobs with partial values in the cloud has attracted recent attention from
the literature [18,53, 81, 82].

In Chapter 4 of the thesis, we study cloud container services, and propose scheduling algo-
rithms that allow partial execution, and process complex computing jobs. Our contribution can be

summarized as follows:

e We extend the existing literature on dynamic cloud resource provisioning, and
present the first study that investigates the scheduling design for cloud container

services.

e Our schedulers are expressive enough such that they permit partial execution and

can handle general type of jobs, i.e., jobs with interrelated subtasks.

e We exploit the compact-exponential technique, and combine it with randomized
rounding and online learning techniques, to design scheduling algorithms. We
prove that both the offline and the online scheduling frameworks guarantee com-

putational efficiency, and produce near-optimal expected objective values.

e Trace-driven simulation studies verify that our scheduling algorithms can achieve

close-to-optimal objective value in short computation time.



1.3  Online Placement Scheme for Cloud Container Clusters

Besides purchasing individual containers, cloud users often require a collection of containers and
the network in between, to create a container cluster (CC) for their jobs or services. Typical ex-
amples include MapReduce programs that process big data with distributed algorithms running on
containers in a CC, and service chains in a Network Function Virtualization (NFV) environment.
A service chain refers to the structure of a network service where a sequence of virtual network
functions are linked [39]. For example, an enterprise may request a CC to deploy an access ser-
vice chain “Firewall -IDS—Proxy”, where instances of firewall, intrusion detection system (IDS)
and proxy are encapsulated into containers. Container clusters are emerging as the new form of
virtual clusters. Compared to traditional virtual clusters, container clusters, e.g., Google Container
Cluster [35], Amazon ECS Cluster [12] and Azure Container Service Cluster [55], provide bet-
ter performance for applications and enhance the elasticity by fast deployment of additional work
nodes.

In Chapter 5 of this thesis, we target a more realistic and general setup in the deployment of
CCs. We investigate the online CC placement problem that dynamically assembles CC as per
user request. We take the perspective of a cloud service provider, who hosts cloud computing re-
sources in multiple zones, where a zone may correspond to one or multiple servers, or a data center.
The computing resources in a region owned by Amazon, for instance, are divided to Availability
Zones [13]. The cloud service provider deploys containers and assembles CC upon requests on
the fly. The deployment of a CC involves not only the placement of containers, i.e., assigning
each container to a zone with free capacity, but also routing inter-container traffic, i.e., identifying
zones with available bandwidth in between to send traffic between neighbor containers. Even in
the offline setting with full information, such a deployment problem translates into an NP-hard
combinational optimization problem. The challenge further escalates when we target a practical
online placement scheme that makes on-spot decisions upon the arrival of each CC request. We

propose an efficient online placement scheme to address the above challenges. In particular, our



contributions are listed as follows:

We jointly optimize the placement of containers and the routing of inter-container

traffic while placing CCs.

e A one-shot CC placement problem that determines a given CC’s placement scheme
is studied. We propose an efficient approximation algorithm to solve this problem,

with the goal of cost minimization.

e We then apply compact-exponential and primal-dual techniques to design an online
placement scheme that employs the one-shot algorithm as a building block to make

decisions upon the arrival of each CC request.

e Through both theoretical analysis and trace-driven simulations, we verify that our
online placement algorithm is computationally efficient and achieves a good com-

petitive ratio.

1.4 Thesis Organization

The rest of the thesis is organized as follows.

Chapter 2 introduces preliminaries in auction design and algorithm design. Before we present
a cloud auction in Chapter 3, we first provide an introduction to some of the fundamental concepts
in auction theory. We then introduce some useful definitions in optimization algorithm design.

Chapters 3-5 present our main technical results, corresponding to each of the problems de-
scribed in Ch. 1.1-Ch. 1.3. In Chapter 3, we study the cloud market for computing jobs with
completion deadlines, and design efficient online auctions for VM provisioning. This is joint work
with Zongpeng Li, Chuan Wu and Zhiyi Huang, and is published in IEEE/ACM Transactions on
Networking (ToN) [84]. Chapter 4 proposes both offline and online scheduling frameworks for
cloud container provisioning. The work presented in Chapter 4 is completed in collaboration with

Zongpeng Li and Chuan Wu, and appears in IEEE/ACM ToN [83]. Chapter 5 studies the online

8



algorithm design for placements of cloud container clusters. The results are done in collabora-
tion with Zongpeng Li and Chuan Wu, and were submitted to IEEE Journal on Selected Areas in
Communications (JSAC) in April 2018.

Chapter 6 concludes this thesis by summarizing the results and discussing directions for further

research.



Chapter 2

Preliminaries

We first introduce some fundamental concepts in auction theory in Ch. 2.1, and then describe some

useful definitions related to algorithm design in Ch. 2.2.

2.1 Preliminaries in Auction Design

We begin with a general auction. An auction is a process where the bidders (buyers) buy goods or
resources from an auctioneer (seller) by offering prices. The auctioneer then makes two decisions
- which bidders win, and how much they pay for the goods or resources. Next, we will introduce
some concepts in the auction theory. Every bidder has a valuation for the goods or resources
being auctioned, in other words, the maximum amount they are willing to pay to get them. A
bidder’s utility equals its valuation minus its payment (how much it is charged) if it wins, and zero
otherwise. Every bidder aims to maximize its own utility. In summary, we have the following

terms:

n: the number of bidders.

b;: the bidding price of the i-th player.

v;: the valuation of the i-th player.

pi: the price that the i-th player is charged.

x;: the outcome of the auction; x; = 1 if the i-th player wins and x; = 0 otherwise.

u;: the utility of the i-th player; u; = (v; — p;)x;.

The mechanism of an auction consists of the following elements:

10



e The bidding procedure.

e A, the allocation function, which determines who receives the goods or resources,

i.e., the value of x;.
e P, the price function, which determines the payment, i.e., value of p;.

In terms of strategic behaviour, bidders are assumed to be rational but selfish, with a natural
goal of maximizing their respective utilities. They may choose to submit a falsified bid b; # v;, if
doing so may lead to a higher utility. We instead value the “happiness” of the entire ecosystem, and

pursue highest social welfare possible, for which it is important to elicit truthful bids from users.

Definition 1. (Dominant Strategy [37]): A strategy is dominant if the strategy earns a user a larger

utility than any other strategies, regardless of what any other users do.

Definition 2. (Truthful Auction [37]): An auction is truthful if for any bidder i, bidding its true

valuation v; forms its dominant strategy, i.e., for all b; # v;, u;(v;) > u;(b;).

A social welfare maximization mechanism aims to maximize the total utility of all bidders, as
well as the utility of the auctioneer. The auctioneer’s utility is the sum of the payments received,

i.e., Y pi. The social welfare is defined as follows:

Definition 3. (Social Welfare [37]): The social welfare is the aggregate utility of the auctioneer

(X, pi) and bidders (Y., (vix; — p;)). With payments cancel themselves, the social welfare is

simply Y} | v;.

In the next chapter, we design a cloud auction that aims to maximize the social welfare and
guarantee truthful bidding. We will specify the detailed definitions of truthfulness and social wel-
fare in a cloud auction in Ch. 3.3. Note that maximizing social welfare and maximizing seller profit
are both natural, conceivable and interesting research problems in essentially all real world auction
design. When social welfare is maximized, the overall eco-system is most efficient and there is a

higher probability for everyone to be happy in the long run. In a cloud system, with the presence
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of multiple cloud service providers, if a particular cloud provider wishes to keep its cloud users, it

may want to pay attention to its users’ happiness besides caring about its immediate profit.

2.2 Other Definitions in Algorithm Design

In this thesis, we formulate problems to integer linear programs, including in particular 0-1 integer

linear programs of the packing type. The formal definition is [72]:

Definition 4. A linear program is a packing 0-1 integer linear program if it has the following
form: Maximize b”x, subject to: Ax < ¢ and x € {0, 1}, where x is the vector of variables, b and
¢ are vectors of non-negative coefficients, A is a matrix of non-negative coefficients, and (-)7 is
the matrix transpose. The expression to be maximized, b’x, is called the objective function, and

inequalities Ax < ¢ and x € {0, 1} are constraints that specify a convex polytope over which the

objective function is to be optimized.

In computer science, approximation algorithms are efficient algorithms that generate approxi-
mate solutions to NP-hard optimization problems. When we analyze the performance of an approx-
imation algorithm, the approximation ratio is used to measure the distance of the returned solution
from the optimal one. Next, we introduce the following definitions for maximization problems and

minimization problems, respectively [72].

Definition 5. An algorithm A for a maximization problem is called an ¢-approximation algorithm,
if aA(I) > OPT(I),VI, where oo > 1, A(I) is the objective value returned by A to the problem under

consideration for input / and OPT (I) is the objective value of an optimal solution under input /.

Definition 6. An algorithm A for a minimization problem is called an a-approximation algorithm,
if A(I) < aOPT(I),VI, where a > 1, A(I) is the objective value returned by A to the problem under

consideration for input / and OPT (1) is the objective value of an optimal solution under input /.

Here, « is the approximation ratio. For a maximization problem, & is the upper bound ratio

of the optimal objective value to the objective value achieved by algorithm A. For a minimization
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problem, « is the upper bound ratio of the objective value achieved by algorithm A to the optimal
objective value. In the design of approximation algorithms, we want to keep & as small as possible.

An online algorithm is an algorithm that can process a sequence of inputs or data arriving
over time, and it needs to make decisions on the fly immediately without being able to see the
future. In contrast, an offline algorithm can access the whole problem data from the beginning and
is required to solve the problem at hand. Competitive analysis is a method for analyzing online
algorithms, and the competitive ratio of an online algorithm is the ratio between its performance
and the optimal offline algorithm’s performance. Next, we define the concept of “competitiveness”

for maximization problems as follows:

Definition 7. An online algorithm B for a maximization problem is f-competitive if BB(I) >
OPT,ff1ine(I), where B > 1, I is a sequence of input, B(I) is the objective value of the solution

found by B and OPT,, ff1in. (1) is the objective value returned by an optimal offline algorithm.

Here, B is the competitive ratio. For an online maximization problem, f3 is the upper bound
ratio of the optimal objective value to the objective value returned by algorithm B, and a smaller 3

indicates better performance guarantee of the online algorithm.
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Chapter 3

An Efficient Cloud Market Mechanism for Computing Jobs

with Soft Deadlines

3.1 Introduction

In this chapter, we generalize existing auction design for dynamic cloud resource provisioning by
proposing online auctions that explicitly handle jobs with prescribed deadlines. We further allow
a cloud user to express soft deadlines, described by a preferred job completion time, coupled with
a penalty function that encodes how much penalty is associated with different degrees of deadline
violation. Compared with simple market mechanisms such as fixed pricing, a well-designed auc-
tion provides automatic price discovery, promptly adapts prices with the fluctuation of supply and
demand, and allocates cloud resources to jobs who value them the most, maximizing the overall
“happiness” of everyone in the cloud ecosystem.

We simultaneously target the following goals in our cloud auction design. First, we require
the cloud auction to be computationally efficient and execute in polynomial time. Second, the
auction should be truthful, so that bidding true job valuation is the dominant strategy for a cloud
user. Third, the auction should maximize the social welfare of everyone in the system, including
both the cloud provider and the cloud users. Such cloud auction design is faced with a number of
challenges. First, truthfulness is a rather strong property that comes only with a pair of carefully
prepared VM allocation and payment algorithms that work in concert with each other. Further-
more, even if the cloud users can be assumed to be altruistic and truthful bids are given for free,
the winner determination problem for social welfare maximization is an integer linear program
(ILP) that is NP-hard to solve. A new challenge unique to our problem here is the non-traditional

type of soft deadline constraints, which is hard to model and handle with traditional LP formu-
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lation and algorithm design. Last but not least, we require the auction to be online, immediately
making a decision upon the arrival of each bid, without knowing future bids in the market, yet still
guaranteeing near-optimal decision making as compared to an omniscient offline optimum.

We first consider a basic setting where resources in the cloud are free up to a known capacity
limit, and that the soft deadline can be expressed by enumerating a few hard deadline options
and their corresponding bidding prices. We first present a natural ILP formulation of the social
welfare maximization problem. While polynomial in size, this ILP involves both conventional
constraints (capacity limits and XOR bidding) and unconventional constraints (job deadlines). The
latter further lead to unconventional dual variables that are hard to interpret and update in a primal-
dual algorithm framework we will leverage. We convert the natural ILP into a compact-exponential
ILP that has a compact formulation of conventional constraints only, at the price of involving an
exponential number of variables.

We apply the posted pricing primal-dual framework to the compact-exponential ILP for online
social welfare maximization. Although the dual has an exponential number of constraints, we
show fast dual oracles that can quickly update the dual variables, which are interpreted as unit cost
of cloud resources in different time slots. We maintain carefully estimated resource costs based on
recently designed exponential cost functions [23]. Upon receiving a bid, we compare the bidding
price with the estimated cost of the bid. If the bidding price is higher, the bid is accepted and
dual variables are updated; otherwise the bid is rejected. The posted pricing framework charges
winning jobs an estimated cost that is independent from the bidding price, and is truthful [42]. We
conduct theoretical analysis on the competitive ratio and prove its upper-bound.

We proceed to generalize our cloud auction design by addressing two practical concerns. First,
we model the cost of resource provisioning in data centers, using a convex cost function that
characterizes server cost with Dynamic Voltage Frequency Scaling [66]. Second, we consider
the general form of a soft deadline, specified by (i) a preferred deadline and (ii) a non-decreasing

penalty function for deadline violation. The new social welfare maximization problem is an integer
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convex program. We resort to a new primal-dual solution framework for well-structured convex
programs based on Fenchel dual [31], and adapt our posted pricing auction framework from the
previous scenario to this general setting.

In the rest of this chapter, we discuss related work in Ch. 3.2, and introduce the system model
in Ch. 3.3. Design and analysis of the online cloud auctions are presented in Ch. 3.4 and Ch. 3.5.

Ch. 3.6 presents simulation studies, and Ch. 3.7 concludes the chapter.

3.2 Related Work

Market mechanism design for cloud computing, particularly auction mechanisms for cloud re-
source trading, has attracted substantial interest from the research community, with a large number
of VM auctions spawned in the past few years [62,64,75,77,78,80].

The earliest VM auctions are simple in that they are one-round auctions, and assume that
the cloud provisions a single type of VM, or that VM configurations are equivalent up to linear
scaling [64]. They also assume the scenario of static VM provisioning, where the number and type
of VMs to be sold are predetermined prior to the auction start [75].

Dynamic VM provisioning, in which the cloud provider makes decisions on which VMs to
assemble and how many based on demand learned from user bids during the auction, has been
studied in the past two years [62, 78, 80]. Zhang et al. design a randomized auction for dynamic
resource provisioning in cloud computing based on a convex decomposition technique, which is
truthful and guarantees a small approximation ratio in social welfare [78]. Shi et al. further study
dynamic resource provisioning where cloud users are subject to budget constraints, and design
online auctions where decision making is coupled in the time domain due to fixed user budgets [62].

Online cloud auctions appear later than their one-round counterparts. Zhang et al. is among
the first to study online cloud auction design, but they assume all VMs are of a uniform type [77].
The work of Shi et al. [62] designs online auctions, but does not consider the temporal correlation

in decision making due to jobs spanning multiple time slots. A recent work of Zhang et al. [80]
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studies online cloud auctions where a user bids into a fixed time window for job execution; hence
the scheduling dimension is non-present in their solution space.

There have been recent studies on mechanism deign for batch jobs with deadlines. Lucier
et al. study two scheduling algorithms for jobs with deadlines in cloud computing clusters [53].
They analyze the competitive ratio for non-committed scheduling, which does not require to finish
executing a job that has started execution. They do not provide any performance guarantee on the
competitive ratio for committed scheduling. Navendu ef al. design a truthful allocation and pricing
mechanism for computing jobs with deadlines, but restrict attention to the offline setting [44].
Azar et al. construct an online mechanism for preemptive scheduling with deadlines [18]. Their
mechanism is truthful and achieves a constant competitive ratio. All of those works consider only
one fixed deadline for each job, and fail to model the server’s operation cost.

Compared with existing literature on cloud auctions, our work is the first to design cloud auc-
tions that explicitly consider job elasticity and job execution deadlines, which are important for
practical applications to batch processing jobs. Accordingly, we propose the compact-exponential
optimization technique that can effectively handle the new job deadline constraints in social wel-
fare maximization for the cloud.

The online primal dual method (see [24] for a detailed survey) is a powerful algorithmic tech-
nique that has witnessed broad applications, such as solving the ski rental problem, maximizing
revenue in ad-auctions, and solving the general packing problem. The original primal dual frame-
work works on linear programs, and is not used to solve problems modelled by convex programs
in our work. Rather recently, new techniques were introduced to help apply the primal dual frame-
work to algorithm design for convex programs. Blum ef al. study online combinatorial auctions
with production costs using the online primal dual framework [20]. They present algorithms for
various cost functions. Huang et al. further investigate the same problem and propose mechanisms
with improved competitive ratio [42]. These studies do not consider the scheduling of jobs, and

they cannot handle VM departures and resource recycling.
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3.3 System Model

We consider a cloud data center hosting a pool of K types of resources, including CPU, RAM and
disk storage that can be dynamically assembled into different types of VMs. Let [X] denote the
integer set {1,2,...,X}. There are a total ¢, unit of type-k resource in this cloud. The cloud service
provider acts as the auctioneer to lease VMs to cloud users through an auction. User bids arrive
sequentially across a large time span 1,2,...,T. Note that multiple bids can arrive simultaneously,
and would be ordered randomly. There are / users participating in the auction, and each user
requests customized VMs, and specifies in its bid: (i) rf.‘, the total amount of type-k resource, and
(i1) w;, the number of slots required to finish the job by the designated VMs. Job execution doesn’t
need to be continuous. A user i’s job can be executed at any time slot as long as the total execution
time meets w; before the deadline. We consider two soft deadline models in this work: a basic
model with alternative deadlines and a general model with penalty function and server operation

Ccost.

3.3.1 Jobs with Alternative Deadlines

We first consider a basic scenario where each user submits J optional bids to express disjunctive
deadline options. A bid from user i consists of a list of desired types of resource rf.‘, Vk; the number
of requested slots w;, and deadlines for job completion d;;, Vj, each with a corresponding bidding

price b;;. We use B; to denote the bidding language of user i’s bids submitted at time #;:

B = {ti, {rf'c}ke[l(]awh {dij7bij}j€[f]}'

We adopt the XOR bidding rule that assumes a user can win at most one bid among its J
optional bids [78]. Upon the arrival of each bid, the cloud provider decides immediately whether
to accept it, and if so, which deadline to choose and how to schedule the job. A binary x;; equals
1 if user ’s jth bid wins, and 0 otherwise. Let another binary variable y;() encode the scheduling
of user i’s job: y;(¢) = 1 if user i’s job is scheduled to run at time ¢, and O otherwise. The cloud

provider also calculates the payment p; for each winner i.
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Let v;; be the true valuation of user i’s jth bid, then the utility of that bid is u; j(bl- j) =Vij—Di
if x;; =1, and is O if x;; = 0. In practice, users are assumed to be selfish with a natural goal to
maximize their own utilities; they may lie about their true valuations in the hope of a higher utility.
The cloud provider instead pursues highest social welfare possible to make everyone in the cloud

system “happy”. For that goal, it is important for the cloud provider to elicit truthful bids.

Definition 8. (Truthful Auction): A cloud auction is truthful if the dominant strategy for each user

is to report its true valuation, which always maximizes its utility: for all b;; # v;j, u;;(vij) > ui;j(bij).

Definition 9. (Social Welfare): The social welfare in the cloud market with alternative deadlines
is the aggregate user utility }.;c(; X je[s] VijXij — Lic|n) Pi Plus the cloud provider’s utility Y ;cip pi-

Payments cancel themselves, and the social welfare becomes Y ey ¥ je (] Vijij-

3.3.2 Jobs with Penalty Function and Operation Cost

We further consider a more general model where each user submits a single preferred deadline d;,

with a penalty function g;(7;) defined over deadline violation ;:

gci(fi), ifte [0, T— dl']
gi(7) = (3.1)
+ oo, otherwise

where d; + 7; is the job completion time; b; — g;(7;) is the bidding price, decreasing with job
completion time; g, (-) is a non-decreasing function and g.,(0) = 0. User i’s bid with this model
is: B; = {ti, {rf Yerx) wis di, bi» 8i(%) }.

Existing studies on cloud auction design often ignore the server operation cost of the cloud
provider. It is natural to include server cost in the computation of social welfare, albeit the fact
that it makes social welfare optimization substantially more challenging (from linear to non-linear
integer programming). The operation cost in the cloud comprises mainly of power consumption for
provisioning the virtual machines, increasing as the amount of resources used grows. Let z;(¢) be

the amount of type-k resource used at time ¢ in the cloud, then the cost function of type-k resource
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is defined as:
Brz(t) %, if 24 (t) € [0, ¢4]
Jiz(t)) = (3.2)
+ oo, otherwise
Parameter B is the coefficient determined by the power consumption of each type of resource.
Recent measurement studies suggest that the power consumption of memory, and disk are signif-
icantly lower than that of CPU [45]. 7% > 0 modulates the shape of the cost function, following
the operational model of physical servers in the cloud. For example, Dynamic Voltage Frequency
Scaling (DVFES) is a technique widely adopted in virtualization platforms, adjusting the frequency
or voltage of CPUs to save power consumption [66]. ¥ is roughly 2 if the voltage is proportional
to the usage of CPU when DVFS is enabled, and equals 0 when DVES is disabled [47]. The shape
of RAM and disk cost function is different from that of CPU, with ¥, € [0.5,1] [45].
Similar to the notations in Ch. 3.3.1, let a binary x; be an auction decision and p; be the payment.
v; — g/ (7;) is the true valuation of user i’s bid. The cloud provider’s utility equals the aggregate
user payment minus the operation cost, i.e., Yic( Pi — Lke[k] Lee[r) Jk(2k(t)). The definitions of
user i’s utility, truthful auction and social welfare are omitted here as similar ones can be found in

Ch. 3.3.1. Table 3.1 summarizes notation for ease of reference.

Table 3.1: Summary of Notation in Chapter 3

I | # of users [X] | integer set {1,...,X} | T | #oftimeslots | J | # of bids per user
f | costfunction | f* | convex conjugate of f | g | penalty function | #; | user i’s arrival time
d;j(d;) | deadline of user i’s jth (user i’s) bid rf-‘ demand of type-k resource by user i
bij(b;) | bidding price of user i’s jth (user i’s) bid w; | # of slots requested by user i

vij(vi) | true valuation of user i’s jth (user i’s) bid T; | # of slots that passes the deadline for i
x;j(x;) | user’s jth (user i’s) bid wins (1) or not (0) | ¢ | capacity of type-k resource

yi(t) whether or not to allocate user i’s job in ¢ u; | user i’s utility

7% (1) amount of allocated type-k resource at ¢ pi | user i’s payment

Pr(t) marginal price of type-k resource at ¢ 0r | max{2,(1+ %) 71?}

(091 (aZ) Competitive ratio of Aoniinel (Aontine2) Pk max{g_,lz’}/ka Ck(gekkfl) ln(ﬁk(lj‘]l;’k)czk )}
Ui(Ly) | maximum (minimum) value per unit of type-k resource per unit of time
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3.4 Online Auction Mechanism for Jobs with Alternative Deadlines

In this section, we focus on the scenario where each user’s job has J alternative deadlines. Ch. 3.4.1
presents the social welfare maximization problem and the framework to handle such deadline prob-

lems. We design an online auction in Ch. 3.4.2 and conduct theoretical analysis in Ch. 3.4.3.

3.4.1 Social Welfare Maximization Problem

Under the assumption of truthful bidding (b;; = v;;), the social welfare maximization problem with

alternative deadlines can be formulated into the following ILP:

maximize Z Z bjjxij 3.3)
i€ll] jel]

subject to: y; (1)t < Z dijxij,Vt € [T|,Vie[l]:t; <t, (3.3a)

Jjel]
Y waii < Y yile), viell], (3.3b)

JjEV] te[T]:;<t
Y i) < e Vke K[V e [T], (3.3¢)

ie[l]:<t
Y xij<1Viell, (3.3d)
Jjel]

xij,yi(t) € {0,1},Vie [I],Vt € [T],Vj € [J]. (3.3¢)

Note that the following constraint is redundant, and is not explicitly included in the ILP above:
Yi(t) < X jen Xij, Vi € [I],Vt € [T]. Constraint (3.3a) ensures that a job is scheduled to run between
its arrival time and deadline. Constraint (3.3b) guarantees that the number of allocated slots is
sufficient for serving a successful bid. The capacity limit of each type of resource is expressed in
constraint (3.3c), and the alternative deadlines are modelled with the XOR bidding rule by (3.3d).

Even in the offline setting, ILP (3.3) is still an NP-hard combinatorial optimization problem. To
verify, consider a special case of ILP (3.3) by setting 7 = 1 and K = 1. Then the classic knapsack
problem, which is known to be NP-hard, can be reduced to the special case of ILP (3.3) in polyno-

mial time. The challenge further escalates when we involve the jobs’ deadlines and pursue online
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decision making. To address these challenges, we resort to the primal-dual algorithm design tech-
nique. In preparation, we first design a new framework to handle the unconventional constraints
for deadline modelling. More specifically, we reformulate the original ILP (3.3) into a simplified

compact-exponential ILP with a packing structure, at the price of involving an exponential number

of variables:
maximize Y )" bixi (3.4)
i€ll)leg;
subject to:
Y Y i<, Vke[K] Ve [T], (3.4a)
i€l 1T (1)
Y <1 viell, (3.4b)
legi
x; €4{0,1},Vie I,V e, (3.4¢)

Constraints (3.4a) and (3.4b) are equivalent to (3.3¢) and (3.3d). {; is the set of feasible schedules
for user i. A feasible time schedule is a vector [ = {y;(¢)} that satisfies constraints (3.3a) and (3.3b).
Variable x; € {0,1} indicates whether user i’s schedule / is accepted (1) or not (0). T() records
the set of time slots in /. The value of b;; is based on schedule /, and equals the corresponding b;;.
We relax the integrality constraints of x;; to x; > 0 and formulate the dual problem. By introducing

dual variables py () and u; to constraints (3.4a) and (3.4b) respectively, the dual LP of the relaxed

(3.4)is:
minimize Zuﬁ— Z Z ckpi(t) (3.5)
i€li] te[T]ke[K]
subjectto: u; >by— Y, Y ripi(t),Vie I),VI€§, (3.5a)
ke[K]reT (1)
pr(t),u; > 0,Vi € [I], Vk € [K],Vt € [T]. (3.5b)

As we can observe, a feasible solution to ILP (3.4) has a corresponding feasible solution in ILP
(3.3), and the optimal objective value of (3.4) is equal to that of (3.3). The number of variables

in ILP (3.4) is exponential since the number of possible time schedules for user i is exponential
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in size. We next design an efficient primal-dual allocation scheme that only updates a polynomial

number of variables, and can simultaneously solve optimization problems (3.3), (3.4) and (3.5).

3.4.2  Online Auction Design

In the auction algorithm, the cloud provider needs to deicide whether to accept a user i’s job and
if so, how to schedule its job to meet its deadline. If user i’s jth bid with schedule / is accepted,
then let x;; = 1, and update the variable y;(¢) according to schedule /. To solve ILP (3.3), we adopt
the primal-dual technique to the compact-exponential ILP (3.4) and its dual (3.5). For each primal
variable x;; in (3.4), there is a dual constraint associated with it. Complementary slackness indicates
the update of the primal variable is based on its dual constraint. x;; is zero unless its associated
dual constraint (3.5a) is tight. Because the dual variable u; > 0, we let u; be the maximum of 0 and

the right hand side (RHS) of (3.5a),
u; = max{0, max{b; — Z Z r{-(pk(t)}}. (3.6)

les teT(l) ke[K)

Accordingly, the cloud provider accepts user i if u; > 0, and serves user i’s job according to the

schedule that maximizes the RHS of constraint (3.5a); if u; < 0, the bid is rejected.

Algorithm 1 A Primal-dual Online Auction A,,jine1
Input: bidding language {B;},{ck},{Uk},{Lk},O
1: Define function py(zx()) according to (3.7);
2: Initialize Xij = O,yi([) = O,Zk([) =0,u; = O,pk(l‘) = eL—(ky,Vi S [I],V] S [J],Vk S [K],Vl‘ S [T];
Let x; = 0,Vi € [1],VI € {;, by default;
3: Upon the arrival of the ith user
4 (xij, i)}, pis Ae(0) } Az (1) }) = Acoret (Biy {exds {pe(t) }, {ze(1)}):
5. if 3j € [J],x;j = 1 then
6: Accept user i’s jth bid and allocated resources according to y;(¢); Charge p; for user i;
7
8
9

. else
Reject user i.
. end if

If we interpret dual variable py(r) as the marginal price per unit of type-k resource at time
t, then Y, c7() Lielx] rf.‘pk(t) is the total charge that user i should pay when its job is assigned

according to schedule /. The RHS of (3.5a) becomes the utility of bid i with schedule /. Thus, the
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Algorithm 2 A Scheduling Algorithm A1
Input: bidding language {B;},{cx}, {pc()},{zx(t)}
Output: x;;, pi, {pr(t) },{z(t) }
L c(t) = Lielk] r*pi(t),Vt € [T]; /] price per slot
2: for all j € [J] do
3: Select w; slots with minimum (c(#)) and zx () + r¥ < ¢, Vk € [K] within [t;,d;;], save the
schedule in /};
pij = Yaer(r); c(t)suij = bij — pij;
end for
J* = argmax ey {ui};
if u;j > 0 then
xij» = Lyi(t) = LVt € T(lj+), pi = pij*;
Xl = 13
10: wi=wumz(t) =z(t) + 15 Ve [K),t € T(lj);
11: pi(t) = p(zi(1)),Vk € [K],t € T(1j+);
12: end if
13: Return x;js, {yi(1)}, pi, {pi(1) }, {zx(t)}

N A A

assignment of u; in (3.6) effectively maximizes user i’s utility. This is a key step towards achieving
social welfare maximization and truthfulness.

Note that although the calculation of u; seems to take exponential time, since the size of dual
constraint (3.5a) is exponential, we design a dual oracle that selects only a polynomial number of
dual constraints. We fix a set of schedules L; with polynomial size through the dual oracle, and set
uj = max{0,max;er, {bis — Yrer () Liex) 7+ Pk(1) }}. Then xj is updated to 1 when u; > 0. The dual
oracle works as follows. For each deadline d;; of user i’s job, we select w; slots with the minimum
price for t € [t;,d;;], and let [; be the corresponding schedule, and add /; to set L;. The schedule
that maximizes user i’s utility is the one with the minimum price in set L;.

We next discuss the update of the dual variable py(r). Recall that py(z) represents the marginal
price per unit of type-k resource at time . We define a new variable z;(¢) as the amount of allocated
type-k resource at time 7, and let the marginal price be a function of z;(¢). p(t) is increasing with
the growth of z;. Let Uy and L; be the maximum and minimum values per unit of type-k resource
per unit of time, respectively. The initial price of each type-k resource should be low enough such

that any user’s bid can be accepted. Thus, we set the starting price to eL—c’; where ¢ > 0 is a parameter
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such that % = min;c[{w;}. pi(t) exponentially increases when z;(t) is close to the capacity cy. It
reaches Uy when z;(¢) = ¢ because in this case, the cloud provider will never allocate any type-k
resource to any user. In summary, py(¢) is defined as a function on z(¢) as follows:

(1)

pelze(t)) = 2 (chk)

n eo Ly

(3.7

bij . bij
Where Uy = maXie[I]7j€[J]:rfF>O{r_f§J} and Ly = mlnie[l]7je[1]:rf>0{m :

Aoniine1 In Alg. 1 with the scheduling algorithm A.y,.; in Alg. 2 running for each user is the
online auction. A,,ize1 first defines the price function and initializes the primal and dual variables
in lines 1-2. Upon the arrival of each user i, we select the bid j* with schedule /- that maximizes
user #’s utility through the dual oracle (lines 2-5). If user i obtains positive utility, primal variables
x;j+ and y;(¢) are updated according to schedule j* (line 8). We then increase the usage for different

resources (zx(t)) and update the price (py(t)) fort € T(I) j« (lines 10-11).

Slot 1 Slot 2 Slot3 Slot 4 Slot 5
Z1(1)=2 Z1(2)=2 Z1(3)=2 Z1(4)=0 Z1(5)=0
p1(1)=0.14 p1(2)=0.14 p1(3)=0.14 p1(4)=0.07 p1(5)=0.07

v Useriarrives at time 2 G=10
B 2 units ¢ bid 1: deadline 3, $3
1slot Ubid 2: deadline 4, $2
Accept bid 1. User i's job
D is processed at time slot 2

Slot 1 v Slot2 Slot 3 Slot 4 Slot 5
Z1(1)=2 Z1(2)=4 Z1(3)=2 Z1(4)=2 Z1(5)=0
p1(1)=0.14 p1(2)=0.28 p1(3)=0.14 p1(4)=0.07 p1(5)=0.07

Figure 3.1: An Example of the process in A,pjinel -

We next use an example to illustrate the winner determination process in A,pjine1, as shown
in Fig. 3.1. Suppose the online system spans 5 time slots. A cloud data center hosts only one
type of resource and the capacity is 10, i.e., ¢y = 10. Assume ¢ =5, L; = 1 and U; = 2. Before
the arrival of user i, assume the marginal price per unit of resource at time ¢ is p;(1) = p;(2) =
p1(3) = 0.14; p1(4) = p1(5) = 0.07. The amount of allocated resource at time 7 is z; (1) =z;(2) =

21(3) = 2;z1(4) = z1(5) = 0. User i arrives at time 2, requiring 2 units of resource and 1 time slot

25



to execute its job. It submits two optional bids: it is willing to pay $3 if its job is completed before
time 3 or $2 if its job is finished before time 4. The bidding price of the user i can be expressed as
B; ={2,2,1,{3,$3},{4,%$2}}. Upon the arrival of the user i, Ao is executed to decide whether
to accept it and if so, how to schedule the job. The price per slot is calculated at line 1 in A¢preq
and c¢(1) = ¢(2) = ¢(3) = 0.28;¢(4) = ¢(5) = 0.14. For the first bid of user i, lines 3-4 in Acprei
compute the schedule, payment and utility of it: /; = [2], p;; = 0.28 and u;; = 2.72. For the second
bid of user 1, I, = [4], p12 = 0.14 and u, = 1.86. Now user i’s maximum utility is larger than 0,
i.e., uy; > 0, primal and dual variables are updated accordingly at lines 8-11 in A.,.1. Here z;(7)
and pj(¢) at slot 2 are updated, i.e., z;(2) =4 and p;(2) = é : (103)% ~ 0.28. User i’s first bid is
accepted and its job is processed at time slot 2. The cloud provider charges $0.28 for user i. This

process is repeated until the last user’s job is handled.

3.4.3 Theoretical Analysis

i) Correctness, Running Time, and Truthfulness.

Theorem 1. A,,;;,,1 computes a feasible solution to ILP (3.3), ILP (3.4) and LP (3.5) in O(1JKT)

time.

Proof: (Correctness): Note that there always exist feasible solutions to ILP (3.3) ILP (3.4) and LP
(3.5). Consider variables with initial values (defined in line 2 in A,,ixe1), they satisfy all constraints
and are feasible. A,,;ine1 Outputs a feasible solution for ILP (3.3) because line 3 in A,y guaran-
tees that the schedule /; for user i’s jth bid satisfies constraints (3.3a), (3.3b) and (3.3c). Constraint
(3.3d) holds as only one bid per user can be accepted by Ay in line 6. Furthermore, the corre-
sponding relation between x;; and x;; implies x;; is a feasible solution for ILP (3.4). For the dual
problem (3.5), Acore1 assigns 0 to u; if by < Yyex) Lier() 1 pr(1)s and by — Yyex) Lier) 1 pi(?)
to u; otherwise, ensuring the feasibility of A,,jine1-

(Running time): Lines 1-2 can be executed in linear time for the initialization of the cost

function, primal and dual variables. Upon the arrival of user i, Algorithm A .. first takes T
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steps to calculate the price of each slot. The for loop iterates J times to select the best slots for
each bid. Line 3 in Alg. 2 takes O(TK) time to schedule the job and check the capacity limit. Line
4 can be done in O(1) steps. Thus, the running time of the for loop in Alg. 2 is O(JKT). Then
line 6 records the bid with the maximum utility in J steps. The body of the if statement (line
8-11) takes O(KT) time to update the primal and dual variables and compute the payment. To sum
up, the running time of A1 is O(JKT). The last step of Aypiiner (lines 5-9) is to announce the
auction decision, which can be done in constant time. In conclusion, A,,;in.1 runs in (O(IJKT))

time. 0
Theorem 2. The online auction A,,,;;;,. is truthful.

Proof: Our auction A,,;in.1 belongs to the family of posted pricing mechanisms [42]. Upon the
arrival of user i, the payment that user i needs to pay to the cloud provider, if it wins, depends only
on the amount of resource that has been sold, and user i’s demand. It is independent of user i’s
bidding price. Consequently, user i cannot improve its utility by lying about its bidding price since
its utility equals its valuation minus the payment, i.e., u;; = v;; — p;. Furthermore, Aine1 always
selects the schedule with the maximum utility among all possible schedules for user i. Hence,
truthful bidding guarantees that each user obtains its maximum utility in A,pjine1 - ]
ii) Competitive Ratio.

We next examine the competitive ratio of our online auction. The competitive ratio is the upper-
bound ratio of the social welfare achieved by the optimal solution of ILP (3.3) to the social welfare
achieved by our online auction A,,;;;,.;. We first introduce a primal-dual analysis framework in
Lemma 1, which states that if there exists a bound between the increase of the primal objective
value and the increase of the dual objective value, and the initial dual value is bounded, then the
competitive ratio is also bounded. The initial dual value is explained in Lemma 2. We next define
the Allocation-Price Relationship for A,,ine1 in Definition 10 and the differential version of it in
Definition 11 respectively. We prove that if the Allocation-Price Relationship holds for a given o,

Aoniine1 satisfies the inequality in Lemma 1. We then present the value of @; in Lemma 4 and prove
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that A,ine1 18 ﬁal -competitive in Theorem 3.

Let OPT| and OPT, denote the optimal objective values of ILP (3.3) and (3.4), respectively.
We know that OPT| = OPT;. Let P; and D; be the objective value of the primal problem (3.4) and
that of the dual problem (3.5) returned by an algorithm after processing user i’s bids. Let Py and
Dy be the initial values. Then P; and Dy are the final primal and dual objective values achieved by

the algorithm.

Lemma 1. If there exists a constant ¢; > 1 such that 1)

1 )
P,—P_y > —(D;i—D;_),Vi,
(041

i) Py =0and Dy < 01: L then the algorithm is %5 or;-competitive in social welfare.

Proof: When we sum up the inequalities for each i, we have

1 1
1 §,< [ 1)_061 El( i l) al(

D;—Dy).

According to weak duality [21], D; > OPT;. Further by our assumption that Dy < @. Therefore

1.1 1.1
P>(1—-)—OPT, =(1—-)—OPT.
e’ oy e o

So we can conclude that the algorithm is %5 ot -competitive. [

Lemma 2. Under the assumption that the offline optimal social welfare is at least } ;¢ (k] %chk,

i.e.,, OPT, > Zkem %chk, Dy computed by A,,jine1 18 at most @.

Proof: We first explain the assumption of the lower bound on the offline optimal social welfare. Re-
call that L is the minimum value per unit of type-k resource per unit of time and % =min;p {wi}.
YiclK] ngck is the minimal social welfare generated by bids if the entire capacity of type-k re-
source is occupied in g slots. So the assumption in the above lemma is essentially saying that in
the offline solution, there are enough workloads to occupy all types of resources in % slots, which

is easily satisfied in real-world cloud systems.
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The initial objective value of the dual problem (3.5) computed by A,sine1 1S:
Do=Y Y ap@)=) ch—
te[T ke[K] te[T]ke[K]

1
= - Z —ckLk< 0PT2
ke[K] o

[

Aoniine1 guarantees Py = 0. We next define an Allocation-Price Relationship and show that if

it holds for a given @, then the primal and dual objective values achieved by A,,jine1 satisfy the
inequality in Lemma 1. pi(¢) denotes the price of type-k resource after handling user i. . (¢) is the

amount of allocated type-k resource after processing i’s job.

Definition 10. The Allocation-Price Relationship for A,,;;;,.1 With o > 1 is:

P OG0~ (1) = —elph() = pi (1)), Vi € 1], Vk € [K], Vi € T(D),

Lemma 3. If the Allocation-Price Relationship holds for a given oy > 1, then A, ;i1 guarantees

P—P_; > o (Di—Diy) foralli € [1].

Proof: If user i is rejected, then P, — P,_1 = D; — D;_1 = 0. In the following analysis, we assume
that user i’s jth bid is accepted, and let [ be the schedule of user i’s job. The increment of the
primal objective value is: P, — P,_1 = b;;. Note that A,,,;i,.1 makes the constraint (3.5a) tight when
bid b;; with schedule [ is accepted. Thus,
bi=ui+ Yy Z Pk (1) =z (1))
kE ZGT
The increase of the dual objective value is:
D;—D;_ 1—u,—l—Z Z Ck l l(l‘)).
ke[K]teT ()

By summing up the Allocation-Price Relationship over all k € [K] and t € T (1), we can obtain:
1
Br=Piy 2 i+ oo (Di=Dicy — ).
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Since u; > 0 and a; > 1, it is obvious that
1
P,—P_1 > —(D;—Dj_1).
o

]

We observe that each inequality in the Allocation-Price Relationship involves variables only
for type-k resource. Next, we are trying to identify the corresponding o ; for each pair of k that
satisfies the Allocation-Price Relationship. Then ¢ is just the maximum value among all o .
In order to compute the value of ¢ , we make the following mild assumption and define the
differential version of the Allocation-Price Relationship based on it.

Assumption 1. The job demand is much smaller than the resource’s capacity, i.e., rff < ¢.

In the real world, a job’s demand is usually smaller than a type of resource’s capacity in a
large data center. We make this assumption mainly to facilitate our theoretical analysis, such that
techniques from calculus (differentiation) can be used. We don’t consider extreme cases which are
rare in practice. For example, if a high-valued bid demanding almost all the resource is rejected,
because a small fraction of the resource is used by other users, then the worst-case competitive
ratio can be infinitely large. It is also worth noting that, similar assumptions are made in rele-
vant literature of online resource allocation [80] [9] [43]. In addition, we can relax Assumption
1 and assume an upper bound on Zk—’k Instead of differential equation and integration, we can use
difference equation and summation to derive similar results. We also relax this assumption com-
pletely in our simulation studies. Under Assumption 1, z4(¢) — zf{’l (1) = dz(r). The Differential

Allocation-Price Relationship is:

Definition 11. The Differential Allocation-Price Relationship for A,jine1 With @ > 1 is
pe(t)dzi(t) > Oj—kdpk(t),Vi € [1),Vk € [K], ¥t € T(I).
1.k

emma 4. 0 = In|{ 0+ | + 1 and the marginal price defined 1n (3./) satisfies the Differentia
L 4. o =1 Z’: I and th inal price defined in (3.7) satisfies the Diff ial

Allocation-Price Relationship.
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Proof: The derivative of the marginal price function is:

0]

dpe(t) = pl(ze(0))dze () = 2 (“’Uk) “n (“’Uk) " dz(o).

eo L Ly

The Differential Allocation-Price Relationship is:

7 (1) 7 (1)

1
Ly (ecU\ <« ¢k Ly [ecUi\ <« ecU \ «
— dzi(t) > — - — 1 dz(t
eG(Lk> Zk()_al,k eG(Lk) Il< Lk) Zk<>
U
:>061k21n(6—k)+1.
» Lk
Therefore this lemma holds for ¢ ; = In (GZ—IZ) +1. ]

Theorem 3. The online auction Az in Alg. 1 is ;%5 o-competitive in social welfare with
0| = MaX;c[g] {ln (GZ—:) } +1.
Proof: According to the proof in Lemma 4, o satisfies the Differential Allocation-Price Relation-

ship. Under Assumption 1, we have z (t) —z; ' (t) = dz(t), and

dpi(t) = pi(zx(t))dz(t) = pi(t) — pi ' (2).

As a result, we can show that the Allocation-Price Relationship holds for ¢;. Then, combining

Lemma 1, Lemma 2 and Lemma 3 we finish the proof. L]

3.5 Online Auction Design for the General Model with Penalty Function and

Operation Cost

In this section, we present the online auction design for the general model that includes a penalty
function and operation cost. We focus on the more challenging case of superlinear cost function

with %, > 0. The auction design for linear cost with 9} = 0 is similar and is omitted here.
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3.5.1 Social Welfare Maximization Problem

Under the assumption of truthful bidding, the social welfare maximization problem in the general

model is:
maximize Z (bixi — gi(Ti)) Z Z Sz (2 (3.8)
icll] t€[T]ke[K]

subject to:
yi(t)t <di+71, Ve € [T|,Vie[l]:1; <t, (3.8a)
wixi <Y yi(0), Viel, (3.8b)

te[T):6;<t
Y. yile)rf <zlo), vk e [K], Ve € [T], (3.8¢)
ie[l]:4;<t

T, 2k (1) > 0,x;, yi(t) € {0, 1},

Vi e [I|,vt € [T],Vk € [K]. (3.8d)

Again, constraint y;(t) < x;,Vi,z is redundant and is implied by the other constraints. Recall the
definition of the cost function in (3.2) (fi(zx(¢)) = +oo if zx(¢) > ¢), constraint (3.8c) guarantees
that the amount of allocated resource never exceeds its capacity.

Let {; be the set of time schedules that satisfy constraints (3.8a) and (3.8b) for user i. We
adopt the same framework to reformulate the above convex optimization to the following compact-

exponential convex problem:

maximize Z Zblle— Z Z Szt 3.9)

i€[l]leg; te[T]ke[K]
subjectto: Y Y rxy <z(r), Vk € [K], Ve € [T), (3.9a)
ie[ll:teT (1)
Y xi<1,viell, (3.9b)
leg;
xip € {0,1},z(¢) > 0,Vi € [I], VI € §;,Vk € [K],Vr € [T]. (3.9¢)
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We introduce dual variables py(7) and u; to (3.9a) and (3.9b). The Fenchel dual [31] of the

relaxed convex problem (3.9) is:

minimize Y wi+ Y Y, f(pe(t)) (3.10)
i€li] te[T]ke[K]
subject to: u; >by— Y. Y Hp(t),Vie VI €, (3.10a)
ke[K]teT (1)
pr(t),u; > 0,Vi € [I], Vk € [K],Vt € [T). (3.10b)

Here f;(pk(t)) is the convex conjugate [65] of the cost function fi(-), defined as: f;(pi(t)) =
sup,, (>0 1Pk ()2 (t) — fiz (1)) }-

Lemma 5. The explicit expression of the conjugate is as follows:

(—pk(r) )l;"Yk )<
1_|_ 10 =~
fi(pi(t)) = T B (3.11)

!
ape(t) =B, T, (1) >«

where zg(t) = ( pi(t) )Yik

Proof:
Pr(t)zi(t) — Bra(t) %, zx(t) € [0,c4]

HOZ0 pr()z(r) — oo, u(1) >
We observe that py(1)zx(t) — co = —eo when z;(f) > ¢y, thus we only need to obtain the conjugate
of f when z;(¢) € [0, k],

Let Wi (zx(2)) = pr(t)zx(t) — Brza(t) ! T%. The derivative of W (zx(¢)) with respect to z;(¢) is :
Vic(zi (1)) = pr(t) — Be(1 + %)z ()™

1

When we let W (z2(¢))’ = 0, the local maximum happens at the point z9(¢) and z0(¢) = (#ﬂ%)) Y.
Note that the domain of z;(7) is within the range [0, ¢;], therefore the supremum of y;(z;(¢)) is
z2)(¢) only if 20(¢) € [0,cx]. Otherwise, when z2(¢) > ¢k, we can obtain that W (z(¢))’ > 0, which

means Y (zx(7)) monotonically increases with z;(¢) and the supremum happens at z; (1) = ¢.

To sum up, we derive the conjugate of the cost function as shown in (3.11). 0
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3.5.2 Online Auction Design

We adopt the same posted pricing primal-dual framework from Ch. 3.4 to solve the convex problem
(3.8). Similarly, the primal-dual technique is applied to its compact-exponential problem (3.9) and
its dual (3.10): the primal variable x;; remains zero unless its dual constraint (3.10a) becomes tight.
The assignment of u; is the same as that in (3.6).

Although there are an exponential number of dual constraints in the computation of u;, we
design a dual oracle based on dynamic programming to output a polynomial number of schedules,
then only dual constraints associated to this set of schedules need to be considered.

The basic idea of the dual oracle is as follows. We fix the completion time of user i’s job to be 7.
(t. € [ti+w;—1,T]), and construct the best schedule / ; with the minimum price in this case. The set
that includes all such /; has polynomial size, and is the output of the dual oracle. The construction
of /; is based on the dynamic programming method. The base case is the schedule [y with ¢ €
[ti,2i +w; — 1]. We move the completion time one slot forward each time. Let c(7) = Y scx r*pi(t)
be the price of user i’s job running at time ¢. If the completion time 7. passes the deadline d;,
the corresponding penalty is added to the price, i.e., c(t) = Yie[x] r*pi(t) + g(t- — d;). When the
old completion time is replaced with the new one, we only need to compare the price of the old
completion time and w; — 1 slots before the old completion time. For example, if user i arrives at
time 1 with w; =4, then the basic case is lo = {1,2,3,4}. Assume that argmax;c ;2 3y c(t) =2. We
next fix the completion time to 5, the best schedule is then {1,4,3,5} if ¢(4) < ¢(2) and {1,2,3,5}
otherwise. The process is repeated until the completion time reaches T'.

The marginal price py () per unit of type-k resource at time ¢ can be defined as the derivative
of the cost function, i.e., fi/(Zx(¢)) if the overall demand of resource k at ¢ ((¢)) is known. But
in the online setting, it is impossible for the cloud provider to acquire the complete knowledge
of the system. The cloud provider predicts the final demand at future slots as 6;(6; > 1) times
the current demand at those slots if the predicted final demand is below the capacity, and set the

marginal price to fi'(6xzx(t)) where z;(¢) is the amount of current allocated resource k at 7. Let
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U, be the maximum value per unit of type-k resource per unit of time. The marginal price grows

exponentially when the predicted demand is larger than the capacity, and reaches U} if z;(t) = cx.

More specifically, the marginal price function is defined as:

c
KBa®), <
pela(t)) = . iy (3.12)
f]é(ck)epk(Zk([)i(Tk)v 2(t) > Sk
Ok
1
with parameters 6 = max{2, (1 + )%},
Ok O Uy
= max{—1Y, In ;
P {CkYk k(6 —1) (ﬁk(lwk)clk)}

r_ b;
where U = maxie[l}:rf?>0{r_§}-

Algorithm 3 A Primal-dual Online Auction A,,jine2

Input: bidding language {B;}, {ck}, { Bk, % }

1:
2:
3:

10:

D A

Define cost function fi(zx()) according to (3.2);
Define function py(zx(7)) according to (3.12);
Initialize x; = 0,y;(t) = 0,zx(t) = 0,7 = 0,u; = 0, pr(t) = 0,Vi € [I],Vk € [K],Vt € [T]; Let
x; = 0,Vi € [I],VI € {;, by default;
Upon the arrival of the ith user
(i, (i (1)}, pis {pa(0) {2k (1) }) = Acore2 (Bis {ex} {p(0)} {zr(1)}):
if x; =1 then
Accept user i’s bid and allocated resources according to y;(¢); Charge p; for user i;
else
Reject user i.
end if

The online auction A,,;;,.> for the general model is presented in Alg. 3. Upon the arrival of

the ith user, A ,ine2 calls Acprer in Alg. 4 to make decisions. A2 computes the best schedule for

user i through the dual oracle (lines 1-10) to maximize its utility u;. If u; > 0, the corresponding

primal and dual variables are updated in lines 14-17.

3.5.3 Theoretical Analysis

i) Correctness, Running Time, and Truthfulness.

Lemma 6. The running time of A, is O(KT + T?).
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Proof: Line 1 initializes a feasible slot set .7 in O(KT) steps. Line 2 takes w; steps to define a
schedule [, The while loop (lines 3-11) is to compute the best schedule /; if the completion time
is fixed, will iterate at most 7' — w; times. Within the while loop body, lines 4-7 takes O(w; + 1)
steps to update ¢(¢). The running time of finding the maximum price in line 8 is linear to w;. Lines
9-10 takes constant time for the comparison and addition. Thus, the while loop can be executed
in O((T — w;)w;) steps. Line 12 can be done in O(T — w;) steps to find the schedule with the
minimum price. The running time to execute the if body is O(KT ). In summary, the running time

of Acores is O(KT +T?). O

Algorithm 4 A Scheduling Algorithm A_,ep.

Input: B, {ci}, {pi(t)}, {z(t) }

OUtPUt: Xis {yi(t)}vph {pk(t)}7 {Zk(t)}
. Addslotf € [t;,T] to set T if i (t) +r¥ < ¢4, Vk € [K];
: Let schedule [y include the first w; slots (¢1,12, . ..,t,,) in 7; Define j = 1;
: while w;+ j < |.7| do

1
2
3
4. lj = ljfl;

5: Let z, is the (w; + j)th slot in .7;

6 c(t) = L i p(t), Ve € {t1,12,. . 1y 1}

7 Ift. > di, c(t;) = c(te) +g(te — di);

8 bm = AgMAXyc(yy 1, 1} c(1);

9: If ¢(ty,) < c(tm), for schedule [, replace the slot #,,, with #,,, and save z. into ,,;
100 Pj=Yierp),ct);j=j+1L

11: end while

12: j* =argmin;{Z;};

13: if b; — &+ > 0 then

14: xi=Lyi(t) =1LVt € T(1) s xig, = 1

152 uj=bi— P pi = Ye[k] LeeT (1) - i pi(t);

16:  z(t) =z () +rk,Vk e [K],t € T(1) j+;

170 pr(t) = pr(a(t)),Vk € [K],t € T(1)

18: end if

19: Return x;, {yi(t) }, pi, { pe(t) }, {2 (1) }

Theorem 4. A,,in.» in Alg. 3 is a truthful auction that returns feasible solutions for convex prob-
lems (3.8), (3.9) and (3.10) in O(I/(KT +T?)) time.
Proof: (Running time:) The running time of the initialization process in lines 1-3 is linear. By

Lemma 6, A, in line 5 processes each user in O(KT + TZ) time. The If statement in lines 6-10
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can be done within constant time. Therefore, after handling the last user, the overall running time
of Apniinez is O(I(KT 4 T?)).

(Correctness and Truthfulness:) We omit the proof here since similar proofs can be found in
Theorem 1 and Theorem 2. [
ii) Competitive Ratio.

The proof follows the same structure as that in Ch. 3.4.3. Let OPTy+ and OPT,+ denote the
optimal objective values of ILP (3.8) and (3.9), respectively. We know that OPT|+- = OPT,-. Let
P, and D; be the primal (3.9) and dual (3.10) objective values achieved by A,,jine> after handling
user i’s request. By A, jine2, initial values equal zero, i.e., Pp = Dy = 0. P; and Dy are the final
primal and dual objective values at the end of 7. We first prove that A,,jin2 1S Ox-competitive in
social welfare if there is a constant ap > 1 such that P,— P, > aiz (D;—D;_1) for all i in Lemma 7.
We next define the Allocation-Price Relationship for A,,;ine2, and show that if the Allocation-Price
Relationship holds for a given oy, then P, — P,_; > aiz(D,- —D,;_1) also holds in Lemma 8. The last
step is to define the differential version of the Allocation-Price Relationship and prove in Lemma
9 that there exists a oy that satisfies this relationship . By setting o = mane[K]{OCZ,k}a we can

obtain the competitive ratio of A,,;;;n.> in Theorem 5.
Lemma 7. If there exists a constant o > 1 such that
1
P,—P_1 > —(Di—D;)
10%)
for every i, then A,jinen 1S Op-competitive in social welfare.

Proof: If we sum up the inequality for each i, we can obtain,

1 1
P = Z(Pi_Pifl) > OEZ(Di_DFl) = a—le-
l 1

The above inequality holds because Py = Dy = 0. By weak duality [21], D; > OPT>,«, therefore
1 1
P > —OPT>» = —OPT~.
(29} 105)
So we can conclude that A, 1S Qp-competitive in social welfare. ]
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Definition 12. The Allocation-Price Relationship for A,,;;ji.> With 0p>1 is:

P OG0 =2 0) = (RO A 0) 2 oG hO) =7 (0 0). Vi v € 700),

Lemma 8. If the Allocation-Price Relationship for A,,;i.> holds with a given o > 1, then A,,jine2

guarantees P, — P, > — (D —D;_) forall i€ [I].

Proof: If user i is rejected, then P, — P,_; = D; — D;—1 = 0. In the next analysis, we assume that
user i is accepted, and let / be the schedule of user i’s job. The increment of the primal objective

value is:

PP = ,z—Z Z (fi(zk(®) = iz (1))

tET
—u+ Y Y pi- (1) =z (@)
kelK|teT (1)
=Y Y (@)~ filz ().

teT(l) ke[K]
The second equality holds because A,,in.» updates the value of dual variables such that the dual

constraint becomes tight and ¥ = zi () — zi " (¢). Then the increase of the dual objective value is:

Di—Div=ui+ Y. Y (fip@)—filp (1)

teT(l) ke[K]
By summing up the Allocation-Price Relationship for A2 over all k € [K] andt € T(l), we can

obtain:
1
P —P_ 1>ul+ (D —D;_ l_ul)
Since u; > 0 and o > 0, it is obvious that P, — P._; > — (D —D;_y). l
Definition 13. The Differential Allocation-Price Relationship for Aine2 With 0 x > 1 is:

P(t)dzi(t) — fi(a(t))dze(r) > éf/?'(pk(f))dpk(l),VEV’@W eT().

Lemma 9. 0 ) = max{4(1 + Yk)a 2(1;;’)@) ln(

5 (1:/) T )} and the marginal price function defined

in (3.12) satisfy the Differential Allocation-Price Relationship.
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Proof: We first write down the explicit expressions for the derivatives of the cost function (3.2) and

its convex conjugate (3.11):

Be(1+ 1)z ()%, if z.(r) € [0, 4]

f]i(Zk(t)) =
+ oo, otherwise
() \% ,
£ () = (M) , pe(t) < Be(1+1)e]
Cks pi(t) > Be(1+n)ck

When the amount of allocated type-k resource reaches the capacity, i.e., zx(t) = ¢, according to

the definition of marginal price in (3.12),
_%
pe(t) = Be(1+ yk)CZkepk(Ck 9, > U/g

Recall that U] is the maximum value per unit of resource k per unit of time. It is clear when
the marginal price is larger than U], no bids can win. Thus, we may assume z;(7) < ¢ in the rest
of the proof, and f}(zx(r)) = Br(1+ ¥ )zk(t)™. Next, we divide our proof into two cases:

Case 1: 7(1) < g—’;: Because

pilt) = f'(Okzi(t)) = Br(1 + %) (Brzx())™ < Be(1+ et

the Differential Allocation-Price Relationship can be rewritten as:

(B (1 + %) (Bkz (1)) — Br(1 4 1)z (1) ¥ ) dzi ()

! pk(t) yik Ye i—1
oy <ﬁk(1+7k)> Bie(1+ %) 6 veaw (0) ™ dzi(t). (3.13)

Canceling the common term on both sides, (3.13) becomes (9,3”‘ —-1)> %kykmk“.
N ,
D) If % > 1, 6, = max{2, (1 + %)% } =2, we can obtain

YkQ;ZkH . ’J/k2-27/< - fyk(4.2?’k _2.27/<) - 4'}’k(2n _ 1)
/-1 2r—1 2% —1 = on—1

<4Ap < opi

39



1
ii) If 1. < 1, then 6, = (1 + %)% < e, and

'}’k9]3/k+1
Y
6, —1

= O(14+ %) <e(l+n%) < o
Case 2: z;(t) > %’;: In this case, the marginal price z;(¢) is:
pr(t) = Be(1+ Yk)czkepk(zk(t)_%’i)-
Note that dpy (1) = prpi(t)dzi(t), then the Differential Allocation-Price Relationship is:

(p() — fL@l0)))dza(0) > éckpkpka)dzk(z). (3.14)

E

By Lemma 10, we can obtain

Pi(t) = fr(2(£)) = pi(r) —

thus to prove (3.14), it is sufficient to prove:

Yk 1 Y
t)dzi(t) > — t)dz(t < ———00y.
1+Ykpk( )dzi(t) > % crPrpi(t)dzi(t) = pr < 0+ 7 0 k
By the value of py, either i)
pk:%'}’k<£'}’k:Le(l+Yk) i 2k
a T alltn) Tall+n) T
6, U, 2 U,
Orii) py = k In( k 7,k) < —ln(—k},k
(O —1) " B(l+m)ed” ~ a Bl +%)ey
2(1 U,
_ % 204w E )< % g,
a(l+n) % Be(1+y)el” — ex(1+ %)
In conclusion, we have finished the proof for both cases. 0

Lemma 10. When z;(7) > g—i, the marginal price py(t) is larger than the marginal cost by a factor

of at least 1 4 y;:

pi(t) > (14 %) filzx(1))-
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()~ )

Proof: When z;(t) > g—i, pr(t) = Br(1+ yk)czkep g . So Lemma 10 is equivalent to verify

Pik

ePrak(t) - (1+7)e %
()% — cZ"

(3.15)

We first show that the inequality (3.15) holds when z;(¢) = g—’;. If z;(¢) takes the value of g—i, (3.15)
becomes 0,3/" > 1+ v which is obviously true.
Next, it suffices to show the left side of (3.15) is non-decreasing as z; () increases. Let L(zx(t))

denote the left hand of (3.15). The derivative of L(z(t)) is

ePrak(t) —
L(a) = P

Because p; > f—]’jyk and z; (1) > g—’;, then pzi(¢) — % > 0 and the derivative L' (z;(¢)) is non-negative.

Consequently, the lemma follows. [

Theorem 5. The online auction A, in Alg. 3 is op-competitive in social welfare with op =

maxkem 00 k-

Proof: Because o is the maximum number among all ok, then Differential Allocation-Price

Relationship also holds with a,. Under Assumption 1, we have dz(t) = z&(t) — 2, ' (¢), then
filz(0) = filz (1) = il (0) (@) =27 (1),

fi i) = fi (i1 0) = (7 @) (i) = pi (1)
Therefore, the Allocation-Price Relationship holds with a;. Combining Lemma 7 and Lemma 8,
we finish the proof. O
We plot the value of o in Fig. 3.2 when we vary the value of ¥, B, cx and U; [45,47]. We can
observe that if we normalize ¢, to 1, the competitive ratio of A,,ine 1s close to 6 with a small U, ,2
and ¥, as demonstrated in the left figure. The right figure shows that if ¢; is a large number, the

competitive ratio is determined by 7; and increases with the increment of ;.
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Figure 3.2: An illustration of the competitive ratio of A,;ine2 (02) under different settings.

3.6 Performance Evaluation

We evaluate our online auctions A, i1 and A,,zine2 through trace-driven simulation studies. We
exploit the trace version 1 in Google Cluster Data [3], which contains the information for each job
including the start time, execution duration, and resource demands (CPU and RAM). We translate
each job into a bid, arriving sequentially in 18 hours. We assume that each user’s job consumes
[1,12] slots and each time slot is 5 minutes [36]. User’s job deadline is generated uniformly at
random between its arrival time and the system end time. The bidding price of each job equals
its overall resource demand times unit prices randomly picked in the range [Ly,Uy|. By default,
Ly =1 and U} = Uy = 50. The demand for CPU and RAM units is normalized so that the maximum
capacity is 1. For the cost function, f is set within [0.4,0.6] for CPU and within [0.005,0.02] for

RAM [45]. ¥ is set within [1.7,2.2] for CPU and within [0.5, 1] for RAM [47].

3.6.1 Performance of A,,;jine1-

We examine the performance of A,,;;,.1 in terms of the competitive ratio, social welfare and user
satisfaction.

Fig. 3.3 shows the competitive ratio of A,;;;i,.; With different numbers of users (/) and bids per
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Figure 3.3: Competitive ratio of A,ine; With dif- Figure 3.4: Competitive ratio of Aujine1 With dif-
ferent number of users and J. ferent Uy / L.

user (/). The observed competitive ratio is much better than the theoretical bound and remains
at a low level (< 2). It fluctuates with the increase of the number of users and sightly decreases
when the number of bids per user grows. This is because when each user provides a larger number
of optional bids, A,,in1 1s more likely to optimize the schedule of its job, leading to a better
performance. In A,,ine1, the marginal price function is defined based on the real value of U; and
L. We vary the value of Uy /Ly, and use the estimated values of Uy as the input of A,,jine1, to
examine the performance. As shown in Fig. 3.4, there is a downward trend as the value of Uy /Ly
decreases, while there is no large difference with either underestimation and overestimation. The
observation confirms the analysis in Theorem 3 that the value of Uy /L; determines the competitive
ratio. Underestimation is more desirable than the overestimation, as compared to that achieved
by the real U, (labelled by 100%). Overestimation makes the price rise more rapidly, filtering out
users that are supposed to be accepted.

We next study the social welfare achieved by A,jine1 1n Fig. 3.5 and Fig. 3.6. The 3d figure
in Fig. 3.5 plots the social welfare under different number of users and bids per user. Our online
auction A,,;ine1 achieves a higher social welfare when there is larger number of users participating
in the auction. The change of bids per user doesn’t have major influence on the social welfare.
When the number of users grows, the number of bids with larger bidding price also increases. As
a result, A,,;;;, returns a larger social welfare. The social welfare under different number of slots

and Uy /Ly is illustrated in Fig. 3.6. Both the number of slots and the value of Uy /L; influence
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the social welfare. A,,ine1 18 able to allocate more jobs when the length of the system increases.
Furthermore, the bidding price rises with the increase of Uy /Ly, thus high value bids lead to a

higher social welfare.
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Figure 3.7: Percentage of winners in A1 With Figure 3.8: Competitive ratio of Apniinez With dif-

different I and Uy /Ly ferent I and Uy

User satisfaction, which is measured by the percentage of winners, is demonstrated in Fig. 3.7.
A higher fraction of users are accepted with a small number of users. This is because the number of
winners is almost fixed due to the capacity limit. We also obverse that the value of Uy /Ly doesn’t
influence the percentage since the winner determination process is not affected by the change of

Uy /L.
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3.6.2 Performance of A,,jine.

We first examine the competitive ratio of A,jine2. We use CVX with the Gurobi Optimizer to solve
the convex problem (3.8) exactly, and compute the competitive ratio by dividing the optimal social
welfare by the social welfare returned by A,,;;in.o. However, CVX fails to solve in 24 hours even
with a medium-size input. Thus, we reduce the input size and only consider 10-20 users. Fig. 3.8
shows the competitive ratio of A, under different number of users and U,i. It becomes larger
with the increase of U;. The change of the number of users doesn’t have much impact on the
competitive ratio. As indicated in Theorem 5, a larger U] negatively influences the competitive
ratio when we set ¢; to 1. We can also observe that the competitive ratio is still less than 5 with a

large U, ,2 which is much better than the theoretical bound.
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Figure 3.9: Social welfare and cloud provider’s  Figure 3.10: Percentage of winners in A,pine2
revenue in A,pjine2 With 7 and Uj.

We next study the performance of A,,,;ine» in the aspects of social welfare and user satisfaction.
Fig. 3.9 shows the social welfare and cloud provider’s revenue with different number of users when
we vary the value of U]. We can observe that both the social welfare and revenue increase with
the number of users and U]. The reason has been explained when we evaluated the performance
of A,uiine1 and is omitted here, as the design of A,;jine2 follows the same primal-dual technique.
Fig. 3.10 shows that the percentage of winners gradually rises when the number of slots increases.
The possibility of winning becomes higher when the system spans a long period since there are
more slots available for scheduling. In addition, a small number of users leads to higher user

satisfaction.
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3.7 Summary

In this chapter, we studied the auction design for cloud computing jobs that have soft completion
deadlines. Our main contribution is an online cloud job auction that is truthful and computationally
efficient, and achieves a good competitive ratio in social welfare. Techniques used in the auction
design include the posted pricing framework for truthful online auctions, a new LP formulation
and solution method for handling soft deadline constraints, as well as approximation algorithms
based on LP dual and Fenchel dual. Our method for handling soft deadline constraints may be
applicable to other auction design problems where deadlines are involved, for example, in demand

response auctions in a smart grid.
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Chapter 4

Scheduling Frameworks for Cloud Container Services

4.1 Introduction

In this chapter, we extend the existing literature in cloud resource provisioning, and propose the
first offline and online scheduling frameworks for cloud container provisioning. We simultane-
ously target the following goals. First, we require the schedulers to be time efficient, running in
polynomial time. Second, the aggregate value of jobs that are completed before their deadlines
should be maximized. Third, the schedulers permit partial execution and can handle general type
of jobs, i.e., jobs with multiple subtasks, defined by 1) the dependence graph that captures the de-
pendence among subtasks; ii) the resource profile of each container, which is dedicated to each
subtask; iii) the deadline for job completion; iv) the value of each subtask.

We formulate the offline optimization problem into a natural Integer Linear Program (ILP).
While polynomial in size, this ILP involves non-conventional scheduling constraints that are hard
to handle by the classic primal-dual framework. We apply the compact-exponential technique [84]
to reformulate the problem into a compact-exponential ILP, which is a conventional packing-type
ILP with an exponential number of variables corresponding to valid schedules. This compact-
exponential ILP and its dual form the foundation of our offline and online scheduling algorithm
design. We will show that the substantially amplified ILP size can be managed through the primal-
dual technique, for computing a close-to-optimal aggregate job valuation in polynomial time.

We first assume that job information is known in advance, and focus on offline scheduling algo-
rithm design under resource capacity and job scheduling constraints. Besides serving as a bench-
mark for our online algorithm, the offline algorithm is also applicable to a limited near-future time
window for which job information can be predicted. We leverage the classic randomized round-

ing technique [59]. Given a fractional solution to the LP relaxation of the compact-exponential
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ILP, we round the fractional solution to an integer solution by interpreting the fractional values as
probabilities of schedules. The obstacle is that the compact-exponential LP relaxation is exponen-
tial in size. We resort to its dual that has a polynomial number of variables and an exponential
number of constraints. We then employ the ellipsoid algorithm [22] and design a new separation
oracle to separate violated constraints. The primal variables corresponding to the violated dual
constraints can be selected. Consequently, we derive a new polynomial-sized LP from the original
compact-exponential LP, which can be solved in polynomial time. We show that the obtained in-
teger solution guarantees an expected (1 — €;)-optimal objective value, where €] can be arbitrarily
close to 0.

We proceed to consider the practical online scheduling version of the problem with stochastic
input, and determine the schedule upon the arrival of each job without future information. We
apply the primal-dual framework of algorithm design for such online decision making, with dual
variables indicating resource prices. To address the exponential size of the compact-exponential
LP, we first convert the optimization problem in the online stochastic model into a deterministic
fractional program, exploiting the job arrival process. This new program removes the time domain
and has a polynomial number of variables. It serves as an upper-bound of the optimal objective
value in expectation, and its dual variables act as a threshold for job admission. To approximately
obtain a dual solution close to the offline dual optimum, we gradually learn it based on past jobs,
and refine it as more jobs arrive. Our online scheduling framework guarantees computational
efficiency, and produces a (1 — O(g;))-optimal objective value in expectation, where & can be
arbitrarily close to 0.

In the rest of the chapter, we discuss related work in Ch. 4.2. We introduce the system model
and formulate the optimization problem in Ch. 4.3. Ch. 4.4 and Ch. 4.5 present the offline and
online scheduling frameworks, respectively, which are evaluated in Ch. 4.6. Ch. 4.7 concludes the

chapter.
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4.2 Related Work

Recent literature on cloud computing witnessed a plethora of studies on dynamic VM provisioning,
in both offline and online settings [78] [62] [80]. Zhang et al. [78] apply a convex decomposition
technique to design a randomized algorithm for dynamic cloud resource provisioning, achieving
a small approximation ratio. Shi et al. [62] further extend the study to an online scenario, where
each cloud user is subject to its budget constraint. Zhang et al. [62] propose an online algorithm
for the stochastic job arrival model. They aim to optimize the packing of VMs to satisfy each job’s
demand in a fixed time window. The above studies do not consider the scheduling dimension in
their solution space. Furthermore, they focus on the allocation of VMs, while we describe a richer
model where each job runs over containers characterized by a dependence graph.

Towards job scheduling under the full execution mode, Baruah et al. [19] study the traditional
all-or-no-value model, and prove a tight bound on the competitive ratio for the online scheduling
problem. Koren et al. [48] propose D-over, an algorithm that achieves the same competitive ra-
tio. The above literature considers only one type of resource. In Chapter 3 we presented online
scheduling algorithms for cloud computing jobs with soft deadlines. The solution there relies on
information about the minimum and the maximum unit values of resources, which are sometimes
hard to obtain in the online setting.

Earlier studies on partial job execution often assume no resource sharing and focus on pre-
emptive scheduling [29] [27]. Recent studies investigate cloud jobs with partial values. Navendu
et al. [44] design two scheduling mechanisms for computing jobs with deadlines in the offline
scenario. They consider only one type of resource, and guarantee an approximation ratio that is
relatively loose. Lucier ef al. [53] propose online scheduling algorithms for deadline-sensitive jobs
in a simple model, where each job contains a single subtask. Azar et al. [18] further improve the
algorithm and analyze its competitive ratio. Both studies assume that a server can only execute
one job at each time slot. Zheng et al. [82] design online multi-resource allocation algorithms that

allow partial execution of jobs, achieving small competitive ratios. Their model assumes that all
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subtasks of a job are identical and have no inter-dependence. We aim to design general scheduling
frameworks for cloud container services, targeting small approximation ratio and competitive ratio
in the offline and online settings, respectively.

Our offline algorithm combines the ellipsoid algorithm [22] with the randomized rounding
technique [59], which is partially inspired by Fleischer ef al. [33]. However, they focus on rather
different problems — maximum general assignment problems. For theoretical research on online
stochastic algorithm design, Agrawal et al. [8] study a general online packing problem, and propose
a simpler and fast primal-dual algorithm for it. They rely on a one-time learning process while our
work performs a dynamic learning process. Kesselheim et al. [46] study online packing LPs in
the random order model. They solve an LP in every step, and round the fractional solution to an
integer solution. Gupta et al. [40] consider the problem of solving packing/covering LPs online,
and construct primal solutions based on dual solutions through a regret-minimizing online learning
algorithm. Jaillet et al. [43] study the online dynamic resource allocation problem, and propose a
learning-based algorithm. Agrawal et al. [9] apply a similar idea to the general online optimization
problem. Different from the above literature [8] [46] [40] [43] [9], we do not require the number
of inputs to be known in advance. Furthermore, prior work considers a more general form of the
problem but limits the number of schedules for each job to a small number. Such techniques can
suffer from exponential blowup in problem size when considering jobs with subtasks, since each
job has an exponential number of possible schedules. In this chapter, we focus on a particular form
of packing problem that formulates the scheduling problem for cloud container services, develop
methods that are more computationally tractable and better tailored to those settings, and then

evaluate those methods empirically.

4.3 System Model

We consider a cloud service provider, which hosts a pool of K types of resources, as exemplified by

CPU, RAM and disk storage. Cloud resources can be dynamically packed into different containers
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on demand. Let [X] denote the integer set {1,2,...,X}. For each type-k (k € [K]) resource, there

is a total of ¢ units in the cloud.
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Figure 4.1: Dependence graphs for cloud computing jobs.

Assume the job arrival process during a large time span [T] = 1,2,...,T is a Poisson process
with rate A. Recall that a Poisson process has the following properties [69]: i) the total number
of job arrivals in T time slots, /, is a random variable following the Poisson distribution with an
expected value of AT’ ii) the arrival time of each job can be uniformly and independently mapped
to a slot in [T]. Our online algorithm design and analysis are based on this assumption. However,
we do not require that the job arrival process must follow a Poisson process. Our online algorithm
can work on more general arrival processes, as long as the expectation of / can be estimated and
property ii) holds. Based on ii), we assume that the arrival time of each job is uniformly and
independently drawn from [7']|, and index jobs according to their order of arrival in any fixed
realization of the arrival process. Let [I] = {1,2,...,I} be the set of jobs. Each job i consists of

multiple subtasks, and is expressed by a tuple

ri = {ai7 di7Ni7 Gi7 {Lm}ne[l\ll] ) {Rin}ne[Ni} ) {bln}ne[N,] }7

where a; and d; are the arrival time and the deadline of job i. N; is the number of subtasks in job
i. G; 1is the dependence graph that captures the dependencies among subtasks in job i. Example
dependence graphs are illustrated in Fig 4.1. The execution of job i’s nth subtask doesn’t need to

be continuous; we only require that the total execution time accumulates to L;,. Rj, = {rf-‘n}ke K]
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is the resource profile of the container that serves job i’s nth subtask, where rf-‘n is the amount of
type-k resource required. If job i’s nth subtask is completed by d;, a partial value b;, is obtained.

Let r*

o maxie[l]ﬂne[Ni}{rf-‘n} denote the maximum type-k resource demand. We refer to C =

minkG[K]{r,’;ﬁ} as the capacity ratio. Let N = max;c{N;}, D = max;c{di — a;} and Lyax =
max;c(y] ne[n]{Lin}- Table 4.1 summarizes notation for easy reference. Each job i € [I] is drawn
independently from a set of job types, &, following an unknown distribution, i.e., job types are
i.i.d. A job type defines the configuration of a job, including the profiles of its subtasks, i.e.,
{Ni, Gis {Lin}neny) {1Rin}nenygs {Pin fneiny }» and the duration of the job, i.e,. d; —a;. Note that a
job’s arrival time a; and deadline d; are not part of the job type. For example, an access service
chain job is configured by “Firewall +IDS—Proxy” with d; — a; = 20, where instances of firewall,
IDS and proxy are encapsulated into containers with predefined resource demands, and it must be
deployed within 20 time slots following its arrival.

In practice, there are jobs that render an atomic value B; only upon completion of all its subtasks
before the deadline. This type of job can be viewed as a special case of our model, by setting
bjy =bjpp =---=bjy—1 =0and by, = B;.

Our objective is to maximize the total valuation obtained from all jobs, subject to resource
capacity and job scheduling constraints. A binary number x;,, € {0,1} indicates whether job i’s
nth subtask is completed (1) or not (0). Let another binary number y;,(¢) encode the scheduling
of job i’s nth subtask, where y;,(¢#) = 1 if job i’s nth subtask is executed at time slot ¢, and 0

otherwise. Under a fixed realization of the job arrival process, the offline optimization problem

can be formulated into the following integer linear program (ILP):

maximize Z Z binxin “4.1)
i€l ne[N;]
subject to:
d;
Y Yin(t) > Lipxin Vi € [I],¥n € [N}], (4.1a)
t=aj;

tyin(t) <ty (), 2 yin(t) = LY 1y (') = 1,
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Vi: nis n’’s ancestor, (4.1b)

Y Y Avnl) <caVke K],V e [T], (4.1¢)
i€[l|ne[Nj]
xin,yin(t) € {0, 1},\V/i c [I],Vl’l c [N,],Vt S [ai,di]. (4.1d)

Constraint (4.1a) guarantees that the number of allocated time slots between job i’s arrival time and
deadline is sufficient to serve its nth subtask. Constraint (4.1b) enforces the execution sequence of
job i’s subtasks based on its dependence graph. The capacity of type-k resource is formulated in
constraint (4.1c¢).

Even in the offline setting, with complete knowledge of the system given, the polynomial-
sized ILP (4.1) is still NP-hard to solve. The classic multidimensional knapsack problem, which is
known to be NP-hard, can be reduced to a special case of ILP (4.1) by setting 7T =1=N;=L;, =
1. The challenge further escalates when we involve unconventional job scheduling constraints
(constraints (4.1a) and (4.1b)). To address these challenges, we first apply the compact-exponential
technique [84] to reformulate ILP (2) into an equivalent conventional ILP with packing structure,

at the cost of introducing an exponential number of variables:

P : maximize Z Z byx; 4.2)
i€[l]leg;
subject to:
Y Y fit)xa < e Ve [K], Ve T), (4.22)
i€[l]l:reT (1)

Y xi<1,Viell, (4.2b)

leg;
X € {0, 1}, Vie [[],Vl € Ci- (4.2¢)

In the above compact-exponential ILP, {; is the set of feasible time schedules for job i. A feasible
time schedule is a vector [ = {y;,(¢)} that satisfies constraints (4.1a) and (4.1b). Variable x; €

{0,1} indicates whether job i’s schedule / is accepted (1) or not (0). b is the value based on
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the number of completed subtasks. 7'() records the set of time slots in /. f(t) denotes the total
type-k resource occupation of job i’s schedule / in ¢. Constraints (4.2a) are equivalent to (4.1c).
Constraints (4.2b) ensure that each job is executed according to at most one schedule.

We relax x; € {0, 1} to x; > 0, and introduce dual variables py(¢) and u; for constraints (4.2a)

and (4.2b). The dual of the relaxed problem (4.2) is:

D: minimize Y Y cpr(t)+ ) u; (4.3)
te[T]ke[K] i€(l]
subject to:
w>by— Y, Y, fiOpt),vie[l]vieg, (4.32)
ke[K]teT (1)
pr(t),u; > 0,Vi € [I], Vk € [K],Vt € [T]. (4.3b)

It is clear that a feasible solution to ILP (4.2) has a corresponding feasible solution in ILP (4.1),
and the two ILPs have the same optimal objective value. Our offline algorithm design doesn’t rely
on any assumption about the job arrival process and job types, while our online algorithm design
resorts to the help of them and considers the expected version of the original problem. We first

focus on the offline scenario where all jobs are known in advance.

Table 4.1: Summary of Notation in Chapter 4

I | #of jobs S logz(giz) -1 T | #of time slots | 7y, | MaXie( nepvi {7
A | job arrival rate | g; job i’s arrival time | & | job types set | d; job i’s deadline

C | minge {7} | Lmax | maXicpnepy) {Lin} | N | maxiep{Ni} | D | maxiep{d; —ai}
[X] | integerset{l,....X} N; # number of subtasks/containers of job i

K # of types of resources Li, # of time slots requested by job i’s nth subtask

Cr capacity of type-k resource rf-‘n demand of type-k resource by job i’s nth subtask

G job i’s dependence graph Xin job i’s nth subtask is completed (1) or not (0)

bin value of job i’s nth subtask | y;,(¢) | whether or not to allocate job i’s nth subtask in ¢

fllj (t) | type-k resource occupation of job i’s schedule [ in ¢
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4.4 Offline Scheduling Framework

In this section, we design a randomized scheduling algorithm for the offline setting, when future
job information is available or can be predicted. We first solve the LP relaxation of compact-
exponential ILP (4.2) approximately in Ch. 4.4.1, and then round the fractional solution to a feasi-

ble integer solution of ILP (4.1) in Ch. 4.4.2.

4.4.1 Solving the Compact-Exponential ILP

ILP (4.2) has an exponential number of variables, each corresponding to a possible schedule for
job i. To solve ILP (4.2), we first solve its dual problem (4.3), which has a polynomial number of

variables but an exponential number of constraints. We rewrite LP (4.3) to the following covering

problem:
minimize Y Y ape(t)+ Y ui (4.4)
te[T] ke[K] i€l
subject to:
(i, {Pk(t) }re k) ierr) € i Vi € (1, (4.4a)
pr(t),u; > 0,Vi € [I],Vk € [K], Vt € [T]. (4.4b)

Here P; is the polytope for job i defined by constraints of the form u; > bij — Y re k) Lrer (1) IR p(t),
V1 € {;. We resort to a separation oracle for P, i.e., an algorithm that, given an input of dual vari-
ables (u;, { pk(t) fke[k] c[r])> Teturns either a violated constraint, or guarantees that (u;, { px(t) }re[k] (7))
is feasible for P,.

If we interpret py(t) as the marginal price of type-k resource at time ¢, then b;; — Yke[K] LieT ()
FX(t)p(t) is the utility of job i executed by schedule /. We can use a scheduling algorithm for
the utility maximization problem for job i to design a separation oracle for P, as follows. Given
the marginal price {pi(t)} (k) e[r]> utility maximization for job i requires finding a schedule
I* with value u; such that for any schedule ! € §;, u} = by — Yie[k) Yoer() foe () pi(t) > by —

Ykelk] Lier (1) fX()pr(t). Then either u; < uf or u; > uf. If u; < uf, then a violated constraint
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with schedule [* is found. Otherwise, u; > u; > by — Yie[k) LieT(1) IX(t)p(t) for any I € §; and

(uis { P (t) Y[k reir)) i feasible for P.

Algorithm 5 A Separation Oracle for Polytope P, - Chain Structure
Input: (u;, {pi(t) breix)em)) i

1: Calculate cn(t) = Yie] X pi(t),Yn € [Ni),t € [ai,di];

2. fornm=1,...,N;do

3: for n € [n] do

4 for t; € [a; + X} ' Lin,di — ¥ Lin+ 1] do

5: fort, € [t;+ Lin—1,di— Y] | Lix) do

6: Select L;, slots between #; and t, with minimum c,(¢), and save them to

Tn(t57te>;
7 Pu(ts,te) = Yoty (ty.10) En(0);
8: end for
: end for

10: if n > 1 then

11: for ¢, € [ai—l—Z’f*le,d,-—):gLinle] do
12: 15t = argming o, {B,1(:,7,) };

13: Pn(ts;te) :Pn(ts;te)+Pn—l(t;k,t:)7Vte;
14: Tn(ts,te) = Ty (17 ,15) U Ty (15,1, ), Vie;
15: end for

16: end if

17: end for

18: 11 = argminy ;, { Py (;,%e) }

19: In = Tq(ts,td); Un = L by — Py (17, 2));
20: end for

21: n* = argmaxy{Un},1* = Iy~

22: if Uy+ > O then

23: Output: (u;, {Pk(t)}ke[K],te[T]) € F;
24: else Output: A violated constraint with /*.
25: end if

We focus on a special type of job with a sequential chain structure, which are often adopted by
service chains in the recent paradigm of NFV [39]. Generalization to jobs with general directed
acyclic graphs is left as future work. Algorithm 5 is a separation oracle for P;, which exactly solves
the utility maximization problem for job i. The construction of the best schedule that maximizes
job i’s utility is based on a dynamic programming approach. We first calculate the price of container
n running at time ¢ in line 1. Because job i consists of N; subtasks each with a partial value b;,,

we use a for loop (lines 2-20) to compute the best schedule [, if 1) subtasks are completed before
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the deadline. For the nth subtask, we calculate the cheapest schedule 7, (z,1,) to finish it within
a given time period [f,,%,] and its corresponding price in lines 4-9. Because the (n — 1)th subtask
must be completed before nth subtask (n > 1), we also fix the schedule of the (n — 1)th subtask
when considering nth subtask’s schedule, by choosing the cheapest schedule that completes the
(n— 1)th subtask before f, in lines 10-16. Lines 18-19 compute the best schedule and job i’s utility

if ) subtasks are completed. Lines 21-25 figure out job i’s final utility and output the result.
Lemma 11. The time complexity of the separation oracle in Algorithm 5 is polynomial.

Proof: Line 1 takes O(KN;(d; — a;)) steps to calculate the price in each time slot. The first for
loop iterates N; times and the second for loop iterates at most &V; times. Within the second for
loop, lines 4-9 include two for loops to select the best schedule within a given time period and
compute its price, which can be done in O((d; — a;)3L;,) steps, since the execution time in line
6 is O((d; — a;)L;,). Lines 10-16 update the schedule and its price, taking O((d; — a;)°) steps.
Therefore, the execution time for the second for loop (lines 3-17) is O(N;(d; — a;)>Liax) With
Lmax = maX;e(y] e iLin}- Lines 18-19 take O((d; — a;)?) steps to compute the best schedule.
Hence, the running time from line 2 to 20 is O(Nl-2 (d; — a;)*Lmax ). The if statement in lines 21-25
returns the final output within O(N;) steps. In summary, the overall running time of Algorithm 5 is

O(KN?(d; — a;)? Linax)- O

Lemma 12. For any 0 < o < 1, given a polynomial-time separation oracle for P;, we can design
a ﬁ—approximation algorithm to solve the LP (4.3) and hence the LP relaxation of ILP (4.2) in

polynomial time.

Proof: We run the ellipsoid method on LP (4.3), using Algorithm 5 as a separation oracle. More
precisely, we start with an estimate of the maximum objective value of LP (4.3), vg (e.g., vo =

Yic[1) Lne|n; bin), and use the ellipsoid algorithm to check the feasibility of the following linear
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constraints:
Z chpk +Zui§Vo,
te[T] ke[K] i€l

wi>by— Y Z 1), Vie Ve,

ke[K|teT(l

pr(t),u; > 0,Vi € [I],Vk € [K],Vt € [T].

If this LP is feasible, we know that the optimal objective value of LP (4.3) is at most vo. We now
decrease vy to vo/2, and check the feasibility again. If this is true, we know the optimum lies in
(0,v0/2]. This is essentially a binary search to find the smallest feasible objective value. Let D*
denote the optimal objective value of LP (4.3). Suppose vo < h-D*, then after |log, h] + [log, <]
steps, we terminate at an interval (v* — av*,v*|, with a solution ({u;},{pi(¢)}) such that v* =
Yie[T] Xke[K] CkPk (1) + Yic[ ui- Let D be the current dual objective value and D = v*. Furthermore,
we have v* — av* < D* <v*. To check the feasibility of one point, the ellipsoid method calls the
separation oracle O(I’.#) times where each job is encoded in . bits [22]. Thus, we obtain a
solution to LP (4.3) after O(I*(logh + logé)) iterations of the separation oracle. Because the
running time of the separation oracle in Algorithm 5 is polynomial, the overall running time to
solve LP (4.3) is also polynomial.

In the execution of the ellipsoid algorithm to check the feasibility of v* — av*, only a polyno-
mial number of dual constraints (4.3a) are involved. This set of constraints is sufficient to show
the objective value of LP (4.3) is greater than v* — av*. To solve the LP relaxation of ILP (4.2),
we only need to consider a polynomial number of variables corresponding to this set of dual con-
straints (by setting all other variables to zero). Thus, this polynomial-sized LP can be solved in
polynomial time (e.g., using Karmarkar’s algorithm [68], its running time is O(I°).%). Let P be
the objective value, with P > v* — arv* by LP duality. Let P* be the optimal objective value of the

relaxed LP (4.2). By LP duality,



we obtain a ﬁ—approximation algorithm. The running time of this algorithm is polynomial,
which is O(I* (logh + logé)KN2D3Lmax$) with N = max;c({N;} and D = max;c{d; — a;}.
]

4.4.2 A Randomized Offline Scheduling Algorithm

Given a fractional solution to ILP (4.2), we continue to design a near-optimal offline algorithm
to schedule jobs based on the randomized rounding technique [59]. A, fiine in Algorithm 6 is
our offline scheduling algorithm. We first solve the LP relaxation of ILP (4.2) in line 1 using the
ellipsoid method introduced in the previous subsection. Then we round the fractional solution x{l
to an integer solution in lines 2-5. In order to increase the feasibility of the integer solution, we
generate a solution according to a scaled probability, i.e., we select each schedule / with probability
(1— %,)xlfl for job i, where 0 < &’ < 1, and reject job i with probability 1 —Y,c¢ (1 — %/)xl’; We
will show that with high probability (see Theorem 7), our integer solution is feasible. We first
bound the probability that one of constraints (4.2a) is violated during the rounding of the fractional

solution.

Theorem 6. Chernoff Bound [15] [59]. Let Xi,...,Xy be independent Poisson trials such that,
for 1 <n <N, PrlX, = 1] = p,, where 0 < p, < 1. Then for X = ZZV:an,u > E[X]= ﬁlvzlpn
and 0 < 0 < 2e — 1, we have
PriX > (1+8)u] < e H5/4,
16(c+1)

Lemma 13. In our cloud system, assume the capacity ratio C > Tln(l{ T) with ¢ > 0. Let

& denote the event that the amount of allocated type-k resource at time ¢t exceeds cg, then the

probability that event ® happens is at most W

Proof: Recall that C is defined as min¢ {rki} and @ is the event that constraint (4.2a) is violated.
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Algorithm 6 A Randomized offline Algorithm A, ¢ f1ine

Input: {Fi}ie[l]v {Ck}ke[K]’ 0<e <1
1: Solve the LP relaxation of ILP (4.2) using the ellipsoid method. Let the solution be
{xﬁ}ieweg;
2: for each job i do
: Choose each schedule / with probability (1 — )xfl, and reject job i with probability 1 —
Tieg (1= %)y
4: If schedule [* is selected, set x;+ = 1; Update the corresponding {Xin}ne[N,»} and
{in(t) Yne Ny se(r) according to schedule I*;
5: Schedule job i accord to y;,(t);
6: end for

For given k and ¢, we have
Pr[®] = Pr| Z Z fi/f(t)xﬂ > ] < Pr[z Z rl,jmxxﬂ > ]
i€l l:teT(l) i€l leT (1)

IZDNDY X > —— <Pr[X>C]
ie[I]1:teT(I)

where X =} ;e Xiser () %u- Instead of constraints (4.2a), we consider the following LP with new

constraints Y Yeg i < C:

maximize Z Z bix; 4.5)
i€[l]leg;
subject to:

Y Y xy <C,VkelK]Vt €T, (4.52)

i€l ieg;
Y xiy<1,viell, (4.5b)

leg;
x> 0,Vie [I],Vl € C,‘. (4.5¢)

Let £/ be the solution to LP (4.5) obtained by the ellipsoid method, and x’ be an integer solution to
LP (4.5) computed by the same method in lines 3-4 in Algorithm 6. Then Pr(x}, = 1] = (1 — %)ﬁ{l

Let X; = Y, c¢, xj; and X' = Y;c( X/ By the union bound,

=1]<) Prix;=1]= —8— Z il

lGCl‘ leé:z

[\.)
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Hence,
Zm '=1]<(1-=)C.

El

Letu=(1- %I)C and 8 = . Because C > (CH) In(KT), u > E[X'] and 0 < 8 < 2e — 1, the

2

following inequality holds by applying the Chernoff bound in Theorem 6:

/

PriX’ > C] < exp (—(1 — %)C( ijg_/)z/“)

1 —
< exp (— lcjg, 1n(KT)> =(KT) "7 <

2

Therefore, we obtain

HM§hv>Q§mW>q$@ﬂﬁT

]

Theorem 7. If C > (C,;rl) In(KT), with probability at least 1 —

KT KT)C s Ao ffline In Algorithm 6 can

output a feasible solution to ILP (4.1) and ILP (4.2) in polynomial running time. The expected

value returned by it is at least (1 — &;)-optimal, where & = o +%/ 0‘28 + &y ) —(a+5 -

Proof: We first examine the feasibility and the running time. Taking a union bound on K types of
resources and 7" time slots, the probability that the integer solution generated at line 4 in Algorithm
6 is feasible is at least 1 — K TW =1- ﬁ by Lemma 13. By Lemma 12, line 1 in Algorithm
6 takes polynomial time to compute a fractional solution. The running time of the for loop in lines
2-5 is linear. Thus, the running time of Algorithm 6 is polynomial.

Let AS denote the event that A, r,. outputs a feasible solution. Let OPT/ be the optimal

objective value of the relaxed problem of (4.2), the expected objective value returned by Algorithm
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6 is:

E[Y Y buxy] > ELY. Y bixy|AS]

i€ll)leg i€[fieg
g 1
> Z Z bilE[Xil]Pl’[AS] > Z Z bil(l - E)Xzf (1 B (KT)C)
icllieg; i€[l}eg;

!

> (1= £)(1 - a)(1 - ﬁ)OPTf — (1—&)0PT’.

Because the optimal objective value of ILP (4.2) is at most OPT/, we can conclude that Algorithm

6 returns a (1 — &;)-optimal solution in expectation with & = o + %/ - O‘TS/ + ﬁ —(a+ %/ —

) e .

4.5 Online Scheduling Framework

A practical scheduling algorithm needs to work in the online fashion, without relying on knowledge
of future job arrivals. In this section, we design an online algorithm that runs as jobs arrive to the
system, and processes each job immediately upon its arrival. We next introduce the primal-dual
framework that guides our online algorithm design in Ch. 4.5.1. We propose an online algorithm
for jobs with chain structure in Ch. 4.5.2 and analyze its performance in Ch. 4.5.3. Ch. 4.5.4 shows
that the algorithm proposed in Ch. 4.5.2 can also handle general jobs with directed acyclic graph

structures.

4.5.1 Primal and Dual Framework

Upon each job arrival, the cloud service provider needs to determine whether to serve this job, and
if so, how to schedule it. This process is equivalent to choosing a feasible solution to ILP (4.1).
To solve ILP (4.1), we resort to the classic primal-dual framework, and apply it to the compact-
exponential ILP (4.2) and its dual (4.3). We observe that for each primal variable x;;, there is a dual
constraint associated with it. Complementary slackness indicates the update of the primal variable

is based on its dual constraint. x;; remains zero unless its associated dual constraint (4.2a) is tight.
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Let p* denote the optimal solution of dual variables {pi(t)* }yie[x]e[r] for LP (4.3). Upon the
arrival of the ith job, we assign dual variable u; to the maximum of O and the right hand side (RHS)

of (4.2a),

ui = max{0,max{by — 3}, Si()pe(6)}}- (4.6)

ke[K)teT (1)

If u; > 0, the cloud service provider serves job i according to the schedule that maximizes the
RHS of constraint (4.2a); If u; < 0, the cloud service provider rejects it. The rationale is as follows:
The dual variable py(t)* can be interpreted as the marginal price per unit of type-k resource at time
t, then Yy k) Xier () fX(t)pr(t)* is the price to execute job i according to schedule /. The RHS of
(4.2a) can be viewed as job i’s utility with schedule /. The assignment of u; in (4.6) effectively
maximizes job i’s utility, towards achieving the maximum value obtained from all jobs.

However, the problem is that we cannot obtain the optimal dual solution p* in the online setting.
We have information on past jobs only. Thus, we consider the first & € (0,1) fraction of jobs
and hope to obtain an approximate dual solution in expectation, and progressively refine our dual
solution as more jobs arrive. By adopting this idea, we next design an online algorithm, and show

that it has good performance in both theoretical analysis and simulation studies.

4.5.2  An Online Algorithm with Stochastic Input

We first focus on service chain type of jobs where the dependence graph is of a sequential chain
structure.

Expected offline optimization problem. The offline problem in (4.2) is defined under a fixed and
stochastic realization of the job arrival process. Next, we consider all possible realizations of the
job arrival process in expectation, and define the expected offline problem in LP (4.7). We refer to
it as the expected offline program. It guides our online algorithm design and the optimal objective
value of it serves as an upper bound of the expected optimal objective value of the offline problem
in (4.2) in the competitive ratio analysis.

We use j to denote a job of type-j instead of job j in LPs (4.7), (4.8) and (4.9). Let p; be
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the probability that a type-;j job is drawn from the job types set &. Since the expected number of
jobs is AT, the expected number of type-; jobs appearing in the realized jobs is ATp;. Let x;; be
the probability of a type-j job served according to schedule /, over a random realization of jobs.
Then ATp; Zzegj bjix;j; is the contribution of type-j jobs to the expected overall obtained value.
Summing over all job types, the objective function of (4.7) represents the expected value obtained
from all jobs. Note that we assume the same type of jobs has the same value of d; — a; regardless
of job arrival time, under the assumption that 7" is much larger than the value of d; — a;. Because
the probability of d; > T is very small and the overall obtained value in expectation barely changes

without considering these extreme jobs.

maximize Z ATp; Z bjixji 4.7
JED IGCJ'
subject to:
Y Y ATp; Leer f 4 )xﬂ < ex, Yk € K], (4.7a)
JjEZ1€(;
Y xi<1,Vje2, (4.7b)
leg;
xj>0,Vje2,Vlel;. (4.7¢)

Next, we examine the constraints in LP (4.7). Constraint (4.7a) is the expected capacity constraint,
which guarantees the average consumption of one type of resource at each slot is below its capacity.
The rationale is as follows: If a type-j job is scheduled according to /, then it consumes a total
of Yer () fllf(t) units of type-k resources over the entire system time (7 slots). Recall that the
arrival time of a job is uniformly distributed within [T], then the slot r € T'(I) is also uniformly
distributed within [T']. On average over time, a type-j job served with schedule / consumes at most

Z’ETT”) units of type-k resource at each time slot, since the probability of this job occupying

ZIET f,z( )

any slotis 1/T. Yicp Y e ¢ ATp; x;; is the average consumption of type-k resource at

each slot contributed by all types of jobs. Note that it is a non-trivial transformation of the capacity

constraints (4.2a) as we remove the time dimension here. Constraint (4.7b) ensures that one job of
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a specific type can only be served according to at most one schedule. Based on the above expected
offline program, we are able to design an online algorithm that obtains 1 — O(&;) fraction of the
expected optimal value obtained from all jobs, under the assumption that each job only consumes
a small fraction of the capacity of any resource.

While it appears that the number of variables in LP (4.7) is still exponential, we observe that
there are only N; possible values of bj; and }.;c7(p) fllj (t) for each j. This is because a type-j job
contains N; subtasks that need to be executed sequentially, and each of the subtasks has its own
value and resource demand. Let 1 € [N;] denote the nth execution option for a type-; job, and
bjn = Lnem)bjn and a)j.‘n = Ynen) rX L;, represent the value and the resource consumption for this

option. We can rewrite LP (4.7) to the following LP:

Py : maximize Z ATp; Z binxjn (4.8)
€2 nelnj
subject to:
0%
Y ¥ lij%nxm < ¢, Vk € [K], (4.82)
JEZ nEN;]
Y xp<1,Vje2, (4.8b)
ne(n;]
Xjn >0,Vje 9, VT[G[NJ] (4.8¢)

By introducing dual variables p; and u; into constraints (4.8a) and (4.8b), respectively, the dual

problem of (4.8) is:

Dy : minimize Z crpr+ Z ATpju; 4.9)
kelK] JED
subject to:
ok
uj>bip— Y —Lp,Vje 2,vn €N, (4.92)
ke[K]

Piouj>0,Vke [K],Vje . (4.9b)

If we can solve the dual problem in (4.9) exactly to obtain the optimal dual solution py, we can

apply the primal-dual technique discussed in Ch. 4.5.1 to derive the primal solution for the expected
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offline program (4.8), achieving a close-to-optimal objective value. The barrier is still that we do
not have complete knowledge of all job types in the online setting. Our main idea is to produce
an approximate dual solution based on past jobs, and gradually refine this dual solution with the
accumulation of past jobs. The intuition is that because the types of jobs are i.i.d., the average
resource consumption of the past jobs can approximately reflect the average resource consumption
of all jobs in expectation, especially when more and more jobs are processed. More specifically,
we divide the job arrival process into logz(é) stages, and index each stage with an integer s. Let
S= logz(é) —landthens € 0,1,...,S]. For each stage, we consider the first 2°| ;AT | jobs in set
Fs=11,...,2°| &AT]], and formulate an empirical version of (4.8) in P; in (4.10) for these sample
jobs. We replace the expectations over all jobs in the objective function and constraint (4.8a) with
the sum over these jobs, and shrink the capacity limits accordingly by a factor of (1 — .%)2%¢,.
Let Iy = || =2°|&AT] and .Z; = & /2532% = % Then 2%&, ~ /{—AT is the proportion of the
first 2°| &AT | jobs to all jobs, and (1 —.%;) handles the sampling error to make sure the overall

resource consumption does not exceed the capacity. Note that & < .%; < /€, and we convert

each job type j back to job i. The dual of the relaxed (4.10) is formulated in (4.11).

P;: maximize Y ) bipxiy (4.10)
i€Is ne[N]]
subject to:
k
Y Y g < (1-Z)2%ck, Yk € K], (4.10a)
icIsneN]
Y xip <1,Vie .7, (4.10b)
ne[N]
xin €{0,1},Vi € F, Vn € [Ny]. (4.10¢)
Dy : minimize Z (1 —Z)2ecrpr + Z u; 4.11)
ke[K] ic7,
subject to:
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k

;
i >bin— Y. —Lpy, Vi€ I, €[N, (4.11a)
ke[K] r
Pi,ui > 0, Vk € [K],ViE%. (4.11b)

Upon the arrival of the 2°| AT |th job, we exactly solve the dual problem in (4.11) to obtain the
optimal dual solution p;. The size of the dual problem (4.11) is polynomial, and hence it can be
solved efficiently by Karmarkar’s algorithm [68]. By involving more and more jobs in solving
(4.11), we progressively learn a dual solution that is close to the optimal dual solution py, of the
offline dual problem in (4.9).

We next discuss the decision making and the scheduling process, based on the learned dual
solution p,. Upon the arrival of each job, we let u; be the maximum of 0 and the RHS of constraints

(4.11a), i.e.,
k

Q:
u; = maX{O, max {bln - Z Tlnpk,s}}
ne(ni] ke[K]

If u; <0, then the cloud service provider rejects this job; If u#; > 0, the cloud service provider
accepts this job, and serves it according to the following schedule: Let 7; = argmax; ¢y {bin —
YielK] w—ﬁl Pks}»> subtasks 1,...,7m; in job i will be allocated sequentially to slots from a; to a; +
Ynen,) Lin — 1. Although we didn’t check the resource capacity constraints (4.2a) here, we show
that with high probability (see Lemma 17), our algorithm satisfies the capacity limit in expectation
for any type of resource at any time.

Aoniine 10 Algorithm 7 is our online algorithm, with the scheduling algorithm A, in Algo-
rithm 8 running for each job. Lines 1-2 in A, define variable I and initialize primal and dual
variables. Lines 4-5 reject the first | AT | jobs as price pg is not ready yet. Upon the arrival
of the ith job (i > |&AT |+ 1), lines 6-13 determine whether to serve this job, and if so how to
schedule it. More specifically, A.or in line 7 is run for job i € [257 1| &AT | + 1,25 &AT]] with
the input ps_1. In Acpre, lines 1-4 determine the utility variable u;. If u; > 0, we accept job i,

compute its schedule / in line 7 and update all primal variables in lines 6-14. On the arrival of
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Algorithm 7 An Online Algorithm A,

Input: {Fi}, {Ck},gz,l,T
1: Define I; = 2°| AT |;
2: Initialize s = 0; Let x;, = 0,yi,(t) = 0,x; = 0,u; = 0, pr = 0,Vi € [I],Vn € [N;],Vt € [T],VI €
i, Vk € [K] by default;
3: while the arrival of the ith job do

4: ifi < |&AT| then

5: Reject job i;

6: else

7 ({xin}v {)’m(t)}}) = Acore (Fia {cet, {Pk}})§
8: if In € [Nj],x;, = 1 then

9: Schedule job i according to yi,();
10: else
11: Reject job i.
12: end if
13: end if
14: ifi=1Iands < logz(giz) — 1 then
15: Solve the dual LP (4.11) exactly to obtain py;
16: Let {pi} =ps;s=s+1;
17: end if

18: end while

Algorithm 8 A Scheduling Algorithm A,

Input: T, {cx}, {px}
Output: {xi,}, {yin(t)}
I: forn=1,2,...,N;do
n] r{‘anin

Ln
2: Uin = Zne[m bin — Zke[K] E[#PkQ

3: end for

4: u; = max{0, maxy ¢y {uin } }5

5: if u; > 0 then

6: n; = argmaxy ¢y, {tin }:

7 l,-:{ai,...,ai—}—Znemi}Lin—1};xl~li: 1;
8: X,‘n:1,Vl’lE[ni];t:ti;

9: forn=1,...,n;do

10: index = 1;

11: while index < L;, do

12 yin(t) = 15t =1+ 1;index = index+ 1;
13: end while

14: end for

15: end if

16: Return {x;,},{yin(t)}
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25| & AT |th job, line 15 in A,pine solves the dual LP (4.11) exactly using all jobs from job 1 to
job 2°|&AT |. Line 16 updates p; and s. Note that the last time we update price p; is the arrival
time of job ZIOgZ(é)_l |&AT|. This process is repeated until the last job arrives. Note that our
algorithm doesn’t require any information about the job type distribution. Furthermore, we can
use an estimated value of A instead of the accurate one. We will show that inaccurate estimation
has rather mild impact on the performance in the simulations. We next use a simple example to
illustrate the process of A,jine. Suppose the online system spans 32 time slots. Let A = 0.5 and
& = %. We reject the first 4 jobs, and solve (4.11) with the input of the first 4 jobs to obtain pg.
From job 4 to job 8, we use pg as the price to make a decision and solve (4.11) again with the input
of the first 8 jobs to obtain p;. From job 8 to the last job, p; serves as the threshold to determine

the winner.

4.5.3 Theoretical Analysis

i) Polynomial running time.
Theorem 8. The time complexity of A,,in. in Algorithm 7 is polynomial.

Proof: We first examine the running time of A.... Lines 1-4 take O(N;K) steps to compute u;.
The running time of the if statement in lines 5-15 is O(Znem Lin). In summary, the running time
of Acore is ONiK + ¥ e Lin).

We next analyze the running time of A,,.. Lines 1-2 define and initialize variables in
O(1) steps. There are I jobs, and the running time to handle each job (lines 4-13) is domi-
nated by the running time of A.,.. The body of the if statement in lines 15-16 is executed
Llogz(e—lz)j times, each iteration solves the dual problem in (4.11) in O(I**).% steps using Kar-
markar’s algorithm [68], where each job is encoded in . bits. Recall that N = max;c|y) {N;} and
Linax = max;cy) »e|n;) Lin- Given the above, the time complexity of our online algorithm A,pjjn, 18
O([logy ()P Z +IN(K +L)). O

ii) Feasibility of the original problem.
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We next show that with high probability, our online algorithm A,,;;,. can compute a feasible
solution to the original problem (4.2). Constraints (4.2b) and (4.2c) are satisfied trivially. When
summing over all s € [0,...,S], Lemma 17 shows that with probability at least 1 — 2¢,, accepted
jobs consume at most the maximum capacity in expectation for any type of resource at any time
(i.e., Constraint (4.2a) is satisfied).

Let xi (ps) be the primal solution output by A,ine, Which is a function of p;. We have

k a)lk

o,
1, if 7 = arg max {biny — Z Tnpks} and by > Z Tnpk,sa
Xin(Ps) = el kelK] kelk] (4.12)

0, otherwise.

We next define two random variables Xf and Yf.‘ (1), which will be used in the following analysis.

wk

Xf = Z[ ]mem (ps)- (4.13)
nen;

Y fu(t)xy, ift € T(1),
YH(r) = ¢ €6 (4.14)

0, otherwise.

Note that the value of x;; in Yf.‘ (t) is output by A,,ine and computed according to the value of

Xin (ps)'

Lemma 14. The expectation of Yf.‘ (t) on t is upper bounded by Xf when job i’s arrival time #; is

uniformly disturbed in [T].

Proof: If job i is rejected by the cloud provider, i.e., xin(ps) = 0,1 € [Ni], then Y¥(¢) = Xk
and the lemma follows. Otherwise, let 1; = argmaxpye[y;| Xin (ps). According to A,pjine, jOb i is
scheduled within [a;,a; + Z,?i:l Lin), and let [; be the corresponding schedule. For a fixed ¢ € [T},
we have

E(YYt) =Prla; <t <a;+ i Lin)) fi,(t) = Prlt — i Lin < ai < 1), (0):
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Because ¢; is uniformly disturbed in [T], Prla; = ]

%. Moreover, since 1 <t < T, Pr[t —

Z,T_l Li, < a; <t] has two different values when 1 <7 < Zgizl Li, and Zgi_l Li, <t <T. For both
cases, we have

k <lnrk,_a’ini_k
E(Yi<t))—TZ iann— _T _Xi' ]
n=1

the range of [(1 — Z:

Lemma 15. Let E; denote the event that the total number of jobs that arrived in [T, I, is within
2

given AT > 4

JAT, (1 + %)l T], V.%;. The probability that E| happens is at least 1 — &,
(82)*"

Proof:

a

PrlE)] > 1—Prl|[l —AT| > ?AT} > 1P|l —AT|> %AT].

The last inequality holds because .#; > &. According to Chebyshev’s inequality [59], we can
obtain

& & Varll] ~ 4AT 4
Pri| —AT| > =AT]=Pr[|I —E[Il| > =AT]| < = = .
al |2 AT =Priil—Ell]] = AT] < (GAT)? ~ &A2T2  &AT
Given AT > #, we have ezjﬁ < g and therefore Pr[E] > 1 —&,. O
We define a new variable £, and let

121n (2(IN)KKT10g2(é)/£2> AT
% = max 5 )
€

2
&
Lemma 16. Let £, denote the event that

XK > 2%, Vk € [K],s € [0,1,

8],
ieﬂﬁl\js

On the condition of Ey, i.e., (1— %)lT <I<(1+ %)QLT, the probability that E, happens,
Pr[E;|E;], is at most 2, given >R

max

Proof: Consider a fixed price p. We say a random sample .7, |\ .% is bad for this p if p = p;
k

but Yic 7, \z Lnen) 7-%in(P) > 2°€xcy, for some k and s. We first show that the probability of
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bad samples is small for every fixed p, s and k. Then we take union bound over all “distinct” prices,

k
all s, and all k to prove with small probability, ¥ic s, ,\ 7 Lnen;) w}” xin(Ps) > 2°€x¢y, Yk, Vs with

price ps.
We first fix p, s and k. Recall the definition of Xf in (4.12). Since pg is the optimal solution
for LP (4.11), then by complementary conditions, we have Y ;c » Xf‘ < (1 — %)2°exck. We define

events

A={Y. X <(1-F)2&a},B={ Y X>2gq}.
leﬂs I.E:ﬂ_ﬂ,l\(ﬁs

Therefore, the probability of bad samples is bounded by:

PriBl=pPr[ ¥ X{— Y Xf>2'6c]=Pr] ¥ X}>(2-2)2clAl

i€I5q1 i€ Iy €S
I
<P} Xi—7— ) X{[>p] (4.15)
€9 s+1 l'Ej;Jrl

L 1 1 A __AT)2 1 Fs
Because =2 > or ="5= 2 STTFT) as I < (14 5*)AT, thus,

L Xi|> (=22 - (1= F)2ee

9‘3 a?
e > TZSEZCk

1+ JS/Z
Then 8 = y—SZSszck.

We normalize ¥ . We define random variables:

max

such that X¥ € [0, 1], and replace ¢ with

Y Xi—— ) X)*<lL

tlics stlieg

1 1

0% (X) = I

A(X) = max X¥— min XF< 1.
i€551 i€d1

According to Hoeffding-Berstein Inequality (Appendix A.1 in [9]), we have

(4.15) <2 ( B ) <2 Jzzsgzck (4.16)
15) <2exp | — < 2exp ) )
21562(X) +BA(X) 2] + = ° 25&ycy

2
I, < 2°eAT < AT. Because ci/r5, = c; > 47LT/£22, we have I < AT < 82ck/4 = "0} 2%er¢y.

max

Thus,

ffzsszc e €
(4.16) <2exp _ Ak <2exp (— 2 k) < 2 S
2+1 12 K(IN)XTlog,(3;)
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7k

max = Ck = AB. Next, we take a union bound over all “distinct”

The last inequality holds because ¢/
p. Two price vectors p; and py are distinct if and only if they result in distinct solution, i.e.,
Xin (P1) # Xin (P2). By results from computational geometry [58], the total number of such distinct
prices is at most (IN)X. Taking the union bound over all distinct prices, K types of resources and

logz(siz) stages, we get the desired result. O

Lemma 17. With probability at least 1 — 2¢&,, we have

E[Y¥(1)] < 2°erer,Vk € [K],t € [T],5 € [0,1,....8],
iej’s-&-l\ff

given AT > @ and é—’;x > A.

Proof: We first prove that, for a fixed 7, on the condition of 1, the probability of ¥ic s, \ 7 E [YA()] >
2%eyci,Vk, Vs is small.

According to Lemma 14, the expectation of Yf-‘(t) on ¢ is upper bounded by X{‘ . Therefore,

Pr| Z E[YX(1)] > 2%eyck, Yk, Vs|E1] < Pr] Z XK > 25,0, Vk, Vs|Ef]
€I\ Iy I€I51\ Iy

&
= Pr|E»|E] < ?2 (Lemma 16)
We take the union bound over T slots and have

Pl Y EYI(1)] <20, VkVs, Vi) > P[ Y E[Y[(t)] < 2°&ycy, VK, Vs, Vt|E1 | PrlE]
i€ 1\ s i€ 1\ s

>(1-T-Pr[ Y, E[Y}(t)] > 2"exck,Vk,Vs|Ey]) PrlE)]
i6<ﬁs+l\'ﬂs

> (1—&)*>1—2¢. (Lemma 15)

iii) Competitive Ratio.

Finally, we show that our algorithm A, 1S -competitive in expectation in Theorem 9.

1
170(82)
Lemma 18. Let OPT denote the optimal objective value of the offline problem in (4.2). E[OPT]
is the expectation of OPT over all possible realizations of the job arrival process. The optimal

objective value of LP (4.8) is at least E[OPT|.
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Proof: We observe that the average of the optimal solutions of the offline problem in (4.2),
computed over all possible realizations of the job arrival process, achieves the expected offline
social welfare E[OPT]. Furthermore, it also provides a feasible solution to the expected offline
problem in (4.8). Therefore, the optimal objective value of LP (4.8) must be at least E[OPT]. [

As |7 <25|&AT] < ’ITT < AT, we have the following observation.

Observation 1. The inputs of the problem in (4.10) have the following property: for the optimal
dual solution pg derived by solving the dual problem (4.11), there can be at most AT equations

such that bin, = Y ek % Pk.s, Vi € s, where 1); denotes the best option for job i.

Lemma 19. Let {x;;, s}ie[l},ne[Ni} be the optimal solution of (4.10), and x; be the solution vector.

Z Z xin,s_)LTS Z Z}xin(ps)g Z Z xin’s,VSE[O,l,...,S].

i€ neN] i€IsneN; i€ neN]

Proof: Let 1); denote the best option for job i, i.e., 1; = arg maxy ey, {biny — Ykc[K] ﬁp/@s}. By
complementary slackness, the optimal solution of (4.10) satisfies xn, s = 0 1f bip, < Yyc[k] w’T%’ Dks»
and X, s > 0 if bin, = Yre(x) ﬁpk,s. Compared with (4.12), the only difference is x;n,(ps) =0
when bin, = Yiex] w’Tkn’ Pks- These imply that jobs accepted by A, are also accepted by the

optimal solution, while some jobs rejected by A,,ine are accepted by the optimal solution. Since
Observation 1 indicates that there are at most AT equations that satisfy b;,, = YiclK] % Pl,s; Vi €

4, there are at most AT jobs that are rejected by A, but accepted by the optimal solution. [

Lemma 20. On the condition of (1 — %)AT <I<(1+ %)/IT, with probability at least 1 — &,
Vs e |0,...,S],
Z Z binxin(Ps) > (1 — 3F )Pl (Xst1),
€I 11 NEN]

where ) ic s, " ZnE[Ni} binxin (ps) is the objective value of Py, in (4.10) achieved by our solution

xin (Ps), and P

11 (Xs11) is the optimal objective value of Py in (4.10) under optimal solution X 1,

given r,f" > A.

max
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Proof: We first define an auxiliary primal problem as follows:
P4 : maximize Z Z binxin
iEngr] ne[l\’l}

subject to:

k

nX
Z Z mein < Ay, Vk € [KL
iE/ﬂH_] T]E[]Vl]

Y xip <1, Vie F,
ne(n

xin 2 0,Vi € 11, ¥ € [N,

k

: .
where Ay = Yie 5, Xneln;) 7-%in (Ps) if prs >0and Ay = max{¥e 5, , Xneln

if py s = 0. Its dual problem is:
Dy : minimize Z Arcrpr + Z U;
kE[K] i€ I
subject to:
ok
Uu; 2 bin - Z _lnp/m Vie tﬁs-i—lavn € []Vl]7
ke[K] r

Pk, Ui > 0, Vk € [K],Vl S ‘ﬂs—i-]-

(4.17)

(4.172)

(4.17b)

4.17¢)

k

0}
—xin (), 25 erck }

(4.18)

(4.182)

(4.18b)

Note that {xin (Ps) }ic[i],ne|n;] and ps satisty all complementarity conditions, and therefore they are

the optimal primal and dual solutions to LP (4.17) and LP (4.18). The optimal objective value

of (4.17) is Yie s, Lnen; binXin (ps)- In order to prove the lemma, we need to show that with

probability at least 1 — &, (1 — 3.%)xX,4 is a feasible solution to auxiliary program (4.17).

First, we show that with probability at least 1 — &,

A > (1-3.7)2eyer, Yk € [K],s €]0,...,5].

(4.19)

If py s =0, then by definition we have Ay > 25ty cp. It remains to prove the case where py ¢ >

0 that, with probability at least 1 — &, Ay > (1 —3.%)2"  excr, Yk € [K],s € [0,...,S]. This
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K
is proven by showing that with probability at most &, Ay = Yic s, Lneln] #xm (ps) < (1-—

37,2 eyer, Vk € [K],s €0, ..., S]. The detailed proof is as follows: Recall that {xin s }ie(.ne[v

and { pk,s}ke[K] are the optimal solutions to programs (4.10) and (4.11). Then, by complementary

ok s

slackness, if py s > 0, we have Yic 7 | Ypen] —7Xin.s = (1 — F5)2°€2¢,. We normalize rk .. such

that %, = 1. Given ¢t /rk,,. > 4’” > AT and the observation in Lemma 19, we have for any k

max = 2s¢ 2’
and s,
k k
" :
NPIEEHISES i R}
i€ neN) i€ IsnelN;)

> (1 — Fy— 82)2S£26k > (1 — ng)ZSSQCk.

For a fixed k, s and a distinct price vector p, when p = py, we define events G| = {¥c.», LX<

(1-3F)2 erer} and Gy = {Ljc s XF > (1 - 2.%)2%er¢4 }.

1
Pr(Gi] = Pr(Gi|Go] < Pr[| . X} —— Y X[ > B (4.20)
€7, stlies,
L 1 1 I, _ AT/2 1
Because =2 < m) or ;=7 < ST=77) 8 I1>(1- )/'LT thus,
Xk i Yy xi> (1—2%—;?(1—3%))2%2@
€7, L+ €I 1-7/2
Fy+2.F2 Z.
= %2382Ck 2 TSZSSZC](.

Z, k k
Then B’ = 5:2°€x¢. Note that X7 € [0,1] as ryy,, = 1. Next, similar to the proof of Lemma 16, we

max —

define two random variables:

1 1

% (X) =

Lo

+1 i€ S

Y xir<i1.

IS +1 i€ S

A(X) = max X¥— min XF< 1.

€I i€ S

According to Hoeffding-Berstein Inequality [9], we have

BIZ /3223 2 2
(4.20) < 2exp (— ( )) < 2exp ( —") : (4.21)

ZISGZ(X)-FBA X 21+ J2582Ck
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7k

Because ci/rya = ¢k > AT, we have 21, <2-2°AT < 2-2°gc;. Hence,

7 sese gc g
(4.21) <2exp —4—75&.16 <2exp (— 2 k) < 2 -
2+ % 12) = KN logy(L)

The last inequality holds because c; /7%, = c; > 8. Taking the union bound over (IN)X distinct

prices, K types of resources and logz(é) stages, we prove that with probability at least 1 — &,
A > (1 =322 gy, Vk € [K],s € ]0,...,S].

We observe that i) constraints (4.10b) and (4.10c) are the same as (4.17b) and (4.17c¢); ii)
constraints (4.10a) and (4.17a) only differ in the RHS. Following the result of (4.19), we have
with probability at least 1 — &, (1 —3.%;)X,4 is a feasible solution to LP (4.17). Therefore, with
probability at least 1 — &, the optimal objective value of (4.17), i.e., Yic .| Xne[n) LinXin (ps), is at

least the objective value of (4.17) under the solution (1 —3.%)xs 1, L.e., (1 =3%5)P | (Xs11). O

Lemma 21.

E[P}(x,)] < 2°&,P5, Vs € [0,..., 5],

where E (P (x;)) is the expectation of the optimal objective value of P in (4.10) achieved by the
optimal solution X, over all possible realizations of the job arrival process, and Py is the optimal

objective value of (4.8).

Proof: Let (xy, ps, Uy) denote the optimal primal-dual solution to (4.10) and (4.11), and (xy, px,uyx)
denote the optimal primal-dual solution to (4.8) and (4.9). Comparing the two dual programs (4.9)
and (4.11), we can observe that (py,uy) is a feasible solution to program D; in (4.11) since any
realization of job i € . can be found in the distribution . Then the objective value of (4.11)
with solution (px,uy), Ds(px,uy), is at least the optimal objective value D} (ps,u;). Furthermore,
according to weak duality, P} (x;) < D} (ps,us) < Ds(pz,ux). Then we have

E[F{ (x5)] < E[D(ps,us)] < E[Dy(pz,us)] = E [kz[, ](1 — F5)2&ckprx + Z] Ui s
e[k €9,

<E2'& ) caprz+ Y, uiz] <2°& Y aps+ Y, Lpjujs
ke[K] = ke[K] j€2
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<2&( Y apez+ Y, ATpjujz) =2°&D5(px,ux) = 2’6 P O
kelK] JED

Lemma 22. On the condition of (1 — Z)AT <1< (14 Z2)AT,
(1—&)Ps <E[Pg, (xs1)] < (1+.7F/2)P5,

where S+ 1 = log,( é), E(Pg, (xs11)) is the expectation of the optimal objective value of Ps

and Py is the optimal objective value of (4.8).

Proof: We first prove that E[Pg | (Xs+1)] < (1+.%/2)P5. Similar to the proof in Lemma 21,

we have

E[Pg.(Xs+1)] < E[Dgy(Pst1,us+1)] < E[DS+1(p2,llz)]

<E| Z CkPrx+ Zuz): [ Z CkPk,x + Z 1+ 5 )/lTpJu]Z
ke[K] ie(l] ke[K] JED
Fs Fs Fs
<1+7 Y aprzt Y, ATpjujs) = (1+—° 5 =)Ds(ps.us) = (1+ =7 7 )Py
ke[K] €2

Next, we show (1 — &)Py < E[Pg,;(Xsy1)]. When S+ 1 = logz(é), constraints (4.10a) in
k
program Pgy; becomes }ic # Y ncin wT xin < (1 —&)cy. Consider a new version of LP (4.8)

by replacing constraints (4.8a) with ¥jc g Ynepv;) ATP; —kx in < (1 —&)cy, and denote this new
program by Pyr. Let Py, be the optimal objective value of Py, and xy be the optimal solution of
(4.8). Then (1 — & )xy must be a feasible solution to Py, and the objective value under this solution
is at most Py, i.e., Py/(Xy) = (1 — &)Py < P},. In addition, comparing Ps and Py, we found the

expectation of optimal objective value of Ps, is equal to Py,. Therefore, E[Pg, | (Xs41)] = Py, >

(1 —82)P§. ]

Theorem 9. For any 0 < & < % our online scheduling algorithm A, ine 1s m—compeﬁﬁve

in expectation with i.i.d. job types and uniform job arrival time distribution, as compared to the

expected optimal objective value of offline problem in (4.2), given AT > € 4)3 and C" > B
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Proof: Combining Lemma 15, Lemma 17, and Lemma 20, we have with probability at least

(1—82) X

(1—&)x(1—-2&)>1—4&,events

F, Fy
(1= SHAT <1< (14+59AT,

IN

E[Y¥1)] < 2°ex¢y,,
ie<ﬂs+l\js

Z Z binxin(Ps) > (1 = 3.F5) P11 (Xs11),
€I 1 NEN]

happen simultaneously for all k € [K],# € [T] and s € [0,...,S]. Let ¥ denote the event that three

events happen simultaneously. Then we can have:

s
E[Y Y Y bipxin(ps)|¥]

S:Oiefﬁul\vgs nen

ZE[Z Z Z bznxm ps)|¥] — Z Z Z bznxzn ps)|¥]

s i€ S 1 nEN s iegsnelN]

> Y (1 =3F)E[P! 1 (Xe1)¥] = }_E[P (%;)|¥] (4.22)

Combining Lemma 21 and Lemma 22, we have

(4222 (1= )85 - o EWPG )] + KA )

S—1 Z.
>(1—&)Pr — 1 —4e, <€2+ 23&/32”1-1-3/ (1—1—%)) P
V0.5
> (1—&)Py — 1_482(1—%6>< 1.843xV2x (HT)ezPik
* 1 *

The last two inequalities hold because Zs F2°8) < 1.88,.7, < /& < V0

Z Z Z blnxm Ps ’lP >Pl’ XE Z Z Z blnxln ps

s=0ie S 1\ FsneN]] s=0ie £ 1\ I neEN]

Z (1 —482) ((1 —82)P£:k — 1

1
, 1832Pg> > (1—23&)P; > (1—23&)E[OPT). 0
—ac2
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4.5.4 Discussion

Aoniine can be generalized to handle general jobs with arbitrary dependence graph topology. Upon
the arrival of the ith job, we first compute a topological ordering of its dependence graph. Such
ordering ensures that if job i’s subtask j must be executed before subtask k, j precedes k in the
ordering. It can be accomplished in linear time, e.g., by Kahn’s algorithm or depth-first search [71].
We then re-index its subtasks according to the output ordering. The rest of the algorithm design
is the same as the counterpart in Ch. 4.5.2, and we omit the details. Because the expected offline
optimization problem for general jobs can also be formulated to LP (4.8) and our online algorithm
design is based on this LP, the online algorithm for general jobs can achieve the same performance
as Aoniine does, with regard to optimality and feasibility. The theoretical analysis is similar to the

counterpart in Ch. 4.5.3, and is omitted here.

4.6 Performance Evaluation

In this section, we evaluate our offline and online scheduling algorithms through trace-driven sim-
ulation studies. We further compare our scheduling algorithms with two related algorithms from
the recent literature [44] [84]. They study the similar cloud scheduling problem under simplified
offline and online scenarios by assuming that each job contains only one subtask. We first intro-
duce the simulation setup. We configure each job according to Google Cluster Data (version 1 [3])
which contains each job’s information including number of subtasks, execution duration, and re-
source demands (CPU and RAM). We assume each subtask occupies [1, 12] slots, and each slot
is 5 minutes. By default, the maximum number of subtasks (N) is 5, A = 0.5 and T = 500. The
total number of jobs [ is decided according to a Poisson distribution with expectation of AT. The
arrival time of each job is independently and uniformly chosen within [1, 7] to simulate a Poisson
process. Each job’s deadline is also generated uniformly at random between its arrival time and
T. The value of each subtask (b;;) is computed as its overall resource demand times unit prices

randomly picked in the range [1,50]. The capacity of each type of resource is normalized to 1.
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The default value of C = min¢ [K]{r,f—"} in our experiments is 1, which is much smaller than the
value in our assumption. Although a lower bound of C is required for our theoretical analysis, it
can be observed that even when the assumption is violated, our offline and online algorithms can

still achieve a close-to-optimal performance in practice.

4.6.1 Performance of A, ffjine

M c-002 [ ¢-02 [ Je=05 [ dain 05l

100 200 300 400 500 600
Number of Jobs Number of Slots (T)

350 400 450 500 550

Figure 4.2: Performance ratio of A,ffiine, and Figure 4.3: Performance ratio of A,zsjine With
Jain et al.’s algorithm [44]. different T and L.

Performance Ratio. We first examine the performance of our offline algorithm. The performance
ratio is the ratio of the average objective value of ILP (4.1) generated by A, ¢f/ise to the optimal
objective value of ILP (4.1). The average objective value is obtained by running lines 2-6 in
Algorithm 6 20 times. We also implement Jain et al.’s offline algorithm [44], which proposes a
greedy strategy to select winners, for comparison with A, ¢ ¢/ine. Fig. 4.2 shows that the performance
ratio of A, rrine decreases slightly when we increase the total number of jobs. In addition, the
ratio is inversely related to the input parameter €' to Algorithm 6, as confirmed by the analysis
in Theorem 7. A, iine achieves a close-to-optimal performance with a small €’ (0.02) and has a
better performance than Jain er al.’s algorithm even when €’ is relatively large (0.2). We next fix
€’ t0 0.2 and the number of jobs to 300, and vary the number of slots and the maximum length of
subtasks. Fig. 4.3 illustrates that both 7" and Ly,,x have relatively small impact on the performance
of A friine- This is because our offline solution is derived from the fractional solution rather than

the input to the problem.
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Figure 4-.4: Aoffline’ Objective value and percent- Figyre 4.5: Running time of A, #fline under differ-
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Objective Value, Winner Satisfaction. and Time Complexity. Fig. 4.4 compares the objective
value produced by A, ffjine to the optimal value. Again, there is just a small gap between these two
values. The objective value grows with an increasing number of jobs because A, rfjine can select
more high-value jobs from a large set of jobs. The performance of A,ffjine in terms of winner
satisfaction, as measured by the percentage of winning jobs, is also demonstrated in Fig. 4.4. The
percentage of winners drops when there is a large number of jobs. This is because the number
of winners is relatively fixed and is limited by the resource capacity. Therefore, only a small
percentage of jobs can be served from a large set of jobs. Next, we apply the tic and toc functions
in MATLAB to measure the execution time of the main program without counting the initialization
stage. We run 20 tests on a laptop computer (Intel Core 17-6700HQ/16GB RAM) and present the
average result in Fig. 4.5. We can observe that the running time of A, ¢;in. remains at a low level
(< 20 seconds) even when we input a large number of jobs and a long time span. It increases

linearly with jobs and slots, and runs faster than the theoretical result indicated in Lemma 2.

4.6.2 Performance of A,,jine

Performance Ratio. The expected offline objective value is estimated by exactly solving ILP (4.1)
20 times under different realization of the bid arrival process. The performance ratio of A,pjine 18

the ratio of the average objective value produced by A, (over different realizations of the bid
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Figure 4.6: Performance ratio of A, under e .
ferent estimations of A under different 7.

different A and &,.
arrival process) to the expected offline objective value. Fig. 4.6 shows that a better performance
ratio comes with a smaller &, while the arrival rate A doesn’t affect the ratio much. Comparing to
the performance ratio of A, rfjin. in Fig. 4.2, we observe that both A, and A, ffiine can achieve
a close-to-optimal performance and our online algorithm performs slightly worse than our offline
algorithm since it doesn’t have access to future job information. In the following figures, we fix
the value of & to 0.02 and examine the impact of other parameters. We vary the total number
of slots, use the estimated A as input to A,,;i,. and plot the performance ratio in Fig. 4.7. We
observe that the ratio remains relatively steady with the growth of T. Over-estimation causes a
worse performance than under-estimation, as compared to the real A (labelled by 100%). This is
because A,,;ine rejects more jobs with an over-estimated A. The good news is that the ratio is still
close to 0.9 even when we input an inaccurate A.

We further compare our online algorithm with Zhou et al.’s online algorithm [84], which also
conducts job admission based on the current resource prices. Their price is a function of Uy /Ly,
where U (Ly) is the maximum (minimum) value per unit of type-k resource per unit of time.
Fig. 4.8 and Fig. 4.9 show that A,, i, consistently outperforms Zhou et al.’s online algorithm over
a wide range of Uy /L; and number of slots (7). In Fig. 4.9, we set & to 0.2 and still observe the
superiority of our online algorithm.

Objective Value and Winner Satisfaction. Next, we investigate the performance of A/, in the
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aspects of achieved objective value and winner satisfaction. In Fig. 5.9, there is an upward trend in
the objective value with an increasing number of jobs. When &, decreases, the solution output by
Aoniine 18 closer to optimum, leading to a higher overall obtained value. Fig. 5.10 reflects that the
percentage of winners also goes down with the increase of the number of jobs, similar to that of

Ao ffline- Moreover, more jobs can be served when the number of subtasks in each job rises since

there is larger selection space for each job’s execution.

8
7r 90| 1 EIN=1
i . n-s
g . n-to] |
= 5 £
> 2 gl
24 °
= o
[$]
Q2 st £ eof
o Q
o <
ol $ sof . : : . 1
50 100 150 200 250 300 350 400 450 500 30 —
Number of Jobs (1 T) 100 200 300 400 500 600

Number of Jobs (A T)

Figure 4.10: Objective value achieved by Apine- Figure 4.11: Percentage of winners in A, jne-

Time Complexity and Feasibility. We test the running time of A,,;;;,. under different input scales,
and plot the result in Fig. 4.12. We can see that the worst case running time of A7, is shorter than
0.12 seconds, which is much smaller than that of A, ¢ .. Moreover, its runtime slightly increases

with the number of jobs and the number of time slots. The value of & determines its runtime.
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This is because &; is used to compute the number of times to solve dual LP (11). Finally, we run
a feasibility test for A, rfiine and Agpjine- In Theorem 7 and Lemma 17, we proved that with high
probability, both A, ¢ jine and A,yjine can produce feasible solutions. Therefore, we vary the value
of C and the number of jobs (determined by AT). We run each algorithm 100 times, and count
the number of successes, i.e., the number of feasible solutions returned. As shown in Fig. 4.13,
although we require C to be a large number in the theoretical proof, our simulation results show
that both algorithms work well when C > 10. In addition, a larger number of jobs results in a lower

success rate.

47 Summary

We presented both offline and online scheduling frameworks for cloud container services. We first
apply a new LP formulation technique to handle scheduling constraints. In the offline algorithm
design, we approximately compute the fractional solution by a separation oracle and round it to a
feasible solution. In the online algorithm design, we apply the online learning technique to obtain
the dual solution progressively. The dual solution acts as the resource price to facilitate the deci-
sion making. Our offline and online algorithms are expressive, computationally and economically

efficient.
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Chapter 5

An Efficient Online Placement Scheme for Cloud Container

Clusters

5.1 Introduction

In this chapter, we extend the existing literature on virtual cluster provisioning, and propose an
efficient online placement scheme such that: 1) Container clusters (CCs) with different values arrive
stochastically; each CC specifies its required containers and the traffic demand between neighbor
containers; ii) the algorithm is computationally efficient and executes in polynomial time; iii) the
aggregate value of deployed CCs is approximately maximized. Our detailed contributions are
summarized below.

First, we formulate the offline optimization problem as an integer program (IP) with quadratic
constraints that capture inter-container traffic flow. While polynomial in size, the quadratic IP is
non-linear and admits no direct application of the classic primal-dual schema for algorithm de-
sign. We leverage the recent compact-exponential optimization framework [84] to encode each
valid placement scheme in a variable, and reformulate the original IP into a compact-exponential
Integer Linear Program (ILP), which contains only conventional packing-type constraints, but at
the cost of involving an exponential number of variables. Solving the compact exponential ILP
directly is still infeasible in practice, when complete knowledge over the entire system lifespan is
not available. We instead first relax the resource capacity constraints that impose inter-CC cou-
pling, and focus on a one-shot problem to determine the optimal placement of the current CC. We
then design an online algorithm framework that simultaneously works on the compact-exponential
ILP and its dual LP, invoking the one-shot algorithm as a subroutine, towards computing efficient

placement based on values of dual variables.
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Second, we reformulate the one-shot CC placement problem into an integer quadratic program
(IQP), to minimize the placement cost of a given CC. We first consider a simplified scenario of
a single type of computational resource. The IQP has an objective function of degree 2, and is
proven NP-hard to solve. We apply an exhaustive sampling technique [17] based on a random-
sampling process to reduce its degree from 2 to 1, at the cost of losing some accuracy. The degree-
reduced problem becomes a general assignment problem with extra constraints. We solve this
problem to optimum, and apply the ST rounding technique [63] to round the fractional solution
to an integral solution. More specifically, we construct a bipartite graph based on the fractional
solution, and output the minimum-cost integer matching in this graph. Theoretical analysis shows
that our algorithm achieves a small approximation ratio. We then further consider the general
scenario, and propose a heuristic algorithm to provide good solutions with low computational
complexity.

Third, we proceed to consider resource capacity constraints, and design an online algorithm
framework that utilizes the one-shot algorithm to determine each CC’s placement upon its ar-
rival, without relying on future information. We apply the primal-dual technique to the compact-
exponential ILP and its dual LP, and interpret dual variables as unit resource prices at different
times. Upon receiving a CC request, given current resource prices, the one-shot algorithm com-
putes an q-approximate placement scheme with an estimated cost. We divide the estimated cost
by o to obtain a lower bound of the optimal cost, and compare the CC’s value with it. If the value
is higher, the CC is deployed and dual variables are updated; otherwise the CC request is dis-
carded. We conduct theoretical analysis on the competitive ratio and prove its upper bound. The
effectiveness of our one-shot and online algorithms are evaluated through trace-driven simulation
studies.

In the rest of this Chapter, we review related work in Ch. 5.2 and describe the system model in
Ch. 5.3. We study the one-shot CC placement problem in Ch. 5.4 and propose an online placement

algorithm on Ch. 5.5. Simulation studies are presented in Ch. 5.6. Ch. 5.7 concludes the chapter.
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5.2 Related Work

Early studies on cloud resource management have focused on VM provisioning, in both offline
and online settings. Zhang et al. [78] propose a randomized algorithm based on a decomposition
technique for dynamic cloud resource provisioning, achieving a small approximation ratio. Shi et
al. [62] present the first online combinatorial auction in the cloud computing paradigm. Zhang et
al. [82] design online multi-resource allocation algorithms to schedule cloud jobs with deadlines.
The above literature focuses on the deployment of separate VMs, without considering inter-VM
traffic in a virtual cluster.

Cloud container cluster provisioning belongs to the category of virtual cluster (VC) provision-
ing (a.k.a. virtual network embedding/mapping). Along this direction, Chowdhury et al. [28]
propose virtual network embedding algorithms that efficiently map virtual nodes and virtual links
onto substrate network resources. Li et al. [49] address the VM placement problem, by considering
both the traffic cost and the physical machine utilization cost. Yu et al. [74] study the survivable
VC embedding problem, which jointly optimizes primary and backup embeddings of VCs, with the
goal of minimizing VM consumption. Dai et al. [30] design algorithms for the minimum energy
virtual cluster embedding problem. They provide no proven guarantee on the approximation ratio.
Different from the above literature, our one-shot CC placement problem has a different optimiza-
tion objective. We target total cost minimization with a natural IQP formulation, requiring different
solution techniques. We rigorously prove that our proposed algorithm can achieve a small approx-
imation ratio. In addition, the above literature considers only one-time/offline scenario, while we
further propose an efficient online CC placement scheme to handle dynamically arriving requests
for CCs.

Towards online VC deployment, Evan et al. [32] study the online multi-commodity flow rout-
ing problem. They focus on link capacity constraints but ignore node capacity constraints. Grandl
et al. [38] propose a multi-resource cluster scheduler that assigns tasks to machines. The commu-

nication demand between different tasks is not modelled by them. Shi et al. [61] investigate online
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mechanism design to place inter-connected VMs in a geo-distributed IaaS cloud, taking both com-
putational resources and communication resources into consideration. Their subproblem for each
job’s placement is trivial, since they specify several VM placement schemes for each job, while
our subproblem is an NP-hard problem that computes the best placement for each CC. Our work is
also the first to design an online primal-dual algorithm for CC placement, with proven performance
guarantee.

The compact-exponential optimization framework was first applied by Zhou et al. [84]. They
consider the scheduling of computing jobs that require separate VMs, while this chapter focuses
on the placement of correlated containers in the form of container clusters. This chapter further
advances the compact-exponential framework to handle nonlinear constraints and NP-hard sub-
problems. Our subproblem, namely the one-shot CC placement problem, is a special case of the
quadratic assignment problem (see [51] for a detailed survey). We design a rounding algorithm that
combines exhaustive sampling [17] and ST rounding [63] techniques for effective solutions. The
online primal-dual method is a known powerful algorithmic technique for many NP-hard prob-
lems, such as the knapsack problem and the general packing problem [24]. However, our online
optimization problem does not fall into such known categories. We propose a primal-dual online
framework to solve our problem, and provide a new price function to update dual variables, which

is the key towards achieving a good competitive ratio.

5.3 System Model

We consider a cloud service provider who owns a pool of resources residing in S zones, where
a zone may correspond to one server or a cluster of servers, or a data center. Let [X] denote the
integer set {1,2,...,X}. There are K types of computation resources, as exemplified by CPU,
RAM and disk. Each zone s € [S] has Cyy units of type-k resource. Zones are interconnected by
broadband links. Active optical cables (AOC) and unshielded twisted pair (UTP) cables are often

used for short links that connect zones in the same data center, while multi-mode or single-mode
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fibers are used to connect zones which correspond to different data centers [4]. Let [ be the set of
links, and let Dy, 4, denote the bandwidth capacity of link (s;,s2) € E that connects zones s; and
S52.

Over a large time span 1,2,...,T, I CC requests arrive stochastically to the system. Multiple
requests can arrive simultaneously, and would be ordered randomly. Request i arrives at time
t;, requiring a CC from 7; to t;“ . Each CC consists of a set of tailor-made containers. Let ¥;
and V; denote the set of containers and the number of containers in request i’s CC, respectively. A
container v € #; consumes aik amount of type-k resource, Vk € [K]. Let Ail v, denote the bandwidth
consumption for flow transfer from v; to v, in request i’s CC, when vy and v, reside distinct zones.

A value b; is obtained if request i’s CC is deployed. In summary, request i can be expressed as:

;= {bi7 Vi, ¥, {aik}ve“//,-,ke[l(] ) {Ail,vz}vl ,vze“l/,}-

Upon each request’s arrival, the service provider immediately determines whether to serve it,
and if so, how to place its CC. Decision variables for request i include: i) x; € {0, 1}, indicating
whether request i is accepted (1) or not (0). ii) y.,,Vv € #,Vs € [S], encoding the placement
scheme of request i’s CC, where yi = 1 if zone s is selected to host container v and 0 otherwise.
The service provider in practice wishes to reserve resources for different CC requests, and limits
a single CC to occupy at most By, units of type-k resource in zone s. Such resource consumption
bound is also customary in the cloud resource allocation literature [53] [82]. Fig. 5.1 shows a
placement scheme for request 1. Our objective is to maximize the total valuation obtained from all
CCs, subject to resource capacity constraints. The optimization problem can be formulated into

the following integer program (IP):

maximize ) bix; (5.1)
i€(l]

subject to:

90



xi> Y Y Viell],we ¥, (5.1a)

s€(S]
Y Y dyis < G, Vk e K] Vs € [S], Ve € [T, (5.1b)
i€l]: ve¥;
17 <t<t
Y i <1Viell], e, (5.1¢)
s€l[S]
Y d i < By, Vi € [I),Vk € [K],Vs € [S],Vt € [t 1] (5.1d)
vEY;

i i i
Z Z AVI,szVhSlsz,Sz < DSMZ?
i€[l]l: vi,me¥

1 <t<t’
V(s1,82) € BVt € [T], (5.1e)

xi,yhs € {0,1},Vi € [I],¥v € ¥, Vs € [S]. (5.1f)

Constraints (5.1a) ensures that request i’s CC is deployed only when it is accepted, since request
i’s container v is placed to a zone s only when x; = 1. Constraint (5.1b) guarantees that at any time,
allocated resources at a zone do not exceed its capacity. Constraint (5.1c) indicates that a container
in a CC request resides in at most one zone. Constraint (5.1d) enforces the upper-bound of each
CC’s resource occupation at a zone s. Link capacity constraints are modelled by (5.1e).

Even in the offline setting, with complete knowledge given, the polynomial-sized IP (5.1) is
NP-hard to solve. To verify, consider a special case of IP (5.1) where each CC consists of one
container, T = 1 and By, = Dy, 5, = +o0. Then the classic multidimensional knapsack problem,
which is known to be NP-hard, is equivalent to the special case of IP (5.1). The challenge further
escalates when we consider quadratic constraints (5.1e). To address these challenges, we resort
to the compact-exponential technique [84], which can reformulate IP (5.1) into an equivalent ILP

with packing structure, at the price of involving an exponential number of variables:

maximize Y Y bixy (5.2)
i€l leg;
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Request 1:

Container 1

Container 1

Container 2

Container 3

\_____Zone3 / Zone 4 / Container 4

Figure 5.1: Container cluster placement: an example.

subject to:
Y Y £ xi < Cw,Vme i,V €]T), (5.22)
i€ll): g
17 <t<tf
Y xq<1,Viell, (5.2b)
leg;
Xj] € {0, 1}, Vi e [[],Vl S Ci- (5.2¢)

In the above compact-exponential ILP, {; is the set of feasible placement schemes for request i.
A feasible scheme is a vector [ = {y! } that satisfies (5.1c) and (5.1d). Variable x; € {0, 1} indicates
whether request i’s scheme [ is accepted (1) or not (0). We regard each computation resource at
each zone and the bandwidth at each link as different resources. Consequently, the total number of
resource types is KS + |E|. Let .# be the set of resource types and C,, be the capacity of type-m
resource, Vm € A . f,ff’t denotes the total type-m resource consumption of request i’s scheme / at
time 7. For example, if m corresponds to type-k resource at zone s, fit | = ¥y, alyis, Vi € [17,17].
Constraint (5.2a) is equivalent to (5.1b) and (5.1e). Constraint (5.2b) ensures that each CC is placed

according to at most one scheme.

We relax x;; € {0,1} to x; > 0, and introduce dual variables p,,; and u; to constraints (5.2a)
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and (5.2b). The dual of the relaxation of program (5.2) is:

minimize Z Z CupPm; + Z U; (5.3)
te[T)me# ie(l]
subject to:
wizby— Y, Y, fupms, Vi€l VIEG, (5.32)

mE.///te[t‘ £

i %

Pmg,ui > ONi € [I],Vm € .4 Nt € [T]. (5.3b)

IP (5.1) and ILP (5.2) have the same optimal objective value. To solve ILP (5.2), complete
knowledge over the entire system lifespan is required. However, our algorithm needs to work in an
online fashion, making on-spot decisions without relying on knowledge of future request arrivals.
To this end, we leverage the primal-dual technique that determines the primal solution based on
dual variables. We interpret dual variable p,,, as the unit price of type-m resource at time . Upon
the arrival of a request, we compute its CC’s placement scheme based on current resource prices.
We first focus on a one-shot CC placement problem, which relaxes resource capacity constraints
(5.2a) that impose temporal correlation in online decision making; we design an efficient algorithm
to determine a CC’s placement scheme with the goal of cost minimization. We then propose an
online algorithm framework that employs the one-shot optimization as a building block to make
on-spot decisions upon CC request arrivals.

We make two assumptions in this Chapter. First, we assume that a CC’s valuation is propor-
tional to its resource consumption in each time slot ,",{J (where f,ﬁfJ >0) 1< % <U,Vi,l,m,t,
where U is a constant. Second, we assume that the ratio between a scheme’s resourY0e consumption
at each time slot and the resource capacity is bounded: Jgi;’ < @,‘v’i J,m,t, where AL =2(aU+1)
and o represents the approximation ratio of the one-shot CC placement algorithm. This assump-
tion implies that the resource demand of each container is small compared to the capacity of each
zone. Here A (related to U) is an important parameter and will be used in our online algorithm

design. Notations are summarized in Table 5.1 for ease of reference.
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Table 5.1: Summary of Notation in Chapter 5

I | #of CCrequests | [X] | integer set {1,...,X} | S | #of zones | E | set of links
b; the value of request i CC | K # of types of computational resource
T # of time slots Cis capacity of type-k resource at zone s

t (t") | start (end) time of request i | Dy, ;, | bandwidth capacity of link (sy,s7)
7;(V;) | set(number) of containers in request i’s CC

a, amount of type-k resource consumed by v € %}

Al L traffic from v; to v, in request i’s CC

B upper bound of type-k resource consumption

X; request i is accepted (1) or not (0)

Vi container v is assigned to zone s or not in i’s CC

Xj] request i’s scheme [ is accepted (1) or not (0)
,ﬁ’t demand of type-m resource at ¢ by i’s scheme [

Dt cost of unit type-m resource at ¢

A 2(aU +1), where 1 < f”, <U,Vi,l,m,t

5.4 Approximation Algorithm Design for Container Cluster Placement

In this section, we first formulate the one-shot CC placement problem in Ch. 5.4.1. A rounding
algorithm and a heuristic algorithm are then designed and analyzed in Ch. 5.4.2 and Ch. 5.4.3,

respectively.

5.4.1 Cost Minimization Problem

We include the same constraints (5.1¢) and (5.1d) related to the current CC request i from IP (5.1),
and exclude resource capacity constraints (5.1b) and (5.1e). Given current resource prices (to be
decided in Ch. 5.5), we compute the computation cost P, i.e., the cost of placing container v in
zone s, and the communication cost Pvihvz./ 515, 1-€., the cost of sending traffic from v; to v, through

link (s1,s2). The cost minimization problem has the following natural IQP formulation:

sos . i . ) i i
minimize Y Y Pivic+ Y P ssYens Yoy (5.4)
veTisels] vinet,
(s1,52)€E

subject to:
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Y dlyis < By vk € [K], Vs €[], (5.4a)

veY;
Y M =1we, (5.4b)
s€S]
yioe{0,1},Yve ¥, Vs e[s]. (5.4¢)

If we set a"vk = B, = 1,Vv,k,s, IQP (5.4) degrades to the minimum quadratic assignment prob-
lem [51], which has been proven NP-hard, and does not have any known constant-factor approx-
imation algorithm in polynomial time (assuming P # NP). When the number of zones is small
(§ < 5), we can compute the optimal solution by enumerating all options. However, S can be a
large number in practice. For example, the Amazon cloud infrastructure is currently comprised of
42 availability zones [13]. It is essential to compute a good solution efficiently, in a short time. To
solve the IQP, we first simplify the model by considering a single type of computation resource,
and present a rounding algorithm that approximately solves the problem with worst-case perfor-
mance guarantee. We later propose a heuristic algorithm that can solve the general version, without

theoretical performance guarantee.

5.4.2 A Rounding Algorithm with Performance Guarantee

Given a sole type of computation resource, let a’, and By represent aik and By, respectively. The
degree of an integer program is d if its objective function is a degree-d polynomial function. IQP
(5.4) 1s a degree-2 integer program. We first apply exhaustive sampling [17] to reduce its degree
from 2 to 1. We convert IQP (5.4) to an ILP, with some loss of accuracy. The ILP is a generalized
assignment problem with side constraints. We solve its LP relaxation exactly, and then round the
fractional solution to an approximate integral solution through another technique of ST rounding
[63].
More specifically, let yis* be the optimal solution to IQP (5.4), and let

s = L L P b
FVhSl - PV|7V2,S|7S2yV2752 ’
VZG%52€[S}
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we can reformulate IQP (5.4) to the following ILP:

minimize Y Y (Pl +FL )yl (5.5)
veY; selS]
subject to:
Constraints (5.4a — 5.4¢)
Y P sV = Fi W01 € ¥ Vsy € [S]. (5.5d)
VzE%szE[S]
However, it is difficult to obtain the exact value of FV‘1 s, - We strive to compute reasonable

guesses by exhaustively listing all placement schemes of a random sample. For ease of presen-

i
tation, we normalize P, , . o and P}, so that max {max,, v, 5, {P}, 1,5, > Maxy{ P} } = 1.

The sampling procedure is as follows:
i) We first pick a random sample # of n = O(logV;/€?) containers from #;. Let # =

{vjs--.,vj,}. Exhaustively go through each of the S” ways of placing containers in %'. For

*

each placement that satisfies constraints (5.4a) and (5.4b), we compute an estimate FV’1 5 of Fv’1 5

by setting

=|<

Vl,Sl -

Z Z V1,V2,51 Szyvz,sz’
6 E

where yi27 s, = 1 if container v; is allocated to zone s;. Note that we try all possible placements
of containers in % . Therefore, the “correct” placement in which y"VN2 = ygm*,wz eW ., s€lS
is ensured to be tried. We call the estimate corresponding to this assignment the special estimate,

denoted as F! , °. We will show that ! _ * satisfies |F! oSt " —F! '] <é&V;in Lemma 24.

V1,51 V1,51 V1,51

i) Next, for each estimate F; , of Fv’1 s; » we consider the following LP:
minimize Y Y’ (P +FL)y, (5.6)
veY;selS]
subject to:
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Constraints (5.4a —5.4b)

Y P s Vons S Fyy g ViV € ¥, Vs € 18], (5.6¢)
V€Y s2€[S]
Y ) PV = B — €V € ¥, Vs € [8), (5.6d)
eV s€(S]
i, >0,Yv e ¥,Vs e [S]. (5.6¢)

Let )a and 7N be the optimal solution and the optimal objective value of LP (5.6), respectively.
We round the fractional solution )a to an approximate integral solution yisl using an algorithm
A,ouna- The approximate integral solution satisfies constraint (5.4b) and slightly violates (5.4a) by
allowing each CC to occupy at most twice its resource usage bound at each zone.

1ii) Because there are at most S” estimates, we solve LP (5.6) as above for each Fvi Among

151°
the solutions, we output the one whose corresponding placement minimizes the objective of IQP
(5.4). We summarize our algorithm in Ag,;;.

We next describe the details of A,,,,s, which applies ST rounding [63] to round the fractional
solution to an integral solution. In preparation, we first construct a weighted bipartite graph % =
(V',8',E') based on yi, as follows:

i) One side of the bipartite graph consists of container nodes: V' = {v, :v=1,...,V;}, and the
other side includes zone nodes: §' = {sg9 : s =1,...,5,0 = 1,...,0;}, where @; = (Zve%ﬂ]
We assign ©; nodes for zone s.

ii) For zone s, sort the containers placed to it by non-increasing resource demand a!. For
notation simplicity, we assume that a} >d}...,> aj,.

i1i1) For zone s, consider nodes s59,0 = 1,...,0; as bins of capacity 1, and consider }Z, VEY
as pieces of containers placed into these bins. With respect to the non-increasing order of a’,, we
pack pieces into node sg; one by one, until placing piece v results in bin overflow (exceeding 1).

We then place a fraction of v to saturate the capacity of node s;1, and place the remaining fraction

of v to node s5>. We carry on this process until all pieces are placed into bins.
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iv) If there is a positive fraction of container v packed into node syg, edge (vy,s5¢) is added to
E'. We define a vector y'(v,,s59) on edge (v, s59), which equals the fraction of v packed into syg.
The cost of this edge, w(vy,ss), is set to P, + F..

Vector Y’ is a fractional matching in bipartite graph % that exactly matches all container nodes.
The cost of the fractional matching is 7. By matching theory [52], there exists an integral matching
with cost at most 1 that exactly matches all container nodes. We continue to compute such an

integral matching.

Algorithm 9 An Approximation Algorithm Ag,;.
IHPUt: qu’ {PliY}7 {P\il,VQ,Sl,SQ}7 {ai/}7 €

1: Define n = O(logV;/€?);

2: Pick a random subset # of n containers from ¥;; Let # = {v iseeesV jn};
3: for each placement of containers in # do

4: Update the corresponding i ;

S Define Fvll Sl %ZV2€W Zszi[S] P\ihvz,shszyi/z,sz? Vi € ¥i,s1 € [S]’

6: Solve LP (5.6) exactly. Let yi, . be the optimal solution;

7 Ol = Avouna (O, (Pl + Fi})s | o
8: Aj = Zve’f/i ZSE[S] P\isyizs + Zvl,vze’f/i Z(S],SQ)G]E P\ihvz,shszyi/]?sl yi@sz )
9: end for
10: cost; = min;Aj; Save the placement {y%.} which leads to the minimum A jtol*;
11: Return cost;, [*.

Algorithm 10 A Rounding Algorithm A4
Input: {y} },{P;+Fy}:
1: Build a bipartite graph 2 = (V/,8',E’) based on yi,;
2: Find the minimum-cost integer matching that exactly matches all container nodes in %;
3: Update yisl = 1 if node v is mapped to node s;
4: Return {y '},

Theoretical Analysis

i) Feasibility and Running Time.

Theorem 10. The integral solution yis returned by Ay, satisfies constraint (5.4b) and slightly

violates constraint (5.4a) by allowing }.,c 4 alyl < 2By Vs € [S)].
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Proof: A,,..a generates an integral matching that exactly matches all container nodes. As
a result, constraint (5.4b) is satisfied. We next examine constraint (5.4a). For each zone node
550, let ajy™ denote the maximum of ai, corresponding to edges (v, S59), Vvy, and let amm denote

the corresponding minimum. We have a‘fem >ajgi,0=1,...,0;—-1 Then the total resource

consumption of containers assigned to zone s by any integral matching in % is at most 296;] agy™.

Clearly, aj}** < By.

Z max Z m1n< Z Z af;yl(v\/asse)
0=2

=1 v:(vy,s550)EE’
0, —
.- —
<Y Y ay(wse) =Y, ay, <B,
0=1v:(vy,s59)EE’ veY;
which proves the theorem. ]

Theorem 11. Ay,;,; is a polynomial time algorithm, with time complexity O(S”“Vi2 logV;).

Proof: Lines 1-2 take O(n) steps to initialize set %". The for loop in lines 3-9 iterates at most
S" times. In each iteration, lines 4-5 can be accomplished in O(SV;) steps. The complexity of
the ST rounding algorithm in lines 6-7 is O(SVI-2 logV;) [63]. Line 8 computes the objective value
in O(SV;) steps. Thus, the complexity of the for loop is O(S""'V?logV;). Lines 10-11 return
the output in O(S") time. In summary, the time complexity of Ay, is O(S"H1V21ogV;), which is
polynomial to the input size. 0
ii) Approximation Ratio.

The approximation ratio is the upper-bound ratio of the objective value achieved by Ay, to

the optimal objective value of IQP (5.4).

Lemma 23. (Chernoff bound, Lemma 24 in [16]) Let X1, ..., X} be independent random variables

suchthat 0 < X; < 1. Let X =YX | X; and u = E(X),

Pr(|X — p|] > o] < 2¢ 207/,

Lemma 24. Assume n = glogV;/€?, the special estimate FV’1 5 *, with probability at least 1 — qu,
is in the range of [Fv’1 o —EViFl eV

99



Proof: We define n random variables Yi,...,Y, and let ¥; = ZSQG[S] PVI’VZ,S],Szyim*,ij cew.

Fi
Note that0 <Y¥; <1,j=1,....n. ThenY =}/, ¥; = V”‘nandE[Y] ”F’ *. By Lemma 23,

V1,81
we have
l *
H V1,51 _F"l 1 |— ] [ | V1,81 v1 S1 |>8n]
2
= P}’HY—E[Y” > El’l] < 26728 n__ 26728 qlong-/g2 _ _zq
Vi
Thus, Pr||F! V1,51 —Fv’1 5 |<eVi]>1- 2. .

q
Vi

Lemma 25. Upon termination, Ay, outputs an integral solution yis that satisfies
Alyy,) SN+ (1+e)V7,

where 0 < € < 1, A(y,) is the objective value of IQP (5.4) produced by yfs and A* is the optimal

objective value of IQP (5.4).

Proof: Recall that yis* is the optimal solution to IQP (5.4). Lemma 24 implies that with high

\)

probability, yis* is a feasible solution to LP (5.6) when we input the special estimate F! . °. Be-

V1,51

cause yTvs is the optimal solution to LP (5.6), the integral solution yis/, which is rounded from ﬂ,

satisfies:
Y Y (R EO = Y Y B FODh < X X (B FO
veY;sels] veY;sels] veY;selS]
<y ZP’SyVS + Y Y (F eyt = A +evi( Y Y ) = AT eV
veY;selS viE€EYis1€[S] veY;sels]
Because 0 < PV’1 s, < 1, wecanobtain },, ey, Y, c[s] Vl’vz’sl’szyiz SZ/ < F.'4V;. As aresult,

A(yis ), the objective value of IQP (5.4) achieved by yw ,isatmost Y, e ; Yoefs) (P, '+ F )yisl +V2.
Among different rounded integral solutions, the output y§s minimizes the objective value of IQP

(5.4), thus,

. . / . i l- /
ADL) SAGL) < Y Y (B +FL )y +V7
veY;se(S]

<A HEVEHVE=A 4 (1 +e)V2A O
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Theorem 12. Ay, is an a-approximation algorithm where oo = 1+ (1+€)cV; and c = max,, y, 5, 5
{P‘il 1 /P‘fZ:sZ }.

Proof: The optimal objective value of IQP (5.4) is A* > ¥,cy; Y oc(s) PV"Syis* > % since P, >

%,Vv, s. According to Lemma 25, we have

A e <14 (14€)cVi O

5.4.3 A Heuristic Algorithm

Algorithm 11 A Greedy Algorithm Ag,;;n

Input: Input: @; {P },{P) ., 5 51 10}
1: forallv e ¥ do
2 S=[S];
3 for all s € [S] do
4: if 2 +a', > By, Vk € [K] then
5: S= S\S;
6
7
8
9

end if
end for
for all s € S do
Compute the increase A(y!,) of the objective function value of IQP (5.4) due the the
assignment of yis =1;
10: end for
11: s* = argminges{A(Y,) };
122 y.=lige =2z, +d,, Vke[K];
13: end for
14: cost; = Zve”f/i ZSG[S] P\isyizs + thvze”//,- Z(sl,sz)GE Plil,VQ,Sl,Szyi/],Slyi/z,sz; Save {yizs} to I*;
15: Return cost;,[l*.

We next introduce a heuristic algorithm that starts with an empty solution, and iteratively selects
a container for greedy assignment to an available zone. At the v-th iteration, we simply choose the
v-th container from set 7;. Let A(yis) denote the increment of the objective value of IQP (5.4) due
to the assignment of y’. = 1. To select a zone for container v, we first compute a candidate set S that
includes all available zones. If the amount of allocated type-k resource in zone s has exceeded the
bound By, s is removed from S. We continue to compute the value of A(y',), for s € S, and choose

s* so that A(y' ) = mingese A(y%,). We assign container v to zone s*. The time complexity of this
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algorithm is O(VS) since we execute V; iterations and evaluate S zones during each iteration. We
summarize this algorithm in Ag,;>. While we do not prove a performance guarantee, trace-driven

simulations in Ch. 5.6 show that A;,;» can produce a 2-approximate solution in all cases tested.

5.5 Online Algorithm Design

Leveraging the cost minimization algorithms from Ch. 5.4 as a building block, we next present
our online algorithm in Ch. 5.5.1. Upon the arrival of each request, the algorithm determines
immediately whether to accept it, and if so, how to place its CC. Theoretical analysis is conducted

in Ch. 5.5.2.

5.5.1 Online Algorithm Framework

Our main idea for the online algorithm design is as follows. We resort to the help of the classic
primal-dual technique, and apply it to the compact-exponential ILP (5.2) and its dual (5.3). If
request i’s placement scheme [ is accepted, then let x;; = 1, and update the corresponding variables
x; and y' in IP (5.1) according to /. Upon arrival of a request i, a set of primal variables x;;, VI € {;
and the associated dual constraints (bj; — Y ,.c.# Zte[t; ] f,ﬁi, Pm., V1 € ;) appear. Complementary
slackness requires that x;; remains zero unless constraint (5.3a) is tight for scheme /. Next, let’s
examine the right hand side (RHS) of constraint (5.3a). If we interpret dual variable p,,, as the
price per unit of type-m resource at time #, then ) ,,c ZfG[’fJﬂ f,ﬁf’t Pm, 18 the placement cost of
request i’s CC according to scheme /. The RHS of (5.3a) can be viewed as request i’s utility with
scheme /. If we interpret dual variable u; as request i’s utility, u#; can be assigned to the maximum
of 0 and the RHS of (5.3a), i.e.,

u; :max{O,max{b,-l— Z Z f,’;f7,pm7,}}. (5.7)

ledi me el 7]

Accordingly, if u; > 0, we accept request i; otherwise, we reject request i. The challenge lies in

finding scheme / that maximizes the RHS of (5.3a), which is equivalent to finding the scheme that
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minimizes the placement cost of request i’s CC. Given p,,,, it is easy to compute the computation
cost P, and communication cost Pvil’v% 515, Lhen the problem becomes the one-shot CC placement

problem we studied in Ch. 5.4, and can be formulated into an IQP (5.4). Assume that Ay, is an

o-approximation algorithm for IQP (5.4). It returns a scheme [* with cost cost;. Then, we have

%‘m <Yoewn Z,e[,;’,ﬂf,ﬁytpmﬁ‘v’l €. Letu; = max{O,b,- — "‘(’;”' }, satisfying constraints (5.3a)
forany [ € ;. If u; > 0, request i is accepted and its CC is placed according to scheme [*; if u; < 0,
request i is rejected.

We next discuss the update of dual variable p,,;. Recall that p,,, represents the unit price of

type-m resource at . We define a new variable z,,; as the amount of type-m resource consumed at

t, and let p,, ; be a function of z,,;, as follows:

imt

Pmit(zmy) = A —1,Ym € M Nt € [T], (5.8)

where A =2(aU +1). p,,, starts at zero and increases exponentially with the increase of re-
source consumption. p,,; is close to zero when resources are abundant, allowing CCs to consume
resources freely. It grows quickly to a carefully designed large value A when z,,, is close to the
capacity Gy, so that the service provider will barely allocate any type-m resource to a CC, unless
its valuation is sufficiently high.

Aoniinex in Algorithm 12 is our online algorithm, which calls Ay, for each CC request to de-
termine its placement scheme. Note that A+ can call either of the algorithms designed in the
previous section (Ag,,; and Ag,pp), or any alternative that solves IQP (5.4), as its sub-routine. By
default, all variables are set to zero. Line 1 initializes the value of A, to prepare for the update
of the dual variable p,,,. Upon the arrival of a request i, we first compute the computation and
communication costs when assigning containers to different zones in line 3. Ay, is executed for
each request to compute a placement scheme [* and the corresponding cost cost;. If request i can
obtain a positive utility in some scheme, it is accepted, and the corresponding primal and dual
variables are updated (lines 6-8). We then increase the usage of resources and raise resource prices

accordingly (lines 9-12).
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Algorithm 12 A Primal-dual Online Framework A,;;ine*
Input: {®;},{Cn},{d’, }.U, 0

1: Initialize A =2(aU + 1);

2: Upon the arrival of the ith CC request

3: Compute {P} and {P} ,, .} based on {py.};

4: (costi, I*) = A (@i, AP} AP 1y 515 b LA}

50 if b — <% > 0 then
uj = by — i xi = Lixy = 1;

6: o

7: Update ! and f,",f; according to option [*.

8: Accept request i and allocate its CC according to y!;
9.  for r et .1 do
10: Tmt = Zmyt +f,§ft,Vm e M,

11: pmJ:/l%—l,Vmee///;

12 end for

13: else

14: Reject request i.

15: end if

5.5.2 Theoretical Analysis

Next we analyze properties of A+, based on the assumption that Ay,;, can compute an o-
approximate solution to IQP (5.4) in polynomial time.

i) Feasibility and Running time.
Lemma 26. A, computes a feasible solution to IP (5.1) and one for ILP (5.2), respectively.

Proof: We first examine ILP (5.2). Constraint (5.2b) is satisfied because line 6 in A0+
guarantees that only one option can be accepted. Next, we prove that the capacity constraint (5.2a)
is never violated. Otherwise, let request i be the first accepted request that violates the capacity

constraint of type-m resource at time ¢ with option /*. The amount of allocated type-m resource

il*
. . s j* . m,t 1 1
before request i arrives is: zy; > Cm — fp, ;- Under the assumption that oo < TogZ” the price of

type-m resource at ¢ for request i is:

il*
Syt

_ 1 A
Py Z A TG =122 R 12 2 1= aU.

Thus, by U > bi _ \we can obtain

w ()

cost; > pmifiny > QUi > ab;.
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We further have b; — %“i < 0, which contradicts the assumption that request i is accepted with
b; — €% > 0. Thus, constraint (5.2a) holds.

We next investigate IP (5.1). Constraints (5.1c), (5.1d) and (5.1f) are satisfied by algorithm
Agup. In addition, the correspondence relation between IP (5.1) and ILP (5.2) guarantees constraints

(5.1a), (5.1b), and (5.1e) hold. ]
Lemma 27. A,,;in.~ outputs a feasible solution to LP (5.3).

Proof: Let OPT; be the optimal objective value of the subproblem in (5.4) for request i. OPT;
equals minlegi{zme Y Zze[f,tﬂ f,if), Pm,}. Because Ay, is an oi-approximation algorithm that gen-
erates an objective value cost;, we have %S” < OPT;. If b; — %”" > 0, Apniine~ updates dual variable

u; in line 6, we obtain

cost;

>bi—OPT,>bi— Y, Y i pmsVIE.

meM relt; 1)

ui:b,-—

Otherwise, u; = 0 > b; — OPT;. Therefore, constraint (5.3a) holds for each request i and the lemma

follows. ]

Theorem 13. A,,;;,.~ generates feasible solutions for IP (5.1), ILP (5.2) and LP (5.3) in polynomial

time.

Proof: Line 1 takes one step to compute the value of A. Upon the arrival of request i, line 3
takes O((SV;)?) steps to initialize the cost vector. Ay, in line 4 runs in polynomial time to compute
placement cost. Within the body of the if statement, lines 6-8 update primal variables in O(V;S +
(7 —1; + 1)|.#)|) steps. The complexity of the for loop in lines 9-12 is O((r;" —t; +1)|.#|).
Therefore, the running time of A,,;j;,.+ 1S polynomial. Combining Lemma 26 and Lemma 27, we
finish the proof. [
ii) Competitive Ratio.

We next analyze the competitive ratio of A, ;... The competitive ratio is the upper-bound

ratio of optimal objective of IP (5.1) to the objective value achieved by A,,;jin.+. We first introduce
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a primal-dual analysis framework in Lemma 28, which guides the proof of the competitive ratio.
We next define a Resource-Price Relationship for A,,jin.+ in Definition 14 and the differential
version of it in Definition 15, respectively. We prove that if the Resource-Price Relationship holds
for a given B, A uine satisfies the inequality in Lemma 28. We then present the value of 8 in
Lemma 30 and prove that A,,,ji,.+ is &¢3-competitive in Theorem 14.

Let OPT; and OPT, be the optimal objective values of IP (5.1) and ILP (5.2), respectively. We
have OPT; = OPT,. Let P; and D; denote the objective value of primal ILP (5.2) and that of dual
LP (5.3) returned by A,,;;ine+ after processing request i. Let Py and Dy be the initial values. A,;jie

guarantees Py = Dy = 0. Let P; and Dy be the final primal and dual objective values achieved by
A()nl ine*

Lemma 28. If there exist two constants & > 1 and B > 1 such that P, — P,_| > ﬁ(Di —D;),Vie

[1], then the competitive ratio of A,,in.+ is @f3.

Proof: Summing up the inequalities for each request i, we have

Pr=) (P—P1)> ZD —Dj_1) = ap?r
i

1 _
a5 OPT, =
ratio of A,jiner 18 &f3. o

According to weak duality [24], D; > OPT5, hence, P; > ﬁOPTl. The competitive

We next define a Resource-Price Relationship and prove that if it holds for a given f3, then the
primal and dual objective values achieved by A,,jin+ satisfy the inequality in Lemma 28. Let pfm
denote the price of type-m resource at time ¢ after handling request i. zﬁnJ represents the amount of

consumed type-m resource at time ¢ after processing request i.

Definition 14. The Resource-Price Relationship for A,,jiner with B > 1 is:
pmt<zmt_zfntl)>_c (pmt pmt)VIE[]VMG%VIE[Z,Z].

Lemma 29. If the Resource-Price Relationship holds for a given 8 > 1, then A,,j;n.+ guarantees

that B, — P,_ > == (D; — D;_;),Vi € [I].

op
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Proof: If request i is rejected, then P, — P,_; = D; — D;—1 = 0. Otherwise, we assume that
request i is accepted and placed according to option /. The increment of the primal objective value
is: P,— P_1 = b;. Note that A,,;j;,.+ assigns u; to b; — %Zm@// ):le[,; ,ﬂf,if,pml when request i

i ’ !

with option [ is accepted. Therefore,

1
bi=ui+— Z Z pmt th_zintl)

me et 1]

The increase of the dual objective value is:

Di—D;_; =ui+ Z Z Cm(pfn,t_pin_,tl)'

m€</lt€[ti_ 7ti+]

By summing up the Resource-Price Relationship over allm € .# and t € [tl-*,ti+ |, we can obtain:

1
OC_ﬂ<Di_Di_1 —Lti).

Since u; > 0 and o3 > 1, we have P,— P,_| > #(D,-—D,-,l). O

In order to compute the value of 3, we make the following mild assumption and define the

P—P1>ui+

differential version of the Resource-Price Relationship based on it.
Assumption 1. The job demand is much smaller than the resource’s capacity, i.e., ,ﬁf, < Cpy.
Under Assumption 1, 7/, i zm ! can be expressed as dz,, - The derivative of the Resource-Price

Relationship under the above assumption is:
Definition 15. The Differential Resource-Price Relationship for A, with B > 1 is:

Cn
PmtdZmI>demt,vm€,ﬂvt€ [1 iy ]

Lemma 30. 3 =1nA and the price function defined in (5.8) satisfy the Differential Resource-Price

Relationship.

Proof: The derivative of the price function is: dp,,; = A Cm lnldzm, The Differential Resource-

Price Relationship is:

Zmyt C imt 1
(A — V)dzm, > F’"/lmc—lnmzm
m

=B >ln7L)L—>lnl.
A6 —1
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Therefore this lemma holds for f =1nA. O

Theorem 14. The online auction A+ in Alg. 12 is of-competitive, where f = InA and « is

the approximate ratio of Ag,.

Proof: Under Assumption 1, dz,,; = zfm — zﬁ;ztl is much smaller than the capacity of type-m
resource (C,,), we have dp,,; = pfndsz = pfm — pi,;,l. As a result, we can conclude that the
Resource-Price Relationship holds for B = InA. Then, combining Lemma 28 and Lemma 29, we

finish the proof. [

5.6 Performance Evaluation

We evaluate the performance of our one-shot algorithms Ag,;1, Agp2 and online algorithm A7+
through trace-driven simulation studies. We first introduce the simulation setup for evaluation of
the two one-shot algorithms. The default number of zones is set to 9 according to the number
of Google data centers in the United States [67]. We exploit Google Cluster Data version 1 [3],
and configure each CC according to each job’s information in the trace. We assume that each
CC contains 2-8 containers and consumes two types of computational resource, since the trace
data only includes resource demands for CPU and RAM. The resource consumption aik is set
according to the resource demand of each subtask in the trace [3]. The traffic volume between
containers A} . is randomly generated within a range of [0,10]. The cost P and P, , . are
randomly drawn from [0, 1]. The default value of By, is 10. For the online setup, we assume each
time slot is 5 minutes and the system spans 100 slots by default. Each request’s start and end
times are set based on each job’s timestamp in the trace. The resource capacities, Gy, and Dy, 4,
are randomly generated within [50, 100]. The request value b; is randomly chosen from an interval

determined by U, whose default value is 50. We repeat each set of simulations 20 times, and use

the average result to plot the corresponding figure.
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Figure 5.2: Cost of Ay, and Ay, under differ- Figure 5.3: Performance ratio of Ag,;; and Ao
ent values of V. under different values of S.

5.6.1 Performance of Ag,;; and Ay,

Cost and Performance Ratio. Fig. 5.2 compares the total cost produced by Ay, and Ag,py with
the optimal cost under different numbers of containers. We can observe that the gap between the
cost of Ay,;1 and the optimal cost becomes larger when the number of containers increases, and
gets smaller when the value of € decreases, which is in line with the analysis in Lemma 25. In
addition, Ay, achieves a lower cost than Ay, when we input a smaller €.

We next examine the performance ratio, measured by the ratio of the objective value of IQP
(5.4) generated by our algorithms to the optimal objective value of IQP (5.4). We fix the number
of containers to 5, and plot the performance ratios of A,;; and Ay, in Fig. 5.3. It can be observed
that both Ay, and Ay, perform well with a low performance ratio (< 2). The value of S has little
impact on the performance of Ay,;,; while the value of € is related to the ratio, echoing Theorem
12. Agup1 outperforms Ay, when € is relatively small (0.6). We further modify the number of
containers and plot the ratios in Fig. 5.4. The ratio increases with the growth of the number of
containers, validating the analysis in Theorem 12 that the value of V; determines the approximate
ratio. Moreover, when there is more than one type of computational resource, Ay, also works
well and the ratio is smaller than 2.

Time Complexity. We apply the tic and toc functions in MATLAB to measure the execution time

of the main program of Ag,;; and Ag,;» without counting the initialization stage. We run 20 tests
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Figure 5.4: Performance ratio of Ay, and Agp2 Figure 5.5: The average running time of Ag,;
under different values of V; and K. and A, with different V;.

on a laptop computer (Intel Core 17- 6700HQ/16GB RAM) and present the average result in Fig.
5.5. We implement the optimal one-shot algorithm by listing all possible placement schemes. We
can observe that both Ag,;; and Ay,;» run much faster than the optimal algorithm. The running

time grows with an increasing V;, and the observed values are below 0.5 seconds.

5.6.2 Performance of A,
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Figure 5.6: Performance ratio of A,,in+ and Figure 5.7: Performance ratio of A, and
SWMOA in [61] under different S and V. SWMOA in [61] with different U.

Performance Ratio and Objective Value. We first examine the performance ratio of A, ine*»
when we plug in the sub-algorithm that exactly solves IQP (5.4) (labeled by A,;jine* ), Asup1 (labeled
by Apntine* +Asup1) and Ag,py (1abeled by A,jiner + Asup). The performance ratio of A,pjine is the
ratio of the optimal objective value of IP (5.1) to the objective value of IP (5.1) generated by

Aonliner- Based on the observation from the above subsection, we set o = 2 for both Ay,;,; and
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Agupr. We fix the number of containers in each CC to 3 and the number of CC requests to 100,
but vary the number of zones. The results are plotted in the left of Fig. 5.6. We observe that
the ratio drops sharply with the increase of S, but remains steady when § > 5. This is because
more zones bring more placement options. As a result, each CC request has a high probability of
being accepted by A,ine+, leading to a better performance. When § is large enough, the ratio is
dominated by other parameters, e.g., V; and U. The right of Fig. 5.6 illustrates that a lower ratio
comes with a smaller number of CCs. Comparing Fig. 5.3 and Fig. 5.4 with Fig. 5.6, we can
conclude that our online algorithm framework incurs only a small loss in performance ratio. In
Fig. 5.7, we examine the impact of two parameters: U and /. Again, A,,;;,.+ With the optimal sub-
algorithm has the best performance. The observed ratios are better than the theoretical worst-case
bound and remain at a low level. The left figure shows that the performance ratio is larger for a
larger value of U. The theoretical competitive ratio proven in Theorem 14 implies this result. The
ratio fluctuates with the number of requests in the right figure, which indicates that the value of 1

does not have a major influence on the ratio.
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Figure 5.8: Performance ratio of Aguines and pigyre 5.9: Objective Value achieved by Appine:-
SWMOA in [61] with different /.

We further compare our online algorithm with Shi et al.’s online algorithm [61], SWMOA,
which also makes decisions based on the current resource prices. Their price function depends
on the number of resources and the number of time slots. We have implemented their algorithm
and evaluated it using the same trace data. In Fig. 5.6, we can observe that our online algorithm

can achieve a much lower performance ratio than SWMO, under different values of S and V;. In
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Fig. 5.7 and Fig. 5.8, we vary the value of another two parameters, U and I, and still obtain the
same observation that our online algorithm always outperforms SWMOA.

We next investigate the objective value of ILP (5.2) achieved by A,,sine+. Fig. 5.9 reflects that
there is an upward trend with a larger number of requests. The underlying reason is that A,
can select more high-value requests from a large set of participants. Similar to the observation

in Fig. 5.7, the objective value achieved by A,;jinex + Asupr With a small € is higher than that of
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Figure 5.10: Percentage of winners under differ- Figure 5.11: The average running time of A,/
ent /.

Winner Satisfaction and Time Complexity. User satisfaction, which is measured by the percent-
age of winners, is shown in Fig. 5.10. The three solid lines represent the percentages of winners
when Ci; = 100, and the three dot lines are for the case of C;; = 50. We can see that the percentage
of winners drops when a high number of CCs wait for deployment. The reason can be explained
as follows: The number of winners remains relatively steady when the resource capacity is fixed.
Therefore, only a small percentage of CC requests can be selected from a large set. The resource
capacity influences the number of winners. Thus, a higher percentage of winners comes with a
large capacity. We next fix the number of containers in each CC to 5. Fig. 5.11 shows the average
running time of our online algorithms with varying number of requests. Again, the shortest run-
ning time is observed when we call Ay, in our online algorithm. A,,;j;.+ With A1 has a slightly

longer running time, followed by A,,;in.+ With the optimal one-shot algorithm.
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5.7  Summary

In this Chapter, we proposed an efficient online algorithm for placing container clusters in cloud
zones, considering both container deployment and the demand of inter-container traffic. We first
leverage exhaustive sampling and ST rounding techniques to design a one-shot algorithm that
determines the placement scheme for the current CC. Then we apply compact-exponential and
the online primal-dual techniques to design an online algorithm framework that uses the one-shot
algorithm to make on-spot decisions based on resource prices. Our online algorithm achieves

computational and economical efficiencies.
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Chapter 6

Conclusion and Future Work

6.1 Conclusion

Cloud computing has attracted more and more attention in the community of computer science and
information technology, for delivering on-demand computing resources over the Internet. Recent
cloud platforms allow users to request tailor-made VMs or containers that bundle various resources
at user-specified amounts [7] [2]. How to dynamically allocate cloud resources becomes a funda-
mental and important problem. Successes in designing dynamic resource provisioning in clouds
will help current cloud service providers to utilize their computing, storage and communication
resources more efficiently, to improve system reliability, and to obtain a higher social welfare. In
this thesis, we propose efficient algorithms for cloud resource allocation and workload dispatching,

contributing towards the efficient and robust operation of cloud systems.

o In Chapter 3, we study the auction design for dynamic VM provisioning. We focus
on cloud jobs with soft deadlines that arrive in an online fashion. We adapt the
classic primal-dual framework for efficient approximation algorithm design, and
employ a posted-pricing framework for truthful online mechanism design, to derive
truthful online auctions that run efficiently and approach optimal social welfare.
However, it turns out that the above techniques alone are not sufficient. A salient
feature of Chapter 3 is the new compact-exponential optimization technique we in-
troduce, which works in concert with a dual oracle to handle job completion time
constraints imposed by hard and soft deadlines. Our compact-exponential method
may further shed light on other algorithm and mechanism design scenarios where

the optimization problem contains both conventional and non-conventional con-
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straints, such as delay-constrained optimization in cyber physical systems.

e In Chapter 4, we present scheduling frameworks for cloud container provisioning
under both offline and online settings. Our problem model is expressive enough to
accommodate complex cloud computing jobs. We first apply the compact-exponential
technique to reformulate the problem. Our offline algorithm solves the compact-
exponential ILP fractionally, and adopt randomized rounding to obtain an integer
solution. Our online algorithm implements the online learning technique to gradu-
ally solve the expected version of the compact-exponential ILP and its dual. Our of-
fline and online algorithms achieve computational and economical efficiencies. The
compact-exponential technique enjoyed another application in this chapter, suggest-

ing its potential in a range of optimization problems.

e In Chapter 5, we investigate the online placement algorithm design for cloud con-
tainer cluster provisioning. We take both the deployment of containers and the
demand of inter-container traffic into consideration. Our online placement scheme
consists of a one-shot algorithm that determines the placement scheme for the cur-
rent CC and an online algorithm framework that decomposes the online decision
making into on-spot decisions based on resource prices. We leverage exhaustive
sampling and ST rounding techniques to compute quality solutions to the one-shot
problem, and further exploit compact-exponential to handle placement constraints
and the online primal-dual techniques for guaranteeing a good competitive ratio.

Our online algorithm achieves computational and economical efficiencies.

6.2 Future work

Through the studies of this thesis, we also identify some interesting problems and new directions

for future study. We next detail them as follows:
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e An Online Placement Framework for Service Chains in Geo-Distributed Clouds.
In this thesis, we focus on the efficient algorithm design for dynamic cloud re-
source provisioning. An interesting direction would be to extend our investigation
to a new version of the cloud system — the Network Function Virtualization (NFV)
system. NFV is emerging as a new paradigm for providing virtualized network
services through service chains of virtual network functions (VNFs) [39]. VNFs
typically execute on virtual machines in a cloud infrastructure, which consists of
geo-distributed cloud data centers. Compared to traditional cloud services, key
challenges in virtual network service provisioning lie in the optimal placement of
VNF instances while considering inter-VNF traffic in a service chain. Furthermore,
the end-to-end delay of each flow to pass through a service chain should be mini-
mized when a service chain is processed upon its arrival. It is natural to target an
online placement framework to address the above challenges, with a goal of mini-
mizing the deployment cost. The combination of the compact-exponential method

and classic primal-dual techniques may prove effective again here.

o An Offline Scheduling Algorithm for General Computing Jobs. In Chapter 4, we
proposed an offline scheduling algorithm for jobs with chain structures, and left
jobs with general directed acyclic dependence graphs for future work. A natural
direction for future research is to study the offline scheduling algorithm design for
this type of jobs. The challenge lies in the design of a separation oracle for polytope
P.. A polynomial-time separation oracle to solve the utility maximization problem
for general jobs with arbitrary dependence graph topology is required if we adopt
the same offline technique. Since the computational complexity of the current of-
fline algorithm is high, another direction is to design a new offline algorithm with a

fast running time.
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o Auction Mechanisms for Cloud Container and Container Cluster Services. In Chap-
ters 4 and 5, we focused on the algorithm design for cloud container and container
cluster provisioning. A pricing mechanism to charge the usage is missing. An
auction-based mechanism enables agility and efficiency in the cloud market by
transferring the pricing functionality to the invisible hand of the market, having
resources sold to users who value them the most. For example, spot instance pric-
ing in Amazon EC2 is among the first real-world implementations of auctions in
cloud computing, which, however, doesn’t guarantee truthful bidding. As future
work, we aim to design cloud container auctions that elicit truthful bids, execute in

very short time, and approach a close-to-optimal social welfare or provider’s profit.

e An Online Auction for C-RAN Resource Provisioning with Operation Cost. During
my PhD study, I also paid attention to 5G networks. Two infrastructure revolutions
are being implemented in 5G. The first is virtualization based, centralized cloud
processing. Base-band signals are sampled and transmitted through front-haul links
to a mobile cloud, for processing by mobile base station instances deployed in an
on-demand fashion. User and channel information are aggregated to the cloud, fa-
cilitating optimized decision making. The second is the separation of infrastructure
ownership from service provisioning in cellular networks. The “Tower” company
now specializes in deployment and maintenance of the cloud radio access network
(C-RAN) infrastructure [57]. Mobile operators focus instead on their sole business
of wireless service provisioning. Mobile operators lease C-RAN resources that in-
clude spectrum resources at remote radio heads, front-haul bandwidth and mobile
base station instances. Without considering the operation cost of the tower com-
pany, we have proposed a truthful auction to solve the one-round C-RAN resource
allocation problem [85]. One possible direction of my future work is to investigate

online C-RAN auction design with the consideration of the operation cost. It is in-

117



teresting to generalize the compact-exponential technique and learning theories to

solve online problems in mobile networks.
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