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Chapter 1 

Introduction 

[ti this iritrorltiction. we clescribr t h e  process by rvliicli tliir; riissertation \sas 
roncei verl, and clisciiss l i  terat cire t Iia t playerl a role. 

Reduction 

I \é began the work leacling to this dissertation br- Icarning the  tlieory of 
reclirction in Haniiltonian systerns. as clescribeci in  the test by Arnold [-1. 
aricl hx :\brahani ancl llarsclen [II .  

Tliese texts (part,iciilarly [ i l )  employecl tlie nietliods of tliffereritial georri- 
~t ry. \vit li a level of alwtraction t hat causecl sonie unctîsiness to  t hi?; wi tcr .  
ivlio hacl lcarnecl nwctianics from classical texts. siicb as \.\liittaker [:HI ancl 
<~olcIsteiri [Ir]. The friistrat ion arose because. alt lioiigh the mat lieniat ics 
{vas elegant. it iras clifficiilt to tincl corresponclences hetween t h e  niatheniat- 
ical vi~wpoint and -pliysical" \.iewpoint. 

Nonholonon~ic Reduction, Quasi-Velocities 

The work t hen t iirnctl to understanding recent at tenipts to  derelop a 
gencral t lreory of recluct ion for nonholonomic systems. 

Looselj. spcaking. a nonholonomic meclianical system is one in u-tiich 
t 1ici.e are linear constraints aniong the -velocities". mhich cannot be removecl 
by ctioosing coordinates for sonie suhspace of the fidl configtiration space. 
Ttie question of what the  ecluations of niotion are. for sricli systenis. is of 
some pliysical interest. Whittaker [:34, article S7] attribiites the  extension 
of Lagrange's eqiiations to  nonhotonornic systems to Ferrers [1-C. IS7l]. Xeri- 
Inann ['Xi. LSSS] and \.-ierkanclt [32. 1892j. 



The paper by Bates ancl ~niat-cki [-il proposed a rccliiction schenie for 
non holonomic systems iising the Haniiltonian forrniilat ion. Once again. ive 
foiincl i t  difficiilt to reconcile the niathematical abstraction with a physiîal 
\-iiw-point . 

T h e  paper b>- Iioiller [E]  usecl the Lagrangian forniiilat ion. to present a 
r~cliict ion sctienie for non--4 belian C'h«plYgigin sgstmzx (a siil>class o l  nonlioltr 
rioniic systerns). 

Iioiller's paper also iisecl the  concept of cliiasi-velocities. T tie notion of 
qiiasi-wlocities is a fiindamental tool in the theoretical disriission in this dis- 
~;ertation. Koiller inclicrites t hat cpasi-velocit ies were atlvocatecl st  rongly II>- 
Hariiel. W h i t  taker [:CL. art ide 301 gives credit for first fincling -the Lagransian 
qiiations for quasi-coordinates- to Boltzniann [S. l!)O2] and to Clarriel 11s. 
190-11. W i i  t t aker's clescri p t ion of qilasi-coorrlinrt!~.~ and t lie associatcd rqi la- 

t ions of motion is not easily recogriized as heing the sanir concept as t liat 

i isd ir i  t liis tlissertat ion. ;\rnoltl. Iiozlov and Nieshtaclt [X section 2.4 of 
cliapter L ]  give a more tiiotlern clescript ion of qtiasi-velocit ies. Ttiese aot hors 
g iw  c r d i  t for fincling t lie e c p t  ions of mot ion for quasi-velocit ies to Poi~icaré. 
citing a date of I!)OL. in tliis clissertation. we cal1 the eqiiations of motion 
for qiiasi-i-eloci t ies Poincn r i  .S ~qrrrrliorw. 

The paper hy Bloch. Krishnaprasacl. h1arsclen ancl IJiirrq- ['Tl also iisecl a 

Lagrangian formiilation. to cliscciss recluction anel relatecl itleas. The rediic- 
tion procrcliire giwn there is essentially the  same as the procecliire appearing 
i r i  Iioiller. hiit the tlisctission uses a niore geeometric langiiage to acliiei-r 
grrater coriciseness. This paper also introtluces the siihspaces -5' ancl H. of 
r lie tangent spactx. whicli are iisetl estensively in t his ciissertat ion ( see cliapt ~r 
(i). Blorli et. al. lise tliis cleconiposition to obtain mhat the? cal1 the nmr»m-  
t n I I .  This momentiim ~qiiation is îlosely relat~rl to thr rrrljnirt! 
qi ia t  ion iisecl in t his dissertation. 

Examples of Nonholonomic Systems 

Another aspect our work ivas to look at specific examples olnonliolonomic 
syst~nis. wi t h a view \.O seeing whet her t hese recluct ion procecliires coiiitl hr 
appliecl to t hem. in particiilar. we were directecl by oiir advisors torvartls t lie 
Thaplygin spliere-. the -tippe top- ancl the -rolling clisk--. 



The Chaplygin Sphere 

.-\rnolcl. [iozlov and Sieshtaclt [:S. section 1.2 of chapter 3 and section -1.1 
of cliapter 41 make some comments on the  C'haplygin sptiere. Th- do not 
IIOIWI-F.~ r splain the soliition of this problern iri cletail. :\ conrplete soltition 
is $\-en in C'liaplygin [IO]. ivhich iirifortilnately is rvrit ten in Riissiari. 

The Tippe Top 

.\(an!- papers ivwe irri t ten aboiit the t ippr  top in t he  years froni 1941 to 

LW-!. incliccting Fokkt5r [15. I O4 i 1. Braanis [9. 19.521. Hiigctilioltz r10. 1952j. 
Pliskin [ 3 O .  195-41. Park-n  ('18. 1!).7S]. C'ohm [ L  1.  LI)^;]. Liane antl Levinson 
[%1. l!)ÏS] and  Or [X 199-41. LVe coiilcl have listecl several niore. The t i pp r  
top appears to  have spaic.necl a small incliistry. 

Al1 of these aiitliors. ivitlr the  exception of Iiane and  Levinson. were 
a p p a r ~ n t  ly unaware of the analysis in Rout ti [3 1. a.rticle 2-13. N0.7.I. ivliich 
slioiv~ci clefinitively that the rising I~ehavioiir coiild not b~ esplainecl 1 ~ -  a 
itiotlel irit ti rolling wit hoiit slipping. They were also apparent l>- iinaware of 
t l i e  paper I>>- Ckdlop [LG. L!)O:I]. whicii showecl that  t he  Idiavioiir  coiilcl be 
e sp l a i r i d  as a conseqiirnce of dissipation of energy hl- allowing slippiiig. 

:\s iw are c-oricernecl in t his clissertat ion ivit ti nonholorioniic SJ-s t tws  

(ivliicli woiilcl rrqiiirr rolling witlioiit slipping). Ive will not disciiss tlie t ippr 
t o p  at any  lengt h. For a nioclern (ancl more eshaiistivr) t reat inent. we rrfer 
the r cac l~ r  to Ehenklrl and  Scheck [KI]. 

The Rolling Disk 

I t  \vas .ihown by Iiarnppainen [%] t hat thc  rctfiict ion procrdcirr of Bat rs  
antl ~n i a t - ck i  cocittl h e  applietl to t lie problern of the  rolling rlisk. Hotw~-er .  
t lie proc~cltire clic1 not recliire the  systeni to t h e  fiillest esterit possil~le. Tliat  
rrd iirt ion procetliire Ica& to a systeni on a -1-di niensional niani foltl. 

In Pars [-L% Section S.E] a n d  Routti [3L. Article %-la]. it was shown tliat 
ttiis s!-stmi coiild be recliiced to  an ODE involving B ancl its time tlerivative 
0. wliere B is the  angle betwren tlie vertical. ancl tlie line perpencliciilar to 
the  tlisk. tliroiigh its center (see figure 9.1 on page T- aricl the  esaniples 
folloiving). This ODE involvecl the soliition tùnctions of another linear O D E  
systern. This  latter systern gave rise to two constants of the  motion. whicli 
werc iiriear in the velocities. 



Iiemppaincn ( i n  efFect ) observecl t hat the  (B. e)-systeni. obtained for eaîh 
\-altie of the constants. was a 1-clegree of freeclom HarniItonian system. Froni 
Iiemppainen's point of view. the -1-dimensional -reciiicecl space" \vas foliatecl 
by a -?-parameter family of 1-clegree of freeclom HarniItonian systerns". This 
point of vieiv is also iisecl in C'ushrnan. Hermans and tiemppainen El?]. 

Symmetric Sphere on a Surface of Revolution 

At ahoiit the same tinie. Mermans [19]  vas esaniining the geonietry of 
a syninietric sphere rollin3 on a srrrface of revolution (witli the central asis 
vcrt ical). 

This lei1 iis to the classical analysis of a syninietric sp l ier~  rolling on a 
siirface of revolution ( Roiit h [S 1. Article 2301). This analysis is strikinglj- 
sirriilar to the analysis of tlie rolling clisk. The angle B is replacecl in Koiitti-.; 
trcatment by the angle hetn-een the vertical ancl the normal to t tie srirface. 
As tliis an,ale may not uniclriel!- iclentify a latitiicle of t h e  surface. ive prefcr 
to use another. rriorc rotxist qiiantit>- (scc figure 10.1 o n  pagc L 10). i n  oiir 

prr-sentatioii. 

Axially Symmetric Body On a Horizontal Plane 

\VP wrre also lecl hy Hernians to t h e  classical ana lp i s  of a hotI- of rcvoIu- 
tiori rolliiig o n  a kiorizontal plane (ChIlop [ICi. page 3111 or Ror1t.h [:JI. Article 
2.i la]). 

The rolling rlisk is in fact jiist a special case of a bocly of rei-olrition. as is 
tlie tippe top. Thc I>otly of revolution may be solveil ( a t  least in the Fornial 
wrisr) hy the sarne approacli as the roliing clisk. The  line through t h e  center 
of t . l i r  tlisk is rcplacrrl 1)- t l i e  axis ùf syriiriietry ùf the I~ocIy. 

The Direction Taken by This Dissertation 

Several questions now arise: 

1s the recliicecl system. proclricecl by these analyses. Harniitonia~i in 
general. as it is for the rolling disk? 

1Vhat unclerlying geometric struct Lire rnight be present in each of t hese 
two prohlerns. ancl others. ancl lecl to tliis recltrction'! 



Ir i  conventional mechanical systems. constants of the motion can typi- 
cally he associatecl. rising Yoet her's t heorem, wit h t he niornent uni grn- 
eratccl bu sortie -action- on the configuration space. Is it possihle to 
givc a similar interpretation for the constants of t h e  motion t tiat arise 
in t liese arialyses:> 

Tlie consicleration of t liese qiiestions gave rise early on to the paper b -  Bates. 
Grauniann and SIacDonnell [-LI. and now. to t his dissertation. 

The Examples 

In addition. ive provicle several specific esamples of nieclianica1 systenis. 
In r liese esaniples. ive  use a somewliat unique approaçti to rloirig t Iie cdci t- 
lat ioris. 

\Ce Iwlieve oiir nicthocl makes it easier to at.r>icl errors commorily niarlc 
i n  the fornirilatiori of proklcms. by avoicling the need to corisider fïctional 
forrcs (easy to neglect ) and to resolue forces into various roriiporients. Our 
approarli also perniits calcrilations to h e  acli-ancerf wittiottt the rierd to injt-ct 
argiinirrits irivolvirig -vector cliagrams" (also prorie to errors ). 

.-lfttcr an initial rsciirsiori into matheniatical abstraction. wc have at- 
tcniptecl to hririg a physical viewpoint to the esaniples. 

Contributions to Knowledege by this Dissertation 

A s  is c-oriiiiion witli cloctoral tlissertzttions. some firial atiienrlnierits and ad- 
dit ions w r e  niacle to t his dissertation. a t  the ceclilest of t lie oral csaniinat ion 
coniniittec. Ttiis siihsertion is one siich aclclition. 

SIiicti of t hiç t hesis is concernecl wit h the analysis of an asially symiriet ric 
body rolling on a flat plane. ancl of a balancecl sphere rolling on a surface of 
revolrit ion ahoiit the vertical. Each of t hese problems has -classical- solii- 
tioris. 

in particular. the essential featiires of the reclitcecl systeni for the asiaI1y 
syrnnictric hoclx tvere known to  Roiith[31. article 243. 19051 ancl Chllop [16. 
10031. However. tliis knowledge was largely forgot ten by 1950. as eviclencecl 

IF the plctliora of papers on the  tippe top listect earlier. 
To begin theri. the aiitlior feels that the act of restoring this knowIeclge 

to  ciirrency has some value in itself. 
.\[oreover. this knotvleclge has not simply been regurgitated from classical 

sources. This clissertation inrenls a modern method of reduction. Tliis 



niotL~rn t lieory uses the concepts of Lie groiips and tlifferent i d  geoniet rj-- 
wliicti were not iisetl classically. This theory is then appliccl t o  t h e  axial 
5--niniet ry prohleni and to  t h e  siirface of revolut ion problem. 

T h e  rrrasting of the problems of the Lagrange top ancl t he  free hocl- in a 
sinii liar frariieu-O&. in recent tlecades. has certainly been regarclecl as h w i n g  
value. T l i ~ r e  is every reason to think that this slioiiltl also be t r uc  for t h e  

[ri acldit ion. t hesr t reatments  of t lie Lagrange top  and  free body iised 
recluction in t h e  tEaniiItonian frametvork, This  dissertation uses a rnetliocl 
of rrcliict ion i ri t lie Lagrangian frarnework. inventetl for t his purpose. -The 
notions of t he  flalniri~.~ cor2dition.5 and the  adjoint tquntion which a r e  fiintla- 
nientai to t his Lagrangian retliict ion met hoc1 a re  nem. to t he  best knoivleclgr 
of t fie atit tior. 

At  the  tinie theauthor  was beginning this work. several persons interestecl 
in ilon holononiic mectianical systems hacl observecl t lie st ri king sirnilari t- l x -  
twwn t lie classical soliitions for t he  rolling tlisk ancl for the  spliere o n  a stirface 
of rm-oliition. Sonw felt it was only a coinciclence. This tlissertation. tising its 
Lagrangian rrtliict ion procecltire. has reveaiecl clearly t lie coniiiion geomrt  sir 
striictttre. sharecl h -  these systems. tliat resitlts in tlieir retlucildity. as rvell 
as t ha t  of t hr  niore general asiaily syrnmet ric botlx prohleni. 

Thr Lagrarigian recliiction procetlitre put forward in t his dissertation \vas 
inventecl \vit h t lie asially symmetr ic  bocly a n d  s i i r f ac~  of revoliit ion prob- 
Iriiis in niiiitl. It was riot anticipatecl that it  tvoiiltl l i aw application ro t he  
Uiaplygin splirrr p r o l ~ l ~ n i .  Howewr it does. ancl alloivs orle to concliiclr t Iiat 
t his systern n i -  hr recluced t o  a Hamiltonian system o n  t lie tangrtit huti- 
clle of t h e  sorface of a sphere (T.5"). This resolt is significant. because t he  
existence of a constant of t h e  mot ion for t his reclucecl problem. intlepenclent 
of t l i r  mrrgy. allows one t o  concliicle tiiat the  C'haplygin spfiere problein is 
i nt eyraide 11' qiiaclrat uses. To t the best knowledge of t lie aiit hor. t his is a new 
resiil t . --\ rnolcl. Lozlov ancl 'lieslitadt (3. section 4.1 of îhap te r  -II. cliscuss 
t h e  iiitegrahilit?; of this problem. with no mention of this fact. 

Fitially. the cletailet1 analysis of the behavioor of a hasketball also ap- 
pears to be nem. The nierit of t he  approach iisecl in t his dissertation. is tha t  
a rigoroiis met hocl had been iised t o  obtain t he  recluced system. so t hat in 
t h e  end. only a single first orcler systern of ordina- clifferential cclimtions 
ne& to be solvetl niimerically. The aiit hor is inclinecl to regard concliisions 
clrawn from t his approacli as rnuch more reliable than an approach involving 
t lie riurnerical solution of t he  full ecluations of motion. C'ertainly t h e  rigor- 



011s rerluîtion of the problem provitles insight not ohtainable from a piircly 
ri~irricrical niet liocl. 



Chapter 2 

P hysical Cont ext and 
Background 

[ r i  tliis section ive pro\-ide a rel-iew of the physics niotivating the rnatlieniat- 
ical st riic-t tires tlisc.iissccl in t liis t liesis. 

2.1 Gravitational and Electromagnetic Forces 

I\-P ~ v i l l  cleal with niechariical s>-stems tliat in\-olve rigid boclies. However. to  
4niplify iiiattcrs In the heginning. ive will first consicler a systcrti corisistirig 
of point particles. each with mas ancl possiblr- electrir charge. 

\\ slippose tlicrc to be .\- particles. The i-tli particle lias tiiass m l .  
and electric cllarge '1,. IIè takc a set or rigtit-tiancletl cartesian axes. and 
supposct the coordinates of the  i-th particle wit ti respect to tticsc ases to ht -  
.rl = ( .r, 1.  .r,2. .rt.J). 

\\> siippos~ tliere to be .-fatic gravitational. electric. and niagietic fi~lcls 
prescrit. The assiiniption tha t  these fields are static is of course ari ide- 
alization. Biit this assuniption is cornmonly niade in posing prol>lrnis in 
mi-rliaiiics. 

I-ncler these assiiniptions. we may suppose that there esists a scalar grav- 
itatiorial potential o. a scalar electric potential r-  and a vector magnetic fielcl 
B = (Bi .  B?. B3).  If we clefine 



and introrliicr t h e  3-index permutation s-mbol. zJk,, then ttiej-t h conrponent 
Pl, of the force Pt on the ;-th particle chie to gravity and the eIectro-niagrletic 
tielrl is givm by 

2.2 The Lagrangian and Generalized Forces 

If  i ve  iise F, to represctit an>- otlicr force on the  i-th particle. Xewton's second 
law beconies 

. - 
wlierc - - iriclicates differentiation mith respect to time. Define t h e  kir , r f i r .  
f 116 1yy A- by 

- .  
I lien eqiiat ion 2.1 nia! he r e w i  t trn 

wliere -' ' rlenotes tliff~rrntiation ivit h respect to time. 
Sow suppose that we wish to use an dternative set of gfrlcrnliztrl roor- 

dirtn1f.s {ql. . . . . *.y) to descri be the configi~ration of the systeni. Then a 
st raight fortvarcl calciilat ion will yielci 



is callrcl t h e  g ~ r i c r d i i t r i  force. and  

is callerl t lie q ~ n ç i a l C ~ d  mrrgnetir field. If ive make anot her change of roor- 
- 

dinatrs to the  set {q, . - . . . q3,,-). t lle eqtiation of motion will I>cconic 

Eqiiations 2.2 arc callecl Laclrange X tymtion.5- 
I\:hatever c-oorclinates ive lise For the system. the  Lagrangiari ivill h a w  

 th^ form L = I< - I - .  wliile the  kinrtic energ- will takt. t h e  gcncral forni 

2.3 Holonomic Constraints and Associated Forces 

Sou- sstcppose t hat t here are const raints OF the form 

for the systeni. where t represents time. CVe will cal1 siich constraints holo- 
riom ir. The const raints could for esaniple  require t hat t h e  distance betweeri 
an>* two particles remains fixed. or t hat a particle is constrained to remain 



In the presence of siich a constraint. there mtist be forces inclriclect in 
the generalized forces appearing in equation 2.2. which serve solel'- to en- 
forc-e t l i ~ se  <-onstraints. i\ë will cal1 these f0rce.s' of ron~lr-niri!. In ortler to 
rlistiiigiiisli tliese forces. we will rewrite ~qiiation '1.2 as 

in wliicli R, represents the forces of constraint. aricl Q; represents other FI- 

1f 1-rinf forces. not tlerivetl from the potentials alreacly en1 botlied i r i  L.  
Suppose now that the solution manifold to ecliiation 2.3 can lie paranic- 

terizctl locall!- as 

Tlien hy a calciilation identical to the one iised above for the change of 
c.oorrlinatcs. ire niay obtain 

[ n  t!-pical prohlems to which Lagrange's Eqiiations are appliecl. the esternal 
forces Q1 (ancl therefore G,) are clearly zero. ancl there is no rnagnctic fieId. 
Hoivevcr. t tie term involving the constraint force is also normally assumecl to 
Iw zero. This requires sortie justification. 

The assiiriiptiori t liat 

Idt ls  is caIlecl D-.-Il~rnber-! 5 pr-inciple. This principle is often espressecl h>- a 
xtatemcnt siicli as +the virtiial work clone by the forces of constraint is zero". 

The physical rationale for D':\lenibert's principle is illiist ratecl 1 - i ~  t lie 
follon-i ng esaniples: 

0 point niass on a surface 

D':\lernhect's principle in this context asserts that the forces that k e ~ p  
t he  particle on the siicface do not push the particle aroirnci on the 
surface. 



The forces of constraint here holtl the bot1~- together. and prevent ttie 

hocl!. froni nioving, escept for rotating on the asle. D'Alembert-s p in -  
~ i p l e  asserts t hat these forces will not niake the body spin faster or 
slower ahoitt t tiis asis.  

\\-hi t t akcr ( [:U- Article 2.51 ) clescri bes a holorwrrtir rlynrrrrr irnl .s!ptf rrr as 
one -Tor wliich a tlisplacerncnt rtpresentetl hy arbitrary infinitesimai chariqes 
in t h e  roorcIinates is in general a possible rlisplacement-. C\-hcn tliis condition 
is riot satisfied. he sefcrs to the system as rzotiholonomir. 

This description is in fact ambiguoits. In terms of the original q, cwrdi- 
riates aho\-e. oitr hypothetical system tloes not satisfy C\-hittaker's condition. 
111 tcsnis of the ?j, coorclinates. it tloes. 

Th i s  oiis hyothet ical  systern may l-ie regarclecl as a hoIononiic sl -s tem 

only i f  WP think of the configiiration manifolcl as being the solution nianifottl 
of rquation '1.3. Otiicrivisc it is a noriholononiic systcni. 

i i C  rlisciiss iiontiolononiic systetns at grcater lengt h in the nest strl-iscct iori. 

2.4 Nonholonomic Constraints and Associated 
Forces 

I n  ttie ~ ~ P V ~ O I L S  section. we iritrotliiced constraints (eqriation '2.3) of t h e  for~ii 

and callecl tliese holonomic. In physical prohlems. it is possible to  ha\-e 
constraiiits of the b r r n  

l\> will call c0nstraint.s of this form nonholonomic. -4s for holonomic con- 
strainls. there niust be Forces of constraint present in Lagrange's equations 
to  enfosce the constraints. For holonomic constraints. ive w r e  able to  fincl 
(in principle at least) an alternate set of coorclinates. siich that ive coulcl just 
ignore the forces of constraint. For nonholonomic constraints. there r n q  not 
t ~ e  sucti a set of coordinates. 



It is tielpfiil in this contest to consicler hom ive cotiIcl tiantlle the forces of 
coristraint for holonornic constraints, without rrsing local coordinates for t h e  
soliitiori rilanifolcl. 

if ive clifferentiate orir holonornic constraints with respect to time ive oh- 
tain 

This tias the same form as ecliiation 2 3 .  Our approach will be  to inclurlc t h e  
eqi~atioris n-itti Lagrange's qriations. and to  seek a solutiori of tliis l a r g ~ r  
sj-strrii. The rlifficiilty t hat rerriains. is that t hc  ( a s  !-et iinktiown foret-s of 
c-oristrairit appear in the equations. O u r  systeni of eqrratioris niirst perriiit 
t lie rletertiiiriat.ion of t, tirsc forces siniiiltaneorrsly \rit h the cleterriiinat ion of 
t litb t rajcctory. 

-1otvarcls this end. observe that clifkrentiating oiir original l~olonoriiic c'on- 
st raitits wit h respect to local coorcliriates for the solirtiori ttimi~olcl givrs 

.-\t this point wc will USP sonw Imsic concepts froni Iinear algehra. Tiic 
qiiatiori ahove says ttiat the row vcctors 

[ -  "ri 9 hl2 

(orle for ~ a c h  value of i ) .  lie in the left nit11 space of the rnatris 

Ejiit t tiese row vectors arc linearly independent. and t herefore span t h e  left 
nu I I  spac-e. D':\lcnil~ert's princi ple. 

says t hat the row vector 



also lies in the  left niill space. I t  folloms that there is a set  of niiiltipliers 
( A , .  X2  - . - } si1c11 t ha t  

liolcls. \Vit 11 t his resiilt . oiir s p t e m  of eqiiat ions beconies 

k 
ilt 

Soli-ing t his sl-stem invoives fintling hotli q ancl X as fiinctions of timr. 
We non- returri to t lie qiiest ion of the Forces of const raint neeckd to t a r i  Forc~ 

t IIP n~nhdortonlic ionstraints in eqiiation 2.5. A cornparison of rqiiation 2.5 
n-it l t  ~quation 2.ti leacls one to siispect t h  these forces slioiilcl satisfy 

There is also a ph!-sical rationale for making tliis assuniptioti. The con- 
strairit provicletl by eqiiation ?..?. or eqiiation 2.6. is that at each point q in 
the corifigiiration rtianifolcl. there is a plane in the  tangent space to wliicli 
ij is restrictecl. I t  appears natiiral to suppose that the forces of constraint 
slioiiltl tlepend only o n  ri. il and the plane at cl. The- shoitlcl not tlepencl on 
t lic plane at some other point. This is consistent with the local qiiality of 
plipical Iaw. whicli appears to he cliiite general in ph-sics. 

The s-stem of tqiiat ioiis we are iiltiniately led to is 

In practise. tliese eqiiations seem to lead to  physically reasonable eqiia- 
tions of motion. Some other schemes clo not (see for esample the discussion 
of c«konomic mechanics in [ : 3 ] ) .  



\\-hittaker ([:3-1. Article 871) calIs these eqriations Lagrange J qnntinn.. 
rriih unrl~tc~ I-rnincd nt ultipliers. and a t t  r ibutes the  extension of Lagrange-s 
ccliiat ions t o  nonholonornic systems t o  Ferrers. citing a paper frorn LSÏ 1 ( [l-LI ). 
Seiirnann. c-it ing a paper frorn 1SSS ( ["fi]). ancl L k k m c i t .  citing a paper  froni 
1 S!)? ( [:FI ) - 

2.5 The Kinematics of a Rigid Body 
III t liis sccrion we review the kinerriatics of rigic1 hoclies, ancl scek to farriiliarizt- 
t tie r twler  witli t h e  notation tvliicli will be usecl in orrr rsariiples. 

\\i. n-il1 iisc the notation o f  linpar algebra. A vector will norriiall>- tw- 

rc-prtwwted as  a rolilrrrn iw-tnr-. i\k miIl regard as cotitainitlg coliitrin 
\-crtors. C\ represent t h e  i<lentit>- m a t r i s  hy I. Far t tie standarrl unit  coliiriiri 
\ w t o r s  IW ilse 

Tlic ~ s p r e s s i o n  .4(y): will thiis be ecpiivalent to taking t h e  cross product of 
and z .  Tlie properties 

R(z) = e s p  .-l(z). 

iR. ohserve t hat 



I d &  
For z E a mil  vector ancl o f .R. R(oz)  corresponcls to a rotation 

t hrorigh an angle of magnittde o. about the direction igiven b ~ -  z ( using t lie 
-ri@-lianrlecl riilr"). \ti. rvill also use the short hand notation 

\\-P assrime t h e  to be a set of  cartesian axes fisecl in spare. Associatecl 
wit Ii t hese fisctl ases ive have a set of ort lionormal \.ectors. giveri Iiy t lie 

+tantlarrl unit colirniri vectors with respect to the îixecl ases. 
I\-Y riorv ronsider a rigitl bodj- Let tlic position of the renter of niass be 

givrri witli respect to the fisecl ases by 

\\i. assiirrie tliere to be motlier set of cartesian ases fisecl in the hocl>-. 
[vit h tlic origiri lying at the center of niass. :\ssociaterl \vit h t hese movirig 
ases ive liai-e a corresponcling nioving set of  ortlionornial \-ectors. qiveri hy 
ici. i v 2  and 11'3 (vit  h I-CSPCCC to t lie fised ases. 

The orientation of the hocly is given hy the special orthogonal matris 
I I -  f .\'O(:$) with ic i .  tr2 anci rr-3 as columns. 

Deriote the rrrigulnr r€ /~c i fy  vector of the body with respect to the fisetl 
ases !>y v. ancl with respect to the body ( moving) ases by ,.. Tliese vectors 
a re ~ l ~ t r r r n i n ~ c l  hy 

Suppose points in the bocly have positions given by a vector y with respect 
to t lie moving axes. Then t lie position of each point wi t h respect to  the fisecl 
axes is given I>y the vector z determined by 



Uiffcrrritiating with respect to tirne ive get 

Lct the total n i a s  of the hoci!- he in. Let p = p ( y  ) givr t hc cIensity of 
t 11e Iiorl:.. Tliçvi 

j i  1 = aricI 

i , ! ,  = 0 

I1ultl. 

\\> mal- riow calcirlate. for the k i n ~ t i c  encrgy of the horlj-. 

./ ic; the irlcrlin irtnlr-Lr of the body with respect to t h  l ~ o d ~ .  ases. ./ is 
constant in tirne. and  symmetric. By choosing the  body ases to be tIir 

principcal ases of ./. 1vc.e may take .1 to be diagonal. 



u - h e r ~  Ji. .12 and  .J3 are the priricipd m o m ~ n t s  of inertin of the hocly. 
h o t  lier qiant ity often usetl in mechanics. is t he  nngcrlnr rrtorri en/ ilni wit h 

r ~ s p ~ c t  to a point in space. For simplicit- suppose the point to h e  the  origin. 
The arigiilnr nionient i i  ni is 

Tlie second terni in t l i i s  espression. \KI;. ivhich cloes not tlppentl o n  the 
clioice of rcference point. is regartlecl as t h e  arigiilar moment uni of r lie body. iri 
s p  l i n /  roordirint f .S. Tlie es pression .L is regartlecl as t tie angiilar niomen t iirri 

of t lie I>o<l- in bah/ coordinat W. The  first terni ive regard as t he arigiilar 
nioriieritiini of the ceriter o f  niass. 



Chapter 3 

Basic Mat hematical Definit ions 

In tliis section. ive lise the icleas of t h e  previotis section to  motivate a niore 
prwise niatheniatical frametvork. Al1 manifolcls tvill be assirtriecl ro I)e of 
f i n i t e  ( l i ~ ~ ~ e n s i o n .  

3.1 Preliminary Definit ions 

Definition 3.1.1. Lrt  (2 bc n mnrtijdd. nrld L : TQ + 8 rr ];rnc./ioii. Thr 
Lcgetirlre transformation O]* L is th.€ firnc!inr2 F L : TQ + T'C) g i c f n  6!j 

Observe ttiat FL : T Q  i. T'Q is jibrv pm.w~'ring. Tliat is to  sa!-. i f  
;r : TQ + Q and a' : T'Q + Q are the respective biinclIe projections. tlien 
7 - 0  Fi. = 7. 

Definition 3.1.2. Lf t  Q be ct rrianifolrl. a r d  L : TQ + .iR rt filriclion. Th6 
Hessian transformation of L is th€ fmctiort F2L : TQ + T-YQ giwi )  b!j 



Olisen-e tha t  F'L( . i - )  is symmetric for each T.  and that  F'L : T ( )  i T!Q 
is îihrr prrserving. 

Definition 3.1.3. L f t  Q b~ n rnnnifold. a n d  L : TQ + 42 n furtcfion. Theri 
L i..; n Lagrangian ori (2 if ( i r d  on ly  F 2 L ( r )  i s  po.s'iti~'c (icfirii!~ 1b1- fn r l )  Ï. 

_\[an?- authors cal1 an- fiinction L : TQ + 1.R a Lagrangian. \.\'liat wc 
lia\-e callecl a Lagrarlgian they refer to  a s  a rrgulnr Lnqrnnginn. 

Definition 3.1.4. -4 nonholononiic systeni is n .5- tupl~ (C). L. -11. D. 3 ) .  1rhf r r  

0 L : TQ + :R i.s n Lngrnnginn o n  Q .  

\\i. cati JI  t h e  ntrrgnctic ,'form. 
t i - ~  rall D the t . o n s / m i n ~  dis tr ibi t f ion.  :\ssociatetl with D ive defi ne D 9 = 

{ r  E TQIr - i O  ri f D l .  
.-\ssoc-iated witti anu nonhoiononiic systeni there is a collection of systcnis 

of t y ~ ~ a t i o n s  for a trajectory. q = q ( t )  in Q .  which we clescril)e helow. T h e  
cqi~atio[is will have the etfect of rcstricting the  trajectory to  lic in D , .  

3.2 Lagrange's Equat ions 

-Lo ckscrilw a typical systern of eqiiations in the collection ref~rrecl to in 
Miriitiori 3.1.4. let q1 : 1 -  + R lx local coorclinates oii Q. \\i. will ilse tlicb 
riotatiort cj' for dq'. as norriially clone in nicchanics. 

Also. let (8 ' .  . . . . B r )  he a set of indepenclent 1-forms on I ' that locally 
c k t ~ r m i n e  D. Ttiat is to s q .  we have D n T I *  = { r  E TI - 1  ( B ' .  T) = O. V i ) .  
\\é ni-. of course need to retluce ttie size of I * in orcler to make siicli a ctioice. 

Then tlefine .I[l, = J I (B /& l1 .  B l d q J ) .  B; = ( B'. B/BclJ) ancl hl = (B. A). 
T h e  systeni of eqiiations in question is (iising the suniniation convention) 



These are call~cl Lrigrnng~ 3 ~gcint ions. 
in  t hese ecltiations. XI. . . . . A, are callecl a n d d c r r n i n d  rnt~lliplifr.~. and  

a r c  to Iw <leterniinecl as fiinct ions of i dong [vit h t lie cl'- 

 sot^ tliat LW do not d a i m  t hat X = X(t )  is uriiqiidy tlrterniinrd. 

1. First ive slio~v t h a t  in a local coortl inate systern. t h e  X variahles nia- Iw  
elirninatetl. t hereby learing a n  ODE (Orclinary Differmtial Eqiiation). 

Iioltls. aiiti so t h e  matr i r  .-\. with coefficients given b ~ -  

niiist he positive clef nite o n  Tl.'. Then.  h n i  t. he calciilation 

Differrntiat ing eqtiation 3.2 we ohta in  a n  eqiiat ion \vit h t lie general 
for ni 

Vsing matrix notation in a n  obuioiis nianner. t hese two fornis ;ive us 



Biit the niatris  BA-' B' is non-singular. by t hc scqwnce of i n f ~ r e n w s  

Hmce the X variables may be expressecl in ternis of q and q. JO that t w  

tia\-e a swontl ortler ODE for q. 

2. Scst WP show that the trajectory foiincl is indcpmclcnt of the choircl of 
r-oortlinates. TQ this  encl let 7 = ?(ri) hc  a c o o r t l i n a t ~  transfornlatioti. 

This indrices a coorclinate t ransforniat ion 

- 
o n  TQ. Let T(i7.G) h e  the espression for the Lagrangiari aritl .It,,(ii) 
for the niagnetic 2-[orni coefficients. in the new coordiriatcs. so tliat we 

t i ai-c 

h siniple calciilation t hcn yieltls 

Since, in aclcli t ion. tve have 

WC see that eqiiations 3.1 and 1.2 holcl in the new coorclinates. 



3. Finally ive show that the trajectory fottncl is indepenrlent of t,he clioice 
T 

of 1-forrns BI.. . . . Br. To this end let E'. . . . . B be anothet ctioicr. 

By rediicing. if necessary. the  size of the neighborIioocl I ' on which 
t h e  coorclinatcs ancl l-fornis are clefinecf we niay asstinie t hnt t hrre are 

fiinctions oi : I - + :R. sirch tliat BJ = n*~"on I -  hoMs. and siicli t liai 

the niatris P witli coefficients given by PJk = Q; is non-singii1ar. 

I \ é  t heri liave 

I\-e secb tiow t tiat eqiiation 3.2 holcls for t h e  nm* 1-fornis. iising the sanie 
trajectory q = q ( t  ). 

k .-\lso. cqtiatioti 3.1 holrls with q = q ( l ) .  i f  ive replace A, l)y X k r l , .  

Definition 3.2.1. I 'he energy fiinction for L on TQ. irhich r r o f  d f n o t f  t? : 

TC) + R. i.+ dfjïrtfd 6!j 

For niariy iniportant nonholonomic systems. . l  O holcls. For wcti sys- 
tcriis we have: 

PI-oof. Observe t hat in coorclinates. 



Iiolcls. ancl so ive rii? calcitlatc 

3.3 Intrinsic Form of Lagrange's Equat ions 

[ t  is possible to fornidate the eclriations for the trajectory of a nonholonomic 
systeiii erit irely in ternis of globaily definecl georriet ric objccts. I\é incl ucle 
the basic icleas iisecl in th is  approach here for the d e  of cornpleteness. 

Let r r  : T (  T Q )  + TQ he the tangent brinclle projection niap. Also. rerall 
t h  froni a : TI) -t C .  ive ni- form the  tangent map Ta : T(  T Q )  i TC). 

Rccall too ttiat ive rn- lise 7 to pull t h e  niagnctic 2-form .II on Q hack 
I O  a 2-form r X J I  o n  T * ( T Q )  (that is. ( r m - \ [ ) ( C .  ( )  = N ( T i r ( ( ) .  Ta(<))). 

Definition 3.3.2. Tht constraint co-clistribiition on TQ. wllicl~ IL'E dc t to tc  
DU. i s  r l c f i~ ic r l  bg 

Definition 3.3.3. The intrinsic form of Lagrange's equations ronsi.s/s of the  
tuw r ~ q i r i r c m ~ n f s  



In these espressions. E : TQ + iR is t h e  EnElyy function introcliicecl 
radier. --\gain. this  function is given h -  

PrnoJ. I t  is obvioits t hat the seconcl int  rinsic condition leacls to qiiatiori 3.2. 
I t  rcniains to ohtain eqtiation 3.1. 

For the piirposes of t his prool. ive will clenote t hc  local roorcliiiatrs on C) 
hy ri. \\-e thm introcluce coordinates on TQ b ~ -  s' = z' O ;; ancl r*' = dz ' .  

\\-P noir introtluce t hc fiirictions p; tlefiwtl by 

frorii ivhich ive have 

This  leacls irnniecliately to 

Sest note  tliat ive have 



Iiolrls. \.\é also lia..-e 

in a sirtiiliar fastlion. if  ive iritrortirce t h e  ftinctions .\Li, hy 



This  last expression miist be in Do. But. (o. B/ d~ -J ) . vo  E Do hoIcIs. so 
ive riiiist have 

ï l 1 1 1 ~  1.' = .? must hoid. 
Soiv let {Bi.. . . . B r )  he a set of inclepenclent 1-fornls locall!. cleterniining 

D. Tticri { f B L .  - - .  - T -  Br) is a local hasis for DU. So  for sonic i~ncleterniinerl 
nidtipliers X I . .  . . .Ar .  we must have 

The  clesirecl resiilt tiow folloms. 

3.4 Hamilton's Principle 
Iri this siilxection ive show that  the problem of fincling a trajectory for a 
nontiolorioniic systen-i is ecluivalmt to solving a variational probleni. U-hat ive 
clrsci-ihe Iicrc is riot qiiite what is iisiially ceferrecl to  as FIaniilton-s Principlr. 
hiit is clos cl^- relatcd. 

Siippose ive  have a trajectory (1 = q(t ). C'hoose tirnes t and I I .  C'orisidcr 
tlir integral J;: L dt. Siipposing for the moment that  tlie trajecto- reniairis 
in oric coorclinate nei~hborlioocl between t ,  and t 2 .  ive nia!- ça l cu la t~  t tir 
effcc-t of ari infinitesinial i-ariation of  this t ra jectoq-  on t h  iritt*gral: 



Iioltls. WC nia- wrik oiir rcsiilt as 

- ilt2 ,,, qaqi di- 

If  LW restrict the variation to Jri E D. we have 

'T tiis r ~ s i i l t  is non- <-oorclinate intlepentlerit . ancl ni- Iw cstrritltd ~PJ-orir l  a 
i i i ig l~  coorrlinat~ nriglit>orliootl. 

Tlic rcsiilt li>lloiving froni t l i i s  calciilation is: 

3.5 Nat ural Lagrangians 

Definition 3.5.1. A natiiral Lrrgrnnginrr is a Lngranginn dcfir~iricd by 

whfr-6 I *  : Q + P is I ~ P  potential energy jùnction and li E CQ is n nietric 
ori Q .  cihich ii*c ridi cnll the kinetic inner prodiict . 



Definition 
Lngrw rjginn 

( F L ( r ) . p )  = I<(r .p) .  Y T . ~  E TQ.  

Proof. T h i s  lollows from the previous leninia. the positive drfiniteri~ss of K 
arid r lie fi ni te diniension of Q. a 

Lemma 3.5.3. Foi ri n n t e i * d  Lngrnrrginri cre h«cv 

F 'L ( I )  = Iï. V r  E TQ. 



T h e  last let-rirna shows tha t  L is incIeecl a Lagrangian. 

Lemma 3.5.4. For. n nrttirrnl Lngrnnginn L .  ire h n m  

3.6 Hamiltonian S yst ems 

I-ncler t hcse coiiclitions. t h e  int rinsic form of the eqiiat ions of nlot ion 
Iwcoriies 

1 Tlie 2-forni = dOr ,  + ;ir*.\I - is a .~!~naplisctic form for tlie rnanifold TQ. Tlie 
criergy ftinction E on TQ is callecl t h e  Hamiltoninn fimclion for tlie systeni. 

Claniiltonian systems have h e m  wiclely stiidiecl. ancl have niariy inipor- 
tant  properties. tvliicli LW will not cliscitss here. LC.é wish on ly  to  point out 
tliat i t  is very significant when a nonholonornic SJ-stem can  be rcclticecl t o  a 
ttaniiltonian system. 



Chapter 4 

Quasi-Velocit ies 

\\i. rlsc the  synibols ancl notation of chaptcr 3.  

4.1 Mornenturn 

T h e  notion of rnorrzcntunl is a iiseful refcrence point in disctissioris o f  nic- 
chariical sFstenis. 

Definition 4.1.1. LEI 0 bt: cf ~ ' ~ r t o r f i ~ l c l  d e f i l ~ ~ d  or1 SOIII (C  r-t:giotz 14-ÇQ. Tht  
niortient tiri i  c~s.wcinfcd wifh Ihc iwtor- 0 is th€  funcfion p" : TI 1 -  + .R dc j ï n~ r i  
h.!/ 

4.2 Quasi-Velocities 
Siippose 3 vector fields al. .... a, clefinecl on s o m e  cegion II-GQ. n I~eing t h e  
rlinicnsion of Q. such tliat t h e  vector fields are linearly independent at eacli 
point of il-. 

--\t ttiis point. we ask t h e  reader t o  recall t h e  clefinition of t h e  Lie  brnckct 
of trvo vector fielcls. (sec  for example  [331 or [G]). Let C': : I I *  + R h c  t h e  
.si r -ud  rrrc hrncf ions given by 

II 
[fi;. a,] = Cijnk. 

Define frinctions p' : TI+- + iR hy 



Observe tha t  given local coordinates ci' : CC&CC' + 8. ive have 

In t  rotliicing the notation oi = riJ (ai). as is us~ially clone. tre have 

Thc pL are called quasi-relocitics. Wr will cal1 {nt .  . . . . a ,  } a quasi-i*elocit!/ 
bris is. 

Example. Body Angular Velocity 
R ~ c a l l  t h e  description of body angiilar vrlocity in section 2.5. The niani- 

folcl t herr is .50(3) x !P. which LW have parameterizrd by ( Il: .r j. If' ( $i-. i )  is 
in t h e  tangent space at ( W. r ) ( the tlifferentiation here woultl he wit h resppct 
to tlic paranieter of an appropr ia te  ciirve). then  the fiinctions dl. ~ 2 .  4. .TI. 

and .FI!. cl~terniinrcl hy 

a n d  

are quasi-velocities. The basis vector fields a r e  ( 1 1 - . - \ ( ~ ~ ) .  0). ( I l - . - \ ( e l ) .  O ) .  
( 1 i-. \ ( f 3 ) .  O). (0. € 1  ). (O. F?) a n d  ( O .  CD). respectively. These wctor fields are 
gloldlj* d~finecl. K e  will call t his hasis the body jrnrrw b«sis. 

[ri order t O calciilat,c t h e  st roct tire h n c t  ions. c;) . ive niiist ca lcula te  Lie 
l:,rackets. in order to do t h i s  WC mrtst ttiink of the hasis vcctor fieicls a s  - A 
operators of clifferentiation. W e  will use the notation ( L I  A(€; ) .  O )  a n d  ( O .  6 ;  1 



to irlentify this interpretation. The most cornples of these calctilations is 

-- 
- (Li, * l ( f J ) .  O ) { (  14, A ( € , ) -  O)(W..r)} 

irliere E: is the three incles p r m i t n t i o n  .ymbol. with its parity fistd hl- 
* .  

rq i i i r ing  = L. Al1 other hrarkets mnisli. 

Example. Spatial Angular Velocity 
in t lie previoiis exaniple. ive coiiltl instead have cleterniiried fiiiict ions V I  . 

12. v.!. . i e l .  il and  .i-:% II>- 

Tlirsc a-ain are qiiasi-velocities. The basis now inrliitles ( .-\(cl )Il: O ) .  
- 0 .  - \ 3 K 0 .  O c l .  O .  € 1  a n  ( O . )  We will cal1 th is  Imsis 

t l i e  spnl i r i l  f ~ n r r ~ f  bctsi..;. III 

4.3 Poincaré's Equations 

Sow Lagrange's equations are 



iv1ier.e ive think of L in this equation as being o l  the form L = L(q.  4). 
11-P c-orrld also think of L as depencling on cl aricl IL .  To this end ive write 



if ive ivrite 

l'tiese eqitat ions are called Poincrrri :s ~qucrtiori.i;. 
In light of the nianner in which cr: transforms iincIer coorclinate trans- 

formations. oiL may he estencletl to al1 of 14-. LVe ma?- also shrink 14- to 

t h e  estent nccessary for 5'. . . . . Br to he estenclecl t o  ail of II-. This E; is 
tlefi~ietl or1 ail of I - i - .  

So Poiricaré's Equations apply t o  all of 14-. the intersection of the  cloniains 
of t r ,  and BJ. 

Sote also that 

L(r + sa; o ;r(r)) 

Iioid..; ( r ~ c a l l  rliapter 4.1. and t h e  last expression is a k o  clefind c>n al1 of II-. 

Example. Euler's Equations 
Cl-e will l-iiiilcl on the  prececling example. Né consider a rigirl body \vit li 

rio constrairits or potentials present. The Lagrandian (qriat ion 2.9 on pagr 
11)  is 

I\é have previoiisly founcl the structure fiinctions. Equations 4.1 aricl 4.2 
beconie 



TI~P first of t.hcse constitutes Etlhri; cqnntions (see for esample [z]). rvhich 
niore t g k t i l y  are writ ten 

E x a m p l e .  Body Angular Mornentum 
\\Çb will again biiilcl on t h e  rigid hody/angiilar velocity rsaniple. 
Equat ion -1.3 provitles a convenient rv- to firicl t h e  monient n associated 

witti  thc basis vector fields. Ttic momentuni associatecl with (11.-.-\(~;),0) is 

T l i ~  vector Ji. is iisiiall- callecl t hc 60d!~ rtngcdnr- nionwrrfil ru. or nngcdrci 
o r  in t 1 I I  r .  The  nionientiini associated witli 
( O )  is 

-Tlic \-ertor m.i- is t he  iisiial nionientiim for t h e  centcr of niass. 

Example. Spatial Angular Momentum 
\,\k esparicl once more on the  rigicl hotly/angiilar velocit- esaniple. 
I i i  t ~ r n i s  of t l i r  spatial frarne tmsis. t h e  Lagrangian (ecpation 2.9 on pagc 

17) is 

Llir niomentum associatecl rvit h (--\(ci ) lK O) is 

The wctor K J L .  is iisoally calletl the spatial nngulnr nronientirm. or nngulur 
rnnriwrtti~rrr in the spntinl refkrence Jrame. Cl 



4.4 Nat ural Lagrangians 

\\? sitppose now that L is a natiiral Lagrarigian. as in tlefinition 3.5-1. \Lé 
Imvr 

1 - 
L ( Ï )  = ;A  (7 .7 )  - i -  O ~ ( 7 ) .  - 

so the lcft si& of eqiiation 4.1 is 

At  t tiis point. ive ask t h e  reacler to recall the  clefinition of t,lie Li€  dt 1- i r .n / i i . r  

of a tensor ivit t l  respect to a vector fielcl. ancl t h e  tlefinition of t h e  cxC~i-ior- 
dfr-irwfirr of a form (see for example  [X3] o r  [6]). I'sing well known forniulae 
for the Lie clerit*ative. we have 



* +  0 
* -?- < 22 

= ;  
t 

z C - 
ci_ =: - I C I  I 
I 



Chapter 5 

Noet her's Theorem 

\\i. again use t lie symbols and notation of chapter II. 

5.1 The General Result 
First. observe t liat in coorclinates. 

Iiolcls. T hen recall t hat Lagrange's eqiiat ions are 

Let a Ile a vertor fielcl on Q. wi th  flom os. Writing + . q )  = rr,(q). so t.liat 
- - 
(1 = Ta,(+ tiolcls. or in local coordinates 



El-aliiatirig this at .s = O we haïe 

r v l i c w  p" is t l i ~  niornent uni associatecl wit li a. 
L\'e nwcl  a couple of definitions before stating the  restilt lollowing froii i  

t his calciilatioti. 

Definition 5.1.1. II-e .wg thnt n 1ii11y preserves L if 

( L  O T / z , ( T ) )  = O.Yr E TQ. 

Definition 5.1.2. I L  . 5 q j  t h ~ t  c partially presen7es L 

Lire rvill only apply Xoether's theorem to s-stems for mhich t h e  magnetic 
field is iclentically zero. 

Proposition 5.1.1. For Ihe .II O case. i f 0  E D nt ench point. n r d  a 
pnrtinl1.y preserc*r.s' L .  I h ~ n  the rnontentnnz p"(4) = ( F  L(q). r z ( q ) )  nssocinted 
ii-ith a is n constant of the motion. 



= d S  holcls wi t h 

can also he shown to resirlt in a constant ,  The constant in this  case is 
( )  + S .  When .\! is not rsact. t h e  situation is morc cornples. and c w  
i l  tiot acldress i t  herr. 

5.2 Nat ural Lagrangians 

\\k siipp~se noir  that L is a natiiral Lagrangian as in definition 3.5.1. so w r  

I~at'r 

Recalling again the definition of the Lic d e r i c n t i r ~  ([:13] or [(il). this @es 

O h s r r w  also. tliat for natural Lagrangians. t he  conservecl r n o m ~ n t u n i  pu( r ) = 
( F  L ( r ) .  a o ~ ( 7 ) )  becornes p o ( r )  = K(r. o O i i (r)) .  



Chapter 6 

Nonholonomic Systems with 
Symmetry 

.-\s iisiial. ive use the synihols ancl notation of chapter 3. 

6.1 Definition of Group Symmetry 

Let G I>e a Lie group witli a left action. G x Q  + Q. on Q. Let .\ : (2 -t (2/(; 
he the qiiotietit projection. 

I\-c assiime the QI(; lias a nianifolcl structiire. escept on a tinite set P of 
isolaterl points (in tlie topological sense). ancl that local sections esist at al1 
poirit s in Q - .\-'( P ) .  \.Ve also assiime that the action C; x Q + Q is free at 
al1 points in Q - .\-'( P ) .  

Definition 6.1.1. \,CF sny  that cr i ~ e c t o r ~ ~ e l r l  o i.5 groiip invariant if anri orilg 
i1.o O 1, = Tl ,  O a. Vg E C; hold;. iohere 1, : Q + Q is gicen 6.y q ci gq. 

Definition 6.1.2. \,Ci sny  thnt C; i s  n syntrnctr-y groilp J o r  the nonhohnomic  
.+!/.itrnl (0. L .  SI. 0. . 3 )  q'nrtil only iJI 

1 .  L i.5 groiip invariant. Thnt is t o  sny  that L O Ti ,  = L. b'g E C holds. 

2. .\I i s  groiip invariant. That i.3 t o  sny  thnt .\I(Tl,(E). T l , ( i ) )  = JI(<. i). 
'dg E G. : E TQ. < E TQ holris. 

.l. The corzstrnint distribution D i s  group incnrinrat. Thar is t o  sny thnt 
T E D inipl ifs  T l , ( r )  E D. b'g E G. 



Recall that a natnral Lagrangian is one of the lorm 

Biit two polynorniais are identical ont>- if  t heir coeficients are. O 

Observe t t i a t  in  t h e  presence of sitch a symmetry. D.] irill also be yroiip 
irivariarit . ancl t Iiat we have  

Proposition 6.1.2. The action of n  symmdrg gr*o«p t n k s  (L t r a j d o r g  o j  
Ihç nonhoionomic s p k m  to nnother trnjectory. 

Praof: This follows in an obvious way from Hamilton's Principle. proposition 
:3.-I. I on page 28. when one redises t hat. for a t ra jec to-  q = q ( t  ). 6(I, o q )  = 
R,(dq) ancl d(lg O cf)/dt = Tl , (h / r l l )  hold. Cl 



So tw see tha t  ive  cm.  in principle. reduce the problem of fincling tra- 
jcctories to a proMrm on TQIG rather ttian TQ. The trajectories in  TQ/G 
will of course he restricted to lie in D.i/C;. 

Example. Nonholonomically Constrained Particle in :Pi 
lk introtliice now an  esample which we will ilse to illustrate the ideas 

t liat follow, 
This esample has previoiisly been iisecl both in [ 5 ] .  and also in [il to 

i l  liist rate s~-ninietry relateci t heories for nonholonomic systenis. 
In t liis case Q is +R3. WP use ( .r, y. z )  to  parameterize Q. The Lagrangian 

1 S 

The synn ie t  rl- groiip C; is El .  Mie parameterize Ci by (1.r .  1 2  ). Ttie groiip 
action is g i w n  hy the niap 

Diffrrrntiating in ortler to lilt t h e  action to TQ WP have 

S . .  . - .  
(7. g* Z )  = ( - r*  y. z ) .  

trliirli sliotvs t liat L ancl the const rai iit are preservetl. [7 

6.2 Distributions Associated with Group Sym- 
metry 

Let g he the Lie algebra of C;. Recall the following well known tlefinitiori. 

Definition 6.2.1. Let  E g. The fundamental vector fielcl b on Q nssoci- 
n t d  irith { i.5 defineci by 

( ( e sp  . s< )q ) .  Vp E Q. 



Definition 6.2.2. The vertical clistribirtion I - on Q is gimn 6 y  

This  Iast clefinition is perhaps  a contracIiction in ternis. Since t h e  groiip 
action is not necessari1~- free everywhere o n  Q. the  cliniension of I+ niay 
collapse a t  points in .\-'( P). k\i. will nevertheless cal1 I -  a clistribution. 

Ohserve that  I - is groirp i n ~ a r i a n t .  since Tl,(<q(q)) = ( .-\tl,:)~ ( g q ) .  Yg E 
(;.CI E hofck 

Definition 6.2.3. Tf i f  distr-ibi~tiorz -5' on Q k giwn b y  .<+ = I -  n D. 

Observcw that  t h e  dimension of -5' niay also coI laps~  a t  points in .\-'( P ) .  
aricl tliat .\' is also grotrp invariant. 

Recall tha t  for nattiral Lagrangians. there  is an associatecl k i n ~ t i c  in- 
n f r .  prodrlrt Iï. I i é  r n q -  tlefine t h e  kinetic inner protluct [< For a gcneral 
Lagrangian L hy I<(q)  = F 2 L ( 0 , / ) .  where O., is the  zero vector a t  q .  

Definition 6.2.4. Th€ horizontal clistribiition H on Q is yircn 6.y H = 
D n .qL . i r h c r ~  / / i f  X- in^ tir inncr prodrrct I< is irsed tn r l f l fr -rnin~ orthogonrrlit!~. 

Observe t hnt H is also groirp i n ~ 7 r i a n t -  tliat D = H -+ 5' holcls. ancl that  
t h e  tlinimsion of H may jiinip at points iri P ) .  

O l ~ s e r v e  tliat .\- is also groitp invariant. t hat I -  = .?' -r .\- liolrls. aricl t liat 
t tic dir~irrisiori of .\- nia'. jiinip o r  collapse a t  points in .\-'( P ) .  

P~.oof.  I\é have alreacly observecl t hat  D = H + 5' ancl C e  = .$ + -\- holcl. But 
we also have H n .\- C D n I - = S. so  t hat  fi n .V Ç H 17 S = 0 holcls. 17 

Definition 6.2.6. The rfistr-ibirtion R on Q is g iwn by R = ( D + C e ) I .  i r h ~ r e  
 th^ X-irictir innfr.  producf I< is irsed to determinf oi-tlm~onnlit!/.  

Observe tliat R is also groiip invariant. tha t  TQ = ( D + I -) -Z- R holcls. 
ancl tha t  t!ie cliniension nf R m a y  jt imp o n  .i-'(P). 



Proposition 6.2.1. 11- [ A c  se/ P o f  singulnr point.< in Q/G is ernpty .  thcn  
/ h ~  di.str-ibt~tion fi + R on Q d ~ t c r r n i n e . ~  n principnl bi~nrilc c o r l n c d i o n  on 
. \ :  Q i Q/G. 

Pr-oof- It is clpar tha t  H + R is group invariant. ancl tha t  TQ = ( H -r R )  f I - 
tiolds. O 

Eren  if P is riot empty. t.e rriil have T.l(ft  5 R )  = T ( Q / ( ; )  clsewtiere. 
a n d  rriariy of the  concepts of principal hiindIes. suçli as horizontal lifts. n i a -  
Iw iisetl ori Q/(; - P. 

Definition 6.2.7. I l i  thnt ! h ~  q r o ) ~ p  :'!/n~rrt~tr-g srrti.<fifs thr rliriiensirm 
iissriniption i/' D + I - = TQ ( thnt  i.s clini R = 0) holrls. 

If ttie d in i~ns ion  assmnpt ion is satisfiecl and the  sct P is erript~-. then fi 
{vil1 t ~ e  tlir horizontal rlistribiitiori for a principal biiridle cooritction. Th is  is 
the  ratioriale for t h e  espression hnr-izontrrl rlistr-ibi~tion for fl. 

Example. Nonholonornically 
Rtv-al1 t liat . for t liis csaniple .  

L = 
- - - - 

(7.3- 5) = 

Constrained Particle in :@' 
we hacI 

Tlir rIistril~rition D is spannetl  I +  the vector fields (.i..!j.f) = ( l .O.! / )  aricl 
( .i.. !j. f ) = ( O .  1.0). T'tie distr ibution I * is spannetl bu (.f. 4. f ) = ( 1. O. 0 )  aricl 
f.i..!j. 5 )  = (0.0. 1 ) .  T h e  distr ibution I;' = 1- n D is spannetl by (.i-. 4. 5 )  = 
[ i .0 .y)-  

Tlie kinetic inner proclrict is giveri I>y 

- .  ( ) )  - = . i - i + c j i + q .  - 

The distribution H = D n SL is thus spanned hi; (.:.y. f) = ( O .  1.0). T h e  
tlistril~rttion .V = I,' n .qL is spannetl hy (i.i. 5) = (-y.0. 1).  

In tliis case t h e  dimension asstimption is satisfied. O 



6.3 Local Bases Aligned with the Symmetry 

For t h e  nes t  definition. ive use the icleas introcliicecl in cliapter 4. 

\\è n i -  on  occasioii introcluce such a hasis rvithout clistingiiishing the \ 
\-cct or fields Ft-on1 the ï vcctor fields. 

The Iinrar intlcpendmce of a set of wctor fields will be preservecl since 
l'irc.il is non-sirigiiiar For q E -1-'(I-Io) C - Q - A-'( P ) -  

So t h e  proposition is provetl by taking any local basis for eacli of H. -5'. 
.\* aric1 R. retlefining the vector fields in t he  above manner. a n d  then taking 
t Iic union of t hese niocli fied bases. Cl 



Example. Nonholonomicdly Constrained Particle in :U7 
R~call t liat. For this esaniple. t h e  kinetic i n n w  product is given hy 



Chapter 7 

Finding Group Invariant 
Constants 

7.1 Restrictions on the Vector Field 
have given in propositiori 5.1.1 on page 40 a rriterion For a constant of 

t lic riiot ion of the forni 

ro csist .  
.-\ constant o l  tliis sort is of greatcr value in a problerti wit h a synrne t  ry 

groiip i f  i t  is grorip itit.ariarit - tliat is to  s q  if C '  O TI, = C'.Yg f G' liolcls. 
In tliat case it indrices a furiction on ?'Q/G whiçh is a constant of the  
rdiicecl mer ion. 

\\é assunie nom that wc have a synirnetrJ- q o u p  as in t he  previotis scction. 
\\-e fintl t t i ~ t i .  i f  r~ is itseIF groitp in\-ariant . 

(7.1) ' O T l ( )  = ( F L  O T l , ( r ) . ~ ~ o  ;r O ~ ' I , ( Ï ) )  
= ( F L  O Tl,(r). cr O I, O a ( r ) )  

= ( F L  O Tl,(r).  Tl, O a O ~ ( r ) )  

= ( F L ( r ) . o o  T(Ï)) 

= C ( r ) .  

Hence we will impose the aclclitional requirement that o be grorip invariant. 



Hereafter in this section we assume that L is a naturai La- 
grangian and that there is no magnetic field (that is, M = O holds) 
and that  ,L3 O holds. 

The rqiiirertients for rs now are (section 5 .2 ) :  

rr is group invariant. 

;(r,tï)c~. - Î )  = (017 O T ( Ï ) .  VT E D. 

-Tlie constant of the motion now is Li(:-. c O x ( ~ ) ) .  
Since the potential I V  is groiip invariant. we rvill have r z (q ) l -  = 0. Vq i f  

rr is w r t  ical. Hmre i ve  nom also iniposc t he  rcqiiirenient ~r E 5'- Ieavin; iis 

tri t 11 

.. - In orclcr to esamine this criterion. let {q. K.>. . . . . ,+ ;?. . -. . i l .  1--. . . -,[. 
il. . . . } Ile a. basis alignecl mit h the symrnetry. The criteriori ahol-e is eqtiiv- 
derit to 

But O( l i ( n .  p ) )  is itl~ntically zero. since a is vertical and [ ( ( c i .  p )  is a grotcp 
irlvarimt fimrtion on Q. So tire riecd 

7.2 The Flatness Conditions 

Since cr is vert.ica1. cve may write a = oiii. The fiinctions ai wi11 he proiip 
invariant since a is. 4Iaking particular choices for a and p we reqiiire 



I f  ~ V P  IIOPF. to Bntl a non-zero wctor ficlcl a. we are Iecl to the conditions: 

nricl t hen 

So ivliiation 7.2 holtls For the new basis. 
Scst Ive Ciaw 

arid t hen 

siiice [\'(K,.. A/ , )  = 0. VI*. .s hokls. So equation 7.3 holds for the  new basis. O 



Definition 7.2.1. [ IE  c d  ~qrrntion.s 7.2 and 3.d the  tlatness conclitions. I l i  
will xay thni  rz .~yrrtrrif t~y srrtis-king ihe j7ntn~s.s corirli/ioris 1s flat . 

I \ e  will later describe physical systenis of interest for whicb tliese condi- 
t ions are sat isfietl. 

FiriaIl>-. obsen-e t har ive ha\-? 

'.;O tliat the flatriess conditions. eqriatiotis 7.2 and 7.3 ma!- be restatetl as 

Exn~iiple. Nonholonomicdly Constrained Particle in :UT 
Recall t h .  For this esaniple. t h e  kinetic inner procliicr is giveri b!. 

K I  = ( O .  1.0) ancl 

, = (1.O.y). 

Eqiiation 7.2 is triie since .5 Lias dimension 1. tYor ecltration 7.3 ive t i rst 

il al cri la te 

[ 7 , . h ' , I  = 1'1(0- 1-0) - tit(I.O.y) 
= (O. o. O )  - (O. O. 1 )  

= (0.0.-L). 

and t lien 

So the flatness condition is satisfied. 



7.3 The PDE 
l i a k i n g  t h e  remaining choice for o a n d  p above, we also reqiiire 

Proposition 7.3.1. If cqirntion 3.G is snt i .$dfor-  one rhoirf ofcilip~d h r -  
si.$. il tri11 b~ t m t  i o r  nn!/ othfr- .  

P~-ooj. Suppose {ril.F2.. . . ) is another  hasis for H. and  {-;,.T1.. . . ) is an- 
ot l i r r  hasis for .\'. i\é niiist have 7;', = a : ~ ~  and  ?, = y;, i rf iere cr; and  h< a r e  
groiip invariant fiinctions. So ive have 

S o  eqiiation 7.6 tiolcls for t h e  new hasis. 

Il'riting /T = d-., as  before. with t h e  fiinctions O' grorip inr.ariarit. wc have 

Observe tha t  in tliis last ecluation. t h e  rnatri'r with i ï ( ; J .  ; l )  for coeffi- 
cients is positive rlefinite. sincc Il- is. a n d  therefore non-singular. 

Alço in eqiiation 7.7. /<(;,. i;) ancl i<([-,;. 7,]. K ~ )  + i<(-,,. [ j I .  KL]) are each  
groiip invariant fiinctions o n  Q. since t h e  Lie bracket of group i n ~ x r i a n t  vector 
fielcls is group invariant. ancl I< is groiip invariant. But iikd is also g roup  
invariant. a s  follo~rs from 



Iri fact. since ~k is group invariant. it induces a vector fielcl r\rk on Q/G' 
stich tliat T.1 o ~k = Ck O .\ holtls. Similarly. 0' incltices a function 3 on (2 
wcii  tiiat cr' = iTZ O .\ holtls. Sioreover. the firnction inducecl on Q by ~ ~ r 3 '  is 
prcciscly r;kZ - 

50 i re  see ttiat ecliiation 7.7 is locally a partial tlifferential ecjiiatiori on 
()/G 

\\i. 11-i t l not cliscriss the integrability of t his PD E in t h e  general case. 

Definition 7.3.1. Ili .Gay thnt n nonholortorrtic sy.s/e rn i s  e1enientar~-. or- 
Ihat t h f  . y . ~ t c n i  J d 1 . ~  into the elemeritary case. ifi 

[ I I  t lie rlcrnrntary case. ecliiation 7.7 is locally a Iinear orc1inar~- tlifferential 
tqiiatiori. Tliis O.D.E. will have paranieters i f  QIG has cliriicnsion greattbr 
t l ia i i  1. 111 liglit of proposition 7.3.1. soliitions riiay bc estcriclet1 b-oncl a 
local patcli. to al1 of  QI(;. perhaps escliiding bounclary points. Th r re  is also 
t lie possi hility of  a multiple valiiecl soliition. So we liavc: 

Proposition 7.3.2. l n  the elernentnry c a s e .  ire rr1n.y obtnin liitfrrr.ly irirlf- 
p r ~ d r  n t  .solutiort.'i o f  fquntiort 7.6. ~rli~(r1 irl nurnher t o  thc dimfrz.siori of  .\'. 

\k will later tlescribc physical systenis of consiclerable interest whicti fall 
iri t  O t lie eleriieritary case. 

--1s i n  t lie previous section. froni 

wc niay restate ecliiation 7.7 as 

Example. Nonholonomically Constrained Particle in 1.p 
Again. the kinetic inner product is given by 



~1 = (O. 1.0) and 

3 = ( 1-0.y). 

For qi ia t i on  7.7 WP calriilate 

in orcler to obtain t h e  PDE 

Tlie associatecl constant of the motion is 

7.4 Vertical Component of Trajectory 
Siippose ive have independent solii tions of ecluation 7.6. eqital in nuniber to 
clirii.5'. for a system 1vit.h a Rat symmetry. 

Tlien t lie eqiiat ion 



toget her tvit h Q E -5'- determines Q for each d u e  of q ancl ./ ( t  hinking of ./ 
as a \-ector). If tve write 

Q = Q(.L q ) .  

t lieri frorii 

I<(Tlg(O(..q))u,(gq)) = I<(T!g(~~./.~[))*Tï~ofl,(~~)) 

If q = cl( t ) is tlie trajectory of the system. tlien if ive put 

.Ji tvill bc a cotistant fuiiction of t .  If ive split 4 into its fl and i' <.onipotietits. 
as 

7.5 Adjoint Equation 

\\è now sliotv tthat 9. clefinecl in section 7.4. satisfies a PDE. whicli nia!. h e  
rlescribecl as heing ncljoird to ecluation 1.8. This PDE rvill be  signiticant in 
tlic ticst section. 

Let { K ~ .  ti?. . . . - 7  ,. ;>. . . - ) be a n  aligneci hasis for D. as tisiial. CYritirig 
0, = (7j7, ancl O = OYk. we have. using eqiration 7.8. 



\\ riiay conclucle that il satisfies 

[ Ï.!)) t i , ( [ < ( y ; .  O ) )  = (L-,,K)(K,. O).  

ecjtiation 7.9 may I)e restatecl as 

One orher iisefrrl form of the adjoint eqtiation is 

Proposition 7.5.1. I]. ~qilnt ion 7.10 is .i.ati.~firrl for one c.ftoic.c of d i y r t f d  
hu.<i.<. i /  triil hf 11-UF for a r ~ y  ot l t f r .  

.-\lclcling t hese results we have 



Ttie rliscussion of equation 7.7 in section 7.3 rnay be adaptecl t o  see t h t  

rqiiat ion 7.10 is loca11~- a partial clifferential eqiiation on QI(;. A s  in section - 
r 3. in the elenicnta- case. i v e  niay obtain independent solutions o f  qi iat iori  - 
,.M. e c p l  in number to the dimension o f  5'. 

(ken t h e s ~  independent soliit ions to equat ion 7.10. LW ni- rcwrst- t lie 
prowss iisrd ro ronst riict !?. bu iising the eqiiat ion 

tog~t  tirr ivit h t~ E 5'. to  constriict solutions to eqtiatiori 7.6. 

Example. Nonholonomically Constrained Particle in @' 
Again. t h e  kiiietic itiner pro<luct is given II- 

K I  = (O. 1.0) and 

:i = (1.O.y)-  

wliere C' is a constant of integration. Thiis we have 



Since t i l  has no .E or i componcnt. throrrgtiout the motion rre have 

C 
.r = and Jm 

A simple calciilation t hen gives 

so tha t  C '  is the constant of the motion foiind earlier. 



Chapter 8 

Equations of Motion 

Ir1 t tiis section we esaniine t tie cquations of motion ( t hat is Poincari.'~ eqiia- 
t iuris) i n  t lie prcscnce of a syninietry group. iising a hasis aligncd !vit 11 t h e  
sy i i r r i e t  q -  for the case where L is a nat ural Lagragian witli there 
is no magnetic field (that is, M O holds) and r O hoIds. 

8.1 Reduction to TQ/G 

Recall Poiticaré's eqiiations for natiiral Lagrangians. ecpations -1.6 ancl -1.7 
o n  pagr 35. 

If  Ive now take the  basis {a,. ct-. . . . } insteact to  be a basis { i l .  c2. - - . - 
\ l . \ i . .  . . }. such that {(,. c2-.  . . ) is a basis for D. and corresponcIingly re- 
na nit- t l i ~  ~ ~ ~ a s i - ~ ~ l o c i  t ies pl accorclirig to 

t lien t lir corist raint c-qriation rechces to  

Sow the mat r i s  with coefficients given hy (5'. j) is non-singiiIar. since D n 
(span { \  r .  11 . .  - . ) )  = 0 holcls. So rzJ is cletermined (for each j) in the  general 



case. and in t his case bre tnitst have -iJ O. rs ing t his t he  remaining eqiiat ion 
ahove bwonies 

1 
(X .1 )  { [ < ( ( - t . < J ) ~ ' } ' - T ( ~ c , [ < ) ( < J . < ~ ) d ~ ~ k - - \ ~ ( ~ i . < J ) d J + < ~ ~ - = o .  - 
If  in place of ecliiations 4.6 ancl 4-7. we use Poincaré's equations in t tie forrri 
of 4.-l anrl -1.5. t h i s  last eqiiation hecomes insteacl 

(S.?) { K ( ( , - < , ) d J } t  

wliic-li is equatiori 3.2. 
t\+ non. wi t e  

A long htit straight fortvarcl calc~ilation yielcls 



But we also have 

By consitleririg ttie Ieft niil1 space of t h e  rnatris with ~oe t f i~ i e r i t s  given b>- <>. 
ive see t ha t \\'e ni 11s t have 

for sonie set of nitilt ipliers {XI. A-. . . . }. Biit tipon reflcct ion. t his is q t i a t i o i i  
3. L .  CI 

8.2 Introducing the Symmetry 

I - p  to t his point. w e  have not iisetl the  sj-rnmetry. ?;or have iiseci our  M i~ O 
nssiiriiption. We rvill do so noir. 

-. - IF  i re flirt her rrfine oiir basis for D to he a basis { K , .  K - .  . . . . ; 1. - - . . 
\ 1 . 1 2 . .  . . } alignecl witli ttie synimetry. as in definition 63.1 on page 47. and 
~*orrt.sporicIingl~ rrriartic t tie qiiasi-veloci t ies p, accorcling tu 

aiirl iisv t lie groiip irivariance of t he potential I ' .  ~qiiat ior i  S. L splits into 

L 
{ ( K .  K , )  J } '  - -(Ln, -1 A-)(,, .  K&' I V P  



tcliilc cqtiation d.2 splits in to  

and 

8.3 The Vertical Component 

i \F  riow assitnie the flatness conditions. as in clefinition 72.1 o n  pagr 32.  
T l i c w  rondit ions once again may be espressecl eitlier as 

( -  ) (  ) = O and 

( L J )  = O 

\Vit h t his assuniption. ecliiation S.3 becomes 



Tliis ni- tw written as the PDE 

If  WP set Q = O':;. then O is the vertical cornponent of the trajector-, If. 
as in section :..Y ive inipose the  recliiirernent that fl be  grorip im-ariant. the 
pr~\-ioiis ecluation siniplifies to  

I\é arp led to  diminate  tlie r.' functions by consirlering instcad the  PDE 

wliirli is t he  sarrir as 

\\kl recogtiize at t h  point that eqtiation S.8 is tlie ndjoiril rguntion. eqria- 
tioti Y.!) in section 7.5. A s  in section 7.5. this €'DE ma- also I)e ivrittcri 

whicli of course is identical to  eqiiation 7-10. 
In  t lie elenientar~- case (definition 7.3.1 on page 34). eqirat ion S.$ becorties 

a liriear orclinary rlifferential eqiiation. in t he  same nianner t l~a t  eclriatiori 7.6 
clid (sec the clisct~ssion Irading to proposition 7.3.2 on page .%). 

This ODE is precisely the O D E  founcl in the classical andyses of the 
roIling disk. the hall on a strrface of revoliition and tlie rolling asially sym- 
riietric hocl>.. as ive shall shoiv later. 

If  q = q ( I )  is the trajectory of the systeni. ive spiit 4 into its fi ancl 5' 
coriiponcnts. as 

with 4~ f fl and 4s f S. If  fo is a point in the  clomain of ([(t). then Q must 
satisfy the initial conditions 

ancl w r  wilI then have 



LVe obtain one niore property of Q. lisecl in the  nes t  st~hsection. by using 
eqtiat ion S.:) to calci date 

8.4 Reduction to Q/G 

III tliis section. ive suppose a groiip invariant S-valuecl t-ector field Cl csists 
or1 Q - .\-'( P ) .  siirli t hat the trajectory of orir nonholonomic systeni sat isfies 

= Q O cl. A s  ive have seen. this supposition holcls in the rlcmetitary rase 
( proposition 7 . 3 2  ori page -5-1 and section 7-4)-  

- - 
Sow corisirler cqiiatiori S. 1. tiis becornes 



Lemma 8.4.1. -4 fundion : Q/C; - P + iR is d e t w m i n r d  the rrqciirc- 
rrl f r l f  

PrnoJ R ~ r a l l  tliat Tb\( H f R )  = T(Q/C;)  holcls. ancl t h a t  T.\( r )  = O witli 
r E H -5 R irnplics r = O ( refer to  the comrnerits following proposition (i.2. l 
or1 pagr -16). .-\ricl I\' is e;roiip invariant. Ci 

Definition 8.4.2. Tf t f  nietr-ic K. irc thc pr.frrriing Iemmri. i.* mllerl t / t ~  rr- 

diicerl kinet ir inner protliict . 

Proof. Eacli vector fi& si is grotip invariant. Q 

iF IW put D = T.\( D).  then D is a tlistril~cition on Q/G. - (K~. T?..  . . ) is 
a local I~asis for D. ancl we rnay obtain an- local basis for D in tliis may. 

Lemma 8.4.4. Th€ foilotring eririrdity hdds:  

(LK, K)(K,.  K k )  = { ( & , K ) ( F , . ~ }  0 -\ 

PrnoJ WC calciilat e 

(L,, [< ) (K , .  K Ç )  = K ~ { [ < ( K ~ .  K ~ ) )  - [(([K~. K , ] .  K k )  - [<(K,-  [ K i .  K k ] )  

= K i { T ( ~ ,  O .\.ck O - \ ) }  - 
- [<(T.\([K,. K ] ]  ). Zk o .\) 
- 

- [((E, 0 ..\. T.\([K;. ~ k ] ) )  

= (Ki ~-\){K(F,.E~)} 
- 

-l<([Zi O -1- Ej O i l]? zk O .\) 
- 

-K(T; O q z i  O . \ X k  O A]) 
= {(&, r) (z,. zk ) } 0 -1- 



Pi-04. Recall that  T.\(H+ R )  = T ( Q / G )  holds. Therefore ive neecl only to  
clefine .\ I .  

Let r ancl p be groiip invariant vector fields tvit h r. p E H-  We have 

B L I ~  r a rh  of t hese trrms is lincar. and ant i-synirnetric in r and  p. To sec t liis. 
11-\.c have loçally 

Tliese are bilinear espressions. The coefficent in t h e  first is clcarly anti- 
syniniet ric. The coefficient in t he  seconcl is ant  i-symmet ric <lue to  one of the  
Hat iiess conditions. equat ion 7.3 on page 5 1. 

This serves to clefine t he  value J I  shoitlcl take when restrictecl to vectors 
iri  H. The groiip invariance of the  coefficients. in the local espressiocis. show 
t hat  t liis tlefinition is group invariant. 

But the  inner procluct K may be iisecl to project any vector to fl. k i n g  
t liis we estencl the  tlefinition of .II al1 of TQ. The groiip invariance of It 
cnsiires the groiip invariance of .II. O 



Iri light o l  the pr~crcling lemmas. i t  is norv apparent tliat eqiiation s.11 
p t i s h ~ s  h v n  to 

oti O/(;. These retlriced eqitations o n  QI<; are in the sanie forni as ecpation 
S. 1. Observe t hat the rzriirc~cl r n n p d i c .  jïdd hr-ni TM need not he closrrl. 

I Xrig leninia S. 1.1. i ve  liaïe: 

Proposition 8.4.1. .-l-w~rrting 

Corollary 8.4.1. If' irr {iddilion t o  thr rquir~rrrrrits ofpr.ol~osi/iori S..;. 1 .  - t h r  
~ ~ d u r t  (1 rrlugni t i r  jidri /i> l-rrl W C I O X F ~ .  arld Il) E I ~ F  rt.sion r ~ s . s u  rrip/ior). D = 
T'((?!CI. i.4 .wli.sfifd. thf rrdurrrl rr~otiorl on O / G  is Hi-rmiltoriinii. 

Finally. rmte that if the dimension of Q/C; is 1. tlim f? niiist he zrro. If 
r Iir t l i r ~ i ~ r i s i o r i  of Q / C ;  is 2.  thcn XT is necessarily closecl. 

Example. Nonholonomically Constrained Particle in ip 
Rwall tliat the kinetic inner procluct for this esample is given b -  

with a basis alignecl wi th  the s-mmetry given by 

= (O. 1.0) and 

71 = (L.0.y). 



where C-' is a constant of integration. The retliiced potential heconies 

ivli i le t lie rccliicecl kirietic energy is 

I n  t his case Q / G  is pararneterizecl by y. ancl has dimension 1. So t here is no 
~iiagrictic terni. T h e  retlilcecl ecjiiatiori of motion will he  

8.5 A Helpful Proposition 

111 the tollowing sections. ive will examine a ntimber of esamples. In cach 
case. ive ivill want to construct a groiip invariant hasis for D. .\Il of the cases 
corisiclerecl will satisfy t h e  cïiteria of the  nest proposition. 

Proposition 8.5.1. LE! the configuration manqolrl be a cross prodr~ct of tiro 
n t h f r  nlarrijol(i.~. Q = S I  x P. Let Y : Q + P be the a.i.i;ocicrfcrl p ~ . o ~ ~ r t i o n  
rrinp.  ancl supposc thnt 



Prao/. The existence of a iiniqiie soltition of T S  O tD = { O I: at eacli point 
of Q is rlrar. The proof that t his soliition is differentiable is tetlioiis. and 
tyical  of prooEs in clifferential geometry. W e  will not provick t his hcre. 

i f  iri addition ( is group irivariant (Tl: o c  = [O [,P. b'g E C;). r han ive Iiaw 



Chapter 9 

Axially Symmetric Rolling 
Body 

In this section we consicler the example of an axial[!- syninietric I~orl!- rollirig 
il-ithoitt slippirig on a t-iorizontal plarte iri  the presrwre of a iiriiforrii gravita- 
i ioiial tirlrl. 

9.1 Formulating the Problem 
In t hic; sihsection r w  fornidate the Lagrangiari arirl the constrairit eqtiatiotis 
For tliis systeni. ming globalIr. clefinetl quasi-vclocitics. 
I 'onsider figurc O .  L lielow. 
The figtlre is a cross-section. The point C' is the center of niass. The 

poirit .-1 is thc point of contact of the hocly with the horizontal plane. Thc 
l i r i r b  #(' is the asis of yiiimetry of the bnrly. The  lin^ -IR i s  peryicnrlicitlar 
to t lir horizontal plane. 

TIie angle 0 is as sliown. U*e regard cach of the rlistaric~s n .  r * .  h and ti 
as an Pven ftiriçtiori of U .  tvith periocl 27i. These distances are  relatecl h>- 



Figure 9.1: ;lsially S!.rrirnetric R o l l i n g  Body 

rrliicli nia-- b e  solvccl to o h i n  

h ( B )  - d ( B )  cos tl 
/ . ( O )  = atitl 

sin' 0 
4 0 )  - h ( O )  cos 0 

, L ( O )  = 
sin' O 

i\ assunie that h ancl rl arr  clrfined ev~r~where .  are contiritioits. and travt. 
c-ont iniious first rleri\.at ives. 

By ronsitlrritie: the appearance of the figure as 19 \ciriri;. ire see tliat tvç 

also neecl to assunie tliat h ancl (1 satisfy 

multiples of ;r may Vary. 

Example. The Rolling Disk 
For a rolling clisk, multiples of ;r are not valid For B .  and  ive have 

~ ( 0 )  = -pcot CI, r ( B )  = p csc0. h ( U )  = psin 0 ancl c l ( @ )  = O. YB E (O. a). 
where p is the  radius of t he  disk. O 



Example. Routh's Mode1 for a Top 
For a .+c-~.c. r< and r- are constant. For an asially syrnrnetric I>ocly witb a 

splirrical hase. rve ma- have a greater t han r.  This motkl was tisetl - JelIett 
[El. Roiitli [ S I ]  and GalIop [16] as a motle1 For a top. Alloir-ing r- = O. it is 
apparent intt~itivel- t liat the hase must be a point. ancl we slioitlcl obtain the 
Lugrnrip /op. This will be swn to he so below. Ct 

\\ë [\-il1 ttse t 11e icleas and notation of section 2,:) in t his section- 
\\+ talie the fisecl ases JO tha t  €3 points tipivarc[s in t h e  figure. \\> take 

t lie niovirig ases ancl t heir associatecl ort honormal vectors. tri . ( i-2 aritl rr?. so 
t liat (1.3 points alorig t lie asis of synimetry of t h e  body. in t lie direct ion froni 
B to ( '. The position of t he centet- of niass be given wi t h respect to t tie fisetl 

The angiiar 1-elocity is given by v with respect to the fisetl asrs. aritl 11- s 
witti  resp~rt to the botlu (nioving) ases. The total mass of t l i e  body is giwn 
1))- III .  Tlir iriert ia niatris of the hocl- with respect to tlie hocl! ases is giwn 
Ily .I. Tlie clioicr of hotl- axes ensiires that J is diagorial. 

and  t hat .JI = .J2 liolcls. The kinet ic energy o l  the body is given by 

The potentiai energy of t he  body is given by 

wliere g is the gravitational constant. 



Lagrangian for t his system is t herefore g i w n  b- 

rolling corrdition is that the velocity of the point on the body t ha t  ic; - 
in contact witli the horizontal plane has zero velocity. Consider once again 
figiirc 9.1. T h e  vector froni the point C' t o  -4 is - ( r ~ r r - ~ + r ~ ~ ) .  r-sing cqiiat ion - 
2.S on page 1 r . the constraint then is 

-ile angle B in figiire 9.1 will he a fiinction of Il-. ~ i t h  vaIiies i r i  t lie 
inter\-al [O. ;il. In fact we have 

Note that using r and 1.1.- as coorclinatcs suggests that the configiiratiori 
';Pace is .<O(:{) x P. However. this is not reallj- so. clrie to t lie constrairit 

Tlie actual configuration manifold Q is thereforea sirbmanifoltl in SO(: l )  x :P3. 
casily seeri to  be rliffeomorphic to S0(:3) x W .  

Also. ctcluation 9.2 siiggests t hat t here a r e  t hree linear velocity const raints. 
But one of these sirnply requires that the tangent vector to a t ra jec tor i~-  lies 
i i i  TQ. Tlirr t .  a re  in façt ünly t rvo linear nonliolonornic const raints in TC), 

So the  configiration nianifolcl (2 is 5-dimensional. ancl the constraint dis- 
t rihiit ion D wit hin TQ is 3-cliniensional. 

Example. The Lagrange Top 
FinaIl'.. o l~serve that i f  I*  = O holcls witli CL constant. then eclriation 9.2 is 

just 



So. choosing the origin for the fisecl axes to he  at the point of contact. ive  
obtain .r = crl+*t3.  This i v a s  apparent frorn figure 9.1. This is simply t hc case 
of t lie L n g i n n g ~  top. 

9.2 The Group Symmetry 

In ttiis section we ctescril)e a group synimetrx of this  system associaterl iritti 
t [le Lie groiip 

Recall oow that the  Lie groilp .5'E(J) is the manifold .i;'O(:I) x :p witli 
t lie group prorluct g i \ m  6- 

( H . y ) ( [ < . z )  = (HI<.!/+ HI). 

It will h~ con\-enient for tis to think of .5'0(2) as the Lie siihgroiip 
{R :%(n ) l o  E :R) or SO(3). ancl to think of S E ( 2 )  as t.he Lie s~ihgroiip 
{ (  &(O). (t. <. O))(o.[. < € :R) of SE( :$ ) .  

To descrilx the groiip action. WC pararncterize C; ( t hat is. .GE(?) x .qO(2) ) 
I,y .RA' iising the map 

Ili, obscrt-r first t hat 

T- - T t7.r - F 3 Z  

Iiolcis. Thinking of O as a f~inction on SO(3) x ?P. we also have 

2 - 7  T cos 0i = E, (4 en = e z  R~(~)cc' R,(v)  €3  

= ~ . T c c * E ~  = COS 6. 

and so obtain 
- 
f l  = o. 



Lemma 9.2.1. The gr-oirp nction of(: on SO(9) x :P. itdur~.i. a n  actiori on 
tlr c c-orifiilu rwtion nlcrn iJ&i Q . 

Proof. Q is determinecl - by the constraint h(O)  = ezr. which is preservecl hy 
the group action. since O = 19 and = cT.r hold. 17 

The followiii~ lemnia states a iveIl knowri fact. wliich Ive will rise I~elow. 

Tlien ive miist have 

Lct 

The first case yielcls 14.:L = &(O- - O , ) C ~ * ~  R3(~pI  - Otherwise ire niay 
lise the identit>- 



K e  nliist sliow ttiat t h e  Lagrangian L is preservecl hy this group action. 
Orir-c asairi LW have 

so t tiat 



siiirtl .II  = .12 lio1cls. 
This tw obtain = L. and so L is prrserwtl by the group action. 
Cire nwst also show t liat the constraint. 

is pwserwtl. For tliis ive have 

Since R 3 ( 0 )  is non-singular. ive see that the constraint is prrserwd II? the  
grorip action. 

9.3 A Basis Aligned with the Symmetry 

\\é riow apply t lie t.heory of ctiapter 6 to t lie ciirrent groiip action. given hy 
~ q u a t i o n  9.4 ancl eqiiation 9.5. wliich ire repcat as 

-Io tirid a. basis of 1-ector fields for the distribiition le*. of vertors tangent 
i o  gruiip i irl i i ts .  ive take partial tlerivatives. Eacli \-ector ficlcl obtainccl in 
tliis will Ile the  fiinclamenta1 vector field associatecl ivitli a n  elenient of 
rtie Lie algehra of .SE(?) x .-O(?). cliie to the way the paranietcrization Iras 
d 1 0 s m .  



Takirig partial clerivatives. ive obta in  

?)(TI. T) / 
= (O.  e l ) .  

(0.0.0.0, 

\\i. nia!- n iap thcse to (;..i)-space to obtain instead 

and  

Each of these vector fielcls will riecessariiy t ake  values in TC) when eval- 
iiatcd o n  (2. Ttiese four vectorç are  inclepentlent e sçep t  when I = kt:, 
tiolcls. But th is  condition iniplieç e 3 1 1 . e ~  = & l .  so t h a t  II,' projects t o  a n  erid 
poitit of Q/G.  \.\é woulcl e spec t  t h e  t->asis to  collapse a t  siicti points. 

To fincl a basis of vector fields for t h e  constraint clistril>iltion D. in 
(cr..i.)-space. we sirnply stibstitiite values for in t h e  constraint. 

Oiir clioices for a r e  niade with proposition 8.3.1 o n  page 69 in mincl. 
For = ~3 ive obta in  





for t lie first ralctilat.ion ahove. and 

for t lit- s~concl.  Hence {K) is a basis for H = D n SL. 
\\'e have not as !et sliown that 7 7 2  and K are group invariant vector 

kiclrls. /\> clefer this  ta t h e  nest siibsection, in tvtiich ive also slioiv t hat ttiis 
fmsis :a t isfies t lie flat ness conch ions. 

9.4 Group Invariance and the Flatness Con- 
dit ions 

The calciilat ions in t his stibsect ioti are based o n  the  fol lowin~ notion. Tliin k- 
ing of 7 1 .  :? and K as clifFerentiat.ion operators. we have 

1 I d - * - \ (  f 3  ) -  

-1-44 W e 3 .  

1.1-.-1( I , I , - ~ E ~  ) 

- - ! ( E ~ )  LI,: 

ci--!(e3) l C-e3. 

C G ' 4  A( I / ~ - ~ E & $  

.4(.4(e3) W e 3 )  CC- 

-de3 + h lVts. 



To apply t, hese clifferentiation operators to general expressions involvirig 1 I-* 
ancl .r. ive mut  apply the risilal rides for taking clerivatives of procliicts and 
siinis. In particrilar. ive niay finci 

frorii irliich ive concliicle that 

holrls. I\i. rnay also ralciilate 

.;O t liat 

l10lcls. 

ti8 = sin d 



Proposition 9.4.1. T / ~ F  t.~c.tor.ficld.< ; I .  and tî a,r group i n r n r - k n t .  

These resrilrs niay tiow be compared with eqiiations 9.6. 



in  light of proposition S..?. L. it woultl have heen siifficient in t his proof to 
have only îalciilatetl the effects of t h e  vectors on K. but little effort woultl 
have been savecl, 17 

Sest Ive fincl the  cornmutators of t hese vector fields. 

PI-ooj. To obtain eqiiation !).7 LW calcidate 





I \é rtiay interpret these resiilts geometrically. The bracket of two \-ector 
fielcls is a nieasure of the commiitativity of the Aows of these vector fielcls. 
A flow rrhich satisfies t h e  constraints is normally callecl a ~.ir.turrl rnotion in 
iii~clianics. 

For t lie virtual motion associatecl with 7 I .  the body is rotaterl about its 
asis of syninietry. The boctl- rolls u-hile maintaining the orieritatioti of its 
SJ-niniet ry asis. [n figure 9.1. the body is moving perpericliciilar to the  page. 
Tlw cx-oss-section in t h e  fisiire remains parallel to the page, and looks the 
sanit.. rvhi le nior-ing wi t li t lie l~ocly. 

For :-. the hocly is rotatecl ahoiit the vertical asis tliroiigfi rlic point of 
cwiitact witfi the plarie. Tlie point of contact rcniairis iisecl. 

For K. the body is rollecl wfiile keeping the asis of syninietry of the  body. 
a d  tlic \-crtical asis tliroiigh t h c  point of coritact. in a constant plarie. i n  
figirrc. !). 1. B changes. and  th^ point of contact witli the plane tri11 niove to 
or iv  sirle. 

I.eniriia !l.-1.1 asserts t hat if  two of these virtual rriotions are appliccl to  the 
I,ocfy. the  cliarige in the oricntrrtion of the I>ocly \vil1 lie the sanie tvliichever 
o r r t ~ r  the niotions are appliecl. I t  is not hard to see this inttiitively- 

This Iiowever is not sa for the change in the position of the center of 
riiass. Since the orientation cloes tlot change. tlic change in  the height ot' 
t lit- c rn t t r  of niass is t lie sarne ivhichever order t lie ttiot ions arc appli~cl.  [r 
is r w t  liard to SPP int uitivel~. (clrawing arrows in t lie horizontal plane) t lia! 

t l-ie ctiatige i r i  the liorizontal position is not the sanie wlien the order of tir0 
r~iotions is cliangetl. One may visiial ttie cliffcrence hetrveen these two changes 
(draiv ariotlier arrow. the ciiffererice). anel ask rvhat happens as ttie sizes of 
r lic riiot ions approach zero. while rnaintaining t lieir relative size. O n e  nia>- 
ttasily cire t llat ttie dilrrtion-4' in the  resiilts of lenima 9.-1.1 are correct. it 
will appcar tirlow that for the flatness conditions to t->e satisfiecl. on1~- tlie 
di rcct ions riilrut be as iri  leninia 0.4.1. 

Proposition 9.4.2. T ~ F  bnsis {-j * ,  3. ti) srrti.~j&s thr jlntrrcss conrli/iorrs. 
r q u ~ l i o n s  7.2 cmd 3.J on p q f  5 1 .  trhich in this ccns~ becorrr~ 



R- rorol1ar~- S.-1.1 oti page 6s. ive conclrrrlct that the recltlcerl riiotion o n  
is Hatriiltoriiari. 

9.5 The Adjoint Equation 

111 t liis siibscrtion. UT will find the forrn of the artjoint cqi~atiori. cqrlat.iori - 
i . I l  on pagc -57. or 

['or t h i 5  prol~l~ni. 
i\:c will however lise suffises for the coniponents of O. in orrlcr to Iw 

mrtsist~tit n'ittl the notation iisetl in this section. 
l i i b  will agaiii work frotii 



Proposition 9.5.1. T h  adjoint eqirntion for the rtsictlhj ryrrinichic rollirig 
body hbr ro ro CS 



?Ve riow ohserw that  since 0 is groiip invariant. it incltices a coorclinate 
o n  Q / C .  Recalling K B  = sin O ive  have 



cl 
( $ 1  O -{(./? + nlr' sin' 6)R1 + (J?  cos 0 - ntnr sin2 6)fi2} 

d H  

= -m.re sin 0 (e sin B + n cos O 
\ (10 

[ri order to compare oiir resiilt wi th  varioiis traditional resiilts. it \vil1 Iw 
I i d  pftil to he a b k  to relate t lie qiiasi-velocities of oiir t h ~ o r y  wit 11 t lie arigiilar 
vt-loci t ies. 

From t h e  general t beory. we know t h a t  t h e  t ansen t  wctor to t h e  t rajec- 
t o y .  ~ ( i ) .  will be a linpar cornhination of 71. 7- a n d  K. SO Ilaw 



Froni t he  first two eqiiations ive have 

Corollary 9.5.2. E q i d i o n . ~  9-10 nrd  9. I l  mny bc i i  ri?/-itlcrt wirig rz3 nrid 
9 2  i f 1  t l l F  ~ O I - I I !  

Proof- Ecliiation !).12 niay be obtainecl as cr times ecluation 9-10 pltis r tirne.: 
cqiiatiori 9.1 1. [n the  fïrst step ive obta in  

wliich siniplifies to the  desiretl resiilt. 



Eqiiat ion 9-18 is a rearrangement of cquation 0.10. In t h e  first step q u a -  
t ion !). L O becorries 

a n c . 1  t lien 

Equat ions  9.12 ancl II.l:1 are obtainecl in C;allop [Lü. page 37 l] iising forrrl 
argtimen t S. The variables iisetl t here tliffer slight ly from t hose tised Iicsr. 
E q t i i d e n t  eqiiations are foiind in Roiitli [:1 L. Article 2.I La]. 

Example. The Rolling Disk 
Fos die rolling tlisk. ive have 

dr cos O - - - p.,. dl3 sin- B 

Froni th is  ive obtain 

and  

and 



Eqiiatioris 9.L2 antl 9.13 become 

respcctivcly. For q w e  have 

= r n $ . ~ ~  sin 8 ~ 3 .  

If insteatl of H ire lise p = cos tl a s  a coorclinate for QI<;. t,his beconies 

This eqiiation is ohtained in Pars [29. Section 8-12] ~ising Lagrange's Eqiia- 
t ions. and  in Roiith [31. Article %-la] iising force argiinients. It is a n  ecliiat ion 
of Legendre type. ChIlop [16] observecl ttiat a n  eqiiation of Legendre type 
resiiltcd in  t his case. btit clid not clo the calcitiation. O 

Example. Routh's Mode1 for a Top 
For RoiitJi's mode1 of  a top. r* ancl ri are  constant. ancl positive. WC will 

rlisciiss t lie r = O rase seperately below. 

[r i  t l i  is case. eqirat iori 9.12 ininiecliately yielck 

wlierc C s i  is a constant. This constant is Foiincl in Routh [ 3 1 .  Article 2-i:)j 
iising forcf3 argiiments. [t is shown there that  this resiilt will also Iiolcl irlieri 

t liç. top  is siibject to slipping friction at the  point of contact. The constant Ci 
is i isi~ally callecl .JeIlett ' s  integral. t he  fiinctional espressiori for t liis tiaving 
heen introclucecl by liim [2]. alt  hough he  was iinairare t hat  it was a t riie 
constatit of t he  motion. Jellett's integral mas iisecl by Chllop I[L6]) antl 
El>enlclcl ancl Çcheck ([13]). to  investigate t he  -rising.* behavioiir (ancl. in 
t hc case of [Kl]. ot lier asymptotic behaviour) of t he  conventional spinning 
top ancl of t he  -tippe top". in the  presence of dissipative slicling friction. 
Bot h a r ia l~ses .  a t  their heart. cletermine the  configuration for whicli the total  
energy is niininiizecl. subject CO the  existence of dellet t's integral. 



Equa t ion O .  l d  becornes 

= rnrsiri 0 (1 -  + a cos O) ' - .  

tr. L - 3  
(.Ir, + rw'sin20)- + r > , r L  sin 0 cos 8 r 3  

fi0 

Eqtiat ion 9. L2 ni- now he iisecl to eliniinate Q2.  We obtairi 

fi,, 
.Ji (.& + 1111.' sin2 0)- + . J ~ ~ w '  sin B cos 0 r n  

(it9 
d + n ) ( n  + r cos O).&-{(([ + 1- cos 8 ) z R }  = O. 

cl0 

Sliiltiplying th i s  11- k3 resiilts in a perfect differential. Re ol~tairi 

This resiilt is foiind in Roiith [:Il. Article 2431 iising force argiiments. Tlie 
soliition to this is 

where Ci is a constant. In particiilar we notice that z3 d l  never be zero. 
iinless it has zero as its constant value. 



i i e  niay now solve for R2. ohtaining 

L {C' - 
C'2.J3(« + 1. cos d )  

= 
,..JI sin' 6, .fL(.k + m r 2 s i n 2 8 )  + ni.J3(n + rcos8) '  

\ii. will use this resiilt in t h e  Following siihsection to  ohtain a n  espression For 
r lie poterit ial energy in the  rrclticetl prohleni. 

T b  constant C ' [  (-Jellett's integrai) lias an  interpretatiori iri ternis of the  
arrgiilar nionientiim of t h e  top. W e  ask t h e  reacler to recall eqtiation 2. LO 
on pagp LS. and  t h e  notation in use in t h a t  siibscction. T l~e r r .  t h e  angiilar 
rrionierit ilni ahout the  origin was t hr quant ity P = m.-l(.r).i* + \.KI;. Tlic 
~sp re s s ion  1.1 -.Id rvas callecl t h r  arigrilar moment iini of t h e  body. Also recall 
r i t  3 1 -Phcn wc have 

O LW a ' = a ( r c T l 4 * . ~ ~ )  + I . ( F ~ C W ~ ) .  ancl t'I is a rvciglitccl siirii of 
corriponcnts dong the  \-rrtical as i s  ancl t he  sj-niniet- risis. of t h e  arigiiiar 
nionient uni of the body. 

.-Uso. if ive let o bc t lie wc to r  field given iri (c.. .b)-space by 

ttieti D satisfi~>s the  conditions on a given in proposition 5.l .L on page 40. 
alid so generates a constant OF t h e  motion. This constant is in fact C', . 

Tu see t liis. we Iiaw rr E D hy design. and t lie flow of D is given h>- 

nit l i  IT = R 3 ( i * s ) i V R 3 ( n s )  ancl T = s. Differentiating this gives 2 = 
R~(U.#"& and *: = .P. in t he  iisual way. so that a ftilly preserves the La- 
granglan. 



I f  r ( t )  is the tangent vector to the trajectory. t h e  constant of the motion 
generat,~tl by rr t hen miist bc 

Example. Lagrange Top 
For the case of the Lagrange top wit h r = O and  rr tisecl. Jellet t's intcgral 

sirnply requires that r 3  sboiilcl be a constant. This also follorvs froni ptitting 
r -  = O in the  espression For ~ 3 .  However. ive  are tinalde to solw for 0- tising 
qiiations 9.12 and 9. I3. for r = 0. 

To oobtain zz3 and Rz in the case of t h e  Lagrange top. ive retiirri ro eqtia- 
t ions O. 10 ancl 9.1 1. nehich for r .  = O becorne 

and 

T'lie constants Cei and fi have a n  interpretation in terrns of the angiilar 
monleritLini of the top about the point of contact of t he  top witli the grouncl. 
I\ ask t lie reacler to recall ecpation 2-10 on page 1s. and t lie notation in i i s ~  
in tliat sobsertion. There. the angiilar momenttirii ahoiit the origin ivas the 
q~iantity P = m.-l(x)S + I.CP.Jd. The expression GILL iras callecl the angiilar 
riionienttini of the hocly. We take the  origin to he at the point of contact. so 
t hat r = a u 3  = cc lCve3 liolds. -41.~0 recall lemma 9.5.1. Then ive have 



Tliiis .&C ':! is the  component of angiilar momentrim along the asis  of s>-m- 
niet r>-  l i e  aIso have 

Tliits ( '! is the rotiipotient of arigiilar niomentum aiottg t lie vprtical a i s .  
Sincc r hc Lagrarigc top is a limit irig rase of t h e  Routh top. i t  is possible 

ro ohtain t l i i s  solution froni the Roilt h top solittiori. hy letring r. approadi 
zero. \\-hile acljusting the constants of integration. One wa! of choosing ttw 
constants is to put 

itito the Roiith top solution. ancl take the linlit. The ralciilatiori is not 
clifficiilt. birt aIso not ve-. instructive. The qiiantities ri and r2 beconie tlic 
ronstants in the  Lagrange top solution ahove. This choice for CI and C', is 
t h c  one t hat crisiires t hat 

have tlie same \-aliie for each v d i i e  of r * .  Cl 

9.6 The Reduced Kinetic Energy and Poten- 
t i d  Funct ion 

In t [lis siihsect ion. we will find the form of t he kinetic energy ancl the  potential 
fiinction for the rec1ticeci problem. 



Rccall (lenima S.A.1) that  the reduced potential fiinction is cleterniinerl 
1 >y 

while the reclucecl kinetic energj- inner procluct is incliicetl 1,'- t he  reqitire- 
ment ( lcniriia S.-!.:! ) 

For tlir asially symmetric roIling body the potential frinction niay he 
writ ~ P I I  as 

I - = n l ( l ( 1 '  + (1 cos O ) .  

Tlie kinetic energ? inner proclrict once again is given hy 

and t tic clcnicrits of our  aligned basis are  

First ive will esamine the  kinetic energy. Rë have earlier seen t hat. for 
t lie asially synirnetric rolling bocl-, 

K ~ J  = sin O 

Iiolcls. tvlien K is thotight of as a clifferentiation operator. This rneans that  K 

is the horizontal lift of sin 8 8/80. Therefore n-e have 

a s L (dé .z)  =- 1; (6.  f i ) .  
sin' 8 



Observe that .4( IV&)É~ is a vector of magni tude sin B. orthogonal t o  63. and 
so a n  eigenvector of .l rrith eigenvalue .Ji. \.Ve now ccalciilate 

i, d 1 ( )  = - sin2 t) 1 ( 6 .  h:) 

To esamine t h e  rdiiced potential function. ive neetl a n  açt lia1 solution to 
tlic adjoint eqitation. So we CIO this for esamples. 

Example. Routh's Mode1 for a Top 
Oiir solritions in this case  i w r e  

1 { - Ch(« + I -  cos 8 )  
0- = 

I - . / ~  si n2 0 JI (.Jr3 + rnr2 sin' 8) + + I *  cos B)' 

\vlirre CI antl CI2 are constants. 
In o r t l~ r  to sirnplif-  t h e  calciilations. we note that I? tri11 necessarily he 

o f  t tic forrti 

and  procred to fincl t h e  coefficients P. Q antl R. If we put 

then WC have 

1 
9 = 

J i r  sin' 0 
+ C 2 , 3 ~ ~ ) .  



Ohserw t tiat bot li - cos B F : I  + I l .-T~3 and .-\( t.1) ll'en aw wctor?; of niagnit i i r k  

sin B. T h e -  are also bot 11 ott liogonai to e3. and  so are eigeni-ertors of -1 irit 11 
i n a l  . , . iVe nia? now calculate 

- - 1 
{ J i  sin' II  + rrc sin' 0 ( a  + rcos O)'} 

si ri' f l  
= .Il + m ( a  + r* cos 8)'. 

1 
= j - { - .J l .J3(«  + I -  cos 0 )  siri' 0 

sin- f )  

- r r ,  s in2  O ( «  + r. cos O)[-Ji I*' sin' 0 + .J3(n + r-  cos O ) ' ] }  
- - - . j (n  + r.cosB){.ll(.13 + ncr' s in2@) + rn.fn(« + r.cos~)'}  

= - ( r i  + r cos 0 )  \ ~ . I ~ ( . J : ~  + rnr~'sin2 O )  + + r.  cos0)' 

arid 
I 

R = Y- Il- (Y?. Y.,) 
sin- O 



Finally theri. t h e  reciucecl potential fiinction is 

For t h c  total reclticccl energy ive have 

$ rrrg( r -  + cr cos I I )  

This  is effectively the  ç a m e  espression hriefly examinecl in Rout ti [3 1. Article 
2-l:fa]. CP-e will analyse t tiis expression briefly in the nes t  srihsection. 0 

Example. Lagrange Top 
O u r  soliitioiis in this case were 

Q I  = 
1 

{C'[ - COS e).  
( J l  + ma') sin' 19 



n-hrre C ' ,  ancl Cf1 are constants. 
\\> riotr t hat will he or the forni 

( - ( O )  = n i p  cos O +  
L 

{C': P + 2C', G Q  + C'i R )  . 
'>( .Il + rnd)'  sin2 0 

ancl proceerl to firicl the coeficients P. Q ancl R. CVe have 

1 
i! = {c'[Tl + C2T2}. 

( J L  + nia') sin' B 

1 1-  r -? 
sin' O h t  # I l  

1 
{.Jt s i n  O + ma2 sin"} 

sin' tl 
JI + 1 ~ 1 ~ 1 ~ .  

L 
i<(Tl . ; r)  

sin' 0 
1 

-1-.J,.J1 cos 0 sin2 O - r n . j 3 ~ t 1  COS O sin' 0 )  
sin' ti 
-Jlj COS 8 ( J r  + rnn2) 

1 
fi- (T2. T 2 )  

sin' 8 
I 

(J3(.J1 + rntr2)\in" 19 + .JL.J: cos' 0 sin' 0 
sin' B 

+ rn.1;a' cos' 8 sin"} 

(.JI + rnn2){ . j3  sin' 8 ( J I  + ma2) + .J: cos' 0). 



T h e  rerliicetl potent ial Ftinct ion is 

- 
[ ' ( O )  = rngcicosO + L 

2( .JI + mu2)  sin' B { 

<-',' - 2C'iC'2.J3 cos CI 

+ c*.;'[.J? sin2 @(.JI  + ma') + .J: cos' O ]  } 
1 ., 

= - C'; .J3 + ni y cos tl + I (cg1 - cV2.r3 COS 015 
-1 - - '>( .JI  + r i i d )  sin' D 

For the total reclucecl energy ive have 

This resiilt niay be comparecl for esample  mit, h .-\rnolcl ['1. Page l52]. 



9.7 Further Discussion of the Routh Top 

In t his su bsect ion. i v e  will giw a brief esamination of t he  reclucecl systeni for 
Roiitli's niotlei of a top. This. once again. was t h e  case of a spherical base. 

[ I I  sert ion 0.6. LW shoivetl t hat t he  kinet ic energy of the rrcliicecl systrni 
is gi \-rri I>j- 

+ r i ig(r  + (1 cos 0 )  

i f  wc c l d i r i e  fiinct ions P. S. Q : ( - 1. 1 )  + :R by 

Since P is positive on [- L. I l .  the qualitative behavioiir of t h e  retliicetl 
systeni nia? be determinecl from the  potential function. as a point  slitling 
on a potential curve. The constant term may be acljiistetl to  any value by 
choice of t h e  total energy. So t h e  shape of the function I ;  will tletertnine the  
possible recloced mot ions. 

What  ive ncect to know are 



the  Iimits of I -  as O  + O .  iï ancl 

the local mininia. maxima and  other critical points of ( -  

tiotrl. 
it is not hard to see that since ive have r # O. this case r~clirires C s l  = 
= O. T l k  mcans there is no rotation about  eit tier t h e  syniriiet ry as i s  or 

t h c  i-ertical asis. Ttie top either approaches t he  top position but reverses 
twfore reaçhing it. takes an infinite t ime t o  reach it. o r  passes througli it. 
rIcpencIin= iipon t Lie value for the  enersy. 

Case 2: .<( - i ) f- O aricl .5( + 1 ) $ O 

I\i. I iaveQ(z)  i x as z + f 1. or  [ * ( O )  + x as O + 0.r.  [R t h  casc. 
I -  riiust tiare a local niinimiim. which corresponds to  a niotion of the top 
ivith a fisecl valire for 0 .  There will also he periotlic niotions abolit this valtre 
o f  CI. 

if  i -  Izas no other critical points. then al1 other riiotioris are periodic. If 
ori the other haticl [- cloes have other  critical points. there are orbits ivliich 
approach a liniit point asymptotically. [t is clear that tlie gcr~eric  I~+a\ - iour  
will hc  pcrioclic niotion. 

Figure 9.2 st~oivs R plot of  the  fiinction (2 proclticcil II! t h e  Shpte riiatli- 
twiat ical software. 

Case 3: .5(-1) # 0 ancl .5'(+1) = 0 

S is analytic on an open interval containing [-1. + 11. So the  espression 

is analytic a t  z = +l. and therefore so is Q. This in turn shows tliat i- is 
analytic on the  interval (-;i. ir). We must have I;(B) + x. as O  + * x .  



Figure 9.2: Plot of the Function Q 



But t lien from 

[ - ' ( O )  = -Q'(cos O )  sin 8 

ive see t hat / -'(O ) = O holtls. antI from 

[ * " ( O )  = Q"(cos O )  sin2 0 - Qr(cos 0)  cos 1(1 

t Iiar [ ' " ( O )  = -Q'(+ 1 ) holcls. 
-ro edr ia te  ttiis. first note that 

as 2 - + 1 holcls. arid applying t his to 

h o t  lier calcdat ion. taking atlvantage of the  contlit ion S( + 1 ) = O yielcls 

IF  tlic constant C'? is not large. I' has a local masimum at H = O. and For 
a particiilar vallie of the P n e r g c  the orbit approaches the vertical position 
as>-riiptoticall-. I f  (-'? is large. t tiere is a. local minimuni. and t lie orbit passes 

perioclically tlirotigli t he  top position for a range of values for the energs 

Case 4: .5(-1) = 0 a n d  S(+L) f O 

Tlir espression 

$ ( z )  

is arialytic at 2 = - 1. ancl 1- is analytic on  t h e  interval (O. Pa). with [ ' ( O )  + 
x as O + 0 . 2 ~ ~ .  



.-\lso. I - ' ( r )  = O ancl f -"(a) = Qt( - 1 )  holtl. In this case ive h a v e  

l ' l i i~s I -  lias a local niiriiniiim at H = 7. and the orbit, passes periodical1~- 
tliroiigh the I~ottoni position for a range of values for the energ>*. 



Chapter 10 

Sphere on a Surface of 
Revolut ion 

In this section ive consicler the esarnple of a clynamically symrnetric spliere 
rolling without slippin$ on  a surface of ret-oitition. in t h e  prescric.eof a ttriiforni 
graviratiorial fielcl. 

10.1 Formulating the Problem 
[ri tliis suhsrction we forniulate the Laçrangiari ancl t h e  constraint ecliiations 
for t fiis .;>-stem. iising g1ohall~- clefincd quasi-relocities. 

( 'onsicler fiçilr~ 10.1 below. 
-The figure is a cross-section. 
\Vc will use the notation of section 2.5 in t his section. as in the prececling 

one. I\ again ta ke a fiserl set of cartrsian ases. wit h associatecl ort tionornial 
vectors t i .  ancl c3  as before. i\è take the e? axis to  be the  as i s  of s!-ninietry. 

The  distance of t he  center of mass from the  a i s  of syrnrnetrj- is clenotecl 
IF n.  The  heiglit of t he  center of mass abo\-e the  e l  x € 2  plane is denoted by 
- -. 

In figure 10.1 ive show the surface upon which the spliere rolls. ancl also 
the siirface on which t h e  center of mass rernains. T h e  cross section of tliis 
-centCr of rnass" surface is shown as the dottecl curve. CVe let s clenote nrc 
l e n g f h  d o n g  t his ciirve. so  t hat the curve will be given by 



{ s - arc Iength dong 
1 c. m. surface cross 

Figtrrc 10.1: Spliere on a Surface of Revotiitiori 

iri I lie plarir of crc~ss-section. \\lcl assunie that .s niay var'. over al1 of :R. This 
riiay CPSUII in a mtrl / iyle covering of the configuration niariifold. 

I F  ive deriote the position of the center of mass by tlic colunin vrctor .r. 
t lirn n-r niay write 

ivli~rr f )  (riot sliown in t h e  figure) is tlie angle the projection of .r onto the t 1 :< 
€ 2  plaric niakrs witli 6 , .  The qilantities a .  19 and z are q-liriclriral coordinates 
fol- 

111 the figure we also show the unit vector 

(Y.,. 
1 ] ( . 5 . 0 )  = -(.S. f i )  

ils 

tvill also use the unit vector 



n-tiiçli is orthogonai to r j .  and also the tinit vector 

I t  is important to recognize at this point. that for ~ c p a t i o n  10.1 to h e  
corrwt .  the clioice of paranictcr s miist have a particiilar orimtatiori. In 

wliat lollo~vs. the wctor . j  miist point to the sicle of t h e  surface or1 rvliich t lic 
spliew rolls. 

\\é ni11 also fincl it îotivenient to introcIiice the angle o hetwem 6 2  arid 
j. This is given by 

l\-e i i i q -  calciilate 

= COS  sin O)' - sin  COS O)' 

ro ohta in  a11 ~sprrss ion whicti ive  mil1 use later. The ( racliiis of)  ciirvat iirc of 
t tic wnter of niass ci irw in the hgiire is giwn b -  ljd. 

As in the prececling section. we also assume there to br a set of orthonor- 
nia1 vectors { uYl. tr t .  1 r 3 }  at. the center of niass of t Lie spliere and moving \rit h 
i t . and ilse t h e  orieritation mat rix 

\\é again clenote the angular velocity with respect to the fisecl axes bj? v. so 
t Iiat 



Iiol(ls. 
Let the m a s  of the sptierr he m. CVe ilse r to cleriote the radius of the 

sptiere. Denote the inertia of the body by- ./. Observe t hat for a clynaniicall\. 
syni~netric sphcre. J is just a niirnher. T h e  total kinetic ene rg -  of t h e  horl>- 
i3 gi\-vti l,!. 

~ V ~ I C ~ P  y is the çraritatiorial r-onstant. The Lagrangian for this systeni is 
t t t~wfore  given 1)'- 

The rdliny condition is that t tie velocit~- of the point or1 t lie sptiere tliat 
is i r i  contact w i t h  the surface has zero veiocity- Tlie constrainc thcrrfore is 

III terms of s ancl tl th is  heconies 



I=igiire 10.2: SpIierr o n  Horizontal Hoop 

.As alreac1~- mentionecl. t h e  pa ramete r  ..; must be choscri \vit ti a particillas 
orientation.  If  rlie orientation is reversecl- t h e  vector . j  \vil1 point ici t l i e  

opposi te  direction. [ri t h e  constraint  above. t lie siirface upan ivliicli tlip 
s p l i t v  roll.; is on /hc opposirc side oj. fhe . + f r ~ .  aithoiigh t h e  siirface upon 
wtiicli t h e  center of niass rernains is unchangecl. 

Ttie corifigiiration nianifolcl Q. parameterized hy ( II-. .S. O ) .  is 5-diniensional 
arid t lie constraint clistrihution D \vit Iiin TQ is 3-~Iimensional. 

Example. Inside a Vertical Cylinder 
For a spliere rolIing ori t lie inside of a vertical c-linder. ~ v c  Iiavc rr constant .  

ancl z ( . * )  = S.  17 

Example. Outside a Horizontal Hoop 
For a sphere roliing on ( t h e  oiitsirle o f j  a horizontal hoop (set* ligure 10.2) 

wc 1 lave 



Example. Outside a Sphere 
For 11 = O. the  espressions ahove for a horizontal hoop become 

This is a panmieterisation for a spliere. which rnay he regarctecl as a siirface 
of rrvoliit ion. L! 

10.2 The Group Symmetry 

In tliis section WC describe a group symmetry of t tiis systeni associatecl w i t h  

t lie L i e  groitp 

1 u-il1 again thirik of .-O(->) as the Lie  srihgroiip 
{Rn( c,) (c. E R) of .<O(3)* 

To clescribe t h e  qroup action. we parameterize C; 1)'- .R x .50(:1) iising the 
niap 

Tlir associatecl group action on Q is given II? the inap (Il: -4. O )  ri (ÏT.7.8). 
\vit  Il 

- 
( 10.6) II' = R ~ ( u ' ) I . c * . ~ c ~ -  

& 

( 10.7) .ci = .5 aricl 
( 10.8) tl = $ + L* .  

As a consecltience o l  this we imrnecliately have 



\\-e niiist show t hat r h e  Lagrangian L is preservecl by this group action.  
Orice again we have 

L I 
L = -./vTv + -rn (>' + «'8' ) - mg=. 

-1 - -1 - 
Sirice s is groiip invariant. so is z .  Wë also have 

Iioltls. Thiis WP o h t a i n  T = L. and so L is preserwd by t he  groiip actioti. 
\\k nirist ako shotv that t,he const raint. 

is  pr~s.srr\;erl. For this ive have 

Siiice R : r ( ~ * )  is non-singiilar. WC sec that the constraint is preserïccl hy t h e  
group act ion. 

10.3 A Basis Aligned with the Symmetry 

\.\é now apply t h e  theory of chapter 6 to the current group action. given by 
ecliiations 10.6. 10.7 and 103. mhich ive repeat as 



To fincl a hasis of vector fields for t h e  clistribution I-. of vectors tangent  
to grotip orbits. we r a l c d a t e  

respect ively. 
Tliese four vcctor fielcls a r e  linearly inclepcnclent e r * ~ i . / i r ~ h f r r .  

To tint1 a I~asis of vector fielcls for t h e  constraint  clistrihution D. in 
(u.  .<. O)-space. ive s r~hs t i tu te  values for u in t h e  constraints. 

For 1 )  = T WC obtain 

( u  0 )  = (7.1. .  O ) .  

Ttius 7 2 .  K )  is a basis for D. with 





For h- n-e calcttiate 

- ~ I ~ s P  resd ts ni-- now he coniparecl wit h eqiiat ions 10.9. 

Sest n-e find t h e  cornmutators of these vect.or fielcls. 

P~ûof. To ohtairi equation 10. I O  Ive calculate 

= ( - n r  + rA(e3) ,d .  0.0) 

= ( - n r  + r ( ~ ' - 4 ( ~ ~ ) 3 ) ~ .  O .  0 )  
7- = ( -a7 + r ( -e ,  q)r. 0.0) 

= ( - ( a  + r-?)r. O .  O ) .  





i i e  ma\- interpret t hese results geornetrically. T h e  hracket of t ivo vector 
fields is a nieasrire of the cornmiitativity of the  flows of these vector fieitls. 

For 1 1. the sphere is rotatecl ahoirt t h e  axis perpentliciilar t o  the  siirfacr. 
Ttie center of niass ancl point  of contact reniain fisecl. 

For ;L. the  sptiere is rollecl out  0)- the pnge. ivit h respect t o  figure 10.1. 
T h e  ceriter of mass a n d  point  of contact  niove on circles a t  a fisecl height. It 
is iniportant t o  note t hat t h e  r a t e  of rotation varies wit h .4. so t tlat O varies 
at t h e  sarne ra te  no n ia t t e r  which circle t h e  sphere is on. 

For K -  the  sphere is rollecl t o   th^ right. with respect to figiire LO. 1. T h e  
<.enter of niass and point of contact  s t ay  within t h e  cross-section of t h e  fi, c'-ure- 

Lenima 10.4.1 asserts t ha t  if two of t hese virtiial mot ions a r e  appliccl to 
t lie clphere. the ctiange in  t h e  posi t ion o f  the r fn ter -  01 rnns.5 will be t tic sarrw 
n-liictie\w order t h e  motions are appliecl. It is not harcl t o  see th i s  intiiitii-ely. 

Tliis tioiret-~r is not so for the change in ttic orientation o f  t h e  splipre. 
it is [lot cas>- to  risitalise intuitively wtiat this cliange shoulcl be. i\+ irill 
(lepcricl on I ~ r n n i a  10.4. L for this inforniation. 

Proposition 10.4.2, T h f  ba.-is ( 7  ,. '2. K )  sn t i s f i c .~  t i l t  flatrtcs.* rortditioris. 
rr / i~nt in~t . -  7 .2 rit?(! 3.-1 or) pngr .Ti .  rrhich in th;.$ cas6 bccornt 

and 

t< ( K .  [K. 721) = JrT{ra'rl + a( L + r d ) J  - r-&(@)cl ) 
= o. 



By rorollary S.-!. 1 on page 68. ive conclude that t lie reclttced motion on 
Q / C  is Haniiltonian. 

10.5 The Adjoint Equation 
In ttiis siihsectiori. rw will fincl the forn~  o l  t h e  adjoint erlliation. eq~iation - 
t . I l  ori page -77. or 

for t his prohleni. 
\\*P will tiowewr iisc siiffises for the coniponents of Q. in orrler to hc 

corisisterlt witli the notation iisecl i r i  this section. 
l\-P will agairi work froiri 

tosct ticr trith 



S i h t  ittitiiig in to  tlie acljoi~it ecpation gives 

L \ k  now observe that silice .5 is groiip invariant. it incliicrs a coortlinate 
o n  Q/G. Recalling tliat h-s = r holcls. so that K piishes clown to r -  i) /a.s  on 
()/(A we have 



[ri the case where of is ne\-er zero. ive may iisr o as the inclepenclcrit 
\ariaIlle. i n  place of -5. If u-c int rotliice the qiiantit>* 

ivliich is t lie ( finite radius o f )  c~irvature of the center of m a s  clirve. antl also - 
replace G 2  rvith O2 = r«R2. we easily ohtain: 

- 
dg1 \ sin o - - - 
do I' CI 

Eqiiations LO.L.5 ancl L0.16 are foitnd in Roiith [:Il. :\rticLe 2JOl. iisirig 

forcr argiinient S. The  variables iisecl t here cliffer slight ly froni t hose tisetl 
l l ~ ~ l - t * .  

Example. Inside a Vertical Cylinder 
For a sphere insicle a vert.ica1 cylincler we have CL constant ancl z ( - 3 )  = S.  

arid so lia\-e 

Equations 10. L 3 antl 10.14 become 

and 



Example. Outside a Horizontai Hoop 
For a splierp rolling on ( t h e  outsitle of) a horizontal tioop (sep figure 10.2) 

\ ve  I1ave 

.(s, = (f) . 

c l f  = cos ( f )  . 

" { [ i l  + r sin (,)] ' no} = 
.J {-- (1 -sin (:)} o ~ .  

d.s J + m r2 L' 

\lé will examine t h i s  esample more closely in a later chapter. 



Example. Outside a Spliere 
.As previoiisly observecl. for CL = 0. t h e  eqiiations for a horizontal hoop 

I>rconie t hose for a sphere. and  t h e  eqiiations above becorne 

and 

" { [ r s i n ( ~ ) ] ' ~ ~ }  d . ~  = - J + J nzr- , sin (:) fi, - 

QI = { - "' COS ( 5 )  + / {sin' (;) } - . J + m r r I' 

I t  is interesting t o  observe that if t h e  bal1 is rolling insitlv t h e  sphrrc-. ive 
o h  ain t l i e  sanie adjoint eqiiat ion. We place t h e  moving sphere ori t h e  irisicle 
13)- r rplar ing t lie parameter .$ II- -.< (sec t h e  commcnts following cqiiatiori 
LO..i). Biit t lie cqtiat ions t hiis obtainecl are identical. This is riot so for t lie 
lioop. cl 

10.6 The Reduced Kinetic Energy and Po- 
tential Function 

In t liis siihsection. ive d l  fincl t h e  forrn of t h e  kinetic energ\. anci t lie poterit ial 
f i i r i r t  ion for the rctlticç.cl problem. 

Rrcall ( lemnia W. 1 ) t hat the retliicetl poterit iai fiinct ion is cleterniinecl 
1 )>- 

wlii le t h e  retliiced kinet ic energy inner  procluct is intluced hy the reqiiire- 
riirnt ( lemnia 8.4.2) 

For t h e  sphere o n  a surface of revoliition. t h e  potential fiinction may be 
wri t tcn as 



TIic kinetic energ>- inner  protluct once again is given. in (v.  <. II)-sparr hy 

IVc also have 

aritl t lie elernents of oiir alignetl b a i s  are  

First ive ivill e s a m i n r  the kinet ic mergy- Since 

Iioltls. when K is t tioiiglit of as a clifferentiation operator. K is t h e  horizorital 
l i f t  of r-il/i)s. Thesefore we have 

Espr 'css~I  as a fiinct ion of s t hen. t lie recliicetl kinetic cnergy i s  

Sest we e samine  t h e  potential energy. We begin with 

To proceecl Fitrt her. ive neecl a n  acti ial  solution to t lie adjoint eqiiation. So 
Ire CIO t his For exaniples. 



Example. Inside a Vertical Cylinder 
For a sphere insicle a vertical cylincler ive have a constarit and z ( s  ) = .S. 

ancf orir solrit ion to the adjoint eqiiation tvas 

- 1 - l i ~  rdiiccrl niotion is easil!. iinderstoocl. If C 'I = O holtls. t heti ive ha\-P 

O t lirrtv ise ive tiare 

In  ~ a c h  case. C:? is a constant. cleterminecl by the initial value of .<, aricl su 

in t l-ie seconcl case. 
111 the first case t h e  hall simply rolls straight clown the cylinder. in the 

s~rorirl. i t  rises ancl falls hnr-rnonicnlly ahoiit the tieight giveri 11'- su. 

Exampie. Outside a Sphere 
For a sphere ive have 

ancl oiir solirtiort to the adjoint eclriation tvas 



A s  for t h e  adjoint ectttation. this  resiilt is rinchangecl i f  .% is replacecl by-s. 
Si,  w\.c obtain t h e  sanie  resiilt if t h e  mo\-ing sphere is roIIing itisicle tfic fisecl 
q ) l l ( w *  

If we use o as t h e  inclepenclent variable in place of S. for t h e  to ta l  reriucetl 
twxb>-  ~ C P  have 

This  is identical in form t o  tha t  founcl for t h e  Lagrange top. [ri fact. i t  

is not liard to  estahlish tha t  t h e  possible trajectories For tlie crntcr of niass 
of t lie rolling sphere  on  t lie fisccl s p  here. a r e  precisely t h e  sanie as t hose for 
t h c  t i p  of a Lagrange top. which is of course also cotistrai~iecl t o  lie or1 a 

s p h c r ~ .  



Chapter 11 

Discussion of Basketball 
Rolling on Its Hoop 

III t liis section. ive will give an examination of the recliicetl s~-stem For the  bal1 
ori a Iioop. for the special case of a basket bal1 rolling on a I~asket. l d  lioop. 

Krcall figure 10.2 on page 113. There. our paraitietrrizatioii [vas 

I \é slio\v~d t hat t lie kinet ic e n q y  of the recliicetl syst,eni is @en by 

rvtiere 0, ancl R2 are solutions to the acljoint e~~iiation. 



Figure 11.1: Sphere on Horizontal Hoop 

New Parameterization 

For physical reasons. whicli will become clear. Ive make the cliangr of 
\-ariablc 

\ \ i x  refrr t lie rearler to figure 1 1.1. 
Ttie cqiiat ions above heconic 

C I (  c ' )  = 11 - C' COS L'. 

:( L ~ J  = r sin c.. 

( . J  + nir2)r2 -., 
K ( c 9 .  t,) = -) -5 r -. ancl - r 

with Cl1 and R2 solutions to 

dS2, 
- = 11a2 and 
da* 



The shape of t he  fiinction I V  will cletermine the  possible reclriced niotions. 
C i e  a re  particr~larly interestecl in trajectories passing throtigh L* = 0. 

At the Horizontal Position 

To gain some insight we will fincl the \alues of [-'(O) and I . " ( O ) .  in ternis 
of ( ' i  = U1(0) and Cm2 = '?(O). LCé begin b ~ -  fintling 

Frorri the adjoint ccliiation ive have 

.J UR:, = - W Q 2  - ., 01. 
J + r r r  1.- 

11 J 
';(O) = - 

( i l  - t*)( .J+m1'2)  
G 



FiriaII- then. rlifferentiating the potential. we have 

i - ' (o)  = r ( m y + . J C ' [ C i )  and 

[t  is clear that CI ancl niay he chosen so as to achieve an!- valire for 
the quantity ; = [- '(O). For t h e  case [*'(O) < 0. for a range of values of 
the energy. the trajectory is such tliat the renter of the hall clrops Idon- t hc 
tioriznntal plane of t h e  hoop. ancl rises again. 

Son- O < r 7  < ir  niust holci. LYe see that any valtte for i"'(0) nia?- tiot lw 
positi~-r. pror-icled that t h e  coefficient of C-'f abore is negative. or 

A Basketball 

For a hasket1)ali. the mass may be regarded as clistrihiited evenly on its 
srirface. =\ straight forwarcl calculation yielcis 

and the requirement above becomes 



For a basket bal[, t h e  circtimference of t h e  ball is aboiit 30 inches. the inner 
tliameter of  t he  hoop ( o r  diameter of the hole through u-hich the  ball passes) 
is about lS inches. ancl the  thickness of the  hoop is aboiit 31-L of an  inch. 
I *sing centimeters as the  unit of length. rve have r z L2.1276. T1.8 1'1.5 
and i .  z 1:J.OSO L .  We thiis have :hi/5 z 14.ZSï5. antl  so ['"(O) ni- not be  
positive. 

If we l iaw [-'(O) = O rvit h [ - " ( O )  < O. t.hen t here is a local masirnom of 
the potential at c* = O. if Q i ( 0 )  and R 2 ( 0 )  are  variecl from these values such 
t liat 1 -'( 0)  heconies negat ive. the  local niasirnttm nioves loiver. 

Numerical Investigation 

\\é ivill noir describe. iising a number of plots protlttcetl b>- the Uapk  
niat lieniat ical software. a ntimerical investigation into t his ~ f f ~ c t .  

In all of t hr plots cliscrissed belon*. t h e  iinits of r -  have heen adjiistecl to 
iinits of ;r radians. 

1\è n r s t  recpire a solut ion to eqiiations IL. 1. in ternis of Ci and C'?. For 
t l i t .  ( ' 1  = 1 antl C'? = O soliition rve i d 1  write R i  = f l i ( c v )  and  R2 = f12 (c - ) .  
[*-or tlir Ci = O ancl C'? = 1 solution WC ivill write = tli(i*) and QI = 
fi2( c * ) .  

It  is easily seen froni eqtrat ions 1 1.1 t hat f i  ancl f12 are e w n  fiinct ions. 
wliik f aricl FLl a re  otld fiinctions. 

Figure 11.2 shows a plot of the  niimerical solution obtainecl for (-'1 = L 
aiid (*? = O ( tha t  is. of il 1 and f 1 2 ) .  The plot lias k e n  donc for tlir rarigp 
--1 to -1 ( t liat is. -4a to +-4;;). T h e  tickmarks on t lie inclrpendent asis arr  
a t  -4. -2 .  0. +2 and  3-4. 

Figure 1 1.3 slioivs a plot of the numerical solution ohtaincc1 for Cl = O 
and C'? = 1 ( t  hat is. of fi l  and  jA). Again. the  tickniarks on the  independent 
asis are at -4. -2. 0. +? and +-4- 

it  is apparent from these plots that t he  solution t o  t h e  adjoint equation 
is riot periodic. 

I 'sing t hese fiinclaniental soliitions. we have 



- 

PIot o f  9, ( f ,  ,) 

Figure l1.7: PIot of Sollition foc !It(O) = L and Q2(0) = O 

Plot of R-, (fT7 ) - A 

Figure 11.3: Plot of Solution for R t ( 0 )  = O ancl Q 2 ( 0 )  = L 



Plot of A 

Figure I i.4: Plot of Coefficients .-I. B ancl C' in Recluçed Potential 

> 
I' - 

B ( r . )  = f 1 L ( ~ - ) / 2 1 ( ~ . )  + 5a( Y)' / I ~ ( L - )  f l l ( c . ) ]  and 

1'- 
C ' ( L * )  = -[2fii(s.)' + . ' j n ( ~ . ) ' f : ~ ~ ( ~ - ) ~ .  

:I 
Tlic firnctions .-I ancl C' are even. while the  function B is otlcl. 

Figure 11.-i shows a plot of the  niirnerical solution ohtainecl for -4. B and 
C ' .  The plot tias been done for the range - 1 t o  + l  ( tha t  is. -n to  +z). The 
tickriiarks on the inclepentlent asis  a re  a t  -1. -O..? O. +O.5 ancl + 1. 

Observe t hat the mass. m. cancels out of the equations of niotiori. and so 
riray Iir set tu  1. I-siiig seconds for the  unit of time (we have alrcady choscn 
c-mtimetcrs for the unit of length). we have y s 980.66. 

CVP now examine the shape of the recliiced potential fiinction i-. for rea- 
sonahle \-alries of the parameters CI ancl CI?. We first neecl to consicfer the  
pliysical meaning of these parameters. 

Recall from section 10.3. tha t  the  basis vectors for 5' = 1.- n D were 

in ( v. .i. 8)-space. The symbol J appearing in t his eqiiat ion representecl the  
unit 1-ector normal to the surface. The symbol q representecl the iinit vector 



Figiirc 1 l..?: Plots of RetIuced Potential for I'? = O.-? 

poiriting d o n g  the longit ucle of the  surface ( recall fig1.m 10.1 o n  pagc t 10). 
This learls to 

wherc v,, = jTv is the -nornial component" of the angular i-elocity. 
-4 value of 2 7  raclians/seconcI for 0 çorrcspont.Is to the hall going oric~ 

aroilnd the hoop per seconcl. The corr~sporicling value for !!' is .>;i/r- z 
O..'>lSl. So values for 1'? of 0.5 and 1.0 seem plysically reasonahle. 

.-\ \.allie of 2 n  raclians/seconcl for v, woulcl correponcl to t lie hall spin~iing 
a r o d  the normal direction once per seconcl. The corresponcfirig talue for f l l  
i~ 2x =: fi.2SS. So valiies for ri of from 20 to 60 s w m  pliysicaIIy reasonahlc. 

Figure 11.-5 shoivs plots of I -  for Cf1 = 0.3 and C', = --CO. -50 and -60. 
Figure 11.6 s h o w  plots of I -  for Cr = 1.0 ancl ('1 = -20. -30 ancl -40. 
Figiire 11.7 shows a larger version of the plot of i -  for C2 = I ancl ClI = 

-40. From this plot. ive see that the local masimum has heen shiftecl to 
c. zz -O.l.>;r. or about 21 tlegrees below the horizontal position. There are 
trajcctories which cross L- = O with i1- < O. approach the local masimurn. fail 
to reach i t .  and then change direction. passing back through the  horizontal 
position. From the shape of the plot of I - .  ive see that  these trajectories do 
not again pass the horizontal position. The basketball has gone below the 
horizontal. but lias poppecl back out again. 



F r  1 :  Plots of Reclucecl Potcntial for fi = 1.0 

There are trajectories of t his sort tha t  corne arbitarily close to t h e  Io- 
cal niasiniuni position. There is also one tvhicli approaches this position 
asyriiptotically. taking forever to reach it. 

For t lie t rajectories wliich reverse t heir direction. we coulcl calciilate nu- 
riierically the n~trnber of tirnes tha t  the  bal/ goes aroiincl t h e  hoop. wliile 
hcloiv t lie horizontal position. The closer the  trajectory approaches t h e  local 
riiasiniiini. t h e  larger t Itis nuniber would be. For t h e  asyniptot ic t rajectory 
this nuniber woiilcl be infinite. It is not  rneaningfiil. tticrcfore. using t h i s  
riiotlel. to ask t h e  question -How many times tloes the basketball go aroiind 
t 1 1 ~  Iioop I,eforc popping back out?. 

In reality of course. t h e  basketball woiilcl not go arouncl t h e  hoop forever. 
Tliere is tlissipat ive friction acting. T h e  basket bal1 i~voulcl event d l y  faIl 
tiiroiigli the  hoop. .-\riy orhit that attempts to approach too closp to t l i ~  

local riiasirnuni will also faIl t liroiigh t lie hole. 

Normal Component of Force 

T h e  liniits of this moclel a re  also exceecled if  the  normal component  of t h e  
force hetween the bal1 and the  hoop becomes non-positive cturing t h e  mot ion. 
In such a case the bal1 r d 1  leave t h e  hoop. We will fincl an expression for 
t liis force. 

Refering once again to figure 10.1 on page 110. for this problern. t h e  
vectors .i (normal to t h e  siirface). r ]  ( d o n g  the longitiide) ancl r ( in to  t h e  



Figure 11.7: Plot of Recliicecl Potential for C', = -40.0 and CT2 = 1.0 



acid we have 

& c e )  = - r ~ 2 ( ~ ~ )  

j. = «( r ) O (  ç - ) T  + r C V .  
- - 
I lir iiornial force is g ivm b -  

ancl 

and  

-Plie nornial force is 

-This is what one woitlcl obtain by resolving components of t h e  two centrifuga1 
forces a n d  the gravitational force. In terms of R2 this becornes 



The  ball remains on  the  hoop so long as the condition Irl' < -L-( c. ) is sat isfiecl. 
For the  trajectories ive are interested in. C* is small in magnitticle. in lact 

as-riiptotical1~- zero for the  asyniptotic t r a j e c t o r ~  Hence tve h a r c  

Figiire I L.S shows a plot of .Y for CI2 = 1 ancl Cgi = -40. From this plot. 
\vc sce tha t  the  ball leaves the  hoop for c. zz -0.10~. or  about LS riegrces 
hcloir- the horizontal position. 





Chapter 12 

Three-Wheel Cart 

In tliis section tw consicler t he  exaniple of a three  wheeletl cart  rolling on a 
Itorizontal plane. 

12.1 Formulating the Problem 
in  t tiis siihsection ive Formulate the Lagrangian and t h e  constraint eqiiations 
for t tiis susteni. 

(.'orisiclrr f i  giire L'1. I belotv. 

Figure 12. I : Three- Wheeled Cart 
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Tlie tigtire is a top view. 
Tliere are t hree iclentical wheels. except tliat the  front wheel m- t iirn. 

The racliiis of each wtieel is r. The moment of inertia of a wheel about  a 
perpentliciilar line throiigh its center is ./ri-. Aboiit a Iine through a cliarnrter 
t lie moment is .JD. The  angle t ha t  the  front rvheel niakes rvith the a s i s  of 
thc* <-art is a. as shown. 

The  wlieels a re  lal~eled o. c* ancl \ in the  figure. Tliese s -mbols  mil1 also 
r ep r~sen t  the anglr of rotation of each wheel. 

-Flic distances c f ,  6 ancl d a re  as shown. 
-Tlic figiire slioivs a s ~ t  of  cartesian axes. which wc a s s o c i a t ~  rvith or- 

t lioiiorriial wctors t ! and f2 in t h e  iistial wq*. 
Tlw syiibol .r lahds t,lie center of the rear axis. and is also the coliinin 

vert or giieirig its position in t he  plane. The syrnhol ir is siniilad- associatrd 
[vit 11 the rmte r  o f  niass of the  rar t .  The symbol 2 is the  coltimn vector gic-irig 
t lw position of t h e  front tclirel. T h e  niornent of inertia of t ha cart about  a 
vert i d  asis t liroiigli ri is .J. Tlie total  mass of t hc cart is r n .  

Tlic angle that the asis of t h e  cart niakes with t h e  e i-asis is tlenotetl 8. 
as sliorvti. The angle t hat t lie front wheel niakes wi th  t h e  e [-axis is drnoted 

\k ais0 introtliicc the rotation niat.ris R. tleftned For a general anglr L hy 

There is no potential energy. so for the  kinetic energy K and  Lagrangian 
L we have 



Observe t liat 

hold. 
The configuration manifold Q. rvhich ma- he parameterized 11'- 

( O .  i l .  o. L'. 1.c). is 7-dimensional. 
iP> cletermime the  nonhoIonomic const raints by considering each wheel. 

:\t (3 wc have 

From the  eqiration at  either o or cv ive oobtain 



So \vc ohtain 

.i- = r i  cosn ~ ( 0 ) .  

Also frorti t h e  eqiiation at \ me find 

ancl hon i  t liis 

(14 = ~ ( O ) ~ [ I ~ R ( C ) E ~ ]  

= r - i ~ : ~ ( ~ ) ~ ~ ( f ) t ~  
= r * i e T ~ ( n ) t = ~  
- - r - i  s in  o. 

(16 = d[.r + c t r ( B ) I f  

= riricos o i(0) + ndO ri(0)  

= r i  [dcos o r ( 8 )  + (1 siri o r1 (0 ) ]  

= r i  R(B)X(o).  

d cos O 
A(.! = [ . ] - 

(1 sin a 

Firially. froni t h e  cqiiation nt o. rve have 

( 12.5) d c  = i [dcoso + bsina]. 
- 7 L lie const rairit eqiiations are eqttat ions 12.2. L2.3. L2.4 and 12.5. We sec 

tliat 8. il. & and 6 are determinecl by O.  E and  i. There is no constraint on 
c 
\ 

Tlie configuration manifold Q. as describecl above. is 7-climensional. ancl 
t lie co~ist raint clist ribiit ion D witliin TQ is Miniensional. 



12.2 The Group Symmetry 

Tliere is a groiip symmetry of this s-stem associatecl with the Lie grorrp 

The gro~ip  action is given using a n  obvioiis pararneterization For C; 

T h e  qtiaritity ct is invariant iincler this action. and labels the groilp orbits 
of t lie action. 

Diffetentiating w i t h  respect to time. ive have 

!\i. see inimecliately t tiat the Lngrangian (equation 12.1 ) and the con- 
straints (ecliiations 12.2. 12.3. 12.4 ancf lL .5)  are preservetl. 

12.3 A Basis Aligned with the Symmetry 

i lé now attempt to apply the theory of chapter 6 to  the ciment grotip action. 
g i~-en  by ecluations 12.6. 

In ivhat folloivs. we regard TQ as (8. ù. o. e. \. 0-space. 



Froni the constraints (eqiiations 12.2. 12.3. 12.4 and 12.5). we easi1~- ser 
that (:-K~) is a hasis for D. tvith - = ( r s i n a .  rR(B)X(a).dcos CI - bsincr,dcosa + bsin o.cl. r s i n o )  

It  is also easily seen that 7 0  = O holds. SO that 7 lies iri 1.'. ancl so i r i  
5' = D n I -. and that KU $ I-  ho1tls. 

The inner product obtainecl froni equat ion 12.1 is 

f(a) = (./ + . ~ ~ ) i . ' s i n ' a  + 
mr2(d' cos' a + a' sin' n j + 

. ~ ~ ~ - ( 2 d -  cos' n + 2b' sin' o + d l )  

aricl 

g ( o  ) = JDr-sin a. 

" = fii" -g:. 

theri ti lies in fl = D n .qL. 



and for K U -  

The groiip invariance of f ancl g t hen provitles the groiip inmriance of K. O 

12.4 Failure to Satis& Flatness Condit ions 

Mi. irill now show t hat this svstem cloes not satisfy t h e  flatness conclitions. 
Tlw Hatness conditions. equations 7.2 and 7.3 on page -5 1. in t his case 

I ~ c c o I ~ ~ ~ '  

Our calciilation may he greatl- simplifiecl by recognizing a t  this point 
t tiat 

Iioltls. To sec t his. one observes that the  coefficients in t he  inner procliict of 
equation 12.7 clo not depencl on an- of t h e  parameters and that  h.0 = O/S{ 
holcls. C\> rnay then calculate 



For f a t  ness tlien ive neccl 

for sonie constant C'. This is clearly not satisfiecl. 
\\i. point oiit now tliat the vector fielcl KO satisfies the conclitions oti a 

givcn in proposition 5.1.1 on page -10. ancl so generates a constant of the 
riiot ion. 

\\'r have K,) f D hy design. and the  fiow of K" is given by 

and KU fiilly preserves the Lagrangian. 
T h e  constant of the motion generatecl bu s0 is JD<. This is the  angular 

nionientiini of the front wheel about the  vertical axis throiigh its center. [t is 
apparent pliysically that tliis slioulcl be  constant. as the torqiie on the front 
rvlieel ahoiit this asis is zero. 

.\Ioreover. this constant is groiip invariant. as  it rniist be, since KO is grorip 
in\-ariant (recall eqiiation 1.1 on page 49). 

The short corning is that K" is not vertical. ancl so cloes not leacl t o  a 
reduction of the problem iising the  ciirrent theor'.. 



Chapter 13 

Chaplygin Sphere 

[n tliis section rve consicler the esample of a balancecl hiit clynamically as>-m- 
mrtr ic  sptiere rolling withoiit slipping on a horizontal plane. Ttmt is. the 
sphere has i ts c e n t ~ r  of n i a s  a t  its center. but the  tliree principal r r ioni~nts  
of inertia a r e  ( in  general) al1 clifferent. This problem is esaniinccl hricflJ- in 
[JI. ancl {ras conipletely integratecl hy S. C'haplygin (see [LOI) .  

13.1 Formulating the Problem 
I n  this subsection ive formulate the  Lagrangian ancl the constraint eqiiations 
for t h i s  SJ-stem. \té wilI use the notation of section 2 . 5  in this section. as  
tihrial. 

\\é take a fisecl set of cartesian ases. with associated orthonornial vectors 
c I .  61 and t3. with E R  pointing iipwards. CVe clenote the position of the  center 
o f  riiass tvith respect to these ases by the  colunin vector 1.. 

\\é also take a set of orthonormal vectors {q. ~ $ 2 .  irn) a t  the center of 
n i a s  of the  sphere ancl nioving with it. anci ilse the  orientation niatris 

\lé tletiote the  ang~ilar velocity with respect t o  t he  moving axes by &. so tha t  



Let the  mass of the sphere be m. tVe use r to rknotc the  racliris of the 

sphere. Denote the inertia of t h e  body by J .  The totaI kinetic energy of the  
I w r l > -  i.s si\-en hy 

The potential energy of the botlx is constant. and rn+- be taketi to be zero. 
The Lagrangian For tliis sj-stem is thetefore given hy 

T h e  roiling condiriori is t hat t lie v e l o c i t ~  of the point on t lie sphere t hat 

is in contact t r i th  t h e  plane lias zero velocit. The consrraint ttierefore is 

Sote that rlsing .r and II.' as roorrlinates sriggests that  the contigirration 
space is .qO(:l) x R3. H o w w ~ r .  F;.I- is cteady equal to r-. and 'so the a r t  m i  
cwrifigiiratiori nianifolcl is Q = .<O(:{) x :Rd. 

Also. eqiiation 13.2 siiggests t hat t herc are t h r e ~  lincar velocity con- 

straints. But one of these sirnpl? recpires that eT.r he constant. Thcre 
are in fact orily two liriear nonhoIononiic constraints in TQ. 

Sa t lie con figuration manifolcl Q is 5-diniensional. a d  t tic constrainc clis- 
triliutiori D u-itllin TQ is 3-dirriensional. 

13.2 The Group Symmetry 

In this section ive describe a group syrnmetrt- of t h i s  systeni associatecl rrich 
t lie Lie groiip G = SE(?). 

Recall tha t  the Lie  group SE(3)  is the manifoId .5'0(:?) x :R3 with the 
group proclrict giïren by 

LVe will tliink of SE('>) a s  the Lie subgroup { ( R 3 ( 0 ) .  (<.<-0))1o.c. < f X} of 
S E ( : % ) -  



+Io rlescrihe the group action. we paraiiieterize Ci hy :e3 using the niap 

Tlie associated groiip action ori SO(3) x :F is given hy the rnap ( II: .r ) ci 
(Tï. S). w i t h  

- 
( w!) CI* = R 3 ( o )  L I *  

- 
( 13.4) .z- = &(o).r + CE + (;c2. 

Sincr e$F = c;:.r holcls. the groop action of Ci on .50(:I) < :Q3. intliices a n  
action or1 t lie îonfigtirat ion manifolcl Q. 

\\+ nittst slio\v t ha t  the Lagrangian. 

is pr~sen-ecl by this groiip action. 

Froni cqiiation 13.3 we have 

so tliat 
- 
*' = *' 

Iiol~ls. Tliiis LW obtairi Z = L. 
WC niust aiso show t h  the constrairit. 

O = S + r * . - i ( ~ ~ ) I , I b .  

and t lien 

Since R R ( 0 )  is non-singular. we see that  the  constraint is preserved hy the 
group action. 



13.3 A Basis Aligned with the Symmetry 

C\é now a p p l ~  t h e  theory of chapter  6 t o  t h e  current grorip action. given hy 
equation L3.d and  ecltiation 13.-1. 

T o  find a basis of vector fielcls for t h e  distr ibution I-. of vectors tarisent 
to prorip orhits. ive cake partial deri\-atives. C\ë obta in  

CYP nia- nlap t hese t o  (&. .i-)-space t o  obta in  insteatl 

Eacli of t t i rse  \.ector fields \vil1 necessarily takc values in TQ ivlieti evaliiatctl 
o r i  I ) .  These veçtor fielcls are also iritlepenclent everywhere. 

To finrl vector fields which span t h e  constraint clistril->iitioti D. i n  
(j, .i')-space. ive  siniplu srihstitiite values for d in t h e  çonstraint .  

O u r  choices for *L: are  m a d e  with proposition 8..5.l on  page 69 i n  niintl. 
For ; = ti,-Te3 we obtain  

For ,L = E ;  we obtain 



0 O O 
Thiis D = span{t i l .  K - .  ti3) arid 7 f D holtl. with 

Each OF t hese 1-~rtor fields will also necessarily take valries in  TQ when ri-al- 
i i a t d  on Q. 

\ïe\ving t hesc vector fielcls as clifferentiation operators. me have 

Reing sorrietvhat loose in our notation. Ive see now that 

holtls. so tha t  ; iies in .5' = D n I-. 
O 

Il> ortliogonally project each vector tieltl K, onto t h e  suhspace D I-I ; ' hj- 

[ t  follorr-s that {; ) spans 5'. ancl { K , .  ti-. ti3} spans H = D n 5''. 
A t  ariy [mirit tlien. for some choice of i aricl j .  ( 7 .  ti,. ti, ) is a basis a1i~tic.c-I 

ivit 11 t lie syniniet ry. 

Proposition 13.3.1. The recrorjïirlds 7 .  K I .  ti? cint1 tin cirr  gr-ot~p iriiwr-inri!. 

O O 
P~.oof. Since IL is grortp invariant. it is sitfficient to show t hat 7 .  xi .  K:! and 
(J 
ti3 are groiip invariant. tn light of proposition 8.51. i t  is sufficient to compare 
thc effcct of each vector on W. with its effect on 1.1;. 

For 7 ive have 



13.4 The Flatness Conditions 

O 
[ Y .  K ; ]  = (O.  - I ' . - \ ( F ~ ) . - \ ( E ~ ) L . C - E ; ) .  

PmoJ Lié calculate 

The kirictic energy for this system. once again is 

The  associatecl inner procliict. in (d..i-)-space. is given by 

h' ( ( A .  u ) .  (p .  r : ) )  = .AT.~p + m i l T i < .  

Proposition 13.4.1. The basi.9 {a,. t i i .  K, ) .wtisjGs the j l n t~w .~ .~  rondilioris. 
tquntions 7.2 and 7.3 on pnge 51. tvhich in this case becornr 





But. as in t h~ proposition o n  flat ness. ive have 

Iri t h i s  case. Q / G  is simply t lie siirface o l  a s p h e r e  t tir manifold .S2. 
Siiicc tlic tliriirnsion of .5' is 2. ive conclutle Iiu corollary S.4.L o n  pagr 6s. 
a r d  t lie coninients t hat  follorv corollar\. S.-!. 1. t hat t h e  retluced systern on 5'' 
i?; Eianiiltonian. 

i\F can int.erprrt t he  retliicetl system physically. First. i f  iw tliink of 5'' 
as (g E :%'lyry = 1) .  then the  projection niap .\ : Q = s'O(3) X, R' i 5' 
is si\-en hy ( IF.  11 ) ct II''F:~ Tha t  is. 1-1''c~ labels the gruiip orhits. Bi i t  

rwal l  tliat if a niaterial point in the  rolling spherr is labellecl rvith respect 
t c ~  t lie riioving axes hy y. t. hen wit h respect to  the  fisrd axes it is labdlrrl  

tliiiik of 5' as the surface of tlie rolling spliere. ancl ttieri t he  trajector!. iri  

tlie reclitced systeni will h e  the path tracecl out  on t h e  surface of t l i ~  rolliiig. 
sphere. 1 9 -  t h e  point of contar t .  

13.6 Constants of theMotion 
Tlir constant C' in t h e  previoiis siihsection has an interpretation in terrns of 
t lie angiilar niornentiini of t he  sphere. WP ask the  reacler to recall eqtiatio~i 
2-10 o n  page LS. and the notation in lise in that  subsection. -L'Iiç.rc. tlie 
angtilar niomcnttim abolit t hc origin [vas t h e  qliantity P = III.-I(.r).E + I . I - . l i .  
The es pression W J d  iras callecl t lie angiilar moment un i  of t.lie bod- 

From t h e  general t h e o r .  ive know t h .  the tangent vector to the  t r a j ~ c -  
tory. r ( l ) .  will be a h e a r  conihination of 1. K i  and K,. SO we have 



Thiis ( ' is the component of the angiilar niomenturn of the  body. dong  the 
vertical asis. 

I\é aIso point out t hat the vector fielcl 7 satisfies the conclitions on o given 
in proposition 5.1.1 on page 40. and so generates a constant of t h e  motion. 
This c-onstant is in fact C'. 

To sep this. tue have E D by design. and the Aow of - is given by 

- - witli I I *  = R:5(..;)II- ancl 7 = .r. Differentiating th is  giues 2 = 2 an11 .r = .Tm 
i r i  t lit* iisirsal way. so that T;, is given in . i ) -spac~  1)'. 

u-liicli is  the iclentity map. So 7 fiilly preserves the Lagrangian. 

-ïhe constant of the motion generatetl by 7 t hen niust be 

[n fact . C' is one of t tiree relatecl constants. Let a be the vector field given 
in i &. i)-space hy 

For i = 3 this  is just 7. ive have r~ E D. ancl tlie Row of a is giv~ri IlV 

tvitti = R,(.s)[C- and ;?: = R(sr . -I(c , )e3) .r .  Differentiating this gives 2 = L 

aritl 7 = R ( . s r . . - I ( c , ) ~ ~ ) 2 .  so that T ; ,  is given in (d.J')-space hy 

Ive see that this fdly preserves the Lagrangian. The constant of the motion 
gerieratecl by i7 then must be 



This last espression is very nearly the  same as the espression P = nl .-l(.r).i.+ 
IIv./; for total angdar  momentuni- CVë coulcl sa? that the constant is the 

coniponent along the et-direction. of the total angiilar moment tim or t he body 
about the point of contact. To do so hoivever ignores that t tie fact t hat tlie 
poitit of contact is not fisecl ( in an? Cialilean coorclinate system). 

T t i ~  atlditional t rw constants fountl in tliis tvay are not group invariarit. 
\ \ è  tinrl 

whicli is oril! ecliiaI to Ci for i = 3. However 

rlocs lioltl. 
Tlie energy is of course also a constant of the motion. T h e  are t herefore 

tivo constants of the motion. cliiaclratic in the relocitieç. In [LOI. ('haplygin 
i~sccl these constants in conjiinction wit h elliptic coorcIinates on I;'' to inte- 
gratc this systeni. 
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