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Abstract

Let K be a convex, compact set in E¢, and B? be the unit ball centered at the
origin. We define the sth intrinsic volume V;(K) via the formula of Steiner; that is,
for A > 0,

V(K + A\B?%) = Zdj ka_id* - Vi(K).

1=0

Note that V;(K) is proportional to the mean i-dimentional content of the projections
of K onto the i-dimentional linear subspaces.

A finite set {z; + BY,...,z, + B%} of unit balls is a packing if the interiors of
any two balls are disjoint. The dissertation investigates the minimum properties of
the convex hull of the balls with respect to the itk intrinsic volume for ¢ = 1,...,d,
and the shape of C,, = conv{z1,...,z,} when V;(C, + B?) is minimal. In this case
C., is called a minimal body.

The shapes of minimal bodies depend on how large ¢ and n are compared to d. If
i=1,...,d—1 and n is large compared to d then a minimal body is basically ball.
Assume that n < d+ 1. For small ¢ the minimal body is probably a regular simplex,
and if 7 is close to d then the minimal arrangement is probably the sausage-like
one; that is, C, is a segment. Finally we consider the case of the volume (if i=d).
According to L. Fejes Téth’s celebrated Sausage Conjecture, for d > 5, the sausage
arrangement is optimal for any n. We prove that a minimal body can not be far

from being a segment.
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Chapter 1
Introduction

We present all the notions and theorems which we will require. In every section we
quote the references containing the proofs.

We assume that the reader is familiar with the concepts of elementary set theory.
Concerning the real number system R, we use the arithmetic properties of the real
numbers, and the existence of functions like sint, cost, the logarithmic and the
exponential functions. The references will be quoted at the point where they are

applicable.

1.1 Linear algebra

In this section we consider some properties of R? for d > 1. The proofs can be found
in [13].

The letters p, ¢, v, s and ¢, together with the Greek letters «, B, €, A, p and
p denote real numbers, and d, i, j, k, m and n denote non-negative integers. The
elements of R? are denoted by u, v, w, z, ¥y and 2, and the zero-vector is denoted by
0.

Let A € Rand z = (2,...,2% and y = (¥%,...,y?%) be points of R%. Define

addition and scalar multiplication on R? as
g4+y=(+9,...,2%+ 9% and Moz=(Azh. .., a?).
We extend the definition of addition and scalar multiplication to subsets of R¢. For

L.
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A,B C R* and ) € R,
A+B={a+blacA and be B} and MA={la|ac A}.

A subset L C R%is a linear subspace of R®if t+y € Land -z € L for any z,y € L
and A € R..
Let z1,...,%, € R%. A linear combination of z1,..., %, is the expression A\; z1 +

oo+ Ap z, for some Aq,..., A\, € R. The vectors zy,...,2, are independent if
M zi+...+ 2, =0

implies that Ay = ... = A, = 0. Otherwise, the vectors are dependent. Let L be a
subspace of R?, L # {0}. The maximal cardinality n of an independent subset of L is
called the dimension of L, in notation, n =dimL. An independent set {z1,...,%,} is
a basis of L; that is, any y € L can be written in a unique way as a linear combination
of zy,... ,é:n. Note that L can be identified with R", and hence dimL < d, with
equality if and only if L = R%. We let dim{0} = 0.

A map T : R* — R%is a linear map if for any u,v € R? and A, 1 € R,
T(Au+pv)=AT(u) + pT ().

If there is a map S : R* — R? such that SoT =T 0.5 = idga then T is an invertible
map, and S = T! is the inverse of T'. Here S o T' denotes the composition of S and
T, and idx is the identity map of X.

The standard basis of R%is {e1,...,eq}, where fori = 1,...,d, the ith coordinate

of ¢; is 1, and all the other coordinates are 0. We always use this basis for R%. To
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every linear map T : R? — R%, we assign the matrix

uy U
[u17"'7ud]= : ’
Uyg uff

where T(e;) = u; = (u},...,u?). The matrix and the map are called integral if all

the entries of the matrix are integers.
Let II; be the group of permutations on the set {1,.;.,d}, and sgnt be the

function satisfying sgnt = 1 if ¢ > 0 and sgnt = —1 if ¢t < 0. For 7 € Il4, define

g(m)= ]I sgn(x(j)— ().

1<i<;j<d

The determinant of the matrix [uq,...,u4) is

det[ug,...,ugl = Y e(m)ur® . . @,
w€lly

The determinant of a linear map is the determinant of the corresponding matrix.
Then det(S o T') =detT-detS, and T is invertible if and only if detT' # 0. Assume
that T is invertible. Then T is an orientation-preserving map if detT > 0, and an
orientation-reversing map otherwise.

Since we are interested in metrical properties, we put some additional structure
on R%. The quadratic form

d

<zy>=z -y +...+2%y for z,y € R%,

is linear in both variables, and for any z € R%, < z,z > > 0, with equality if and

only if # = 0. This form is called scalar product. With the help of this we define the

norm, or length, of a vector = as

lz|| = V< z,2>.



CHAPTER 1. INTRODUCTION 4

The norm satisfies the usual axioms; 'thaJt is, for any =,y € R® and X € R,
) -zl = 1AL l=]l,

i)  ||z|| = 0, with equality if and only if z = 0,

i) |l +yll < ll=lf + llyll.

The Cauchy-Schwarz inequality states that

| <zy>|<|lz|| - [lyll

for any z,y € R?. Hence for non-zero = and y, we may define o =ang(z,0,y) by the

properties 0 < o < 7 and
<zy>
Il - il

In addition, for distinct z,y,z € R?, let ang(z,y,z) =ang(z — y,0,2 — ¥).

COs &x =

We note that, by means of Hadamard’s inequality,
detfuy, ..., uq] < |l --.. - ||udll

for any us,...,uq € R%.

Two subspaces V and W of R? are orthogonal (or perpendicular) if <v,w >=0
for any v € V and w € W. This yields that dimV+dimW < d, with equality if and
only if V + W = R%. In the case of equality, any u € R? can be uniquely written in
the formu=v+wforveV and w e W.

Finally, a linear map T' : R? — R? is orthogonal if < T'(z),T(y) >=< z,y > for
any ,y € R®. Note that then detT = =1, and that the composition of orthogonal
maps is also orthogonal.

As an example, let T be an orientation-preserving orthogonal transformation of
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R2. Then the matrix of T is
cosa —sina
sina@ cosa

for some —7 < o < 7, and T is called the rotation with angle o around 0. We remark

that ang(z,0,T(z)) = |e] for any = # 0.

1.2 Metric spaces

We rely mainly on [20]. The book [6] is easier to read and contains most of the
material except the notion of sequential compactness.

Let X be a non-empty set. A function d : X x X — R is a metric on X if it
satisfies
i) d(z,y) > 0, with equality if and only if z =y,
i) d(e,y) = d(y,z),
i)  d(z,2) <d(z,y) + d(y, 2).
The last property iii) is known as the triangle inequality. Observe that a non-empty
subset of metric space is also a metric space with the inherited metric. For z € X

and non-empty A C X, let
d(z,A) = inf{d(z,y)|y € A}.
Define the open ball B(z,r), with center € X and radius 7 > 0, as
B(z,r) = {y € X|d(z,y) <r}.

Observe that @ € B(z,r). A non-empty subset ¥ C X is discrete if for each « € %,

there is an r > 0 such that B(z,r) contains no point of ¥ besides . A subset
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A C X is called open if for any z € A there exists an r > 0 such that B(z,r) C A.
Note that union and finite intersection of open sets is open. A is closed provided its
complement X\ A is open.

Let AC X and z € X. Then Ais a neighbourhood of z if there exists an r > 0
with B(z,r) C A. The interior of A, denoted by int A, is the union of all the open
sets C' with C C A. The boundary of A, denoted by bdA, is the set of all points
z € X such that every neighbourhood of & contains some point of A and some point
of X\A. Note that A is open if and only if A =intA and A is closed if and only if
A =intAUbdA.

Let {2,}%, be a sequence of points of X. The sequence converges to an z € X
({z.} — & or limy—,eo®y = ) if for any 7 > 0 there is a N > 0 such that z, € B(z,r)
for n > N. The sequence {z,}52, is convergent if there is an z € X with {z,.} — =.

Let (X, d) and (Y,d') be metric spaces. A function f : X — Y is continuous if
{zn} — 2 implies that {f(zx)} — f(z) in Y for ¢,z, € X. Note that in this case,
fX(B) is open for any open B C Y. The function f is an isometryif f is a bijection
and d'(f(z), f(y)) = d(z,y) for any =,y € X.

As an example, consider R® for d > 1. Then the function d(z,y) = |z — y| for
z,y € R%, is a metric. Let GL(d) be the set of invertible d x d matrices. Since GL(d)
can be considered as a subset of RY, it is a metric space with the inherited metric.
Then the determinant, as a function GL(d) — R, is continuous.

Now we consider some possible properties of a metric space X. It is called bounded
if there is an M > 0 such that d(z,y) < M for any z,y € X. X is compact if any
open cover of X has a finite subcover. Note that a compact metric space is bounded,

and a closed subset of a compact metric space is also compact. Another family of
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metric spaces is the sequentially compact spaces, which have the property that any
infinite sequence of elements of X has a convergent subsequence. Actually, these two
different notions are equivalent; that is, X is compact if and only if it is sequentially
compact. Let f: X — R be continuous and X be compact. Then thereis an z € X

such that
f(z) = inf{f(y)|y € X}.

A subset C C R? is compact if and only if C is closed and bounded. The
statement that closed and bounded subsets of R? are sequentially compact is known

as the Bolzano-Weierstrass theorem.

1.3 The Euclidean space

There are many books which give introduction to the Euclidean space. The classical
survey is [4]. More recent ones are [1], [17] and [21].

Let d>1,0<n <d, z € R® and L be a linear subspace of R with dimL = n.
Then A = z + L is called an n-dimensional affine subspace. The points of R? are the
0-dimensional affine subspaces. The 0 vector, as a point of R?, is frequently called the
origin. The one-dimensional affine subspaces are called lines, the two-dimensional
affine subspacés are called planes, and the d—1 dimensional ones are the hyperplanes
of R°.

Remark: From a geometrical point of view, it makes no difference whether an affine
subspace contains the origin. This fact is emphasised in [1]. The reason to start
with linear subspaces is that this way we can use the powerful tools of algebra and

analysis.
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Observe that a non-empty intersection of affine subspaces is an affine subspace.
For a non-empty C C R? we define affC, the affine hull of C, as the intersection of
all the affine subspaces of R? containing C, and set dimC =dim affC. We also say
that C spans affC'.

Let By and B, be affine subspaces with BiN B, # § where § denotes the emptyset.
Then

dim aff(By U B;) + dim(By N By) = dimBy + dimB,.

A set C C R%is convez if it is non-empty and Az + (1 — )y € C for any z,y € C
and 0 < A < 1. Since a non-empty intersection of convex sets is also convex, we
define the convex hull of a non-empty B C R as the intersection of all the convex
sets containing B. The convex hull of B is denoted by convB.

Let d > 2, m > 3 and |X| = m. The points of the set ¥ are in general posiiion
if for any 1 < n < d — 1, each n-dimensional affine subspace contains at most n +1
elements of ©. If m > d + 1 then the points of ¥ are in general position if each
hyperplane contains at most d + 1 elements of 3.

If R? is considered as an affine space with the scalar product then we call it a
d-dimensional Euclidean space, and denote it by E?. By E° we mean a one-point set.
Let A be an affine subspace of E. Then A can be endowed with the structure of an
n-dimensional Euclidean space, so that the metric on A is induced by the metric on
E¢, and the affine subspaces of A are the affine subspaces of E* which are contained
in A.

Let C be a non-empty subset of E%. Then the interior and the boundary of C' in
affC is dc-,;noted, respectively, by relintC and relbdC.

Recall that e; is the 5th standard basis vector of E¢. The line aff{0, e;} is called
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the 1th coordinate azis. Let 1 < n < d. If we work in E? then we refer to the affine
hull of the first n coordinate axes as E™.

Let L; be a linear subspace of E?¢ with positive dimension, z; € E? and A; =
z; + L; for 1 = 0,1. We say that Ao and A; are parallel if Ly C Ly or Ly C Lo. The
affine subspaces Ag and A; are orthogonal to each other if Ly and L, are orthogonal.
A non-zero vector v is said to be orthogonal (or parallel) to an affine subspace A
with positive dimension if the line aff{0,v} is orthogonal (or parallel) to A. As a
convention, the 0 vector is parallel and orthogonal to each affine subspace.

Let A be an affine subspace of E? with n = dimA and = € E¢. There exists a
unique affine subspace B which is orthogonal to A, contains » and has dimension
d — n. Note that A and B have exactly one common point. In addition, if z ¢ A
then there is a unique line [ which passes through z, intersects A and is orthogonal
to A. The point I N A is called the orthogonal projection of x onto A.

The hyperplanes of E? have an important role in the geometry of E¢. Let Hbea
hyperplane and u be a non-zero vector perpendicular to H. Then there is an o € R
such that

H={z € EY <z,u>=a}.

The sets
Ht={z e EY <z,u>>a} and H ={z€F <z,u><a}

are called the halfspaces of E? determined by H. Observe that Ht and H~ are
convex, B¢ = H* U H- and bdH* = bdH~ = H. Let B and C be non-empty
subsets of E¢. We say that the hyperplane H separates B and C if B is contained

in one of the halfspaces determined by H while C is contained in the other. If in
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addition, BN H = CN H = § then H strictly separates B and C.
Let v and v be distinct points and w = %(u+v). The hyperplane passing through
w and perpendicular to u — v is called the hyperplane perpendicularly bisecting the

segment conv{u,v}. Note that
H = {z € EYd(z,u) = d(z,v)}.

Let H* be the halfspace determined by H and containing u. Then « € H* if and
only if d(z,u) < d(z,v). |

Finally we turn to the transformations of E¢. A map ¢(z) = T'(z)+y is called an
affine map if T is an invertible linear map and y € E¢. The affine transforrnaﬁons
are the bijections of E¢ which map any affine subspace onto an affine subspace of the
same dimension, while preserving incidence. The composition of affine maps is again
an affine map. The isometries of E¢ are the affine transformations ¢(z) = T'(z) +y
where T is an orthogonal map. An isometry ¢(z) = T'(z) + y is called orientation-
preserving if T is orientation-preserving; that is, detT = 1.

Note that if the points of both of the sets {zo,...,z4} and {yo,...,ya} are in
general position then there is a unique affine map ¢(z) such that ¢(z;) = y; for
i=0,...,d. If in addition d(=z;,z;) = d(yi,y;) for 0 < ¢ < j < d then ¢(z) is an
isometry. If for non-empty C, D C E? there is an isometry ¢(z) so that ¢(C) = D
then C and D are congruent.

Let us list some isometries of E?¢ which occur later in the text. Let y € E. The
map o(z) = z + y is called translation by y. The reflection through y is defined by
¢1(7) = —x + 2y. Note that y = 1(z + ¢1(z)) for any = € E4,

Let H be a hyperplane and for z € X, let mg(z) be the projection onto H. We



CHAPTER 1. INTRODUCTION 11

define 4,02(:;:) as the unique point satisfying mg(z) = %(w + @o(z)). The map @,(z) is
an isometry, and it is called reflection through H. -

For d > 2, let g be a (d — 2)-dimensional affine subspace and w,(z) be the
projection onto g. An orientation-preserving isometry ¢s(x), which fixes g pointwise,
is called rotation around g. Let Il be a plane orthogonal to g and IINg = {y}. Recall
that in Section 1.1 we have defined the rotation of E? around the origin. Note that
3(z) maps II onto II, and p3(z) restricted to II is a rotation around y. It follows

that for = ¢ g, the ang(z, m4(x), ps(x)) is independent of z, and it is called the angle

of the rotation.’

1.4 Compact, convex sets

We start with a simple theorem which connects the notions of convexity and dimen-

sion.

THEOREM 1.4.1 (Radon) Letd > 1 and m > d+ 2, and 21,..., Ty are points

in E®. Then the points can be partitioned into two nmon-emply sets, say i,...,%n
and Tpaiy ...y Tm, 2 <n <m—1, such that
conv{zy,..., 2} N conv{zps1,...,Tm} # 0.

Let d > 1 and K¢ be the family of compact, convex sets of E4. A K € K¢ is
called a convex body if diimK = d, or equivalently, if intK # 0.

The isometries of E% induce an equivalence relation on K¢; namely, two elements
of K¢ are equivalent if thesl are congruent. Let Co, 0y € K. We write Co = C1 if Co

and C; are congruent.
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Let K € K. A hyperplane H is a supporting hyperplane of K if HN K # § and
one of the halfspaces determined by H contains K. For any = € bd K, there is a
supporting hyperplane containing .

Now we collect some properties of the lirllear combinations of compact, convex
sets. For Ao, M1 € R, we have Ao Co+ )1 Cy € K¢. If C; = convy; for some non-empty
¥ € B4, 4=0,1, then Ay Co+ A1 Cy = conv(Ag o+ M1 L1). If Cp is strictly contained
in Cy then Cy + K is also strictly contained in C; + K.

The first statement of the following lemma actually characterizes the elements of

K? among the compact sets of E.

LEMMA 1.4.2 For any K € K? and « ¢ K there exists a unique y € K such that
d(z,y) = min{d(z,2)|z € K}. If1 <dimK <d—1 andy € relint K then v —y is

perpendicular to affK.

For C, K € K¢, define
§(C,K)=inf{p|C C K + pB? and K C C + pB?}.

This function is a metric on K¢, and it is called the Hausdorff distance. Endowed
with this, £¢ becomes a metric space.
A non-empty family F C K¢ is bounded with respect to the Hausdorff metric if

and only if there is a p > 0 so that K C pB® for any K € F.

THEOREM 1.4.3 (Blaschke) Each bounded, infinite sequence of compact convex

sets has a convergent subsequence.

In other words, the compact subspaces of K¢ are the closed, bounded subsets.
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An z € K is an extreme point of K € K¢ if 2 = Ay + (1 — Az for y,2 € K
and 0 < A < 1, implies that £ = y = 2. Denote the set of extreme points of K by
extK. Then K = conv extK, and extK is the smallest set B with the property that
K = convB.

A polytope P is the convex hull of finitely many points, and hence P € K. A
F C bdP is called a face of P if there is a supporting hyperplane H of P with
HNP = F. It is frequently convenient to consider P itself as a d-dimensional
face. The faces of a polytope are polytopes themselves. The 0-dimensional faces of a
polytope are called vertices, the one dimensional faces are called edges, the (d — 1)-
dimensional faces are called facets. If d = 2 then the edges are also called sides, and
if d = 3 then the facets are simply called faces.

The vertices of P constitute extP. Let démP > 1land 0 <m <n < dimP — 1.
Then each m-dimensional face of P is contained in some n-dimensional face of P,
and hence if P is a polytope then bdP is the union of the facets of P. In addition,
if F'is a face of P, and F" is a face of F then F” is a face of P.

Let d > 1, C € K? with dimC = d — 1 and z be a point outside of affC. The
set conv({z} U Q) is called a cone with base C and d(z,affC) is the height of the
cone. If z, ..., x4 are points in general position then S = conv{zo,...,zq} is called
a d-simplez. Observe that every d-simplex is a cone, and each facet of S'is a (d —1)-
dimensional simplex which is a base of S. If all the edges have equal length then
S is a regular d-simplez. As a convention, we consider the points as 0-dimensional

regular simplices.
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A polytope P is called a paralleletope if there are independent vectors z,...,%q4

so that P is congruent to the set
{)\1$1+...+/\d‘$dl03/\,‘§1 for i=1...,d}.

If all the z;’s have the same length and < z;,z; >= 0 for ¢ # j then P is a cube.

1.5 Simplices, ellipsoids and radii
Let d > 1,y € E? and r > 0, and define
B?={z € E’|||z]| < 1}.

We call y + r B¢ the d-dimensional ball with center y and radius r, and y + B¢is a
unit ball. The boundary of B¢ is the unit sphere S4~1. Note that S¢! is compact

and

§+1 = (o € B*|[lo]| = 1.

Let K € K% and 1 < m < d. Then the m-dimensional inner radius of K,
rm(K), is the radius of the largest m-dimensional ball contained in K. The m-
dimensional outer radius of K, Rn(K), is the minimum of Ry, > 0 such that there
exists an (m — 1)-dimensional affine subspace g with K C g + R.B% We remark
that dimK < m, rn,(K) =0 and Rn,(K) = 0 are equivalent statements.

We define the inradius of K as r(K) = ry(K), the circumradius of K as R(K) =
Ro(K). There is a unique ball which contains K and has radius R(XK). This ball is
called the circumscribed ball of K. In addition, D(K) = 2ri(K) is the diameter of

K, which is the maximal distance d(z,y) for z,y € K.
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Let u be a unit vector. The width of K in the direction of u is defined as
A(K,u) = max{< z,u> |z € K} —min{< z,u > |z € K},
and the width of K is defined as
A(K) = min{A(K,u)|u € $41}.

Note that A(K) = 2R4(K). If dimK = m then the relative width of K is Am(K )=
9Rm(K) which is the width of K in affK.

The functions D(K), R(K) and r(K) are continuous with respect to the Hausdorff
distance (but for example, r,,(K) is not continuous for 1 <m < d).

Observe that if K is a ball of any dimension then 7, (K) = Rn(K)for 1 <m < d.

According to [23],
THEOREM 1.5.1 Let 1 <m < d and K € K. Then
rm(K) < Rn(K) < (m 4+ D) (K).

The upper bound is not precise. If m = 0 or m = d then best estimates are

known. Concerning the circumradius and the diameter, this is Jung’s theorem:

THEOREM 1.5.2 Letd > 1 and K € K%, Then

9R(K) > D(K) > 2—(51—3—1)12(1().

In the case m = d, we have

THEOREM 1.5.3 Letd > 1 and K € K. Then

27%%1 r(K) if d is even

2r(K) < A(K) < _
Wdr(K) if d is odd
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Remark: If K is a regular d-simplex then equality holds in both theorems.
The affine images of B¢ are called ellipsoids. Let M be an d-dimensional ellipsoid.

There exists an isometry ¢ of E? so that the equation of ¢(M) is

212 24)2
O o
a? a?
for some positive ay,...,aq. The numbers ay,...,aq are called the azes of M.

Actually, the shape of a convex body can not be too far from the shape of some

ellipsoid ([24]):

THEOREM 1.5.4 (John) Let K be a convez body in E®. Then there exists a point

z and an ellipsoid M such that
z+MCKCz+dM,

and if in addition K is centrally symmetric with cenier y then there exists an ellipsoid
M with
y+MCKCy+ VM.

The rest of the section is concerned with simplices.

LEMMA 1.5.5 For d > 1, let S = conv{zo,...,zq4} be a d-simplex and y € S
different from the vertices. Then
i) d(y,z0) < maxi=,..a{d(zo,z:)}, and

i) there is a 0 < ¢ < d such that d(y,z;) < R(S).

If d = 2 then the d-simplices are called triangles. By a side of a triangle we

frequently mean not only the actual side but also its length. Let C' = conv{zo, z1, z2}
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be a triangle and {z,7,k} = {0,1,2}. Then a; = |z; — 24| is a side of C, and
a; = ang(z;, i, xx) is called an angle of C. The sides and angles of C' obey the Law
of cosines:

a2 = a? + a2 — 2aya, cos .

The next lemma follows from the Law of cosines.

LEMMA 1.5.6 Let C; be a triangle with sides a;, b; and c;, and let y; be the angle

of C; opposite to ¢i, i = 0,1. Ifag = ay, bo = by and yo < 71 then co < c1.

Let d > 0. The regular d-simplex with edge length 2 is denoted by T¢. If
T¢ = conv{zo,...,z4} then the point F5(zo + ... + za)is called the center of T*.
This point is the center of the circumscribed ball and the inscribed ball of T¢. The
radius of the circumscribed ball is R(T?) = 1/32;_‘17, and. the radius of the inscribed
ball is 7(T%) = | /3y The height Ay of T is the distance of any vertex of T from

the opposite facet. Note that for d > 1,

ba= Vo— R = 24,

1.6 Some notions of calculus

An r € R is called algebraic if there exists a polynomial p(t) with integer coefficients
such that p(r) = 0. The sum and product of algebraic numbers is also algebraic. If
r € R is not algebraic then it is transcendental. The sum or product of an algebraic
and a transcendental number is transcendental.

Let n and 7 be non-negative integers, and define ¢ factorial as 3! = 1-...-¢if
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2> 0 and 0! = 1. In addition, let

(7:) =n-...-(72‘7,!—z'+1).

Note that (’;) is the number of 7 element subsets of a set of cardinality n.

We frequently approximate given real numbers. All the calculated values are
cited up to four or five decimal digits, and they are not rounded. If a value is used
later, we use a more accurate approximation with at least ten digits and not the
cited one.

The Landau symbols make it easier to read asymptotic formulae. Let d > 1 and
f(z) and g(z) be functions from a subset of E¢ into R. Then we write f(z) = O(g(z))
if there exists a ¢ > 0 such that || f(z)|| < ¢|lg(z)]||. Observe that f(z) = O(1) means
that f(z) is bounded. et d = 1. We write f(£) = o(g(t) if limico Z8 = 0, and

F() ~g(t) if limy oo L = 1.

We assume that the reader is familiar with the notions of limit and derivative of
a function f : R — R (see [28]). We quote only the results which we explicitly need.
Fix an open interval (a,b), where we allow a to be —co and b to be co. Let
f,g : (a,b) — R be differentiable functions, and r,s € (a,b) with r < s. The mean

value theorem states that there is a ¢ for which r < t < s such that

Suppose g(t) # 0 in a neighbourhood of b and

N
Hm sy =@
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for some o € R. In addition, assume that as ¢ — b~ either g(¢) — oo, or f(t) — 0

and ¢(t) — 0. By means of L’Hospital’s rule, we conclude that

O
Hm ooy =

Note that a similar statement holds if ¢t — a™.
Let f : (a,b) — R be a function. Then f is convez if for any r,s € (a,b) with

r<sand 0 <A<,
FOP 4+ (L= N)s) A F() + (1 = N F(s).

If strict inequality holds for any suitable choice of 7, s and A then f is strictly convez.
The function f(t) is concave if — f(t) is convex.

Let f be continuous. Then f is convex if and only if

I

[y

(r+5)) < 3(f(r) + £(s))

for any r,s € (a,b). Assume that f is twice differentiable. Then f is convex if and
only if f/(t) > 0 for any t € (a,b), and if f”(t) > 0 for any ¢ € (a,b) then f is strictly
convex.

So let f be a convex function on (a,b), and 7, s € (a,b) with r < s. Note that for

r<t<s,

f(s)_f(r)(

ft) < FE=EE (1 ).

Let t € (r,s). It follows that f(¢) < max{f(r), f(s)}, and if f is strictly convex then
f(t) <max{f(r), f(s)}.

If f is concave then the dual statements hold.
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1.7 Integration, volume and the Gamma function

Let d > 1, C be a convex subset of E¢ and f : C — R be a continuous function. We

denote the Riemann integral of f on C (see [27]) by

/C f(z)dz,

provided the integral exists. If d =1 and C is the interval (a,b), —co < a < b < oo,
then we use the notation
b
/C F()dt = / (&) dt.
Assume that f(t) = F'(t) for some F : (a,b) — R. The Fundamental Theorem of

Calculus states that
b
/ F() dt = F(b) — F(a).
We return to the case d > 1. Let T be an invertible linear map, y € E¢ and

@(z) = T(z) +y. Then the Jacobian determinant of p(z) equals detT and the

standard change of variables formula may be written as

/(p(o) fop™(z)dz = |detT|- /Cf(m) dz. (1.1)

Let C € K%. The volume of C is defined as

V(C) = /C 1 de.

If d = 2 then the volume is called area. It follows by 1.1 that the volume is isometry
invariant. Let T be an invertible linear map and A > 0. Then V(T(C)) = |detT'| -
V(C), and hence V(AC) = MV(C). We denote V(B?) by &a.

For 1 < n < d, denote the convex hull of the last n coordinate axes by Em,
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THEOREM 1.7.1 (Fubini) If f is an integrable function on E¢ and 1 < m < d
then
- f(z)dz = /m/Ed_m fu,v)dv du,

where 2=(u,v) with u € E™ and v € E4™.
With the help of the Fundamental Theorem of Calculus it is not hard to prove

THEOREM 1.7.2 Letd > 1 and assume that the integrable function f : pB* — R,

0 < p < o0, satisfies f(z) = g(||z||) for some g: R — R. Then

/de f(z)de = dkq /Opg(r)rd“ldr. (1.2)

Ig the rest of the section we work with the Gamma function, which is defined for
0<t<ooas
() = /Ooo s e~ ds.
The integral is well-defined for these ¢. All we need to know about I'(t) can be found
in [28]. First we list some basic properties:
i) T@E+1)=tI() fort>0,
i) T(n+1)=n! forn=0,1.2,..,

iii) InI'(¢) is convex for ¢ > 0.

Note that I'(3) = /7. Let t and s be positive. Then iii) yields that

(r (t : 3))2 <T(8)-T(s). (1.3)

The function I'(t) can be used to evaluate the integral

I'(¢) T(s)
I(t+s)”

[t -rytar = (1.4)
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If ¢ tends to infinity then Stirling’s formula states that

InT(t+1) = tlnt+ %lnt-—t—l—ln\/2_7r+ o(1)

= tlnt+%lnt—t+0(1). . (1.5)

1.8 The intrinsic volumes

Let d > 1 and K € K% According to Steiner’s theorem, there are scalars Vi(K),
:=0,...,d, such that
d
V(K +AB% =Y raid - Vi(K)

i=0
for any A > 0. The scalar V;(K) is called the ith intrinsic volume. They were intro-
duced in this form in [22]. The existence of these scalars and their main properties
are discussed in all the cited works about convexity (the approach in [1} is probably
the simpl;ast).

Note that Vo(K) = 1 and if dimK < i then Vi(X) is the i-dimensional volume
of K. We define 2 Va-1(K) to be the hypersurface area of K, denoted by S(K) (we
- shall justify this definition later). If d = 2 then the hypersurface area is called the
perimeter.

Let 1 < i < d and C,K € K% The function V;(K) is non-negative, continuous
and monotonic; that is, C C K yields that V;(C) < V;(K ). BdimC >:, CCK
and C # K then V;(C) < V;(K). The reason to choose the intrinsic volumes and
not aﬁother normalization (for example the Quermassintejmls in [17]), is that the

intrinsic volumes are dimension-invariant. Assume that K C E™ for i < m < d and

denote by V/(K) the sth intrinsic volume of K in E™. Then V/(K) = V;(K).
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The first intrinsic volume is linear; namely, for A, x> 0,
ViAK +pC) = AVi(K) + pVA(C).

We give an equivalent definition for the intrinsic volumes of polytopes with non-
empty interior. Let d > n > 1, C be a closed, convex set in E¢ with dimC = n,
and z € C. Then C is called an unbounded cone with apex z if for any A > 0 and
y € C\{z}, we have z + Ay — z) € C. We define

NERACLICES:S))

Kn

Note that (B =1.

By Lemma 1.4.2, for any = ¢ intP there is a unique point ¢(z) € bdP which is
the closest to © among the points of P. Hence for z € bd P, we define C(z) to be the
set of the points z ¢ intP with ¢(z) = z. Observe that C(z) is an unbounded cone
with apex z. Let F' be an at most (d — 1)-dimensional face of P and z € relintF.
Then o(C(2)) is independent of the choice of z, and it is called the external angle
v(F, P). We define y(P, P) = 1.

Let i = 0,...,d, P be a polytope with non-empty interior and F; be the set of

t-dimensional faces of P. Then

ViP) = 3 Vi(F)-1(F,P).

FeF;
We note that

S(P) =2V4a(P) = F; Vaa (F),

as one would expect.

fCUK € K%then CNK # 0§ and

Vi(C UK) = Vi(C) + VAK) = Vi(C N K).



CHAPTER 1. INTRODUCTION 24

Functions satisfying this property are called valuations. The definition of the intrinsic

volumes yields
LEMMA 1.8.1 Letd > 1 and K € K% Then

Vi(K +B%) = -L-Zz: (d _j> kd-3V;(K)

Kd-i =5 d—1

fori=1,...,d.

Let K € K¢ H be a hyperplane and K' be the image of K by the reflection
through H. In addition, denote the set of lines perpendicular to H by L(H). For

A > 0, we define
SA(K)=U{1-=2)-(InK)+X-(InK')|l € L(H) and IN K # 0}.

Then S a(K) is a compact and convex set. If A = % then Sy (K) is the Steiner
symmetrization of K with respect to H.
This symmetrization process has many useful properties. If u is one of the unit

vectors perpendicular to H then
A(Sua(K),u) < A(K,u).
The next property can be found in [17] and [21].

THEOREM 1.8.2
i) Letd>1, K € K% H be a hyperplane and K' = Sg(K) for 0 <A <1. Then

Vi(K') < Vi(K)

foranyi=1,...,d.
i) Assume dimK = d. Ifi = d then we have equality above. Ifi < d then equality

holds if and only if K is symmetric with respect to a hyperplane parallel to H.
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COROLLARY 1.8.3 (Alexandrov-Fenchel) Let d > 1, p > 0 and K € K°.
Then for 1 =1,...,d,

i) if V(K)=V(pB%  then Vi(K) > Vi(pB?),
3 V(K)i/d V(Bd)i/d ) )
i) V(K < V(B for dimK > 1.

If dimK = d then equality holds if and only if K is a ball.

We refer to this corollary as the Alezandrov-Fenchel inequality (this is a very

special case of the original Alexandrov-Fenchel inequality).

1.9 Intrinsic volumes of some specific convex bodies

We have denoted V(B%) by 4. It is well known (see [10], p.130 for an elegant proof)

that
7d/2
I(3+1)

With the help of T'(2) = /7, (1) = 1 and T'(¢t + 1) = tT'(¢), one can actually
2

Kq =

calculate x4 for any d > 0. In Chapter 4 we shall also need the recursive formula

Kd41 d  Kq-y
— . . 1.6
Kd d+1 kg2 ( )

In [3], for d > 1 the authors establish the estimate

21 K4 27
‘/d+1 < Py < ,/ T (1.7

It is easy to prove by the definition of the intrinsic volumes that for : =0,...,d,
d
Vi(BY) = () Kd
. \?/ Kd—i

Recall that ellipsoids are affine images of B?. This fact allows one to calculate

(for i = d) or estimate (for 1 < ¢ < d) the ¢th intrinsic volume of an ellipsoid.
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LEMMA 1.9.1 Letd>2,:=1,...,d—1 and M be a d-dimensional ellipsoid with
half-azes a1 > ... > aq > 0. Then

Z) V(M)=a1°...-ad-/cd,
i) agcigs-e..aq-Vi(BY < VM) < ar-...-a;i- V(B9

Let d > 2 and K be a cone with base C' and height k. Fubini’s theorem yields
that
1

V(K) ==+ h-Vaa (C).

Now we collect some information about simplices. Let C be a triangle with sides

a, b and ¢, and « be the angle opposite to a. Then
A(C)=1bcsino

For d > 2, we are interested only in the value of V;(T?), 7 = 1,...,d. As the

height of T¢ is hy = ﬂ%l, one can establish by induction that
V(Td) — ___*’H'l . 9i/?
1! '

Note that [°e™ dt = lzﬁ Hence we can define the function ~ : (=%,%) = R

with the equation

h(s)
/ eV dt = s.
0

In [18], H. Hadwiger was able to give a formula for V;(T?), ¢ = 1,...,d; namely,

d+1\i+1; :
(T — ST 2 g2, .
V(1) (z N 1) g 2% . &(d,1), (1.8)
where ®(d, s) is defined for s > 0 as

1
®(d, s) = /0 e—Ih(VRQ/ 2= yid=s gy (1.9)
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We note that the function f(t) = e~(HvT/2=0F 0 < ¢ < 1, is concave and f(t) =
f(1 —¢t). In addition, f(0).= f(1) =0 and f(3) = 1.
Let ¢ = 1/(1+2+/7e) = 0.09401 and 1 < s < {d. According to [18], we have the

(d,s) < (# ﬁl-;-‘—s) B (m# b 3)8/2 . (1.10)

With the help of these formulae, we can give bounds for V;(T'%).

upper bound

Finally we note that if
P={\u+...+Muw|0< X\ <1 for t=1...,d}

for some independent us,...,uq then V(P) = |det[us, ..., ud]|-

1.10 Lattices

Let d > 1. A discrete subset A of E¢ is called lattice if dimA = d and uxv € A
for any u,v € A. The letter A will always denote a lattice. In particular, Z% is the
integer lattice. Considering references, [16] is a handbook on this topic, and [7] is a
more accessible introduction which browses through the most important facts.

The independent vectors uy,...,us € A form a basis of A if each w € .A can
be written as a linear combination of ui,...,us with integer coefficients. The ma-
trix [us,...,uq] is called a basis matriz of A. Every lattice has some basis and let
U1, . ..,uq be abasis of A. For a linear transformation T, the vectors T'(uy), ..., T(ua)
form a basis of A if and only if T is integral and detT' = 1. In particular, the de-

terminant of any two basis matrices of A may differ only in the sign, and we define

detA = |detfu,. .. ,ud]|.
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The parallelotope
P={/\1u1+...+)\dud|0§)\; <1 for i=1...,d}

is called a fundamental parallelotope of A. Observe that V(P) = detA. The next

lemma, follows via Hadamard’s inequality.
LEMMA 1.10.1 Ifvq,...,vq are independent vectors of the lattice A in E? then
detA < i - - .- |lvdll-

To each lattice A in E? assign a basis matrix A(A) of A. Let {A,}32, be a

n=0
sequence of lattices. We séy that {An}32, convergesl to the lattice A, if there is a
basis matrix B, of each A, so that {B,} — A(A) in GL(d), which in turn yields that
{detA,} — detA. If there exists such a A then the sequence {A,}52, is convergent.

The lattice A is (e, D)-bounded for some €,.D > 0, if detA < D and [u] > ¢ for

any non-zero u € A. The sequence {A,}5%, is bounded if there exist €, D > 0 so that

each A, is (¢, D)-bounded.

THEOREM 1.10.2 (Mahler) If{A.} is a bounded infinite family of lattices then

the family contains a convergent sequence of pairwise different lattices.

A lattice A is called packing lattice if |u| > 2 for any non-zero u € A. The

following theorem is due to H. Minkowski.

THEOREM 1.10.3 (Minkowski) There evists a packing lattice A in E%, d > 1,

with detA < 2¢ . k.
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Actually, the Minkowski theorem is somewhat stronger, but this form is more
convenient for us. Finally, we quote a simple result which belongs also to the realm

of integral geometry.

LEMMA 1.10.4 Letd > 1, K € K¢ and A be a lattice. Then there ezists a point
z such that
V(K)

>
K0 (o +A)] 2 =

For a lattice A and z € E¢, the set T' = z + A is called a grid.

1.11 Packings

Let d > 1. A set {K,} of convex bodies of E* is a packing if intK; N intI; = § for
i # j. The packing is called a tiling if U{K,} = E*. Besides the works quoted in the
previous section, we refer to [5] and [26]. The book [10] is a beautiful introduction into
the two- and three-dimensional case but we concentrate rather on high-dimensional
spaces.

A discrete set ¥ is a packing set if & + B¢ is a packing. In other words, X is the
set of the centers in a packing of unit balls. Observe that every packing lattice A is
a packing set, and we call the set « + A é packing grid.

Let ¥ be a packing set and for A > 0, define
¥ = {z € S|z + B C W)},

where W) is the cube [, A]%. Note that V(W) = 2¢A%. The upper density 6,(%)
and the lower density 6_(X) of the ball packing ¥ + B¢ are defined as

: B R
msup g g and 6-(2):11/:\(2&11’ YSVER
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If 6,(X) = 6_(T) then the common value is the density of the packing (in notation

4(2)).
A packing set X is called a periodic packing set if there is a finite set {1,..., 2}

and a A > 0 so that & = {z1,...,2,} +2AZ% Then W, is a fundamental cube of the

periodic packing and we may assume that z; € W).

LEMMA 1.11.1 Let %o be a finite subset of W) with the property that & = Yo +
2AZ% is a periodic packing set. Then .

Yol Kk
o(z) = ol

Note that for any packing set & and € > 0, there is a periodic packing set ¥ such
that 6,.(X) < 6(%') + e. The packing density is defined as
64 = sup{8+(Z) | X is a packing set}.
It follows that
64 = sup{6(2) | T is a periodic packing set}. (1.11)

If A is a packing lattice then 6(A) = ag‘tiﬂ' By Mahler’s selection theorem, there

is a packing lattice Ag such that
8(Ao) = max{6(A)|A is a packing lattice}.

We call §; = §(Ao) the density of the densest lattice. Readily, we have 8 < 6.
If d = 2 then 8 = &, = 7/+/12 = 0.90689. This density is attained by the
hexagonal lattice packing. This lattice has basis vectors u and v so that conv{u,v,0}

is congruent to T2.
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For d > 3, let Dy be the sublattice of Z% defined by
Dy ={(a',...,2%) € Z%| 2 +... + 2% is even}.

If d € {3,4} then the lattice v/2 Dy determines the densest lattice packing of unit

balls in E¢ (\/i D3 is known as the face-centered cubic lattice). It follows that
b3 > 85 = 6(v/2 Dg) = 0.74048 and & > 8; = §(v2 Dy) = 0.61685.

If d is large then

2—d S gd S 5d S 2-—0.599(1-{-0((1)'

Minkowski’s theorem yields the lower bound, and the upper bound was proved in

[19].

1.12 Summary of the results

Let G2 be the set of all C,, € K% in E? such that there is a packing of n unit balls for
which the center of the balls contained in C,. In the dissertation we also consider
the subfamily H¢ of all C,, € G for which the corresponding packing can be chosen
to be a grid packing. Here we do not quote the results about HZ since most of them
are analogous to the results about GZ.

We denote by ’Pffn the minimal body in G¢ with respect to the ¢¢h intrinsic volume,
1=1,...,d; that is,

Vi(PE, + BY) = min{Vi(C, + B%)| C» € G2}.

We call a packing of n > 2 unit balls a sausage arrangement if the convex hull of the

balls is a segment with length 2(n — 1).
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The main results of Chapter 2 are Theorem 2.5.1 and its corollary. The Theorem

states that if i =1,...,d — 1 and n approach infinity then
Vi(PE, + BY) ~ Vi(B?) - 6,7 - 04,

This yields (see Corollary 2.5.2) that for s < d —1,

r(Pia) _

lim

o R(Pf,)

Some of the lemmas leading to the proof of the Theorem may have independent
interest. For example, Lemma 2.1.1 shows that not only cubes can be used in the
definition of the density of a packing.

Chapter 3 and Chapter 4 deal with packings of n < d+1 of balls. With respect to
the first intrinsic volume, the minimal bodies seem to be regular simplices. According
to Theorem 3.3.7, dimPf, > 2 for n = 3,...,d + 1; moreover, dimP{, > ;lnn if
n is large. On the other hand, if dimP{, > n — 2 then P, =T . Our probably
most interesting tool is Lemma 3.3.2 which says that ’closing’ a simplex decreases
the first intrinsic volume.

In Section 4.1, we prove (Theorem 4.1.1) that P3, = T°. The considerations in
Section 4.2 indicate that for small n, 'P;fn is probably either a segment or a regular
simplex. We compare these two arrangements for n = d+1 in Section 4.3. According
to Theorem 4.3.1, the regular simplex arrangment of d+ 1 unit balls is more optimal
than the sausage arrangement for ¢ < d®5+°( and the sausage arrangement is more
optimal for z > d°'5+‘i(1).

Probably, the questions raised in Chapters 2-4 have not been studied so far. As

a contrast, the Sausage Conjecture of L. Fejes Téth, which is the topic of Chapter 5,
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has received much attention in the past 10 years. It states that ’Pf},n is a segment
for d > 5 and for any n; or in other words, the sausage arrangment is the densest
arrangment of n unit balls for d > 5.

Let d > 5 and C, be the convex hull of n unit balls which form a packing. It
has been proved previously that if either dimC, < ¢(d) for a certain ¢(d) or C,
is almost a ball (see p.143) then the packing has lower density than the sausage
arrangement. Note that ¢(d) ~ -175 d. We narrowed the gap between the two type of
results in Theorem 5.3.2 and in Theorem 5.3.4. Namely, the sausage arrangment is
more optimal than the packing corresponding to C, if either ry)(Cr) > O(Ind/d)
or Ry(4)(Crn) > O(Ind).



Chapter 2
The ith intrinsic volume, 1 <i <d —1

In this chapter, we assume d > 2 and 1 < ¢ < d — 1 (several results also hold for
i = d, and this is mentioned where needed).

This chapter focuses on packings of large number of balls and serves as a prelude
for the third and the fourth chapters. Let C,, be the convex hull of the centers of n
unit balls in a packing, n large. We show that if the ith intrinsic volume V;(Cy + B%)
is minimal then C, is ball-like, 2 =1,...,d — 1.

We recall from Chapter 1 that a packing set X is the set of centers of unit balls
in some packing. If in addition, ¥ is a lattice or a grid then it is called a packing
lattice or a packing grid, respectively. The theme of Chapters 2, 3 and 4 originates
from the following problem :

Let ¥ be a packing set. Find non-negative numbers );, ¢ = 0,...,d, such that
for any K € K¢ and %,

Sd_:)\ﬂ/}(K) >N K|

=0

The required property of the numbers A; can be stated in a slightly different way:
Let n > 1 and G¢ be the set of all C), € K¢ such that there is a & with |[Z N C,| > n.
Then

d
inf dZ)\iVi(Cn) > n.

n€Y,, =0

Frequently one puts some restrictions on ¥ for example, it is a packing lattice

or ¥ = 2Z¢. This problem has been investigated since the late sixties mostly by H.

34
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Hadwiger, J. Wills, P. Gritzmann, and others. In spite of the effort that has been put
into these investigations, no satisfactory coeflicients are known for any reasonable
¥. That inspired us to work with the minimum properties of the individual intrinsic
volumes., and the second version of the original problem. Notice that if C, is the
segment of length 2(n — 1) then C, € G and Vi(Cy) =0, ¢ = 2,...,d. Hence we
minimize V;(C, + B¢) instead of V;(C,), for C, € G¢ and given 1 <17 < d.

2.1 Packing sets contained in a compact, convex set

Fix a K € K%. If a packing set 3 is contained in K then & + B¢ C K + B¢ and this

yields that

=) < V(K + B%)
p— /Cd M

Thus we define v(K) as the maximum cardinality of the packing sets contained in
K. In addition, 7(K) is the maximum value of n such that there exists a packing
grid T satisfying |T N K| = n. Readily, 7(K) < v(K).

As an example, consider the ball »B%. Minkowski’s theorem states that there is
a packing lattice A with detA < 2%k4. Applying Lemma 1.10.4 for A yields that

d d
5(rB%) > —2 (2.1)

O
2]
=

dq

The following lemma is a generalization of the definition of the packing density.
Assume that the inradius of K € K¢ is large and consider a packing of maximal
number of unit balls in K + B%. The lemma yields that independently of the shape
of K, the density of this packing is close to §;. Remember that in the definition of

the density of a packing, we used only cubes.
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A periodic packing by a tiling
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LEMMA 2.1.1 Let {K,,} be a sequence of conver bodies with r(K,,) — co. Then

. v(Knm) kg
g A TR, + B9 ¥
i) Jim 2 Em) ke _ o

m—co V(K + BY)
Remark: The second statement was proved, for example, in [16].
Proof: We prove i) and observe that ii) can be proved similarly by replacing 4
with 8,4, and any packing set with a suitable subset of a packing grid. Recall from
Chapter 1 that W), is the cube [—), A]¢ and has volume 2¢ - A%,

In the proof, our main tool is to consider the tiling of the space with copies of
Wy, X large, and also periodic packings determined by the tiling (see Figure 2.1). Let
K € K% such that r(K) is large even compared to A, and pack some unit balls into .
K + B? with density 6. There is a copy of W), say exactly Wy, with the property
that the subpacking of the balls whose center is in W) has density almost 6 in W4
(see Figure 2.2). This finite packing yields a periodic packing having Wy as a
fundamental cube, and consequently has density close to 6.

We will frequently make use of the following (see Figure 2.3).

Let & C 20Z¢, A > 0, and
CoCE4+WiCCy

for Cy,Cy € K% Then V(Co) < || - V(W,) < V(C1) and hence

V(Co V(Cy
o) <pmy < B2

(2.2)

Let 6 > 8;. We prove that there is a ¢ > 0 such that if r(K) > ¢ for a K € K¢

then
I/(I( ) K4

m < 0, (23)
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Tiles which are contained in C; and cover Cg
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which in turn yields by the arbitrariness of § > 64 that

. v(Kpy) -k
hnr?—folip ‘_/—(.-(—-E;n:'—B‘fi) < bg4. (2.4)

Choose 6; and 0, so that
0,> 0, > 0, > 5d,
positive € and A with the property that

X >% andr 1t >€-1-
(A+1)3 " 6, (1+¢) ™ 0’

and finally a ¢ satisfying
. D(W,\) <E-Q.

Let K € K¢ and assume that 7(K) > p. Then
D(W)) < e r(K), (2.5)

and hence K is *much larger’ than W) and has the property that there is a packing
of unit balls in K + B? with high density.

We prove that K satisfies 2.3. Assume to the contrary that

v(K) - kg
V(K + BY 2 0. , (26)

We construct a periodic packing of unit balls having density greater than g, which

contradicts the definition of the packing density. Translate K so that
r(K)B¢ C K.

Let us consider the cubes in the tiling determined by W) which intersects K (see

Figure 2.4). The union of those cubes covers K. Denote the set of midpoints of
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The tiles intersecting K
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these tiles by II; and let y € (z + W)) N K for some z € II;. It follows by 2.5 (see
Figure 2.5) that

c+Wy C y+DWy)BCK +e-r(K)B
¢ K+e-KC(1+e)(K+ B9
We have shown that if (z + W) N K # 0 then z + Wy C (1 + €)(K + B%). Hence,

I + Wy = Ugem{z + Wa} C (T +¢)(K + B%), and by 2.2, the number of tiles

intersecting K is
(1 +¢)V(K + B?)
24 \d '

By definition, there exists a packing set X; contained in K with |£;| = v(K). Those

ITL| < (2.7)

v(K) points are contained in the |II;| cubes of IIy + W) (see Figure 2.4) and hence,
one of those cubes contains at least %%l points of ;. We may assume that W) is

that particular cube, and denote by ¥ the subset of Xy contained in W). By 2.7,

WEK)  _ v(K)- 2N
L] = 0+e)V(K +BY)’

|Es| > (2.8)
The definition of X, yields that

Yo + B4 C Wi + B C Wiy.
Thus, with the help of the tiling of copies of W41, we form the periodic packing set

23 = {ZU + Ezl.’I} S 2()\ + l)Zd}

By 2.8 and Lemma 1.11.1, the density of X3 is

22| - £a
6(Xs) “—2d()\ 1)
I/(I{) . 2d)\d . Kd
~ (1+e)V(K + Bd) 24(A + 1)¢
NN,
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Figure 2.5

Any tile which intersects K is in (1+6)K

43
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This contradiction proves 2.4.

On the other hand, we prove that

.. V(K- kg
b Yk, + 59 =

(2.9)
for any fixed 0 < o < §;. Combining with 2.4, this yields the lemma. In the course
of the proof of 2.9, we redefine the quantities K, ¢ and A. We construct a packing
set of high cardinality contained in K,,, m large, using a periodic packing of high
density.

Choose a oy satisfying o < 01 < 84 and a 0 < € < 1 with

1—g)tts 2
(-t > Z

By 1.11, there is a periodic packing with density greater then oy. Let Wy, A > 0, be
a fundamental cube of it and denote by X4 the centers of the balls contained in W,.

According to Lemma 1.11.1,
AR
24 )\d

Let M be an index such that if m > M then

> 01. (210)

D(W)) <e-r(Kn) (2.11)
and _Y}%d—) >1—e. (2.12)

The conditions can be fulfilled because r(K,,) — oo and 7‘(4}‘(:;{_-:)817 is less than 1 and
tends to 1. We use the condition on D(W)) to ensure that if a cube, congruent to
W)y, intersects (1 — €)K then that cube is contained in K. Let K = Ky, for some

m > M and r = r(K). We translate K so that

r(K)B? C K.
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Suppose that a cube in the form of z + W), intersects (1 — ¢)K and y is a point of

the intersection. Then by 2.11 (see Figure 2.5),

t+Wy C y+DWy)B!C(1—¢e)K +¢e-rB?

C (1-e)Kk+eK=K. (2.13)

In the tiling of W), keeping X4 inside, consider those tiles which intersect (1 —&)K
(the situation is similar to that in Figure 2.4, only one replaces K by (1 —¢)K and
(1+¢€)K by K). They cover (1 —¢)K and hence by 2.2, there is at least ﬂ%ﬁ;&l of

them. On the other hand, they determine the packing set
S5 = {z + Zajz € 202% and (z+Wy)N (1 —e)K # 0}

which is contained in K by 2.13. It follows that

(L— &)V (K)

V(l{) 2 |25| 2 |E4| 9d \d

Combining this inequality with 2.10 and 2.12 yields that
v(K) - k4 |Z4](1 - €)?V(K) Kd
e Sl L TN .
V(K + B%) ~ 24 )\d V(K + B%)

V(K)
e CRD 7o 0

> oy(1—e)i(l—e).

v

Thus by the choice of ¢,
I/(I{) * Rg o
V(K + B =7’

which proves 2.9 and the lemma.

In Chapter 5, we use the inequality 2.3 in the following form:
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COROLLARY 2.1.2 For any o < kq/84 there is a o(c) so that if r(K) > oc)
then

V(K + BY) > a- v(K).

2.2 General and grid packings

We have seen in Section 2.1 that 7(K) < v(K) for any K € K% We give a K € K¢,
at least for odd d > 3, with the property that dimK = d and 7(K) < v(K). Up
to the point where we need the restriction that d is odd, the only restriction on d is
that d > 2.

Let T be a copy of T such that the origin is a vertex of T', and denote the other
vertices by uy,...,uq. It follows that |u;] = 2 and < wu;,u; >= 2 -2 - cos(n/3) = 2
forl1 <i<j<d Letv= %2;?:1 u; and define U? = conv{0,uy,...,uq4,v}. As
Ly, u; is the center of conv{uy,...,ug} = T, U?is congruent to the union of
two copies of T whose intersection is a common face.

By symmetry, d(0,v) is twice the height of 7', and hence d(0,v) = 2 3@}9 > 2.
Consequently the \{ertices of U form a packing set, and v(U?) > d + 2.

If z is a point of T', different from all its vertices, then d(z,0) and d(z,u;) are
less then 2 by Lemma 1.5.5, and hence d(z,y) < 2 for any y € T'. This observation
yields that the only way to have a packing set of cardinality at least 3 in U is if all
the points are vertices.

It follows that v(U?) = d + 2 and if 7(U%) = d + 2 then there is a packing lattice

A with uy,...,ug,v € A. Assume now that d is odd. Then (d — 1)/2 is an integer,
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and

d — d 1 d d
w:Zui—dzlv=Zui—dTZui=§Zui

i=1 i=1 i=1

is a point of A, different from the origin. As |w| is just the height of T, we have
lw| = \/_%Tdil— < \/-%-Z < 2. This contradicts the assumption that A is a packing
lattice, and hence 7(U?) < d + 2.

Actually 7(U?) = 5(T'?) = d+ 1. We prove it by showing that the lattice Ao with
base uy,...,uq is a packing lattice. Let my,...,mq be integers, not all of them 0.
Then for z = ¥4, myu; € Ao,

d d
2 =" miul+2 > mmj <upu; >=40_ mi+ Y, mmy).
i=1 1<i<j<d i=1 1<i<j<d
Since |z|? is a non-zero integer, divisible by 4, we have |¢| > 2. Then |y — 2| =
d(y — 2,0) = d(y, z) yields that Ag is a packing lattice.

How much smaller can 7(K) be than v(K)? We claim that there is a positive
constant ¢(d), depending only on d, such that ¢(d) - ¥(K) < #(K). The constant we
give is probably much worse than the best possible one but we are interested only
in the existence of ¢(d).

Let K € K% and U;(K) be the ¢th inner Quermassintegral of K; that is,
Ui(K) = max{V;(K N E)|E is a i-dimensional affine subspace}.

We may write 'max’ because of Blaschke’s selection theorem. U;(K) is readily mono-
tonic in K, and if A > 0 then U;(AK) = X*Ui(K). Also, by the monotonicity of the
intrinsic volumes, U;(K) < V;(K). *

We want to have some upper bounds for the ratio of V;(K) over U;(K). Here we

consider the case where K is an ellipsoid.



CHAPTER 2. THE ITH INTRINSIC VOLUME,1<I<D-1 48

LEMMA 2.2.1 Let1 <: <m and M be a m-dimensional ellipsoid. Then

Vi(M) < —= (@)U,-(M).

K Bme—i \ 2

Proof: Let M be the ellipsiod in £™ with the equation

1)2 my2
EF 2B 1 t<ans<. <a
ay A
The i-dimensional coordinate subspace z't! = ... = ¢™ = 0 intersects M in the
¢-dimensional ellipsoid N with axes aq,...,a;, and hence, by Lemma 1.9.1,
Ui(M) 2 Vi(N)=k;-a1-...-a;. (2.14)

On the other hand, Lemma 1.9.1 yields that

VilM) < Vi(B™)-ar+...-a; = fom (n,z)al-...va,-.

Km—i \ ?

Combining this with 2.14 yields the lemma.

THEOREM 2.2.2 Letd > 2. There is a positive constant c¢(d), depending only on
d, such that ¢(d) - v(K) < 5(K) for any K € K¢,

Proof: Note that 7(K) > 1 for any K € K% Hencelet n = v(K) > 2, m =
dimK < d and assume that K is contained in E™. By the definition of »(K), we

have

,

Z bm—iVi(K) = V(K + B™) 2 0+ K.

2=0
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Then Vp(K) = 1 yields ¥, £m—iVi(K) = (n—l)'/cm:, and hence thereisal <i<m

with the property that

1
o .t/ > — pu— . ’
Km—i Vi(K) 2 (n—1)kn

Finally, n—1 > %n yields that

ViK) > Sm DL (2.15)

Km—i m T 2MKp—;

By Theorem 1.5.4, there is a m-dimensional ellipsoid M such that after a suitable

translation,
McKcCm-M.
It follows that
VAK) < Vi(m- M) =mVi(3)
< :n:"_* (’:‘) U(M) < ?ﬁ:”j (T) Ui(K). (2.16)

Let

-1 -1
E(m Z) _ KiEm—i (M Km K m
’ mi Ky, \ 2 IMEp—; 2mitl \ ¢ )

Combining 2.15 and 2.16 shows that there is a ¢-dimensional section C of K with

m fom (”?)v,-(c) > fm

Ki Bm—i \ 2mKm—;
and hence Vi(C) = &(m,i)-n.
Translate K again, now in order to have the origin contained in C. According
to Minkowski’s theorem, there is a i-dimensional packing lattice A in affC with

detA < 2k;. Hence, by Theorem 1.10.4,

7(C) > Vi(C) > &(m, 1) n

T 2k T 2k
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At the moment our constant depends on m and 7. Let ¢(d) = minlsismsd{%%?}.
Then c(d) is positive and as 7(K) > #(C), it follows that #(K) > ¢(d) - n.

O

.Our estimates are very rough. For example, we essentially used the inequality

SISy ) > v(K)

=0 'm

for K € K™. A conjecture (see [14]), which may not be far from the truth, suggests
that

> ZW(K) 2 v(K)

=0 "*

for any K € K™. Here o; is Rogers’ constant (see [26]), and o; ~ 272 for large :.

2.3 Radii and the intrinsic volumes

Let K € K% In this section, we investigate how the relation between V(K) and
Vi(K),i=1,...,d —1, affects the shape of K.

Assume dimK = d. Let u be a unit vector such that the width A(K) of K is in
the direction of w. Consider a hyperplane H orthogonal to u and denote by K™ the,
Steiner-symmetrization of K with respect to H (see Figure 2.6). Thel:é exists a right
cylinder containing &* and having a base which is a translation of C' = K*N H and

height at most A(K). It follows that
V(K*) < V41(C) - A(K). (2.17)
Let 1 <4 < d — 1. The Alexandrov-Fenchel inequality can be formulated as

Vit (C) < & - Vi(C)'F,
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Figure 2.6

Steiner symmetrization
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where ¢; is a constant depending only on d and :. Substituting this inequality into

2.17 yields that

V(K" < e Vi(C)TA(K)

< o VIEY)TAK).

According to Theorem 1.8.2, we have V(K*) = V(K) and Vi(K*) < Vi(K). It follows
that
V(K) < e1 - Vi(K) T AK). (2.18)

By Theorem 1.5.3, there exists a constant ¢, with the property that
A(K) < ¢ - r(K).
Combining this inequality with 2.18 yields

LEMMA 2.3.1 Letd > 2 and 1 <1 < d—1. Then there ezists a constant ¢ such
that

d-—:l

V(K) <e-Vi(K) 7 r(K)
for any K € K.

Notice that if dimK < d—1 then V(X) = 0 and any positive constant c satisfies the
Lemma.

Let K €e Kfand 1 < i < d-1. The Alexandrov-Fenchel inequality yields
an upper bound for V(K) if Vi(K) is known. The previous lemma refines it by
taking also the inradius into the picture. Now we consider another extension of the

Alexandrov-Fenchel inequality, giving an upper bound for % in terms of the

ratio of the inradius and the circumradius of K instead of the constant %.

This result is an improvement if the inradius is much smaller than the circumradius.
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LEMMA 2.3.2 Let1 <: <d—1. Then there exists a positive constant € such that

r(K) .. (V(K)"/d)d _ L V(E)

R(K) Vi(K) ) " Vi(K)

for any K € K¢ with dimK > 1.

The inequality is readily true if diimK < d, and hence assume dimK = d. In
addition, we assume that r(K) B¢ C K and also R(K) =1 (since taking AK instead
of K with a positive A does not change the inequality). By Theorem 1.5.2, there are
z,y € K (see Figure 2.7) with |y| < |z| and

2(d +1)

d(z,y) > \| = R(K) > V2.

Hence [2| > v/2/2 because of the triangle inequality.
Consider now some (i—1)-dimensional subspace through the origin, perpendicular
to z. The intersection of the subspace and r(K)B? determines a i-dimensional cone

C having height |z| > v/2/2 and base congruent to r(K) B! (see Figure 2.7). That

cone yields that

=

Vi(K) > Vi(C) gm (Kt = e - () (2.19)

?

for the obvious ¢3. According to Lemma 2.3.1,
V(K) < ¢ Vi(E)S - r(K)
for a suitable ¢. Taking the ith power of this inequality and using 2.19 yield that

VKY < ¢ Vi) HEK) = - Vi(K)*r(K) - r(K)Y

< ¢ Vi(E)*r(K) - civ,-(K) = 2—-%(1{)%(1{).
3 3
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Figure 2.7

_An i-dimensional cone contained in K
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Since R(K) = 1, the lemma follows.

With the help of the previous lemma, we strengthen the equality case in the

Alexandrov-Fenchel inequality.

LEMMA 2.3.3 A sequence {K,} of convex bodies has the property

V(K V(B

m(Km)
Vilkn)  Vi(BY

if and only if m — 1.

Proof: Let Cp, = R—(%(;—)Km and assume that it contains the origin. Then r(C,,) <

R(Cyp) =1 and we need to show that

V(Cm)i/d V(Bd)i/d
ViCm) — Vi(BY

if and only if (Cp) — 1. (2.20)

First we establish the necessary part. Let p = liminf,,— 7(Cr). By Blaschke’s
selection theorem and the continuity of the inradius, we may assume that Cp, — C
for some C' € K¢ with r(C) = p. We note that the circumradius is also continuous
and consequently R(C) = 1.

2.20 and Lemma 2.3.2 yield that

r(0) = [limr(Cn)2 lim e (%)d

Hence r(C) > 0, which in turn ensures that V;(C) > 0. Thus by 2.20; the continuity

of the intrinsic volumes and C,,, — C yield that

V(O’)i/d g V(Cm)i/d _ V(Bd);/d
Vi(C) ~ moe ViCm) | VABY
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Now by the equality case in the Alexandrov-Fenchel inequality, C' is a ball. Hence
p =1 and r(Cp) tends to 1. |
In order to prove the sufficient part, first observe that for any convex body K,

denoting r(X) by r and R(K) by R,
V(rB4)/? < V(K)/* < V(RBY? and Vi(rB%) < Vi(K) < Vi(RB?).

These inequalities, with C,,, = K, yield that

r(Cm)' - V(B¢ _ V(Cn)'® _ R(Cw)'-V(BY)'
R(Cr) - Vi(BY = Vi(Cm) ~ r(Cn)i-Vi(BY

(Crn V(B4

Since F((E‘Tn% = r(Cp) tends to 1, YT(/;C(’_E,),%)& is forced to tend to ~ga--

2.4 Minimal bodies

Let n > 1 and G2 be the family of all K € K¢ with the property that K contains

the centers of n balls, which then form a packing in K + B®. In other words,
G¢ = {K € KYv(K) = n}.

Considering n-ball packings which are part of a grid packing, define
HE = {K € K4p(K) > n}.

Notice that H%¢ C GZ. The considerations of this section also apply for the case

i = d. Hence, let 1 < ¢ < d and 9¢, be the infinum of the itk intrinsic volume of
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the convex hull of n-ball packings, and denote by 5;'1,71 the corresponding infimum for

grid packings. In other words,
9, = inf{Vi(Cp + BY)|C, € G2}
and 9¢, = inf{Vi(Cn + BH)|C, € H2}.

Readily 9¢, < 9¢,..

Actually, one may write 'min’ instead of ’inf’ in the definitions. We argue this
for the case of gridpackings, and indicate the argument for general packings.

If n = 1 then C, may be a point and 9¢, = Vi(B%). Hence assume n > 2.
Consider a sequence {K;} of elements in H¢ satisfying

Vi(K; + B%) — 9%,.
We may assume that the origin is contained in each of the Kj;’s and that there is a
packing-lattice A; with |A; N K| > n for every j.

Our goal, using Blaschke’s and Mahler’s selection theorems, is to find K € He
with the property that 9, = Vi(K). In order to use the theorems, both {K;} and
{A;} have to be bounded. If D(K;) approaches infinity then V(K + B?) also tends
to infinity, and, by the Alexandrov-Fenchel inequality, V;(K; + B%) becomes large
and does not approach 9¢,. Thus the sequence {D(Kj;)} is bounded, and we may
apply Blaschke’s selection theorem.

Turning to {A;}, we do some preparations. Since the intrinsic volumes are mono-
tonic, we assume that

K; = conv(A; N K;),
and, taking a suitable subsequence if necessary, that dimK; = m ‘for somel <m < d.

Finally, we rotate the K;’s so that they are all contained in some Euclidean subspace
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E™. We note that
A, =A;NE™
is a packing lattice in E™.
If m < d then those vectors of A; which are not in E™ may be arbitrarily long.‘

Hence {A;} is not necessarily bounded. On the other hand, for an index j, let

vi,...,m € A; N K; be independent. Then by Lemma 1.10.1,
detA] < o] - ...« |vm| < D(K;)™.

Since A} is a packing lattice and detA} is bounded by the boundedness of D(K;),
also the sequence {A}} is bounded (in E™). Combining Blaschke’s and the Mahler’s
selection theorems yields that, taking a suitable subsequence if necessary, K; — K
and A; — A’ (see Figure 2.8), where K € K™ and A’ is a m-dimensional packing
lattice. We also have |KNA'| > n. Notice fhat A’ can be extended to a d-dimensional
packing lattice A with AN E™ = A’ Let Q;{n = K. Then Q;{n € H2, and by the

continuity of the intrinsic volumes,
Vi(Qfn+ BY) = P,
If the sequence {K;} is chosen from GZ with
Vi + BY) = 0%,

then again D(K;) is bounded. Combining Blaschke’s and the Bolzano-Weierstrass
theorems yields a subsequence converging to a 'P{fn € G4 that is, an element of G¢
satisfying

Vi(PE, + BY) = 94,
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Notice that there may be more minimal bodies in G¢ or in H¢ for a given ¢ but we
choose only one of them.
We now collect some basic properties of 'P;fn and Qf,,. Let n > 1 and note that

there exists a packing set £ C Pg, with
5] = (PL) 2 n.

Then convy: € G¢ and convy: + B¢ C Pffn + B®. Since the intrinsic volumes are
strictly monotonic on the space of convex bodies, the minimality property of 'Pzdn

yields that ’P;i,n + B? = convY + B? and consequently that
P, = convk.

If |Z| is greater than n then remove an extremal point of Pf,,, and denote the resulting
set by ¥’ (see Figure 2.9). Then for C = convX’, »(C) > |¥'| > n and C is strictly
contained in P¢,. This implies that Vi(C + BY) < Vi(P¢, + B?), which contradicts

the minimality of Vi(Pf, + B?). Therefore,
n = || = v(PE,).

Assume that & = {zo, ..., Zn-1} and 2 is an extreme point of Pf,,. If d(zo, z;) >
2 for any ¢ = 1,...,n — 1 then move & into relint 'P;fn to a position z{, so that still
d(z},z;) > 2. The convex hull C’ of the points 2, Z1,...,Zn—1 is strictly contained
in ’P;fn because o, being.a,n extreme point of ’P;fn, is not in C'; This yields the
inequality V;(C’" + B%) < Vi(P¢, + B?) which can not hold by the definition of PL...
Therefore, for every z € extP, thereis a y € ¥ with d(z,y) = 2.

Similar considerations can be applied to Q;-i,n. They yield a packing grid I' such
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Figure 2.9

A minimal body and the corresponding packiﬁg
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that o = I' N Qf,, satisfies »(Q%,) = |To| = n and Qf, = convZ, (the assertion
about the extreme points of ’P;fn may not have an equivalent for Q;-i’n).

Next, we give some bounds for 9%, and 5;-{,1. As a reference, we mention that

Vi(BY) = (‘.l) i

t) Kd—i

THEOREM 2.4.1 Let1 <:i<dandn > 1. Then
Vi(BY) - n'l? <98, < ¢, < 8- Vi(BY) - n'l.
Proof:  Any C, € G¢ has the property that
V(Cn + B > n- V(B = V(n*BY).
Hence the Alexandrov-Fenchel inequality yields that
Vi(Cn + BY) > W(nl/dBd) = Vi(BY) - nild.

Turning to the upper bound, define r = Ind > 2. According to 2.1,

d

17(7'Bd) > T

__.51'=n)

which yields that rB? € H;il. It follows, by the definition of r, that
94, < Vi(rB+BY) =Vi(BY) (r+ 1)f

9y ifd

Pt

= Vi(BY)-(r+1)'-
In the final expression, r > 2 yields that

s 9. ,
(r+1) -2 =(+2) <3, (2.21)
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and the upper bound is established as well.

One can easily improve the bounds for large n. For example, since r = ont/d

tends to infinity, 2.21 also yields that
U < 2+ e(n)) - Vi(BY) - nl?

where ¢(n) — 0. But in the next section, at least in the cases : = 1,...,d — 1, we

give even the exact asymptotic behavior of ¥¢, and 9¢,..

2.5 Packings of large numbers of balls

In this section we exclude again the case 2 = d. We mention later why the consider-
ations do not apply for this case.

Let 1 < i < d—1 and r(n)B? be the smallest ball contained in G¢. We prove
that for 7 = r(n), the density of the n-ball packings contained in rB¢ + B? tends to

64. In other words,
n-V(B9)
V(rB¢+ B?)
Taking the (:/d)th power yields, after some rearrangement, that
V(rB? + B%)i/d
V( Bd)i/d

~ bq.

~ il 578, (2.22)

Observe that for p > 0,
V(pBY/¢ _ . _ Vi(pBY)
v(BHE T B
Substituting this into 2.22, with p = r + 1, results in

V;’(TBd + Bd) ~ nz‘/d V;'(Bd) 5d—.i/d-
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We prove, with the help of the Alexandrov-Fenchel inequality, that r(n)B? is a good

approximation for Py, (or for QF,); that is,

THEOREM 2.5.1 Letd > 2,1 <1 <d—1 and n approach infinity. Then
) VB8,
i) gﬁn ~ V;(Bd) ) gd—i/d il

Proof:  We present the proof only for i). It can be done similarly for ii), with the

natural change of notions. The definition of r(n) is equivalent to
r(n) = min{r|v(rB%) > n}.

Readily r(n) tends to infinity, and we may assume that n is large enough to ensure
r = r(n) > 3. Observe that v(rB?) may be greater than n.. Yet, as we prove it
soon, v(r(n)B?) ~ n.

There exists a packing set X, contained in r(n)B?, with the property that |X,| =
v(rB?) > n. Denote by ¥/, the set of those points in X, which are not in (r — 1)B*

(see Figure 2.10). Then

S +B4C (r+1)B¥\(r—2)B% and
V((r+1)B%) — V((r — 2)B%)

Kd

=] < =(r+1)*—(r—2)%

Since |2, N (r — 1)B%| < n by the definition of r(n), we have
v(rB) < n+ (r+1)% = (r - 2)%,
which in turn yields

v(rBY) — (r+1)% + (r — 2)? < n < v(rB?). (2.23)
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Figure 2.10

The points of Y in r(n)BY
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Observe that
. (r+ 1)~ (r—2)?
lim = 0. 9.
It is time to recall Lemma 2.1.1. It follows that
d
lim TB) ko (2.25)

which is equivalent to

Combining this fact with 2.23 and 2.24 yields that

. n

Thus, by 2.24, we have proved that v(rB%) ~ n. It also follows that we may replace
v(rB%) by n in 2.25; that s,

d
lim '177(29—‘2'(573% = 62. (2.26)
We note that 2.25 refers to the density of n-ball packings in r(n)B* + B¢ .
Now let us consider ’Pgn and denote 'Pffn + B¢ by D,. Observe that V;(D,) <
3¢ . Vi(B%) - ni/? by Theorem 2.4.1 and V(D,) > nky. Substitute these inequalities
into

V(Dy) < ¢+ Vi(D,) T (D)

of Lemma 2.3.1. This results in
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Since r(Dn) = r(P{,) + 1, the previous inequality yields that lim,c r(Pg,) = oo
This enables us to use Lemma 2.1.1 with K, = ’Pffn. It follows, by ¥(P¢,) = n, that

d
i V(B*%)

L W—)_— = 5d- (227)

Here we pause for a moment, in order to indicate why our proof breaks down in
the case ¢ = d. The reason is that for C, € G¢, the condition V(C,, + B*) < ¢;-n
where ¢; is a constant independent of n, does not force 7(Cy) to tend to infinity.
For example, if C, is the segment S, with length 2(n — 1), then r(n) = 0 and (see
Figure 2.11)

V(Cpn+ B%) < k41 -2 n.

(Actually, according to the Sausage Conjecture which is discussed in Chapter 5,
possibly Pj,n = 9, for d > 5 and any n > 1.) Hence we can not use Lemma 2.1.1
which is the tool to relate to the packing density:

After these remarks, let us continue our argument. We combine the information

about D,, and rB?+ B¢,

Observe that V(VédD_l’_‘l)gd) is Vg_ gd_'i_ gd) divided by —1———”‘}2}; ‘; . Thus 2.26 and 2.27 yield
. V(D)
— 2.28
'r}—-»oo V (TBd + Bd) =1 ( )

Take the (i/d)th power in 2.28. By definition, V;(D,) < Vi(rB? + B%), and hence

V(Dn)*  Vi(rB®+ BY)
__. > 2.2
bt BT B T iy 2 (2:29)

which in turn, simplifying by (r + 1)}, can be written in the form

V(D V(BT
> .
BB D = WEY
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CY N
A

Figure 2.11

The cylinder containing the sausage S,+Bd
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On the other hand, according to the Alexandrov-Fenchel inequality,

V(Dn)i/d < V(Bd)z'/d
ViD) ~ Vi(BY)

It follows that
V(Dn)i/d B V(Bd)i/d

lim VD~ V(B (2.30)
We mention that the analogous statement
V(0¢ 1 Bd)ild dyi/d
lim (9%, + BT _ V(B (2.31)

e Vi(QF, +BY) — Vi(BY)
can be proved similarly.

We now work backwards from 2.30 and obtain, instead of 2.29, that

ifd (o d d
lim V(D) Vi(rB* + B%) _

=00 V('I‘Bd + Bd)i/d * V;(_Dn) 1.

Hence, by 2.28,
. Vi(rB*+ B%)
lim ————+ =

n—+00 V"z(-Dn) L.

As we have already noted in the beginning of this section, 2.26 can be written as

n - V(B?)

Ve B9 ~ 0

which in turn yields that
Vi(TBd + Bd) ~ V;'(Bd) 5d—i/d ni/d.

Since Vi(rB¢ + B%) and Vi(D,) have the same asymptotic behavior, the theorem

follows.
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With regard to Theorem 2.5.1, we note that V;(B?) = (‘f) —£4- and

Kd—i

90-599i(1+e(d)) < §.~i/d < 5d_i/d <2,
where e(d) — 0.

COROLLARY 2.5.2 Letd>2 and1<:<d—1. Then

. r(Qf)
= lim

=1.
e R(PE,)  me R(Q)

Proof: It follows by 2.30 and Lemma 2.3.3 that lim, e ;4(%’3 =11for D, = ’P;fn +
B¢. Since R(D,) = R(P¢,) + 1 and r(D,) = r(Pf,) + 1, we have

o TPE)+T
oo R(PL)+1
Notice that n kg < V(Do) < R(D,)?V(B%). Hence R(Dy), and consequently also

R(P{,) = R(Dn) — 1, tends to infinity, which in turn yields

. 1(Pfa)
lim ——<=1.

+% R(PL,)

One uses a similar argument for Q;-{n, only in this case it is based on 2.31.

O

2.6 Some remarks about the case of few balls

The considerations of this chapter show that if n is large then in order to optimize
the 7th intrinsic volume of the convex hull of an n-ball packing, the balls should be

packed as clusters, 1 = 1,...,d — 1. What is the shape of ’Pffn when n is small, say,
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- n=d+17 Does P{fd +1 equal the regular simplex T with edge length 2, or maybe the

segment Sgy1, ¢ = 1,...,d — 17 The upcoming two chapters are mostly concerned

with these questions.



Chapter 3
The first intrinsic volume

Recall that the first intrinsic volume is linear. This property helps us to gain some
more specific information about the the minimal properties of finite packings with

respect to the first intrinsic volume.

3.1 General properties

In Section 2.4 we defined G¢ as the family of all C, € K¢ which contains the centers
of some n-ball packing. The minimum of the itk intrinsic volume of the convex
hull of the balls is denoted by ﬂfm for 1 = 1,...,d. If the packing is part of a
gridpacking then C, € M2, and the corresponding minimum for H¢ is denoted by
792!,7»- We chose some minimal bodies Pf,n and Q;{n, which have the properties that
Vi(PL, + BY) = 0%, and Vi(QY, + BY) =02,

By the linearity of the first intrinsic volume, Vi(K + B%) = V41(K) + Vi(B?) for

K € K¢, and it follows that

We also saw in Section 2.4 that ’Pflm = conv{zi,...,z,} for some packing set

{z1,...,2s}, and hence
Vi(P,) = min{Vi(conv{zy,...,z})[{21,...,2a} is a packing set}.

Let n = 3,...,d + 1. Observe that dimC, < n — 1 for C, = conv{zy,...,Z,}, and

72
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SO We may assume that ’P{{n = {‘;1. As a consequence, it is sufficient to examine
Pi -

Recall from Chapter 2 that ’P{l,n is very much ball-like if n is large compared to
d. The shape of ’P{fdl_l_l seems to depend on 7. In Section 4.3 we will prove that the
sausage arrangement becomes more optimal against the regular simplex arrangement

as ¢ increases; that is,

V;,(Td 4+ Bd) < W(Sd-}-l + Bd) if i< B(d),

Vi(T?+ B%) > Vi(Sap1+ BY) if i > B(d),

where Sqy1 € G4, is the seqment of length 2d and log, B(d) ~ log, Vd. We be-
lieve that Pf,,, = T¢, and the main goal of this chapter is to prove some results
supporting the conjecture.

But first we have a look at Vi(P{,) for general n. Theorem 2.5.1 and 9, =

VA(P{,) + Va(B?) yield that, as n tends to infinity,

Vi(lpﬁn) ~ 19C1l,n ~ 5'1—1/d : %(Bd) ‘ n_l/da
and similarly

VA(Q4,) ~ 04, ~ 87 VA(BY) - n e

If n = 1 then P{, and Qf,, are just a point.If n > 2 then P{, contains a segment of
length 2, and readily
2 < V(PLn) < VA(Q1,).

LEMMA 3.1.1 Letd>2 and n > 2. Then

VA(PE,) < Va(Qf,) <2- Vi(BY) - n~H4,
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Proof: Let r = 2n~%?¢, Then 2.1 yields #(r B?) > g; = n, and consequently that

rB¢ € He. Tt follows that

Vi(Q4,) < Vi(rBY) =207V . Vi (BY).
1,

The upper bound is probably close to being accurate when 7 is large. We note
that some prominent geometers (see [7]) believe that the order of log, 64 is —d.
Assume that this is true, and let d be large. Then 5,1_1/ ¢ is approximately 2, and
hence Vi(Q¢,,) is approximately 2 - V4(B%) - n=1/4,

In the rest of the chapter we consider Pﬁn when n is small; namely, 3 <n < d+1.
Let C,, € G2. Our impression about the behawIior of the first intrinsic volume, roughly
speaking, is that the smaller the diameter of C, the less the first intrinsic volume
of C,. Hence we prove in Section 3.3 that Vi(C,) > VA(T™1) if dimC, is small
compared to n; namely, either dimC, = 1 or n is large and dimC, < %ln n. We
note that there is some C, such that dimC, is approximately Inn and Vi(C,) is
close to V4(T™1). With these results we turn to the case dimC,, > n — 2. We prove
that if V4(C,) is a local minimum on G¢ then C, = T™'. Finally, we establish that
Pi, =T forn=3,4,5andd>n—1.

First we prove that, as d tends to infinity,
Vi(T?) = (2v27 + o(1))VInd. (3.1)
As Vi(P,) < VA(T™1), it follows that, for d > n 1,

Vi(PL,) < (2v27 + e(n))Vinn,
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where £(n) tends to zero when n tends to infinity.

3.2 The value of V;(T9)

By the Landau symbol o(1), we denote functions which tends to 0 as d tends to
infinity.

Recall from Chapter 1 the function k(s), —% < s < § is defined by the property
that %) e~ dt = 5. Let g(t) = h(y/T(1/2 — 1)), 0 < t < 1, which then satisfies

(t) h(v/m(5~1))
/y e"szds=/ 2 e 3—\/_(-——t)———\'/:——\/_t
0 0

Note that g(t) = —g(1 — t) by h(s) = —h(—s). By means of 1.8, we have

Vi(T?) = (d; 1) .2-4/2-8(d,1) = V2d(d + 1) - ®(d, 1),

where ®(d, 1) = [} e 191 dt. We prove that

B(d,1) = (207 + o(1) Y2 (3.)

which in turn yields the required formula

V(T%) = V2d(d+1) - (27 +o(1 ))\/;—— (2V2r + o(1))Vind.

Before focusing on 3.2, we derive a simple upper bound for V1(T?), which we also

need in the following section. Observe that

1
_ 92 () 4d—1 d-1
8(d, 1) / t dt</t dt =1,
which in turn yields that
1
Vi(T%) < V2d(d +1) - <= V2d +1). (3.3)
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We start with some basic formulae. Let ¢; and c; be real constants, ¢; > 0 and

s tend to infinity. We note that by L’Hospital’s Rule:

i) lim ¢tlnt =0 iv) (1 - ln_s) oL
t—0+ S S
ii) ,sl_i}(r)lo 1:; =0 V) \/lns +clnlns=(1+0(1))Vins

i) - —-1—+o(—1-) vi) (1— ! ) 1
(s+c2)(s+es) 82 s? slns
Let 0 < ¢t < 1. Since &(d,1) = [} e~ ®¢d-1 d¢, first we give an approximation
for e=9"®) if ¢ is close to 0. Since g(t) = —g(1 — t), this yields an approximation for

e=9°®) also if ¢ is close to 1.

3.2.1 Approximating e=9"(®)

Let 0 < t < (3ey/7)~". First we define two functions o(t) and B(t) which satisfy
B(t) < g(t) < a(t). Since the function 2 e~*" is strictly decreasing, there is a unique
s > 1 with the property that e~ = /7t for 0 <t < (3e/m)™". Hence we
define a(t) > 1 with

e-—a2 %) 1

m=ﬁt, 0<.t<36\/—7{_‘”

The identity

_2 _s2
i —€ -2 + e S e~ 52
ds 2s e 252
) 2 o d —6—32 e‘°‘2
yields that /a e ¥ ds < /a 7 ( 5 ) ds = o
It follows that

/ata"s2 ds =3/°°e"s2 d:s—/ooe‘s2 ds = ﬁ——/we—szds >
0 0 o 2 o

T e
- 2

%
B
D
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Recall that ¢(t) is defined by
®)
/g e"szd.s:ﬁ—-\/;r't.
0 2

We conclude for g(t) that

a() o

/q e~ ds = \/—7?—\‘/7?t</ e"Sst,
0 2 0

and hence ¢(t) < a(t).

—s? 1

If s > 1 then the function = 5T e~ is also strictly increasing. By

prls
0 <t < (3ey/m)7", there is a unique s > 1 with 577 e~" = \/mt. Hence we define

B(t)>1 as

Bl) _guy _ 1
__2ﬂ2(t)+1e P = /rt, u0<t<3e\/7?'

We note that B(t) tends to infinity as ¢ — 0. If s > 3 then
282 +1 1 1 28241

v —2+3_2<2+E_T.

It follows that

d { - p? e e g2 28241 _2  _p
— = 2¢7° + = s e’ <e?,
ds \282+1 s 2%+ 1 52 262 +1 s?

and we deduce that

© 2 od [ —f2 e\, p e B,
/ﬂe ds>/ﬁ E<2ﬂ2+1 s)ds_2ﬁ2+1 5 —2ﬂ2+1e .

This inequality yields that

/Oﬁe_szds = /Oooe"s'zds—-/ﬁooe"yds:—g—/ﬁwe'ﬁds
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Consequently,

® 8
/g e~ ds = g — /Tt > / e ds,
0 0

and hence ¢(t) > B(t). In summary,

1
B(t) < g(t) < aft) for 0<t< Ser
The defining equalities of o(t) and B(t) can be written in the form
—a?(t) -p(t) 1
e e
N B VY- O 2 ) (84

for 0 < t < (3ey/m)" . Since e~ is a strictly decreasing function and B(¢) <
g(t) < a(t), 3.4 yields that
PPN
2V/rtg(t) 26%(t)’
and hence by lim;_o+ B(t) = oo,

e_gz(t)

lim

t—0t

The formula 3.5 is equivalent to
tlirg}r(——g2(t) —In(2y/7) —Int —Ing(t)) = 0.

Observe that —Int tends to infinity as ¢+ — 0%, and so ¢(t) also tends to infinity as

t — 0F. It follows that

lim
t—0+

(_1 _In(2y/m)  —Int lng(t)) o,

gt  g(t) g%t

which in turn yields that
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Hence lim;_,g+ % =1, and combining this With 3.5 results in
e—gz(t)
lim =1.
10+ 20/7 - tv/—Int

Now let 1 — (3e/7)™! < ¢ < 1. Since g(t) = —g(1 — ), we deduce that

e_gz(t)
lim - =
=17 2/ - (1 — )3/~ In(1 — 1)
which in turn yields that

P = (/7 + () (1 — )/~ In(1 — £), (3.6) -

where lim;_,1- &(t) = 0. Actually, we may assume that ¢(¢) is defined for any 0 <

’

t< 1.

3.2.2 Some observations on ®(d,1)

Recall that we wish to prove

1 2
®(d, 1) =/ e~ 9 pd=1 gy — (2v/7 + 0(1))\/;2161-
0

The dominant part of the integral is between 1 — —h‘f and 1 since e=¢"® < 1 and by

iv),
nd
d

1-Id 1~ 1 Ind\* 1
—g2(t) 4d—-1 < d-1 g2 _ — el — (_) .
[ errtas [T i = (1 - ) 0(%);

Ind
that is, [y~ ¢ e~9°®4-1dt is small. The formula 3.6 yields that

®(d,1)

1 1-nd
e~ (a1 gy 4 4 emat (-1 gy
1-lnd 0

B /1:&1(2‘/7?"‘5@))(1 —t)mtd—1 Q40 (%)
= 2FA@+ [, )0~y a+0 (),
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where

A(d):/lim_d(l—t) ~In(1 —t)* dt.

d

Defining p(d) = sup;_mna ;o le(2)], we have

<ud [ e T

Since limy_,1- &(t) = 0 yields that limg_,co t(d) = 0, we deduce that

/:_ e(t)(1 —t)y/—In(l — t)t* " dt

d

B(d,1) = (2v/7 + o(1))A(d) + O (%) . (3.7)

Before estimating A(d), we evaluate a frequently used integral. Let 0 < a <b <1

and m > 0. Then

/1 T -t dt /1 T ym gy /1 Tt gy

—b b L
(1 — )™+ (- by - Q)™ (1 — byt

m-41 m-4+1 m 4 2 m+ 2
1 1—a

= (-am™ <m+1 —m+2)

1 1-5
—(1 — pym+1 —
(1-0) (m+1 m+2)'

We use this in the form

/11—a(1 —ttmdt = (1—a)™* 1+ a(m +1)

“b (m + 1)(m + 2)
—(1 - bym+ (771111’1()’?;4_1)2) . (3.8)

First we give a lower bound for A(d). If 1— % <t <1 then

V—In(1—1) > \/—lnl—lili =+vhd—Inlnd = (1 +o(1))VInd.
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It follows by 3.8 that
1
A(d) > (1+o(1))Vind /1 (1 £)t91 dt
d
= (1+0(1)Vind (——-—1 - (1 - h;d) 1+lnd) .

dd+1) d(d+1)

Observe that by iii),

and by iv) and ii),

(-5) =0 o(F) =0 (¥) =)

Thus ,
A(d)z(1+o(1))\/m(% (;2)) (1401 ))Jf. (39

Finally we determine an upper bound for A(d) which is of the same order as the

lower bound.

3.2.3 Upper bound for A(d)
We write A(d) as ‘A(d) = A1(d) + Az(d) where
Ai(d) = /11 d&d ¢ —t)\/—Tn(i__td‘l dt
and Ag(d) = / e (1 —t)y/—In(l — ¢) " dt.
First we estimate A;(d). If f() = (1 — t)m and 1 — 7= < ¢ <1 then

/ — — _n — — Cl. 1 . 1
F) = —/—In(l 9+1-93 T
1
= RO (g =) <O
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Hence f(t) is maximal for ¢ =1 —

(1 —1t)y/—1In(1

1
dlnd?

dlnd\ dlnd

for 1 — —-1;- <t < 1. It follows that

Ai(d)

Il
—

¥

ind

(1__

&.l'—‘
&.I'—‘

/—In(l —1t)

It follows that

A = [ 1

< vlnd+lnln/ dlnd

Ry A g )td—ldt<d/

-)-

Turning to Ay(d), first observe that as ¢ — 17, the function |/—In(1

increasing, and hence for 1 — li;—d <t<1l-

—ln

-
dind?

dlnd

d

1

dz

:T‘u —{)y/—In(1 — )t dt

= vInd+Inlnd ,-A3(d,

where

As(d)

1

/l—dl_nd
- Ind
1-4F

(1-1)

By 3.8 and the asymptotic formulae iv) and vi),

1
Aald) = (1_d1nd

= (o) (14:5)-

)l (-

ad+1

1

41 dt.

which in turn yields that

1nd+ln1nd

9..

141 dt

lnd

=+Ind+Inlnd.

t) ¢4t dt

Ind

Ind\* 14
d

da+n ° (%) '

dd+1)

141Ind
d(d+1)

82

(3.10)

—1) is
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Note that

1 1 1 1+Ind Ind
_—+o(——) and M—O(-&T),

and hence by ii),

1 Ind 1 1 Ind

asd) = o) +0(3) 0(7.72‘)—7“(25)‘*0('33—
1
d2

- g+o(3)+o(5) = rowz

)

As vInd+Inlnd = (1 +o(1))VInd by v), for Ay(d) we have the estimate

vind

Ax(d) < (1+0(1) %55

Recall that according to 3.10, A;(d) < . Thus

Vind

A(d) = Ay(d) + Az(d) < (1 +0(1)) =

which in turn yields by 3.9, that

A(d) = (1+o(1))

Finally, by 3.7,

8(4,1) = (V7 -+ o)A + 0 (%) = v+ o) YL,

and hence 3.2 yields that

VA(T?) = v2d(d + 1) - (27 + 0(1))‘/;’;_3 = (2v27 + o(1))VInd.

O
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3.3 Minimal simplices

First we prove that dimP,ffn can not be very small compared to n. We have seen

in Section 3.1 that in order to gain information about Pf,, n = 3,...,d +1, it is

sufficent to consider Py ;.

LEMMA 3.3.1 Let d > 2. Then dimPy 444 > 2, and if d is large then dimPigy >
% In(d+1).

Proof: Let C € G&,,. We prove that if dimC = 1 or if d is large and dimC <
1 In(d + 1) then V1(C) > VA(T*). Since V(T 4) > Vi(Pi441) by definition, it follows
that C # Pi 4.

Let dimC =1, and so V4(C) > 2d. Note that

VA(T?) = 3 < Vi(C)
for d = 2. If d > 3 then v/2(d + 1) < 2d. As Vi(T?) < v2(d + 1) by 3.3, we have
VA(T%) < v2(d + 1) < 2d < V1 (O).
In summary,
VA(T?) < Vi(C) (3.11)

if d > 2 and dimC = 1, and hence C # P{ ;4.

Now let 2 < m < Lln(d+1) and C € G};. Then Vin(C + B™) > Vu(B™) -
(d + 1) because one may pack d +1 m-dimensional unit balls into C + B™, and the
Alexandrov-Fenchel inequality in E™ yields that V4(C + B™) > Vi(B™)- (d+ Hm,

We deduce from the linearity of the first intrinsic volume that

Vi(C) = Vi(C + B™) = Va(B™) > Va(B™)((d + 1)/™ - 1).
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By 1.7, we have the estimate

" KEm / 27 / m .
Vi =m- - . = /o7 - | —— - /m.
1(B ) m p _1>m 1 T 1 m

Note that ,/ﬁ-i > \/g because m > 2. Thus

2ﬁ 1/m
%(O)>—\/—§—»\/E-((d+1)/ ~1).

The function t4/2((d + 1)*/* — 1) decreases on the interval (2, 3 In(d + 1)), since
its derivative is

d _ ' 1
L@ 1) = B4 DY D) 4 (—ﬁ) In(d+1) - (d+ 1)
< L@ 1) 72 n(d + 1) - (d+ 1)

= 7+ 1)V (1 = ————mn(‘iJF 1)) <0
by 1“—@:'—11 > 2. It follows that
24/7 2 V2T, )2
Vl(O) > -—\/—gﬂ% ln(d-l- 1) ((d-l- 1)1“(‘”'15 — 1) > 7—3—'(6 @) warn 1)V1nd
2 —
= e\/?jl\/ﬁ;\/lnd > 3v27 - Vind.
On the other hand, V4(T?) ~ 2v/27vInd by 3.1. Observe that Vi(T%) < VA(C)

if d is large, and hence C' # P{ ;.

Remark: Actually, using bounds of the type Vi(Pyyy) = Vi(B™) - (d + 1)t/m,
one can not gain much more information about the dimension, of P{i’d +1- Let d be

large and m = [2In d]; that is, the integer part of 2Ind. Note that

Jim (d+ 1)™ = lim dPTT = \/e.
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It follows by 1.7, that as d tends to infinity,

V(B™)=m- fm o wm- ?T-nz=V27rm~2\/;r-\/1nd.

Km-1

Let r = 2(d + 1)/™. According to 2.1, #(rB™) 2 £Z = d+1, and hence
Vi(Pn) < A(rB™) = 2(d + 1)V (rB™) ~ 2Ve - 2V/mVInd.

As 2 = 2.33164 and Vi (T*) ~ v2-2/7v/Ind, it follows that Vi(Puys) < 3 VA(TY)

if d is large enough, or in other words, V1(Py,) is close to V(T 4.

Now we turn to the case when dimC > n—2. As we mentioned earlier, probably
’Pﬁn =T n=3,...,d+1. With the help of some lemmas, we prove that (T 1)
is a local minimum, and if dimP{¢, >n—2 then P{,=T""ford=n—1. We
conclude the section showing that P7, = Tl forn=3,4,5and d >n—1.

Let d > 2, K = conv{zo,...,z4} have dimension at least d — 1 and denote
aff{z,,...,z4} by g. We say that g is an azis of K if either dimK =d or dimK =
d—1, dimg = d — 2 and g strictly separates zo and z; in aff K. Assume that g is
an axis of K, and let H = aff{z1,...,2q4}. Observe that H is a hyperplane in E? as
z1 € g, and denote by H™ the halfspace of E¢ determined by H and containing zo.
By rotating z; towards zo around g we mean a rotation of z; around ¢ into intH*.

Note that this rotation brings z; closer to zo. Let II be the plane through z
perpendicular to g, and y be the orthogonal projection of zo onto II (see Figure 3.1).
Then d(zo,z1)? = d(z0,y)? + d(z1,¥)* and @ stays in II throughout the rotation.
As the rotation decreases d(z1,y) in II, it also decreases d(zo, z1).

The following lemma has a key role in the future considerations.
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Figure 3.1

| Rotéting around an affine (d-2)-space

87
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LEMMA 3.3.2 (Bending) Let d > 2, K = conv{zo,...,za} with dimK > d —
1, and g = aff{zs,...,zq} be an azis of K. Then rotating x1 towards xo strictly

decreases Vi(K).

Proof: Denote by y; the new position of 21, by H the hyperplane perpendicularly
bisecting the segment conv{z1,y1}, and let H* be the halfspace containing y; (see
Figure 3.2). Observe that ¢ C H, and that o € intH by d(y1,z0) < d(21, To).

For any z € E%, let (o(z) be the image of « by the reflection through H and let

Yo = ¢(zo). The sets

!
K' = conv{yo,y1, %2, - ., Zd}, M = conv{zo, Y1, T2, - -, Td}

and M' = conv{yo, Z1,T2,...,Ld}

satisfy K' = o(K) and M' = (M), and the lemma states that V(M) < Vi(K).
By the linearity of the intrinsic volumes, Vi(M) = Vi(Mo) and Vi(K) = V1(Ko)
for My = (M + M') and Ko = 3(K + K'). We prove that Mo is strictly contained
in Kp, which in turn yields that V4(M) < Vi(K).
The points ug = %(mo +41), vo = 3(yo+ 1), w1 = %(mo + 1) and v; = %(yo +y1)

satisfy v; = ¢(u;), 1 = 0,1. These points occur in the sets

o = %({mo, L1522y .. ,wd} + {y0> Y1, L2544+, (Dd})

and oM = %({woayla L2900y md} + {yO, L1;L2y 00 7wd})'

We note that Ky = convox and My = conv oy, and that ox\oy = {uo,vo} and
om\ox = {u1,v1}.
As y; = @(z;), we may consider the trapezoid conv{zo, Yo, 1, 11}, and the line [

which is parallel to aff{z;, y;} in the plane aff{zo, y0,z1,%1}, ¢ = 0,1, and have the
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Figure 3.2

The Bending of a simplex
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same distance from aff{zo,yo} and aff{z1,y1}. Then [ passes through u; and v;,
i = 0,1, and the points uo and vp lie on the boundary of the trapezoid. We deduce
that ui,v; € conv{ug,vo}, and since u; and vy are the only points in om\ox, we
have My C K.

Tn order to establish the strict inclusion, assume that H contains the origin and

let w be the unit normal vector to H pointing into H¥. Define p as

g = max{< w, o >,< w,y1 >} = max{< w,z > |z € M}.

Any 7z € Mo can be written in the form z, = -12-(z + 2') for some z € M and

2 € M'. Thus < w,z >< 0 and < w,z >< p yield that
<w,zg>=Li<wz>+i<wd><Zp
» “0 2 3 2 ) - 2/'
On the other hand, as < w,zo > and < w,y; > are positive and one of them is u,
<w,vp >= 1 <w, o >+ < w1 > > T I

which in turn yields that uo € Ko but ug ¢ Mo. Therefore M, is strictly contained
in Ko, and so V1(K) < VA(M).

As the first application of the Bending Lemma, we prove that

THEOREM 3.3.3 Let d > 2 and n = 3,...,d + 1. Then Vi(T™™') is a local

minimum on G2.

Proof: Let K = conv{z1,...,za}. If d(z;,z;) tendsto2forany 1 <:<j<n then
K tends T 1. Thus we may set a ¢ > 0 with the property that if 2 < d(z;,z;) < 2+¢

for any 1 <17 < j < n then dimK =n — 1.



CHAPTER 3. THE FIRST INTRINSIC VOLUME 91

Let U be the family of all ¢ € G¢ with D(C) < 2+ ¢&. Then U is a closed

neighbourhood of 771 in g;f, and there exists a Cp € U with
V1(Co) = min{V41(C)|C € U}

by Blaschke’s selection theorem. There is a packing set {z1,...,%.} C Co. The
points satisfy 2 < d(z;, ;) <2+efor 1 <1 <j <, and hence dimK = n — 1 for
K = conv{zy,...,2,}. The minimality of ¥1(Co) and K C Co yield that K = Co,
and hence we may assume that K C E"™1.

Assume that, say, d(z1,23) > 2. In E™', rotate ; around aff{zs,...,%a}
towards zo so that still d(z},zs) > 2 for the new position zj, and let K’ =
{2, 23,...,2n}. Then Vi(K') < Vi(K) by the Bending Lemma. Since K’ € U, we
have contradicted the minimality of V4(Cp), and hence d(z;,z;) =2for1 <t <j<n

and Cgp = 771,

Let n = 3,...,d+1. In order to prove that ¥;(T™ ') is the unique local minimum
of 4(C), C € G2, with the property that dimC > n — 2, we need the following two

lemmas. Recall from Section 1.5 that
he =1/4 — R(Td"l) = g(i}-i) > \/§,
where hy is the height of T%, and that R(T%) = /2% < V2.

LEMMA 3.3.4 Letd >n > 1, K = conv{zy,...,2,} be congruent to T™*, zo €

E¢ and d(zo,x;) > 2 fori=1,...,n. Then d(zo,y) > V2 for anyy € K.
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Proof: We proceed by induction on n. If n =1 then K = {1} and d(zo,21) =
2> /2.

| Let n > 2 and assume that for any smaller value of n the statement of the
Jemma holds. Let y be the closest point of K to zo. It is sufficient to prove that
d(z0,y) > V2.

If y € relbd K then we may assume that y € conv{zy,...,Zm}, 1 <m < n.
As conv{z1,...,on} is congruent to T™, the induction hypothesis yields that
d(zo,y) > V2.

If y € relint K then Lemma 1.5.5 yields that there is a vertex of K, say z1, with
d(y, 1) < R(T™"). By Lemma 1.4.2, the line aff{y, o} is perpendicular to affK,

and hence

d(y, v0) = \/d(w1,20)? — d(z1,4)? = /4 — R(T*)? = ha > V2.

O

Actually the same proof shows that the conditions of Lemma. 3.3.4 yield d(y, o) =
hn — /2!n+1!.
LEMMA 3.3.5 Let d > 1 and {xo,...,%a41} be a packing set which spans E<,

Then the set has two points, say, zo and z1, such that d(zo,z1) > 2 and H =

aff{zs,..., a1} s a hyperplane which strictly separates zo and 1.

Proof: 'We proceed by induction on d. If d = 1 then we may assume that
separates o and 1, and readily d(zo,z1) > 2.
Assume that d > 2 and the statement of the lemma holds if the dimension is less

than d. If the points are not in general position then d+1 of them, say o, . .., %4, are
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contained in a hyperplane Ho. The points @o,...,2q4 span Ho because Zo,...,Tds1
span E?. By the induction hypothesis, we may assume that d(zo,21) > 2, and that
g = aff{xs,...,z4} has dimension d—2 and strictly separates zo and z; in Hy. Since
Tap1 & Ho, H = aff{xs,...,Tas1} is a hyperplane separating zo and z1.

Hence assume that the points Zo,...,Z4w1 are in general position. By Radon’s
theorem, we can reorder the points so that there is a y € Kin K for K =
conv{zo, ..., zm} and Ky = conv{Zm41,..-,Tat1}, 0 S m < d. As Zo,...,Td41

are in general position,
dimK; + dimKy, = m + (d —m) = d,

and hence affK; N affK, = {y}. It also follows that y is in the relative interior of
both K; and K.

If K, = T%™ then by Lemma 1.5.5, we may assume that d(y, z441) < R(TH™) <
V2. Assume in addition, that K; is congruent to 7. Then Lemma 3.3.4 yields, as
y € Ky, that d(za41,y) > V2. This contradiction proves that one of K; and Ks,
say K71, is not a regular simplex with edge length 2, and hence we may assume that
m > 1 and d(zo, 1) > 2.

Let g be {y} if m = 1 and ¢ = {y,%2,...,Tm} if m 2 2. In affKy, ¢ strictly
separates 2o and z; because y € relint K. Since aff Ky Naff K, = {y}, the hyperplane

H = aff{x,,..., 2441} also separates zo and zi.

Now we prove the statement about the partial uniqueness of Vi(T™1) as a local

minimum on G¢.
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LEMMA 3.3.6 Letd>2, n=3,...,d +1 and K € G2 with dimK > n—2. If

VA(K) is a local minimum on G then K =T

Proof: Note that V;(T™) is a local minimum according to Theorem 3.3.3.
Let V4(K) be a local minimum on G¢ and dimK > n — 2. There is a packing set

{2o,...,2s-1} C K, and denote conv{zo, .. . Zn_1} by Ki. For 0 < A <1, define
Ky=(1-X)-K+AX-Kj.

Then K = K, and K; C K\ C K. Observe that K € G¢ as K; C Ky, and K, tends
to K as A — 0%.

If Ky # K then also K # K for 0 < A <1, which in turn yields that V41(K)) <
Vi(K) for 0 < A < 1 by the strict monotonicity of the first intrinsic volume. This
contradicts the local minimality of V1(K), and hence K = conv{zo, ..., ZTn-1}

Assume that K C E* ! and let g = aff{zs,...,2o—1}. By Lemma 3.3.5, if
dimK = n — 2 then we may assume that d(zo,z1) > 2 and g is an axis of K in
E"1. If dimK = n — 1 and K % T™! then again g is an axis of K in E"™*, and
we may assume that d(zo, ;) > 2. By means of the Bending Lemma, in both cases
K can be deformed a little, by a rotation through g in E*™', into a K’ € grt c gt
with Vi(K’) < Vi(K). Therefore, if K € G¢, dimK > n —2 and Vi(K) is a local

minimum on G2 then K = T™1.

In summary, as 'Pii,n = ’Pﬁ;l forn=3,...,d+1, Lemma 3.3.1 and Lemma 3.3.6

yield
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THEOREM 3.3.7 Letd > 2 and n = 3,...,d+ 1. Then dz'm’Piim > 2; moreover,

dimP{,, > Flnn if n is large. If dim’P{{n >n—2 then P, =T,

Theorem 3.3.7 yields that if d > n — 1 then Pf,, = T™! for n = 3,4. Denote by
& be the set of edges of T®, and by (e, T?) the external angle at e for e € £. Let eo
be an edge of T2, Simple calculations show that v(eq, T®) = (27) *arccos(—3), and
hence
Vi(PEy) = i(T®%) =3 Vae) - (e, T%) = 6- 2 (e, T°) = 3.64904.
eet
Turning to the case n = 5, recall that U? is the union of two copies of T° glued

together by a common face. It follows that
Vi(U®) = VA(T®) + Vi(T®) — Vi(T?) = 4.29808.

We remark that with the help of some laborious considerations, one can prove
that the unique choice for Py is US. If dimP; s < 3 then Vi(Pf5) = Vi(Pys), and so
Theorem 3.3.7 yields that ’P1 5 = = T4. But we choose a much shorter path to prove
Pty =T*, and hence Pfy = T4, d > 4.

LEMMA 3.3.8 Let {zo,%1,2,23} be a packing set in E® such that zo € K for
K= con'v{xl,wg,:bg} (see Figure 8.3). Then Vi(K) > V1(U?).

Proof: We frequently make use of the value V1(U®) = 4.29808. We may assume
that dimK = 2 since if dimK = 1 then Vi(K) > 6 > Vi(U3).
Let o; = ang(;, %o, zx) where {,7,k} = {1,2,3}, and § = 7 — c;. Assume that

a; < g < as. Since zg € K, we have a3 < 7 and o1 + a2 + a3 = 27, and



CHAPTER 3. THE FIRST INTRINSIC VOLUME

X1
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Figure 3.3

The perimeter of conv{xg,X;,X9,X3}
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hence oy < 2—3’5 and ap > 7. Note that 7 + f = 27 — o = @2 + as. In addition,

oy 4 ag > T > ag yields that 7 — f = a1 > a3 — o, and hence

. a3 . . a3+ oo o3 — Qg . T+ B T —
- -~ = >
sin 5 + sin 5 2sin 5 cos 5 > 2sin 5 cos 5
= sin % + sing =1 +sin g (3.12)

Let y; be the point of conv{ze,z;} with d(zo,z;) = 2, ¢ = 1,2,3. Observe that
if oz > § then conv{z;,z;} is the diameter of conv{z;,zo,z+}, and so d(z;,zx) >
d(yj7 yk) = 4sin gzi"

Since § < ap < as, it follows by 3.12 that

d(z1,z2) + d(z1,3) > 4sing2§- +4sin%?- >4 4 4sin g

If ; > 5 then d(z2,3) > 4sin G > 4sin§ = 2v/2. Since B =7 — g > %, we

have 4 sin ‘g > 4sin £ = 2, and hence

Vi(K) = Y(d(w1, 25) + d(z1, @3) + d(22,03)) = 1(4 + 2 +2v2) = 4.41421 > K (U?).

If ¢y < 7 then 82> 7 and 4sin§ > 4sin % = 2v/2. We deduce by d(zq,z3) > 2,

that
Vi(K) = %(d(flh,xg) + d(z1,23) + d(z2,3)) = %(4 + 22 + 2) > Vi(U®).

O

THEOREM 3.3.9 Letn=3,4,5 and d > n — 1. Then the unique choice for 'P{{n

is T™ 1,
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.Proof: The cases n = 3,4 readily follow from Theorem 3.3.7. Let n = 5 and
{zg,...,24} be a packing set such that dimK = 2 for K = conv{zo,...,z4}. We
claim that Vi(K) > V;(U?). If K is a pentagon then

Vi(K)=1P(K)=5> V'1(U3).

If K is the quadrilateral conv{z:, %2, 3,74} then the diagonal conv{z,zs} di-
vides K into two triangl'es, one of which contains zo. It follows that if K is a
quadrilateral or a triangle then we may assume that zo € conv{zy,zs, 23}, and
hence V4(K) > V4(U®) by Lemma 3.3.8.

As Vi(P;) < Vi(U®), we conclude that dimPfs # 2. By Theorem 3.3.7, P{; is

congruent to 1.

Since T ' € H¢ for d > n — 1, it follows that

COROLLARY 3.3.10 Letn = 3,4,5 and d > n — 1. Then the unique choice for
Qf, isTr 1.



Chapter 4
Packings of small numbers of balls

After considering the minimal properties of finite packings with respect to the first
intrinsic volume, we consider the minimal properties of finite packings with respect
to the sth intrinsic volume, ¢ = 1,...,d. In Sections 4.2 and 4.3 we concentrate on

the relation between ¢ and the shape of a minimal body.

4.1 The surface of four-ball packings in E3

We prove that if for a four-ball packing in E®, the surface of the convex hull of
the balls is minimal then the centers are vertices of a regular tetrahedron. In other

words,

THEOREM 4.1.1 Let K € G¢ with Va(K + B®) = 93,. Then K =T, and hence
P3y=T5.

In Section 2.2 we have seen that T° € H3. It yields

COROLLARY 4.1.2 If Vy(K + B%) = 83, for a K € HS then K = T% In
particular, Q3 , = T°.

If K is a minimal body in G3; that is, Vo(K + B®) = 93,, ‘then K =
conv{zo, &1, T2, x3} with d(z;,z;) > 2 for i # j (see Section 2.4, p.60).
Let K € K3. Since k1 = 2, 9 = 7 and Vo(K) = 1, it follows from Lemma 1.8.1

that

99
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1
Vo(K + B%) = —(3rsVo(K) + 2ra Vi (K) + k1 Va(K))
' 1
= (3ks+2rVA(K) +2V5(K))

3 3

where ¢(K) = nV1(K)+V5(K). The theorem is equivalent to the following statement:
(*) Let K = conv{zo,...,zs} with d(z;,z;) > 2 fori# 3. Then
#(K) > ¢(T®), with equality if and only if K = T°.

We prove (*) in Subsection 4.1.1 for the case dim K < 2, and in Subsection 4.1.2 if
dim K = 3. But before that let us have some useful definitions and observations.

Let {i,3,k,1} ={0,1,2,3} and M; = conv{z;, z;, Tx}.

In the course of the proof we frequently estimate the area or a side (edge) of a
triangle. Let a, b and ¢ be the edges of the triangle M, and « be the angle opposite
to a. In addition, let 7/2 < 6 < w. If b > by, ¢ > ¢ and o > 6 then cosc is

non-positive, and by the Law of cosines,
a? = b% 4 ¢ —2bccos o > b + c& — 2boco cos b (L)

If 1 — 0 < o <0 then the area of M is |
A(M) = Jbesina > 3bocosin 6. ( A(9))

We note that if « is the largest angle of M and 22 < 0 <7 thena > § > 7 — 0.
Let us recall some properties of the first and the second intrinsic volumes of a
polytope @. Both V4(Q) and V2(Q) are monotonic. If @ is planar then V1(Q) =
1P(Q), where P(Q) is the perimeter, and V(@) = A(Q). If @ is 3-dimensional then
V2(Q) = 15(Q), where S(Q) is the surface of Q). Let F' be a face of ). We denote;
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the area of F' by Vo(F'), if we want to use that V3(F) < Va(Q), and by A(F), if we
consider F' as part of the surface of Q).

Lastly, we note that ¢(T2) = 14.92790. We calculated it with the help of V3(T?) =
2S(T®) = 2A(T?) and the value of V4(T®) from Chapter 3.

4.1.1 dimK is at most 2

We prove that in this case (K) > #(T%). We may write ¢(K) as ¢(K) = 7V4i(K) +
A(K), and we usually evaluate V;(K) as V1(K) = $P(K).
If K is a segment then Vi(K) > 6 and A(K) =0, and hence

S(K) = TVi(K) + A(K) = V4 (K) > 18.84955 > ¢(T°).

Assume that K is planar, and say K = conv{z;,z2, %3} (see Figure 4.1). Denote
ang(z;, o, ;) by a;j, 1 < ¢ < j < 3, and assume that ans < a3 < ons. Since
2o € K, we have aqg + 13 > 7 and oy + q3 + s = 27, and consequently also
ogp < &,

Assume that in addition ays > > . This condition forces A(Mj3) to be large. As

for L2 = 7 — 3% we have 7 — 2 < ayp < & < 2, (A(FF)) yields that
137 137
>2:22-sin— = 2sin —
A(Ms) +2:2.sin 18 sin TR

By Lemma 3.3.8, 7V1(K) > nV4(U?) = 13.50282. It follows that

$(K) = 7Vi(K)+ AK) > tVi(U®) + A(Ms)

> 7 (U%) + ZS.mliS7r = 15.03490 > ¢(T®).

If a1y < 32 then the lengths of the edges of K force Vi(K) to be large. By

019+ ay3 > 7w, we have oz > T — g > 13” . This implies that the edge conv{z;, z3}
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Figure 4.1

K=conv{x(,x1,X2,X3} ‘is a triangle
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is long because for Ma, (L) yields that

1
d(zy,3) 2 \/22 4+22-2.2.2. cosliér = 3.62523.

3ir

Ar and gz > aus, we have ags > (21 — ag) > T

Since a3 + o3 = 27 — g > TS

Now for M, (L) yields that

d(zs, x3) 2> \/22 4+22-2.2-2-cos %1675 = 3.90518.

With these lower bounds and d(zy,2;) > 2

—

$(K) = 7V(K)+ AK) > nVi(K) = rLP(K)

= 7 3(d(z1, 22) + d(21, 23) + d(22, z3)) = 14.97034 > (T?).

Henceforth, assume that K is the quadrilateral conv{zo, 1, %2, 23} (see Figure 4.2).
Note that if the length of at least one of the edges of K is at least 24/2 + V2
then V;(K) itself is large enough and
H(K) = aVi(K)+ AK) > mW(K) =7 :P(K)
> 7L(242+242V2+V2) = 15.22968 > ¢(T°).

The value 24/2 + v/2 comes from the fact that a triangle, with edgelengths at least
two, and an angle of at least 2%, has an edge of length at least 24/2 + V2 by (L),

2\/2+\/§=\/22+22——2-2'2-cos?%.
3r

Assume that K has two neighbouring angles which are at least <f, say,

since

ang(zs, 2o, z1) and ang(zo, T1,22). This implies that V;(K) is large. Observe that
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X3

Figure 4.2

K=conv{xg,x1,x2,X3} is a quadrilateral
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d(z1,23) 2 2¢/2+ V2. In M,, ang(zo, z1,%3) < § since ang(zs, To, 1) = §4£, and

hence

3r w 7

ang(xs, T1, T2) = ang(To, 1, T2) — ang(zo, 1, T3) > T 1579

The edge conv{zs, 3} is the longest one of My because the opposite angle is obtuse,
and hence d(z2,z3) > d(z1,23) > 2\/2—|—_\/-2_. As conv{zz,z3} is an edge of K, it
follows that ¢(K) > ¢(T®) by the previous observation.

The only case which is open is if K is a quadrilateral such that for any two
neighbouring angles of K, one of them is at most g’f. Then there is a pair of opposite
angles of K, say, at 2o and x, such that each of them is at most 2.

If ang(zo, %1, 23) is at least %1’-5 then d(zo,z3) > 2¢y/2 + V2. Thus K has an edge
of length at least 2¢/2 + v/2, and $(K) > ¢(T°).

Assume that each of the angles of both My and M, is at most §41. This forces
A(K) to be large by (A(2£)). Observe that the area of both Mo and M is at least
1.2.2-sin3 = /2. As Vi(K) = 1 P(K) > 4, we have

$(K) =V (K) + A(K) > 7 - 4 4+ 2v2 = 15.39479 > $(T?).
Therefore ¢(K) > ¢(T®) for any choice of K with dim K < 2. It follows that if
$(K) = ¢(P3,) (or equivalently, K is a minimal body) then dim K = 3.

4.1.2 K=conv{zo, 1, Zs, 3} is a non-degenerate 3-simplex

The verification of (*) requires some preliminary results concerning edgelengths. We
assume for the rest of the section that conv{zo, z1} is the longest edge of K. We list
some possible properties of K:

i) For any z;, there is an z; with d(z;,z;) = 2.
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i)  If ang(z;, 2k, z;) and ang(z;, w1, ;) are at most 7/2 then d(z;,z;) = 2
(see Figure 4.3).

iii)  If d(zg,x3) > 2 then d(zo, ;) = d(z1, %), ¢ = 2,3 (see Figure 4.4).

iv)  If d(zi, z) = d(2j,23) = 2 and d(z;,z;) < 2v/2 then d(z;, z;) = 2.

Note that iv) follows from ii). We assume ii), d(z;, zx) = d(z;,2x) = 2 and
d(z;, ;) < 24/2. Then d(z;,x;)? < 8 = d(w;,1)? + d(z;,%)* and (L) imply that
ang(z;, ¢x, ;) < 7/2. Since d(z;,z;)? < 8 = d(zi, @1)® + d(z;, 21)?, we also have that
ang(zi, 1, ;) < m/2. Consequently, d(z;, z;) = 2 by ii).

We need another property of the triangles. Let a, b and ¢ be edges of the triangle
M, and a be the angle opposite to a. Let < Z. Since A(M) = ;besin o, the area

of M decreases if o decreases.

LEMMA 4.1.3 Assume ¢(K) = $(P34); that is, K is a minimal body. Then the

properties i), 1), and i) hold.

Proof: i) was proved in Section 2.4, p.60. With respect to ii) and iii), we prove
that if they do not hold then the points zo, ..., 3 can be moved a little so that they
are still at least distance 2 apart but the first and the second intrinsic volumes of
their convex hull decrease.This contradicts the minimality of ¢(X).

In order to prove ii), suppose that both a,ng(m;,'rck,xj) and ang(z;,z, ;) are at
most the right angle and d(z;,z;) > 2. Rotate z; towards z; around aff{z;,zx} so
that d(z;,z;) is still at least 2. Then V4(K) decreases by the Bending Lemma.

Since d(z;,z;) decreases, both ang(z;, ¢k, ;) and ang(z;, z1, ¢;) decreases. These
angles were at most m/2 at beginning of the process, which yields that the areas of

both M}, and M; have been decreased. Notice that the other two faces remained
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- edgelength 2

Figure 4.3

A simplex K with property ii)
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Figure 4.4

A simplex K with property iii)
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unchanged. It follows that V5(K) (which is half of the surface), and consequently
also ¢(K), has been decreased. |

For iii), we use the Steiner symmetrization. So assume that d(z,23) > 2 and
d(zo,2) < d(z1,22). Let H be the plane perpendicularly bisecting the segment
conv{zo, 1}, and y; be the image of @; by the reflection through H, i = 2,3 (see
Figure 4.4). Let 0 < ¢ < 1 with the property that d(z},23) > 2 for z} = (1 — €)z; +
€yi, ¢ = 2,3. Then z! is in the same open halfspace of H as z;.

Recall that conv{zo,z;} is the longest edge of K. It follows that ang(zo, z2, 25) >
7/2, and hence d(zq,z5) > d(wo,z3) > 2. Since zj is in the same open halfspace of
H as xq, d(1,25) > d(20,25) > 2. Similar cosiderations show that d(z;,z3) > 2, ¢ =
0,1 (equality occurs if 3 € H and d(w;, z3) = 2). Hencefor K’ = conv{zo, 1,25, T3},
all the edges of K " are at least 2.

The condition d(zo,z2) < d(1,22) yields that K is not symmetric in H, and
in any plane parallel to H. It follows that Vi(Sw(K)) < Vi(K) for « = 1,2 by
Theorem 1.8.2. All the points zo, 1,2}, z5 are contained in Sy (K) by definition.
Thus K’ C Sye(K), which in turn yields V;(X') < Vi(K), ¢ = 1,2, and hence
B < H(E).

The graph of the edges with length 2

Let G be the graph on {zo, %1, T2, T3} such that a pair {z;,z;} is an edge if and only
if d(:z:,-,a:j) = 2.
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We assume that K is minimal, and hence it has the properties i) to iv). We show
that if d(zo,;) > 2 then G has at least three edges and ¢(K) > ¢(T°); that is, K
is not minimal. Hence it follows that d(zo,z:) = 2 and K = T°.

By i), G has no isolated points. Hence G has at least three edges unless it has
exactly two which have no common vertex. Since d(zo, 1) > 2, we may assume that
d(zo,%2) = d(z1,23) = 2. By iii), either d(z2,z3) = 2 or d(z1,z2) = d(z0,22)(= 2)

and d(=o, z3) = d(z1,23)(= 2). Therefore G has at least three edges in any case.

G has ezactly three edges

Observe that two of the edges of G definitely have a common vertex. Since (7 has
no isolated points, it is either a path, say d(zo, ) = d(zs,23) = d(zs,21) = 2 (see
Figure 4.5 and Lemma 4.1.4) or a star, say d(zs,z;) =2, ¢ = 0,1,2 (see Figure 4.6

and Lemma 4.1.5).

LEMMA 4.1.4 If d(zo,72) = d(zs,23) = d(z3,21) = 2 and the other edges of K
are greater than 2 then ¢(K) > ¢(T®).

Proof:  If d(zo,z3) < 24/2 then d(z0,29) = d(z2,23) = 2 yields d(zo,23) = 2 by
iv). Hence d(zo,z3) > 2v/2, and similarly d(zy,z2) > 2v/2. Let ang(zo,z2,%1) =
ang(zo, 3, %1). Then ii) and d(zo,z1) > 2 yield that ang(To, T9, T1) > 7 /2.

These observations and (L) yield for M3 that

d(zo, 1) > \/d(mo,w2)2 +d(z1,22)2 > /22 + (2V2)2 = 2V/3,
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X0

—— edgelength 2

Figure 4.5
G is a path
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and consequently
Vi(Ms) = m 2(d(zo, 21) + d(z1, 22) + d(22, 20)) > 7 %(2\/§+ 2v/2 + 2) = 13.02587.
If ang(xo, @2, %1) < & then A(Ms;) is also large; namely, (A(%F)) yields that
Va(Ms) > 1.2 23 s.in%7r = V6 = 2.44948.
Combining this with the lower bound for V4 (Ms) results in
$(K) > ¢(Ms) = wVi(Ms) + Vo (M) > 15.47536 > ¢(T°).
2

Hence assume that ang(®o,zs2,z1) > %, and we increase the lower bound for

Vi(Ms). As d(zo,z2) = 2 and d(zy,z2) > 2/2, (L) yields that

d(zo, 1) > \/22 +(2v/2)2 —2-2-2v/2 - cos -2-5- =23+ 2,

which in turn yields that

Vi(Ms) = 7 1(d(0, 21)+d(m1, ®2)+d(m2,T0)) > 7 5(2V3 + V2+2/2+2) = 14.18497.

If in addition, ang(zi,zs,22) < %’r then Vo(Mp) is large. Observe that

3r

ang(z1, T3, ;) is the greatest angle of My, and hence by (A(ZF)),
A(MG) = Va(Mo) 2 }-2-2sin o = V2.
Therefore we have the lower bound
S(K) = TV (K) + Va(K) > nVa(Mz) + Va(Mo) > 15.59918 > $(T°).

The only possibility left is if ang(z1,®s,z2) > 2, in which case Vi(Mz) itself

forces #(K) to be large. Observe that by (L), ang(zi,zs,z2) > 2% implies for My

d(xl,x2)>\/22-{—22—2-2'2‘005?%=2\/2—|—\/§.

that
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—  edgelength 2

Figure 4.6

G is a star
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Hence ang(wo, Z2, 1) > 7/2 and (L) yield for M3 that

d(mo,ml) > \/22 + (2\/2—*— \/5)2 = 2\/3 + \/5,

which in turn yields that

$(K) = mVA(K)+ Va(K) > 7Vi(Ms) = 7 LP(Ms)
> 11(2+2V2+ V2 +2/3+v2) = 15.54699 > ¢(T°).

O

LEMMA 4.1.5 Ifd(z3,z;) =2,1=0,1,2, and all the other edges of K are greater
than 2 then $(K) > ¢(T3).

Proof: iv) yields that each edge of M3 is greater than 2v/2. By the triangle in-
equality applied for M;, ¢ =0, 1,2, the edges of M3 are at most 4.

Note that
d(:z:o,:vl)z S 16 = (2\/5)2 + (2\/5)2 < d(.’Bo, 1132)2 + d(wl,mg)z,
and hence all the angles of M3 are acute by (L). As a consequence,

$(K) = mW(K)+Va(K) > nVi(Ms) + Va(Ms)

> 73(2v2+2v2+2v2) +1-2v2-2v2 sin g = 16.79275 > §(T°).

a



CHAPTER 4. PACKINGS OF SMALL NUMBERS OF BALLS 115

G has at least four edges

If G contains a cycle then, as d(zo, 1) > 2, we have
d(zo, z2) = d(@2,z1) = d(21,23) = d(z3,T0) = 2

(see Figure 4.7 and Lemma 4.1.6). Otherwise, observe that there is a vertex which
is contained in 3 edges of G but G can not have 5 or 6 edges. Therefore G' contains
a star and an additional edge, say, d(z3,;) = 2, ¢ = 0,1,2, and d(zo,2;) = 2 (see

Figure 4.9 and Lemma 4.1.8).

LEMMA 4.1.6 If d(zo,22) = d(z2,21) = d(=1,2s) = d(z3,%0) = 2 and d(zo, 1) >
2 then $(K) > ¢(T3).

Proof: Rotate 21 around aff{z,,z3} towards zo. Since the edgelengths of the tri-
angles My and M; are the same, the triangles are congruent, and there is a posi-
tion @ for z; where d(zo,}) = 2. Now rotate z, towards s around aff{zo, 27} if
d(z4,23) > 2. Similarly as above, there is a position «j with d(z5, z3) = 2, and hence
the resulted simplex is congruent to 7. Since the first rotation certainly strictly de-
creased the first intrinsic volume by the Bending Lemma, Vi(K) > V4(T?).

Let y be the midpoint of the edge conv{xz,, z3} (see Figure 4.7). Then the segment
conv{y,z;} is the height of the triangle My. Since d(zq,23) > 2, it follows that
d(y,z1) is at most the height of T2, and hence d(y,z1) < /3. Similarly, d(y,zo) <

v/3, and consequently

d(xo’ml) < d(yamO) + d(y7$1) _<_. 2\/§
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X

-— edgelength 2

Figure 4.7

G is a cycle
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Let « be the greatest angle of the isosceles triangle Ms. Since

22+22'—'d($0,$1)2 > 8—12 __l
2.-2.2 g 27

cos o =

o is at most ZF. Thus the area of Mj is at least A(T?) by (A(%F)).

Similar considerations show that that the area of each faces of K is at least A(T?),
and consequently V3(K) > V3(T?). Combining this fact with V1(K) > Vi(T®) yields
that #(K) = 7VA(K) + Va(K) > ¢(T?).

Before we consider the last possibility for G, we prove an auxiliary statement.

LEMMA 4.1.7 Denote the triangle conv{yo,y1,y2} by M, and assume that d(yo, y1)
=2 and 2v/2 < d(yo,y2) < d(y1,y2) < 4 (see Figure 4.8). Then A(M) > V.

Proof: Denote by v the midpoint of conv{yo,y:1} and by w the projection of y»
onto the line aff{yo,y1}. The point v separates y; and w (possibly v = w) because
d(yo,y2) < d(y1,2)-

Let h = d(yz,w) and p = d(v,w), then d(y1,w) = 14 p and d(yo,w) = |1 —p|. It

follows that

o0
IA

d(yo,y2)" = (1~ p)* + A’

and 16 2 d(y,%)"=(1+p)"+4,
which in turn implies that

dp+8<dp+(1—p)+r =(1+p)?+r <16
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Figure 4.8

Determining the area of M=conv{yyy;,¥,}
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Thus p < 2, and consequently h = /8 — (1 —p)2 > /7. Since h is the height of M,
the area of M is at least /7.

LEMMA 4.1.8 If d(z3,20) = d(z3,%1) = d(zs,22) = d(z0,22) = 2 and the other
two edges of K are longer than 2 then ¢(K) > ¢(T°) (see Figure 4.9).

Proof:  Since d(z3, ;) = d(z3,22) = 2 and d(z1,22) > 2, iv) yields that d(z1,z2) >
2v/2. Similarly, d(z1,z0) > 2v/2, and hence A(Mjz) = Va(Ms) > +/7 by Lemma 4.1.7.
If both d(zo, 1) and d(zy, ;) are greater than 2v/3 then Vi(Ms) > (2 +2v3 +
2v/3) =14 2v/3 and

$K) = 7Vi(K)+ Va(K) > TVi(Ms) + Va(Ms)
> - (14+2V3) + 7 = 16.67014 > $(T°).

Assume that, say, d(z1,z2) < 2v/3, or equivalently, that ang(z1,2s,22) < Z.
Observe that A(Mo) > A(T?) = /3 by (A(Z)). Since A(M:) = A(T?) = /3 and
d(z1,2;) > 2¢/2, 1 = 0,2, it follows that

$(K) = mVA(K) + Va(K) > nVa(Ms) + 3(A(Mo) + A(M:) + A(Ms))
> 7324 2V2+2V2) + L(V3 + V3 + VT) = 15.08228 > ¢(T°).

O

Remark: So far we have seen that in E3, T3 is the unique minimal body which

can be chosen either for P3, or for P . Turning to the volume, note that

3
V(T? + B%) = Y kaiVi(T®) = 23.52360.

=0
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X0

—— edgelength 2

Figure 4.9

G is not a cycle and has four edges
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On the other hand, the segment S; with length 6 is an element of G5 and
V(Sy+ B®) =6 - kg + K3 = 23.03834 < V(T° + B?).

Therefore T° is not a minimal body with respect to V(K + B®), K € G3.

4.2 Three-ball packings

Let d > 2 and 1 <7 < d. By the monotonicity of the intrinsic volumes, Pffl is a
point and ’P{fz is a segment of length 2. Having three balls, it is not too complicated
to determine ’Pff3, but the shape of it depends on z. We consider this case so as to
illustrate the relation between ¢ and the shape of a minim.al body.

So let M € G¢ with the property that V(M +B?) = #¢;. By the considerations in
Section 2.4, p.60, M = conv{xo, %1, z2} with d(z;,z;) > 2 for 7 # j. Let conv{z;, 2}
be one of the longest sides of M. If d(z1,z2) = 2 then all the sides have length 2.
Otherwise, again k;y the considerations in Section 2.4, p.60, we have d(zo,z1) =

d(zo,3) = 2 (see Figure 4.10). Denote ang(zo,z1,2) by 7. Then 0 < v < 7/3,

d(z1,72) = 4 cosy and ang(z1, To, T2) = 7 — 2. It follows that

Vi(M) = 2(24+2+4cosy) =2+2cos7,

and Vo(M) =

[ ]

2.9, sin(ﬂ' — 27) = 2s8in 2.
According to Lemma 1.8.1,

z d—1
ka-iVi(M + B%) = 3 (d—Z) ka3 V;(M).
J=0
Since V;(M) = 0 for j > 3, combining the last three formulae yield that

d d-1 d—2 .
ka—iVi(M + BY) = (d——i)ﬁd_*- (d_i)md_1(2+200s7)+ (d_i)nd_z - 2sin 2.
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Figure 4.10

Convex hull of the centers in a three-ball packing
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(Recall that if ¢ = 1 then (‘;:f) =0).
We conclude that M is a minimal body if and only if

d—1 d—2 .
Pi(t) = (d_i)&d_.l cost + (d_i)fcd_z sin 2t

is minimal on [0, 7 /3] for ¢ = 7. Since

d—-1 d—2 .
Pi(t) = _(d—i)&d—l COSt—‘l(d .)ch_z sin 2t < 0,

— 1

the function ;(%) is strictly concave on [0,7/3], and hence it takes its minimum

value either for ¢t = 0 or for t = /3.

(1) - =st=R -2 00)

Note that

It follows that

$i(0) - %bz'(%) = (fl: i) Kg-1— -?(Z:?) K2
() (205

By 1.6, “mil = . sm=bfor m > 2. As k1/ko = 2 and k2 /K1 = 7[2, the quotient

N~ N

Km—1/fm—z is rational if m is even and transcendental if m is odd. Since /3 is
algebraic, it follows that %;(0) # ti(/3) for i = 1,...,d. Therefore, M = T* (or
equivalently, ¥;(7/3) < 1;(0)) if and only if

> d—1 kK44
Z —
\/?7 . Kd—2

+1,

and M = S3 otherwise.
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Let C(d) = i\/:‘al . 24=L 4 1. The inequalities 27” < '—:f:—:—; < %’-i- of 1.7 yield that

Kd—2 =

2r d—1 2 d—1
— . —+1<C(d —_— 1
\/3 \/c_i+ < ()<\/3 _—d_1+,

and so C(d) ~ \/%’? /d as d tends to infinity.

We conclude that in case of three-ball packings, there is a unique minimal body
with respect to the ith intrinsic volume, ¢ = 1,...,d. This is T? if ¢ < C(d) and S3
if 2 > C(d), where C(d) has order of Vd.

4.3 (d+1)-ball packings in E¢ for large d

In this section we do not attempt to find any minimal bodies. We compare the
sausage arrangment of d-+1 unit balls with the arrangement determined by T¢. They
are two possible candidates, for a given 1 < ¢ < d, for the minimal arrangement with
respect to the itk intrinsic volume of the convex hull of the balls. The situation is

similar to the one in the previous section; that is,

THEOREM 4.3.1 Letd > 2 and i = 1,...,d. There exists a function B(d) with

the property that

Vi(T?+ B%) < Vi(Sesa + BY)  if i< B(d),

and ViT? + BY > Vi(Surs + BY  if  i> B(d).
For large d, InB(d) ~Invd = 1Ind.

We establish the existence of B(d) in Subsection 4.3.1, and determine its asymp-

totic behavior in Subsection 4.3.5. First we reformulate the problem. Let A(s) be
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the function with the pioperty that f(;l () = gt = 5. Recall Hadwiger’s expression

1.8, which states that

d+1\j+1,; :
vy = (1)t v e

for 1 < 5 < d, where
B(d, ) = [ e /TP i gt
0

Let 1 < j < ¢ < d. In the course of the proof we need the rather complicated

expression

mui')—vq 22 d+1 T@E+1) 1 T +1)
I T R T Tl—j+1) TG+1? T(E+1)

In addition, we define

1

A(dazaj) = \I}(dazﬂ) : Q(daj) and f(da?’) = ZA(d,Z,])

J=1

LEMMA 4.83.2 Letd>2 andi=1,...,d. Then

VAT4+ BY < ViSan + B if  f(di) <1,

and V;(Td + Bd) > V;'(Sd.*.]_ + Bd) Zf f(d,l) > 1.

Proof: Lemma 1.8.1 and V(T%) = 1 yield that

ka-iVi(T*+BY) = 3 (d ~ ]) ka-;Vi(T%)

7=0 d—'Z

[ d A R AN CE AV LS DNV

On the other hand, V4(S441) = 2d and V;(Sat1) =0 for j = 2,...,d yield that



CHAPTER 4. PACKINGS OF SMALL NUMBERS OF BALLS 126

d d—-1
ka—iVi(Sap1 + BY) = (d _ z) Kd+ (d— Z.)Iid-1 - 2d.

Hence Vi(T? + B?) < Vi(Sat1 + B?) if and only if

Z(d—-i)&d—](‘j-l—l) 2 @(daj) < d—i K41 2d,

i=1 .7!

which is equivalent to Yoy Ao(d, 4, 7) < 1 for Ao(d,4,5) = Yo(d,1, ) - 2(d, ), where

e (AT (ALY AL g, L L (d=1)T
‘Ijo(daza.?)"ﬁd—.?°<d_z')‘(j_l_l). ]' 2 .fﬁd—l 2d. d—1 '

We prove ¥o(d,,j) = ¥(d,?,7) in two phases. First consider

d—j7\ (d+1\ j+1 1 [(d-1\7
d—i) \G+1) 1 2d \d-:

T @S @ADL i1 1 (d—i)E—)
S G d—a) =G+ S — 1)
G T A e

2dd—1! G- G+D5! 2% Tl-j+1) TE+1)?
We used the fact that ['(n +1) = n! for any natural number n. The remaining terms
in Wo(d,1,j) are

gif2 Fimi _gipp TP T(FE+Y) 2P VE T(F 1)

Kd—1 F(-d—;'l +1) F@d-1/2 T gpif2 I‘(_d_;,L + 1)’

and hence ¥o(d,1,7) = ¥(d,1,7).

4.3.1 The existence of B(d)

LEMMA 4.3.3 Letd > 2. Then f(d,7) = j'=1 A(d,i,7) is strictly increasing in 1,
i=1,...,d.
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Proof:  Define A(d,%,5) = 0if ¢ < j. Hence we may write

d

iA(d,i,j) =" A(d,1, 7).

J=1 i=1
If i > j then (for fixed d and j) the value of A(d,,5) = ¥(d,1,5) - ®(d,j) depends

L'(z+1) 3! (i —1)!

TG—j+1) i-G—g+1) (G—j+1)
Thisis (j —1)! for i = jand (6 —1)-...- (¢t —j + 1) for ¢ > j. Thus A(d,%,5) is

increasing for 1 = 1,...,d. If j = 2 then A(d,i,5) = 0 for i = 1, and {e;)L = ;-1 for

i > 2. Observe that A(d, 1,2) is strictly increasing in 7. It follows that in the sum

d

=1 A(d,1,7) each term inreases as ¢ increases, and one of them strictly increases.

Therefore Ej-=1 A(d,i,5) = Z;l=1 A(d,1,7) is also strictly increasing in 3.

O

Now we define a function B(d) safisfying the requirements of Theorem 4.3.1. Let
f(d,0) =1, and consider

io=max{i|i=0,...,d and f(d,?) <1}.

Set B(d) = i if f(d,io) = 1, and B(d) = 4 + % if f(d,%0) < 1. By Lemma 4.3.3
and Lemma 4.3.2, if ¢ < B(d) then f(d,%) < 1, and hence V;(T%) < Vi(S441); and if
i > B(d) then f(d,i) > 1, and hence V;(T?) > Vi(Sg41), 1 =1,...,d.

Note that V;(T%+ B%) < Vi(S441+B%) by 3.11, and that V(T¢+ B%) > V(Sas1 +
B%), as it was proved in [8], which yield 1 < B(d) < d. In the rest of the section we

improve these bounds for d large.
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By definition, if ¢ < ¢5 then
Z \II(d,Z,j) : (I)(da]) = ZA(d,Z,j) = f(d7z) <L
— —~

Our task is to determine, for what ¢ is the inequality satisfied when d is large.

4.3.2 InV¥(d,7,5) for large d

First we make some general observations. Recall that g(t) = O(1) means that the

function ¢(t) is bounded, and that 1.5 states that
InT(t+1)=tlnt—t+ tInt+0(1)

fort>1. If =1 <¢ <1 then Inl<In(l+1%) <In, and since & In(1 +1¢) =
1/(1 +t), even |In(1 + )| < 2[t| by the mean value theorem.

Let 1 < p < £¢. By the observation on In(1 + %),
(4= P)In(1=2) = (4= 7)0() = ). (4.1)

We frequently meet the expression

I'(g+1)

T —p+ TG +D) InT(¢+1) —nl(g—p+1)—InT(p+1).

In

By 1.5, we may write

InT(¢g+1)—=lnT(p+1) = ¢glng—g+ilng—php+p—;lnp+0(1)

= qlnq—q+%lnq~—plnp+ O(p).
Byg¢g—p=gq(l-— g), the remaining term is

~I(g—p+1) = —(¢—p)ln(g—p)+q—p—3ln(¢—p)+O(1)

= (p—¢)[lng+n(l ~ %)] +q—p—3ng+In(l - g)] +0(1).
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Having this, 4.1 yields that
~I(¢g—p+1)=plng—qlng+q—3Ing+O(p).

Therefore, we may deduce that

I'(g+1)
I(¢g—p+1)I(p+1)

In = plng—plnp+ O(p). (4.2)

Let o = a(d,i) = log, i and B = B(d, j) = logyj. We assume that o > 1/3 (and
hence z tends to infinity as d does) and that 1 < j < -;-d. It is convenient to write

\P(d,l,]) as U = \I;]_ . \112 . ‘113 for

. T 27 d41 ¥ = rE+1) 1
L= T 2T TE—j+UG+1) TG +1)
INCE
d Uy = —2 2
an PTG +1)

Let us start with U3, Usingd+1=d(1+1),j > 1and Ini =Ind* = alnd,

In ¥, =1ng+%ln%+lnd+ln(l+%l-)—-lnz':: (1~a)lnd+ O(j).

Note that O(j) + O(1) = O(j) because 5 > 1.

Turning to U3, assume that 1 <m < -;—d and consider

d—2m+1)=d—mlnd—m_d—m_l_llnd—-m

InT( 2 2 2 2"y

+0(1).

Since m/d < 1/2, the formula 4.1 yields that

d—m_, d—m d—m m
5 In 5 = 5 (lnd+1n<l—3-)—1n2)

= %dlnd—— %mlnd—— E;:J-z-d-i— O(m).
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We also have

d—m 1. d—m d m 1 m
—"—'2"'—-1-5111 ) = ——2-+5+§<lnd+ln<1—-7i—>—1n2>+0(1)

= —3d+3lnd+0(m),

which in turn yields that

d—m

InT( +1)=1dlnd—-imind— 3(In2+1)d + ;Ind+ O(m).

Substituting m = 1 and m = j into the formula above results in

In¥; = ldind—1lnd—3i(n2+1)d+%lnd
—ldlnd+3ijlnd+i(In2+1)d - }Ind+ O(j)
= 1jlnd—3;Ind+ O(j).
In order to evaluate Uy, we consider two cases. First let j > ¢/2. Observe that
P(:+1)? <T(GE—j+ 1)L +1) by 1.3, and hence

PG+1) 1
(3412 TG+1)

v, <
Then by 4.2 and 1.5, we have
T = Slni— Lo+ 0(%) = jinj 47— L1nj + O(L).
2 2 2 2 2
The condition j < i < 2j yields that
§1nz—§ln§=§(zlnz—zlnz+zln2)=O(z)=0(]),

and also that Ini and Inj are O(j). Note that Inj = Ind’ = flnd. Hence if

i/2 < j <1 then

In¥; < —jlnj+0(j) = —Bjlnd+ O(j).



CHAPTER 4. PACKINGS OF SMALL NUMBERS OF BALLS 131
Now let 1 < j <¢/2. Then 4.2 and 1.5 yield that
In®, = jlni—jlnj+O() —jlnj+j— *Inj+0(1)
= jlni—2jlnj+ O(j) = (e —28)jInd + O(j).
In order to make it easier to summerize the results, we repeat that
In¥; =(1-a)lnd+0(j) and In¥s=1jlnd—3Ind+0(j).

Adding the fomulae for In Uy, k = 1,2,3, yields In¥. Recall that o > 1/3 and

j<3d Tf1<j<4/2 then
In¥(d,s,5) = (2 +a—28)jlnd+ (3 — o) Ind + O(j), (4.3)
or if i/2 < j < ¢ then
In¥(d,i,j) < (-B)jlnd+(:—a)lnd+0(j)
< (3+a—28)jlnd+O(3)). (4.4)

For the last step we used that 8 < « and also that Ind = O(j) since j > £7 > %dl/ 3,

4.3.3 Upper bound for B(d)

First we prove a lower bound for ®(d, j).

LEMMA 4.3.4 Letd >2 and 1 < j < 3d. Then

D(j +)N(d—j+1)

24925 Y =G rE+ D

Proof:  Recall 1.9, which states that

1 )
®(d, 7) ___/(; e—ilh(V/m(1/2=1))]? yd—j dt,
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and that g(t) = e MVTA/2-0)F s a concave function on [0,1] with ¢(3) = 1 and

g(1) = 0. It follows that g(t) > 2(1 —t) for <t <1, and hence

1 . .
8(d,5) > /1 2 (1 — £)itdd dt.
2

(1 — )it i \¥
Observe that T — 177 = <1 t) >1 fort> % and j < 3d. Thus

/0 %(1—t)jtd‘j dt = f #(1— )¢ dt < / £)it4d dt,

which in turn yields that
1 , , 1 , .
1—t)it49dt <2+ [ (1 —1)t4 dt.
0 L
2

By 1.4, we deduce the lower bound

N oi 1 [t ' dei PG+ DT -7 +1)
>91 .1 — $)ipd=F g — L oF )
o(dj) 2% 3 [ (Q-tfid=1}2 BT

-

Having this, I'(d + 2) = (d + 1)I'(d + 1) yields the lemma.

Let 1 < p < 1 be arbitrary and $ < v < p have the property that v +¢ < p
for ¢ = L(y — 1). If d is large enough then both of the intervals (d"~%,d"**) and
(d¢,d*) contain some integers. So assume that v —¢ <logyi = a(d,i) < ¥+ ¢ and
e <logyj = B(d,j) < 3¢. Note that j > d°, and we may assume that j < 11,

Since In(d + 1) = o(d°) = O(j) and j = d?, 4.2 and Lemma 4.3.4 yield that

In®(d,j) > Ini+jln2—In(d+1) = jlnd+jlnj+0() = (8 — 1)jlnd+ O(j),
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It follows by 4.3, that

A(di,j) = W¥(d,6,5)+n8(d,5) > (e~ %~ B)jlnd+0()

> (y—e—3—3)jlnd+0(j) = (26+%(17)> jlnd.

Therefore, if d is large enough then In A(d,%,5) > €jlnd > 0, and hence
A(d,3,7) > 1. Note that consequently 3., A(d,s,m) > 1. Now Lemma 4.3.2 and
Lemma 4.3.3 yield that B(d) < d” for d large. By the arbitrariness of < p < I,

. InB(d) 1
< -,
limsup ="~ < 5

|l

(4.5)

A lower bound for ®(d, j) yielded an upper bound for B(d), hence now we search

for an upper bound for ®(d, j).

4.3.4 Ubpper bound for In®(d, s)

In this and the next section we use the symbol o(1) for functions which depend solely
on d.
Let ¢ = ﬁ_w—e = 0.09401 and 1 < s < (d be real number. The upper bound

1.10 yields that

®(d,s) < (ﬁ é—:——f)_s (ln# d—;—f)m < (ﬁ d;‘s)_s (Ind)°.

Note that — In(1—2) < —In(1 —¢) <In2 and let B = log, s. Hence, writing d — s

as d(1 — %), we deduce that

AN

In®(d,1,s) —s(ln2—1~7-r--|—1nd+ln(1-—%)—lns)—}-slnlnd

. N
slns —slnd+ s(In2y/7 +1n2) + slnlnd
B—1+ 1n2\/7_r+11;1d2+1n1nd) slnd

(B—1+o0(1)) slnd. (4.6)

IA

I
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This upper bound is not sufficient for us if s is small. In order to improve it we need
some additional properties of ®(d, s).
Consider the functions |
a(t) = e~ 2P(VF1/2-D) $3(d-p)

and B(t) = e~ zalht/m(1 /2= $3(d-9)
where p and ¢ are positive numbers. According to Hoélder’s inequality,
(JL at) - B(t) dt)* < [y a(t)? dt - [y B(t)? di. Substituting the definition of «(t) and
B(t) results in
( /0 : e~ 5 (P O)(VA(1/2-)]? pd—5(p+9) dt.)2

< /0 b plRF/ 20N gdp gy /0 b a2 gd-a gy

In terms of ®(d, s), this yields that
In®(d, 3(p + 9)) < 3(In2(d, p) +1n 8(d,9)).

Since In®(d, s) is certainly continuous, it is also convex.
Let 1 < s < Ind. Recall 3.2, which says that ®(d,1) ~ 2\/775% as d tends to

infinity. Thus if d is large enough then ®(d,1) < &¢ and

In®(d,1) <lnlnd —2Ind = (lr{rllr;d - 2) Ind =[-2+o(1)]Ind.
Note that B(d,Ind) = B¢ = (1), and hence 4.6 yields that

In®(d,Ind) <[-1+0(1)]Ind - Ind.

Define 0 < A(d,s) < 1 with the relation s = (1 — ) - 14 A -Ind. Note that

s =1+ A(Ind —1). Since In®(d, s) is convex in s, we have

In®(d,s) < (1-N)®(d,1)+A8(d,Ind) = (1—=X)[=2+0(1)] In d+ A[~1+0(1)](In d)*.
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Hence we deduce for 1 < s < Ind that

BLY) < (1= N2+ oU] + A1+ o) Ind
= —240(1) + A2+ 0(1) + (-1 +o(1))Ind]

= —2+0(1) + A[~1+o(1)]Ind (4.7)

by 2+ o(1) = o(1) Ind.

4.3.5 Proof of the asymptotic behavior of B(d)

Let 1/3 < p < 1/2. We prove that B(d) > d if d is large. Set v = 3(p + 1) and
e = (2 — 7). Note that p <y —¢ and 7y-+e <1/2. If d is large enough then there

exists an integer ¢ with y—e < o« = log, i < y+e¢. Observe that 2Ind >Ini > plnd.

LEMMA 4.3.5 Let s be as above and 1 < j <i. ThenInA(d,7,j) < —%Ind for d

sufficiently large.

Proof: First assume j > Ind. Hence 4.3 and 4.4 yield the existence of a constant

¢ > 0 so that

¥(di,j) < (b+a-20)jlnd+cj=(}+a-2+=)jhd
= (4+a-28+0(1))jnd.
Taking 4.6 also into account yields

In A(d,3,5) = In ®(d, ) +In¥(d,s,5) < [a— B — %+ 0(1)]jInd.

If d is large enough then @ — f— L +o(l) <a—t+e <7y+e—;+e=—e. Thus
by j > Ind, we have InA(d,7,7) < —(¢lnd) - Ind. We may assume that d is large

enough to ensure €lnd > 2/3, which in turn yields that InA(d,¢,7) < —2Ind.
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Now assume that 1 < j <lInd. By 8 >0, 4.3 yields a constant ¢’ > 0 so that

n¥(d,i,j) < G+a)jlnd+(G—a)lnd+c-j

cl

- (L <\ 1_
= <2+a+lnd)31nd+(2 a)lnd

= [f+a+o(l)jlnd+ (3 —e)nd
Recall that § =1 4+ A(d, j)(Ind — 1). It follows that

BHDLI) < Btatomli+iimd-1]+}-a
= l4+o(l)+ A5+ a+o(1))(Ind—1)

< 1+o(l)+ A2+ a+o(l)]lnd.

Combining this with 4.7 yields that

A(daz,]) I(dﬂ',.?) i(d,]) 1

— < — —_ = .
md . Ind + Ind 14 0(1) + Me 2—i—o(l)]lnd
If d is large enough then —1+0(1) < —2/3 and a——%—l—o(l) < ’)’-I-E—%-I-& =—£<0,

and hence again In A(d,7,5) < 2Ind.

Lemma 4.3.5 yields that A(d,4,5) < d~2/3. As i < d*/?, we deduce that

ST A(dyi,5) < &P dP=a P < 1
J=1

for d large, and hence B(d) > i > d?. At the end, the arbitrariness of 1/3 < p < 1/2

and 4.5 yield the theorem.
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Let d > 3 and 1 <4 < d, and consider n-ball packings with n < d+1. In
this and in the previous chapter we have investigated, for various ¢, the minimum
properties of the ith intrinsic volume of the convex hull of the balls. The results
indicate that, as ¢ increases, the sausage arrangement becomes more optimal than
the one determined by a regular simplex. We have not considered the case 3 < n <
d + 1. The only known information about this is the result of [8], which states that

V(S, + BY) < V(T" + BY).



Chapter 5
About the sausage conjecture

After the intrinsic volumes of lower index, we consider the d-dimensional volume
of the convex hull of n-ballpackings, mostly for d > 5. As a sharp contrast to the
previous results for large n, most pfobably the minimal volume occurs if the centers
are collinear; that is, the convex hull resembles a sausage, and this holds without
any restriction on n. We prove that a minimal arrangement is not too far from the

sausage-like one.

5.1 The story of the conjecture

We assume d > 2 for the whole chapter. Let F2 be the family of the convex hulls of
the centers in n-ball packings, which is contained in the G¢ of Chapter 2.
]i.et Fo = {CnySn,...}. Let Cp € Fd. We define the density of the C,-

ballpackings (see Figure 5.1) as
d _ NK4
6n(0n) - V(Cn + Bd)‘
C,. is reduced if there is no packing of n+ 1 balls such that the centers are contained
in C, (hence v(C,) = n, with the notation from Chapter 2). Next, C, is fat if
r(Cp) > Lnt/d,

Recall from Section 2.4, p.60 that P, € F2 and Py, is reduced.

138
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Figure 5.1

A C,-ballpacking
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Since P{,, + B is contained in a ball of radius R(Pf,) + 1, Theorem 2.4.1 yields
that
Vi(B%) - nM? S Vi(PY, + BY) < (R(P{,) + DVa(BY).

Thus R(P{,) + 1 > n'/¢, and if n is large enough then, by Corollary 2.5.2,

1
T(Pii,n) 2 Enl/d°

Hence Py, is also fat and there exists a sequence {Cn}(n>ny of reduced, fat bodies.
By Lemma 2.1.1,
lim 62(C,) = 84, (5.1)

where 44 is the packing density.
As a counterpart, the segment S, € F2, with length 2(n — 1), is ’thin’ and
reduced. The density of the S,-ballpacking (see Figure 5.2) is

NnKq Kd

64(8,) = > : 5.2
n( ) 2(n - 1)&:,1_1 + K4 2641 ( )
Here we use the fact that by 1.7,
|27
Ky < —d-&d_1 < 2641 ford > 2,
which in turn yields that
V(Sp+ B%) = 2(n—1)kg-1 + &g
< 2(n - 1)l€d_1 + 2/6,1_1 = 272;/9,1_1. . (53)

In 1975, L. Fejes Téth baptised as a ’sausage’, the convex hull S, + B¢, cf. [11].
With regard to finite packings, L. Fejes Téth proved in 1949 that in E? a finite

packing of unit balls cannot be denser than the densest infinite packing.
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Figure 5.2

. 'The sausage S,+Bd
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As a point of interest, H. Groemer (cf. [15]) and G. Wegner (cf. [29]) showed that

for C, € F2, the area V(C, + B?) is minimal when the shape of C, is hexagonal.
In dimensions three and four, the optimal arrangement is ’sausage’ for n small,

and probably fat’ for n large (¢f. [8] and [12]). To illustrate the latter statement,

let n be large. Then 62(S,) = 524~ and therefore

63(S,) ~ = = 0.6666 and 64(S,) ~ %f:o.mo.

Wi

On the other hand, we note that the existence of dense C,-ballpackings (see 5.1) for
reduced, fat C, € F¢, d € {3,4}, yields that

83(Cy) > 0.7 and §%(Cy) > 0.6.

Here we used the fact that d3 > 0.74080 and 64 > 0.61685.
For large d, the ’sausage’ arrangement is better than the fat one. Since é; <

2-0-599d(1+0(1)) (cf [19]), fixing d and letting n be large compared to d,
§4(C,) < 277
for reduced, fat C, € F2. Meanwhile for S,,we have the lower bound

d kd T ~d/2
62(Sz) > P > ‘/2(d+1) > 2742,

This inequality uses 1.7 again.

In summary, as the dimension of the space increases, the density of the sausage
arrangement becomes very large compared to the density of fat arrangements. These
and other considerations convinced L. Fejes Téth to postulate in 1975 (cf. [11]) his

famous
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CONJECTURE 5.1.1 (Sausage conjecture) Ford > 5 and C, € F2,
83(Cn) < 83(Sn)
with equality if and only if C, = S,.
The inequality above is equivalent to the 'Sausage Inequality’
V(Cn + B%) > V(S, + BY). (5.4)

There are a series of results supporting the conjecture, but it has not been proved
yet in any dirmension. We list some of those results under the assumption that

C, € F¢ and d > 5; and note that 5.4 has been verified in cases ii) to v).
)  V(Cu+BY)2(2-V3)V(Si+BY) [9),
i) dimC, < Z(d—1) [3],

iii) dimC, <9 and d > dimC, +1 [2],
iv) —RE/O;)

V) C, is a regular simplex [8].

+2 -1 < 7(C,) for large d [8],

Assume that 8; < kq/2k4-1 for a certain d > 2. By means of 2.3 and 5.2, there

is a ¢ > 0 so that if r(C,) > o then
64(Cr) < 62(Sn).

This observation is the starting point of our investigation.
Let 1 < m < d. Recall from Section 1.5 that the m-dimensional inner radius of

Crn, Tm(Cy) is the radius of the largest m-dimensional ball contained in Cy,. The



CHAPTER 5. ABOUT THE SAUSAGE CONJECTURE 144

m-dimensional outer radius of C,, Rn(C,) is the minimum of R, > 0 such that
there exists a (m — 1)-dimensional affine subspace g with C, C g + RnB% Then
dimK < m, r,(K) =0 and R,(K) = 0 are equivalent statements.

Define
min{d, 10} if5<d<18

$(d) =
[S(d—1)]+1 if d > 19,

where [b] is the largest integer not greater than b. If dimC, < 13(d) then it is easy
to verify that C,, satisfies the Sausage Inequality 5.4 by ii) and iii). On the other
hand, by iv) the same conclusion holds if Cy, is a very fat convex body. Our aim is
to narrow the gap between the two types of results. We prove that for m = dimC,
or m = (d), C, satisfies the Sausage Inequality if the m-dimensional inner radius
of C, is not very small (and hence similar conclusion holds for Rn(Cy)).

All the considerations in this chapter are based on a method of Blichfeldt, which
is reviewed in the second section. Let‘dimC’n =m > ¥(d). We show that C,
satisfies the Sausage Inequality if (Section 5.3) Ry(a)(Cn) has order of at least Ind,
or if (Section 5.5) A,(Cr) has order of at least I“T;':

We determine lower bounds for r,/,(d)(C'n) and 7y, (Cy), which in turn yield lower

bounds for Ry(y) and Ap(Cy).

5.2 The method of Blichfeldt

Let us consider a packing {z; + B%,...,z, + B%} with C, = conv{zy,...,z,}. We
know that V(C, + B?) is greater than nky, the integral over E* of the sum of the
characteristic functions of the unit balls. As that sum is zero on a large part of

the convex hull of the balls (on the space among the balls), the resulting integfal is
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a very bad estimation for V(C, + B?). Blichfeldt found a function p(z) such that
translating it to the center of each ball, the sum of the resulting functions would fill
much more evenly the space among the unit balls.

Define

2—|z2 i |z <V2
p(z) =
0 otherwise,

and let
d
o4 = /E _p(z)dz = /ﬁBd 2 — |z|*de.
Since the balls z; + B, ¢ = 1,...,n, form a packing, the function p satisfies the

inequality

w(z) =3 pla —25) < 2 (5.5)

i=1

for any z in E?. This property yields a lower bound for V(C, + v/2B?) because

/Ed p(z)dz = /\/EBd p(z)dz = /3B p(z — z;)d

for 2 = 1,...,n by the definition of p, and

n®¢ = n‘/Edp(w)d:z: =Zn:/Edp(w—:z:z-)da:

1=1

A PR

We denote < u,u > by u? for u € E¢. In order to prove 5.5, we may assume that
z = 0. Since p(z;) = 0 for |z;] > V/2, it may be also assumed that |z;| < v/2 for any

i=1,...,n. The centers of the balls satisfy

(z;—z;)*>4,1<i<j<n
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because the unit balls form a packing. In the family of the (’2‘) = 2= ) inequalities

above, writing them in the form
:vf + w? —2z;x; > 4,

the term x2 appears n — 1 times for any k. Hence summing these inequalities results

in
n

(n—l)Zw? -2 > mz;>2n(n—1).

i=1 1<i<j<n
Adding and substracting Y%, z7 from the left hand side yields

n n
ny ;- O z)? > n-2n —2n,
i=1 1=1
which is equivalent to

2n > ni(? —2?) + (Xn: ;)2

=1 =1

Since z = 0 and p(z;) = p(—=;), dividing the last inequality by n establishes 5.5.
By means of 1.2,
V2 V2
¢ = dnd/ (2 — ) ldr = dmd/ ord=1 _ pdtld,
0 0
d +2
- d/gd (2'\/5 \/-2-d ) =d‘/{,d-2(d+2)/2- 2

d  d+2 d(d +2)

4:sz d/2
d_ od/2 5.7
d+2 2 (5.7)

Finally, 5.6 yields Blichfeldt’s estimate

LEMMA 5.2.1 Letd >2, n > 1 and C, € F2¢. Then

2I€d
d+2

V(C, +V2B%) > 242 ., (5.8)
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Rankin [25] modified Blichfeldt’s function. Since Rankin’s method is much more
complicated than that of Blichfeldt, and the improvement is significant only for
small dimensions, we prefer Blichfeldt’s approach. The only exeption is if d = 6. In
this case Blichfeldt’s estimate does not provide any information with respect to the
Sausage Conjecture as opposed to Rankin’s slightly better estimate.

Soletd =6, {x1+BS,...,z,+B%} be apacking in ¢, and C,, = conv{z1,...,Zn}.
Rankin defined a function o : E® — R so that o(z) = 0 for = ¢ v/2B® and

n

Yoolz—w) <1

i=1

for any = € E®. Hence for
6 _
T° = /E6 o(z) dz,

one can derive the analog of 5.6; that is,
n- 0 < V(C, +V2B°). (5.9)

We note that ¥® = 10.54305 by the formula given in [25].

5.3 About the fatness of a packing

For d > 5, define
min{d, 10} if5<d< 17
p(d) =1 11 if d =18
[Z@-1)|+1 ifd>19.
We remark that (d) = (d) if d # 18 and also ¢(d) > Zd — .
It follows from ii) and iii) of the previous section that if d > 5, d # 18 and

ro@)(Cn) = 0 for C, € F2, then C, satisfies the Sausage Inequality 5.4. Hence 5.4
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holds if C), is not ’too far’ from S,. Our approach is from the other direction; that is,
how far can C, be from being a d-dimensional ball (which was considered basically
in iv) ) and still satisfy the Sausage Inequality. It turns out that for large d, even a
quite small value of ry(g is sufficient but unfortunately ry(4) can not be arbitrarily
small. Note that Blichfeldt’s method gives the estimate fn®¢ for V(C, + V2B%),
independent of the shape of Cp. If ry(4)(Cy) is large then the ratio V(Cy + B?) over
V(C, + V2BY) is large enough to yield

V(Cn+B% 1
(Gt B9 2 V(Co+v2B% 2"

o* > V(S, + BY),
where the first inequality follows by 5.6. In other words, the fact that similar esti-
mates hold for V(C, + B¢) and V(C, + v2B%) can correct the error coming from
Blichfeldt’s method. If ryg)(Cy) is arbitrarily small then V(Cy + B) is much smaller
than V(C, + v/2B?) and the second inequality above does not hold any‘ more.

In order to prove our main theorem, we need the following lemma. For a fixed
r>0and 1 <m <d, let T, be the linear transformation with the diagonal matrix

’

d-m < 0

\

Denote by E™ the Euclidean space spanned by the first m coordinate axes, and

by B™, the unit ball in £™ centered at the origin.
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LEMMA 5.3.1 For K €K% 1 <m <d and r = rp(K),

V(K + B%) > ( 4 +\}§>m 2m=d2 (K +/2B%. (5.10)

T+

Proof: Notice that any z € B? can be written as x=y+z with y € B™, (y,2) =0

and |y|® + |2|> < 1. Then

Tole = Toly+Tylze=(r+1)y+=

= ry4+x € rB™+ B
This yields that T (B?) C rB™ + B¢, or
B¢ C To(rB™ + B?).

For simplicity, we assume that rB™ C K. Then B¢ C To(K + B?), and it follows

that

K +v2B* = K+B*+(vV2-1)B¢
c K+ B*+(V2-1)To(K + B?)

= (I+(“2-1)T)(K + B?).

Denote the linear transformation I + (v/2 — 1)Tp by U. Note the relation

1 __r+\/§
+1 r417

1+(V2-1);

which in turn yields that

det(U) = (Z:*f)m Vo

In summary, we deduce that
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V(K ++v2B% < V(U(K+ BY) = det(U) V(X + B?)
_ (r +/2 :

. o(d=m)/2 a
r+1> 2&-m/2y (K + BY).

THEOREM 5.3.2 Let d > 5.
a) There exists a function c(d) such that if ry(a)(Cn) > c(d)Ind/d for Cy € F,

then V(Cn+ B?) > V(S, + B%).

)  o(d) ~ (2%‘@-@ (1 +0 (%)) = 8.7794 (1 +0 (%fl-)) .

Proof:  First let d = 5, and hence ¢(d) = 5, and let C, € F,, for some n > 1.
Note that according to the table in [5], p.15.,

% < 0.00987,

Ks

which in turn yields that xs/8s > 10. By means of Corollary 2.1.2, there exist a
o > 0 so that if r(C,) > o then

V(Cn+B%) >10-n.
On the other hand, by 5.3,

V(S + B®) < 264 - n = 9.86960 - n,

and hence r(C,) > o yields the Sausage Inequality 5.4. Therefore we may set

¢(5) = 5/ In5. Unfortunately, we have no estimate for p.
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We consider the case d = 6 later, so let d > 7. By 5.3, the volume of the ’sausage’
is
V(Sn -+ Bd) < 27’1,/%,1_1.

For a C,, € F¢, combining Lemma 5.2.1 with Lemma 5.3.1 results in

+1\°
V(C, +BY) > V(C,++v2B%) [ ———=] .o~/
(ot BY) 2 V(Cnt V2 )(r+«/§>

) 0
> 264 9d4/2,, . ( r+l ) . 9lo=d)/2

d+2 r+4/2
= (7‘+1 ’ 25‘1 .2¢/2.n
r++2) d+2 ’

where gorz @(d), C, € F¢ and r = ry,(Cy). The Sausage Inequality 5.4 holds if

r+11\" 264
AL > 2%q 11
<r+\/§> d+2n_2md 1m, (5.11)

which is equivalent to

({:“:/*_/—) > fdt EHd+2) (5.12)

Define the function h(r) for non-negative r by

This function is monotonically increasing and satisfies 2(0) = 1 and lim, oo 2(r) =

V2. Since by 1.7,
[ d

) > fet 2(d+2)> 1. (5.13)

Kd—1

for d > 7, 5.12 can be extended to

oo (2
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It follows right away that r must be positive. On the other hand, the existence

of a positive r satisfying 5.13 is dependent on whether

214+ 92) < (V2)°. (5.14)

Kd

This inequality does not hold if (d, ) = (5,5), (6,6) or (18,10). I (d, ) = (6,6)
then using 5.9 instead of 5.6 yields the corresponding version of 5.11; that is, the

Sausage Inequality follows from

r41 6
U8 .n > 2ks 1,
<r+\/§) me st

which inequality is equivalent to

r+1 6 2kK5
> . ‘ 5.15
(r -+ \/5) T (5:15)
We note that
2&5
F— = (0.99853 < 1,

and hence there is a 7(6) € R so that the Sausage Inequality holds if #(Cy) > r(6).
In the cases (d, ) = (5,5) or (18,10) even Rankin’s improved estimate is unable to
provide a suitable lower bound for r(C,).

Define r(d) as the value of r satisfying the equality in 5.15 if d = 6, or in 5.12
ifd="17,...,48, and let ¢(d) = %%dﬁ for d = 6,...,48. Since h(r) is monotonically
increasing, in order to prove that any r > r(d) satisfies 5.15 if d = 6, or 5.13 if
d=1,...,48, it is sufficient to consider the case r = r(d). We did this with the help

of a computer, and the resulting values are contained in Table 5.1.
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- : lower bound for

d |¢=¢(d) ¢ ¢ Ry

6 6 1690.3813 5660.5187 4183.4804
7 7 19.6265 70.6022 51.9268
8 8 9.2130 * 35.4443 26.2208
9 9 6.0494 24.7789 18.1483
10 10 4.5203 19.6318 14.3541
11 10 5.7206 26.2427 62.9273
12 10 7.3818 35.6482 81.2007
13 10 9.8417 49.8810 108.2589
14 10 13.8717 73.5887 152.5895
15 10 21.7058 120.2297 238.7647
16 10 43.6246 251.7484 479.8715
17 10 462.5658 2775.5124 5088.2239
18 11 15.2755 95.1293 183.3061
19 11 21.4220 138.2330 257.0645
20 12 9.2274 61.6040 119.9569
21 12 10.9718 75.6799 142.6342
22 - 13 6.6048 47.0089 92.4679
23 13 7.3840 54.1643 103.3760
24 14 5.1437 38.8443 77.1558
25 15 3.9635 30.7836 63.4168
26 15 4.2139 33.6280 67.4236
27 16 3.3995 27.8492 57.7916
28 16 3.5710 30.0070 60.7080
29 17 2.9767 25.6362 53.5810
30 17 3.1003 27.3462 55.8059
31 18 2.6483 23.9078 50.3188
32 19 2.3154 21.3787 46.3081
33 19 2.3861 22.5204 - 47.7229
34 20 2.1157 20.3992 44.4305
35 20 2.1720 21.3820 45.6124
36 21 1.9482 19.5722 42.8617
37 22 1.7681 18.1177 40.6676
38 22 1.8058 18.8645 41.5339
39 23 1.6516 17.5825 39.6399
40 23 1.6832 18.2520 40.3977
41 - 24 1.5498 17.1113 38.7465
42 24 1.5766 17.7167 39.4162
43 . 25 1.4601 16.6933 37.9642
44 26 1.3605 15.8196 36.7349
45 26 1.3805 16.3199 37.2747
46 27 1.2919 15.5224 36.1748
47 27 1.3094 15.9844 36.6635
48 28 1.2301 15.2526 35.6737

Table 5.1

153
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The lower bound for R, is defined as

Vdr, ifd="7,9
R,={ HLr, if d = 6,8,10

(p+1)r, ifd>11,
where r,, is taken from the third column. The actual use of R, will be apparent later
in this section.
We observe that the minimum value of r, = 7, is considerably larger for d = 6
and d = 17 than for other values of d. If d = 6 then the reason is that the lower
bound provided by Rankin’s method for V(C,, + B®), C,, € F?, is just slightly greater

then V(S, + BS) for n large. With respect to the other anomaly, we note that as

d < 17 approaches 17, ¢(d) = 10 by definition and "I‘j;il (d + 2) approaches Va2
Thus (3%'\"7‘2&)10 is necessarily close to \/510, and this forces r to be large. This
forcing is not present for 10 < d < 17 because ¢ is still 10, and for d > 17 because ¢
now increases as well, and the ratio of ¢ over d is more or less constant, around .

Now we turn to the case d > 48. Let 7= %ﬁ Then

and r is non-negative if and only if 0 < 7 < V2—1.Let0< < /2 — 1. Then

\/57' 1
V2—1—7 1-(V2+1)7

Since ",‘é—; < %’% by 1.7, the inequality 5.13 follows if

(V2)? > (1+7)° > 1/ %l(d +2). (5.17)

We solve 5.17 and determine » by 5.16, instead of solving 5.13 directly, because

1+7

=©2+V2)r (5.16)

r =

Kd—1

w=t(d + 2) is difficult to express as a simple function of d.
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Recall that 1+ 7 < \/5, and p(d) > £d — 1—72- . Hence
(L+7) > 1 +7)EE > (1+7)242 7,
and 5.17 follows if

For d > 48, we choose
(14 7)%8 = df > 0.4883Vd + 1(d +2),

which then has the solution

18 181nd 181nd 2
= erhd/d_ 1 _ —
T(d) e 1 (1-!- 7 +O(( 7d ))) 1

18 Ind Ind
= 77(”0(7))’

Notice that Ind/d, and also T are decreasing functions of d. Hence for d > 48,

181n48

T(d) < et —1=0.23045 <v2 -1

and 7 yields a solution for 5.13.

It follows by
1

A o)

and by 5.16 that

rd) = @+VD (1 +0 <1I;—d)) (1+0(r))

= (2+«/§)18713d (1 +0 (%)) (1 +0 (%d))

Ind Ind
= 8.779%4 - (1 + 0 <7>) .
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Thus ¢(d) = 8.7794 (1+ 0 (12¢)).

In simple terms, Theorem 5.3.2 states that C, € F2 satisfies the sausage con-
jecture if it has a certain interior property. Next, we wish to show that C, € Fg
satisfies the sausage conjecture if it has a certain exterior property.

The following lemma is a variant of Theorem 1.5.1 for centrally symmetric ;:onvex,
compact sets. We denote by E* the k-dimensional subspace spanned by the last &

coordinate axes, and let B* = E* N BY. -
LEMMA 5.3.3 Let K € K? be centrally symmetric, and 1 <m < d. Then
Rn(K) < Vdrn(K).

Proof: We may assume dimK = k > m, otherwise the inequalities readily hold.

Consider first the special case of the k-dimensional ellipsoid M with the equation

1\2 kN2
.(:l:_2)._+...+£-m—-§)——s:[, mk+1=.,.=$d=0, a12...2ak>0.
ay ag

Then a, B™ C M and r,,(M) > an. On the other hand,
M c{(z',...,a%)| @™+ + (29 < a2} = E™ + am B4,

which in turn yields Rn(M) < am, and hence rm(M) = Rn(M) by R.(M) >
Tm(M) 2 .
We recall that by Theorem 1.5.4, there is a point 2 and a k-dimensional ellipsoid
M such that
e+ MCKCz+VEM.
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It follows that
T (K) 2 tm(z+ M) = rp(M),
Ron(K) € Ru(z +VEM) = Ry(VEM) C Rp(VAM),
which in turn yield that
R(K) < VA Ry (M) = Vdra (M) < Vdra(K).
* O
Remark: M. Henk proved recently that if a K € K¢ is centrally symmetric then
Ry (K) < min{m,d+1—m} - r,(K).

His bound is better than ours if either m or d + 1 — m is small. If m/d is bounded

from 0 and 1, which is our case, then our estimate is better.

Since by Lemma 5.3.3, a lower bound for R,y forces a lower bound for ry(4), Theo-

rem 1.5.1 and Theorem 5.3.2 yield

THEOREM 5.3.4 Let d > 5 and c(d) be the function in Theorem 5.3.2. Then
there exist a bounded function co(d) so that if C, € F2 and either

a) Ry@(Cn) > co(d)Ind, or

b)  C, is centrally symmetric and Ry(a)(Cr) > ¢(d)Ind/v/d, then

V(Cy + B%) > V(S, + B%).

By Theorem 1.5.1, we may define co(d) = ﬂ%IL“Ll-c(d) for d > 11. Then b) of
Theorem 5.3.2 and ¢(d) ~ ;= d yield that

cod) ~ ?’(2—;@ (1 +0 (lidd—)) — 5.1213 (1 +0 (%)) |
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Notice that the lower bound in b) approaches 0 when d — oo. In Table 5.1, we
considered the case of general C,. In order to calculate R,, we used the maximum

value of Ay by Theorem 1.5.3 and 2R4(K) = Ay(K) for d = 6,...,10, and Theo-
rem 1.5.1 for d = 11,...,48. The anomalies around d = 6 and d = 17 are caused by

the behavior of 7).

5.4 Modifying Blichfeldt’s function p(z)

The notions and the results below will be needed in the fifth section.

Denote by D&, form =1,...,d, the ellipsoid with equation
132 m)2
%.}_..._|__($2_)+(wm+1)2+...+($d)2 <1,

and we define the function
2—2? ifze D,
0 otherwise.
In addition, set
o= [ @)= [ pi(o)da
Ifd =m, then D¢, p? and 8¢ are V2B?, p and ®¢, respectively. Fixal <m <d
and a packing {z; + B4,...,z, + B} with C, = conv{zy,...,Tn}.

Since p? (y) < p(y) for any y, 5.5 yields that

Soph(w—m) <2

i=1

for any z. Using this inequality in the same way as 5.5 was used in 5.6 and replacing

V2B¢ with D¢, results in

n- % < 2V(C, + D2). (5.18)
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LEMMA 5.4.1 For m=1,...,d,

5! _d—-m+4

— 2m/2
m dra2

Proof: For m = d, the statement is the same as 5.7, and hence assume 1 <m < d.
Then every z € D% can be written as z = (u,v), with v € E™ and v € Edm, In

terms of u and v, the equation of Dg, is
u? +20° <2,

with u € v2B™ and v € 2=v/2 — uZ B, Defining p = v2 —u? fora u € \/2B™
V2

and using 1.2,

Il
—
=
ton
'Y
|
3
(o)
|
<
[\
S

/u o P (@) 42

The Fundamental Theorem of Calculus yields that

/u+Ed_m ph(z)dz = (d—m)kim (% (_\%)d_m _ g_—;;g (vp_i)d—mw)

d—m+2 ) 1
(d——m)/‘?d-m\/-éd—m+2 <d—m - d—m+2>
gz pusgen do 4

d—m+2

= Kg_m(2—u®
We recall that by Fubini’s theorem, for any integrable f : E¢ — R,

a f(z)dz =/Em [Ed_m fu,v)dv du.
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It follows by 1.2, that

d gy d=mit2 m—-d-—2d m-+4
- (2 — e TR eomEs g,
O /ﬁBm’“d @-w) 2 T

d— 4 m= V2 —
— Lmd_nﬂ—zé‘l . m/s:m/ (2- sZ)d 7 g™ dg
0

d—m+2
_ d—m—l—4 m—d_4 _
= ke 2 -mnm/(2 26) 5 (2)"F° di
_ m(d—m+4) m_1/ m_y
= iTmia Kd—m fom 22 (1—t) 451 dt.

We used the substitution s? = 2¢, which satisfies sds = d¢. Both the volume of the
unit ball and the integral in ¢ in the last line can be expressed with the help of the
I’ function (see 1.4). With the basic identity ¢I'(t) = I'(t + 1),

m(d —m44)  qld-m)/2 ™/ m_y D(E2E2 4+ 1I(%)

ot = . . . 9%
™ d—-m+2 T(&2+41) T(Z+1) I'(£+2)
m(d —m +4) m¢/? N(%) D52 +1) o2
d—m+2 (E+1)0(E+1) T(3+1) T(=32)
_ md-—m+4) 2k 2 d—m+2 9B
d—m+2 d+2 m 2
d—m+4 o
=~ a2t
O

Combining the previous lemma with 5.18 yields the following version of Blich-

feldt’s result:

LEMMA 5.4.2 For m=1,...,d and C, € .7-"1

d—m-+4

om/2, 5.19
2d+2) (5.19)

V(Cn+ Di) >n
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5.5 The relative width of C,

Let C, € F2. In Theorem 5.3.4, to ensure that C, satisfy the Sausage Inequality
5.4, we had to assume that R,4)(C,) has order of at least Ind. Unfortunately, Ind
is large for large d. So we verify 5.4 by considering instead the relative width of C,
for which we give a much smaller lower bound. In other words, if C,, would serve as
a counterexample for the Sausage Conjecture then it must be very flat in its affine
hull. The method of Blichfeldt has again the central role, only with p% (). The
modification has no effect on the order of the lower bound. For m ~ ¢(d) and large
d, our estimate is about the half of the lower bound which we would obtain from
p(z).

For 1 <m <d, let Ty be the linear transformation with diagonal matrix

4

M 4 0

S

d-m 0

,
Sk
)

LEMMA 5.5.1 Let 1 <m <d and K € K¢ with K C E™ and r = rp,(K). Then

r4+1
7"-{-\/5

Proof:  Notice that Ty(K) = K and D% = T1(v/2B%) imply

V(K + B%) > ( )m V(K + D%). (5.20)

K + D¢ =Ty(K) + T1(vV2B%) = Ty(K +v2B%).
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Then Lemma 5.3.1 yields that

V(K +D2) = detTy V(K ++/2B%)
(i) o 295" (i—‘@-)m V(K + BY)

= \WV2 r+1
- (T,.J:L{) V(K + BY).

The last lemma we need is a rather technical one.

LEMMA 5.5.2 Ifm>10 and m <d <2m — 1,‘ then

Km—1 Kd—1 4(d + 2)
> .
Km (m+2) 2 kg d—m+4

Proof: If m = d then the assertion is true and hence assume that m +1 < d. By

means of 1.7, it sufficient to prove that
[ [d+1 4(d+2)
27r(m+2)> r d—m+4’

d—m+4> d+1 d+2
4 m m+2

which is equivalent to

Defining k = d — m, the last inequality may be written as

E_ [ E+1 k
1+ > HT(”?)

where 1 <k<m—1landm>10. If 1 <%k <7, then as

t
\/1+t<1+§
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for positive ¢, we have that

k41 k 2%k k k k
< —_— —_— _
1+ — (1+m+2> < \/1+m(1+m+2><<1+10) (1+12)

S AL AL U
= 10 12 10 12 120
< 1+Zc-

T

If £ > 8 then

,/1+5—”—L—1- 1+-—k—— S\/§-2=2.8284<1+Zc-.
m m+ 2 4

Recall that for d > 5,

min{d,10}  f5<d<18
P(d) =
[L@-D]+1 ifd>19,

and that ii) and iii) from the first section state that if n/,(d)(C’n) = 0 for C, € F¢

then C, satisfies the Sausage Inequality. The preparations above enable us to prove

THEOREM 5.5.3 Let m > 5,d > 5 and ¥(d) <m < d.
a)  There exists a function &m) such that for C, € Ft with m = dimC,, if

i (Cr) 2> &m) Inm/m then V(Cp + B%) > V(S, + BY).
b)) &m)=(3+15V2) (1 +0 (1%")) =5.1213 (1 +0 (%’L)) .

Remark: The very same reason, as quoted before Theorem 5.3.2 does not allow
us to fill the gap between this Theorem and the conditions ii) and iii). Now the ratio

V(Cn + B?) over V(Cy, + D%) becomes too small if 7, (C,) is arbitrarily small.
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Proof: If d = 5,...,10, and hence m = d, then we may choose &m) = c¢(m),
where ¢(m) is the function of Theorem 5.3.2. So we assume d > 11. It follows from

Lemma 5.4.2 and Lemma 5.5.1 that for r = 7,,(C,),

(::\2)"‘ V(Cat Dn)

(7‘+1 )md——m+4

V(C, + B%)

K;d2m/2n

r+v2) 2(d+2)
_ (\/2—r+\/§)md—m+4ﬁ n
S\ r+V2 2d+2)

Since V (S, + B%) < 2k4-1n, the inequality

() Sy

yields V(C,, + B%) > V(S, + B%). The inequality is equivalent to

V2r + 2\ ki 4(d +2)
(‘:‘ﬁ) Rl e (5:21)

Kq > 2K4-1

If d > 19 then

We note that

2[-7—d+ 5]—1 > 2(ld+—5—>—2—1=ﬁ—E

120 T 12 = 127" 12 6 6
d 13
= dt=-——>d
teT e

and so ¥(d) < m < d yields that d < 2%(d) =1 < 2m — 1 for d > 19. Since
10 = 9(d) < m for d = 11,...,18, we have m < d <2m —1for d > 11. By

Lemma 5.5.2, for d > 11 the inequality 5.21 follows from

(\/ir-l-\/?)

" Km—-1
Virtvzye . 2); 5.22
TEE) s i g g) (52

Em
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that is, from an inequality which contains only m as a parameter.

Recall the function
Vor +2
h(r) = ———=
r++/2

from the proof of Theorem 5.3.2. It is monotonic for non-negative r and 2(0) = 1,

lim, e 2(r) = v/2. In addition, 1.7 and m > 7 yield

Eml (i 4+ 2) > ,/-2"—;(m+ 2) > 1.

Em
Hence the existence of a non-negative r satisfying 5.22 is equivalent to the in-
equality
(VE) > EmL (4 2). (5.23)

m

Let &m) = r(m){Z. For m = 10,...,48, we check the condition above by
computer, search for the minimal r satisfying 5.22 and calculate ¢. The results are
contained in Table 5.2 (we refer later to the value A,, which is the maximum allowed
by Theorem 1.5.3 for given r,,,). If m = 6,...,10 then we used the corresponding
values from Table 5.1.

Assume now m > 48 and define
. 2 m m
" This function satisfies

m+1
T

Km—1

(14 7)™ =m®?% > (m+2)> (m +2)

Em
by m > 48 and 1.7. On the other hand, since Inm/m is monotonically decreasing,

31n48

1+7(m) < e =1.12859 < V2.
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lower bound for

m T | é | Am
6 1690.3813 5660.5187 8366.9608
7 19.6265 70.6022 103.8537
8 9.2130 35.4443 52.4416
9 6.0494 24.7789 36.2966
10 4.5203 19.6318 28.7083
11 3.6191 16.6023 24.0067
12 3.0247 14.6069 21.0182
13 2.6030 13.1931 18.7709
14 2.2882 12.1388 17.1617
15 2.0440 11.3222 15.8333
16 1.8491 10.6707 + 14.8185
17 1.6897 10.1388 13.9339
18 1.5569 9.6962 13.2297
19 1.4446 9.3219 12.5940
20 1.3482 9.0013 12.0731
21 1.2647 8.7235 11.5913
22 1.1915 8.4804 11.1879
23 1.1268 8.2658 10.8083
24 1.0692 8.0750 10.4851
25 1.0176 7.9041 10.1769
26 0.9711 7.7502 9.9111
27 0.9290 7.6109 9.6549
28 0.8906 7.4841 9.4315
29 0.8555 7.3682 9.2146
30 0.8233 7.2619 9.0236
31 0.7935 7.1640 8.8370
32 0.7660 7.0735 8.6713
33 0.7405 6.9896 8.5087
34 0.7168 6.9117 8.3633
35 0.6947 6.8390 8.2200
36 0.6740 6.7711 8.0910
37 0.6546 6.7075 7.9635
38 0.6363 6.6478 7.8482
39 0.6192 6.5916 7.7338
40 0.6030 6.5387 7.6298
41 0.5877 6.4888 7.5265
42 0.5732 6.4415 7.4321
43 0.5595 6.3968 7.3382
44 0.5465 6.3544 7.2520
45 0.5341 6.3141 7.1661
46 0.5223 6.2758 7.0870
47 0.5111 6.2393 7.0080
48 0.5003 6.2045 6.9351

Table 5.2

166
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Thus the properties of h(r) yield r(m) with

r(m) = (v2 — 1)r(m)
r(m) +v2

and if » > r(m) for a fixed m, then it satisfies 5.22. With the help of 5.16, one can

write

r(m)

i

2+ Vo) (1 +0 (lnm)) (1+0(r))

inal2 o)) 00 (2)
= 51213 (1+0 (1nm>) nm

and thus &= 5.1213 (1 + 0 (22)).

COROLLARY 5.5.4 Letd > 5, (d) < m < d and Cy, € F2 with
dimCy, = m, and &m) as the function of the previous theorem. If C, satisfies

Am(Cr) = 2.1&m) 52 then V(Cp + BY) 2 V(Sa + BY).
Proof:  According to Theorem 1.5.3,

r(Ch) > %%A (C,)  ifmis even,

m+2.21lnm _ 2.1 m2+2m Inm
2(m+1) " /m 2 Vm24+2m+1 m
2.1 624+2-6 Inm
2VeEr26+1 m

Inm

For even m > 6,

v

m .
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Thus if Ap(Cr) 2 2.1E(m)1\‘}—1% then 7,,(Cp) > &m)®B2Z, and the corollary follows

m ?

from the Theorem above.

5.6 Conclusion

Assume that C, € F¢ provides a counterexample for the Sausage Conjecture. It was
known, according to ii) and iii) of the first section, that the dimension of C, can
not be too small with respect to d; that is, it is at least ¥(d) for d > 5. We have
strengthened the counterpart in iv) in the following manner: The relative width of
C, should be at most O(In m /m) for d > 5, where m = dimC,. In addition if d # 18,
then Ry(g < O(lnd), which means that the shape of C,, is not very far from being
at most ¥(d) — 1 dimensional for large n. |

Probably the method used in this Chapter can not be streched much further. The
case where we do not succeed is if C,, is *very thin’. In this case, the quotient of the
volume of C,, + B? over the volume of C,, ++/2B¢ (or Cr+ \/§Dfn) is so small that it
can not overcome the otherwise not very significant error of Blichfeldt’s estimate (see
also the explanation at the beginning of the third section). The improvements on the
function of Blichfeldt are not significant enough to improve even on the asymptotic
behavior of our estimates. Recently, with the help of code theory, a breakthrough
took place with respect to infinite packings. Unfortunately, those considerations do

not seem to yield any information on 'non-fat’ finite packings.
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