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ABSTRACT

Studies of material failure using fracture mechanics have been considered of signif-
icant practical importance to engineering applications for their ability to predict and
prevent catastrophic failures. A popular model of fracture mechanics, the two-phase
single inclusion model, has provided insight into the interaction between cracking and
the inclusion. However, it ignores the profound effects of degraded bonding quality
and other surrounding medium on the composite materials.

Thus, the author considers the three-phase inclusion model consisting of two cir-
cular regions, an infinitely extended region and the imperfect interfaces between the
regions, which incorporates the profound effects of micromechanics, and thus, is of
fundamental importance in understanding failure mechanisms and enhancing the per-
formance of composite materials. In addition, its. application can be extended to
deal with functionally graded interphases and cemented implants embedded in bone.
Although the three-phase model has recently been adapted to address imperfect ad-
hesion and to provide fundamental solutions to a generalized self-consistent scheme,
all of the previous works deal with a single imperfect interface. A comprehensive
literature search found no research addressing the situation where both interfaces are
imperfect.

In this study, a semi-analytic solution to the interaction between a pre-existing
crack and a three-phase inclusion with spring-layer imperfect interfaces on both
boundaries is presented. For the analytic approach, theories of linear elastic frac-
ture mechanics (LEFM) and linear elasticity with complex variable techniques are
applied to address how interfacial damage on both interfaces simultaneously affects

the tendency for the crack to propagate during mode I loading.
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CHAPTER 1

Introduction

1.1 Composite Materials

A composite material is a material system comprised of two or more materials that
form a new material with new individual properties or characteristics. This can be
called a multiphase material, Within the multiphase, is a region that is very stiff
and is called th? reinforcement. The continuous and compliant phase surrounding
the reinforcement is called the matriz. Applied loads are usually transmitted into the
reinforcement material through the matrix phase, with a small amount of the load
being sustained by the matrix. By restraining brittle cracks from propagating between
reinforcements, the matrix provides a barrier to cracking in the composite materials
[1]. In addition, an independent phase between the matrix and the reinforcement is
occasionally considered and is called the interphase (see Figure 1.1).‘ The interphase
is the result of a chemical interaction or other processing effect.

Composite materials are prevalent in nature. Rocks are an aggregate of many
different types of crystals and grains, and often include salt water or oil [2]. Bone
and wood are the most common natural composites. From an engineering application
standpoint, the composite is a multiphase material, which is artificially made to meet
the specific performance requirements of everything from machinery, such as bicy-
cles, automobilés and aircrafts, to biomechanical applications, such as carbon/epoxy
artificial limbs and carbon/polymer stems. One simple scheme for the classification
of engineering composite materials is shown in Figure 1.2. This includes particulate
composites, fibre-reinforced composites and laminéte composites.

Particulate composite materials are comprised of a continuous matrix phase and



particles randomly embedded within the matrix as a reinforcement phase. In partic-
ulate composites, the matrix bears a majority of the applied load-and the particles
strengthen the composite by preventing motion of dislocation. Laminate composites
consist of two or more layers. bonded together, called lamina, which are thin, planar
and unidirectional, and have a preferred high-strength direction. The orientation and
combination of stacked lamina vary with the desired orientation of the high-strength
reinforcement. Fibre-reinforced composites are the most dominant and important
composite materials. With stiff and brittle fibres embedded in a soft and ductile
matrix, fibre reinforcemen,:ﬁ composites dramatically increase strength, fatigue limits,
resistance and stiffness. Stiffness of a material along the fibre direction is usually
governed by the mechanical properties of the fibres, while enhancement in the overall
strength of the composite is achieved through the properties of the matrix [3]. Since
stiffness trans:verse to the fibres direction is much lower than stiffness normal to the
fibres, combinations of both laminate and fibre-reinforced composites, which stack
multi-layers of fibres in the different directions, have been developed.

Many new applications have been developed through the engineering of composite
materials. Composite materials were first introduced in the form of steel-reinforced
concrete in the nineteenth century and have been followed by applications such as -
the fibreglass boat in 1942, high-strength carbon fibre in the early 1960’s and to-
day’s nano-composite materials [3]. The demand for such high performance materials
which can overcome extreme and severe conditions—conditions which single-phase
conventional materials cannot sustain—fuels the study of composite materials that
have advantages and dominant features of each constituent combined. Consequently,
the advent of many advanced composites and the significant progress made in mate-

rials science and analytical approaches, such as micromechanics and macromechanics



which save time and costs associated . with the expensive experiments necessary to test
composites, considering the large number of permutations represented by composites,
have attracted the attention of many scientists. Micromechanics is the analysis of
‘the interactions between constituent materials, on the level of the individual phases
‘and at the macromechanical level, to evaluate the equivalent overall response of a
composite.

"A composite is a multiphase material that consists of many inhomogeneities on
a length scale much greater than tlr:e atomic scale, but which contain regions large
enough to be considered locally continuous and essentially homogeneous at the macro-
scopic length scale [2, 4]. Also, the inhomogeneities bond with each other at interfaces.
Thus, classical mechanics, such as linear elasticity and fracture mechanics can be ap-
plied to the material system without loosing generality, given certain assumptions.
Namely, each phase, including the reinforcement and the matrix, shows linear elastic
behaviour, and they bond together. The singular surface between the phases can be
expressed in terms of special parameters such as the spring-type interface parame-
ter, which connects the two elastic constituent materials together smoothly. Thus,
this thesis is developed based on the premise that three different imperfectly bonded
phases show linear elastic behaviour and spring-type interface parameters represent

degradation of bonding. Linear elasticity and fracture. mechanics are applied to the

composite.

1.2 Applied Mechanics of Composite Materials
1.2.1 Introduction

The underlying studies of the theory and analysis of composite materials were in-

troduced by Maxwell, Rayleigh and Einstein following Poisson’s bresen£ation of the



theory of induced magnetism, in which a composite material consists of conducting
spherical inclusions and a nonconducting matrix, in 1826 [2]. With the advent of
fibres as reinforcement constituents in the 1960s, came the dramatic development
of micro/macromechanics with respect to composite materials. A macromechanical
approach determines the effective, or overall, parameters of composites and predicts
their average response. A micromechanical analysis depicts the interaction and rela-
tionship between fibres and the matrix; thus, the analysis illustrates the behaviour of
deformation and stress within each constituenf and local failure, such ds matrix/fibre
cracking and bonding failure at the interface or the interphase layer’[3]. For the study
of strength and fracture toughness, which cannot be averaged, the micromechanical
approach should be adapted. A well-known model of micromechanics, which considers
three-phase system is the generalized self-consistent model (GSC) [5, 6].
Micromechanical analysis involves a representative volume element (RVE), which
is defined as a sample volume having the same properties as the ‘homogeneous com-
posite. Making the assumption that an inclusion like a fibre within the RVE is far
enough apart from the others so that the interaction between inclusions can be ig-
nored, the RVE taken from composites i considered a single inclusion embedded
within the matrix [7]. Hence, since it provides a much simpler approach to microme-
chanics, the single inclusion problem has attracted a great deal of attention, and has
been considered a fundamental solution-to the micromechanics analysis of composites.
The interaction between a single inclusion within a matrix and material flaws
(such as a crack [8, 9, 10, 11, 12] or a dislocation [13, 14, 15, 16]) has received a.
considerable amount of attention in the area of fracture mechanics. Understanding
crack behaviour within an inclusion (fibre cracking) or within the matrix (matrix

cracking) leads to the ability to predict strengthening, hardening and sudden brittle



failures of advanced composite materials. Thus, the.solution to a single inclusion such
as a fibre interacting with a crack or a dislocation in the vicinity of the inclusion is of
fundamental importance in understanding the failure analysis of composite materials.

The widely accepted interface assumptions associated with micromechanics can
be divided into the following categories: the interface is assumed perfect [5, 13, 16,
17] or imperfect [18, 19, 20, 21]; the imperfect interface is homogeneous [22, 23] or
inhomeogeneous along its boundary [24, 25]; the imperfect interface is modeled as a

spring layer (26, 27] or thin independent layer [28, 29].

1.2.2 Interface Condifions

The most simple land commonly made assumption regarding interface bonding con-
- ditions between constituent materials in composites is that the interface is perfectly
bonded. It is an idealization of a complicated adhesion that assumes there is no
bonding degradation or damage between the fibre and the surrounding matrix, such
as weak adhesion and voids, or crack propagation along the interface. From an ana-
lytical point of view, the perfect interface means that tractions and displacements are
continuous across the interface. Eshelby contributed to the development of this me-
chanical model [17]. Although Eshelby’s model is'inadequate for complicated modern
applications, its simple mathematical advantage, contributing to the early develop-
ment of micromechanics of composite materials, has been widely accepted [17, 29, 30,
31, 32]. '

Since the actual degradation of interface bonding is not taken into account with the
perfect interface, imperfect interface is introduced to simulate intermediate states of
bonding, from initial perfect bonding to complete debonding. The imperfect interface

condition is also simulated as an interphase layer, which is a thin annular layer between



a fibre and a matrix. In a micromechanic analysis, the intermediate Zone is usually
represented in two different ways: a finitely thin independent layer [29, 33, 34, 35
and a spring layer [18, 20, 21, 25, 26, 27].

As an independent phase, the mechanical properties of the interphase layer vary
between the fibre and the surrounding matrix. The properties match those of the
fibre on one side and the matrix on the other [33]. Ho;vever,»the interphase layer
is considered a non-uniform, anisotropic region, with mechanical parameters distinct
from both the fibre and the matrix [36]. - Qaissaunee and Santafe [35] investigated
an edge dislocation interacting with a three-phase elliptical inclusion in which all
the interphases were assumed perfectly bonded. They addressed the presence of an
interfacial zone, which had significant influence on the stress field in the matrix and
the inclusion. Three parameters, namely, two elastic constants and the thickness of
the layer are required to elucidate the behaviour of the interphase layer. However,
it is very difficult to determine the constants, and the experiments required are very
expensive. To overcome this difficulty, a spring-layer model is often used.

The spring-layer model does not have an independent finite thickness layer. Thus,
the three unknown parameters are reduced to two spring constant parameters: in
other words, the two elastic constants and the thickness are incorporated: into two
spring constants defined along the whole length of the interphase (37, 38]. The
mathematical representation of this model is based on the premise that tractions
are continuous, and displacements are discontinuous across the interface. Displace-
ment jumps across the interface are proportional, in terms of :"spring—factor type"
interface parameters, to their respective traction components at the boundary. Su-
dak [22] considered the interaction between a dislocation and a éircular inhomogeneity

subjected to antiplane shear, with the assumption of homogeneous spring-type inter-



face parameters. It was found that a soft inclusion always attracts the dislocation,
regardless of the state of adhesion at the interface. Thus, the equilibrium position of
the dislocation cannot be obtained. Alternatively, a stiff inclusion causes an unstable
equilibrium position that is affected by imperfect interface conditions and the shear
modulus ratio. Amenyah et al. [26] investigated cracking within an fibre embedded
in an infinite matrix subjected to thermal loadings. They incorporated the imperfect
interface with spring-type interface parameters into the single inclusion (fibre)system
and found that the imperfection of the interface had significant effects on Ehe streés
intensity factor (SIF). They also addressed the fact that the perfect interface model
results in overestimation of the SIF by up to 100% in a hard inclusion, and 200%
in a soft inclusion. Consequently, the imperfect interface condition is of significant
importance in analysis. A relationship between an imperfect interface and crack prop-
agation in the matrix is proposed by Liu et al. [27]. In contrast to the perfect bonding
condition, the imperfect interface causes greater SIFs at the nearby crack tip than at
the distant tip, even when the fibre is stiffer than the matrix. Also, the imperfectness
of adhesion leads to crack propagation in the interface, which eventually results in
deb(;nding.

If the interface parameters are constant along the entire interface, it is called ho-
mogeneously imperfect, while it is non-homogeneously imperfect if it is not constant.
The effects of an inhomogeneously imperfect interface on the stress fields induced
within a fibre are addressed in [25]. The two spring-type interface para,méters vary
- along normal and tangential directions, resulting in inhomogeneously imperfect inter-
face conditions, which lead to average stresses different from those of a homogeneously
imperfect interface.

Combining the two different methods mentioned above, authors have recently tried
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to derive a more descriptive and detailed interpretation of crack propagation interac-
tions with respect to imperfect interfaces [39, 40, 41]. In this model, the interphase
layer is considered an independent region with finite thickness. Inner interface bond-
ing, between the region and a fibre, is considered imperfect and is depicted by two
spring-type interface parameters. The outer interface, which is in contact with the
surrounding matrix, is assumed perfectly bonded. Adapting a three-phase circular in-
clusion model with the imperfect interface between a fibre and interphase layer, Kim
and Sudak indicate that the degradation of interface bonding quality and mechanicalﬁ
properties of the interphase layer alter SIFs of a radial matrix crack and their in-
fluence on micromechanical analysis of composite constituents should not be ignored
[39]. The interaction between an inhomogeneity and a screw dislocation in the inter-
phase layer with imperfect interface has been studied [41]. Tt has been demonstrated
that the interphase thickness, imperfection of the inner interface, and ratio of mater-
ial properties compete with each other to alter the equilibrium position and stability
of the dislocation. Henceforth, both mechanical properties of the independent region
and imperfect bonding conditions should be taken into account.

In this research, the interphase layer is assumed to be an independent region

having imperfect bonding interfaces along both sides and the imperfection of the

boundary is assumed to be homogeneously imperfect.

1.2.3 Two-Phase Micromechanics Scheme

* In this section, a simplified two-phase composite materials model is briefly introduced.
From the analytical point of view, a inclusion represents a void or reinforcement such
‘as a fibre. One of the most significant contributors to the establishment and shaping

of the conceptual framework of the two-phase micromechanics scheme is Eshelby. In .



-~ his 1957 paper [17], Eshelby’s developed a tensor to solve for am elastic field pertur-
bation within an inclusion and the matrix, caused by the inclusion being perfectly _
embedded in the matrix. His tensor has provided a foundation for the study and
application of linear elastostatic theories, such as the theory of dislocations and in-
teractions between a crack and the matrix. In 1964 [13], Dundurs and Mura depicted
the interaction between a circular inclusion embedded in an infinite elastic region and
an edge dislocation in the neighbourhood of the inclusion by determining Airy’s stress
functions as a function of the Burger’s vector. "They addressed the fact that a stable
equilibrium position exists in the matrix, even in the vicinity of a perfect interface.
In addition, Poisson’s ratios of the inclusion and the matrix and the orientation of
the Burger’s vector, with respect to the inclusion, ‘are shown to have strong influences
on matrix cracking. In 1965, Dundurs and Sendeckyj [14] turned their attention to
fibre cracking, by solving a similar problem with a perfect interface, but which had a
dislocation inside the inclusion. They found that the behaviours of the stable equi-
librium position within the inclusion were similar. In 1967, Dundurs [42] evaluated
screw dislocation interaction with an inclusion. The influence of inclusion stiffness
on the behaviour of the screw dislocation were addressed. A stiff inclusion repels the
screw dislocation, whereas a compliant inclusion attracts the dislocation. This result
has been proven by many authors in different ways [8, 27, 39, 43].

The interaction between a circular inclusion and an external radial crack was
defined in terms of SIFs by Tamate in 1968 [8]. He stated tha,f; ‘a relatively stiff
inclusion causes lower SIFs, while a softer inclusion results in higher SIFs. His findings
were in agreement with the results of Dundurs’ 1967 work. In addition, he showed
that the near crack tip is more vulnerable to the effects of an inclusion’s parameters

than the distant crack tip. To overcome the limitations encountered in the form of
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the series expansion for complex stress potentials used by Tamate, Atkinson [9], in
1972, introduced a dislocation density method in which singular integral equations for
the distribution of dislocations which form a crack, are set up and solved numerically.
Integrating over the dislocation density yields the stress fields. The solution for a
single dislocation interacting with an inclusion was addressed by Dundurs and Mura
[13] in 1964. Their solution was generalized to an arbitrarily orientéd line crack by
Erdogan et al. in 1974 [16]. Over the last two decades, the condition in which an
imperfect cohesion exists along an interface including an interphase layer has been
incorporated into the two-phase model as described in the previous section [18, 21,
44, 45].

Research into the behaviours of a crack or dislocations interacting with an inclu-
sion in the two-phase composite system has had a significant impact on the devel-
opment of the fundamental theories of micromechanics. However, in considering the
effects of an independent interphase layer; the influence of other inclusions surround-
ing an inhomogeneity, as in the GSC scheme; or other general three-phase cases such
as cemented implant systems (implant/bone/PMMA); the three-phase micromechan-

ics scheme is of great practical importance and interest.

1.2.4 Three-Phase Micromechanics Scheme

The three-phase model, known as the GSC model, was first introduced by Christensen
and Lo in 1979 [5]. They addressed the fact that perturbation caused by neighbouring
inclusions should be taken into consideration when determining the effective shear
modulus of the composite materials. The three-phase model consists of two circular
regions and an infinitely extended region. The advantage of this model is that it

. provides a mathematical simplification of the single inclusion problem and takes into
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account the effects of neighbouring inclusions and the matrix. Thus, it is.a simplified
and generalized composite model, which offers more precise determination of the
effect'ive parameters, and effects the local characteristics and fracture mechanism of
many physical applications. From a classical micromechanics perspective, the internal
circular region is considered part of the inclusion, the annulus a part of the matrix
phase, and the infinitely extending outer region a part of the composite phase, which
is affected by both the neighbouring inclusions and the matrix [5]. Thus, this'model
presents the fundamental solution for the GSC model analysis.

From an engineering application standpoint, a common physical example of the
model is coated fibres embedded in a matrix. The internal component is the fibre,
the intermediate region is the coating layer and the outer region is the surrounding
matrix. The three-phase model is valuable for simulating the.interphase layer associ-
ated with bonding in composite materials. Furthermore, the methodology addressed
in the three-phase model can easily be expanded into a multi-layer composite ma-
terial without losing generality [46] and can also be adapted to simulate particulate
composite materials in two-dimensional micromechanical analysis [6].

Since Christensen and Lo [5] introduced the three-phase scheme in 1979, it has
attracted the attention of many researchers interested in simulating the influence
of both neighbouring inclusions and the surrounding matrix in ther microstructure
analysis of composite materials, and in representing an interphase layer. In 1989,
" Luo and Weng [47] addressed how stress and strain fields are uniform in a fibre
when Eshelby’s S-tensor is applied to the three-phase scheme with perfect bonding
interfaces. Stress fields in a composite with a coated inclusion were subjected to
thermoelastic loading and evaluated by Benveniste et al. in 1989 [28]). In 1991, :

Luo and Chen compared two-phase models and three-phase models by considering
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the effects of volume fibre fraction, and the thickness and material properties of an
intermediate phase [48]. They demonstrated different results for the two models. By
solving a problem of two concentric circles surrounded by unbounded medium, they
addressed how the volume fibre fraction has a profound influence upon cracking in
the matrix and how the stiffer surrounding medium, which is the infinitely extending
outer region, suppresses crack propagation in the matrix. Also, they illustrated how
the three-phase model shows a stable equilibrium position of the dislocation under
much less stringent conditions, when compared with the two-phase model used by
Dundurs and Mura [13], and how the trapping mechanism of the dislocation is more
likely to take place in the three-phase model [49]. Of particular interest is how
the stability of the dislocation is observed to be fundamentally independent of the
orientation of its Burger’s vector. These results are significantly different than the
results seen using the two-phase model. In 1998, Ru provided the exact closed-
form solution for stress fields within an inclusion surrounded by an interphase layer
under thermal loads, showing that the interphase layer has strong effects on the local
stress, but moderate influences on the mean stress values [50]. In 2002, Wang and
Shen, further developed the model by considering imperfect interface such as the ,
inner circumferentially homogeneous sliding interface between an inclusion and the
surrounding matrix [51]. By investigating how crack behaviours in the matrix interact
with the imperfect interface, they depicted how the sliding interface influences the
SIFs—the degradation of the initia] bonding condition plays a predominant role in

altering SIFs.
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1.3 Applications of the Three-Phase Model
1.3.1 Interphase Layer of Composite Materials

It is well known that the quality of adhesion along an interface between a fibre and the
matrix has a profound influence on the performance and failure of composite materi-
als, since the effective load transfer between the fibre and the matrix are compromised
due to bonding defects, such as voids, impurities and cracking. The intermediai;e zone
representing a state of adhesion between a fibre and matrix is known as the inter-
phase layer. The interphase layer can be illustrated by a two-phase model having
an imperfect interface, with the assumption that its thickness is very thin and there
are three parameters, the thickness and two elastic constants, which are incorporated
into two spring-type interface parameters. However, as addressed in Section 1.2.2,
the three-phase model is preferred, since it provides a more precise analysis of the
interphase layer’s influence on the failure mechanism of composite materials.

The interphase layer is a chemical interaction by-product of the bonding between
the constituents. However, it may also be introduced in the design stage to improve
performance of the composite constituents. For example, fibres may be coated to
improve the bonding between the fibres and the matrix. Xiao and Chen [52, 53]
investigated the effect of coated fibre composites on bonding strength. They demon-
strated that the thickness and mechanical properties of the coating materials compete
with each other to alter the stress field around the circular inclﬁsion. With a thick
coating layer, the elastic properties of an inclusion have limited effeéts on the force of
a dislocation, while the mechanical properties of both anrinclusion and coating have
substantial influence on the equilibrium position and the stability of the dislocation

in the case of a thin coating layer.
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The interphase layer can also include a thermal barrier coating in order to avoid
thermal mismatch induced stresses in passivated interconnect lines in integrated cir-
cuits. Ru addressed how the interphase layer, with an intermediate thermal expansion
coefficient between that of the Iﬁatrix and the inclusion, should be implemented in
- order to reduce thermal stresses within both the inclusion and interphase layer [50].
In addition, in order to study stress and electric field concentrations in piezoelec-
tric composites and devices, Sudak investigated the relationshi;; between residual
electroelastic stresses induced by electromechanical loadings, and lattice mismatch
between buried active components and surrounding materials [54]. Considering the
interphase layer as a continuum with finite thickness, the works mentioned above have
adapted the three-phase model to investigate its effects on the behaviour of composite

materials.

1.3.2 A Model of A Cemented Implant

According to the National Hospital Discharge Survey of 2003, 36,000 of the 217,000
total hip replacemeﬁt (THR) surgeries and 33,000 of the 402,000 total knee replace-
ment (TKR) operations performed in the United States underwent revision surgery.
Cemented implants, usually PMMA, are among the most popular jsypes of prostheses.
"The predominant failure of cemented implants is aseptic loosening of the stem from a
host bone. Of the many factors causing aseptic loosening, damage to the mechanical
interlocking along the interfaces is the primary reason for loosening of a stem from
the bone cement.
It is important to understand the behaviours of each interface, nafnely, bone/cement

and cement/implant, to predict failure of the cemented prosthesis system. First, the

interface between an implant and the bone cement can have either a smooth polished
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surface, to facilitate implant insertion into the cement, or a porous surface, to increase
interdigitation between the constituents.

The interface between bone cement and the host bone has strong interdigitation.
The interdigitation in a well-fixed cementing keeps its initally strong mechanical in-
terlocking and prohibits any relative shear slip. Compared to the adhesion between
an implant and the bone cement, the mechanical interlocking and bonding along this
interface is strong and less vulnerable to loosening. The .three-phase model with two
independently imperfect interfaces is of fundamental importance in predicting failure

in an implant/cement/bone system.

1.4 Overview of the Current Study

Studying the behaviour of cracks or dislocations interacting with inclusions and the
surrounding matrix is of fundamental importance in order to understand failure mech-
anisms and to enhance the performance of composite materials. A simplified scheme
consisting of a single inclusion and a crack or a dislocation has been adopted for
theoretical analyses by many researchers and has provided reasonable and reliable re-
sults. The application of the three—phase: model includes bonding layers, any special
coatings and cemented implants embedded into bone.

"The majority of the research dealing with the three-phase model has assumed that
both inner and outer interfaces are perfectly bonded or that only the inner bound-
ary has imperfect adhesion. Although the imperfect interface has been considered
a predominant parameter in micromechanical analysis and the degree of bonding
degeneration at the interfaces has been known to dramatically alter stress fields in
the composite constituents {26, 27], applying the imperfect interface condition to the

three phase model is rare in the literature due to mathematical difficulties involved.
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To illustrate this point, we will examine the dislocation density method.

The dislocation density method, also called the singular integral equation method,
was introduced and developed by Atkinson [9] and Erdogan et al. [16] and has been
the most popular and widely accepted for simulafing crack-inclusion or dislocation-
inclusion interactions. Although this procedure has contributed to the development
of micromechanics of composite materials, the computational difficulties associated
with solving the singular integral equations for .imperfect,interfaces are still extremely
challenging. To overcome the difficulties, a relatively simple series method has been
incorporated into a two-phase imperfect interface model by Amenyah et al. [26] and
Liu et al. [27], and into a three-phase model with an imperfect inner interface by
Sudak [41] and Kim [39]. Sudak studied interactions between a screw dislocation and
an inclusion in anti-plane shear employing a three-phase model with an imperfect
interface by determining unknown complex coefficients using the series method. By
establishing coefficients of complex potentials, Kim and Sudak also solved the three-
phase inclusion-crack interaction with general imperfect bonding conditions. Wang
and Shen proposed the decoupled strategy, in which the dislocation density method
and the series method were combined to show crack-inclusion interaction with sliding
interface condition [51]. In this view, the thfee-phase model with. imperfect bond-
ing along both inner and outer interfaces is considered to be the preferred and more
precise model. However, although the three-phase model with inner/outer imperfect
interfaces is identified, to the best of my knowledge, there is no research in the litera-
ture dealing with the three-phase scheme having imperfect bonding along both inner
and outer interfaces.

In the present work, both internal and external annular interfaces are considered

imperfectly bonded and the series method is used to resolve the mathematical difficul-
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ties. Imperfectness of interfaces is modeled with dimensionless spring-type interface
parameters and the effect of the parameters on the SIFs at crack tips is shown along
crack locations. Thus, the aim of this research is to address how imperfections of
both interfaces simultaneously affects propagation of a pre-existing radial crack in
the annular region in plane elastostatics during the mechanical cracking processes.
This thesis is organized into six chapters. Following this introduction which re-
viewed the basis of the three-phase r.nodel with imperfect interfaces, Chapter 2 pro-
vides a derivation of the mathematical formulations of the boundary value problem.
Specifically, a semi-analytical solution to plane elastic deformation of 2 single inclusion
interacting with a pre-existing radial crack is presented. The boundary conditions of
an imperfect bonding along two interfaces are expressed in terms of stress potentials,
which are represented solely in series forms. In Chapter 3, a rigorous solution to the
boundary value problem is derived from the two imperfect bonding interfaces and
a set of general algebraic equations is obtained. Chapter 4 outlines the numerical
analysis proé:edures used to solve the algebraic equations and,lays a foundation for
SIFs to describe the behaviour of a radial crack under mode I loading. For the veri-
fication of formulations, numerical results from the derived formulations with perfect
interfaces are compared to those pu}::lished. In particular, a new phenomenon, the so-
called stable zone associated with debonding, is discussed in this chapter. Chapter 5
deals with another application example of this rigorous model, namely implant/bone
cement/bone system. The semi-analytical solution to the three-phase model is ap-
plied to the cemented implant design to show how the non-slip surface conditions of
the implant affect performance and failure of the prosthesis. Chapter 6 summarizes
the new findings of this research and concludes that the three-phase model having

imperfect bonding along both inner and outer interfaces is general and preferred from
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application perspective and the imperfectness of both interfaces should be taken into

account for a more precise analysis. A brief insight into future work is presented at

the end of the chapter.



19

Continuous phase
(matrix)

...........

Dispersed phase
HRIRHIY S~ (reinforcement)

Figure 1.1 Phases of a composite materials (from Daniel et al. [3])
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CHAPTER 2
Analytical Formulation of A Boundary Value Problem

2.1 Introduction

We consider a domain in R?, infinite in extent, containing an inclusion, a matrix zone
. with a pre-existing radial crack and a composite phase (Figure 2.1). The inclusion,
with center at the origin of the coordinate system and radius Ry occupies a region
denoted by Sy and the matrix zone is modeled as an annulus with outer radius R,
and represented by S;. The surrounding composite phase is represented by S,. All
the materials occupying Sy, S; and S, are assumed to be homogeneous and isotropic.
The inclusion/matrix interface and the matrix/composite phase interface are denoted
by curves 0T'g and 0Ty, respectively and the interfaces 8I'; and OI'; are assumed to be
homogeneously imperfect. The créck has length of 2/ and unless otherwise stated, the

subscripts 0, 1 and 2 will denote quantities in the domain Sy, S; and S, respectively.

2.2 Formulation

For plane deformation, the elastic stresses and their respective displacements in the

polar coordinate system can be given in terms of two complex potentials ¢(z) and

P(z) as follows [55]:

2u (ur +iug) = ¥ [/ﬁcp(z) — 2¢'(2) — Q_ﬁ—(z—)] , (2.1)
O+ 009 = 2 [‘Pl(z) +‘P'_(z5] :

O — 10,8 = ¢'(2) +m — ™ [E(P”(Z) + ¢I(z)] )

where
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z = + 1y = re® is the complex coordinate,

p = the shear modulus,

v = Poisson’s ratio,

K = 3 — 4v for plane strain, (3 —v) /(1 + v) for plane stress.

Also, the resultant force acting on aﬁ arbitrary arc AB in an elastic body is given

by [55]
- B
FotiFy = =i [p(z) + 20G) +9() . (22)

where [f(+)13 = £(B) — F(A).

- Among the various mechanical descriptions of an imperfect interface, one of the
most widely accepted models is based on the premise that tractions are continuous but
displacements are discontinuous. Specifically, displacement jumps are proportional,
in terms of ‘spring-factor type’ interface parameters, to their respective traction com-
ponents. In view of this, let us assume that the inclusion is imperfectly bonded to the
matrix along the circular curve dI'y and the matrix zone is also imperfectly bonded to
the composite phase along 0I'y. Then, the boundary value equations describing the
problem above can be formulated. The traction continuity and displacement jump

condition along Iy are given by [40]

”0'1'7' - io—rBH = 0;
0

Trr =mp llur|| —mou, , org = no||usl| — nou§ T (2.3)

In the same way, the other boundary conditions along I'; are given by

llowr — 0]l = 0,
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Orr =my |Jurf| = myd | g =ny |Jug)| — naul 8T, (2.4)

where m and n are non-negative spring-factor type interface parameter representing
the degree of interface damage. Physically, these parameters represent the mechanical
properties of the interface such as strength, stiffness and the overall degree of adhe-
sion along the interface [37]. The bracket expression ||%|| denotes jump across the
interface, namely [l+]| = [+, — |#]l, along To and ]| = [|«ll, — [}¢]; along T, and u2
and u) are additional displacements induced by the uniform stress-free eigenstrains
(9, €9,€9) prescribed within the inclusion and the bonding medium which might be
induced by thermal mismatch between adjoining materials. The advantage of defining
the interface parameters m in the normal direction and n in the tangential direction
in (2.3) and (2.4) is that they allow representation of degree of the interface imper-
fectness from complete debonding to perfect bonding through intermediate states. It
is shown that the parameters, m =n = co in (2.3) and (2.4) lead the displacement
jumps across the interfaces to zero, which corresponds to a perfect bonding condition.
Interface tractions vanish as the value of the parameters approaches zero, which is as-

sociated with complete debonding. Any positive value of these parameters represents

a degree of bonding inadequacy along the interfaces.

2.3 Boundary Value Problem

The boundary conditions along Iy and I'; in (2.3) and (2.4) need to be expressed
in terms of analytic functions ©(z) and 9(z). Each region such as S;, Sy and S,
requires two stress potentials to describe its stress fields so that it is required that six
analytic functions y(2), 1,(2),01(2), ¥1(2),ps(2) and 1,(2) be defined. Attention

should be given to the boundary conditions along I'y and I'; in region S since a radial
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crack causes multi-valuedness. As a result, the analytic functions ¢, (2) and Py(2)
are divided into two pairs such as ¢y, (2), ¥y;(2) and ¢15(2), 1¥15(2): thus, @;;(2) and
¥11(2) are defined on and outward from Iy while ,,(z) and 1,,(2) are defined on
and inward from I'; (See section 2.4 for details).

The traction continuation along I'y in (2.3); leads to the following expression
(Orr = 1040); = (Tor — i04)g - | (2.5)
In view of (2.1)s, the above equation is re-written in terms of analytic functions as
¢1(2) + 91 (2) — e (201 (2) + 91(2)] = }(2) + () — 2 [0l (2) + ¥ (2)] . (2.6)

Since 22 = R and z = Roe® at 0T and ¢/(Z) = @(2) according to analytic contin-
uation (¢'(2) = %'(2)), z = %3 and € = £ are substituted into the equation (2.6)

and it can be recast into the following form

! _/'R(2J / _Z_2/ — _Tig_// _i/ or
1 (2)+el ~ — 271 (2) R3¢11(z)—‘Po(z)+% P 2 (2) R§¢0(z) 0-

@2.7)

It is noted that, the stress potentials ¢,and 9, are replaced with ¢,,and P11
The normal and tangential displacement jump condition along I' in (2.3), is re-

written based on (2.3); as

Orr —10y0 = (o |ur]| — moul) — i (no |Jus]| — nowl), T, (2.8)

According to the assumption of traction continuation condition in (2.3)1, the left-



25

hand-side of (2.8) can be either (o, — i0v9)g = (Orpr — i0y9), along Iy. Lettiﬁg Opp —
109 = (O — i0rg)g, We write the displacement jump condition in the following form

(see Appendix 1 for detailed derivation)

: mg — n : mo +n . . :
(Orr — i070)y = < 9 5 0) [lur + dug ||+ (%) flur — dug| — (mous) — ingud) .

(2.9)

The additional displacement induced by the eigenstrains prescribed in the inclusion

can be written as [10]

0 0

ed—¢
Uy = R (3 cos® 0 + &) sin® 0 + €2, sin 24) , u3=R< Y 5 ”sin20+62ycos20>.

(2.10)

Sudak et.al.[25] have shown that the last term in (2.9), the displacement induced by

the uniform eigenstrains can be written in the following form

(moul — inoud) = mRoe, + < oToA ) (2 — ie3) 2%+ < o ) R} (e2 +1es), 0Ty,

. (2.11)

0 0 —g0
where ¢; = 6%_;2”,62 = 6225” and e3 = €J,. By substituting (2.11) into (2.9) and then

using (2.1) and (2.2), we can express the displacement jump condition (2.3); in the

following form (see Appendix 1 for detailed derivation)

(mo = me)ss + 1) P 2) (o -+ )+ 1) -7 (2 (212
= 4o [0 + 78 () = 20— 50402+ m0 = mo1 4+ 102y R
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o)

2
0

|

X0
D)+ (mo+ )1~ 22) [Rogh(a) + 2 )

21 (mo + no)(€2 —ig3) 5, 2u(mg — ng)(ea + ZES)RS
Ry o 22

+(mo —no)(1 - ﬂ) [RO% (
R

ON

+(mo + no)(1 + No—l)—%(

+4moRop €1 +

A Pg.
In a similar fashion of (2.7), the traction continuation along I'; in (2.4); can be

written as
/ I R% / / . R% /
AT ()02 = o147 (2 ) st tia(s) 219

;2 € I't. It is noted that the stress potentials (,,and ,, are used. Also, the
displacement jump condition along I'; in (2.4); can be expressed in terms of stress

potentials as follows (see Appendix 2 for detailed derivation)

(s =) 51+ D 2 )+ () s+ ) 27 () (214

] |
(1+22m) % ()

= —dy, [(,02(2)-!- @ (EZ) — 2(2) — Rz%(Z)}

-2 i (2) 5

+(my —my) (1 + %/‘Eg) &902 (2) + (m1 +m)

?UIN NI'FU

) 5 (1-2) 1, () + 204 2)

2 € Fl-
In (2.14) there are no terms associated with the displacements induced by the
uniform eigenstrains. Also, two different pairs of stress potentials in region S; are

defined. The ¢y;(2) and 4;;(z) defined along 8T, are incorporated into (2.7) and



27

(2.12): the other pair of analytic functions ¢,, (2) and 15(2) are used in (2.13) and
(2.14) along 8T'y. Thus, the boundary value problem describing the imperfect bonding
condition along both inclusion/matrix and matrix/composite is expressed in the four
equations such as (2.7), (2.12), (2.13) and (2.14) which are given solely in terms of

stress potentials.

2.4 Series Representation for Stress Potentials

The stress potentials can be expressed solely in series representation. As addressed in
Chapter 1, to overcome mathematical difficulties related to solving singular integral
equations, this relatively simple series method is often adapted in the three-phase
model. Now, the eight stress potentials shown in (2.7), (2.12), (2.13) and (2.14) are
represented as series expansions in the variable of z within each domain.

Let’s consider region Sp first. The stress potentials ¢,(z) and 1(z) are analytic

within a inclusion and can be expanded into a Taylor series in S, as follows .

aE) =S a,  do() = bt (2.15)

k=0 k=0

where a;, and b, are undeterrhined complex coefficients.

Secondly, the infinitely expanded region S,, namely the composite phase is con-
sidered. The stresses X, ¥, and X, are assumed to exist and to be bounded and _
finite at infinity. In this view, the equations of (2.1) 5 lead to a conclusion that 0o (2)
and 1,(z) must have O(1) as |2| — co. Thus, the remote loading at intinite can be

characterized by the uniform stress field

o) = Az+0(1),  ty(s) =Bz+0(1), as |o| - oo, (2.16)
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where A is a given real number and B is a given complex number. Stresses in a

Cartesian system [55] are given as

X.+Y, = 2|64() + )], (2.17)
Y= Xo+2iX, = 2[p() + (2]

By substituting (2.16) into (2.17) and solving the equations, we get a relationship

between stresses and the constants in the following form
Xe+Y, =4A, Y, +iX, =24+ B, Xe —1Xy =2A— B. (2.18)

Now, let X, Y}, and X, denote principal stresses (a;°, s ag‘;/) at z = 0o, respectively.

We re-write (2.18) as
o7 +oy =4A, 0° +icy =24 + B, 0y —iog, =2A—B. (2.19)

In this dissertation, we consider the case of a uniaxial load normal to the radial crack,
namely, 03° = 0, 0p° = 0 and 0zy = 0, and then the constants A and B are

x

determined as

o® o® ’
= —_— == = = —, 2.2
A 1 ,B=B =24 3 | (2.20)

Thus, the stress potentials ¢,(2) and t,(z) are expanded into a standard Laurent

series in region S; in the following form

0o(2) = Az + Z ez 7", ¥y(2) = Bz + Z 2", (2.21)
k=1 : k=1



29

where A=%, B=B= —?

Finally, the stress potentials ¢, () and 1, (2) in region S; containing a pre-existing
radial crack have been expanded as series forms. In the present problem, since the
intermediate matrix region S contains a crack, ¢;(#) and 1, (z) are not analytic in
the region. To solve the difficulties, let us employ analytic continuation [55) to express
¢1(2) and 9, (2) in terms of two new functions that are analytic in a new domain D
representing the intermediate region without the radial crack. Namely, D = 5 —al.
Thus, the stress potentials ¢,(z) and ,(z) can be expanded into standard Laurent

series in D. In view of (2.2) and traction free condition along the crack-face 21, we

can get the following condition
3 - TYZRY 7N B
Fy+iF, = —i [ga(z) + 2(2) + ¢(z)]A =0. (2.22)

The above condition is expressed along the crack face in the upper and lower half

planes as follows

01" + 201 () + () = 0, zeat (2.23)

e1(2)” +201(2)" +i(2)- = 0, zeal

Let’s consider the analytic continuation across the boundary which is the real
axis. In particular, if the line of symmetry is the real axis, Schwarz’s Reflection
Principle can be employed into any analytic function f1 in the upper plane D*. f,
defined in the lower plane D~ by fa(2) = f1(Z) is the analytic continuation of f1to
D~ [56] . Muskhelishvili [55] defines the fo(z) as a function to have the conjugate

complex value of f; at the point Z, namely f(2) = f(%). By analytic continuation,
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AR =4(2) = i@ end [B6)] = 91(2) = ] Thus,

o)+ [ () + ()] = 0, zed, (2.24)

e1(2)” + [#B1(2) + 9, (2)]" = 0, zea

By adding and subtracting the above equations, we get

p1(2)* — [781(2) +{b1(z)]+ = ¢1(2)” — [29}(2) +9:1(2)]7, =€ 2,(2.25)

2+ [F@D+ 0] = ~{eE) + B +RE)]T),  sew

First, let’s consider (2.25);. From the equation (2.25);, 2 new analytic function is

defined as follows

X (2) = ¢1(2) — [27(2) +91(2)] - , (2.26)
In view of (2.25);, the following relation holds

X ()t =CG@)X () + f(z), ze€2, (2.27)

whére G(z) = 1 and f(2) = 0. The above problem is called the problem of linear
relationship or the Hilbert Problem [55). Equation (2.25); is expressed in terms of the
new function such as X (2)* = X (z)”, which means that X (2) is continuous across
the crack 2{. Thus, X (2) is analytic in D representing a domain S; minus 2/ and

across the crack face 2/ and can be expanded into a Laurent series in D as follows

X(z)= Z ex2®, zeD, (2.28)

k=—o00
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where e, are unknown complex coefficients.
Secondly, (2.25) shows that the value of v, (z) + [#71(2) + 1, (2)] has opposite
sign across the crack face and this is an another Hilbert Problem with G () =—1and

f(2) = 0. By Plemelj’s function and a solution given by Muskhelishvili [55], we get

P (2)

P1(2)* + [#8(2) + @1(3)] = CEDICEDR _ (2.29)

where P(z) is an arbitrary polynomial and

[W}+=— [m]‘, 22 =(a,b).

For example, if the outer radius R; is extended to the infinity and the value of the
above equation (2.29) is finite and bounded at infinity, the polynomial P (z) would
be taken as z. In the case where (2.29) holds in intermediate zone S1, P (2) is taken

to be 1 for easy formulation. Now, let’s define another new analytic function such as

Y(2) = V= a) (2= 0 [1(s) + 284(2) + ()] . L (230)

Similarly to X (z), Y (2) is continuous across the crack 2! (Y(2)* =Y(2)7) and is
analytic in D. Hence; the new analytic function can be expanded into a standard

Laurent series as follows

Y(z) = i fuz®,  zeD, : ('2.31)

k=—c0

where f; are unknown complex coefficients. Consequently, from (2.26) and (2.30),
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the stress potentials ¢ (2) and 1, (2) defined in S; take the following forms

1 , 1
1(2) = N EEICED) Y(z) + -2—X(z), (2.32)
and
$1(2) = =X (2) + P1(2) — z¢)(2). | : B (2.33)

It is noted that the aim of derivations of the stress potentials ¢, (2) and 4, (z) in S,
is to investigate crack behaviours around crack tips, in other words, the inward crack
propagation from crack tip a to the inner interface I’y and the outward propagation

. . 1 -
from the other tip b to the outer interface I';. In (2.32), the term of oo 52
multi-valued function across the crack face but is analytic within a circular domain
|2| < a including Ty U Sy and within an outward circular domain |z] > b including

” 1 . . . .
I'1US,. Let F(z) denote PW P Ty and expand it into standard series forms. Since
two different domains are considered, two notations, F' (2)11 and F(2)15 represent the
value of m within a domain |2} < a including T'o U S and |z| > b including
I'yusSs, respectively.

First, F(2)1 in a domain |2| < a is expanded into a Taylor series as follows

1
2v/(z—a)(z—b)

= ngzk = g0 + 912 + g22% + g57° + gaz* + g52° + ge2® + G127 + ... |
k=0

Fi(z) =

_;.(z —a)"3(z—b)"7 (2.34)

where g are coefficients which are determined in terms of the crack tip position a

and b. For example, the first eight coefficients are the following (see Appendix 3 for
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detailed derivation)
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Now, let’s expand F(z); in a domain |z| > b into Laurent series as follows

F12 (Z)

I

1 1

2/-a)=-0) . 22¢/(1—2)(1- &)

51=7) 2(1--) 2—;’1—%’

(2.35)

ho1z7 b gz + h gz 3 + hogz=* 4+ h_gz75
+hoz 8+ h 2" + h_gz~8

where h_y, are also coefficients which are determined in terms of the crack tip position



a and b in the following form (see Appendix 3 for detailed derivation)

hey = %

hey = % (a;—b) ’

hog = % <—833a2 + %ab + :—83b2) ,

he = 3 <§%3‘6“5 + peath 't + o oo al + b

he = 1 BLa0 4 Ba5h 4 105 452 1 25 49 4 208 3y |

+agab® + Lo

heg = % ( sora’ + 23Labb + et + a3 4 215 o3p

+0ga%0° + ZLabd 4 A28 p7
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),

For approximation to F(z), the first 8 coefficients of Fy1(2) in (2.34) are taken.

Let ¢y, (z) and 1y;(z) denote stress potentials ¢, (z) and ¥1(2) in a domain |z| < a

around the crack tip a. Substituting (2.28), (2.31) and (2.34), into (2.32) for ¢y, (2)

and (2.33) for v, (z) yields (see Appendix 3 for detailed derivation)

011(2) = prz"+pee® +psz® + puzt + p32® + pa2® +przt + py

+p_127t +por? 4 piged + p-gz™4,
and

Yua(2) = —bprz” — 5pez® — dps2® — (3py +724) 2 — (s + )

(2.36)

(2.37)
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- (P2+ 52) 22 - Elzl -+ (po - E()) + (2}9_1 —_ 6_1) Z—l

+ (3}7-2 - -6'_2) 2_2 + (4p_3 - 5_3) Z_3 + (5p_4 - -6-__4) 3_4,

= (911 + oo+ gsfi + gufo + gsfs + gofs),

= (9rF-2+gef1+ g5 fo + gafs + gsfa + gafs + 91f4),

= <g7f—3 +96f-2+g5/1+ gufo + gsf1 + gafa -+ g1 f5 + gofs + %64) )

= (gsf—s +95f-2+ gafo1 + gafo + gofi + g1z + gofs + %es) :
(gsf—s +94f—2+ g3fo1+ gafo + gifi + gofe + %62> ;
( 9af-3 -+ g3f-2 + gaf -1 + g1fo + gofs + l61>

- (s
(o
(
(s

1
J-s+gafa+g1f-1+ gofo + 560) ,

1
gof-3+g1f-o+ gof-1+ 56-1) ,

i

1
g1f-a+gof-2+ 56—2> ,

of-3+ = e-—a)

- ().

In the similar way, the first 8 coefficients of Fi5(2) in (2.35) are taken for approxi-

mation to F(z) in a domain |z| > b. Now ¢, (#) and 95 (2) denoting stress potentials

¢1(2) and 9, (z) in a domain |2| > b around a crack tip b are considered. Substituting

(2.28), (2.31) and (2.35), into (2.32) for @;5(2) and (2.33) for 12(2) leads to the
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following form (see Appendix 3 for detailed derivation)

P1o(2) = q3z3+q2z2+q1z1+q0+q_1z‘1+q_2z‘2+q_3z‘3+q_4z‘4+q_5z_5+q_6z"6,
(2.38)

and

¢12(z) = 7q_ez_6 -+ 6(]_.52’—5 -+ (5(]_4 - 5_4) 2_4 -+ (4q_3 - 5_3) z“3 (239)
+ (3q_2 - 5_2) 272 + (2q_1 - 5_1) 14 (qo - 50) - Elzl

+(~8 — ) 22 + (&3 — 2q3) 2% — 8424,
where

g = ( -1fat+ 5 63)
g = (h—2f4 +hoafs+ 62>
QG = <h_3f4+h_2f3+h 1fo + 161)
w = (h_4f4 +hosfsthoafo+hoafy + 160)
g-1 ,= <h sfathoafs+hosfot+hoofi+hoyfy+= 6— )
g-2 = (h—6f4 +hosfs+hoafo+hogfi +hoofo + h—1f—1 + ;6—2>
s = (horfu ool b hoafat hoafu +hosfo t hoafa -+ hoafg + 3e-a).

hosfs+horfs+h_gfo+hosfr +h_sfo+hogf i + h_2f-o
+h—1f—3 + 56—4
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. hosfs+h_rfo+h_efi+h_sfo-+h_yfq+ hogfoa+h_of 3
5 = )
thoifos+des

1
g = (h_sfz thaafithsfothosfoy+hgfos+h sfs+h of s+ "2'@—6> -

Finally, all the stress potentials ¢y(2) and Po(2) in Sp, ¢13(2) and ¥y4(2) in a
region (Ro < |2| < a) C S, ¢15(2) and %12(%) in a region (b < |2| < R;) C S; and
(a(2) and 1,(2) in S, are expressed solely in terms of finite series coefficients. Of the
coefficients, ay, by, cx, di, e, and fr are unknown coefficients while gr and hy are
known coefficients determined in terms of crack position a and b. In addition, p;, are
functions of e, fi and gz, and g, are determined by ex, fi and hy. Consequently, this
boundary problem is reduced to determining the unknown complex coefficients such

that the boundary condition (2.7), (2.12), (2:18) and (2.14) along 8Ty and 8Ty hold.
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Composite Phase S;
fg—(‘)» W2(2) Inclusion Se
Po(2). wo(2)

Ho R

Matrix S:

?1(2), y1(2)
ﬂ; ‘ al

Iy Imperfect Interface
I'y Imperfect Interface

Figure 2.1 Three-phase circular inclusion model with a radial crack
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CHAPTER 3
Algebraic Equations

3.1 Introduction

In this chapter, the eight stress potentials expressed in terms of finite series coefficients
in Chapter 2 are substituted into the four boundary conditions (2.7), (2.12), (2.13) and
(2.14). By comparing coefficients of powers of z, a set of 38 coupled linear algebraic
equations are derived to determine 38 unknown coefficients of the stress potentials.
In particular, uniaxial tensile loads are considered as the prescribed remote load
normal to crack surface since Mode I stress intensity factor is the most critical factor
leading composite material failure. Since a pre-existing crack is located and moving
on the real axis, namely, the z-axis all the coefficients that we consider are assumed
on the real axis as well. Henceforth, all the complex coefficients of stress potentials
and their respective conjugates are the same. The imperfect interfaces are assumed
homogeneous, which means the spring-factor type interface parameters do not vary

along the interfaces.

3.2 General Algebraic Equations on Inner Interface Lo

There are two boundary ‘conditions along the inner interface AT: one is the traction
continuity and the other is the displacement jump across the interface. First, let’s
consider the traction continuity condition. Substituting the stress potentials wo(2),
%o(2), ¢11(2) and 9y, (2) into (2.7) gives the following expression (See Appendix 4 for
the details)

42 30 20
R—?)P?zs + R—3P6z7 + (-351?7 + R—gps) 2° (3.1)
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1 4p_q 3p_3
+ (R2 (12p4 + dey) — 24pg — RID ) 2%+ <R2 (6ps + 3es) — 15p5 — o ) 2

1 2p__2 3 2
+<R§ (2p2 + 2e3) — 8py RS )z +(R2 — 3p3 — R(%)z +(0) =
1
+ B 5 (2p-1 —e_1) +2p1)

R
1

ON’

1
+ ( (12p_3 — 3e_3) — 8p_; + 3Rop3)

2 (20]9_4 - 46._4) - 8p_2 + 4R0p4) z (5R§p5 - 15p_3) 24

Ry’ps — 24p_4) 7% + Tp; R¥220
_ Ty . S, 5.\ 6 g
= —’}?(2) 7Z - R2 GZ + [ —35a; — R*%b5 2° + [ —24ag — R2 —=by

3 2 1
+ (—1505 - R—gbg) 24 -+ (—8a4 - R—gbz> 23 + <—3a3 - R2 b1> 27+ (0) z
+2a1 + 2Rjasz ™" + 8Rjazz™2 + 4RSa42~3 + 5R8as~ + 6Ryagz® + TR} a,27S.

Also, deploying the stress potentials into (2.12)-leads to the expression (See Ap-
pendix 4 for the details)
(mo — no) (%1 + 1) Ropr2® +- ((mo — no)(k1 + 1) Rops + (mo + no) (1 + 1) p_4> 2
+ (o = )5+ 1)Bops + (o ) o + 1) -2 (32
((mo — no) (k1 + 1)Ropy + (mo + no) (51 + 1)R5P— )
((mo - no) (k1 + 1) Rops + (mo + mo) (51 + 1) R3P— )

+ ((mo — n0)(%1 + 1)Ropa + (mg 4 mo) (k1 + 1)@;%) z
+2mo(k1 + 1)Rop1 + [(mo — no) (k1 + 1) Ropo + (mo + no)(k1 + 1) Ripy] 271
+[(mo ~ o) (1 + 1) Rop—y + (mg + no) (51 + 1)Rgps] 272

+ [(mo + m0) (k1 + 1) RIp, + (mo — n9)(k1 + 1) Rop—s) 273



+ [(mo + no) (k1 + 1)R3ps + (mg — no)(k1 + 1) Rop_3) z™*

+ [(mo — no) (1 + 1) Rop_g + (mo + no)(1 + 1) Ry'pe] 2~

+(m0 +19) (51 + 1) Rg3prz~

- (-

-+

1
4/,L1R2b7+ mo -+ n )(1— 1)—-—1)7) 28

(=t gt + o )1 - b))

( 4p, (—35a7 - Egb5> + (mo — mg)(1 + roEL) Roay 6
+7(m0 + ’no)(l — %)Rocw -+ (mo + 'no)(l - %)Elo'b5
4pq (—240,6 - ﬁgb‘i) -+ (’l’no - no)(l + lioﬁ-(];)Roas 5
+6(m0 + ’)’Lo)(l —_ ﬁ;‘)ROQG -+ (mo +- ’no)(l - %)-Rl—o'b‘;
( 4.-,U/1 (—' 15a5 — Esgbg) + (mo - no)(l + Iioﬁ—i')Roas 4
+5(m0 -+ Tlo)(l — %)Roas + (mo + 'I’Lo)(l b lﬁé‘)-Rl—obg
4py (—80,4 — Eng?) + (mo — no)(1 + KO%)RQLI‘; I
+4(m0 + ’I’Lo)(l — %;-)Roa4 -+ (mo -+ no)(l — i—;)ﬁ%bz

( 4/1:1 (—3a3 - '}-%gbl) + (mo —_ no)(l -+ /ﬁo%)Roas -+ Mmo+g)(€2—i€3)
+3(m0 + ’n())(l - %)Ro(lg + (mo + ’no)(l - ﬁ;)ﬁlgbl

( (mo - no)(l + Hoﬁl)Roaz + (m() =+ ng)(l + Iﬁ:o—l%)l—%;ao
-I-(mo + no)(l — —l)Robo + 2(m0 + no)(l - )Rodz

8ua1 + (mo — ng) (1 + KO%)Roal + Ro(mg — no)(1 — Z—:)al
+(m0 + ’I’Lo)(l + Ko%)Roal - 4moR0,u1€1 + (mo + 'I’L()) (1 — %)Roal

81, R2as + (mo — np)(1 -+ moﬁl)Roao + 2(mp — np)(1 — El)Rga

+(m0 - no)(l - —l)Robo + (mo + ’I‘Lo)(l + KZ()—3L Rgaz

41

z—l
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N 124 Rjag + 3(mo — ng)(1 — £1)Rjas + (mo —no)(1 — £)R3b, -
+(m0 -+ no)(l + K,OIL:-;)RSCL;; + 244 (mo — no)(Ez + iE3)RS’

+ 16u1R8a4 -+ 4(m0 - ng)(l - ,%LO)R’(;G[4 + (mo - no)(l - Z—;)Rgbg z—3
+(m0 + no)(l + H/o%)RSL‘m

N 201 R§as + 5(mo — no) (1 ~ 22 Ras + (mo — ng)(1 — EL)Ribs -
+(m0 + ’l’lo) (1 + Ho%)R8a5 )

+ ( 24u1R(1,°a6 + 6(mo - no)(l — %)Rélaﬁ + (mo - ’n)o) (1 - %)Rgb‘; _5
+(m0 =4 no) (1 + /ﬁ}oz—;‘)Rélas

" 28p1R(1,2a7 + 7(m0 — n()) (1 - %)R6307 + (mg - ’I’Lo)(l - %)Rélb5 z_6
+(mg +np) (1 + Kokl ) RgPay

+(mo — ng)(1 — %)R}ﬁbez” + (mo — no) (1 — %)33557;;-8.
0 0

By comparing coefficients of the same power of z, from 2% to 2~ in (3.1), we get

the following set of coupled linear algebraic equations

12 4: 4p_4 4

(Egm + 37(2)64 — 24pg — _—Réo > 25 = (—2406 — R?gﬁi) 25, (3.3)
6 3 3p_3 3

(s s =150 Tt ) = (130 ) 9
2 2 2p_2 2

<R—(2)P2 + Egez — 8py — __RS ) 28 = <—8a4 - -R—gb2> 2, (3.5)
1 - 1

(g =m =) #= (= ) =

2 1
(Ez)p-l ~ Fe- + 2P1> = 2a,, (3.7
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6 2
<2Rgp2 + -ﬁp_z - 1_%%6—2> 27l = 2R§a2z‘_1, (3.8)
( P Rz —=76-8 — 3p_1 + 3R§p3> #7% = 3Rjasz™?, (3.9)
( B —5P—4 R2 —=5€-4— 8p_g + 4R8p4> 27 = 4RSa4773, (3.10)
(5R5ps — 15p_3) 2~* = 5R8agz 2. (3.11)

It is noted that the coefficients of 2! are 0 in both sides (0% 2! =0x2).
Similarly, comparing coefficients of the same power of z, from z° to 274 (3.2) gives

another set of coupled linear algebraic equations as following

4y, (-—24a6 - ggm)
—ng)(k1 +1)R +(mo — 14+ ko22)R
(mo no)(r1 + 1) Ropg 5= (mo — no)( Koyo) 006 2, (3.12)
+(m0 + 'I’Lo)(lﬂl + l)ﬁlgp"‘i +6(m0 -+ ’l’Lo) (1 - %)Roaa

+(mo +no)(1 — ﬁ)%%

| ( 44 (—15a5 - '}%gbg,)
(mo — no) (%1 + 1)Rops . +(mo — 1) (1 + Ko )Roas

A= o ) (3.13)
+(m0 + no) (/‘61 + l)ﬁlgp_g +5(m0 -+ no)(l - ﬁ)RoG@

+(mo + no)(1 — £2)1-bg

4/1,1 ('—8614 - Engz)
(mo — mo) (k1 + 1) Ropy s +(mo — no)(1 + k42 ) Roay

A= o 2, (3.14)
+(mo -+ 710) (k1 + 1)§lgp—2 +4(mp +no)(1 — £1)Roay

+(mp + np)(1 — 5;)5151;2
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4/141 (—3a3 - Fil-gbl) + 2_#L(m0+;2)(62—i53)

(mo — no)(r1 + 1) Rops +(mg — no) (1 + Ko%)Roa:s

2
2° = z
+(mo + no) (k1 + 1)ﬁ103'p—1 +3(mo +ng)(1 — £1)Roas
+(m0 + no)(l - %)%bl
(3.15)
(mo — o) (1 + KotL) Roas
- My L
(mo — no) (k1 + 1) Ropy L +(mo + no) (1 + Kok ) - 2 (3.16)
+(mo + no) (1 + 1) Ao +(mo -+ o) (1 ~ £2)5-bg

+2(mo -+ ’I’Lo)(l - %(];)Roaz

8u1a1 + (mo - ’no)(l + Iﬁo%)Roal
+Ro(mg — ng)(1 — £1)g
2mo(sy + 1)Ropy = olmo = o)1 = Lex , (3.17)
+(mo +no)(1 + fﬁoﬁ’)‘)Roal

+4m0R0/,6161 + (mo + no)(l — %)Roal

8u1R§a2 + (mo —_ no) (1 -+ Kloﬁ)Roao

(mo — mo)(r1 + 1) Ropy i +2(mo — ng) (1 — £)Rias "
2= z
+(m0 -+ no)(lﬁl -+ l)Rsz +(m0 - no)(l - %)Robo

+(m0 + ’no)(l + Kloﬁ%)Rgaz
(3.18)
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12u1Réa3 -+ 3(m0 - no) (1 - %)Rga;;
+(mo - ’I’Lo)(l - &)Rsbl
+(mo +no) (k1 + 1) Rps +(mo + no) (1 + ko51) Rias
+2p,(mo — no) (g2 + ie3) R

(mo — no) (k1 + 1) Rop—1

(3.19)

: 164, R§ag + 4(mo — no)(1 - £1)Rfay
(mo + o) (1 + 1) Rips

+(mo — no) (k1 + 1) Rop_y

7= +(mo — no)(1 — £2) RSb, z°

+(mo +mo) (1 + /so—l)R0a4
(3.20)

20u; Rias + 5(mg — np) (1 — 2)Ria

(mo + n0) (1 + 1) R3ps
A P (o — o) (1 — £2) Bl 2

+(mo — ng) (1 + 1) Rop—3
+(m0 + no)(l + K,O-I;l)Roas

(3.21)

3.3 General Aigebraic Equations on Outer Interface I';

Along the outer interface I';, there are also two boundary conditions as addressed in
the previous section. The traction continuity condition is considered first. Substi-
tuting the stress potentials p,(2), 1,(z2), ¢12(2) and 1h;5(2) into (2.13) we have the

following expression (See Appendix 4 for the details)

8 7 6 5 4 3
R1808z9 R1607z8 R14c6z7 R1265~6_R1° R803z (3.22)

64215

)
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2 1 1
e+ (g - 7B) <2A+ &)+
+ (—-3c1 + %c&) 2724 < 8cy + =5 ) ( 15¢3 + ) z4
1

6 7 8
+ <—24C4 + — 2 ds) ( 35¢5 + —= Jz2 d7) + ( 48cq + 'R—d3>

—63cr28 — 80cgz~?

1 1 1
= < 6g—¢ R14z)+ <—5q_5§%3z6> (464R2 4q_4R—%0> 25

B 1 1 _ 1 1
+ (—3 (—25 — 24s5) = 3q_3R—?> 244 <—2 (—2 — g2) i 24—2355) 2
1

+ (o
1
+ <<I1 + @1+ (201 —21) =5 ) + <2£12Rf +2(3g-2 —2_p) ﬁ) z7
1

—qg-1 R4 + 3g3 — 61]3) 2+ (202 — 2¢5) 2
~ 1Y
+ | 893Ri — g1 — 291 + 3 (4g_3 — €-3) )%
1
+ | —292+4(5g4 — 6—4) GQ—2> 273

1 1
+ <—3q_3 +30g_5—5 — 12q_3) 24 4 <—-4q_4 + 429 ¢—5 — 20q_4> 275
R Ri
+(=5¢-5 — 80g-5) 27° + (—6g_6 — 42_5) 27

Finally, with 5(2), ¥5(2), ¢15(2) and ,,(2) substituted into (2.14), the last
boundary condition (2.14) yields the following expression (See Aplzendix 4 for the
details)

1
1 i
+(m1 + 1) (ky + 1) 4-175 Z + (m1 +n1) (b + 1) Q—sn#z

1
(my +m1) (kr + 1) q—sﬁz7 +(my + ) (ks +1) g_s

+(my +nq) (kg + 1) f]—z"R—5Z
1

1
+ ((ml = 1) (k1 + 1) Rigs + (my +ny) (ky + 1) ‘J—lﬁ) 2
1
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+ ((ml —n1) (k1 +1) Rigs + (mq +n1) (ky + 1) iqo) z+2my (k1 4 1) Ry
+ ((my — n1) (ky + 1) Rygo + (my+n) (ki +1)R Sq0) 2~

+((m1 = ny) (ks + 1) Rigey + (my + n1) (ky + 1) Rigs) 272

+(m1 =) (k1 + 1) Rag_az™ + (my — ny) (kg + 1) Rig_gz™

+(my —ny) (b + 1) Rag_gz™ + (mq — ny) (ky + 1) qu_sz 6

+ (my — nl) (k1 +1)Rygg27"

4 4 1
= <4M1R1004 (m1 - 77'1) (1 - “N_> Rgc4 + (m1 +n1) (1 + 1k2) C4R9) 25

4 4#13?§03 + (my — ) (1 = f—;) (dsﬁl{ - 331763) A
+ (my +n1) (1 + ﬁ'/%) 0351‘17 )
n 4,LL1E2§C2 + (m1 TL1) (1 — ”2) (d‘lflg §271;02> z3
+ (777,1 + TL1) (1 + —lkz) 02—15-
[ o) o (o8 () )
) BL
Ry

+(my +ny) (1 + -lkz) 01—3 + (mq +ny) ( %1
1

+ (my —ny) (1 - —) d2R3

-—4/,51 <2A + = 2 d1> + (m1 + n1) (1 + — k2) AR,

+(my + ) (1_#_) <AR1+lei> ‘

2 1

+(my —ny) (1 - ;-> (ARl + lei> + (m1 —my) (1 + Z—:/@) AR,

2
1
S T

Ry
—4y, (—301 -+ ﬁ%-dg) + (my — ny) (1 — %21) BR}
+ +(m1 —ny) (1 + &kz) Ricy Z*

+m ) (1- ) (dsk - Ricy)
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N —4p, (—802 + —42'd4> + (my ~ny) (1 + —1k2 R102 s
+ (mq + ny) (1 - ) (d4 - 23102
L ( 15¢3 + —zds) + (my — 1) (1 + —lk2 R1c3 -
+(m1 +nq) (1 - > (dsR 3R103
( —4u, ( ey + —gdﬁ) + (my — 1) (1 + —1k2 R1C4 _
.I_ A

— (my +my) (1 — M) 4R1c4

By comparing coefficients of the same power of z, from 25 to z—4 in (3.22), we get

the following set of coupled linear algebraic equations

4 1 1
R1° c4z <464E%' - 4q_4§%—0) 25, (324)
3 1 1 1
—R—?C;g = (+363 R2 =+ GQ3R 3q_37%§> Z4, (325)
2 1 1 1\
—-R—?CQ,Zs = <+262§12- + 2QQR—% - 2q_2_.R_fli) 27, (326)
1 1 1 1 .
(—-"}gcl - E%'B> 22 = (615% i q_lﬁ—% - 3(]3) Z7, (327)
24 + —1-d1 = [ +2q; + 2(]_1i - 6_1—1— | (3.28)
2 BR)
2 1 1
ﬁdzz_l = (QQZR + 6g_0— R1 26_2R2> Z_l, (329)
1
—361 + = 3 d3 3Q3R - 3q 1+ 12(]_ ! —3e_3—= L (330)
R? v “R2 R:)’
4 1 .
<—8cz + d4> (4 (5q-4 — e_4) i 8q_2> z73, (3.31)

5 1
(—1563 + R7%d5) z~ <+30q_ Rl — 15q_3 ) 4, (3.32)
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Similar to the case of traction continuation along I'y, the coefficients of 2! are 0 in
both sides (0% 21 = 0 * 21).
Finally, the last set of coupled linear algebraic equations is obtained by comparing

coefficients of the same power of z, from 25 to 24 in (3.23)

1 5 4/L1§4{;;C4 — (my —ny) (1 - Llj-zl) Ef‘igcll

(m1 +n1) (ky + 1) ggg2® = .
Rl —+ (m1 -+ nl) (1 + ﬁ;‘l@) C4§111;‘

2°, (3.33)

dpySes + (my —nyg) (1) (g — 3¢
(ml +n1) (kl +1) q_;;El,sz = l’bl.ﬁlr 3 ( 1 1)( ) ( 5% T BT 3) A
7 + (mq +1y) (1+§21k2) eas

4;4152?@ + (mq — ny) (1 - %) (dq%-, — Ezgcz) e

1
(my +mny) (ky + 1) g-o=2% =

5 )
Rl + (m1 + nl) (1 + %kz) 027%?
(3.35)
([ wimehs
1
(m1 — ) (ky + 1) Rigs e +(my ~—my ( ) ( SRE — 'Eg ) 2
+ (my +nq) (k1 + 1) Q—lﬁlg + (my +ny) ( 51 ) E15

+ (my +m) (1— )BR?
(3.36)



(17°¢)
(o 20) (1) s
ot oty (% +1) (1w — ) 4 = ¢-#DR (1 + Ty) (u — T
("p%g + z98—) iy —

(0v°¢)
(TQIH — ITHsp) (.fg _ I) (Tu + Tw) +
‘ oy (33[:% + [> (Tw — Tw) + blar (1 + 13[) (T + Tws) +
z_z e (f%’ - T) (fu — 1) + T v (1 ) (e Tuus)
(gp%? + I98—) triy—
(6¢°¢)

thg T+ %y) (tu 4 Tw) +-
% (Iﬁzp (z_ﬂ - ) (" Taw) + Zpé—th’fy—> =, b ) )
I Ty Z BTay (T + Ty) (Tw — Tw)

Wy (e + 1) (fu — ) +
( Hp+ 1) ( - 1') (e — Tuar) 4
(‘”Tp+lyv) ( —I) (P + Tew) +
k-1 (3311;7 + I) (fu+ Twr) + (‘P%— + Vz) fy

(sge) ¢ = Wy (1 + Yy) Twg

(L€€)

“8op (15 =1) O )= = (02 (14 10) () 550 1 459 )

09
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—dp, (—15c3 + Ef’lfds)
(m1 —ny) (ky + 1) Ryg_gz™ = + (mq — ny) (1 + ﬁ-kg) Ryc3 z
-+ (m1 +’I’L]_) (1 - %1) (dsRil - 3R103)

2

(3.42)

Now, 38 coupled linear algebraic equations have been derived from the four boundary
conditions along imiserfect interfaces I'g and T';. With e, and fx encapsulated in py,
and g, the 38 equations contain 38 unknown coefficients of ay, by, ¢, dy, e, and fx

for 8 stress potentials.

3.4 Homogeneous Imperfect Interfaces

In this present research, we consider the homogeneous imperfect interface: namely, the
normal (m) and tangential (n) spring-factor type interface parameters are constant
along the interface I'y and T';. For convenience, let us introduce non-dimensional
parameter My = mg:f"lRo, M, = %fl—”lRl characterizing the degree of damage along
the interface. In this view, a very small value of M (say M = 0.01) represents
complete debonding and a large value of M (say M = 100) corresponds to the case
of perfect bonding condition. The other values between 0.01 and 100 are assumed to
characterize the sta;;e of imperfect adhesion.

Also, the uniform eigenstrains (€9,€9,€2) prescribed in the inclusion and the dis-
placements induced by them are assumed zero since their effects on crack propagations
under the Model I load are negligible.

Substituting py, and g into (3.3) thru (3.21) and (3.24) thru (3.42) and deploying

My, and M into the equations we can write the following 38 coupled linear algebraic
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equations (see Appendix 5 for detail calculations):

0 =

4 41 10 12 12
24016 + sz Rlo 26 -4+ =5 R2 =564+ 297f—3 + Rzgﬁf— (343)

2 12
+{ =39 24g>f-+< g 24g>f+<——g —24g)f
<325 7 1 R24 6 | Jo Rgs 5 |1

12 12 12
+ (7%92 - 2494) fo+ (R—ggl - 2493) fa+ (R—ﬁgo - 24g2) fs,

3 31 6 6 3 :
sz Rt RI% + <§ggs - R-ggo) f-s (3.44)

6 6 6
+ <E2)95 - 1597) fe2+ (ng - 1596) fo1+ (—}%93 - 15g5) fo
6 6
+ (‘1%92 = 1594) Hit (Rzgl 1593) fo+ (R*ggo - 1592) f3 —15g1 f4,

15@5 -

2 1 3 2 2
B0a -+ 7bs = o2t ggee ~deat (Rﬁggs — 897~ 7%91) f-s (345)

2 2 2 2
+ (R—§g4 — 8gs — 'R-ggo) f-2+ (RT%% - 895> S+ (Eggz - Sg4> Jo
2 2 -
T 7291~ 893 | fr+ { 5590 — 892 ) fo — 815 — 8gofs,
Ry R

1. 11 1
Wt Rty

1
+ (—395 - ﬁgﬂ) fa+ (*394 - R#ggo> fa
—393fo — 3921 — 391f2 — 390 fs,

—5€1 — 3%63 + ( 396 — ) f-3 (3.46)

2
—2a1 +e; + <2!]4 + ﬁ.%) f-3 (3.47)
0

2. 2
+ (293 + ﬁgl) f-2+ (292 + ‘ﬁ.%) J=1+2g1fo + 290 f1,
0 0
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—~2R2ay 4+ == R2 e_s+ Rley + (2}2095 + = ) Fos (3.48)

6
+ (2R394 + ‘R—zgo) f-2+2R%gsf1 + 2R2go 1 + 2R3g1 f1 + 2R2g0 fo,
0 . ,

. 3 3 1
—3Rjaz + o8 ge+ 3R§§eg (3.49)
12
+ ( 3Rogs — 32 + ﬁgo) f-s+ (3R5gs — 31) Fz
0

+ (3R594 — 390) fo1 + 3RAgs fo + 3RAga fi + 3R3g1f2 + 3Rig0 f,

—4R8as + —se_q — de_y + 2RSe, ' (3.50)

R2
+ (4RSgr — 891) f-3 + (4R3gs — 8g0) f-2 + 4RSgs f—,

+4RSg4fo + 4RSgs f + 4R3ge fo + 4R3g: f5 + 4RSg0f4,

1
~5R3ay — 155e-3 — 15g0f—3 + 5R3g7f—2 + 5RSgs f—1 (3.51)

+5R0g5 fo + 5R3g4f1 + 5R3gs 5 + 5R3gs fs + 5RS1 /4,

1 (mo - ’no)
(37~ gl - " )“6 65

8 1
+<_(1 Z?m Mo R2> b4+('€1+1)23106‘4
(mo — no)

(mo — ny) ng
W(fﬂ +1Dgrfs +( (g X o) (51 + 1)gsfo
‘gmoT;(ﬁl +1)gsf1 + o T m )(fﬁ + 1)94]”2
My — 1Ny ( 0)
m(lﬂ + 1)gsfs + (mo + ) (k1 + 1)g2 f4,
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0 = <30M15—g:2“:;";( +m0 ) 5(1--)) as (3.53)

16
( (1 #1) M R2> b3+(/‘51+1) R86_3

+(k1 + 1) gof—a + L(’ﬁ +Dgrfg + —X (mo = no)

(mo + o) (mo 1 )(Kl + 1)g6f-1
Emo Tn ;( K1+ 1)gsfo + E s 0; (%1 + 1)gafy + E 0 )(/sl +1)gafo
Emo + nO;( F1+ 1)gafs + H("il + 1)g1fa,
- ( Mo EZ§+ZO)( +”° ) 41— '—)> % (3.54)

M1 1 (mo — ng) 1
( NO)R2 My R2> b2+(/€1+1)R62e—2+ (mo +n. )( 1+1)§64

<(m +n°)( 1+1)g7+(/$1+1)ﬁg1> fus

<(mo+ )( 1+1)gs+(n1+1)7%390> f_2+§%:(‘3(m1+1)95f_1

(m +Z;( 1+1)94f0+H(161+1)g3f1

H(""ﬁ )92f2+g og (k1 + )91f3+H(/~c1+1)gof4,
0 = (GMLO ‘%( + oﬂ)—3(1— Z—;)) s (3.55)

+ (—(1 - ﬂ)i ]é, 1%22) by + (k1 + 1)R45

( Mg — 0) Ze (mg — M) p _1_
Flmo o) T3 3+<(m (mo Fng) (™1 00+ ( 1+1)R3~"2>f-3

(mo )
+ ((m +n°)( 1+ 1)gs + (51 +l)——4g1> fes

(Emg +n 3 b+ L)ga + (1 + 1)349") e
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(mo o) (mg — ng)
Em 0 +ng ;( 1+ gafo + ﬁ(’ﬁ"‘l)gﬁl
(m +70) (K1 )gle (h—)(/ﬂ + Dgofs,

_ _M ,gﬂ o1 4 — H__a

_(1 - )—bo + (Kl + 1)__60 + M( K1+ 1)R0562

(mg + ny)
(mo 0)
+((m i )( +1)Rogs+(m+1)§;93) f-s

(Em:)) n noi( %1+ 1) Rogs + (ry + 1)&}—092) J2

(Emo n nO;( K1+ 1)Rogs + (ke + 1)Ri091> f-1

(gmo n nog( k1 + 1)Rogs + (1 + 1)igo) fo

Ems T ))(”1 +1LRog1 f1 + gzﬁog(fﬁ + 1)Rogo f,

) 1 _ (mo—n [ 23
0 = | T4 (::3+22)(1 +Koll) — (mg+ng) (1= a (8.57)

—(1 + lﬁ)oﬁ) - (1 — ”0

mo(ky + 1) o 4 2mo(ky + 1) 2mo(ky + 1)

—— 7 . + "
(m +’1’L0) (m() + nO) g4f 3 (mO +n0) g3f 2
2mo(ry +1) | 2mo(ky + 1) 2mo(ky + 1)
+mng-1 + mﬂfo + mgofh
_ ) _4-1_R2_1M221_£1R2
_\(mo ’no) (1 + Hoﬂ)ao +' Mo™"0 (mo-+no) ( #0) 0 Qg (358)
(mo + o) Fo ~(1+ o) R3
E:Z +:Z; (1- ; )bo + gZ"‘M";(m + 1) Zep + (k1 -+ 1)R0—62
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3

\_/

+<(m0+n )( 1+1)gs+(/c1+l)ROg5

(mo — ny) (mo—na)

(mo-l—n

(oo
< (mo — o) (k1 + L)g1 + (g -+ 1)R2g3 ) £
(e

K1+ 1)g2 + (Kll + 1)Rog4 2

v

+

-1

v

(mo + ng)

o) : '
(k1 + Dgo + (k1 + 1)R2g5 | fo - (51 + 1)R3grfi + (rer + 1) R3gofs,

N

(m0+n

6 (mo — o) p
0 = —Rf -2 Vs _Fiyps Fiypa
( T e L (1+/~z0u0)Ro> as (3.59)

_(mo—mo) -y (mo no) 1
(Mo + 7o )( )Rob +(___)( 1+1)ze

+(ry + l)RO—e3 + (E 0 ;(&1 + 1)go + (51 + l)Rggs) f-3

+ <gzo n 'nO;( K1+ 1)g1 + (k1 + l)Rggs) Sz

<§m0“+ ) 1+ Do+ (e + 1>Rﬁg4> o1+ (k1 + 1)Rigs fo

+(k1 + 1) R3gafi + (k1 + 1)Régi fo + (51 + 1)Rigofs,

Mo (’m,g + ’no)

o B .

+(r1'+ 1)30‘64 + ((’91 +1)Rggr + m( K1+ 1)91) f-3

(ma + no)
+ ((fﬁ + 1)Rigs + ﬁ(”l + 1)90) -f—2 + (k1 + 1) Rigs f-1

0 = ( 8- RS _ M4(1—%)R§—(1+m05—1)}28) ay (3.60)
(4} 0

+(k1 + 1)RSgafo + (ky + 1)RSgsf1 + (k1 + )RSz f»

+(k1 + 1)R§g1 f3 + (k1 + 1)RSgof4,



= ( 0) H 12
0 = < 10ER8 (mo + no) (1 - ;LL—O)R(B) - (1 + NO#_O)R(E);) as
‘_(mo o) K (mo —my) 1
B (mo + no)( h _I)R bs + ELT( 1+ 1)-6_3
ETnOTnO;(m +1)gof-s + (k1 + 1)R3grf-o + (k1 +1)R8gsf_y

+(k1 + 1) Rogsfo+ (v1 + 1)Rgafs + (k1 + 1)R3gs s

+(k1 + 1)R3gafs + (k1 + 1)R3g1 14,

' 4 1 2 4 4
0 = Rm =564 + 4R2 R—%Oe_4 - R—%Oh_lf_g — -R—%o-h_zf_z
4 4 4 4
_R_}O h_sf-1— R_%oh—4fo - R_%O'h—&fl - R*%oh-ﬁfz
4 4

_R_%Oh‘7f3 - R—%Oh—sfa

3 6 6 3
0 = R803 -+ R263 + (th_l R8 _7) f4
3 3 3
—RS h-efs — RS hsfa — R8 h_gfr ~ Rg h—3fo
13

———h—zf— Ef ho1f-s— R?%§e—3y

2 3 1 2 2
0 ‘= R? —5C2 + R’%ez - R—?e—z + <E%-h_2 - -R—?.h_6> J1

2 2 2 2 2 2
(RZ her = R—fh_s) fs— 'R—?h—4f2 - Rﬁ?h—sﬁ - Ei;h—zfo - R_f

1 13 1 11
-=B = tRae - 63+R2 R42e 1+( —3h_ 1—R—h_s)f4

1 L,
_ﬁiih-4f3 R4 h-sfa— R4 hoofi ~ 7 b1 fo,
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(3.61)

(3.62)

(3.63)

(3.64)

h—lf-—l,

(3.65)
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2
24 = R2 d1 +e + <2h_3 + Fh—s) Ja+ <2h—2 + 52 R2 —4> fs (3.66)
.2 2
-+ <2h_1' + ﬁh"‘?) fot = R2 hoofi + = R2 k1 fo,

1 6
0 = R2 dz + R162 + —R:e—z + ( th_z + = R2 ) fa (3.67)
6

6
< 2R2h_; + — I —5) f3+R2 4f2+R2 —3f1-i-R2 —2f0+ ho1f,

3., .43 3 3
0 = +3C1 - Ez‘ds + Rlli§63 - 58_1 -+ ﬁe_g (368)
12
+ (F%hq +3Rth_; — 3h_5> fo ( 7h-o 3h_4) fa+ ( R2h 5 — 3h_3> fa
12 12
+ (ﬁ?h—4 - 3h—2) fi+ (Rgh—:‘l ) fo + h—zf—l + ho1f s,
1
4 6 20
0 = +8Cg - R—%d4 de_ 9+ = RZ =564+ R2 h_g 8h_6 f4 (369)
20 0 0
=+ (‘R—%h_q - 8h_5> f3 -+ <R2 h_s 8h_4> f <R2h 8h_3) f1
20 20 20 20
+ <—R—fh—4 - 8h—2) fo+ <R2 h_3— ) fa+—= B h_of_o + 23 h-1f-3,
5 15 15
0 = 1503 - R2 d5 e_3+ — R2 565 — 15h_7f4 (370)

30 30
+ <-]¥h_g - 15h_6> fa+ (th 15h_5> fa
30 30
(R2 h_g— 15h_4) i+ <R2h 15h_3) Jo

30 30 30 30
+ (ﬁh"“ - 15h—2) fa1+ (Rz h_s— 15h—1) foo+ th—zf—s + —sh-1f-4,
1
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(3.71)
~ (k1) o ~heafi— (1 k
1 —84—(1+)R9 —1fs— (1+1)R9 -6.2
- (kl +1) = Rg hosfi — (k1 + 1) Rg hoafo— (ki +1) = Rg h—3f—
— (k1 +1) ——h—zf—z = (k1 41) —h—lf—a ~ (k1 +1) = Rg 26—4,
1 6  (my—m) 1\ .3 7
0 — — . _ Ny 1 1
<M1 Rl (my+mny) (1 ) RY - (1 T k2) R7) (372)
(mq — ) #1 1 (ki +1)1 (r+1)
Ty 1) % R 3T T g et
(k1 + 1) (k1+1) by +1 ky+ 1
—Tzh—sfs—*RTh—sfz ( lRl )h— af1— ( IRI )h—sfo
(ky +1) by +1
T'{h—zf—l _ IRZ )h—lf—2:
14 (mi-n) B\ 2 p, \ 1
(s~ oy (102 7+ (1+525) ) (379)
(m1 —m) #1 1 (+1)1 Fatl), (b +1)
iy o) ﬁd TR 2% g heefim R} hosa
(ky +1) (k1 +1) (ki +1) (ky +1
T?h-dz TR 75— h-sfi— o5 ~—p5—h-afo — 1R§ )h—lf—h
w1 1 2 )
~(1-) 1 2)\p
( ( #z) Ry MR, (8.74) :

- e (3w + () )
(= m) (1 “1) gy M=)

(s ) ERRGETLARLES
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(b1 +1)1 mi—n ky+ 1
e (e Gt )
1
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_ (mi—my) B\ 1 (m1 —ny) .
R (1 )de - S +n)(k1+1)R1 . (3.75)

~ (k1 +1) —_eo + <—E,:;LIT;:) (k1 +1) Rihg — (ky + 1) —R}—lh—4) fa

(m1—m) _ L
+ ( o ) (k1 +1) Rih_y — (ky +1) o h—3> fs

1 1
— (ki +1) Eh—2f2 — (ki +1) Eh-lfl,

4A 2my A ( I ) 2my A ( /,L1>
—— 2 (g _fmh ol 3.76
My (my+ny) Ho 2 (my +ny) 13 (8.76)

(7 * (l—ﬂ) ) (~32) 7 @

m1 (kl + 1) 2m1 (kl -+ 1) 2m1 (k1 + 1) 2m1 (kl + 1)

(my + nl) (my +ny) hesfa= (my +nq) —2fa = (mq +ny) horfa,
G (3 8-t n e o
(’ml nl) (my —ny)
(m T ) (k]_ + 1) R1§eo + (— (kl -+ 1) R?h_z — m (kl + 1) th_4> fa
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_(m - TLl) 2
(mq +n1) < #2) PR (5.78)
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61

N O N

1) -

+( o < ) )( mlﬂnﬁﬁf“ o2
(m1
(my

) (4 1)y - ) o e+ 1) b
%( st heafy - CA 1; (k1 + 1) hgfy
—%(kl-f-l)h_gfo—g ;(k1+1)h 1f-1,
0 = <3O +%+—nlg <1+“1k2) —3(1—2))@, (3.80)
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CHAPTER 4
Numerical Analysis Results / Discussion

4.1 Introduction

In this chapter, the numerical analysis of 38 coupled linear algebraic equations derived
in Chapter 3 is presented to determine the 38 unknown coefficients. The unknown co-
efficients vary according to mechanical properties of the composites such as Poisson’s
ratio and crack locations. Based on the resulting coefficients, stress intensity factors
at the crack tips under Mode I are derived to investigate crack behaviour around the
tips. Thus, this chapter first presents derivations of stress intensity factors at crack
tips a and b in terms of the resultiné coefficients of stress potentials.

"The equations of (3.43) thru (3.80) can be expressed in a matrix form such as
{0} = [A]{z} where [4] is a 38 x 38 coefficient matrix, {b} corresponds to a load
vector and {z} is the solution vector representing the resulting coefficients. Using
MATLAB, the inverse matrix of [A] is calculated and the solution vector {z} is readily
calculated by {z}=[A]™* {b}. For the verification of the formulation, a comparison of
the results corresponding to a three-phase model with the perfect interfaces reported
in the literature is made. Finally, some numerical results such as effech of inclusion

stiffness, interphase stiffness and crack length on cracking are addressed.

4.2 Stress Fields around Crack Tips

In many engineering applications, a study of the behaviour of materials under cer-
tain loads in the presence of material flaws such as internal voids, minor cracks and
different materials embedded inside is quite important to prevent their failures. In

particular, it is well known that failures associated with sudden crack propagation in
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solid materigls take place even at the far lower than the failure limits of the stress.
Eventually, to evaluate the effects of flaw size, fracture toughness and applied stress
on material failures, the early frame works of fracture mechanics has been inten-
sively addressed and developed by Inglis, Griffith and Westergaard. One of the most
dominant researchers in 1950s is G.R. Trwin leading the Naval Research Laboratory.
He further developed the early works and introduced a new idea that stresses and
displacements in the neighbourhood of crack tips could be characterized by a single
constant, called the stress intensity factor (SIF). The stress intensity factor represents
the driving force to cause fracture in the vicinity of the crack tips.

There are three types of loadings that a crack can experience: Mode I represents
a crack opening deformation, Mode IT an in-plane shear and Mode III an out-of-plane
deformation. A system with a crack can undergo any one of these modes, or arbitrary
combinations of two or three modes. However, Mode I is known as the most dominant
failure scenario [38] compared to the other modes. Furthermore, under uniform remote
tensile stress, a singularity-dominated zone is defined as a region where the singularity
1/4/r (r: distance from a crack tip) dominates the stress fields and the stress intensity
factor in the zone defines the amplitude of the crack-tip singularity [57]. Thus, in this
study, stress intensity factor under Mode I loading ﬁear crack tip a and b, namely
within singularity dominated zone, is investigated. Also, it }s assumed that there is
no crack growth at the tips so that the Model I stress intensity factor K is smaller
than the critical stress intensity factor K IC-

Using the Cartesian form of (2.1), we can re-write it as

Oz + Oy = 2 [‘Pl(z) +Wz)] ) | (41)
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Oea — 10y = 9'(2) + P(3) — [50(2) + /()] (42)

Subtracting the conjugate of (4.2) from (4.1) leads

Oyy — i0ay = ¢'(2) + ¢'(z) + 2" (z) + P (2). (4.3)

It is noted that Re(z) = Re (%) and Im(z) = — Im( Z). Thus, we get the stress field
from (4.2) and (4.3) as follows

7 = Re[/()+ 7 - ) - T (44)
% = Re|p() + @) + 507G + TG

o = Im[¢'(s) + 9 — ) - 9.

Let’s express 1(2) in terms of (z) and X (2) by using (2.33).

W) = - [X() i) - 2)(2)] (45)

= ¥1(2) — ¢i(2) — 2 (2) — X(z).

Taking conjugate of (4.5) gives
V@) = oi(5) - A6 -7 - X' (). - (46)

Substituting (4.5) and (4.6) into (4.4); we get the stress fields in region 1 as follows

Re [¢4(2) ~ p1(2) + 20(@) + (Z— ) o) + X(2)] (47)
% = Re|ol(z) + () + e A G - X'(2)],

7 = Tm[1(:) - 61(2) + 26 + (7~ ) P0) + X(2)].

a:ca:



Considering leading order terms of each stress potential shown on (4.7),
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the explicit

expressions of the stress fields in the neighbourhood of the crack tips a are given as

(See Appendix 6 for detail derivation)

Oyy

Ozx

Ozy

where 2!

1 ——5-sin91-i-lsm591
VITV2I\ 8772 78

1 3 . 91 1 . 591 k—1
——gin— — Zgip 2 § ‘ L O
1\/—l ( sin sin ) L Jrea } + (7'1),

1 ( 1 6 1 501> { . IJ
5 | Tgeosy Hgoos— kf +0(r1).
3 3 kz 714 T1

=00

=b—aand (z-a)=re® (0<9, < 2m).

Also, the stresses near crack tip b are determined in the following forms

Tyy

0’1}(8

Oxy

1 5 6, 1 592> = 1
2 eos 22 — 2 gos 222 kb1 + O (ry),
NN (8 cos 5= — g s LZ Jr (re)

1 8 62 1 56, - b1
geos=+2cos 22 ) | 37 kAH 10 (ry),
N <8 P TE ) L_oo Ji J (r2)
1 1, 6, 1 sin 50, k1
_= =4z kf.b +0
= _2-l-< gsing +gs > L}_m fr } (re).

where b —a = 2] and (z — b) = 79¢™®2 (-1 < 8, < ).

(4.9)

It should be noted that the remote loading term is not shown in (4.8) and (4.9)

since the load is not directly applied to the crack in the matrix but transferred to

the domain through imperféct interface I'; which alters the effect of the load on the

crack. The undetermined coefficients f; play a dominant role in transferring the load

from a infinite point to the crack tips through the interface and the square bracketed

terms represent the influence of the irmperfect bonding condition.
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4.3 Stress Intensity Factor

"The normalized Mode I stress intensity factor in the vicinity of tips is defined as

K
)
KI w/o inclusion

(4.10)

where K; = ayy\/27r_r and K7 w/o inctusion = ooVl K 1 represents Mode I stress in-
tensity factor in the intermediat'é matrix zone under uni-axial loading while K ,, /o inclusion
denotes the Mode I SIF for the same crack in the homogeneous matrix without an
inclusion. It shows the pertubation in stress fields caused by mechanical properties
of an inclusion, matrix, composite phase and imperfect interfaces.

In view of (4.8), the normalized SIF at tip a where 6, is 7 is

[_LJ N (4.12)

Ky w/o inclusion

2rr 1 5. 60 1. 591) = k-1 0
= —=sin — + Zsin — kfrz +O(r
Coo VTl {\/ﬁ\/ﬁ ( 8 2 '8 2 <kZ fr (r9) .

=—00

11/ 5 1 = k1
- {5 (34 (2 o )““O(“)}

- —2_15 (=8f-s0™" = 2f 007 — f 107 + fy +2faa + 8fs0” + 4fsa® +..) + O (ry).

In the similar way, the normalized SIF at tip b where 6, is 0 is

{—LJ at b 12

K, I w/o inclusion

onr 1 5 6, 1 «92) = et 0
= COS ~- — — COS — E k +0O(r
= =1 { T ,—-21 (8 D) 3 D) (k frz ( 2) -

=—00

- {46 () o)

=—00
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1
= 5 (—8F-ab™" —2f ob ™3 — f_ b2 4 f, 4+ 9 Jab+3f3b + 4£46° +...).4 O (ry).

4.4 Numerical Results
4.4.1 Verification of Formulae

For conveniencé, the imperfect interface parameters m and n introduced in Chapter
2 are expressed in the terms of new dimensionless interface parameter M , defined by
My = ﬂgﬂ;—"‘lRo onI'y and M; = m2%1@1Rllon LI'o. As mentioned before, these para-
meters represent the effectiveness of the bonding at the interface in transferring load
thru interface. A small value of M or m (say, 0.01) represents debonding between
adjoining materials while a large value of M or m (say, 100) simulates the perfect
bonding condition. The varying values of M , n and m from 0.01 to 100 correspond
to intermediate states between perfect bonding and complete debonding. These fig-
ures just represent the relative degree of bonding deterioration at the interfaces, not
absolute.

The comparison method is to simulate the three phase perfect interface condition
with a radial crack between the two interfaces as evaluated by Luo and Chen [48].
Taking My and M; equal to 100, it is shown that the current formulation is in good
agreement with those of Luo (see Figure 4.1). There are small differencgs in the actual
values around interfaces and the differences seem to be from the number of unknown
coefficients taken in the series expansions. Therefore, the good agreement with pub-
lished results of crack behaviour confirms the validity of the equations. Eﬁpansion of
the terms from z~4 to 25 represents the minimum of terms in this analysis. Addition
of more terms makes the numerical results converge to the exact solution addressed

by Luo and Chen.
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4.4.2 Influence of Imperfect Interface o & Ty

The effect of an imperfect bonding condition at the inclusion-matrix and matrix-
composite interfaces on SIFs at crack tips is evaluated for stiffer inclusion and softer
than the matrix phase corﬁposites (Figure 4.2 and Figure 4.3). With respect to the
GSC scheme, the softer composite phase results in mass damage in the surrounding
matrix and inclusions outside the RVE. This case also represents the bonding medium
that is st1ffer than the matrix. In the case of a perfect bonding at the composite-
matrix interface (M1=1OO), the remote load is assumed to be fully transferred into
the matrix and the inclusion-matrix interface. In Figure 4.2, it is clearly shown that
the greater the degradation of the inclusion-matrix bonding T, the higher the stress
intensity factor at the crack tips in the vicinity of the interface; hence, the degen-
eration of the inclusion-matrix interface fixation accelerates propagation from both
crack tips adjacent to the interface in both directions. It shall be noted that the
influence of the deterioration plays a dominant role in increasing SIFs, not only near
tip a but also distant tip b. Cracks located around the interface I'y easily propagate
in both directions, deteriorating the integrity of the interface fixation, resulting in
increased degradation, which accelerates the cracking process further. Another in-
teresting phenomenon is the existence of a stable zone associated with debonding in
which the S;Fs corresponding to debonding are lower than ‘those of the initial per-
fect bonding condition. As the distance between a, crack and the inclusion-matrix
interface increases, the SIFs corresponding to the imperfect interfaces decrease up to
a certain crack location and increase beyond the minimum point. The SIFs associ-
ated with the degraded bonding are lower within the zone and higher beyond this
zone than those with perfect bonding. In addition, within the zone, the debonding

of the matrix-inclusion interface suppresses matrix cracking. In the vicinity of the
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matrix-composite interface, the influence of an imperfect matrix-inclusion interface
increases SIFs at crack tip a and suppresses crack propagation at crack tip b. At
the initial adhesion, when both interfaces are perfect, the stiff inclusion repels crack
propagation from tip a and b around the inclusion-matrix interface and from tip a
around the matrix-composite. It increases SIFs at crack tip b as the.crack approaches
the matrix-composite phase interface. '

- With respect to the influence of the composite-matrix interface, as the fixation
at the composite-matrix interface I'1 deteriorates, the stable zone associated with
debonding becomes wider and deeper, and the influence of both interfaces dimin-
ishes, since the load transferred into the matrix thru the matrix-composite interface
decreases, Figure 4.3. The outer interface does not directly affect the crack propaga-
tion at tip a and b, but indirectly shifts the SIFs downward in conjunction with the
influence of the inner matrix-inclusion interface. SIFs at both crack tips go to zero,
regardless of crack locations, as the matrix becomes totally debonded (M;=0.01) from
the composite phase, indicating no load is being transferred thru this interface (Figure
4.4). The matrix-inclusion bonding condition is more critical for matrix cracking than
matrix-composite adhesion quality. Liu and Kim addressed how imperfect bonding
plays a dominant role in cracking outside an inclusion [27, 39]. Based on this work, it
cah be concluded that loosened matrix—composite‘phase fixation affects crack ;')rop-
agation outside the matrix, resulting in cracking or damage in the composite phase,
namely altering the influence of neighbouring inclu)sions and the matrix. This type

of cracking in the composite phase will be investigated in a future study.
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4.4.3 Influence of Inclusion Stiffness Ko on Cracking

Figure 4.5 shows the influence of inclusion stiffness and bonding at the matrix-
inclusion interface on SIFs of a crack fixed at d/Ry=0.4 for a soft composite phase.
SIFs at both crack tips dramatically increase when the matrix-inclusion interface
fixation becomes imperfect, My close to zero. Stiffer inclusions lead to lower SIFs
than compliant inclusions, although SIFs corresponding to stiff inclusions are still
greater than 1. This phenomenon agrees with reported results that stiff inclusions
repel cracks from the interface [27, 39]. Increasing inclusion stiffness bleyond 25 times
stiffer than the matrix, does not have a significant impact on suppressing crack prop-
agation. Thus, determining proper stiffness of inclusions, up to the critical ratio of
inclusion to matrix stiffness, is recommended to discourage crack propagation. In
cases involving a stiffer composite phase -2 times harder than the matrix--the overall
behaviour of the SIFs are similar, however, their values are less than 1. Thus, a
stiffer composite phase repels crack propagation in the matrix; keeping the composite
phase harder than the matrix is the best way to suppress crack propagation. When
the outer interface degenerates, all of the SIFs shift downward. This phenomenon is

illustrated in Figure 4.3.

4.4.4 Influence of Interphase Stiffness 4, on Cracking

Figure 4.6 presents the effect of matrix stiffness and degeneration of the matrix-
inclusion fixation on cracking in the matrix. Similar to the results realized for inclusion
stiffness, the deterioration of matrix-inclusion bonding accelerates matrix cracking in
the vicinity of the interface. Contrary to the case of inclusion stiffness, the normalized
SIEF values increase as the stiffness of the matrix increases, Stiff matrix accelerates

the cracking process in the matrix, while soft matrix suppresses crack pro;iagation.



71

Comparing the magnitude of the changes in SIFs in Figure 4.6 with those in Figure 4.5,
it can be seen that the ratio of matrix stiffness to the composite phase is more critical
than that of the ratio between inclusions and the matrix. However, it should be noted
that the soft matrix Suppresses matrix cracking on itself, but may cause damage to
the neighbouring matrix and inclusions in the vicinity of the matrix-composite phase
interface. Thus, the advantages and disadvantages of the soft matrix properties should
be weighed with regard to the total damage experienced by the inclusion-matrix-
composite phase system. SIFs corresponding to matrix softer than the composite
phase shift downward much more readily than SIFs corresponding to hard matrix as
the matrix-composite interface starts to loosen. The effect of the loosening of the
outer interface is similar to the effects mentioned above; however, its influence on a

soft matrix is stronger than on a hard matrix.

4.4.5 Influence of Crack Length on Cracking

Interactions between imperfect matrix-inclusion bonding, SIFs and the length of a
crack fixed in the vicinity of the matrix-inclusion interface (d/Ry=0.4) are presented
in Figure 4.7. SIFs at crack tip a dramatically increase when fixation is highly de-
generated: imperfection parameter M, goes to zero. Under poor bonding conditions,
namely for My < 5', the inﬁuer‘lce of the crack length on the propagation at tip a is
not significant. However, with My > 10, the longer crack results in higher SIFs at
tip @ than the shorter crack; therefore, under certain conditions involving adhesion
damage, longer cracks are more vulnerable to cracking than shorter cracks at tip a.
On the contrary, the behaviour of crack tip b is quite different from cracks at tip
a. A Shorter crack’s SIFs at tip b corresponding to highly imperfect bonding, M,

< 3, are dramatically higher than those of a longer crack. The location of a longer
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crack’s tip b is further away from the interface T’y than that of a shorter crack and the
degeneration at the interface has less influence on a longer cra;ckg tip b. Microcra‘cks
are more vulnerable to cracking at tip b. With My > 10, the effect of crack leng’jch on
the proiaagation at tip b diminishes. Consequently, as the initial perfect bonding is
damaged, long cracks are more vulnerable to propagating at tip @ than short cracks,
the propagation would cause further damage to the interface, and beyond certain
damage, namely M(; < 5, microcracks become more suscep'ti'ble to proceeding from

tip b than long cracks.

4.4.6 The Stable Equilibrium Position

The stable equilibrium position, called the trapping mechanism by Dundurs and Mura,
[18], is confirmed in this present work. As Luo and Chen [49] mentioned, the stable
equilibrium position is more likely to occur in a three-phase model than a two-phase
model and is dependent on material properties such as those addressed by Poisson’s
ratio. Luo and Chen explain that when an inclusion and a composite phase are
stiffer than the matrix (uy = p, = 1.25 # f1) with vy = vy = 0.2 & v, = 0.4, the
dislocation does not have a stable equilibrium position. A simulation of this case was
conducted as part of this study and the findings agree with their results. Given the
values of Poisson’s ratio and stiffness, all the SIFs at tip a are greater than 1, which
means that there is no stable equilibrium position. Around tip b, all of the SIFs are
between 0.94 and 1.06. With the assumption that interfaces are perfectly bonded,
Luo and Chen addressed how stable equilibrium positions exist for any combination
of Poisson’s ratios where min (uo/p,, pa/ 1) > /3. With py = py = /3.1 4y and the
same Poisson’s ratio as in the previous case, SIFs at tip a corresponding to relatively

good bonding quality (M, = 100 & 10) and SIFs at tip b are less than 1, Figure 4.8.
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These results show that there is a stable equilibrium position, which agrees with Luo
and Chen s analy51s It is noted that the loosening of the inner interface is likely
to decrease the range of the stable eqtuhbrlum position (My = 0.01 to 1). When
Mo = pg = 3y, all the SIFs at tip a and b are less than 1. Thus, the interface damage
and Poisson’s ratio affect the trapping .Ihecha.nism, but the stiffness of the composite
phase and inclusion play a significant role in crack propagation. Luo and Chen did
not identify the location of the stable equilibrium position within the intermediate
region. However, in this study, the actual locations of the position are shown to be

along the real axis.

4.4.7 The Stable Zone

Figures 4.9 and 4.10 show the effect of 2, stiffer composite phase on the stable zone
associated with debonding. This new phenomenon called The Stable Zone is intro-
duced in section 4.4.2. All of the conditions in Figure 4.9 and Figure 4.10 are the
same as those in Figure 4.2 and 4.3, except for the stiffness of the composite phase.
Compared to Figure 4.2 and 4.3, the hard composite phase definitely suppresses the
SIFs at tip a for both M;=100 and M;=>5. The stable zone near tip a with a com-
pliant composite phase, as shown in Figure 4.2, does not take place for the stiffer
composite phase shown in Figure 4.9. Regarding crack tip b, the stable zone does
not take place with the soft composite phase (Figure 4.2); In Figure 4.9, shifting
all the SIFs at tip b downward, the stiffer composite phase causes a stable zone to
occur again. However, once the adhesion on the outer interface deteriorates (M;:
from 100 to 5), the stable zone goes away (Figure 4.10). Figure 4.10 shows that the
stiffer composite phase changes the stable zone, resulting in a more narrow zone for

M1=5. It is important to note that the stiffer composite phase decreases or removes
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the effect of the zone and the debonding of the matrix-composite diminishes the effect
of a stiff composite and causes the stable zone associated with debonding. Both the
stiffness and the outer bonding condition M; affect the existence and shape of the
stable zone. Consequently, the outer interface bonding and the stiffness of the outer
composite phase are leading factors in the development of a stable zone associated

with debonding.



25

SIF

0.51

. Simulation of Perfect Interfaces

Luo & Chen

b st o,
1 L L 1 (]
10 15 20 25 30
Mo/l

35

40

75

Figure 4.1 Comparison with Luo’s results with perfect interfaces along I'y and I';.



76

SIF @ "a"

Figure 4.2 Influence of imperfect I'y with perfect Iy (M = 100). Normalized SIFs of

crack tip “a” & “b” vs. crack locations. Fo = 24y, pig = 0.54,.



7

SIF@ llall
1.8 T T T T 1
, —o~ M;=0.01
1.6} - M =01 -
o =v,=1/3 M;=5 Mo=1
g 2%« & =()_5% ! e My
S14f &1y o = Mg=10 .
M —#— M;=100
82 1.2 ]
1+ Rl . -
0.8 1 i I 1 I
0 0.5 1 1.5, 2 2.5 3
1.5
o 1f -
3
™ osf .
)
of g §
N ! - L 1 1
3 0.5 1 15 2 25 3
d/RO

Figure 4.3 Influence of imperfect Iy with imperfect I'y (M; = 5). Normalized SIFs
of crack tip “a” & “b” vs. crack locations. Mo = 244, py = 0.54,.



SIF @ "a"

C Vo=V=v =173 ' M1=O.dl = M=0.01

Mo=2*p; & py=0.5%p, -5~ M;=0.1

SIF @ "b"

SABABUABGRAARIABAMRRABRUARAAR RGNS RN MRS onanny

-

0.5 1.5 2 25 3
/R,

Figure 4.4 Debonding (M; = 0.01)

78



79

SIF @ "a"
118 T ) T T T |l ¥ 11
V0=V2=V1=1/3 M1=100 —~ po=0.5p1
o g =0.5%p ' 8- py=2p,
g Ha 1 e mton
ya —%= i1y=100p,
S 1.4 " R —— 1,=1000p,
1.2

T T ¥ T ¥ 1]
g1. E
2 -
R ey o 0 o é
9‘1' R
“ e 3. L £} o]
14 - N
R % 2 &
1.05 1 L ! 1 1
30 40 50 60 70 80 30 100

Figure 4.5 Influence of stiffness of an inclusion. Normalized SIFs of crack tip “a” &

‘D" vs. I'p imperfect parameter My at the fixed crack location. Ho = 0.54; and

d/Ry =0.4.



80

SIF @ ||a|l
' v0=v2"—'v1=1/3
Ho=2%p,

. M ¢
0 10 20 _' 30 40 50 [:11] 70° 80 a0 100

(g o BN o | X XU o IRB o f I3 o 8] "

i A S S S

30 40 50 60 70 80 90 100
¥

Figure 4.6 Influence of stiffness of the matrix phase. Normalized SIFs of crack tip
“a” vs.I'y imperfect parameter M, at the fixed crack location. g = 24, and

d/Ry = 0.4.



81

SIF @ "a"
1.8 T [ 1 ¥ i 1 ¥ 1
Vo=V,=v.=1/3 M.=100 - LIR=0.3
1.6 Hg'—'zg‘ull&‘ Hp=0.5%u, o LRy=05 |
g d/Ry=0.4 —&— LIRy=1
'g, - b IJR0=1.5‘
WA
Y

Figure 4.7 Influence of the crack length. Normalized SIFs of crack tip “a” vs. Ty
imperfect parameter M, at the fixed crack location. Mo = 241y, py = 0.54, and
d/Ry = 0.4.



82

SIF @ nau

125 , . . '

12 : VoTv,=0.2 & vi=0.4  M;=100 ~o— M=0.01 |

115} =9 l"’0:”2::\/3-l*l"ﬂ ~&~ My=0.1
(-} SKS "

E14f
w05
ik
0.95}-
0.9
0.85
"o

Bag,, B0ag
g A0 Ap DG gﬁ
- g&ﬂm FRROBRAIIIR S Ry -
0:85 w,.x-xw:«'ﬁi‘%mw 55999 AN H g’gaA _
08} ' ' . ' '

0.5 1 1.5 2 25 3
d/R,

Figure 4.8 Influence of imperfect Ty with perfect I'y (M; = 100). Normalized SIFs of
crack tip “a” & “b” vs. Crack locations. Po = o = /3uy.



SIF @ "a"

0.82 T T
0.8
0.78}
20,78 ) o
S 0‘,74 AAAAAA_ g % ° ) ﬁ***#ﬁf**w ﬁ'ﬁ -
0.72- o x.x.ﬁ%ﬁ**%gg%ggg@éﬂ%%%% i ™ Q‘EAA N
0.7 xR ¢ L R

8955, . 5%
* gg Do | gg
.68 W \ - 85 -

0.5 T 1.5

IR,

T
8
1

T
>4

[}

Figure 4.9 Influence of stiffer composite phase on the stable zone (M; = 100).

Ho = 24y, pg = 2uy.

83



84

SIF @ "a"
0.9 ; . ;
V=V,= =173 M;=5 —o~ M,=0.01
0851 u0~2%‘u1 & pwy=2%1y - M:=0.1 I
0.8} i
&
M.S)in -
2 07F
0.65|- -
6.6} 4
0.55
0 3
SIF @ "b™
o i R
899893@9@9@@@3@86989998 By By
'00‘8‘- AAA—, . AAAADMNLLABLDLLNL A 'Q»‘ -1
g "-\LAILAAAA-\.\(AILA AAAA ﬁ
5’;,;55_ B e T W
QAA
g
05} % -
3
0.45 ! 1 1 ! !
0 0.5 1 1.5 2 25 3
d/Ry

Figure 4.10 Influence of stiffer composite phase on the stable zone (M1 = 5).

Ho = 241, fg = 2u;.



85

CHAPTER 5
An Example of Application - Bone/Implant Modeling

5.1 Introduction

According to the National Hospital D'ischa'rge Survey of 2003, approximately 217,000
and 402,000 patients in the U.S. underwent Total Hip Replacement (THR) and To-
tal Knee Replacement (TKR) operations, respectively, and $24.7 billion dollars were
spent in hospitalization related to these replacement surgeries. In addition, there were
36,000 revision hip replacements and 33,000 revision knee replacements. However, the
revision rate of joint replacement is greater for those who are heavier or more active,
such as young patients. Many surgeons and biomechanical scientists have asked the
question whether femoral/tibial component fixation of total hip/knee arthroplasty
shows better performance with or without bone cement and the answer is still quite
controversial. With respect to fixation, performance of cemented prostheses was re-
ported to be better than that of cementless protheses [58]. However, some researchers
have demonstrated no differences between these two techniques [59]. Currently, the
cemented surgery is more widely performed and several mechanisms of debonding of
cemented implants from bone have been suggested.

Biologically, wear particles and debris from bone cement and implants spread into
tissue within the vicinity of the interface and provoke osteolysis. Another important .
factor leading to debonding is the mechanical properties of cement and cementing
techniques used during surgery. Although the dramatic improvements made in ce-
menting techniques from the earlier hand-packed cementing to centrifugation and
vacuum mixing have decreased the revision surgery rate [60, 61], poor mechanical

properties of the bone cement and inadequate interdigitation adjacent to the bone
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cement interface are still being addressed as primary failure factors initiating the
aseptic loosening of cemented prosthe;tics [62, 63, 64]. In addition, variables such as a
surgeon’s experience, patient weight and implant type are also implicated as factors
leading to poor mechanical properties in the mantle [65]. Through such a multi-
functional failure mechanism, the majority of popular cemented implants continue to
migrate over time even though the fixation is perfect at the initial stage [58] and the
loosening in the cement mantle is believed inevitable.

Iﬁterdigitatidn between bone and cement in well-fixed cemented implants keeps
its mechanical interlocking long after implantation [66]. Poor interdigitation or per-
meation at the cement-bone interface [67], and deteriorated resistance at the cement-
implant boundary, result in imperfect interface bonding. However, from the stand-
point of sliding motion, the strong interdigitation between the cement and cancellous
bone prevents relative slip at the interface and provides strong mechanical interlock-
ing, which is referred to as a no-slip interface. The no-slip bonding enables shear
loads to be sustained along the interface even when tractions fail in the normal di-
rection. This no-slip condition is of considerable practical interest and is suggested
as an adequate model of cement-bone interface [68, 69]. In contrast, implant-cement
interface is either smooth for polished implants or mechanically interlocked for rough
surface implants. The rough surface implants were introduced to provide mechanical
interlocking over the whole interface and prevent the prosthesis from subsiding. It was
reported that rough implants increased friction between cement and an implant and
reduced its subsidence and the effects of debonding at the interface [70]. It is noted
that this mechanical interlocking is not as strong as interlocking on a cement-bone
interface. In contrast to the longevity of cement-bone interdigitation, mechanical

interlocking between a rough stem and cement vanishes once loosening of the stem
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progresses.

Of the many factors causing aseptic loosening, mechanical loading is the most
commonly accepted as the leading failure factor (71, 72]. Repeated mechanical loads,
in conjunction with other factors mentioned earlier, have resulted in the continuing
migration in the cement mantle and finally loosening of prosthetic components. This
multifunctional mechanism has attracted the attention of many researchers. The
aseptic loosening of cemented implants is most frequently a long-term complication
[78, 74] To evaluate the influence of the loads, researchers have investigated the
stress field in the region adjacent to the implant and cracking at the cement-bone
and cement-implant interfaces under cyclic loads.

With finite element analysis, interactions and relationships between stress magni-
tude in the cement mantle and failure have been reported [75]. However, experimental
investigations have addressed how the predicted magnitude of the peak stress is not
a dominant factor leading to clinical failure [76]. Damage accumulation theory was
suggested as a failure scenario of joint replacement, [77]. The propagation process of
cracks in the cement mantle was investigated experimentally, and pre-load and load-
initiated cracks have been reported to play a determinant role in progress of failure
[78]. Furthermore, it has been demonstrated that failure of the cement mantle caused
by radial cracks.in the mantle initiated loosening of cemented implants [79] and many
radia:l cracks generated adjacent to the cement-implant interface were found by SEM
micrographs after stem failure [70]. Also, the bonding conditions of cement-bone and
cement-implant interfaces are believed to affect aseptic loosening. Deterioration of
the interface condition between cancellous bone and implants is considered to be a
significant failure mechanism, which results in mechanical fracture and debonding of

the prosthesis from the bone [80, 81, 82).
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The interface between an implant and the cement has also been attracting the
attention of researchers. Different surface finishing techniques, designed to improve
the strength and fixation at the interface, have been suggested [83]. Repeated cyclic
stress imposed on artificial implants results in loosening between the prosthesis and
the bone, and the development of load-initiated cracks in the vicinity of the cement-
bone interface [78]. Debonding and resistance of the cement-implant interface was
investigated with respect to residual stress developed during cement curing (84]. A
theoretical mechanical failure process of metal-cement interface, with respect to the
cohesive zone, was proposed [85]. Whether the cracks and debonding begin first from
the cement-implant interface or from the cement mantle has not yet been clearly de-
termined (86, 87, 88]. Gharpuray developed a hypothesis that the initial cracks were
emanating from the perfectly bonded interfaces, and consequently, they accelerated
degradation of the prosthesis fixation, micro-motions between bone and implant, and
bone resorption around the implant [71). Gharpuray proposed a theoretical model
to show cracking around a void and a circular elastic inclusion in the vicinity of the
.cement-implant interface and demonstrated how the cracking caused loosening of the
fixation. A majority of this research has assumed perfect bonding in which displace-
ment compatibility at the cement-implant and cement bone interface holds. However,
with respect to the unavoidable degradation of the fixation, this study demonstrates
that the imperfectness of the interface resistance should be considered and the in-
evitable interaction between deterioration in the interface bonding quality and crack
behaviours within the cement mantle, or local region adjacent to the interfaces, causes
catastrophic failure of joint replacement arthroplasty.

As addressed in Chapter 1, imperfect bonding between two materials with different

mechanical properties has been known to be a dominant factor affecting crack propa-
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gation located outside the inclusion in the vicinity of the interface [27). Furthermore,
this thesis provides a general three-phase model, which considers imperfect bonding
conditions along both interfaces. Thus, the proposed model is well suited $o the bone
cement cracking interacting with an implant and the bone matrix under damaged
adhesion conditions along both boundaries. This research provides, for the first time,
analytical rationale for the possible failure mechanism of a cemented implant sys-
tem in the full range of bone cement. This study addresses how the imperfectness
of both the cement-bone and cement-implant interface simultaneously affects radial
crack propagation in bone cement during the mechanical cracking process. Specifi-
cally, a no-slip condition on cement-bone and cement-stem interfaces are taken into
account. The procedures addressed in the previous chapters are applied to this spe-
cific application. Thus, the imperfectness of the interfaces is modeled with interface
parameters and the effect of the parameters on SIFs at crack tips is evaluated along

a radial crack location from implant-cement interface to cement-bone interface.

5.2 Formulation

Figure 5.1 shows a simplified model of cemented joint arthroplasty. We consider a
domain of R?, infinite in extent, containing an implant, bone cement PMMA and
bone matrix with a radial crack in cement. The circular implant, with center at the
origin of the coordinate systerri and radius of Ry, occupies a region denoted by the-
domain Sy and the cement is also modeled as 2 circle with radius of R, represented by
the domain S;. The surrounding bone matrix is represented by S,. All the materials
are assumed to be homogeneous and isotropic with shear moduli Mo, pq and o, -
respectively. Interfaces I'o and Ty are imperfect and represent implant-cement and

cement-bone interface, respectively and the adhesion imperfectness in the radial and
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the tangential direction is represented by the non-negative interface parameter m and
n, respectively. All the notations, symbols and boundary conditions are same as ones

specified in Chapter 2.

5.3 Discussion

The crack length is fixed as | = Ry and the other mechanical properties used during
numerical calculation are shown in Table 5.1. Linear elastic fracture mechanics is
applicable to brittle materials which do not have &, considerable plastic zone near the
crack tips. PMMA, the most common bone cement material, is an amorphous brittle
material with very high mechanical strength. Thus, our approach to applying linear
elastic fracture mechanics to this brittle PMMA is reasonable. Although the bone
cement contains some inclusions introduced during its formation, such as beads and
voids which cause less isotropic and homogeneous properties locally, the influences
of the inclusions on cement properties are small and can be ignored. Therefore, the
bone cement is considered isotropic and homogeneous. While the cement-implant
interface is clearly shown physically, interface between cement and bone can not be
simply defined, due to interdigitation and permeation. However, the simple model of
the interfaces as a single layer is enough to give us insight into the cracking process
initiated by imperfect bonding. Uniaxial compression is the most likely loading in
bone cement; however, uniaxial tension is occasionally applied to bone cement. As
addressed by Gharpuray, the uniaxial compression case can also be obtained as the
negative of the tension value [71].

The result of the no-slip conditions on both interfaces is shown on Figure 5.2.
These conditions can be achieved by using rough surface implants. No-slip interfaces

dramatically reduce the effects of loosening in the normal direction on SIFs at the
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crack tips. Tractions in the tangential direc:tion transfer to the cement and then to an
implant through interfaces, and compensates for reduction of tractions in the normal
direction. Thus 1mperfect bonding in the normal direction has little influence on the
SIFs at the crack tips. SIFs at tip a continuously increase as the crack approaches the
outer interface. Since the outer bone matrix is much more compliant than cement, it
attracts crack propagation and increases stress intensity in the vicinity of its interface.
Slrmlarly, SIFs at tip b have a maximum value near the outer bone cement interface.
It is noticed that the stiff implant - 26 times the cement shear modulus - does not
have a noticeable effect on the SIFs at both tips in the region adjacent to the cement-
implant interface, while the change in shear modulus across the cement-bone interface
dramatically alters the magnitude of SIFs near the outer interface. The cement-bone
interface is the first barrier which transforms the tractions initiated from remote
loading conditions and has greater influence on crack behaviour than the cement-
implant interface. Preventing slip on the cement-implant interface results in very
stable behaviour of tip b except at the region adjacent to the cement-bone interface.

Figure 5.3 shows crack behaviour with no-slip and imperfect bonding in the normal
direction on the cement-bone interface. This is a case in which a polished implant has
been embedded into cement and the cement is interdigitated with cancellous bone.
A rough implant can be modeled with this type of debonding, when bond?ng at
the cement-implant interface deteriorates and mechanical interlocking in tangential
direction is no longer sustained. The imperfect cement-implant interface attracts
propagation af tip a and accelerates opening of crack tip b in the vicinity of the cement-
implant interface. As for tip a behaviour, debonding at the cement-implant interface
causes higher SIFs than perfect bonding up to a certain point; beyond this point, the

effect of the debonding decreases, since the crack is far from the interface. Soft bone
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matrix attracts crack propagation at tip o as long as the cement-implant boﬁding
is strong enough, and attracts propaé;ation of cracks at tip b near the cement-bone
interface at the initial perfect bonding. SIFs increase up to a critical point around
i:he cement—boﬁe interface as the degeneration of cement-implant bonding worsens.
Debonding at the cement-implant interface results in failure of load transfer from
the remote load to the implant. Thus, the SIFs at the tip close to the cement-bone
interface dramatically decrease beyond the critical point. The interesting behaviours
at $ip b are the existence of a suppression region where the normalized SIF is below 1.
At the initial stage, when integrity' of the bonding is perfect, thére is a stable region for
crack tip b which disappears as the implant-cement interface starts to loosen. Thus,
debonding at the cement-implant interface accelerates crack propagation at tip b and
promotes crack opening at both tips in the region adjacent to the cement-implant
interface.

While the cement-cancellous bone interface has strong interdigitation and no-slip
bonding, mechanical interlocking of the cement-implant interface in the tangential
direction is weaker than interlocking of the cement-cancellous 'interface. Figure 5.4
shows the effect of the weaker, no-slip cement-implant interface on crack behaviour.
Parameter n in the tangential direction on the cement-implant interface is reduced
to 10 to simulate the weakened no-slip bonding condition. The resul’; shows that this
is an intermediate stage between Figure 5.2 and 5.3. While cement-implant bonding
in the normal direction degrades from 100 to 0.01, the constant bonding parameter
7 in the tangential direction continues to carry loads and reduces the effect of the
degeneration of bonding. Overall SIFs are lower than those in Figure 5.3.

The behaviours of crack tips near both interfaces are of considerable practical in-

terest, since crack propagation in the vicinity of the interfaces accelerates degradation
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of interface bonding. The existence of mechanical interlocking in the tangential direc-
tion on the cement-implant interface reduces SIFs within the region adjacent to the
interfaces. Specifically, it repels crack propagation near the cement-implant interface
Ey decreasing the effect of imperfect bonding. One outstanding advantage of a no-slip
cement-stem interface is that it prevents further progress of cement cracking from a
good initial condition by maintaining the initial pattern of crack behaviour. Further-
more, from the standpoint of damage accumulation theory, a no-slip cement-stem
interface suppresses overall SIFs in the cement mantle; hence, it decreases damage
accumulation throughout the mantle. However, longevity and durability of a no-slip
cement-implant interface is still questionable, since the rough implants do not provide
strong mechanical interlocking and can result in breaking of the interdigitation, in-
appropriate permeation and breaking debris. Further design features to prevent slip
on the interface are required.

In this present study, a titanium alloy implant is used during numerical calcula-
tions. Crack behaviours with stiffer alloys such as Cr/Co and stainless steel alloys
produce similar results as those with titanium alloy. It is shown that changes in im-
plant properties do not have a substantial influence on crack propagation. A similar
result was reached by a study that noted how the elastic modulus of an implant does
not alter the load transfer mechanism between the cement and the prosthesis, since
the elastic modulus of the implant material is much higher than that of the cement

and bone [79].



Material | Poisson’s Ratio, v | Shear Modulus(GPa), u
Titanium 0.3 41
PMMA 0.3 1.54

Bone 0.3 0.13

Table 5.1 Properties of materials for orthopaedic arthroplasty

Bone Sz
92(2), yr2(2)
M2

Implant S,
#0(z). wo(2)
Ho

Cement Si
(pl (Z)’ 'y” 1 (Z)
151

Iy Imperfect Interface
Iy No-Slip,
Imperfect Interface

Figure 5.1 Three-phase stem-cement-bone system.
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Figure 5.4 Normalized SIFs of crack tip “a” and "b" vs. Crack locations. Weakened

no-slip imperfect stem-cement; No-slip imperfect cement-bone bonding.
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CHAPTER 6
Conclusions and Future Works

6.1 Conclusions

"The most commonly used model of classical micromechanics is a, two-phase single
inclusion surrounded by an infinite elastic medium, called matrix phase, with perfect
interface. This simple mode] has beén providing insight into the interaction between
cracking, or fracture mechanism, and an inclusion. 'However, since the presence of
the interphase layer has been identified as a major para.,meter in altering stress fields
around the inclusion, the study of the three-phase model, in which the interphase
layer is considered, has become of practical and theoretical interest. Also, the three-
phase model is quite general and is applicable to the generalized self-consistent and
implant/cement/bone system. Furthermore, many researchers have shown that per-
turbation in the stress fields around the inclusion is caused by interface bonding
conditions, which draws attention to the importance of the imperfect bonding. They
have also addressed how there are significant differences between previous perfect
bonding and imperfect bonding in micromechanics. There are a few studies which
consider the three-phase model with imperfect bonding along one interface. However,
due to th; cumbersome mathematical problems involved, there has been no research
in the literature to address the imperfectness of both interfaces using the three-phase
model.

In this study, a semi-analytic solution to the interaction between a, pre-exiting
crack and a three-phase inclusion with imperfect bonding along both boundaries is
presented. For the analytic approach, linear elasticity with complex variable tech-

niques and linear elastic fracture mechanics are applied to the system. Also, to
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overcome the mathematical difficulties regarding imperfect interfaces, analytical con-
tinuations and series methods are employed. With the fundamental theories applied
to the three-phase single inclusion system, the problem reduces to a boundary value
problem. By solving 38 coupled linear algebraic equations numerically, unknown
coefficients of stress potentials representing stress fields near crack tips have been
determined. The coefficients reflect the effects of damaged interfaces, Poisson’s ratio
'énd material stiffness on SIFs at each of the radial crack tips. An interpretation of
the numerical results is provided in Chapter 4 and an analytical solution to the im-
plant/bone/cement system is pfesented as an application example in Chapter 5. For
verification of the formulae derived in this dissertation, comparisons are drawn with
corresponding cases published in the literature.

New findings established through the numerical analysis results presented in Chap-
ter 4 are as follows:
-. The proper stiffness of fibres as an inclusion must be determined. Benefit is seen up
to a critical ratio of fibre to the matrix; increasing fibre stiffness beyond this critical
ratio has little effect on crack propagation. Also, keeping the composite phase harder
than the matrix is the best way to suppress crack propagation.
-. Outer interface degeneration shifts all of the SIFs at both crack tips downward.
*-. Ratio of composite phase stiffness to matrix phase stiffness is more critical than
the ratio for stiffness between inclusions and the matrix. SIFs corresponding to a
softer than the matrix composite phase, shift downward more readily than those of a
harder matrix, as the matrix-composite interface starts to loosen.
- Regarc‘ling crack lengths, longer cracks under certain damaged adhesion conditions
are more vulnerable to cracking than short cracks at near tip @, while microcracks

are more vulnerable to cracking at tip b. Coﬁsequently, as the initial perfect bonding
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becomes damaged, long cracks are more vulnerable to propagating at tip a, and the
propagation can result in further damage on the inner interface My. Beyond certain
damages, microcracks are more susceptible to proceeding from tip .

-. The stable equilibrium position, called the trapping mechanism by Dundurs and
Mura, is known to be affected by other factors, such as the interface condition, Pois-
son’s ratios and stiffness. In their a.nalysfs, they demonstrated that the stable equi-
librium position does not take place under certain conditions that lead to inner in-
terface loosening, Thus, the damage of interface, Poisson’s ratio and stiffness play a
pronounced role in the trapping mechanism.

-. A new phenomenon, called the stable zone, which is associated with debonding, is
introduced. In this zone, SIFs corresponding to debonding are lower than those of an
initial perfect adhesion. This zone is affected by Poisson’s ratio, material stiffness and
crack location. The degradation of adhesion accelerates cracking overall; however, in
a certain region, it depresses crack propagation. Stiffer composite phase decreases or
removes the effect of the zone and the debonding of the matrix-composite diminishes
the effect on the stable zone.

Thus, cracking.at the matrix is affected by various factors such as degree of imper-
fect interface bonding, crack length, mechanical properties of the matrix and inclu-
sion, and crack location. Of the parameters, the bonding condition along the inclusion
and the matrix has a profound effect on the failure mechanism in the vicinity of the
interface, regardless of other factors.

In addition, Chapter 5 addresses how the mechanical interlocking in the tangential
direction on the cement-stem interface substantially suppresses crack development
throughout the cement mantle and debonding on the interface accelerates cement

cracking in the vicinity of the implant. The design of special stems with strong



101

interdigitation, namely non-slip interface, is of practical importance. It is noted that
changing implant materials does not have a substantial impact on crack propagation
within the bone cement mantle.

This research contributes to the understanding of the interaction between matrix
cracking and homogeneously imperfect interfaces, and introduces a new phenom-
enon, called the stable zone, associated with debonding. In addition, the interaction
between cement crack propagation and the influence of non-slip implant-cement in-
terface, namely rough implant interface, is explored and guidance for the design of

implants is presented.

6.2 Future Works

This research deals with single inclusion embedded in an infinite homogeneous isotropic
elastic medium that interacts with an external pre-existing crack and imperfect adhe-
sion interfaces. To further the knowledge gained through this dissertation, the author
anticipates the following future works:

-. The schematic study of ‘the effect of inhomogeneous, imperfect bonding along both
interfaces in the three-phase model. Homogeneous imperfection along the interfaces
is an idealization of inhomogeneous bonding. Incorporating the inhomogeneous im-
perfect bonding case into the three-phase model will provide a more realistic solution.
-. The schematic study of cracking within the outer infinite phase. Kim and Sudak [39)]
studied this matrix cracking in the three-phase model by employing inner imperfect
interface only, which might underestimate the perturbation effect caused by the outer
bonding condition. This future study, I believ‘e, will provide helpful information
regarding the bone damage process which is caused by damage to the implant/cement

and cement/bone bonding.
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-. The schematic study of interaction between two cracks within the intermediate. -
matrix phase. In real life situations, there are many microcracks and voids in the
intermediate layer, such as bone cements, and it is well known that the aggrega-
tion of the near cracks/voids causes catastrophic failures in implant arthroplasty and
composite materials. The study of the behaviour of cracks interacting with each
other under imperfect interface conditions will undoubtedly provide a foundation for
exploring the relationships between crack aggregation and fracture mechanisms.
Hence, deploying parameters governing fracture mechanisms, such as mechanical
properties (stiffness and Poisson’s ratio) and physical conditions (bonding condition,
crack length and multiple cracks) in a micromechanics analysis, and working to un-
derstand the fracture mechanism analytically, will lead to the development of a foun-
dation through which failures in many engineering applications can be predicted and

prevented.
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APPENDIX 1
Derivation of Boundary Condition ar,

Al.1 Derivation of Equation (2.9)

(7rr ~ 7). = (mo | = moul) — i (o [jus]| ~ mou) (AL1)
= (G huell + 2 lel) = (572 foall 42 ol ) ~ (mons? — o)
= (—";—nurn+—nuru) (1% ol + 672 gl ) — (el — o)
+ (Gl = e ) + (5722 ol = 52 el
= (ﬁuurn——nurudrm el + 22 nurn) (mou? ~ inguf)

2
- ( % lluell — z— llus|| + 2’— lluol| + "_ IIUeH)
= (5 i + (T%) ol = o = imcu)

(P il = (2 ) o)

mg — . + N , ,
(P25 ) ol (2 ) o, sl s~ i)

A1.2 Derivation of Equation (2.12)

From equation (2.9)

. my— N, . mo 4+ n . .
(O = 070y = (—2—) -+ |+ (——) e — | — (g — imgug) .

2
(AL2)



By taking the right-hand-side in (2.7), the left-hand-side of (A1.2) is

) . R2 22
(Grr — i10)o = Gh(2) + 7 (—) - 24(2) - S (o)

z

By (2.1)y,
6—i0 —_—
ity = o [w(z) — 2¢'(z) — ¢(Z)]
= % [mp(z) - z;'_(z—)—m} :
Thus,
oo +itell = = (k1) = L) ~ Pl
2= [Roole) — 502 — o)

Taking conjugate of (A1.4) leads to

6
=ity = oo [0 ~ 7/ (2) ~ $(2)]
- g [T =00]
Thus,
e ]l = 5E=or [l ~ 2 () — Y (2]

_2_;.5%0 [o7o) — 2eh(2) — wo(2)].
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(A1.3)

(A1.4)

(AL5)

(A1.6)

(AL7)
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Substituting (A1.5), (A1.7) and (2.11) into (2.9), we can express the right-hand-side

in the following form

e+ ] + T2 Yy, — g — (gl — ingul) (AL8)

mo—nol
2

mo — 1 Rp pl; [191<P11(Z) — 2p4(%) f’/’u(z)]
2 - [rovel) - 9 - Bl

mot+ng z #—11 [”1<P11(z) —Zpy(2) — ¢11(z)]

+ —
2 2Ry _;1; [%‘Po(z) — Zpp(2) — ¢0(z)]
o Roey — (Mot ma)E2 —igs) 5 (ma — mo)(ea + ies) RS

2Ry 222
my=noBy | 3 [kwen () = 4 (%) - (F)]
P o) - (%) - (%))
motny 2 | & |k () ~ 264 () - ¥ ()]
2| [k () — 20 () - o )]

(mo + no)(e2 — ie3) 2 (mo — no)(e2 + ie3) RS
2R0 222 '

+

—m0R06'1 -

Let’s consider resultant forces expressed in (2.2) along a contour I'g. The contour
is a circle: namely, a‘point "B" on the arc coincides with the starting point "A",
which means the resultant force between "A" and "B" is zero. Let "A" be a reference

point which is 0 and "B" any point along the circle. Thus, (2.2) is

Futify = =i [oo(2) + 54 + Ho)|, = i [ou() + 50 0) + )], (AL9)

and

2041 (2) +P1(2) = —o1(2) +@o(z) + 204(2) + Po(2), (A1.10)
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e (R2) + %y (RZ) = —p1 (2) + @ (2) + 205 (R ) +o <1j:2>

Taking conjugate of (A1.10) leads to

20 +9ue) = —enl)+ o0+ vl - (ALLD
2 2
2y () + Py (2) = —p (R ) 7 (R ) +7h (2) + 4 (2).

By substituting (A1.10) and (A1.11) into (A1.8), and then (A1.8) and (A1.3) into
(2.9), we obtain an another notation of (2.9) in the following form
2

)+ (8 = sele) - Sy (AL12)

m — nl_?g ﬂ—ll [k1<P11 (2) — ( =

2 2 — [ko‘Po (2) — 2} ( ) (Ez&)]

L +n 2 pl'l' [kl‘P_n (%) - (“P_n (5:;) + %o ( ) + 25 (2) + (z))]
2 2R, ——L [k()(To (%?) — 2y (2) — by (z)]

(mo + no)(e2 — 253) 2 (mo — 1) (g2 + 253)R3
2R0 222

—mgRoe, —

Multiplying 441, to both side yields
L Ré 22 ‘ o
i o4+ 7 () ~ i) - i) (AL13)
— memBe] [Bn @+ eu G0 )~ (B) -7 (F)]
o [ko‘Po (2) — 2 ( ) ¢0 (122)]

oz [klso—u(%"i)w—u(i%) %5 () — 266 (2) — o (2)]
ot )RO —& [ko‘To(z)‘E‘Po(z)—T/)o(z)]

(mo + ’no)(&'g - i53)z2 (’mo - ’no)(82 -+ Zc3)R0

_4/1,17710R081 - 4/11 2R0 222




119

By meking arrangement of left-hand side for ;; and right-hand-side for ¢o and
g, we get (2.12)

2
(0 =me)ss + 1 2 (2) + (ma-+ ) + D o (2
/P2 2
= 4o o)+ (2) = 4~ 22402+ mo = m)1 4 o) B

o= [n% (3) 25 (F)

Hma )4 R ) 4011 = 2) [ o) + o )

241 (mo + o) (e2 — des) 5 | 2u1(mo — no)(ea + te3) R
2° -+
Ro 22

+dmoRopye1 +

,ZGF]_.
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APPENDIX 2
Derivation of Boundary Condition ar,

A2.1 Derivation of equation (2.14)

In the similar fashion of (2.9), the displacement jump condition (2.4), is

my +m
2

. my—n . .
(Orr = 1070); o 5 = —5—= [[ur + 11| + l[eer — due]] . (A2.1)
2

Let’s consider stresses at region S, in (2.13) and the left-hand-side of (A2.1) is
; " — (R " 2
(0rr — dor0)y = 3(2) + ¢4 ) T2 (2) - E%‘%bz(z)- (A2.2)

The right-hand-side of (A2.1) can be expressed as follows

m;—mn

mi+m
2

Ll + g + et — iug| (A2.3)

™~y By 712 [faa () = 5% (%) -5 (2))]
2 92 [klgolz (2) — 2, ( ) b1 (Rz)]

my +ny Z t [k2'80_2 (Ej) ~ Zpy (2) — 1y (z)]
PO ok [ (B) -7k () ~ e ()]
Thus,
2
o)+ 7 () = s08le) — Zpwate) (A2.0

m—n Ry e [kzwz (2) — 2} (Ej) — Y2 (%l ]
2 2 ‘“;;1‘ [kl%z (2) — 21 (%{) ~ (E;i)]
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ymn = | b (B) -2 () - v ()]
2 2| _a [kl‘Pm ( ) — 215 (2) — P12 (Z)]

In addition, consider forces along the boundary Ty,

FotiF, = —i [%(z);z@( )+¢2( )JB (425)

o7 (B) v (3]

and

z

0y (2) + 20} (RZ) + 1, (R2> = @y (2) + 205 (-R—%> + 1y, (Rz) . (A2.6)
Thus,

7 (2) 47 (2) = @+ o0+ (Z) 5 (Run
() +a ) = 75 Rz) +75 (5> 76 (2) + 2 ().

Substituting these equations into (A2.4) gives

i)+ 7 () - sele) - (o) (e
_ m—nR ,72 [k2902(z)—290'2 (ﬁ> — P %i)]
2B R e @+en@ - 0@ - (2) -7 ()]
m+4n z ,71; [k290_2 (El) — 2 (2) — 1, (z)]

2 2R _a [kl‘f’m ( ) + P12 (Rz) (2 (Eﬁ) ~ 3 (2) — ¥ <Z)]
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Multiplying 4u, to both sides leads to the following expression

| ) + (B) -t - Sy ) (429)

- mem B koo (2) — 20 (—1) — 1, (%i)

| 2 e @) e @) - 0 () - 9 () - (2)]
ks (2) — 264 (1) ~ 4 () A

Rl [kl‘Pm < ) + P12 (R2> (23 ( ) — 25 (2) — 1y (z)]

By making arrangement of the left-hand-side for ¢,, (z) and the right-hand-side

+(m +n) =

for ¢,(2) and 1, (2), we have

(m—n) Z_j (k1 +1) %%2 (2) + (m +n) Rﬁl-Z—j (k1 + 1) Pn3 (%12) (A2.10)
= —du, [gog(z) + o5 (?) ~ 25 (2) — ;wé(z)]

s (20 2 (2) ()

+(m — n)< +k‘2> iwz(z)+(m+n) (zz'*‘k) (Jf)

z
+m+n)—|[——-1 z) +Zp, (2
Finally, by mult1p1y1ng 1 to both sides, we get (2.14)

(s =) G +1) 2, () + ) (4 1) o (R)

= 4y [902(2)+ @ <§f> ~#a(e) - R2¢2(z)}

e B ) D]

+ (my — ) <1+“1k2) L ©s (2) + (my +ny) <1+ 1k2> Rl@—(?)
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+ (mg 1) (1 -2 [rah )+ 2, @).
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APPENDIX 3
Stress Potentials

A3.1 Coefficients g;, of Fi1(z) (2.34)

1 1 1 1
Fiu(z) = ==(z—a)"2(2—b)"2 A3.1
) = - CEDICED 5( )5z =1) (A3.1)
= ) a2t =g + 917 + 925" + g32° + gzt + g52® + go2® + gra”.
k=0

Each term is expanded into Taylor series as follows

(=ay (A3.2)
s (et (D (s

A e

<—%>n[1*3*5*.,.-* @n—1)] (o) 2% .

n
1 /1\" |
ZE(ﬁ) [1*3*5*...*(271—1)]7_1—__1%

0 —a) *
1,1 3 a5 5. %

63
e 7 3
8(—a)? 16 (—a)? 128 (—a)?

2t + T2
256 (—a)z

veey

(z—b)"2 (A3.3)
ot (ertesd () (Yo



125

(A3.4)

1 /1\" 1 n
1 1 3 5 3
= L + z+ 2 z+ 3 2"+ 2 9 z4 + 63 11
(=b)?2  2(- b)2 8(— b)2 16 (- b)2 128 (—b)2 256 (—b)=
Consequently, (A3.1) is re-written as
%(z - a)‘%(z - b)“%
1 1 3 .2 5 .3
S N (e S v 1 16(-a)8
2 35 4 63 5
+128(—-a.)2§ 7t 256(—a) % o
1 3 .2 5.3
o | vl 2(—b)zz+ YT + 16(-8)% ~
34 63 5
128(—b)2 Z+ 256(-1;)12?2
_1+< )(31+31+31
2v/ab 4\/a,1b3 4\/a3bl 16 /alt® * 8+/a%63 ' 16+/gbpt
3

)

5 3 1 5 1
+ (5‘2" 32 ,/asbs 2vam 32 w/a7b1>
n 35 1 9 1 + 5 1 n 35 1 A
256 1b9 64 ,/aazﬂ 128 /5568 64 VaTb3 256 /9%
L +38_1 4 15 1 + 151
512 ValplT " 512/5359 T 256 /g5p7 zssﬁ 5
435 _ 1 4+ 831
5 2 \/q93 512 4/q11p1
231 63 105 1 25 1
Tm + 1027 1024VW + 205 2048W + 53 512 Vator 56
105 63 4231 1
2048 \/W 1024 \/a11b3 2048 /51351
20081, 931 4 189 4 A5 1
28672 /aIpis | 4096 \/aw 4096 ¢a5b11 4096 /5759 57
75 _ 1 189 _ 1 231 1 3003 1
+4096¢TTb%' + %006 Vo T 006 Vo T 9se72 Valos!

go+g1z+gzz +ggz +g4z -f-gsz +g6z +g7z.
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A3.2 Coefficients h;, of F13(z) (2.35)

1 B 1

F12z = = ‘ .
2 2v/(2 —a)(z — b) 22¢/(1-2)(1- %) (435

1 a,_1 b_l_ > —k
= 5= (1-=)%=3 hye

k=1

h_l_'z‘l +hooz 2 +h_s23 4 hoyz™ + h_gz~5
' +hog278 + h_yz~7 + h_gzS

Each term is expanded into Taylor series

and

G-v (A3.6)
0 () et () (3) (5) () ot ()
() (3) (5) (B )

ot (%) <—%)n[1 *3%5% ..+ (20 — 1)] (—1)"(—1)~} (g)n

. i("l)_% <%> (%) 135k .k (20 1)] (2)"

n=0

(-1 H+ (=17 (2 )+ 0 (2) (- a2 (2

i @) et S (e (5

g (5) g ()

G (A3.7)

(et Qe @) () (Der )
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(@) (3) () ()i ()
o (5-,) (—%)n[1*3*5*...*(2n—1)]( et G)

- n=0( 1)~ (TD () 1*3*5*...*(277,—1)]( )n

= Uty (—)+< y# (2) 4y %(9)
(O (a3
s (O i ()

Consequently, (A3.5) is re-written as

o= -2y (438
| EVE D @)+ comE () i (o
= 5| tH(-1 —_13258 (a) + (- 1)_1256 a) + (- 1)—_% (3)6

+( 1 _12%24% (a) + (_1)_— 362473658 (0)8"'
(175 + (=173 (2) + (1732 (&) + (~1)-35 (1)
FIOAEDTER (O DS () + (1)L (o)°
HD) T (2 + (-1 (20

11 1 /a+b\1 1/3 3., 1
_ 11,1 4102 b
2z+2<2 )z2+2(8a+ +3 >z3

1(50 80 80 5 1
(2 0%+ = ab? +

3 <16“ YT Y TG

1035 0.5 0 955 5 o 35, 1
5 (128“ ML +32“b t 18" ) 3

1/63 35 , 15 ,, 15 3, 35 i 6351

4+
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231 6, 63 5y, 105 4732 , 95 3;3 , 105 2.4
1 (1024“ + 515070 + jga’h + 5560°0° + b 1

10249
3 7
63 .15 | 23116 z
+5500° + {5540
429 7 4 231 6p , 189 512 | 175 473 , 175 3.4
e ( 20157 + 2030 0+ 20459°0" + 503500 + Fa%h 1
2 189 215 | 231 16 , 429 17 28
T30280°0° + 55,5ab° + 50480

h_lz“l -+ h_22’_2 + h_32,’—3 + h_4z‘4 + h_52’—5
+h_62‘_6 + h_7z"7 + h_.gz—g

A3.3 Coefficients p; of ¢;(2) and Y11(2)

‘ 1 1
P = eV () X, (232
() = =X () +7il) - 2} (2). (2:33

From (2.32), ¢;;(2) corresponding to ¢, (2) in a domain |z| < a near a crack tip a

is derived as follows

011(%) (A3.9)
= [90+ 012 + 922® + gs7® + gazt + 525 + 962° + g727]
X [ofosz™ + foaz ™4 fpr 24 f 271 + fo+ fizl + for? + f32® + fizt.]
. +—:2l- [ecaz™de_gz 3 tepr 2+ e_127t +ep + €12 + ep2? + €328 + e4z4...]
= (fog7 + f1gs + fags + faga + fags) 27
+ (F-197 + fogs + figs + foga + fags + faga) 2°
+(fo297 + f-196 + fogs + frga + fags + fsgé + fag1) 2°

1
-+ <f—sg7 + f-2g6 + f-195 + fogs + f19s + fogo + fagr + fago + -2-64) 2

1
+ (f—497 + f-s96 + f-205 + f-194 + fogs + Fige + fogs + f3g0 + 563) 23
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+

+

+

+

+

(
o
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) 1
f-196 + f-3g5 + f294 + f-193 + fogs + figr + fago + —62) 22

2

: 1
f-195 + -394+ f-ags + f-192 + fog1 + figo + §e1> 7t

1
F-194+ f-393 + f-292 + f-101 + fogo + §eo> 20

1
f-493+ f-3g2 + f-s91 + f-190 + 56—1> z 1

1
J-ag2 + f_3g1 + f200 + 56—2) z2

: 1
f-191 + fosg0 + 56—3> z8

1 -
f-490 + 56—4> z*

= Pr2"+po® + P52 + paz' + po2® + poz® 4+ pi2t + o

P12+ p oz dp_gr P p_ya

Also, from (2.33), ,,(2) corresponding to ¥1(2) in a domain |z] < @ around a

crack tip a is expressed as follows

Y1 (2)

(A3.10)

= —X(2) +1(2) ~ 2} (2)

= — (Bt e e e P € + 812t +8p2? + 8323 + g2t

Pr2" +T2® +P52° + Pyz + Poz® + Pp2? + 2t +7, +Py27t

P02 2+ P 3273 +5_ 2t

Tpr2" + 6pg2® + 5ps2® + dpyet + 3p32® + 2paz? +p12t — p_y 2!

—2p_527% — 3p_3273 — dp_,zt

= —6p7z7 - 5p6z6 - 4p5z5 —_ (3p4 +E4) 24 - (2p3 +E3) 23 - (pz +52) 22

—-51/3’1 + (po - 50) -+ (2p_1 — 5_1) 27! -+ (3p__2 — 5_2) 272
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+ (4p-3 ~8_3) 23 + (Bp_y —E_4) 2%,

A3.4 Coeflicients gj, of ¢;,(2) and Y10(2)

From (2.32), ¢1,(2) corresponding to ¢, (2) in a domain |z| > b near a crack tip b

takes the following form

P12(2) ' (A3.11)
bzt hoz 2 b gz=3 + byt + h_gz™5
+h_62_6 + h_7z“7 + h_gz_s

wfedZ ™ faz B b f a2 fa ot fy o i
+fa2? + f32° + fa2t...

X

N 1] a2 de 328 te sz 2 fe_127l 4oy + e, 2t
2 Fepz? 4 e32 + eg2%...

= (’l—1f4 + :21-63) %3 + (h—2f4 +h_1fs+ *21-62> 2
+(heaat hafs +hafy t 31) 7
+l hafsthosfs+hofo+ h—.1f1 + %€o> 2°
+ (h—5f4 +hosfs+h_sfs + h_ofi +h_yfo + %8—1> z!

1 _
+ (h—6f4 +hosfs+hosfo+hogfi+hoofo+hoyf + 56-2) z 2

N ( horfa+hofs+hosfo+h sfi +hogfo+h_sf i

+hoifoo+3es

hesfo+hoafs+hofo+hosfi+h afo+hogfq+h ofy 4
+hoifs+3e_y
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( hesfs+horfo+hosfy+hosfo+hogfoy +h gfg+ hoaf-s ) g

+hoifog+ %6—5 )
4 hosfo+hrfr+h sfo+hosfr+h sfo-+h sfs -6
- +h_of -4+ %6_6

= 062+ 02"+ @2t + o+ qir gz + gL + gLzt

+q-527° + g_g27C.

From (2.33), 115(2) corresponding to ; (#) in a domain |2| > b near a crack tip b can

be written in the following form

 %12(2) (A3.12)
= ~X(2) +P(e) — 2¢,(2)
= — (B e gz e gt € + 82t +82% 48323 g2t..)

+ ( 4323 + go2® + g2 + Go+q127t +q oz g g2 + g-q2™t

+q-5275 + g_g2~0

( 3gs7® +20p2% + g2t — q_1271 — 29 922 — 3¢_sz% — dg_42z4

. ~5¢_527° — 6g_gz~°
= Tq_ez 8+ 6q_52"5 + (5q_4z"4 — E_4z‘4) + (4q_3z_3 - E_gz"S)
+ (3q_2z"2 — E_'zz"z) + (2q_1z'1 — E_lz‘l) + (g0 — B) — €121

+ (—622’2 - Qsz) + (—5323 - 2(]3Z3) - '542’4.
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APPENDIX 4
General Algebraic Equations

A4.1 Derivation of Equation (3.1)

The traction continuation condition along the I’ (2.7) is

1 ( —— ( R§ ) __zz PN — (R} " 2
P11 (2)+h, > 211 (2) ﬁ?"ﬁn(»/) = pp(2)+h ~ ‘z%(z)*ﬁi"po(z), (2.7)
‘ 0 0

and the respective stress components defined in Chapter 2 are

P1(2) = prz’ +pez® + ps2® 4 pazt + py2® + po2?

P12’ +po+porz T Fpgzt + P-32" +p_gz7t,

Y11(2) = —6prz” — bpez® — dps2® — (3py + eq) 2*
—(2ps + €3) 2° — (p2 + €2) 2% — 12" + (pp — ep)
+. (2p-1—e_1) 27+ (3p_y — e_3) 272 + (dp_g — e_3)z3
+(5p-4 —e_g) 274,

[>0]
wo(2) = E are® = ag + a1z + ag2® + a3z’ + a42* + a52® + ag2® + arz’ + ...,
k=0

’QL‘O(Z) = Zbkzk =by + b1z + bgz2 -+ b3z3 -+ b4z4 -+ b5z5 + bGZG + b7Z7 +....
k=0

Let’s derive each item required to be substituted:

011(2) = Tprz8 + 6pg2® + 5psz* + dpy2® + 3pg2® + 2py 2t (A4.1)

+P1— P12 — 2p 527 — 3p_ gzt — dp_u27S,
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— [ R2 R2\ S R2\% R2\* R2\?
ro{Zo) — -0 fub 1} -2 0
S011<z> 7p7(z +6p6<z) +5p5(z> +4p4(z> (A4.2)
R2 2 R2 1 2\ —2 R2 -3
+3p3 (—") +2p; (—°> +p1—poy (-&) ~ 2.5 (—0)
z z z z
R3\™ AN
—3p-3 (7) —dp_y (—z-

= TprRy*27® 4 6ps Rz + 5ps R8»~* + 4ps Rz + 3ps Réz~2

P10 2P-2 5 3P—3 4 4p-s 5
R4 R6 RS R(I)O ’

+2p2R0z + p

zp11(2) = 42p728 4 30pgz® + 20psz? + 12py2® + 6p32? + 2py2 (A4.3)

+2p_127% 4 6p_y23 + 12p_s2~% + 20p_4275,

22
wYul) (Ad4)

~42p72% — 30ps2® — 20ps2t — 4 (3pa + e4) 2% — 3 (2p3 + e3) 22

= ] —2(p2+e2) 2l —e1 — (2p_y1 —e_1) 272 — 2 (3p_y — e_p)z3

|
s9 %

-3 (4-])._3 — 6_3) 24— 4 (5p_4 - 6_4) 25

‘“%%Pﬂs - %%19627 - *2%17526 - 3 (12p4 +4dey) 2° — —lvz (6ps + 3e3) 24

= —7 (2p2 + 2ep) 23 — elﬁlgz — (2p_1 —e_)
“Elg (6p—2 — 2e_p) ™1 — Eg (12p_3 — 3e_3) z‘z - Eg (20p_g — de_y) 278,
wo(2) = (ao + a1z + a92® + a32° + ag2t + ags® + ae2® + a7z7)' (A4.5)

= Ta72% + 6ag2® + 5aszt -+ dayz® + 3asz? + 2ayz + ay,

_/p2
@ (-]E> = TR§arz~% 4+ 6RVagz" + 5R4asz™* + 4RSa,2~3 (A4.6)
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+3R3azz"? + 2R3as27! + a4,

2pp(2) = =z (7a726 + 6a62® + 5asz* + dayzd + 3a32® + 249z + al)' (A4.7)

= 42a72% + 30a42° + 20a52* + 124,428 + 6agz® + 2092,

2 . 2 .
F(@) = %(bo+b1z+b2z2+b3z3+b4z4+bsz5+bsz6+b7z7)' (A4.8)
0
1 2 3 4 5 6 7
= R2b1Z -+ szzz -+ sz;;z + R2b4z -+ sz5z + = RO bsz + sz 8

Thus, by substituting (A4.1) thru (A4.4) into (2.7), the L.H.S. of (2.7) becomes

/D2 52
o)+ () =) - 2t (A49)

Tprz8 4 6pg2® + 5pszt + dpy2® + 3pg2? + 2p22t +p1 —p_1272 — 2p_p28

—3p_sz™t —dp_uz5

( TprRy?28 + 6pg RI2~5 4 5ps R824 +4pyR§z™3 + 3pgR~z~2 + 2p, R22!

-1,2 __ 2p-2.3  3p_3_4 4p_4_5
+ Popa? — 252,834 dpoa,
P1— RS RS R}

42p72° + 30ps2® + 20ps2* + 12p423 + 6ps2? + 2022 + 2p_127% + Gp_gz3
+12p_32™4 4+ 20p_s2~8
—%ﬁ:pws - %%p627 —%%10526 - 3 (12]94 +dey) 2° — 2 (6]93 + 3e3) 24

- ——g (2p2 + 2e5) 2% — elﬁgz - (2p-1 —e_1)

’—'Elg (6}9..2 - 28_2) 270 — R (12p_3 - 36_3) 274 — Eg (20]7_4 - 46_4) 273

42 30 20 1 dp_y
= -R—gp7z8 + R—%p6z7 + <—35p7 + ng5> PAE (RZ (12p4 + 464) 24pe — R&O ) 25

1 3]3_3 1 2p_
+ (R_g (6p3 + 363) — 15p5 — Tg-) P + <R2 (2p2 + 262) 8py — Ro ) P
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+ ( 1 — 3p3 — P- ) 2"+ (0)z + <Ri§ (2p—; — e_1‘) + 2p1) |

1
+ <2R0p2 + =5 (6p—g — 26_2)) (k—z (12p_3 — 3e_3) — 3p_; + 3R§p3) z72
( 5 (20p—4 —de_g) — 8p_y + 4R0p4> + (5REps — 15p_3) z™*
+ (685°ps — 24p_s) 27° + TpyR227S,

Similarly, substituting (A4.5) thru (A5.8) into R.ILS. of (2.7) yields

R R2
0o(2) + ¢p (7") — 2¢5(2) — R2 ¢o(z) (A4.10)
= (7a7z6 + 6ag2® + Bagz? + 4a42® + 3az2® + 209z + a1)
+ (TRi%arz~% + 6R’agz™® + 5R3a52~1 + 4RSayz"% + 3Rjazz"? + 2R2a,27 ! + ai)

— (42a7z6 + 30ag2° + 20as2? + 12a42° + 6agz? + 2a2z)

RZ
7 6 5 4
= R2 b7z R2 bsz + < 35&7 - 'R—Obs) 2+ <—24a6 - —}%b‘;) <

3 2
+ ("15‘15 - F§b3> 2+ (‘804 - Egbz) 2+ (—3a3 =y bl)

+(0) 2 + 201 + TR{%a7275 + 6RPae2~5 + 5R3asz™* + 4RSa,2~3

1 3 4 5 6 7
<R2612’ +R2b22' +'——bgz4+R2b4Z +R2b5z +szsz +R2b 8)

+3R3a3z ™2 + 2R2a527!

Thus, (2.7) is re-written in the following form

42 30 20
Rzp-,z + Rzpez + (—35p7 + —R—gp5> 28 (3.1)

dp_y 1 ‘ 3p_s
+ (R_ﬁ (12p4 + 4deq) — 24pg — E(%T) 2° + ('R_g (6ps + 3e3) — 15p5 — 7%8—) 2

1 2p_2 1
-+ <’R—(2) (2232 =+ 262) - 8p4 - —R?> Z3 + (Eg-el 3p3 R4 > z°+ (O)Z



+ <]_%§ (2p-1—e_1) + 2p1)

1
0
1
+ (R (12p_3 — 3e_3) — 3p_1 + 3R§p3> z2

1
= (20p_s — de_y) — 8p_p + 4R3P4) z78

+ (6R3ps — 24p_4) 2% + Tp,RI22~6

6 5
bGZ + ( 35a7 — R b5> <—
+ (‘1505 - %ba) 24+ (—8a4 - Ribz) 2%+ (—3a3 - ];26

+2a; + 2Rj0027" 4+ 3Riazz % + 4R§a4z™% + 5R3as2~* + 6R;’ag2 ™ + TR}2a,776

A4.2 Derivation of Equation (3.2)

4
24&6 - R_3b4

The displacement jump condition along the Ty (2.12) is

+ (5Rgp5 — 15p_3) z™*

)é

Qz+mw

(mo = 1)1+ 10 214(2) + o+ )+ 1) (%)
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(2.12)

- (wg,(z) 7 (R) = =0E) = FUe)) + o = mo) L+ o) B
-3 (3 s 3)

+Hmo + o)L+ Ko8) 25 50) 1 (g )1 — ) (Rosoo<z> + 2y (z>)

+4m0R0/,0161 +

/«h(mo + no) (g2 — ie3) 24

24 (mo — ng)(eg + z:s;;)R3

Ry

Let’s derive each item required to be substituted:

Ry
7‘P11 (2)

By

+po 4+ po1z7 +p_yz?

22

Prz" + pez® + psa® + puzt + pg2® + pyz? + py2t

(A4.11)

+p_gzd L p_yzt

Ropr2® 4 Ropez® + Ropszt + Ropy2® + Ropsz® + Ropaz + Rop;

+Ropoz~

' Rop_127% + Rop_g273

+ Rop_3z~

‘+ Rop_yz7"

b

4
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pr (REz™1)" + pg (R32~1)® + py (R3="1)°
2 <§3> _ 2 +pa (Rz™)" + ps (R3271)° + py (R21)? ra12
Bo +p1 (R§z™) + g +py (RZz~1)~t '
+p-2 (R3z™) ™ 4 p_g (R22 1) 2 4+ p_, (R2z~1)™*
= prR;’2™® + peRY 2% + psRYx 4 + PaR3z™ 4 p3RE2~2 4 py R,

1 1 1 1 1
R il —p_; 2 —p_ 3 —p_ 4 . 5
+p1 0+Rop°z+RSp iz° + Rgp 22 +R[‘;p 32 +R8p 4%,

©h(2), 0h (%21) , 23 (%), and %%% (2) are derived in the previous condition (A4.5 thru

A48).

R
_2,’2()00 (Z) = Roaoz—l + Rgaq + Roazz+R0a322 +Roa4z3 +Roa5z4 +R0a6z5 +R0a7z6,
(A4.13)

2
Royl (RO) = TR{a;z~5 + 6Ry agz™% + 5Ryasz"* + 4R}asz"3 (Ad.14)

+I3R(5)032‘2 -+ 2R8a22_1 + Roa]_,

3

Ry— ([ R? Ry bo + by (%‘?) + by (%a + b3 %‘3
7¢0 7 = —z_ R2\4 R2\% R2 R2 7 (A415)

() n (8 b (510 (3)
= Roboz_l + Rgblz_z + Rgbzz‘3 + Rgb;;z“‘ + Rgb4z_5 + R31b5z"6
+R33bez~" + RYb;278,

z __ R 1 3. -1 5 -2 :

2 Po(—) = —-aoz+ Roas + Rjasz"" + Riagz (A4.16)
Rg Z Ro

+R{asz"% 4+ Rlasz~* + R§'asz™5 + Ri3a,278,
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Ropo(2) = TRoarz® 4 6Roage® + 5Ryagzt (A4.17)
+4Roa42° + 3Roasz® + 2Rgagz + Ryay,
1 1

1
—"QL‘O (Z) —-bQZ -+ —_R_Oblz -+ E—bzzs + R—b3z4 (A418)

1 1 1
+——b + =b52% + ——bgz" + —b,25,
Ry 12’ Ry ° Ry ° Ry '

Let’s substitute (A4.11) and (A4.12) into L.H.S. of (2.12). Thus., L.HS. of (2.12) is |

(m() - 710) (K;]_ + 1)%9'(,011 (Z) + (m() + no)(lﬂl + I)Rio-go—lz <§§> (A419) .

Ropr2® + Ropez® + Ropsz* + Rops2®
= (mo—no)(r1+1) +Ropsz® + Ropaz + Ropy + Ropoz
+Rop-127% + Rop_s2~% + Rop_3z~4 + Ryp_42~"
PR 4+ po Ry + pu e+ py e
+(mo + no) (k1 + 1) +p3Ryz™% + pa RS2 + p Ry + —R%poz
+§1g;0—1z2 + §1§p—2z3 + Elorp—sz'l + Elgp—l;zs
= (mo — no)(k1 + 1) Ropr2®

(om0 = )+ 1) Raps + -+ )t + 1) Topd) =
+ (0 = m)o + 1) Rops + (rmg -+ s + 1) Jops) o
+ <(mo = 70)(k1 + 1) Ropy + (mg + no) (i1 + 1) 5p_ ) 3
+ ((m0 — o) (1 ++ 1) Rops + (mo -+ 10) (5 + 1)——3p_ )

+ ((mo —ng)(k1 + 1) Rops + (mg + ng) (k1 +. 1)"R—0200> z
+2mo (k1 + 1)Rops

+ ((mo — mo) (1 + 1) Ropo + (mo +no) (k1 + 1)R3ps) 277
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+ ((mo — no) (k1 + 1) Rop_1 + (mg + no) (s + 1)Rips) =~
+ ((mo +n0) (k1 + 1) Rips + (mg — ng) (1 + 1)Rop_s) 273
+ ((mo +70) (ey + 1) R3ps + (mo — ng) (1, + 1) Rop_s \Ea

+ ((mo — mo) (k1 -+ 1) Rop_y + (mo + n0)(k1 + 1) Ry'pe) 27

+(mo + no) (1 + 1) REprz~8

By deploying (A4.13) thru (A4.18) into (2.12), the R.H.S. of (2.12) becomes

o (#66) 7% () = s - 240 + o= + oty
+(mo—no)(1—- )(R 00h (R°>+ %o <R2)> (A4.20)

o+ 10) (04 R () )1~ 2) (Rahe) + v ®)

21 (mo + o) (g2 — ieg) 24 2 (mo —no)(e2 + les)Rs
Ro 22

——R%b7Z8 - E%bﬁz’? -+ (—35a7 - Esgbf’) 2’6 + (—24@6 - ﬁgb‘;) 25
-+ (—15a5 - '—3§b3) z4 + (—8a4 - §2§b2) 23 + (—303 - 'ﬁlgbl) 22
0
+(0) 2+ 2a1 + 7R}?a727 + 6RL0ag2~5 + 5RSaz2—4

+4moRop,e1 +

= 4

+4R§as27% + 3Riazz"2 + 2R2a,271

Uy Roaoz_l + Roaq + Roasz + ~Roa3z2 + R0a4z3
+(mo — 1) (1 + Ko—2)
Fo +Rpas2* + Roagz® + Roarz®

TRYBar2~5 + 6RO a6z~ + 5R3asz~* + 4Rja42~3
+3Rjas2~% + 2R3as2~! + Ryay + Rybpz~1
+R3b127% 4+ Ribyz~% + Ribyz~* + Ribyz"

B350 + RI¥ga=T + RlFbyos

+(m0 bl 720)(1 - El)
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a0z + Roay + R3asz™! + R3azz~2 4 Rlq,2~3
+(mo + ng)(L + ko2 roto% - Foey + Ray ’ o

Fo +Riasz™* + R§tagz % + Ri3a,2—6
TRoa72° + 6Roagz® + 5Ryaszt + 4Rpa,z®
+3Rpa3z® + 2Ryaqz + Roa; + L-byz
+(mo + mg)(1 — 1) Ro
Fo ;0127 + 7obo2® 4 byt + 20425
+—1—b5z6 + w5b62" + 5-br2®

2441 (mo + mo) (62 — ies) 2 4 2 (mo — no) (g2 + ie3) RY
Ro 22

7 1
(——4,u1§2-b7 + (mo +no)(1 — ﬂl-)——bﬁ,-) 28

+4moRope1 + =

—4p szG + (mo +no)(1 — ALI)_bS)

33

+7(m0 + ng)(l - —l)Roa7 + (mo + no)(l - _l)Rob5

4;1,1 —24a¢ — —2'64) + (mo — np) (1 + Iiopl)Roas
+6(m0 +10)(1 — £2)Roag + (mo + no)(1 — 1) b

( 4/1,1 —3b5a7 — —5§b5) + (mo — 'l’Lo) (1 + /‘Coﬁl)Roaq 6

41y 15a5 —R—gb;:,) + (mg — no) (1 + I‘Go%)Roa5
+5(mo +70) (1 — £) Roas + (mo + 1) (1 ~ 1) a5bs )
( 4y, (——8a4 - %bg) + (mo —no)(1 +J€0E1)R0a4 s
+4(mo + ng)(1 — )Roa4 + (mo + ng) (1 — ) by

4pq (—3a3 - 'Elgbl) + (mo - no) (1 + Hoi’;)Ro%
+3(mo +no)(1 — &) Ryag + (mo + o) (1 — BL) gy + Halmetzelleaico)

(mo - ’no) (1 + K)o%)Roaz + (mo + ’no)(l -+ Ho%)%ao

-I-(mo -+ no)(l — %)—R%bo + 2(m0 + ’no)(l - %)Roaz
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( 8uyar + (mo — ng)(1 + moﬂl)Roal + Ro(mg — no)(1 — E’-)al
+(mo +ng)(1 + l\,o'—l)Roa]_ +4dmoRope1 + (mo + mp) (1 — _:L)Roal

( 8, Réay + (mo — no)(1 + /so—l)Roao +2(mg — no)(1 — —l)Rgag

+ 27t
+ +(mo — no)(1 — £2) Robo + (mo + no) (1 + KoL) Rias
n 12M1ROCL3 + 3(m0 - 7’L0) (1 - Z—;)Rga;; + (mo - ’no) (1 - ﬁ)Rglh z_z
+(mo +mng) (1 + KOL’%)Rgag + 24 (mo — mo) (€2 + ie3) R3
4 16M1Rga4 + 4(m0 - ’no) (1 - &)RSLM —+ (mo - 'no) (1 - -:%)Rgbz _3
. z
+(mo -+ no)(l + K,O—I')RO(M
20#1R(8)a5 + 5(7720 - ')’Lo)(l - %)Rgag -+ (mo - no)(l - E:"-)]%31)3 _
4 0 Ko o4
+(m0 -+ ’I’Lo) (1 + Iio%)Rgas
n 24u1R(1)°a6 + 6(’)72() - ’ng)(l - %;:)R(]jlas + (mo - Tlo)(l - %)Rgh; z—s
+(m0 -+ ’no)(l + l‘&o%)Rcl)las
N 281 Riar + T(mg — ng)(1 — L) Rgar + (mo — no)(1 — £1) Rg'bs -6

+(m0 -+ 'I’Lo) (1 + K}()%:;)R(]j'ga7
+(mo - ’)’Lo)(l —_ %)Résbsz_’r + (mo — no)(l - %)R&sbm’?}—s
0 0

Consequently, (2.12) is expressed in«terms of complex coefficients as follows

(’mo - ’no)(lﬁl + 1)R0p7Z6 + <(m0 - 'no) (/‘61 + 1)R0p6 +.(m0 + ’no) (14,1 + l)Rigp_4> 2’5
+ ((mo — no)(k1 + 1) Rops + (mo + ng) (k1 + 1)—== R7p_ ) 4 (3.2)
+ <(mo — ) (K1 + 1)Rops + (mo + no) (k1 + 1) == p_2) 28

+ ((mo — n0) (k1 + 1)Rops + (mo + ng) (e + l)Rsp— >
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4

1
+ <(m0 — 710)(k1 + 1) Ropa + (mg + 1) (1 + 1)§po> 2
0
+2mo(k1 + 1) Ropy + [(mo — no) (1 + 1) Ropo + (mo + no)(ky -+ 1)33102] z1
+ [(mo — no) (1 + 1) Rop_y + (mo + no) (1 + 1 Rips] =2

[(mo +ng (h,1 -+ 1)R0p4 -+ (mo - TLQ) (&1 + l)Rop_ ]

[('mo + ’no) (Iil + 1)R0p5 + (mo — 720) (/'"'1 + l)Rop_ ] —4
+ [(mo — no) (1 + 1) Rop_y + (mo + no) (k1 + 1) Rg'pg] 2~

+(mo +no) (K7 + 1)REprz8

7 1
= (—4/461?(2)137 + (mo + no)(l — ﬂ)—b7> 28

6
+ (—4#1}?356 + (mo + no)(1 — 'LLI)—'bts) %

+ dpy (—'3507 - %bs) + (mo — ng) (1 + Hoﬂ)RoCW I
+7(m0 + ’no)(l — —1)R0a7 + (mO -+ ’no)(l — /.—t;.)Robs
+ 441, ( 24ag — —§b4) -+ (mo - ’I’Lo)(l + Iio-l)Roaﬁ 5
z
+6(mo + ng)(1 — ﬁt)Roas + (mo +ng) (1 — ﬁ)}—,};b,1
4/,1,1 (—-15a5 - %b3) -+ (mo - ’no)(l + I‘Go%)Roaﬁ A
+5(m0 + 710)(1 — ﬂ)R0a5 + (mo + ’no)(l - El)%b;;
N ( 4,u1 ( 8ay — —gbz) + (mo — no) (1 + /so—l)Rocu 5
+4(m0 + Tl())(l - ;(])“)Roa4 + (mo + ’no)(l - ;;-)ﬁlabz
N dpy (*3&3 - Elgbl) + (mg —mo)(1 + KOZ—;‘)Roas + 2”‘(m°+zz)(€2_i€3) 2
+3(m0 + ’I’Lo)(l e %)RQ(Q + (mo -+ ’no)(l - %)Elo'bl



( (mo - ’no)(l + Ho%)Roag + (mo -+ no)(l + lﬂoz—;‘)ﬁlo-ao

+
+(m0 + ’no)(l — %)I—r};bo -+ 2(mo -+ 'I’Lo)(l —_ %)Rodz
i 8u1a1 -+ (m() el ’I’lo)(l - Iﬁ?o%)Roa]_ -+ Ro(mo - ’1’2,0)(1 — %;')a]_
+(m0 + ’I’Lo)(l - Hoﬁ-)Roal + 4m()R0,LL181 + (mo + no)(l — El)Roaq
N 841 Ras + (mg — ng)(1 + #oEL) Roag + 2(mg — n) (1 — £1)Rias
+(m0 - Tlg) (1 — —l)Robo -+ (mo + no) (1 -+ Iio—l)ROGQ
. 121 R§ag + 3(mg — no)(1 — EL)RSas + (mg — no)(1 — 1) Rib,
+(mo +no) (1 + roEL) Rias + 241, (mg — no)(eq + ieg) R

N 16p1 Roas + 4(mo — no)(1 — £) Ra, + (mg — ng)(1 — 1) Riby
+(mo +no)(1 + KotL) Riay

N 20u; R3as + 5(mg — no)(1 — EL)Ras + (mo — mo) (1 — £1)Ribs
+(mo + no) (1 + h,o# £1)R3as

N 2411 Ri%ag + 6(mg — o) (1 — PL)Rg'ag + (mo — no)(1 — £1) Rab,
+(m0 -+ ’no)(l -+ K()Z-—;")Rélas

N ( 28y Ri%ar + T(mo — n) (1 — £1)Ri*ar + (mo — no) (1 — £L)Rg'bs

+(m0 + no)(l + l‘&oZ—;)R&sa7
+(mo — ng) (1 — /’L—:l)RéSbsz"7 + (mo — ng)(1 — %)Résbﬂ‘s
0 0

A4.3 Derivation of Equation (3.22)

The traction continuation condition along the Iy (2.13) is

143

Z—l

Z_5

o) 17 () = (0)~ Zeite) = pia) + 7 (B) -2t~ Zvtata,
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(2.13)

and the stress potentials associated with (2.18) are defined in Chapter 2 in the fol-

lowing form

[eo]
Po(2) = Az+ E ez = Aztcy 2l +czz_2+c3z‘3+c4z_4+05z‘5+csz‘6+07z"7+c8z‘8,
k=1

Py(2) = Bz-i—Z dpz™% = Bz4dy 271 +d2z_2+d3z'3+d4z_4+d5z_5+d6z'6+d7z_7+d3z"8,
k=1

P12(2) = @32+ 222+ 12+ +4127 4 g 02 4 q 32 g_gr g5 q_gr S,

$1a(2) = T_627% +6g 527" + (5q_4 —T_4) 24 + (49-5 —2-3) 27 + (3g_y — B_p) 22

+(2g-1 —e) 27 + (90 ~ %0) — &1z + (=25 — 32) 2% + (~23 — 2g3) 2° — 842",

Let’s derive the items on the R.H.S:

P1a(2) = 3‘13Z2+2<Z221+Q1—Q—lz_z.—2(1—22"3'-34—32’_4—4q—4z_5—5(]—52—6—641—62-7,

(A4.21)

— 2 ‘ -
12 (%) = 3gs (RE ™)’ + 200 (R22)' + 1 — gy (R (A4.922)
=20 (B3 ™) ™" ~ 8g_s (B2 ™ - 4g_y (R221)
—5¢_5 (sz‘l)_s —6g-¢ (R}2~1)™"
1 4

1 1
4_—2 2, —1 2 3 el
= 2, R2z —go1—2% — 20 —3q_
3qs Rz 4+ 2¢, +q qui;z qu?z QsR?Z
1

1
"'4__'5—‘5__6—6_._7,
q 4R%0Z q. 5R%2z q 6R11_4Z
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332 4 2q02" + g1 — q_1272 — 2q_p23
—2005(2) = -z ' ' 4 (A4.23)
~3g_3274 — dq 4275 — Bg_z2~6 — 6g_gz~"
= —6qsz® — 2oz — 2q_1272 — 692272 — 12¢_327% — 20g_,2~5

—309_52"% — 42q_gz"",

7q-627% +6¢_527° + (5q_g —&_4) 274

—%2%-1//12@) = —z—i i i_s) z:3 + (s __ 6—2)_{2 (A4.24)
+ (291 ~2_1) 27 + (gp — Bp) — B 2

+ (=82 — o) 2% + (—83 — 2g3) 23 — B2

—429_627" — 3095270 — 4 (5g_4 — B_4) 2~

22 —3(4g-3—28_3) 27" — 2(3g_5 —E_5) 23

~(2q1—-2_1)2 2 -7

+2(—8 — @)z + 3 (—e; — 2g3) 2% — 42,28

- 1 _ _ 1
= 42q_6—R?Z 5 + 30(].53722! 4 +4 (5q_4 - 6_4) —22’ 3
1 1

+3(49-3 —€-3) 527" +2(3¢_2 — 6—2) (241 -2) 5

Rl Rl

22
1

+61R —2( €y — QQ) R—%23—3( 2(]3) Z +4e4R%z

Also, let’s derive the items on the L.H.S:

0h(2) = A—c127% —2¢p2 3~ 3c3z™t —dcyz8 — Begr 6 — Bz — Tepz™8 — 8cgz~?,

(A4.25)

A
R
n ]2y
~—
Il

A= (B =20, (R = 80y (B2 )™ (Ad.26)
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~deq (RE71)™ — Bes (R2271) ® — 6 (R3)™7
~Ter (R3z")™° — 8eg (R2271)~°

1 2 3 4 5
= A- 3711017,2 i —y2S — i — g2t — oy ——y25 — RE —zc528
6 7 s 8 o
—R—%‘ICGZ R}s —CrZ R18 =i C82,
2p5(2) = 201277 +6027% + 120327 + 200,275 (A4.27)

+30c52~6 + 42¢627 + B56crz8 + T2c827°,

2 2 | Bz+diz7 ' +doz 2+ dyz8 4+ d, 24
UG = 5 ' ? ’ ! (A4.28)
1 1

+d52—5 -+ dsz—s -+ d7Z—7 + dgz—s

L 2 -1 3 —2_ i2d4z"3 - £d52!_4

1
= 5B~ —d - =l Sy
B TRYTRY TR T R?
R62d6Z - Eﬁgd 2z ;2 d8~
1 1

Thus, by substituting (A4.25) thru (A4.28) into (2.18), the L.H.S. of (2.13) becomes

— /R?
5 (2) + ¢} (—j) — 2¢5(2) — RZ%( %) (A4.29)
= (A — 1272 — 2,273 — 3czz™t — deyz8 — 5c527% — 6cgz" — Terz™8 — 8csz_9)

3 6

1.2 2
(A—I—i?clz — g’ —

3, 4
t32" —
R5C3
7
7__1%_1_607z8

Ascez® — 52
+ 1 1

)

8 8 9
—=1Ce2 — —S5Cg?2
R[1%6 RIEC8

2c127% +6co278 + 12¢3274 + 20¢425 + 30c5278 + 42¢42~7

+56¢7278 4 720529

1 2__ 1 2 -1_ 8 -2 __ 4 -
E?-BZ E%-dl E%-dzz E?d3z E%-d4z

5 dep—4_ 6 -5 _ 7 7.-6__ 8 -7
—m 52T — ydez™ — Lrdypz6 — B d.x
RITS RT™6 RIT Ri™8
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e 8o Tos 6, o 5 . 4 3
= 18C8 16 €7 11C6% — B1EC% — ppta?’ — 55C3?
TRE%Y TR Rl RE® TR R

2 1 1 1 2
R602Z -+ ( R46122 E%-BZ > + (214-{— del) R%dzz_l

4
+ <—3clz R32d3z ) + <——802z”3 + i?dl;z' )

+ (——15032"4 + %d5z‘4> -+ (—24042_5 + %dsz“s)

1 1
+ <—3505z*6 + %dw“;) + (—48c6z'7 + %dgz_7) — 63c7278 — 80cg2?
1 1

Also, substituting (A4.21) thru (A4.24) into the R.H.S. of (2.13) yields

o)+ 70 () - 265~ Zpvate) (A430)

30322 + 222 + q1 — q_1272 — 2¢_g23 — 3g_3z™*
—4g_4275 — 5q_527% — 6g_gz~7
3q3R12™2 + 20, R227 + ¢y — Q—lflilzz - 24—2§1§23

1 15 1 .6 17
—3Q—3§§Z4 ~ 44-azp2” - 5¢-sR12° — 6g-6zr2

—6g32% — 257 — 2q_127% — 6g_o2~% — 12¢_32™* — 20g_427"

- - 1 _ 1 _
~30g_527% — 42¢_¢2"7 +- 42q_6§%-z 54 30q_57%?z 4
1 1
+4 (5q_4 - _6-_4) ——2'2_3 +3 (4q_3 - 5_3) —2,2’_2
Ry Ry
_ 1 22
+2 (3g-2 —2_3) _R_%z T+ (2021 — %) =5 R2 +e1—z 25
1 1
-2 (-52 - q2) R—%z3 -3 ('—63 2(]3) Z + 464R2Z
1 1 1 1
= <—6q._6"R—%427) + (—Sq_5ﬁz6> (464 Rzz 4q_4R—%0z5>
_ 1, _ 1 1,
+ | —3 (-2 — 2¢5) ﬁz 3(1— —2(—8 — @) = R —2¢9—; R"

22 1
+ <Elﬁ —q-1 R4z + 3g32® — 6g32 ) + (2g22" — 2952)
1 1
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1 1
+Hlat+a+ (2 -2) =5 + (2R} +2(3q_, — E_g) =52 "
2% iz
1
+ (3‘13312 ~ 91272 —2¢ 1272 +3 (49-3 —2_3) Egz—2>
i

~2¢_2273 + 4 (5q_4 — €_4) —z - 6q_2z‘3>

+ ( ~3q_3zt + 30q_5-izz‘4 - 12q_3z‘4>
Ry
( dq_4z75 + 42q_6—R1—2z‘5 — 20q_4z_5>

—5q_52"% — 30q_52~ ) + (—6g_¢z™" — 42q_6z‘7) )

Thus, (2.13) is determined solely in terms of the complex coeflicients

R81808z9 R’ie&,z8 Rfi4csz7 R512c5z6 R41:0c4z5 }?80324 (3.22)

2 1 1 1 2
RSCQZ + ( R4C]_ - _RTZB> (2A - de ) -+ Ez-dzz_l
1 1 1
3 4 5
( 3e; + EEds) 272 4 (—802 + = 2 d4) S+ (—1503 + ﬁds) 2z
1

6 7 8
-+ <—24C4 -+ —R—%d6> 275+ (-—-3565 + = 2 d7) 2784 (—4806 + — 2 dg)
—63c7278 — 80cgz™?
1 1 1 1
- (orge) + (-so-sgpe) + + (g~ 4-izp)*
_ 1 1\ _ 1 1y
+{-3 (—63 — 2g3) il 3Q—3R—? 24 -2(-—q) ol 2@1—2§§ z
1
+ (51 e R4 + 3¢5 — 6%) 2"+ (292 — 2gp) 2
1
+ (Q1 + q1 + (2q_1 —_ 5_1) }?) + (2(]2R% +2 (3(]—2 - E—2) ﬁ) z_l
i 1
1 -
+ (34331 9-1—29-1 +3(4g_3 —&_3) ‘é1§> 27

1
-+ (—2q_2 +4 (5(]_4 - 5_4) -.R—f - 6q_2) 278
1
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1 1
+ —3q_3 + 30(]..57 b 12q_3 2—4 + —4(]—4 + 42q_6——2 - 20(]_4 3—5
R1 Rl

+(=5¢5 — 30g-5) 27° -+ (—6g_¢ — 429_¢) 27

A4.4 Derivation of Equation (3.23)

The displacement jump condition along the I'; (2.14) is

(ms =) G+ 1) iy () 4 () (s + 1) i (B) e

= —4u, (tp'z(z) + b (ﬁ> — gl (%) = R2¢2(z))

+(m1_n1)( Nz) <R1¢2<il> —¢2<R2))

+ (my — 1) <1 + ﬂl@) — 0, (2)

e (1+230) 2 ()

+ (M1 +ny) <1 - Z—;) <Rl¢g (z) + E% (z)) .

Let’s derive the each items required to be substituted:

12(2) = @322+ o2 + gy 2! +go+g_127" +Q—2z—2+Q—3Z—3+Q—4Z—4+Q—52_5+Q—62_6,
(A4.31)

R
—1<P12 (2) = Rigs?® + Rigoz + Riqy + Ragoz™" + Ryg_12~2 (A4.32)

+R1g_0273 + Ryg sz + R1g_4z™% + Ryg_527% + Rig_gz™",
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a3 (Bi2™)" + g (R321)? + ¢ (R2o-1)!

R? 90+ g-1 (RE21) 7! 4 gy (R221) 2
Ri‘P_m(“l) - Ri 90 + g-1 (R} 3 g2 (R7z71) (A4.33)
1 i 1 +qs (R{z™) ™ + ¢y (R21)™

-5 (R32) ™ 4 q_g (RE21)™8

_ _ 1
= BRIz + R S R+ —qor + gy

1,
R, B3

1 1 1 1
+q_o R5~3 +q_3 R7Z4 + q_4f?z5 + (]_512—]1.126 -+ q._e'JR—%sZ'r.
The first bracket (<,og(z) + ¢} (%i) — 2p3(2) — —;%(z)) in the R.H.S. of (2.14) is
same as L.H.S. of (2.13), namely (A4.29).

2 — L2 —2,,3_ 3. 4 4 5
R SD2 (R > _ Rl A Ei;clz EngZ E§-03Z EPC@Z (A434)
—Fslv;q;z“ - §6ng27 - é—ngs — '1‘%%1'3'082
1 2 3 4
= RiA- R3 —c12% — R5 —cp2d — R7 —scgzt — I —=cy2®
5 6_ 6 v 7 9
Rll —=i7C52 R13 ——=Ce2 R}5 O]Z - —R}—./ng s
-1 -2
R — R2 Ry B (%i) +d; (ﬁ;{) +ds (Ej)
_Z—¢2 e = —z— R? -3 22 —4 =2 -5 (A4.35)
()i () (2)
5o o 1 1 1 1
= BR;z +d1-R—+d2R3Z+d3R5z +d4R7Z +d5R92
R —2 -3 —4 -5
— P2 (2) = ARy + Ric1272 + Rycy2— + Ric3z™ + Rycyz~5, (A4.36)
R? 1 1 1 1
Fﬁoz ( ) =AR) +¢; R3Z + CzR?Z + 63R7Z4 + C4R—?Z5, (A4.37)

Ripy(z) = R, (A — 1272 — 2cy™8 3czz™d — 404z"5) ' (A4.38)
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= ARl — R1Clz—2 — 2R102Z_3 - 3R1632—4 — 4R104Z—5

Y

A 4 z
il = B Z -1 -2 ]
R1¢2 () R1z+d1 Rlz + do Rlz (A4.39)
zZ A4 z
d -3 da- -4 d. -5
Tl P g g
1, 1 T N I
= B—2id 4g~ L 1 Ly
Bg# +dig + R ThE tdige sz

By substituting (A4.31) and (A4.33) into (2.14), the L.H.S. of (2.14) takes the fol-

lowing form

R1g52® + Rigaz + Ryqy + Rygoz!
= (mi—m) (ks +1) +R19-127% + Ryg 9273 + Ryg_zz~*
+R19-427% + Rig_527% + Ryq_g2~7
G Rz + @Rz + iRy + H-002
+(my +n1) (k4 1) +q_1§1:irz2 + q_z-l%za + q_3'1—%-{Z4
+g-agg2® + q-s‘ﬁll&zs +q-6pme’
(M1 — 1) (ky + 1) Rags2® + (my — 1) (by + 1) Rugoz
+(m1 —nq) (k1 + 1) Ry + (m1 —ny) (kb + 1) Rygoz~?
_ ) +(m1 —ny) (k1 + 1) Ryg_1272
+(m1 = nq) (k1 + 1) Rig_oz™3 + (my — ny) (ky + 1) Rig_32~*
+(m1 —ny) (k1 + 1) Riggz=5 + (m1 —ny) (ky + 1) Ryg_gz—"
+(my —m) (k1 + 1) Ryg_ez~"
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(my +n1) (k1 +1) gsR3272 + (my +m1) (ky + 1) @R}z
+(my +nq) (ky + 1) iRy + (my + n1) (ky + 1) 7{1;‘107'
T+ (m+mg) (k +1) q_1-1-21~i1—z2 + (my +ny) (ky + 1) Q—zR%lzs
+ (my 4+ nq) (ky + 1) Q—aﬁl’lﬂ‘l + (my +nq) (b + 1) Q—4§1g25
+ (my +nq) (kg + 1) g-s3m2® + (m1 +mq) (ky + 1) 672

1 1
= (ml -+ TL]_) (kl - 1) q_s'@z" + (m1 + nl) (kl -+ 1) (]_51%—%1,Z6

1 1
+ (m1 +ny) (ky + 1) Q—4-R—gz5 + (M1 +nq) (ky +1) q_3§7z4
1 1
1
+ (m1 + nl) (kl + 1) q_zﬁzs
1
1
(6 =) (4 1) Bagy + ) 614 1) t175)
i1
1
+ ((m1 — ) (k1 + 1) Rigo + (my +ny) (k1 +1) EQO) z
+2m1 (kl + 1) qul
+ ((my = nq) (ky + 1) Rigo + (mq + n1) (ky + 1) R?Qz) z7!
+ [(m1 —ny) (k1 + 1) Ragg + (mq + 1) (k1 + 1) Rigs] 272
+(ma —ny) (ky + 1) Rig_o2™2 + (my — n1) (k1 4 1) Ryg_32™*
+(my —ny) (kb + 1) Rig_4z7% + (my — n1) (k1 + 1) Ryg_s27"

+ (m1 - nl) (kl -+ 1) qu—62—7- ¢

Also, the R.H.S. of (2.14) is re-written as

4, () + 7 (%) -2t - %}p;(z)) (Ad)

v (1) (3 () 255 (5)

o] Ry Jad] z__ (R}
_ 14 P\ fa Mg V2 — (41
+(my — ny) < + “2/&‘2) ~ P2 (2) + (m1 +ny) (1 + #2k2> AL (z
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+m ) (1- 4) (Rl% @)+ Lo, (z))

8 9 7 6 5 4 5
( '—E{gC&Z - E}-g07238 - EFCGZ’? - Epo526 - EI‘O'C4Z

—E?gcsz‘i - Ezg'CzZa + ( El;,-clz2 - —;Bz )
+ (2A + —gd1> + -szz 14 (——301z 24 —gd32 )
+ ( 8cpz™3 + —gd4z‘3) + (—1503z —4 4 E’;’d5z— )
+ (240027 + Sydger ) + (~35¢5270 + Fpdre)
+ ( 48¢cg2~7 + —zdgz ) — 63c7278 — 80cgz—?

\

R1A —_ 313-0122 —_ R%ngs
1 1

3 4 5
ey -§703z4 e 'R-Q'C4Z
+my—my) (12 1 :

Mz BR:I”Z_z -+ dl_R1—1 + dzilgz

+d3?%§22 -+ d4§117z3 -+ d5ﬁli;-z4 )
-+ (m1 — n1) <1 + %k’z) (ARl -+ Rlclz‘?‘ + Rlc2z'3 + R1C3Z—4 + R104Z-5)
2
Ha L o L 3 L 4 1
+ (m1 + nl) (1 -+ #—2]62) (AR]_ + Clﬁliz + Cz-ﬁz .+ C3§,{-z + C4E!1§-Zs

ARl - R1012—2 - 2R102z‘3

' —3R1032—4 - 4R1642I_5
S——
ta N B2® +dyk + dyrkam

+dy A z‘z + d4—z —34 d5—z



4 4
= 4#1@045’ - (mq — n;) <1 - ﬂ) ﬁ04z5

4y, ﬁ{gcszg + 4u1§7}gc7z8 + 4N1§6§TCGZ7 + 4,ulﬁ5%7c5z6 + 4NIE‘1{GC4z5
+4u1§3;1;C3z4 + 4/.L1§2igczz3 + 4u, (51‘10122 + EI{BZ2)
—4y, (2A + Ellzdl) — 4 Fdrat — 4y (—301z‘2 + ggdaﬂ)
—4y, (—8c2z‘3 + ﬁ%d4z“3> — 4y, (—1503z‘4 + E"’gdsz“‘)
—dy, (—24c4z-5 + ggdsz—S) ~ 4y, (—35c5z-6 + ,—%dw-S)

—4p, (—48062,"7 + E??dgz”) +4p,63cr278 + 4/{18008[9
[ ) (1 - 'ﬁi) BR3z? + (my — ny) (1 ) (Bid +dik )
+(m1—my) (1- /%12) dagsz + (M1 — ny) (

+ (m1 — ny) (1 - ) (d4ﬁllfz3 - Ezgc2z3)

5 [F

(my —ny) (1+ :‘721192) ARy + (my — ) (1 + 521192) Riciz2
+(m1 —ny) (1 + Z—:kz) Ricz™3 + (my — ny) (1 + %l@) Ryczz—4
+ (mq —ny) (1 + L‘-lk2) Ricyz™8

( (m1 +ny) (l + —lk2> ARy + (my +my) (1 + —1k2) 01—3'2’2
+(my +ny) (1 + —lk'g) Cg_gz + (my +ny) (1 + ——‘-kg) c3—7z4
+ (m1 + ny) (1 + —1162) C4'§g25

((m1+n1)(1— )(AR1+dE-)+(m1+n1)(1$—#)d2 -1\
+ (my +ny) (1— ) ( 721— 2 Ricro- )
+(m1 +ma) (1 ) (dakz™ — 2Ricoem *)
+(my +ny) (1—521) (dsE; ~4 _ 3Ricqom )

—(m1+m) <1 — ff—;-) 4Ry1c4z™0 + (my +ny) (1 - MZ) BRilz2 )

Ha

1— & A 22
#2) (daﬁ“;;z Flicl

+ (m1 - ’I’Ll) (1 - %) (d5i}?-~4 - %63214) - (m1 - n1) (1 - %;-) %04,25
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el
A0 5 7 (W — I) (Tu + Tw) —

zl’ng <Z§[f,,_1 + '[) (Iu — Iw) + < ng%_z’[ + z?g:ﬁz_) '[77’:?._
- T =P T e

(v_zgglyg - zt_ij_gp) ( : — ) (Iu+ Tw)+
[

7 1
-2ty (ZGIW + I) ("u — Tw)+ (v—zgp% + v—z8991—> Fﬁf—
1 oy
<s_z391yz — S_Z—Igvp> (?’/- - ) (Iu + Iw) -+
25T (4 ot 1 1 i7 ZH g Iyt
g7 | W+ 1 (Tu — Tw) -+ sz7 o_2%8— | Trlp—

IH erl Zﬂ
(Z—ZIOIH - z—zT£p> (W - ) ("u+ Tws) + —F PRy (Z"’lw -+ T) ("w — Tw) +

1 ort o I
=2 d e (tu — Twg) + z_z'o‘p-g— + ,_2Tog— | Trlp—

Wy, (el 2
_[_z__[_Zp (.i7_1 - ) (Iu+ '[w) + I_zZpZ_z_Lr/v_

oy 5% 97
wr (1) a0 (Za ) (1) oo

Ly (474 Sy
TPV ) (57 1) (ud Tw) + gy (e + 1

() e

T &yl
(- )<Iu+rw>+ zSH (zm“)vuwwn

.[

( z&ﬁ—f- 219"8) Ty 4 o ngZo <zﬁlm+ I) (*w + Tew) +

(szzo 92[ z‘? p) ( ) ("w — Tw) 4 RLeh 92{ I+

T yf o
v"/%ga (Zf’lmﬁ-I) (Tu+ Tw) + ( Zg:’l'é{ ZGH P) ( ) ("u — Twr) +
vZ’SO%IT/’ﬁ + z%vo (Zs[— + I) ("u + Tw) +

Gt
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Thus, (2.14) is solely expressed in terms of the coefficients in the following form

1 1
(m1 -+ nl) (kl + 1) q_GR—%sz7 -+ (m1 + nl) (kl + 1) q_5-‘R—%126 (323)

1 1
+ (ma 4+ nq) (kg + 1) GI—4§gz5 + (my +ny) (ky + 1) Q—s-ﬁz"i
4y 1

+ (M1 +nq) (ky + 1) ‘I—zﬁ%zs
+ ((ml —n1) (k1 + 1) Rigs + (my+ ny) (k1 +1) Q—lRi;I;) 2
+ <(m1 — 1) (k1 + 1) Rige + (my + ) (ky + 1) -l-qo> z+2my (ki + 1) Riy
+ ((ma = ng) (k1 + 1) Rygo + (my + ny) (k1 + 1) Rigy) 2~
o+ ((ma = n) (ky + 1) Rygey + (mq + ) (k1 + 1) Rigs) =~
+(m1 —n1) (ky + 1) Rig_oz™® + (my — n1) (k1 + 1) Ryg_sz™*
+ (ma —ny) (by + 1) Ryg_sz™5 + (m1 —ny) (k1 + 1) Ryg_s2~8
+(m1 —m) (k1 + 1) Rig_gz™"
= (43004 =) (1-28) Fpec+ Gm ) (1+25) o )7
4#1E§C3 + (my — ny) (1 - t) (ds

—_ %Cg) z4
-+ (m1 + nl) (1 + %kz) C3

R 5«’4“

4/117%;@ + (my — ny) (1 ’—‘1) (dq%»]; - 52502) r

1L
+ (M +ny) ( ﬁlkz) C2‘§15

4 4,u1(—¢c1+—,B>+(m1—n1)(1-— )(dsR Ezl) 2
Ry

+(m1 +721) (1 + —1k2> Cl‘T -+ (m1 +n1) (1 — & )
1
+(my —my) < “1> das

1
—dy, <2A + -—2d1) + (my +n1) (1 + ﬁ‘-%) AR,
Ry Ha
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_h 1
+ (m1 + 7’L1) ( “2) (ARl + le
Hq
2

e (-2} (180 o) (14 20)

( dpy — R2 dz + (my + nl) ( Mz) dzﬁl_) 21
—4#1 (—361 -+ 'R?'d;;) + (m1 - 'nl) (1 — I%lz) BR%

+ +(my —ny) (1 + Z‘:]%) Ryc 2
+(mq +my) (1 - :‘—‘;) (d3§11- — R1c1

- =4, (—802 + —4;d4) + (my — ny) ( + -1k2 R102
+ (my +ny) (1 - ) (d4 ~ 2R1C2

( —dy, (—15c3 + —S,ds) + (my — my) ( + -1192 RIC3 )

+ (mq +mny) (1 - ) (dsR— - 3R163

—441, ( 24c4 + ——zds) + (my — my) (1 + —1k2 Rlc4
—(my +ny) (1 — ”2) 4R;cy




APPENDIX 5
38 Algebraic Equations

(3.3) - (3.21) and (3.24) - (3. 42) can be re-written as follows:

Traction continuation along the I'y

1) 25

4 4 12
2406 + —by + —seq — 2pg + —2py — —= 1
ag + o2 4 + ok 4dpe + P RI0P-4

2) z*

4 -0

3

3 3 6
15as + R—%ba + Eges — 15ps + R#gps - R#gp—s =0,

3) 28
2 2 2
8a4 + — I bz +—= R2 — 8ps + —R—gpz T ggP-2 = 0,
4) 22
1 1
- =p_1 =0,
3ag + sz1 + = RQ — 3p3 Rﬁp 1
5) 20
1 2
—2a; — R—36—1 + 2p; + R-gp—l =0,
6) 271

2 6
—2R205 — ——e_o 4+ 2R2 —_— =
Ray Rge 2+ RoP2+R(2)P2 0,

158
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7) 272
3 12
—8Rgas — —e_3+ 3Rips — 3p_; + —2p_s = 0,
Rg Rg
8)z~3
4 20
—4Rga,4 - Fg6_4 + 4Rgp4 ‘—‘8])_2 + Egp_‘; = 0,
9) 24

—5R(8)CL5 + 5R§p5 - 15p_3 = 0,

Displacement jump along the Ty
10) 2%

1
0 = (mo—no)(k1 + 1)Rops + (mo + 1) (k1 + l)ﬁp"‘i
0

+ <96,LLI —_ (mo - no)(l -+ lﬁo%)Ro - 6(m0 + no)(l - %)Ro) Qg
0 0

Ky 1 16)
+{ =(mo +no)(1 — E1y= 4 s, 22 ) 3,
( ( 0 0)( ,U/())RO l’l’le 4

4

11) »*

1
-R—g—a

+ (60/,61 - (mo — ’I’Lo)(l + Ko-//j—l-)R() — 5(m0 +n0)(1 — %)R@) as
0 0

0 = (mo—mno)(r; + 1)Rops + (mg + no) (k1 + 1)

fy, 1 12)
+{ —(mo+no)(l— =)=+ p;=5 | bs,
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12) 23

1
0 = (mo—no)(k1 +1)Ropy + (mo + no) (k1 + 1)ﬁp—2
0
+ (32/,41 — (mo — no)(1 + /soz—l)Ro ~ 4(mg +no)(1 — -Z—I)Ro> a4
0 0

Py 1 8
- b1 b
+ ( (mo +mo)(1 ,U())RO + 1y ) 2,

R}
13) 22
2#1(77740 -+ 'I’lo) (82 i i€3)
Ry
1
= (mo - no)(/s‘,l + 1)Rop3 + (mo + Tlo) (Kl + l)ﬁ;p—l
0
-+ <12,u1 - (mo — no)(l + h‘,o%)Ro —_ 3(7720 + 'I’lo)(l - //:L—Ll-)Ro) as
0 0
_ _bn L 4
+< om0 = e +”1R3> e
14) 2z

1
0 = (mo—no)(k1+ 1)Ropy + (mo + 10) (sy + 1)F0p0
+ (‘(mo —no)(1+ /ioﬁl-)Ro —2(mg +no)(1 — &)Ro) as
Fo . Ho
/'LI 1 /-1/1 1
s - + 14+ xp—=)—=ay— (myg +n — 2Ly p,,
(mo + no)( 0 %~ (mo o)1= )b

15) 20

dmoRope,
= 2m0(/<;1 + 1)R0p1

| T8 (mo = o) (4 Kof2) Ry — (mo — mo) (1 — )R,

ag,

—(mo + no)(l + Klof:')Ro - (mo + no) (]. - %)R@
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16) 27!

0 = (mo+mno)(s + 1)R3ps + (mg — o) (k1 + 1) Ropo
+ (—8u133 = 2mo = o) (1~ E1)B — (mo +-ng) 1+ noflm%) a
0 0

—(mg — no)(1 + lﬂo&)Roao — (mg —mg)(1 — &)Robm
Ho ' Ho

17) 272
21, (mo — mo)(ea + ies)RS
= (mo+no)(k1 + 1)Rips + (mo — no) (k1 + 1) Rop_;
B G . FEOR = (mo +n0) 1+ /)R o
~(mo —no)(1— £2) B3,
Ho
18) 273

0 = (mo + Tlo) (l‘&l + 1)R3p4 -+ (mo — 'no) (l$1 + l)Rop._2
+ (—16u1R8 ~ 4(mg — ng)(1 — %)RZ — (mo +mo)(1 + KO%)RE> a4
0 0

—(mo — ng)(1 — £1)RSp,,
Ho
19) 2~

0 = (mo - TLo) (Iﬁ}l + 1)R8p5 + (mo - 774))(/431 -+ 1)R0p_3

+ <—20u1R3 — 5(mg —ng)(1 — %)Rg — (mp +no)(1 + nogl)R(%) as
0 0

~(mo ~ no) (1 — EL) R,
Ho

Traction continuation along the T



20) 25
_ 1 1
0= @04 -+ 4R% €4 — 4R%0 -4,
21) 2*
3 1 1
0= P + 3R2e3 + 6R2q3 3R§q-3,
22) 23
0= 2 =
RGC2 + 2R282 + 2R2 92— R?Q—z,
23) 2?
1 1 1 1
R_fB o -7 + =5 R2 — 3¢3 — Eifq_l’
24) 20
_ 1 1 1
24 = —F%dl R%e_l =+ 2‘]1 + 2R2Q—1>
25) 271 '
0 2 1
—R*%dz i 2R_%€_2 + 2R1Q2 + 6R2 Q—Z,
26) 272

3 1
0 =3¢; — R#%dg—vg—}ge

-3+ 3Rjq; — 3¢_; + 12— 1

R2 539-3,
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27) 273

4

1 1
= ——=dy—~4—e_, — 20—=q_
0 = 8cy R%d‘i 4R%e 4—8q_2+ OR%q 4,

28) =74

5 1
0 =15¢3 — 'R—d5 — 15¢_3 + 30R2q_5,

Displacement jump along the I';
29) 2%

16
0 = (ﬁ"al - (ml — nl) ( y’l) R9 + (ml +’I’L1) (1 + /'l'lk2> Rg)
= (m1+m) (b +1) =5 Rg —59~4
30) »*
12 7 3 1
0 = (E?/LI—(T)’L]_—T&]_)( 1)R7+(m1+n1)(1+ 1k>R)
1
+(my — ny) ( ﬂl) Rg — (my +ny) (kg + 1) R7<I—3a
31) 23
8 1
0 = <RT?/,1,1 —_ (m1 - n1) ( Zl) Y + (m1 +n1) (1 + 'ulk2> Rs)
my L, k 1
+(my — ny) —Z‘; 72—;-4—(m1+n1)(1+1)k7?Q—2,

32) 22

_ Sm) Lo, 1
(o (=) 7y - ) 2

163
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-2 s 2) )

1

+(my — ny) (1 -0 7%~ (1= m) (ks + 1) Rags — (my +ma) (ks +1) gy

L
Ry’
33) 21

0 = (mq —my) ( m) Rlsd = (m1 = m) (ky + 1) Raga— (ma + ny) (kg + 1) —-qo,

34) 20
) /~‘2
4 w1 1
= <—§%-,u1 + (my +ny) <1— /T;) N + (my —ny) (1— ﬂ) R?> dy
—2my (k1 + 1) Rigy,
35) z~1

8 1
Q = (—ﬁ%/«h + (m1 +ny) < 'ul) Rl) ds
-— (m1 -+ ’I’Ll) (k1 + 1) R?QQ — (m1 —_ nl) (kl -+ 1) quO,

36) 22

o (1-2) 5

2

= (12,LL1 + (m1 - TL]) (1 + %kz) Rl et (m1 +n1) (1 — %) R1> Ci
2

2
12 1
¥ (‘ﬁ‘“ ¥ ) ( ﬂl) R1> “

= (my+m) (kg +1) Rigs — (my — 1) (ky + 1) Rig_y,
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37) 273

0 = <+32/.61 + (m1 - nl) <1 -+ %kz) R]_ - 2R1 (m1 +7’L1) < - %)) Co
2 2

16 N1) 1)
tl—msttmi+ng) (1-22) =V dy—(m,—n ki +1) Rig_,
< R%lﬁ (ma 1)( i) Ry )™ (m1—m) (k1 + 1) Rig—s

38) 24

Ha

0 = <+60M1 + (m1 -_ n1) (1 + %kz) R1 - 3R1 (m1 -+ 7’L1) ( — ﬂ)) C3
. 2 .

20 1
+ (—ﬁm + (my +ny) <1 - %) E) ds — (m1 — n1) (k1 + 1) Rigs.
1 2 ,

Now py, and g, are substituted into the above equations.

P-4.6 are:

Pe = (9rf-1+gsfo+ gsfr+ gufo + gsf +92f4),
Ps = (97f-2+ gef-1 + gsfo+ gafi + gafe + 92f3+g1f4),

P = (g7f—3 +96f-2+95f-1 + gafo+ gsf1 + g2fa + g1.fs + gofs + %64) )
ps = (gsf-s + 95f-2 + gaf1+ gsfo + ézfl +g1fo + gofs + %%) )

P2 = <gsf—3 +9af-2 + g3f-1+ gofo + 911 + gofzv-f- %62> )

no= (94f—3 +93f-2 + gaf1 + g1fo + 9o f +%61),

po = (gsf—s +92fat+g1fa+gofo+ %%) )

1
Py = <ng-3 +g1f-2+ gof-1 + 56—1) ,

Iy
N
I

1
<91f—3 + gof-2 + 564) )

1
Pz = (gof—s + 56—3> ,



d-6.3 are :

q3

q2

q1

q-6

P-4
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< ~tfa+ - 63)

<h—2f4 +ho1fz+ 162)

(h-3f4 +hoofs+ho1fa+ 161)

(h-4f4 +hosfs+hoofs +hoifi+ 160)

(h sfathoafs+h sfo+hoofy+h ify+ 16—1)

(h 6fathosfs+h yfo+hoafi+h gfo+h_1fq+ %6—2)

<h—7f4 thoofs+hosfothosfi+hogfot+hoofq+hoyfy+ %6 ) )
hsfa+horfs+h sfo+hosfi+hoafo+hsfq+hgfs

+ho1f-s+%e_y

bl

hesfs+horfot+h sfr+hosfo-+h_sfos+h sfoy+ h_of_3
thoifos+jes

1
(h—sfz thorfithogfothosfor+hoyfo+h_gfos+ hoof_ 4+ 56—6‘) .

Consequently, the first 9 equations from the traction coﬁ.tinuation condition along I',

, namely, (3.43) thru (3.51) are;

1) 25

4 4 1 10 12 12
I?—gb‘i RO e-q+ R284+ 297f—3+ R296f—



2) 2*

3) 23

4) 2*

5) 2°
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12 12 12
+ <‘R—(2)95 - 2497> fa+ <R—394 - 2496) fo+ (R_§g3 - 2495) f1

12 12 12
+ (1—%92 - 2494) fo+ <R—391 - 2493) fa+ (R#ggo - 2492) f4,

3 31 6 3
R2b3 R826 3+R263+ R?(g)gﬁ 890 f—

6 6 6
+ (ﬁggs - 1597) -2+ (E%g‘i - 15g6> fo1+ <Egg3 — 15g5) fo
6 6 6
+ (Fggz - 1594) fi+ ('R—ggl - 1593) Ja+ (Eggo - 1592) f3 — 15g1 fy,

15a5 +

2 2 2
8a4+sz Rse 2+Rge2—4e4+ (R—gg5—8g7—~R—gg1) f-s

2 2 2
+ (7%-394 — 896 — R#g%) fa+ <J—%ggs - 895) fo1+ (F%gz - 894) fo

2 2
+ (Ei'gl - 893> i+ (ﬁgo - 892) fa— 891f3 — 890 f4,
0 0

1 11 1 1 1
3as + R2b 2 R4 -1+ — R2 3563 + (—3g6 - Eng) f-s3

1 1
+ (—395 - R_ggl) foa+ (-394 - Fggo) f1
—3g3fo — 3g2f1 — 3912 — 390 fa,

2
0 = —2(11 -+ (&3} + <2g4 + ﬁ‘%) f_3
0
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2 2
+ 1293+ =501 ) foa + [ 290 + 5290 | f-1+2g1fo + 290 f1,
Rg Ry

6) 271
0 = —2R%ay + —= R2 e_o+ Ries + <2R395 + 291) f-3
6
+ <2R(2)94 + ﬁgo) f-2 +2R3gsf 1 + 2R3g, fo + 2R2g, f1 + 2R2g0 f2,
0
7) 272
3 3 41
0 = —3R0a3 + = R2 €_3— 56_1 + 3R0§63
12
+ < 3Rjgs — 39 + Egﬂo) f-s+ (3Rjgs — 391) f-a
0
+ (3Rgg4 — 390) f-1 -+ 3Rigsfo + 3Rygaf1 + 8Rig1 fa + 3R390fs,
8)z73
6 6 6
0 = —4R0a4 +- §2—6-4 —4e_s + 2Rgeq4
0
+ (4RGgr — 891) f-s + (4RSgs — 890) f-2 +4RSgs f_
+4Rogafo + ARSgs f1 + 4RSgs f2 + 4RSg: f + 4RSgo fa,
9) 274
1
0=-Mmrw?¢qmm+M%M+mmh

+5R3gs fo + 5R3gaf1 + 5R3gs fa + 5R3ga fs + 5R301fs .

In addition, non-dimentional parameter M, = —Qiﬂle is deployed 1nto displace-

ment jump equations along the I'g. Thus, another 10 equations, such as (3.52) thru
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(3.61) are;
10) 25

0 = (96/11 (mo - ’no)(l + h,o )Ro 6(m0 + ng)(l — —)Ro) ag

+ <—(m0 +’I’L0)(1 — ﬁ1-)—0 -+ /,LI—R—%) by
+(m0 + Tlo)(l‘&l + 1) 2R9 ——5€-4

+(mo — n0) (%1 + 1) Rogr f—y + (mg — n0) (%1 + 1) Roge fo
+(mo — no) (k1 + 1) Rogs f1 + (mg — ng) (151 + 1)Rogsfa

+(mo — no) (k1 + 1) Rogs fs + (mo — no) (k1 + 1)Rogafs,

0 = (48—1- - M(l + moﬁl) —6(1— %)) as
0

My (mg+mng)
( - J; * J\ff ng) bkl 1)23106‘4
gm" B n";( 1+ Dorf +( ) )"i (1 + T)gof
EmoTnog(ﬂl + Dgsfi + E ;(/ﬁ + 1)gsfe
(mo n no)( 1+ 1)gsfs + (0 F 0) (51 -+ 1)g2 fs,

11) 24

0 = (f)-o,i1 — (mo — no)(1 + mo%)Ro — 5(mo +no)(1 — %)Rg) as
0 0

# (=ma + )1 - ﬁl) gy )b
+(m0 + Tlo)(lﬂ"]_ =+ 1) R7 ——e_3 + (mo + 7’&0)(/’%1 + 1) gof_

+(mo — no) (k1 + 1)Rogr f—2 -+ (mg — no) (k1 + 1)R096f—1
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+(mo — no) (1 + 1) Rogs fo + (mo — no) (k1 + 1) Rogs f1
+(mo —no) (k1 + 1)Rogs fo + (mg — n0)(k1 + 1) Roga f3 + (mg — ng) (51 + 1)Rog1 fu,
0 = (30i—M( 1+« ) 5(1--)) a.
My  (mg+ng) 0 8

+(—(1—ﬂ)Ri3 L 6>b3+(n1+1)

+(k1 + 1) gof—s + %—u(/ﬁ +1grfog+——-2 (mo - 0) (k1 4+ 1) gefy

B A S KO
Emo o ;(/ﬂ +1)gs fo + ———2 g I ; ———= (k1 + Dgafy + (—_)(m +1)gsfa
m(m +1)g2fs + (m0 )(”"1 + 1)g1f4,

12) 23

0 = (32u1 ~ (mo — no)(1 + ko™2) Ry — (i +mg)(1 — ﬂ)&,) ay
Ho Ho
[ 8
+ <—(m0+no)( M;)R +M1R2> b

1
+(mo + no) (k1 + 1) > —e_2 + (mo — mo) (k1 + 1) Ry=ey
R3}2 2

+ ((mo — 10)(K1 + 1) Rogrf-s + (mo +no) (k1 + 1)i591f—3>

((mo — 10) (k1 + 1) Roge f—2 -+ (mg + ng) (1 + 1) gof— )
“+(mo — o) (1 + 1) Rogs f—1 + (mg — no) (61 + 1)Rog4fo
+(mo — no) (k1 + 1) Rogs f1 + (mg — no)(k1 + 1) Rogafo

+(mo — 1) (k1 + 1) Rogs f3 + (mo — m0)(%1 + 1) Rogo fa,

1 (mo—ng) I )
0 = (16— — 22070 4 Py g _
< My (mo+no)( F"Ouo) ( /o) “
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+ (—(1 Z;)Rz A; ;2) by + (k1 + 1)ﬁ§e_ 2+ H(nl + 1)-;-e4
+G%§%%“+”W+W+”ﬁw>ﬁs
(mo — o) (mo — o)
+<Z7m2)-( 1+1)96+(K)1+1) )f_2+ (0 F 0)(/51+1)g5f_1
Emo + noi( f1+1)gafo + E — 0; (51 + 1)gs fa
EZ:O — nO;( Ky + l)ngz H(K}l -+ 1)g1f3 -+ E P ;("‘71 - 1)90f4)

13) 22 [2_#1(mo+no)(62—i€3) — 0]

Ry

0 = (12/11 - (mo — 'I’Lo)(l -+ lﬁoﬂ)Ro - 3(m0 + no)(l - El)Ro) as

=+ (-—(mo+n0)(1— )—-+/£11§2> b1+(m0+7’l0)(:‘€1 +1)R32

+(m0 - ’no)(lﬂl + 1)R0§63
+ <(mo — o) (k1 + 1) Roge f—3 + (mo + no) (1 + 1)§1592f—3>
((mo — 10) (K1 + 1) Rogs f-a + (g + 1g) (551 + 1) glf— )

<(mo.— 10) (k1 + 1) Roga f-1 + (mo + 1) (rey + 1)§§gof-1)
+(mo — no) (k1 + 1) Rogs fo + (mo — no) (1 + 1) Roga fy

+(mo — no) (k1 + 1) Roga fa + (mg — n0) (k1 + 1) Rogo fs,

1 (mo — o) 1)
0 = {6 —2——TL(1+k 3(1-
(s - e g -a0-2).
12
( (1_uo R2+M R?)bl+(”1+1)34§

h(mo ) K e "(mo 0) K K
(reng o+ Dgesct (L2 )+ 000 (6 D) £
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(mo — no) oy - 1)
< (k1 + L)gs + ( 1+1)R391) f-2

(mo + no)
(o o ) 14
(mo—ng) p ( mo — no) )
+Em“+—§‘( 1+1)gafo+E ;( 1+1).ng1
(m +n )(l‘&l + 1)glf2 + ( )(Kll + 1)gof3,

14) 2

0 = + (—(mg. —ng)(1 + NQ&)RO —2(mg +mp)(1 — ﬁ:-L)RO> ag
Ho Ho
—(mo + 'no)(l + liof—:'i-)%ao - (mo + no)(l - z—;')%bg
+(mo + o) (k1 + l)ﬁ%%eo + (mo — no) (k1 + 1)Ro%€2
+ (0 = mo) (5 1) Rag s+ (i + )1+ 1) goousa)
+ ((mo ~ o) (%1 + 1) Rogaf—z + (mo + no) (g + 1)Ri092f —2>
+ ((mo — n0)(%1 + 1) Rogsf—1 + (mo + no) (k1 + 1)—1-91}”— )

<(mo = mo)(k1 + 1)Rogafo + (mo + no) (i, + 1)—gofo>

+(mo —no) (k1 + 1)Roglf1 + (mo — ng) (k1 + 1) Rogo fa,

4

= (=m0, m _ e Y g — (1 sty L
0 = ( G142 )Ro) 2= (1 °ﬂ0>Ro°

—(1-4 )—bo+(/c1+1)———-eo+§ °+n°§( 1+1)R0 —e,

((mo'= ng) 1
+((m - )(m1+1)Rogs+(f€1+1)R—93) fos

+ ((mo 0)( %1+ 1)Rogy + (k1 + l)R_092) fo2

(mo + 7o)
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<( 0~ )(,gl + 1) Rogs + (51 + 1)%91) fa

(mo + )
+ <%2+—”°§ (1. + 1) Roga + (1 + 1)Rigo> f
(mo — ) (mo — m0) :
(mo T 70 )(n 1+ D)Rog1f1 + (mo+70 )("31 + 1) Rogo fo,

15) 2°  (dmoRopye1 = 0)

=8 — (mo — n0)(1 + 502 Ro — (o — mo) (1 — £3)Re
—(mo +no)(L + KokL)Ro — (mo +70)(1 — E1)Ry

a

1 .
+2mo (k1 + 1)Ro§61 +2mg (k1 + 1)Rogaf-s + 2mo(k1 + 1) Rogaf-o

+2mo(x1 + 1) Rogaf-1 + 2mo(k1 + 1) Rogi fo + 2mo(k1 + 1) Rogof1,

—4-L !m-_flal(1+,io_1) Sm-_nOZ(l_%)

0 = Mo  (mo+no) (mo-no)
— — _ K
(1 +rogt) — (1 - £)

mg(m 4 1) 2m0(/<,1 - 1) 2m0(/§1 + 1)
3+ —————T—"0g3f-
(mO + nO) .(mO 4+ nO) g4f 3 (m +n ) g3f 2
2mp (k1 + 1) 2mo(ry +1) 2mg(rk1 + 1)
O ) o + L T ) g g SIS R
(mO + nO) ng 1 (m0+ nO) glfO (m +n ) Ofl
16) 271
—8uy R2 — 2(mg — mo)(1 — &) R3
0 = '—(mo—n’o)(1+/ioz_;)Roa0+ Fato : (mo = 0] ) ag

—(mo + no)(l -+ K}o-%;-)Rg
1
—-(mo - ’no)(l - %)Robo + (mo - ’Ilo) (K}]_ + 1)R0§60
0
(mo — no)(k1 + 1) Rogsf-s

‘ +(mo +no) (k1 + 1) Rigs -3
+ ((mo — no) (k1 + 1)Ragaf-2 + (mo + no) (k1 + 1) Rgaf—2)

1
+(mo + 1) (k1 + l)RSEez +
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+ ((mo = n0) (%1 + 1) Rog1 f-y + (mo + no)(s1 + 1)Rigsf-1)
+ ((mo = mo) (51 + 1) Rogo fo + (mo + no)(s1 + 1)R3ga fo)

+(mo + ng)(r1 + 1) R3g1 f1 + (mo +n0) (k1 + 1) Rigo fo,

_4_LR2 (mo—no)2 1— _1_ R2
0= Emo + Z();( + KoL )ag + %0 ~ (ot X1~ i) as
0 lu’O: —(1 + /io;(])“)Rg

mg —n — L !
_ ( 0 0) (1 _ El_)bo + ..(Lno)(/gl + 1)560 + (fil + 1)R(2)§e2

(mO +n ) (mo - no)
+ ( EZO T n°§( i1+ 1)gs + (k1 + 1)R§g5) fs
+ (E:;LO + nO) ey s+ Dge + (ki + 1)Rog4> f2
+ ((:212 + nO)( +1g1 + (51 + 1)R393> J-1
+ ( g;lg - nO)( %1+ 1)go + (k1 + 1)R?,gz) fo+ (k1 + 1D)R2gi f1 + (51 + 1) R2g0 f,

17) 22 (2u1(mo — no) (&5 + ie3) R3 = 0)

0 = (_1%33 — 3(mp — ng)(1 — %)Rg — (mo +no)(1 + /sof:—l-)RS) as
0 0

1
—(mo d ’no)(l — %)Rgbl + (mo - no)(lﬁ‘,l + 1)R0-2-6_1
. 0

(mo — ) (k1 + 1) Roga s
+(mo + no) (51 + 1)R3gsf-3
((mo — o) (k1 + 1) Rog1 f-g + (mo + 1g) (151 + 1)R5gsf-2)

1
+(’ITLO + ’no) (K)l + 1)R8~2-63 +

+ ((mo — mo) (k1 + 1) Rogo f—y + (mo + no) (k1 + 1)R3gaf-1)
+(mo +n0) (%1 + 1)R3gs fo + (mo + o) (k1 + 1)R3ge fi

+(mo + n0) (k1 + 1)R3g1 fo + (mg + no)(k1 + 1)RSgo fa,
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6 (mo no) 22
0 = (——R}- —Biype Dy pe

_(mo—mo) .y (mo ~ o)

(mo Fig) 1)R°b1 o T o)
(mo — ng)
(mo +mp)

(mo — ng) 4
((m T 7o) T————=(k1 +1)g1 + (k1 + 1)Rogs> f

" (E:”:O + 0;( K1+ 1)go + (k1 + 1)R§g4> J-1+ (k1 + 1)Rigs fo

+(k1 + 1)Rigafy + (1, + DRg1f2 + (k1 + 1)Rigo f,

1
(K;l + 1)56_1

+(r1 + l)Ro—ea + ( (k1 + 1)ga + (k1 + 1)R396> f-3

18) 273

0 = (-16le3 — 4(mg — np)(1 — %)RS — (mo +n0) (1 + noi—jl)RO a4
0 0
1
—(mo - ng)(l - -Z—l)Rgbz + (mo - ’no)(lil + 1)R056_2
0

(mo + o) (k1 + )R} g:f-s
+(mo ~ no) (k1 + 1)Rogy f-3
+ ((mo + 1) (1 + 1)Rigs f—z + (mo — no)(k1 + 1) Rogof—2)

1
+(mo + no) (1 + 1)Rg§e4 +

+(mo + no) (k1 + 1) Rigs f1
+(mo + no) (k1 + l)RSg4fo + (mo + ng) (k1 + 1)Rggsf1
+(mo +no)(re1 + 1)Riga fa + (mo + no) (i1 + 1)Rlg1 fs .

+(mo + no) (k1 + 1) Rigo fs,

0 = (—8-1pe_{mo—m0), tuype 1+ ﬁ‘le)
( 158 G 0= BB = (4 )RS )

(Mo =m0) o P\ g, | (mo—mg), 1
(mo n no) (1 lo )Robz -+ m(hq -+ 1)56._2
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(1 + 1) RS Sea+ ((&1 + 1)RSgr + E — "; (51 + 1)91> -3
((fil + 1)Rigs + E—+—Q§(ﬁ1 + 1)90) fez+ (51 + 1)R3gs f-y

+(I§1 + 1)Rgg4fo + (hll + 1)R0g3f1 + (Kll -+ 1)Rgg2f2

+(k1 + 1)RSg1 f3 + (k1 + 1)RSgo0fs,
19) z~* .

0 = (—2oulﬂg — 5(mq — o) (1 — Z—;)RS — (mo +ng)(1 + noZ—;)R(‘}) as
=m0 o) (1~ £2) R + (o — o) 51 + ) Foges
+(mo — no)(1 + 1) Rogof-3 + (mo + no) (k1 + 1) R3gr s
+(mo +no)(k1 + 1) Rogsf-1 + (mo + no) (k1 + 1) RSgs f
+(mo + no) (51 + 1) Rygafi + (mo +n0) (kg + 1) R3gs fo

+(m0 + ’no)(lﬁ + 1)Rgng3 + (mo -+ no)(lﬁ‘q + 1)R8g1f4,

0 = ( 101\%01?,0 - %5(1 - %)Rﬁ (1 + ko= )RO) as
(mo—mo) . (mo — no)
Em:)) n no; ( - )Rgb:g -+ m(ﬁl + 1)56_3

(mo +n )(/91 +1)gof-s + (k1 + 1)R3grf-o.+ (k1 + 1) R3gs f 4
+(k1 + 1)R3gs fo + (k1 + 1)R8gsf: + (k1 + 1)R8gsf>

+(k1 + 1)R3gafa + (k1 + 1)R5g: f1.

Other 9 equations, (3.62) thru (3.70) from the traction continuation condition

along I'; are;



20) 25

21) 2*

22) 23

4 1
= RlO 7106 +d—os Rz
i 1 h_gfa+horfs+ hogfo+ hosfi + h_yfo
B30
R thosfithoof o+ hoif s+ iey
4 1 2 4 4
= R10 >515Cs + 4R2 R_}_Oe_4 Rlo l.f— R%O h—2.f—2
4 4 4 4
“R—%Oh—&f—l - R—%oh—tifo — R—%Oh—sfl - @h—sfz

4 4
_"J?%(‘)‘h—7f3 - E}ﬁh—sﬁ’

3 1 1 1
= +R863 =+ 3R263 + 6§1§ (h—1f4 + §€3>

_3i horfo+h_efs +hosfo+h_gfy + h_sfo

8
B thoofor+hoifo+tes

3 6 3
= RSCS + =3 R2 —s¢€3 + <R2h— RS h'—7) f4
3 3 3 - 3
2 h gfs — —hosfy— by fi S
R8 6/ R?' 52 7 h_sfi Rflgh sfo

3 13
hoaf_ 1 — ﬁ?hqf—z Vb

2 1 1
= R6 —=gC2 + 2R2 e + 2?2? (h-2f4 +ho1fs+ 562)
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1 | hsfathosfa+h yfot+hgfi

—2—¢ ,

Ry thosfo+ho1fo1 + te_s

2 3 1 2 2
0 = R602+R262— R66_2+ <R2h_2 R6 >f4

(th 1~ Rsh—)fs B hegfo — R6 h_sfi — h—zfo ho1f-1,

1 1 1
—-R—%B = R4cl + R%el -3 (h_1f4 + 563)

1 1
g <h-5f4 +hoafsthogfo+hoofi +h o fo+ 56—1> ,
1

1 1 3 1 11
—R—%B = +—RT401 63 + = R2 R4 28_1 + (—3h_1 - ﬁh_ ) fa
1

1
R4 —h_4fs — h_sfz hofi — = h_1fo,

- 1. 1 1
24 = _R—fdl - 'R_%e-—l +2 <h—3f4 +hoofs+hoyfo-+ -2-61>

1 1
242 (h—5f4 +heafs+hogfo+hoofi +h_ifo+ 55_1) ,
1

1 2
24 = R2 dl +e+ <2h—3 + = .R2 ) f4 + <2h—2 + = R2 h—4> f
2

2 2
+ <2h—1 + ﬁ?h—3) fo+ E%-h—zﬁ + R—%h’—lfO;
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25) 271
0 = ——2—d —21e +2R2 h_ofi+h f—l—le
% T 2gge- 1 A-2fathosfs+ 5e,
1 1
+6§2- (h—6f4 -+ h_5f3 + h_4f2 -+ h_3f1 + h_2f0 -+ h’—lf—l + 56__2> R
i
2 L, 1 5 6
0 = —R#%dz + Rjes + F%e_2 + ( 2R1h_s + ﬁh‘ fa
6 6 6 : 6 6
+ (2th—1 + R?%h—ts) fs+ E%hqu + F%h—&fl + R—%h—zfo + R?‘h—lf-—h

26) 272

3 1 1
0 = +3¢; — ﬁgd{; - 3-R—%6_3 -+ 3R% <h_1f4 + 563)
1
-3 (h—5f4 Fhoafs+h gfo+hoofi+hoifo+ 56—1>

1 1
+12ﬁ (h—7f4 =+ h_6f3 + h—5f2 -+ h_4f1 + h_3f() ~+ h'—2f—-1 + h—lf—2 + -2-6_3) ,
1

‘ 3 43 3 3
0 = +3¢; — R2d3+R1263 —e_ 1+R26_
12 12 12
+ (ﬁgh_'/ + 3th_1 — 3h_5) f4 + (R2h 3h_4) f3 + <R2 h 3h_3> f2
1
12 12 12 12
+ <§?h"4 - 3h“2> fl T+ <R2h’ 3h’—1) f0 + —‘R_%h—&f—l 1f—2)
27) 273

4 . 1
0 = +8Cz —_ —]%d4—472?e_4

1
-8 (h—6f4 thosfs+hoafothogfi+hoofo+hoyf+ -2-6—2>



180

1 hosfo+horfs+h_sfs+h sfi +h_yfy+ h_sf-1
+hogfoo+h_1f s+ te_y

+20

4 - 6 20
0 = +8c¢y — "-R—2d4 —de_g + —; R2 —5€_4 + <R2 h_g— 8h_6> Ja
1

20 0 0
(R2 h_y — 8}2_5) S5+ <R2 h_g — 8h_4> fo+ <R2 h_g— 8}2_3) fi
20 ' 0 20 20
+ (yh_li - 8h_2) Jo -+ (th 3— 8h_1> fa+— R2 hoof o + h_1f_s,
1

28) 24

horfs+h_sfs+h_sfs+h_
0 = +15c3—%d5_15 7/4 6.3 5.2 af1
1 thosfo+hoofy +hoafos+leg

1 | hsfst+horfothgfi+hosfo+h_ysf,

+30ﬁ
1 +hogfoa+hof-s+h_yf 4+ ses

) 15 15
0 = 1563 - —Rgds - 3-6_3 + §§6_5 - 15h_7f4
1

30 30
-+ <ﬁh_8 - 15h_6) fa+ <R2 h g — 15h_5> fa
30 0
(B s (B )

30 30 30 30
+ <ﬁh‘4 - 15h-2> fo1+ <R2 h_s— 15h—1) f2+ =5 2 —sh—2f-3 + hoyf_s
1

Again, non-dimentional parameter M = JﬁlRl is deployed into displacement

jump equations along the I';. Finally, the other 10 equations, (3.71) thru (3.80) are;



181
29) 2°

0 =

16
<+:R_}.0/J‘1 _ (ml _ nl) ( ﬂl) R9 -+ (m1 +7’L1) (1 + /‘LIL2> Rg)

8fs+horfs + hegfy+ he
= (m1+n1) (b1 +1) 55 Rg st /s ofa+hsh ,
thesfothsfor+hoafoa+horfog+ley

1 8 (m1 nl) 12 4
0 = (26 _{mi—-m) M 22
<Ml R} (mi+my) (1 > RS * <1 T k2> Rg)

— (k1 +1) =5 Rg hgfs— (k1 4+1) = Rg horfs— (k1 4+1) =5 Rg h_gfs

- (k1 + 1) Rg h_sfi — (k1 -+ 1) _4f0 - (k]_ + 1) =5 _3f__

— (k1 +1) = Rg hoof-a— (ky + 1) Rg hoifeg— (ks + 1) Rg 26—4,

30) »*

12 u 1
0 = (+F§”1 — (m]_ - nl) < 1> R7 + (m]_ +n1) (1 + zll\Q) )

R}
1
+(my — n) < Ml) R9d5

_ (my+m1) (ki +1) [ herfa+hoofs+h_sfo+ hsfi + h_3fo

thoof 1 +h_1f o+ %6—3

1 6 (m—m) i\ 3 1
0 = — 1 1 Hq
<M1 Rl (mi+mny) ( #2) R} * <1 T kz) >

R7
(mq — ;) a1 (ky+1)1 (k1 4+ 1)
+(m1 ) —) Rgd TR 2T TR h_zfs
(ks + 1) (ki +1) (k1 +1 ky+1
g et = g - B ),
(k1 +1) ki+1
i hegf1— ( IRI ) ~1f-2,
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31) 28

+ (my =) ( “1) ];7d

h_efo+h_sfs+h_yfs + h_sfy
+hosfo+hoify +ie,

(ml +7’L1) (kl + 1) R5

1 4 (mg—m) “\ 2 U 1
—_—— = V(g A 1
(Ml R} (mi+m) ) Iz (1 s kz) Rs)
(my —ny) M) 1 (F+1)1 (k1 +1) ki+1
Fr—rx (1 -2 R_,lrd4 - R5 2 €2 — R? h—6f4 ( 1R5 )h—5f3

ky+1 ki +1
T?h-dz - Th—sfl - (—lRls—)h—zfo ! lRi' )h—1f—1,

32) 2*

_ L, 1
(~omem (1-2) 2 g, R%) 5
4 1
= <+R711#1 — (M1 —m) (1 - ﬂ) m T (M1 +m1) (1 + ﬂlkb) Rs)
+ (m1 —ny) < - &) —d —(m1—n) (b + 1) Ry ( hosfs + -1-63
o R? 2 :

1
— (m1 +nq) (k1 + 1) F% (h—5f4 Fhoafs+h gfo+hofi+hoifo+ %€—1> ,

M 1 1 2
—(1-f) 21 2)p
( ( ﬂz) Ry MlRl)
12 (mi-n) /h 1 t
(MlR? mrm) \' 1) B +(1+ k2) R3>
L —m) <1 M:l) 1d (m1 1)

(my +my) R} (mq + ny) (kr +1) RIEGS
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(k1) %6—1 + (_M (k1 4+ 1) Rihy — (k1R+ D h—s) Ja

R} (m1 +my)
(k1 +1) (ky + 1) (k1 +1) (ky + 1)
Th—zifs - “R?—h—sfz TR ——g—h_afi - 5 h_1fo,

33) 21
1 1
0 = + (mq — ) ( /~L1> R3 —~ (my —ny) (ky + )R, (h_2f4 +h_1fs + 562>
1
—(m1+m1) (k1 + 1) I (h—4f4 +h_osfs+h_ofs + hoyfy + -2-30) ,

_ (mi—my) M1, (mi—mn) .
0 (mq +ny) (1 ﬂz) o 2(my +n)(k1+1)R12

11
= (k1 +1) Z-eo + (‘EmmiTnll) (ky +1) Rih_y — (ky + 1) —}%h_4> fa

(ml 1) 1
+ ( (m T ) (kl -+ 1) Rih_i — (kl + 1) Eh_3> f3

1 1
~(ky +1) R—lh—zfz —(k+1) Eh_lfl’

34) 2°
- (—S;LIA + 2my (1 + f‘—lkz) ARy +2my < - ﬂ) AR1>
Mo Ha
4 ) 1 B\ 1
= (== 1- ) = —m) (1-B1) 2 )4
( R%Ml + (m1 +’I’I/1) ( qu) R, + ('rn1 nl) ( s & 1

1
—2my (k1 + 1) Ry <h—3f4 thoofs+hq1fo+ §€1> ,

M1 (m1 + ’I’L1) ¥2 (m1 + n1)

@

2 1 /.41) (ml—n1)< ul) 1)

— S+ (=B o immm) fy w1
(R%Ml ( t2) RBE " (my+m) ne) BE)
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_ml(k1+1)el_2m1 (k1+1)h f _2m1 (k1+1)h f _2m1 (k1+1)h f
(M1 +ny) (mutm) "7 Ty ) T T, +ng)

35) 271

8 N1> 1 )
0 = (——m+(mi+n - =)= 1d
( R%lj‘l ( 1 1) ( Lo Rl 2
1
= (m1+ny) (ky + 1) B3 (h_2f4 +hoifs+ 562)

1
= (mi—m) (k1 +1) Ry (h—4f4 +hosfs+hoofot+h i fs + 54'30) ,

= (2L (i_m\Y1),_ 31
0= ( RM; <1 uz) R1> %= (k1) Biges
—__(ml —m) 1 3 (mq —ny
(my + 1) (k1 +1) R126o + = (k1 +1) Rih_, m (ki + 1) Ryh_y ) fu

+ <— (k1 +1) R3A_; — M (ky + 1) th_3> fs

my + n1)
—% (k1 + 1) Ryh_o fy — % (k1 +1) Rih_y fi,

36) z~2

— (my —m) <1 -~ ﬂ) BRS

Ho

= 4+ [12/,&1 -+ (m1 — nl) <1 + %kz) R — (m1 -+ ’I’Ll) (1 — %) R1J cq
2 2

12 1 1
+ [—ﬁglh + (my +m) (1 - z—:) EJ dg — (mq +ny) (ky + 1) RS (h—1f4 + 563)

?

1
—(my —ny) (ks + 1) R, (h—5f4 +hoafs+hogfo+hoofi +hoify+ 56—1)

(my + n1) Ha
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i ke VY Y VR B YTl
(A’-’l (M1 + ) o o o .
+ (—ii ( #1) ! ) ds — (k1 + 1) Riléea -~ h(ml —m) (k1 + 1) %e_l

R} My R (1 +ny)
+ (* (k1 +1) Rih_y — E—@Tm; (k1 + 1) h-s> fa- E—ml”—"li (k1 + 1) heyf
R LRI O TR E ) R Y
37) 2~3

0 = [+32u1 + (my —ny) <1 + %kg).lﬁ — 2Ry (my +ny) (1 - %)] s
2

16 "
+[—“R?/«41+(m1 +ny) < 1) RJ dy

. hsfa+h_sfs+h_ysfs+ h—3f1.
bl (m1 - ’I‘Ll) (kl + 1) Rl )
+thosfo+ho1fo1+tey

0 = (i (1 “%) 2 (1-2)) e

(A (1-1) ) a-Cpalecen,
"g;:i:_:l;(1+l)hsf4—g ”1§(k1+1)h5f3
—%(kl-l-l)h_,;fz E ;(klﬂ)h " o
—% (k1 + 1) hoofo — E‘er; (k1 + 1) by foy

38) 274

Ko

20 1
+ (—ﬁul + (ma +ny) ( “1> R1> ds — (m1 =) (k1 + 1) Rigs,
1

0 = <+60,u1 + (my —ny) (1 + ;L‘:l/%) By — 3Ry (mq +my) <1 - &)> cs
2
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= (0 ) (o
0 = (Ml * (m +m1) (1 * /‘2k2) ] (1 F‘z)) e
110 122 1 (m1 — TL1) (kl —+ 1)
* (‘EV * ( N “1> 'R‘) B Gy -t
— (ml - nl) (kl + l)h—6f3 _ (ml — nl) (kl + 1)

hesfy— (mq — ) (k1 +1)

(m1+ny) (mq + ;) (ma + 1) h-sfi
(i =ny) (k1 +1) _ (my =) (ky + 1)
(mq +ny) h-sfo (my +ny) h_sf_1

(m1—ny) (ky + 1) ~ (i —nq) (kg + 1)
- (m1 -+ ’n]_) h—lf_2 B 12 (m1 + 7'31) €-3-
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APPENDIX 6
Stress Fields Around Crack Tips

A6.1 Stress Field

Stress fields are expressed in terms of stress potentials as follows

0w = Re[pl(2) ~ 0l(2) + 2053) + (5 — 2) PT) + X' 7)., (47)
ow = Relpl(s) +i(@) + (- D PG - X(2)],

7o = Tm[6l(e) ~ () + 20 + G- )P + X))

Let’s derive ¢} (z) first. From (2.32)

d%sol(z) = £ [ (2= a)73(z ~ )73V (2) + > X(z)} (A6.1)
= —z<z— 0)73(z = )72y (2) - Z(z—ara(z— b)73Y (2)
+5(e= @)K e = by () + )
= __l_(z—b)—}-(z—a,) z Ez——a,_%z—- ~3V!(» l (2
B 4(z—a)%(z—b)gy()+2( )73z = b) Y()+2X()
1 a+b-—-22 1 , 1,
= Z(z a,) (z b)s ()+2(z—a)%(z—b}%y(z)+§X(z)
Thus,
v1(2) ' (A6.2)
_ 1@+b—-22)(z—a)3(z - )3y ()
dz

+3(z = )72 (z = b)73Y"(2) + 1X'(2)
= -( ~2) (z — a)~$ (2 — b)‘iY(z)——(a—}—b 2z)(z Q)3 (2 — b2y (2)

~= (a +b—22)(z—a)"%(z — b)"3Y (2) + Z (a +b=22) (z— a)"3(z — b)~3Y"(z)
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1 _3 S 1 -1 —31
~1E = =0 () ~ 2~ a) e - i)

1 ~1 1 1 "
+§(z—a) i(z —b)"3Y (z)+§X (2).

The 2nd and 3rd terms in (A6.2) turn out

w

S (a+b—22) [(z ~a) (2~ b)"3 + (2 — )~ 3(2 — b)-%] Y(z) (A6.3)

8

3 (z=b)+ (2 —a)
= ——(a+b—22 = £

3T e o

Y(z).

Y(2)

3 (a+b—22)°
8(z—a)2(z—b)i

The 4th, 5th and 6th terms are also re-written as

(@+b-22)—(z=b)— (2 —a), (a+b—22)

3 3 Y z)= 3 3Y,z . A6-4
4(z—a)3(2 - b)2 ) 2(z —a)2(z —b)2 =) (A6.4)
Thus,
" _ 1 p 3(a+b—2z)2 ;
e = Y T v Yo 240 (A6.5)
_(a+b-22) 1 vy o Ly,
'2(z—a)%(z—b)%y( )+2(z—a)%(z—b)%y () +3X()..

Since our aim is to determine the values of stress: potentials near crack tips, Y(2),
Y'(z) and Y”(z) need to be determined near crack tip a and b. First let’s determine

the stress potential Y'(2) in the neighbourhood of crack tip a as follows

Y(z) = Y(a)+Y'(a)(z—a)+ %Y”(a) (2= a)°+.. (A6.6)
P V@) (rm 0 L

= Y(a)+Y'(a)re? + %Y"(a)r%em‘ +.. + %Y(n) (a)rfe™ 4 ... |
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where (2 —a) =rie® (0< 6, < 27). Thus,

Y(2) = Y(@)+Y'(a)re® +..., _ (A8.7)
Y'(z) = Y'(a) +Y"(a)rie™... (A6.8)
Y'2) = Y"(a) +Y"(a)rie... . (A6.9)

Substituting (A6.7) and (A6.8) into (A6.1) yields

'y = _1_ (a+b—22) ; 1

#1() [4 (z—a)%(z—b)%y( )+ 2(z ~ a)2 (2 — b)3

1=(@=Y [¥(@) +Y'(@)re™] 1[V'(a) +Y"(@)rie®] 1.,
(r1€91)3 (a — b)3 2 (me)ia_pl T21 @

—Y(a) 1 —Y(a) N 1 Y'(a)

Lne™)i(a—b)F  A(rnen)i(a—t)1 " 2(ren)i(a— b2
1Y"(a)(rie™)3
2 (a-— b)%

V() + %X’(z)J (A6.10)

around z=a

=

+ %X’(a).

Taking only leading-order items yields

—Y"(a)
(r®)% (a — b)3
Y'(a)
4 \/ﬁei%l\/aTb’

Note that b > a so that v/a — b =4v/b—a and i = cos § +4sing = 2. Therefore,

Y'(a)
(r1e®1)z(a - b)3

vy 1 1
1

<

e Y@ Y00 e
¢1(2) e e T : (A6.12)

In addition,

/(5) = Y'(a) __Ya)  smen
501() 4\/7‘_16_i2216i%\/5——a 4\/771-\/17_—01 . (A613)
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‘The exponential terms can be expressed with trigonometric functions in the following

form

5’

(2= _ 61— .. (O~ _a 0 [2%
e\ 2 Ccos 5 +2sin *2 s1n2 zcosz.

, - 0
e‘z(ﬁ;_) = cos( 1;”>—z’sin(91;7r)=—sin%—icosel

Substituting the above equations into (A6.12) and (A6.13) leads to

Y'(a) 0 6
/ —_ = N . . e
v1(z) = = < sinr —icos = |, (AB.14)
Y'(a) b6y
/(= = — N L it .
p1(2) = W <sm 5 T tcos 5
Note that Re (¢ (2)) = — Re (¢} (£)), which means 1 (2) has multi-values at the crack
face. Therefore, we need to define a new ¢1(Z) value leading single valueness at the
crack face. Now, let’s consider a branch cut which gives us single valueness and makes
¢ (=) single-valued function at the crack face. The branches of e~% are e—it(:+2nm)
and e~#201-2mm) T e’s take e~ 01-2m) fop ¢1(%) . From (6.13), ¢} (2) can be expressed
as follows

s Y'(a) Y'@)  i(o-3)
‘Pl(z) = il = e\2—%
4,/r1v/b — ae ’.s 1=4metz 4 /rivb—a

Thus, at the branch, ¢} (2) has a single value at the upper/lower (+/—) crack face

(A6.15)

sin 2 + 2 cos 2!
2 21
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such as
!
01(2) = 4\/{\5‘1)__@ ( s1n ! —1c0s %) , (A6.16)
1(2) = Y’(a) [ sin — b1 + €08 f_
1 4 /riv/b N 5
Next, ¢{(2) is derived. In view of (4.7), (A6.5) is rewritten as
a+b—22 ’
Z) = —g—
(z—2) p{(2) = (2 — 2) 2oyt -0y @)= 2(; e ) e :
3(a+b—22) " 1y
+8(z—a,)2(z—b)2 Y(Z) + 2(1"‘1)3(‘3—1’)g Y (z) + ZX (z) around z=a
(A6.17)

At z = a, from (A6.7), (A6.8) and (AB.9) are

(z—a) = re®,
Y(z) = Y(a)+Y'(a)rie™,
Y'(2) = Y'(a)and Y"(2) =Y" (a).

In addition,
(2~ 2) =71 (cos'0; +isinf;) — ry (cosf; — isin 01) =2ryisin6;.

Substituting above equations into (A6.17) yields

(CottY'(e) | Y(@+Y'(ehrses

$ ol r1et0 a,—-‘3~ r1e%0 a-—‘g
(z — z) 0{(z) = 2riising; | 2re ;23£+b§gFY(a)-l2-£"l(a)rl1);‘gl] 7 (A6.18)

8(r1ei01 )? (a—b)'z

Y'(a)
+2ryisin @ + 2ryisind X” z).
C T (et i (g —pyF T USROG )
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Note that ¥ (a) = 0 by definition. By taking leading order singularity only, we get

Y'(a)sind;  Y’(a)siné, o-idor

=2 = N TN

(A6.19)

Now, let’s check single valueness of (2 = Z) p{(2) at a branch cut. We choose 01+ 2

first.

2 2’
e"(3"+§%l) = cos <37r + %) + isin (37r + 3?) = —cos % — ¢sin 331.

e~ ) cos (37r + %) — 4 sin (37r + 331> — cos Eg—l +isin %

* Note that Re (#1(2)) = Re(p¥(2)) and Im (¢! [(2)) = —Im (¢{(2)) and it has single

value at the crack face. Thus,

(2= 2) o!(z) = Z/ﬁ‘%( 31 +zsm3791). (A6.20)

Let’s substitute (A6.16) and (A6.20) into (4.7), to define stress fields.

% = Re|@l()+44() + (- D F) - X'(2)] (A6.21)
= Y'(a~) in 21 ¥(e) sin cos3—- —Re[X'(z
= 2\/_ — +4\/—'—_—a 61 Re [X'(2)]
\/_Y\/(% [ L —sin 01 ism&l cos %J +01(ry).

Note that

1si +1 0536 siné
g Sty Ty oS snb,

_ 1 . ‘91 1 . 391 . 391
= —5 sm—2— + g [sm (—2— +91> - Sin <T - 91)]

= L 1 +1 sin59 —sing1
T TgttyTtyg 2 2
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= l n.5;01_ — §S'n 91
82 87072
Thus,
/A
Oy = \/_Y\/(% ( 5 —sin ﬁ + —;— sin 5701> +0(r). (A6;22)

In view of (4.7), adding Oyy t0 04, leads to the expression

Ty + 0z = 2Re [0]() + 907 (A6.23)
Thus,
Y’ . 0 Y’ 5.6, 1 56,
Opg = _\/_ (a)_a 01 \/_ (a)_a(_-sn +§sm 2>+0(7~1)
_ Y@ [3. 91_1 . 56

Also, 04y is given by

7 = T [6l() ~ () + 270 + (7~ ) o) + X'(2)] (A6.25)
= 4\/3 (“)— = [ cos - 01 _ cos — 02 + 2008%- — siné; sin %J + O (1)
% _ Y/(a) 1 &y 1 50, \
- et ] o

Consequently, the stress fields Oyy; Ozz a0d 04y near crack tip ¢ have been deter-

mined as follows

Y'(a s 6? 1. 56,

56,

5

7g°
Y'(a) 3 91 1

(5 3 g T)W("ﬂ
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_ Y'a) 1 6, 1 56
Ogy = m (—-8—0035--!-5008? +O(7‘1).

In the similar way of (A6.6), the stress potential Y'(2) near crack tip b can also be

determined in the following form

() = YO+Y'O) )+ ") - b+ . (A6.27)
+nily<"> () (2= b)" +...

1 . 1 .
= Y(b) +Y'(b)roye® + 5 (O)rge™e . 4 ;!Y(") (b)ryeir®z 4 .

where (z — b) = r9e™2 (-1 < 6, < 7). And

Y(z) = Y(b)+Y'(b)rse, (A6.28)
Y'(z) = Y'(b) + Y"(b)roe®, (A6.29)
Y'(2) = Y"(b) +Y"(b)roee. (A6.30)
Thus,
; 1 (a+b-—22) 1 , 1.,
= [= Y Yi(z)+ =X A6.31
01(2) [4 (z— a)% (=—b)3 (2) + 20— a)%(z _ b)% (2) 3 (2) arfund z=b)
1 —(b—a) o i0
= - Y () + Y/ (b)ree®
40— a)g(rze"%)g‘ Y ) +Y B)rae ]
1 ; 1
+ 7 [Y(0) + Y (b)ree®?] + ZX'(2).
26— a,)’%(rzeiaz)i [ Q ()2 ] 2 (2)
Taking only leading-order items yields
, 1 YD) 1 Y'(b) < 0y . . 02) A
== == = =1. 6.32
v1(2) 1% = iymis cos o —isin ( )
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In addition, ‘

b 1 Y'(b) 1 Y'(b) ( 0y | . 92)
Z)=- =- cos = +isin—= |, A6.33
A= e s Lymb—a " 2 (A6.33)

Thus, the ¢ (2) has single value at the crack face since Re [¢1(2)] = Re [} (3)] and
Im [ip3(2)] = — Im [ (2)]
Similar to (A6.17) and (A6.18),

F a+b—2z ’ " i e
I [Y/(0) + Y (Brae®]

"-_31_3- [Y(b) -+ Y'(b)’l‘zewz]

— 3 " — ;af 2(z—a)2 (z—b)%
EmDelE) = midnty s T AORBCOEN (4639
- 2(2_‘7')"}@_1’)2 [Y”(b)] + %X”(z) around z=b
- 1.,
- ;;foj;:iewz)gl"<b> + z‘g f‘f;;( :;;;2;’; vie)
_2(rg)}ising, V') + 3 % 2isin 6, ¥i(b)

2(b — a)2 (eit2)3
. 2(r2)%isin92
' 2(b— a)} (ei02)3

8(b— a)3(ry)% (e?2)3

Y”(b) + %X "(2)2rqi sin 9.

Note that Y'(b) = 0 by definition. By taking leading order singularity only, we get

Y'(b)et2sinf, _ Y'(b)sind, oi(3-302)

T, = AS.
Lrh e -t mvhe (46.35)

(= 2)pi(2) = -

By taking 6; + 2m, the single valueness of (2 — Z) ¢{(z) at a branch cut is obtained in

the following expression

T 3 T 3
b2 = 5—5(92+2W)——§—§92,

—i—I——Oz) - _E_?’_ g _E_§ —_— 3_92_ ; ie_z
e 2772 cos( 3 202) zsm( 5 202 = —sin 5 4 ¢ cos 5



e’(‘%“igz) = cos (—— - —92> + isin <—— - -92) =-—8sin—- —ic sigﬁ.
Thus,
(z— 2) p{(2) = 4\;?\;% < s’n3—92 —4.cos 3792-> (A86.36)

By substituting (A6.32), (A6.33) and (A6.36) into (4.7), we get stress fields around

crack tip b as follows

_ Y0 (5 6 1 56

Oyy = \/,"_2\/: (—8- 0S — — § COos 2 + 0 (7'2) (A637)
_ Y0 (3 92 1 56,

= = s (3o F g ) +0 0,
_Y'(») 1.6, 1. 56, N

Opy = T (—§s1n-2—+—8-s1n7) + O (rg).

The Y (2), (2.31) determined in Chapter 2 yields

Y(2) = Z fed® = faz 4 fyal 4 Jo+ it + 2., (A6.38)
Yi(z) = Y kfir* = -2 [0z = fo2 20+ fi +2fo2... .
k=—c0 ) . ‘

Near the crack tip o and b,

Y'(a) = Z kfead*=1Y'(b) = i kfibF1, (A6.39)

fe=~—00 k=—00

Finally, with (A6.39) and b — a = 2! substituted into (6.26), we have stress fields at
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crack tips a in the following forms

_ 1 5. & 1 . 56, = k—1
Oy = \/_\/_ < 1n + 3 sin ) l: Z kfra +0 (7”1), (4-8)
o = L <—§ sin —= 01 - -l—sin %)

0. = L —1 COSs — 01 + l CoSs 59,
Y VA 8 2

where (z — a) =rie? (0<6; < 2m).

kfkak_lJ + O (7‘1) y

Also, the stresses, (A6.37) near crack tip b are determined as

Ty = \/7;\/_ (5 os@ %c 522) [Z kfkb’“‘J +0(ry), (4.9)

k=—o0

Ozz = \/r_l‘/_ <3 92 +;co 502) [Z kfkbk—J-l—O(rz)

_ 1 1.0 1. 902 = k~1
Ouy = \/772\/27( g Sin - + < sin 2)’;02 kfib J-I—O(rz),

=——0C

where (z — b) = re®® (—r < 8, < ).



