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ABSTRACT 

An elastic linear analysis is performed for two tanks with restrained 

base joints; a reinforced non-prestressed tank and a prestressed tank. The 

applied loads are mainly liquid and thermal loads. The analysis results are 

used to carry out a structural design according to ACT 350-89, ACT 344-88 and 

BS 8007(87). However, the design leads to impractically large cross-sections 

for the walls of these tanks. A nonlinear analysis for the same cases is 

conducted based on a nonlinear finite element analysis. A substantial 

reduction in induced internal forces due to temperature takes place due to the 

cracking of the concrete. 

The control of cracking of concrete is also investigated according to CEB 

FIP-MC9O, ACI 224 and BS 8110 for variable vertical steel ratios and variable 

vertical prestressing. 

It is concluded that the design of cylindrical concrete tanks should allow 

for cracking of concrete to relieve the induced thermal stresses, however the 

width of the developed cracks is controlled by the non-prestressed steel at the 

wall surface. 
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CHAPTER 1 

INTRODUCTION 

1.1 GENERAL OVERVIEW 

Concrete liquid retaining structures have been widely used in practice 

for many decades. The earliest concrete vessels consisted of open rectangular 

tanks with massive concrete walls and floors. 

With the introduction of the reinforced: concrete by the end of last 

century, tanks with more slender proportions started to be constructed. In the 

third decade of the century prestressed concrete started to be used for storage 

tanks. The first prestressed concrete tank in North America was constructed 

in 1938 (Shupack 1989). 

The design of liquid retaining tanks has been usually based on the 

nonrealistic assumption of non-cracked structures. In the late seventies the 

concept of designing concrete liquid retaining structures with the allowance for 

cracking emerged, as a result of the advances of crack widths assessment at 

service loads. 

The ACT Committee reports 350-89 and 344-88 and the British Standard 

Code of Practice BS 8007-87 allow for cracking of tanks and specify a certain 

steel stress as a means of control. 
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The present study focuses on axi-symmetrical circular cylindrical 

concrete tanks, with and without prestressing, subjected to axi-symmetrical 

loads. In such tanks, loads produce hoop stresses and vertical stresses. 

There are three basic types of wall-floor joints: 

1) Free Sliding Joint: which allows rotation and radial movement. 

Usually, it consists of elastomeric pad supporting the base of the wall 

on the footing (Fig. 1.1 a). 

2) Pinned Joint: which allows for rotation only (Fig. 1.1 b). 

3) Fixed Joint: which provides total restraint (Fig. 1.1 c). 

However, a combination of two types of joints is also applicable as to construct 

a partially fixed joint or semi sliding-fixed joint (Fig 1.1 d). 

The simplest type, which does not require additional precautions for 

watertightness is the fixed wall-floor joint (Fig 1.1 c). The aim of the present 

study is to explore the effect of thermal stresses on prestressed and non-

prestressed cylindrical concrete tanks with fixed wall-floor joints. 

Some research was carried out to determine the thermal loads acting on 

cylindrical concrete tanks (Priestley 1976, Wood and Adams 1977 and Jofriet 

et a! 1991). However, little research was done in order to determine 

analytically the stresses produced in cylindrical tanks due to the thermal 

loads. It has been proved by Ghali and Elliott ( 1992) and confirmed by the 

present research that these stresses are of significant magnitudes exceeding 

the magnitudes of the stresses produced by the liquid loads. 



b) Hinged base joint 

elastomeric pad 

water stop 

k 

flexible filler 

1/ 
elastomeric pad 

a) Free sliding base joint 

flexible filler 

-1'-
c) Fixed base joint 

elastomeric pad 

d) Partially fixed joint 

Figure 1.1 Wall-base joint types for circular concrete tanks 
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This also confirms the findings of Slater ( 1985), who investigated the 

performance of 53 reinforced and prestressed concrete tanks in Ontario and 

attributed the deterioration of some of the tanks to thermal effects. 

Two thirds of the surveyed tanks were defective. The reason, he 

concluded, for the defects were the unexpected stresses produced by internal 

ice formation, thermal gradients and shrinkage. 

Thermal stresses in concrete structures are greatly alleviated by 

cracking. The reduction in stiffness due to cracking causes the stresses to be 

much smaller than the stresses determined by elastic analysis. Nonlinear 

analysis is essential to determine the actual thermal stresses. 

A nonlinear finite element analysis is performed for two tanks: 

1) a reinforced (non-prestressed) circular tank (Tank 1), 

2) a circumferentially and vertically prestressed tank (Tank 2). 

The aim of this analysis is to investigate the actual thermal effects on 

concrete circular tanks. A study of the widths of the associated cracks is 

carried out along with a parametric study of the controlling factors. 

1.2 OBJECTIVES OF THE THESIS 

The objectives of this research are: 

1) To study the nonlinear behavior of circular concrete tanks under 

variable temperature differences. 

2) To study the parameters that effect crack width. 
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1.3 OUTLINE OF THE THESIS 

The second chapter deals with elastic linear analysis and behavior of 

circular tanks subjected to liquid and/or thermal loads. A structural design of 

a reinforced and a prestressed circular tank is performed based on the ACT 

350-89, ACT 344-88 and BS 8007 ( 1987). 

In the third chapter, the procedure of the nonlinear finite element 

analysis is discussed based on the computer program used. 

The finite element model used for the analysis is presented in Chapter 

4. The results of the nonlinear analysis are discussed in the same chapter. 

A detailed study of the effects of increasing thermal loads on a 

reinforced concrete circular tank, without prestressing, is discussed in Chapter 

5. 

The crack width calculation according to the CEB FTP ( 1990), ACT 224-

86 and BS 8110 (1987) are discussed in Chapter 6. A parametric study is 

performed on crack width control in the same chapter. 

At the end, the conclusions of the study and some recommendations for 

practical tank design and for further research are presented in Chapter 7. 
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CHAPTER 2 

ELASTIC ANALYSIS OF CIRCULAR CYLINDRICAL 

TANKS 

2.1 INTRODUCTION 

This chapter presents a review of some aspects concerning the elastic 

analysis of circular cylindrical tanks. A common analogy with beams on elastic 

foundation and its derivation is reviewed. A set of equations for the elastic 

analysis for thermal loads are presented. The internal forces resulted from 

some critical load combinations are investigated. 

2.2 BEAM-ON-ELASTIC-FOUNDATION ANALOGY 

The cylindrical tank is an aid-symmetrical structure and it is sufficient 

to consider the forces and deformations of an elemental strip parallel to the 

cylinder axis for its structural analysis. The radial deflection of that strip is 

accompanied by hoop forces make the strip behave as a beam on elastic 

foundation. The transverse reaction at each point is proportional to the radial 

deflection (Ghali 1979). 

Consider an axi-symmetrical outward radial loading of intensity q per 

unit area acting on a cylindrical shell of thickness t, radius r and an elastic 

modulus E (Fig. 2.1). This loading will cause a radial deflection w 
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accompanied by a circumferential strain of magnitude w/r and a hoop force per 

unit length N (Fig. 2.2) where: 

NEt (2.1) 

A radial force N r per unit circumferential width is created where, 

(2.2) 
r r2 

N r is acting in the inward direction. The strip is thus behaving as a 

beam on elastic foundation subjected to external applied load of intensity q and 

receiving an elastic reaction of intensity Nr, such that N r = -kw. Thus the 

modulus of the foundation is given by: 

k = 
r2 

The flexural rigidity of the strip of unit width is equal to: 

E EI=  t3  
12 ( 1 - v2 ) 

(2.3) 

(2.4) 

where v is the Poisson's ratio. The increase in the flexural rigidity, compared 

to that of strip of unit width and thickness t is caused by the circumferential 

moment M where: 

M=vM (2.5) 

and M  is the vertical bending moment caused by the external load on the 

strip. Summing up the forces in the radial direction (Fig. 2.2) we get: 
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A 

H 

t 

w 

No- 
r r 

Figure 2.1 Positive directions of load and deflections in a cylindrical tank 

Figure 2.2 Section normal to the cylinder axis showing the radial resultant 

of the hoop forces 
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p=q - kw (2.6) 

where p is the resultant transverse load at any position. The basic differential 

relations for a beam applies 

but 

Hence, 

= dV = - d 2 

dx dx 2 

M = EIw 
dx 2 

-d 2 ( El d 2 + kw = q 
dx 2 dx 2 

(2.7) 

(2.8) 

(2.9) 

which is the general differential equation for a beam supported on elastic 

foundation with modulus k and subjected to external load of intensity q. 

2.3 ANALYSIS DUE TO TEMPERATURE LOADING 

2.3.1 Introduction 

One of the main load cases for the design of circular tanks is the 

temperature loading. Slater (1985) reported on cases of deteriorated 

prestressed concrete tanks in Ontario and he concluded that one of the 

important causes of failure was the temperature differential effects. Ghali and 

Elliott ( 1992) and Priestley ( 1985) showed that tensile stresses produced by 

thermal loads were sufficient to cause cracking of prestressed tanks. The next 
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sections deal with the elastic analysis due to temperature loadings. The 

inelastic analysis is presented later in Chapters 4 and 5. 

2.3.2 Thermal Loads 

Priestley ( 1976) investigated the problem of thermal stresses induced in 

prestressed concrete cylindrical water reservoirs by diurnal fluctuations of 

ambient conditions using actual meteorological records, of Christchurch, New 

Zealand. He used a dynamic heat-flow analysis to investigate the likely 

magnitude of temperature gradients induced in tank walls. He concluded that 

prestressed concrete water reservoirs should be designed for the effects of 

thermal gradients through the wall. A temperature difference of 30°C with the 

outside hotter than the inside and a difference of 20°C outside colder than the 

inside could be considered for climates similar to the climate of Christchurch. 

However, for different local meteorological data, different thermal 

gradient could be adopted. Jofriet and Jiang (1991) used meteorological 

records of southern Ontario to determine the temperature gradients in walls 

of cylindrical tanks. They carried out a number of transient heat transfer 

finite element analyses and recommended the following for the circular tank 

design: 

1) A temperature difference of 25°C between the outer and inner faces of 

the tank wall for a summer day, with the temperature at the inner face 

equal to the water temperature of 10°C. 
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2) A temperature difference of 25°C for a winter day, with the temperature 

at the inner face equal to the water temperature of 5°C. 

In the present study a temperature difference of 30°C is considered for 

the case representing a summer day, with the inside colder than the outside; 

water temperature = 15°C. In addition, the case of a winter day is examined, 

assuming a temperature difference of 25°C, with the tank empty and a 

temperature of 5°C is assumed for the warmer inside face. 

Usually, thermal loads are not axi-symmetrical, however, the maximum 

stresses are obtained by assuming axi-symmetrical temperature gradients 

(Priestley 1985, Ghali and Elliott 1992). 

It is here assumed that the temperature distribution over the wall 

thickness is the same at all levels (over the whole height of the wall). 

However, in many practical cases the exterior surface of the wall is covered 

with earth over the lower part of the height. This has a favourable effect, 

particularly when the wall is rigidly connected to the base as considered in this 

thesis. 

But, one must consider the conditions during construction and testing 

of the tank; in such case the full height of the wall is commonly not covered by 

filling at this stage. For this reason, and for the sake of simplicity, the full 

height of the wall is considered subjected to the same temperature 

distributions in the analysis presented below. 
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2.3.3 Analysis due to Temperature Loads 

In order to analyze the circular tank due to the previously mentioned 

thermal loads, the beam-on-elastic-foundation analogy is to be recalled. A set 

of equations were proposed by Ghali and Elliott ( 1992) for the thermal analysis 

of a semi-infinitely long strip resting on elastic foundation, which represented 

the case of a deep tank. The tank is assumed "deep" when its height H 

satisfies the following condition (Ghali 1979): 

where: 

1 

i: 3 ( i-v2 ) ]' 

(2.10) 

(2.11) 

where t is the wall thickness and v is Poisson's ratio. Substituting v=0.15 we 

get: 

≥ 5.76 (2.12) 
r  

Many tanks in practice satisfy this inequality. 

In addition, the temperature distribution along the wall thickness is 

assumed linear and axi-symmetrical, where T1 is the temperature at the inner 

face and To the temperature at the outer face of the tank wall. 

The present study is interested mainly in fixed base tanks. The 

equations for the thermal elastic analysis for this case are as follows: 
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where, 

N = - E( [ (T0+T) Z1 

+ (1+v) (T0-Td I 
2r132 

Ea vr132t3  
= - 12(1-v2) (T0+T) Z3 

- 

+  (T0-T) (1-vZ1) J 
12(1-v) 

= - Ec [  r32t3  (T0+T1) Z3 
12(1-v2) 

t2 - 

+ 12(1-v) (T.-Ti) (1-Z1) I 

= e X (cos 13x + sin 13x) 

= e (cos 13E + sin ) 

= e X (cos Px - sin 13x) 

= e (cos f3 - sin 1) 

where = H - x (Fig. 2.1). 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

(2.17) 

2.4 COMPUTER ANALYSIS 

The elastic analyses of circular prestressed tanks subjected to liquid load 

and/or temperature loads are performed using the computer program PCT 

(Prestressed Concrete Tanks) developed by Ghali ( 1990). The Program 
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performs analysis to circular cylindrical walls of variable thickness subjected 

to axi-symmetrical external applied loads or to temperature variations. 

The Program can analyze for the following load types: 

1) Concentrated line load: to account for circumferential prestressing 

tendons. 

2) Trapezoidal surface load: to account for the case of liquid load or 

distributed circumferential prestressing. 

3) Thermal load: to account for the case of temperature rise or drop 

varying linearly between the outer and inner faces of the wall. 

4) Prescribed radial and/or rotation at bottom or top edge: to account for 

the case of vertical prestressing. 

5) Distributed load defined by a shape function: to help in derivation of 

the optimum circumferential prestress distribution (Ghali and Elliott 

1991). 

The Program uses the finite difference method to solve the following 

equation, which is the governing differential equation of a beam on elastic 

foundation (Eq. 2.9) using central differences 

d2 ( El d 2 + kw = q (2.18) 

At a general node i away from the edges, the finite-difference form of Eq. 

2.18 is (Ghali 1979): 
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EIr  • rj i-i -2(J11 +J1) J 1+4J.+J. + I C. i+1-) 2(J+J di 'd D1 

W -2 

wi-i 

x w ?= Q• 

wi+2 

where, 

(2.19) 

E is the elastic modulus of the construction material. 

Ir is the reference moment of inertia at an arbitrary chosen node, 

usually at base. 

is the spacing between the nodes. 

I 4.3 

J = J.., where j. =  , tj is the thickness at node i and v is 
Ir 12 (1v2) 

Poisson's ratio. 

k 4 
Ci = _____, where k is the modulus of elastic modulus at node i. 

EIr 

ki. = where r is the radius of the cylinder. 
r2 

wi is the radial deflection at node i. 

Q1 is an equivalent concentrated load at node i. 
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At top and bottom edges the coefficients of w in the finite-difference 

equation are adjusted according to the boundary condition. Fictitious nodes 

are assumed outside the wall; their deflections are eliminated by expressing 

their values' in terms of the deflections at other nodes. 

A set of simultaneous equations are generated by applying the finite-

difference equation at n nodes in order to determine the unknown deflections 

(w). The equations are in the following form: 

[A] ( w) = { Q} (2.20) 
nxn nxl nxl 

where the matrix [A] includes the coefficients of {w}. The determined 

deflections w are then used to calculate the hoop forces N and the vertical 

moments MX at each node according to the following equations: 

= 

MXi = (!. L) J1 (—Wi1 +2w -w+1) 

(2.21) 

(2.22) 

2.5 LINEAR STRUCTURAL ANALYSIS OF CYLINDRICAL TANKS 

In the present study the behavior of two circular tanks subjected to 

liquid and/or temperature loads is investigated. Tank 1 is a cylindrical 

reinforced concrete tank, while Tank 2 is a cylindrical prestressed tank. Both 

tanks are fixed at the base and free at the top. Figures 2.3 and 2.4 show the 
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details of the reinforcement* (prestressed and non-prestressed) in a horizontal 

cross-section at the base of the walls of Tanks 1 and 2, respectively. Vertical 

cross-sections are also provided in Figs. 2.5 and 2.6 for both tanks. The 

arrangement of the reinforcement is basically the same for all the applications 

in the other chapters. However, the steel ratios, p.,, and p0.,, and the vertical 

prestress, a.,., are variable according to the different applications; pt., and p0., are 

the vertical steel ratios at the inner and the outer faces of the tank walls, 

respectively. Table 2.1 summarizes the dimensions and material properties of 

Tanks 1 and 2. 

Table 2.1 Dimensions and material properties of Tanks 1 and 2 

H 
(m) 

r 
(m) 

t 
(m) 

EC 
(MPa) 

v a 
(°C') 

Tank 1 7.0 12.5 0.3 31.6E6 0.167 1E-5 

Tank 2 12.0 25.0 0.3 31.6E6 0.167 1E-5 

* At a late stage it was noted that the circumferential steel in Tank 1 is not 
sufficient to resist the hoop fdrce due to hydrostatic pressure. Repetition of 
the nonlinear analysis, increasing the hoop reinforcement from 600 mm2 to 
2100 mm2 (Fig. 2.3) give negligible change in the moment Mx at the base. 
Thus, this has no influence on the conclusions of this thesis. 
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Figure 2.3 Horizontal wall cross-section at base of Tank 1 
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Figure 2.4 Horizontal wall cross-section at base of Tank 2 
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Figure 2.5 Full height vertical wall cross-section of Tank 1 
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Figure 2.6 Full height vertical wall cross-section of Tank 2 
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The loads considered are mainly: 

1) The Liquid Load (11):  

This study is interested mainly in water tanks. The water level is taken at the 

top edge of the tank for a full tank (,yw = 9.81 kN/m3). 

2) The Prestressing Load:  

Tank 2 is prestressed in the circumferential and vertical directions. For the 

preliminary linear analysis, a vertical prestress of 2.0 MPa is estimated. The 

conventional distribution of circumferential prestress is applied, in order to 

balance the effect of the liquid load, providing a residual compression of 1.0 

MPa (Fig. 2.7). Table 2.2 shows the circumferential prestressed reinforcements 

and their locations, where: 

x is a vertical distance measured from base, 

P is the applied prestressing force, 

fp is the prestress per strand. 

3) The Temperature Load:  

a) Nonuniform temperature rise (tr): To = 45°C and T = 15°C. 

b) Nonuniform temperature drop (td): T0 = -20°C and Tj = 5°C. 

2.5.1 Analysis Results 

The computer program PCT is used to perform the elastic analysis. The 

following sign conventions are adopted: 

the hoop force is positive when tensile; 
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Table 2.2 The circumferential prestressing of Tank 2 

x 
(m) 

Reinforcement P 
(MN) 

fP 
(MPa) 

0.23 7 x 7 wire strand # 15* 1.358 1.386 

0.71 7 x 7 wire strand # 15 1.358 1.386 

1.22 7 x 7 wire strand # 15 1.358 1.386 

1.50 7 x 7 wire strand # 13 0.900 1.300 

1.74 7 x 7 wire strand # 15 1.358 1.386 

2.30 7 x 7 wire strand # 15 1.358 1.386 

2.89 7 x 7 wire strand # 15 1.358 1.386 

3.50 7 x 7 wire strand # 15 1.358 1.386 

4.20 7 x 7 wire strand # 15 1.358 1.386 

4.50 7 x 7 wire strand # 13 0.900 1.300 

5.00 7 x 7 wire strand # 15 1.358 1.386 

5.78 7 x 7 wire strand # 15 1.358 1.386 

6.75 7 x 7 wire strand # 15 1.358 1.386 

7.50 7 x 7 wire strand # 13 0.900 1.300 

8.00 7 x 7 wire strand # 15 1.358 1.386 

9.78 7 x 7 wire strand # 15 1.358 1.386 

10.50 7 x 7 wire strand # 13 0.900 1.300 

* 

one 7-wire strand #15 has cross-section area = 140 mm2 
** one 7-wire strand #13 has cross-section area = 99 mm2 

• the bending moment (vertical and circumferential) is positive when 

producing tension at the outer face of the wall; 

• an outward radial pressure is considered positive. 

Tank 1 

1)  Liquid load: The water level is taken at the top edge of the tank. The 

resulting internal forces are plotted in Fig. 2.8. 
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Figure 2,7 Conventional circumferential prestressing. 
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As could be seen, the maximum vertical negative moment M occurs at 

base. The values of the circumferential moments M,are the same as those of 

MX multiplied by v. 

The hoop force distribution is proportional to the distribution of the radial 

deflections. 

2) Uniform temperature rise: A uniform temperature rise of 30°C is applied 

to Tank 1. The internal force diagrams are shown in Fig. 2.9. Due to the rise 

of temperature, the tank expands in the both the radial and the vertical 

directions. However, the expansion is prevented at base due to the fixation. 

As a result, vertical tensile stresses are created at the inside face of the tank 

wall at base. This explains the negative values of M,A and M4, at base, where M4, 

is equal to vMs. On the other hand, N4, has a negative value at bottom 

(compression) as reaction to the restraining of the outward radial deflection. 

3) Temperature gradient: To = 15°C and T = -15°C with a linear variation 

through the thickness. Due to the temperature differential the tank tends to 

curl in the vertical and the circumferential directions (Fig. 2.10b). However, 

the vertical rotation is restrained due to the axi-symmetry and the 

circumferential rotation is restrained at base due to the fixation. 

Consequentially, this restraint produces circumferential and vertical moments. 

M4, is almost constant along the height of the tank, while MX has a maximum 

value at base and a zero-value at the free top edge. 
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Figure 2.8 Internal forces due to liquid load for Tank 1 
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Figure 2.9 Internal forces due to uniform temperature rise for 
Tank I (T0 = T = 30°C ) 
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Figure 2.10 Deformed shapes of a cylindrical tank fixed at base due to 

temperature variations 

a) uniform rise ( T0 = T) 

b) temperature gradient ( T0 > T ) 
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However, the N4,-distribution has the same shape as the distribution of 

the radial deflections (Fig. 2.11). 

The internal-force diagrams in Fig. 2.12 are a result of the superposition 

of the internal forces of the load cases 2 and 3. On the other hand, the 

diagrams of Fig. 2.13 have the same shape as those of Fig. 2.12 with a 

reversed sign. 

The maximum values of the internal forces are shown in Table 2.3. 

Table 2.3 Internal Forces For Tank 1 

Case of 
loading 

MX 
(max) 

(kN.mlm) 

x 

(m) 

N4, 
(max +ve) 
(kN/m) 

X 

(m) 

M4, 
(max) 

(kN.mlm) 

x 

(m) 

11 -60.0 0.0 +460.0 2.80 -10.0 4.20 

tr -335.0 0.0 +323.0 4.55 -81.0 4.55 

td +133.0 0.0 +711.0 
+809.0 

0.00 
7.00 

+81.5 
+60.0 

0.00 
7.00 

11 + tr -394.0 0.0 +679.0 4.20 -80.0 4.20 

Tank 2  

1)  Circumferential prestressing (cp): The prestressing forces are considered 

as concentrated line loads at the position of the prestressing tendons. The 

distribution of these forces is shown in Fig. 2.7. The internal forces have the 

same distribution as of the liquid load, but with a reversed sign (Fig. 2.14). 

2)  Vertical prestressing NO: The vertical prestressing is presented by a 

prescribed radial inward translation at the bottom edge. 
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Figure 2.11 Internal forces due to temperature gradient for 
Tank I (T0 = 15°C, T1 = -15°C 
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Figure 2.12 Internal forces due to liquid load + linear 
temperature rise for Tank I (T0 = 45°C, 14 = 15°C). 
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Figure 2.13 Internal forces due to linear temperature drop for 
Tank I (To = -20°C, Ti = 5°C) 
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For the prestressing force P the associated inward prescribed radial 

translation w (Fig. 2.15) is taken as: 

(2.23) 

The distribution of the internal forces is similar to the case of the 

uniform temperature rise previously discussed (Fig. 2.16). 

The two critical loading cases mentioned for Tank 1 apply for Tank 2 

after adding the vertical and circumferential prestressing. The distributions 

of the internal forces are plotted in Figs. 2.17 and 2.18. 

The maximum and the absolute maximum values of the internal forces 

for each of the above mentioned loadings are shown in Tables 2.4 and 2.5, 

respectively. 

Table 2,4 Maximum internal forces for Tank 2 

Case of 
loading 

M 
(at bottom) 
(kN.mlm) (kNlm) 

x 

(m) 

M4, 

(kN.mlm) 

x 

(m) 

cp +244.0 0.0 
-1290.0 
-150.0 

0.00 
8.40 
12.00 

+41.0 
+0.5 
0.0 

0.00 
8.40 
12.00 

vp -9.0 +100.0 
+3.0 
-1.0 

0.00 
8.40 
12.00 

0.0 
-1.5 
0.0 

0.00 
8.40 
12.00 

11 -213.0 +954.0 8.40 -0.1 8.40 

tr -334.0 +273.0 8.40 -83.2 8.40 

td +133.0 +711.0 
+816.0 

0.00 
12.00 

+81.0 
+59.0 

0.00 
12.00 
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Figure 2.14 Internal forces due to circumferential prestressing 
for Tank 2 ( residual compression = 1 MPa) 
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Figure 2.15 Radial effect of the vertical prestressing force on the circular tank 
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Figure 2.16 Internal forces due to vertical prestressing for 
Tank 2 ( prestress = 2 MPa) 
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Figure 2.17 Internal forces due to prestressing + liquid load + 
temperature rise for Tank 2 ( Tc,= 45 °C, T1 = 15 °C ). 
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Figure 2.18 Internal Forces due to prestressing + temperature 
drop for Tank 2 ( T0 = -20°C, T = 5°C ). 
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Table 2.5 Absolute maximum internal forces for Tank 2 

Load combination Mx 
(max) 

(kN.mlm) 

x 

(m) 
(max +ve) 
(kN/m) 

x 

(m) 

Mo x 
(max) 

(kN.m/m) (m) 

11 + tr + 
cp + vp 

-312.0 0.00 -60.0 
-63.0 

8.40 
7.80 

-83.0 
-85.0 

8.40 
7.80 

td + 
cp + vp 

+367.0 0.00 611.0 
665.0 

0.00 
12.00 

+120.5 
+59.0 

0.00 
12.00 

2.6 DESIGN OF TANKS 

In this section the structural design of Tanks 1 and 2 is presented in 

accordance to the American and the British Design Codes. However, the 

reinforcement bars and the prestressing strands are chosen according to the 

specifications of the Canadian Standards CSA (G279-M82, CSA-G30. 12-M77) 

The stresses in concrete and steel are determined using the computer 

program CRACK (Ghali and Elbadry 1985) for all cross-sections. 

2.6.1 The Design According to AC! 350-89 and AC! 344-88 

ACT Committee 350 provides recommendations for the structural design 

of concrete tanks and reservoirs; while ACT Committee 344 provides the 

recommendations for the design and construction of prestressed tanks. The 

structural design recommendations for both committees are based on elastic 

cylindrical shell analysis. 
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Tank 1  

The structural design of Tank 1 is based on the recommendations of ACT 

Committee 350 (89). The minimum cover for the reinforcement of the tank 

walls is equal to 2 in (51 mm). The strength design and the working stress 

design are accepted as two alternative methods for the structural design of the 

reinforced concrete tanks. In the present study the working stress design is 

employed in accordance to ACT 318-89 Appendix B. The maximum allowable 

compressive stress in concrete is limited to 0.45 f, while the maximum stress 

in steel is determined according to the limitation of the quantity Z. The 

quantity Z is used to control the crack width according to the Gergely-Lutz 

Equation, as will be explained in Chapter 6. The quantity Z is defined by: 

Z f3 3/d0 A (2.24) 

where f3 is the stress in steel (ksi), d is the thickness of cover from tension 

fiber to center of closest rebar, and A is the area of concrete symmetric with 

reinforcing steel divided by numbers of bars (in). The value of Z is limited to 

115 kips/in (20 kN/mm) for flexural reinforcement located in one layer. The 

report of ACT 350-89 presents a set of charts relating f, Z and the bar spacing 

s for different grades and sizes of steel bars, based on a concrete cover of 2 in 

(51 mm) or less. 



A 52O/m 

13.40 MP 

Figure 2.19 Wall cross-section at bottom for Tank 1. Design according to ACT 350. The stress distribution is 

for the effect of liquid load plus temperature rise (T0=45°C, T1=15°C). Cross-section areas of bars # 10, # 20, 

are given in Appendix B. 
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The maximum values of the internal forces mentioned in Table 2.3 are 

used for the structural design of the cross-section of the tank wall. The cross-

section shown in Fig. 2.19 satisfies the above requirements. 

Tank 2  

Tank 2 is vertically and circumferentially prestressed due to its large 

dimensions. The recommended residual compression provided by the 

circumferential prestressing for open-top tanks is 400 psi (2.76 MPa) at the 

top, reducing to not less than 200 psi ( 1.38 MPa) at below the open 

top, where t is the wall thickness and r the tank radius. 

The vertical prestressed reinforcement is proportioned to fulfil the 

following conditions: 

I The maximum allowable compression in concrete should not exceed 

0.45f (AOl 318-89 section 18.4.2), where :r is the compressive strength 

of the concrete. 

ii The maximum allowable tensile stress in the non-prestressed 

reinforcement should be limited to 18 ksi ( 124 MPa). 

The values of the internal forces for the two cases mentioned in Table 

2.5 are used for the design. The following cross-section satisfies the 

requirement : 

Depth = 450 mm, 

Vertical prestress force after loss = 1.64 MN, 
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Vertical prestress reinforcement = strands # 15 

(A = 10x140 mm2/m = 1400 mm2/m), 

Vertical non-prestressed reinforcement = 5 # 25 / m 

(A2 = A30 = 2500 mm2/m) 

where A•jv and A, are the cross-sectional areas of the non-prestressed vertical 

steel at the inner and outer wall faces, respectively. 

Fig. 2.20 shows the cross-section and the stress distributions in the two 

cases. A linearly varying thickness is assumed for the tank wall. The 

proposed depth of the cross-section at top is 300 mm with no vertical 

prestressing, 

The elastic analysis is repeated for Tank 2 using the designed cross-

sections and prestressing. A substantial increase in vertical and 

circumferential stresses is obtained as a result of increasing the stiffness of the 

tank. 

It is concluded that using the recommendation of the ACT 344 committee 

for the structural design of fixed base cylindrical tanks based on the elastic 

analysis results in an uneconomic design. 

2.6.2 The Design According to BS 8007 

The British Standards for the design of aqueous retaining structures BS 

8007 ( 1987) provides a method of design based on the limit state philosophy. 
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Figure 2.20 Wall cross-section at bottom for Tank 2. Design according to ACT 344. The stress distribution is 

for the effect of temperature drop (T0=-20°C, T=5°C) combined with the effect of circumferential and vertical 

prestressing. Cross-section areas of bars # 10, # 20, ... are given in Appendix B. 
CO 
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The serviceability crack width limit state is recommended to be the 

basis, on which the size of the elements and the amounts of the reinforcement 

are assessed. 

Tank 1  

The cross-section at the base is designed to resist the critical load combination 

mentioned in Table 2.5, and to comply with requirements of BS 8007 including 

the minimum net concrete cover of 40 mm. The designed section at base is 

shown in Fig. 2.21. It has the same depth as that designed by ACT 350. 

Tank 2 

The amount of circumferential prestressing is determined to counteract the 

resultant tension in the concrete in the circumferential direction after 

allowance for all losses of prestress. However, the code does not specify a 

definite amount of residual compression as it is the case in the ACT code 

(Section 2.6.1). 

On the other hand, cracking is allowed with a maximum design surface 

crack width of 0.2 mm. It is considered satisfactory to limit the steel stress in 

service conditions to 130 MPa. 

The final cross-section at the base is as follows: 

Depth = 500 mm, 

Vertical prestress force after loss = 2.08 MN, 

Vertical prestress reinforcement = Strands # 15 

(A = 12x140 mm?/m. = 1680 mm2/m), 
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Figure 2.21 Wall cross-section at bottom for Tank 1. Design according to BS 8007. The stress distribution is 

for the effect of liquid load plus temperature rise (T0=45°C, T1=15°C). Cross-section areas of bars # 10, # 20, 

are given in Appendix B. 
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Figure 2.22 Wall cross-section at bottom for Tank 2. Design according to BS 8007. The stress distribution is 

for the effect of temperature drop (T0=-20°C, T1=5°C) combined with the effect of circumferential and vertical 

prestressing. Cross-section areas of bars # 10, # 20, ... are given in Appendix B. 
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Vertical non-prestressed reinforcement = 5 # 25 / in 

= A,;.v = 2500 mm2/m) 

Figure 2.22 shows the designed cross-section. A linearly varying 

thickness is assumed for the tank wall. The proposed depth of the cross-

section at top is 300 mm with no vertical prestressing. 

The depth of the cross-section at base is larger than the depth according 

to ACT 344 and a higher amount of prestressing is required. 

2.7 SUMMARY 

A brief review of the elastic analysis of circular prestressed tanks is presented 

in this chapter. The derivation of the differential equation for a tank strip and 

the thermal loads affecting the circular tanks are briefly discussed. At the end 

the analyses results of two circular tanks of different sizes are illustrated. The 

critical cases of loading are used for the structural design of the Tanks 

according to the American and British codes. 

The next chapters deal with the nonlinear analysis of circular tanks. 
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CHAPTER 3 

NONLINEAR FINITE ELEMENT ANALYSIS 

3.1 INTRODUCTION 

The finite element computer program FELARC (Ghoneim and Ghali 

1979) is used for the nonlinear analysis of circular prestressed tanks discussed 

in Chapter 4. In this chapter the basic assumptions involved in FELARC are 

reviewed. The procedure of the nonlinear analysis using incremental linear 

analyses is also discussed. 

3.2 LAYERED FINITE ELEMENTS 

FELARC stands for Finite Element Layered Analysis of Reinforced 

Concrete. The analyzed reinforced concrete structure is idealized by an 

assemblage of constant thickness shell elements; each element is divided into 

a number of layers (Fig. 3.1). Each finite element layer is treated as an 

orthotropic material, that can assume any of the following states: elastic, 

yielded, cracked or crushed depending on the stress level reached. A reference 

surface is to be selected by the user; all local z-coordinates of the concrete 

layers are referred to this surface. Integrations in the z-direction are 

transformed into a summation over the layers. 



49 

3.3 FINITE ELEMENTS 

Three types of finite elements are employed for the finite element 

modelling of the circular tank, namely: 

1) a quadrilateral in-plane element 

2) a quadrilateral plate bending element 

3) a boundary element 

Quadrilateral In-Plane Element - QLC3  

QLC3 is a quadrilateral in-plane element with twelve degrees of 

freedom, two translations and a rotation at each corner node (Fig. 3.2). 

Quadrilateral Plate Bending Element - QBE  

QBE is a quadrilateral plate bending element with twelve degrees of 

freedom, a translation and two rotations at each corner node (Fig. 3.3). 

The two stiffnesses of QLC3 and QBE are combined to form a 

quadrilateral shell element. 

Boundary Element  

A spring element having an axial and/or torsional stiffness and is used 

for the following purposes: 

1) to provide elastic supports at the nodes, 

2) to calculate the reactions at these supports, 

3) to prescribe displacements at the nodes, 

The reactions or the prescribed displacements can be in any direction. 
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3.4 MODELLING OF REINFORCEMENT 

Equally spaced reinforcement within an element is idealized by a 

smeared steel layer of equivalent stiffness. For a reinforcement mesh, two 

perpendicular steel layers are used. However, heavy reinforcement bars and 

prestressing cables are idealized by an "element bar". An element bar is a 

straight bar connecting any two points on the reference surface. 

Perfect bond between the reinforcing or the prestressing bars and the 

concrete is assumed. This implies that no bond slip is allowed. The 

contribution of the "element bar" to the stiffness is accounted for in the 

stiffness matrix of the shell element. 

3.5 CONSTITUTIVE MATERIAL RELATIONS 

3.5.1 Steel Model 

The behavior of the reinforcing and prestressing steels is modelled by a 

bilinear constitutive model. This model is defined by four parameters: the 

yield strength f,, the elastic modulus E, the strain-hardening modulus E and 

the ultimate strain e, as shown in Fig. 3.5. 

3.5.2 Concrete Model 

The concrete model adopted in the computer program FELARC is based on an 

assumption that the concrete under biaxial state of stress behaves as an 

orthotropic material in the principal stress directions. 
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Kupfer et al ( 1969) developed an experimental stress-strain diagram for 

concrete under biaxial stress maintaining the ratio between the two principal 

stresses o and O'2 constant. They got different values for the slope of the curve 

(i.e. the tangent modulus) in the two directions at any stress level. The 

conclusion is that a linear isotropic elastic material subjected to biaxial state 

of stress, where the ratio of a and a2 is kept constant, is equivalent to a 

"stress-induced" orthotropical material. 

Thus, an equivalent uniaxial stress-strain curve for each principal 

direction is proposed (Ghoneim 1978). The orthotropic constitutive matrix 

adopted is as follows: 

where: 

E1, E2 

V 

[D]=  1 
1 - V2 

E1 v/E1E2 0 

vJE1E2 E2 0 

0 0 !(Ei+E2-2v1EiE2 ) 

are the uniaxial tangent moduli in the principal directions; 

is the uniaxial Poisson's ratio. 

This formulation of [DI is based on the following assumptions: 

1) v2 =v1v2 

2) v1 E2 = V2 E1 = v VE1E2 

3) 1 = 4(1-v2) (E1 + E2 - 2v /E1E2 ) 

where, 

(3.1) 
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VII v2 are the Poisson's ratios in the principal directions. 

G' is the shear modulus. 

The equivalent imiaxial stress-strain curve is shown in Fig. 3.6. For the 

compressive loading part, up to the maximum stress, Saenz's formula (1964) 

is used as follows: 

=   (3.2) 
1 + [_C0 - 2]__ECS  + [ 8]2 

;1 CCU 
where, 

and e are the stress and the corresponding strain; 

ECO is the initial tangent modulus of elasticity; 

ECU is the strain at the maximum compressive strength 

ECS is the secant modulus at peak stress = 
ccu 

For the unloading portion of the curve beyond the compressive strength, 

Smith and Young's equation (1955) is used. The equation is written as: 

(3.3) 
CCU 

However, in tension a linear stress-strain relationship is assumed. The 

slope of the tensile loading part is the same as the initial tangent modulus. 

A linear unloading portion is considered beyond cracking, the slope of which 

is determined according to the ultimate tensile strain ; (Fig. 3.6). 
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3.6 TENSION STIFFENING 

As the principle tensile stresses reach the uniaxial tensile strength of 

concrete cracks are assumed to form perpendicular to the direction of the 

principal stress. However, the concrete between cracks is still capable of 

carrying some tension transferred by bond action between the concrete and the 

reinforcement. The adopted tension stiffening model assumes a linear 

unloading curve for concrete in tension (Fig. 3.6). 

As a1 reaches the uniaxial tensile strength :rt the constitutive matrix 

becomes 

[D]= 

_o 0 0 

o E2 0 

O 0 

(3.4) 

where 13g is a constant smaller than unity to account for the drop of shear 

stiffness due to cracking. It accounts for the shear stiffness due to aggregate 

interlock and dowel action. However, it has a little effect on the results in the 

problem treated in this thesis. 

Equation 3.4 implies that the elastic modulus is assumed to be zero 

within a load step or an iteration in the tension stiffening region of the stress-

strain curve. Therefore the unloading curve actually followed is a stepped 

function as shown in Fig. 3.7. Once one crack is formed at an integration 

point, the principal directions are not allowed to rotate at that point. A second 

crack is formed when a2 ≥ hence [D] becomes 
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[D]= 

3.7 PROCEDURE OF ANALYSIS 

00 0 

00 0 

0 0 I3gG' 

The equations of equilibrium of the finite element method are: 

[K] () = {F} 

(3.5) 

(3.6) 

where, 

[K] is the structure stiffness matrix; 

{6} is the nodal displacement vector; 

{F} is the equivalent nodal force vector. 

In linear problems the stiffness matrix [K] is constant. However, in 

nonlinear problems [K] is dependent on the displacement and forces: 

[K] = [ K ((6},{F}) ] (3.7) 

The incremental-iterative tangent stiffness technique is adopted for the 

nonlinear finite element analysis (Fig. 3.8). The nodal force vector is divided 

into a number of load increments m such that: 

m 

{F} = {bFj (3.8) 
i1 

For each load increment the incremental nodal displacements are 

calculated using the tangent stiffness matrix evaluated at the end of the 

preceding load increment. Thus, 
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[K 1J A61} = {z\F1} i = 1, 2, 3,   In (3.9) 

where, 

[1C_1] = [ }(_ (( 1_1),(F_1)) 11 (3.10) 

The strain increment vector is calculated, and hence the unbalanced stress 

vector is determined according to the following: 

{} = (Ao} - [D 1] {Le1} (3.11) 

where, 

{.} is the unbalanced stress vector; 

{cy1} is the vector of the true stress increment obtained from the 

stress-strain relationship; 

[D1.1] is the tangent constitutive matrix corresponding to the stress 

level at the end of the preceding increment; 

{ie.} is the vector of the strain increment; 

The unbalanced stress vector is then used to calculate equivalent 

unbalanced nodal forces as follows: 

{}=-E f [B ]T dV e 

where, 

{.} is the equivalent unbalanced nodal force vector calculated at the 

end of iteration i; 

is the summation over all elements; 

(3.12) 
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V is the volume of an element; 

[B] is the strain-displacement matrix. 

The unbalanced nodal force vector {.} is applied in the (i+1) iteration 

and the same procedure described above is repeated. Iterations are continued 

until convergence or divergence criteria are satisfied or until the maximum 

number of iterations allowed is reached. 

3.8 SUMMARY 

In this chapter the computer program FELARC is reviewed. It will be 

the tool for the nonlinear finite element analysis of the circular concrete tanks 

investigated in the next chapter. 

The theory of the layered finite elements is presented. The simulation 

of the biaxial state of stress by an equivalent uniaxial state is also discussed. 

Finally, the incremental iterative technique of nonlinear analysis is presented. 
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CHAPTER 4 

NONLINEAR ANALYSIS AND RESULTS 

4.1 INTRODUCTION 

In this chapter the results of the nonlinear finite element analysis of 

Tanks 1 and 2 are illustrated and compared with the results of the linear 

analysis discussed in Chapter 2. The finite element model is also presented 

and verified. 

4.2 FINITE ELEMENT MODELLING 

In this section the finite element modelling of Tanks 1 and 2 is discussed 

(data for the two tanks are given in section 2.5). The finite elements used for 

the model are the plane shell element, the boundary spring element and the 

bar element. 

Due to the axi-symmetry, a single shell element is used to represent the 

total perimeter. The finite element idealizations for Tanks 1 and 2 are shown 

in Figs. 4.1 to 4.3. Each finite element is divided into layers as shown in Fig. 

4.2. The boundary elements are introduced to represent axi-symmetrical 

displacements. The degrees of freedom v, 0, and 0 are restrained at the 

nodes on the vertical sides of the model (Fig. 4.3). 

In order to model the material behavior of concrete, the following 

material properties are required: 
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layer 1 t=1O mm 

layer 2 t=56 mm 

layer 3 t=56 mm 

layer 4 t56 mm 

outside face 

inside face 

layer 5 t56 mm 

layer 6 t=56 mm 

layer 7 t=1O mm 

Figure 4.2 The layered concrete section 
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Figure 4.3a Axi-symmetrical boundary conditions for a typical plane 

shell element 
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* 

z 

Figure 4.3b Directions of the boundary elements at the nodes of the shell 

element to satisfy the axi-symmetrical conditions. 
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1- The uniaxial cylinder strength, f. 

2- The strain corresponding to f', ;. 

3- The ultimate uniaxial strain at failure, e. 

4- The tensile strength of concrete in bending, f. 

5- The ultimate tensile strain, e. 

6- The initial tangent modulus of elasticity, E0. 

7- Poisson's ratio, V. 
/ 

8- The coefficient of thermal expansion, c. 

For the reinforcing and prestressing steelthe following material 

properties are required: 

1- The yield strengths, f and f,3,. 

2- The tangent moduli of elasticity, E and 

3- The strain hardening moduli, E and E1, (Fig. 3.5). 

(The values selected for these parameters have no influence on the 

result of the present study, because this level of stress for the strain 

hardening to occur is not reached.) 

4- The ultimate strains at rupture, ;.,  -

5- The coefficient of thermal expansion, a. 

The values of the material parameters used for the analysis of Tanks 

1 and 2 are presented in Tables 4.1 and 4.2. 
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Table 4.1 Concrete properties 

MPa 
10 .6 10.6 MPa 10.6 

E0 

MPa 

V a. 

10.6 

40 2000 3500 2.5 1200 31600 1/6 10 

Table 4.2 Steel properties 

Non-prestressed steel Prestressing steel 

MPa MPa MPa iO' 10.6 

,C.1 

f, 

MPa 

E1 

MPa 

Eps* 

MPa 

CPU 

iO 

400 200000 500 120 10 1600 200000 500 350 

4.3 THE LOADS ACTING ON THE F.E. MODEL 

1) The Liquid Load 

For the case offull tank, the total tank height is subjected to the 

liquid load. Each finite element along the height receives a trapezoidal 

load. The equivalent nodal forces are given as input and are calculated 

using the nodal shape functions as follows: 

a 11 

{F) = ff [N] q dx dy = a b 5 f [N] q d4 dri 
where: 

(4.1) 
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{F} is the equivalent nodal force vector; 

a,b are the side lengths of the element; 

[NI is the matrix of the shape functions for a plate bending element; 

q the trapezoidal liquid load. 

The shape functions, and the equivalent nodal forces are presented in 

details in Appendix A. 

2) The Temperature Loads 

The computer program FELARC is capable of solving for temperature 

loads of any distribution through the thickness. As input, the temperatures 

at mid surfaces of each layer at the integration point of each element are 

required (Fig. 4.4). 

3) Prestressing Forces 

As mentioned in Section 2.5.1 the conventional distribution of 

circumferential prestressing is used. At the location of each prestressing 

tendon a line load is acting perpendicular to the surface of the wall; on a 

strip of unit width, the force is: 

Q= (4.2) 

where, P is the prestressing force per tendon and r is the radius of the tank. 

However, the perpendicular force F is transmitted to the corner nodes 

of the corresponding elements proportionally, as shown in Fig. 4.5. 
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Figure 4.5 Element nodal forces in the Z-direction, representing the effect of 

a circumferential prestressing tendon 
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4.4 VERIFICATION OF THE AXI-SYMMETRICAL MODEL 

In order to verify the previously proposed axi-symmetrical model, 'a 

linear finite element analysis is carried out using FELARC and compared 

with the elastic finite difference analysis by PCT (Section 2.4) for Tank 1. 

The comparison is based on the internal forces of two cases of loading, 

namely: 

1) the liquid load: q1 = 67.7 kN/m2 

2) the temperature rise with a linear variation through the thickness: 

To = 45°C and T = 15°C. 

A fair agreement is observed for the M,-, N- and M,-diagrams of both cases 

of loading (Figs. 4.6 to 4.11). 

4.5 PROBLEM DESCRIPTION 

Tanks 1 and 2, which were used for the linear analysis in Chapter 2 

are analyzed using the nonlinear finite element analysis due to the 

following loadings: 

1) Loading Case A:  

Liquid load + temperature rise (T0 = 45°C and T = 15°C) for Tank 1. 

• Vertical and circumferential prestressing (Section 2.5) + liquid load 

+ temperature rise (T0 = 45°C and Ti = 15°C) for Tank 2. 
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Figure 4.6 Comparison of M due to liquid load load according to 
PCT and FELARC using linear analysis. 



72 

7.0 

-FELARC PCT 

 1 

6,0 rn 

5.0 iii 

4.0 

3.0 

2.0 

1.0 rn 

11 11 

0.0 
0 

I I i I I I I I  

100 200 300 400 

Hoop Force ( kN/m) 

500 

Figure 4.7 Comparison of N 0 due to liquid load according to 
PCT and FELARC using linear analysis 
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Figure 4.8 Comparison of M due to liquid load according to 
PCT and FELARC using linear analysis. 
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Figure 4.9 Comparison of M due to temperature rise according to 
PCT and FELARC using linear analysis 
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Figure 4.10 Comparison of No due to temperature rise according 
to PCT and FELARC using linear analysis ( T0 = 45 °C, Ti = 15 °C ). 
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Figure 4.1! Comparison of M 0 due to temperature rise according 
to PCT and FELARC using linear analysis ( T0 = 45 °C, T1 = 15 °C ). 
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2) Loading case B:  

• Temperature drop (T0 = -20°C and T = 5°C) for Tank 1. 

• Vertical and circumferential prestressing + temperature drop 

(T0 = -20°C and T = 5°C) for Tank 2. 

It is to be noted that the variation of the temperature through the 

thickness is linear for both cases. 

The details of the non-prestressed and prestressed reinforcements are 

shown in Figs. 2.3 -2.6 and in Table 2.2. 

4.6 RESULTS AND DISCUSSION 

A nonlinear analysis of cylindrical reinforced concrete tanks was 

carried out by Elliott ( 1989). The study of Elliott included the effect of 

liquid load using the beam-on-elastic-foundation model. A substantial drop 

in the vertical bending moment and an increase in hoop forces were noticed 

after cracking. Cracking was due to vertical stresses only. The effect of the 

vertical cracks due to N4, and M4, was not included in the study. 

A similar study is carried out in the present work to investigate the 

effects of temperature loads. Figures 4.13 - 4.23 illustrate a comparison of 

the results of the nonlinear analysis and the elastic linear analysis 

performed by FELARC and PCT, respectively. 

A certain vertical non-prestressed steel ratio (p = p0., = 1.0 %) is 

chosen for the study presented in this chapter. However, the nonlinear 
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vertical moment is dependent on the vertical steel ratio as can be seen in 

Fig. 4.12. 

Tank 1 - Case A:  

Figs. 4.13 - 4.15 show the Mi-, N- and M4,-diagrams. A substantial 

drop in M (45 %) is observed at base due to the circumferential cracking 

(Fig. 4.13). Meanwhile, vertical cracks occur at the point of maximum 

and propagate. As a result a drop in the hoop forces can be seen (Fig. 4.14). 

The development of vertical cracks near midheight is accompanied by 

a substantial reduction in M (Fig. 4. 1). It is to be noted that all M values 

given in this thesis, represent stress resultants at the wall middle surface, 

which does not always coincide with the cross-section centroid, particularly 

after cracking. Cracking causes sudden change in the centroid of the 

effective section; thus when a section is subjected to N, the shift in centroid 

location causes sudden change in moment. This may be the reason for the 

kink in the curve in Fig. 4.15 presented below. 

Tank 1 - Case B:  

The maximum tensile stresses occur at the base at the outer face of 

the tank wall in the circumferential and vertical directions. 

Consequentially, substantial drops in M, N and M4, result (Figs. 4.16, 4.17 

and 4.18). 
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and nonlinear analysis. Case of liquid load + temperature rise 
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Figure 4.14 N -diagram for Tank 1 according to the linear 
and nonlinear analysis. Case of liquid + temperature rise 

(T0 = 45 'C, Ti = 15 °C) 
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Tank 2 - Case A:  

The situation becomes less severe by adding circumferential and 

vertical prestressing, as it is the case for Tank 2. A drop of 25 % in M,A occurs 

at bottom (Fig. 4.19). Although N is compressive along the height of the Tank, 

vertical cracking takes place due to the tensile stresses produced by M at the 

inner face of the tank wall. This explains the slight drop in hoop forces (Fig. 

4.20). The Mt-distribution shown in Fig. 4.21 results mainly from the 

eccentricity of N with respect to the reference plane. 

Tank 2 - Case B:  

This case is comparable to the same case for Tank 1 (Figs. 4.22 and 4.23). 

4.7 CONCLUDING REMARKS 

Allowing for cracking in cylindrical concrete tanks subjected to 

temperature loads relieves the induced thermal stresses and reduces the 

stiffness of the tank wall. Thus, a drop in the internal forces results and a 

more economic cross-section could be attained. 

The next chapter deals with the nonlinear behavior of reinforced tanks 

for a wide range of temperature changes. Crack widths and the amount of 

non-prestressed steel required in the control of cracking will be discussed in 

Chapter 6. 
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CHAPTER 5 

NONLINEAR BEHAVIOR OF NON-PRESTRESSED 

TANKS UNDER THERMAL LOADS ONLY 

5.1 GENERAL 

Thermal stresses induced in circular tanks by daily fluctuations of 

ambient conditions have generally been ignored or calculated in an 

approximate way by designers in the belief that they are of insignificant 

magnitude compared with the actions of water load and prestressing. 

However, it has been shown in Chapter 2 that the stresses produced by those 

ambient thermal stresses are of a significant magnitude, which justified a 

detailed study of thermal effects on tanks, 

Recently Elbadry (1989) investigated the nonlinear behavior of a 

continuous beam subjected to thermal loads. A temperature rise varying 

linearly over the depth is assumed. The difference in temperature between the 

top and the bottom surfaces, AT is gradually increased. The variation of the 

continuity moment M with AT is plotted as shown in Fig. 5.1. 

As the tensile strength of concrete is reached, the first crack takes place 

accompanied by a sudden drop in M. The drop in M is caused by a reduction 

of the flexural rigidity. Further increase of AT increases M again up to the 

formation of a new crack. The same process continues until a stabilized crack 

pattern is attained. 
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Figure 5.1 The thermal response of a continuous concrete beam 
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(according to Elbadry). 
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Elbadry concluded that the largest moment occurring during the 

development of the cracking pattern is equal to the cracking moment of the 

section for a continuous beam. 

In order to check the applicability of the latter conclusion for circular 

tanks, a study of the effects of cracking on the thermal response of a 

cylindrical concrete tank is conducted. The computer program FELARC is 

used to perform the nonlinear analysis using the same model explained in the 

previous chapter. Two cases are studied, in which linear temperature change 

is applied between T. and Tj degrees Celsius at the outer and inner surfaces 

of the wall, respectively: 

Case A: monotonic increase of T0 by an increment of 2°C and up to 48°C, while 

T1=0.0. 

Case B: monotonic decrease of To by an increment of -2°C and down to -62°C, 

while 

The analyzed tank (Tank 1) is non-prestressed and has the following 

data: 

r = 12.5m, 

H = 7.0 m, 

t = 0.3 m, 

A.iV =  1500 mm2/m (p = 0.60 %) for Case A, 

= 2100 mm2/m (p = 0.80 %) for Case B, 

A.OV =  600 mm2/m (p = 0.25 %) for Case A, 
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A SOb 

C 

f: 

a0 

V 

= 2100 mm2/m for Case B, 

= 600 mm2/m for Cases A and B, 

= 600 mm2/m for Cases A andB, 

= 30 mm, 

= 2.5MPa, 

= 10E-6, 

= 1/6, 

where c, f, a0 and v are the clear concrete cover, the tensile strength, the 

thermal coefficient and Poisson's ratio of concrete, respectively. The subscripts 

used are: 

siv = the vertical steel at the inner face of the tank wall, 

soy = the vertical steel at the outer face of the tank wall, 

sih = the horizontal steel at the inner face of the tank wall, 

soh = the horizontal steel at the outer face. of the tank wall. 

The steel arrangement is the same as illustrated previously in Figs. 2.3 

and 2.5. 

Low steel ratios are chosen to point out the nonlinear behavior due to 

the thermal loads. Higher steel ratios are chosen for Case B to enable a 

reliable study of the progressive cracking of the concrete layers, especially 

because the cracking in the vertical and circumferential directions coincide at 

base. 

The following assumptions are made to simplify the analysis: 
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The concrete properties do not change in either in high or low 

temperatures. 

There is no ice formation taking place down to -62 °C. 

5.2 ANALYSIS FOR LOADING CASE A 

The elastic distributions of the internal forces are shown in Fig. 5.2 for 

To = 10°C and Tj = 0°C. Two critical cross-sections are focused on, at which the 

maximum internal forces take place. The sections are: 

1) the section at base, where the maximum negative M takes place, 

2) the section at x = 4.2 m, where x is measured vertically from the base point, 

where the maximum positive N takes place. 

Tensile hoop forces and moments producing tension on the outer face of 

the tank wall are considered positive. 

Figure 5.3 depicts the variation of M  and at base versus T0, where 

f.iv is the vertical steel stress at the inner face of the tank wall. At MX = 

= 41 kN.m/m circumferential cracking occurs, and hence a nonlinear increase 

of MX takes place up to Mx = 77 kN.m/m corresponding to T. = 14°C. A further 

increase in T. up to 18 °C results in a drop of M. The reason for that drop is 

as follows: the cross-section of the tank wall is divided into 7 concrete layers 

(Fig. 4.2). Three layers reached the state of total crack, i.e. the tension 

stiffening is overcome by the increasing tensile stresses. This results in a drop 

in wall stiffness accompanied by a drop in Mx and a substantial increase in 
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Figure 5.2 The internal forces produced due to a temperature rise 
(T0 = 10.0 °C, T1 = 0.0 °C) 
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Figure 5.4 The variation of M 0 and N 0 with To for loading case A 
for Loading Case A at base. 
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Figure 5.6 The variation of M and f with T. 
for Loading case A at x = 4.2 m. 
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slope of the curve for f in the same region. For T0> 18°C M and increase 

up to the point of steel yielding. 

A reduction in the values of N4, and M4, is noticeable at base, although 

no vertical cracks occur (Fig. 5.4). This reduction is due to the weakening of 

the wall cross-section because of the circumferential cracking. According 

to Elliott ( 1989) a reduction of MX is accompanied by an increase of N4, for the 

case of liquid load. However, this does not apply for the case of thermal loads, 

since cracking of concrete alleviates the induced thermal stresses. 

The first vertical crack occurs at the point of maximum N4, at x = 4.2 m, 

where N4,,cr and M4,,cr are 107 kN/m and 33 kN.mlm, respectively, corresponding 

to To = 12 T. After cracking a nonlinear increase in both N4, and M4, takes 

place due to the increase of T. (Fig. 5.5). For T0> 24 °C the M4,-curve descends, 

while the N4,-curve is still ascending. The decrease of the M4,-curve is 

attributed to eccentricity of N4, with respect to the reference plane (the mid-

layer) after cracking. The Mg-curve at the same section indicates a nonlinear 

behavior, although horizontal cracking does not occur. It is similar to the 

behavior of N4, and M4, at base. 

On the other hand, the slope of the flh-curve increases as a result of 

cracking, where tib is the stress of the horizontal steel, as shown in Fig. 5.6. 

5.3 THE ANALYSIS FOR LOADING CASE B 

Figure 5.7 shows the elastic distributions of the internal forces of the 
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Figure 5.7 The internal forces produced due to a temperature 
drop (T0 = -10.0 ° C, T = 0.0 °C) 
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following thermal loading: T0 = -10°C and Ti = 0°C. As for the previous case, 

two critical cross-sections are focused on, at which the maximum internal 

forces take place. The sections are: 

1) the section at base, where the maximum negative MX and the maximum 

positive N take place, 

2) the section at top, where a high value of positive N takes place. 

In Fig. 5.8 the variations of M, N and M at base with T0 are plotted. 

Vertical and circumferential cracking occur simultaneously at T0 = -6°C. After 

cracking the M- and N,-curves ascend up to T0 = -16°C, where No-curve starts 

to descend while M,-curve continues up. At To = -18°C the circumferential 

stiffness of the tank is substantially affected since all elements are vertically 

cracked. That is most probable reason for the drop of N. 

At To = -40°C two concrete layers out of the seven layers, of which the 

cross-section is composed, reach the state of full cracking due to the vertical 

tensile stresses. Consequently, Mr-curve experiences a sudden drop associated 

by a sudden jump in the f0-curve, as shown in Fig. 5.9, where L1 is the stress 

of the vertical steel at the outer face of the tank wall. For the range of T0 = 

-40 to -50°C, MX increases again. At T0 = -50°C another drop in M, occurs as 

a result of full cracking of a third concrete layer. 

At the top of the tank N and M4, cause the tank to crack vertically, 

while no circumferential cracking takes place, for Mx = 0.0 at top. Cracking 

occurs at T. = -8°C, afterwards a nonlinear increase of N takes place up to 
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T0 = -34°C (Fig. 5.10). The distribution of M is caused by the eccentricity of 

N with respect to the reference plane. 

5.4 CONCLUSION 

The conclusions of Elbadry mentioned above was applied to a concrete 

beam subjected to a constant moment. The tensile strength of concrete was 

assumed variable along the length of the beam. However, in the present 

study a different case is examined. The magnitudes of the internal forces 

are variable and the tensile strength of the concrete is assumed constant 

along the height of the tank wall. On the other hand, the analysis using 

the computer program FELARC assumes a cracked concrete layer at the 

position of cracking and not a single individual crack. For these reasons 

once a section is cracked the stabilized condition is assumed without 

undergoing the phase of multiple drops illustrated in Fig. 5.1. This is why 

the vertical moments exceed the cracking moment for both examined cases. 

Another point concluded by the present study, is that the cracking of 

concrete due to thermal loads in one direction affects the other 

perpendicular direction and causes the internal forces in the second 

direction to drop. This agrees with Elbadry, that the cracking of concrete 

alleviates the thermal stresses. However, this does not apply to the case of 

liquid load, since the cracking of concrete due to the vertical moments 

produced by the liquid load causes the hoop forces to increase Elliott ( 1989). 
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liquid load, since the cracking of concrete due to the vertical moments 

produced by the liquid load causes the hoop forces to increase Elliott ( 1989). 

In the previous and present chapters the relief of thermal stresses 

due to the concrete cracking has been emphasized in order to design the 

cylindrical concrete tank wall with an economic cross-section. The next 

chapter deals with the control of crack width by means of the non-

prestressed steel ratio to ensure a safe design. 
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CHAPTER 6 

CRACK CONTROL IN CIRCULAR CONCRETE TANKS 

6.1 GENERAL 

In the previous chapters it was shown that the temperature load is one 

of the governing loadings for the design of circular tanks. It was also shown 

that the cracking of the concrete relieves the thermal stresses. The relief of 

internal forces and stresses should be accounted for in design so that more 

economic cross-sections can be employed. 

ACI Committee 350 ( 1989) controls cracking of reinforced concrete 

cylindrical tanks by specifying a low steel tensile stress. Similarly, ACI 

Committee 344 (1988) and the British Code BS 8007 (1989) specify a low 

tensile stress in the non-prestressed steel for cylindrical prestressed tanks (see 

Chapter 2). The design using these codes is commonly based on linear elastic 

analysis. 

In this chapter the control of crack width is examined based on results 

of nonlinear analyses. Crack widths in the range of 0.1 - 0.2 mm are admitted 

for the present study. This range is in accordance with the specifications of 

the different codes, namely CEB-FIB 1990, ACT 350-89 and BS 8007 1989. 

On the other hand, some researchers justified the design allowing 

cracking in water retaining structures. Cordes et al ( 1991) and Clear (1985) 

conducted some research on the phenomena of autogenous healing of fine 
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conducted some research on the phenomena of autogenous healing of fine 

cracks. They investigated crack widths in the range of 0.15 - 0.25 mm 

subjected to a head of water of 20 m. It was concluded that after a period less 

than 7 days of exposure, autogenous (self-produced) healing takes place caused 

by certain mechanical, physical and chemical processes. The same 

phenomenon was mentioned by Beeby (1978). 

The present study emphasizes two factors as means to control the crack 

width, which are as follows 

• the vertical non-prestressed steel ratio, 

• the vertical prestress. 

6.2 CRACK WIDTH CALCULATION IN DIFFERENT CODES 

There are many factors influencing the magnitude of crack width for 

prestressed members; the most important of which are: 

• the steel stress in the non-prestressed steel, 

• the diameter and the type of the non-préstressed reinforcement bars, 

• the concrete cover, 

• the location of the neutral axis, 

• the tension stiffening of concrete, 

the bond properties. 

There are two approaches in order to estimate the magnitude of the 

crack width. The first is a theoretical approach based mainly on the bond 
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properties of concrete, as in the case of the European code CEB-FIP (1990). 

The second approach is based on experimental and statistical analyses as used 

for the ACT code. However, the British Code BS 8110 employs a formula, 

which is a combination of the theoretical and the experimental approaches. 

6.2.1 CEB-FIP Code 1990 

The equations given in the CEB-FIP Code 1990 are mainly based on the 

bond behaviour at the cracks. As the crack occurs, the steel overtakes the 

tension forces developed in the concrete. A relative displacement between 

concrete and steel takes place, which results in loss of bond stresses. 

The relation between bond and slip is demonstrated in Fig. 6.1. The ascending 

part of the curve represents the stage of local crushing and micro-cracking 

associated with the penetration of the ribs on the surface of the deformed bars 

into the mortar matrix. The residual bond-capacity, which is maintained by 

virtue of a minimum transverse reinforcement keeps the maximum bond stress 

value, tm constant from s to s2. As the surface crack widens, the bond stress 

drops until the state of total cracking is reached (s = s3). 

In Fig. 6.2 the distribution of steel and concrete strains and bond 

stresses in the vicinity of a crack are illustrated. 

Crack width study is basically valid for beams subjected to pure tension, 

however same formulae are applicable for flexure members after replacing the 

area of concrete in tension by an effective area, Acer. 
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Figure 6.1 Bond stress - slip relationship (according to CEB-FIP 90) 
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The design crack width is calculated according to the following 

expression: 

WCEB 's,niax 8cmcs) 

where, 

ispax is the length over which slip between steel and concrete occurs, 

Esm is the average steel strain within lsm , 

Ecm is the average concrete strain within lsmav 

PECS is the strain of concrete due to shrinkage. 

The code differentiates between two conditions: 

1) the single crack condition, 

2) the stabilized cracking condition. 

(6.1) 

If (Ps,ef a82 > fct. (1+a8 the stabilized condition is assumed, otherwise the 

single crack formation is considered. Where, 

f is the mean value of the tensile strength of the concrete at the time 

when the crack appears, 

is the ratio E5/E, 

Ps,ef is the effective reinforcement ratio 

as2 is the steel stress at the crack. 

The single crack condition is defined as the condition at the time of 

formation of the crack, when the tensile stress in the effective tension zone is 

equal to the tensile strength of the concrete f. 
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&,ef1S assessed according to Fig. 3.3. The symbols used in the figure are 

defined below: 

x is the depth of the neutral axis, 

c is the clear concrete cover, 

is the bar diameter. 

For the calculation of Isrnax the bond equilibrium equation is used as 

follows (Konig and Fehling 1988): 

F = 'tbk 

where, 

F is the force in the reinforcement steel, 

;k is the lower fractile value of the average bond stress, 

O is the summation of the perimeters of the rebars. 

and hence, 

where, 

sE 

(6.2) 

1s,max = 2  2 sE  (6.3) 

24  for single crack formation (6.4) 
2 tbk ( 1 + e Ps,ef) 

OS for stabilized cracking (6.5) 
3.6 Ps,ef 

is the steel stress at the point of zero slip 
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Tension Area 
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13a 06 

;k= l. 8 L 
3a 06 

tbk 1.8 -fct. 

Long term/ 
Repeated loading 

13O.6 
tbk= 1.35 ctm 

13a 038 
tbk 1.8 
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The term (c-) to be used in Eq. 6.1 is obtained by means of an 

empirical averaging factor Pa as follows: 

with 

8sm 8cm = (F-s2 — Da 8s) = 8s213a 8 sr2 

ctm 
8sr2 =   (' ePs,eç) 

Ps,ei E3 

(6.6) 

(6.7) 

where, 

8s2 is. the steel strain at the crack (Fig. 6.2). 

8sr2 is the steel strain at the crack due to forces causing f within Acef. If 

the internal forces are lower than these forces, then 8sr28s2 

8srl is the steel strain at the point of zero slip under cracking forces reaching 

L. 

Assr is the difference of e,r2 and 

1a denotes an empirical factor depending on the type of loading and the 

condition of cracking. The values for 13 are shown in Table 6.1. 

In order to use the output of the computer program FELARC for the 

calculation of crack width by the present formula, the term in Eq. 6.6 

is omitted. FELARC takes into account the tension stiffening effect and thus 

the resulting strain in steel is equivalent to the required strain  

6.2.2 ACI Committee 224 

Requirements for crack control in beams and thick one-way slabs in the 

ACT Building Code (ACT 318) are based on the statistical analysis done by 
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Gergely and Lutz ( 1968). The main factors affecting the formulae are: 

1) the stress in the steel, 

2) the thickness of the concrete cover, 

3) the area of concrete surrounding each reinforcing bar, 

4) the strain gradient from the level of the steel to the tension face of the 

beam. 

The crack width is calculated using the following equations: 

3 

Wb = (91x10 -6) \/tb A - 5) 

- 3 

W = (91x10  t. 
A 

- 5) 
1 -'-t/h1 

(6.8) 

(6.9) 

where, 

wb is the most probable maximum crack width at bottom of the beam (in.), 

WS is the most probable maximum crack width at level of reinforcement 

(in.), 

is the reinforcing steel stress calculated by elastic cracked section theory 

(ksi), 

A is the area of concrete symmetric with reinforcing steel divided by 

number of bars (in2.), 

th is the bottom cover to center of bar (in.), 

t is the side cover to center of bar (in.), 

f3 is the ratio of distance between neutral axis and tension face to distance 

between neutral axis and centroid of reinforcing steel, 
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h1 is the distance from the neutral axis to the reinforcing steel (in.). 

Simplification of Eq. (6.8) yields the following equation: 

3 
WAd = (76x10 6) p., f8 /d A (6.10) 

where, 

WACI is the most probable crack width (in), 

d is the thickness of cover from tension fiber to center of bar closest 

thereto (in). 

6.2.3 The British Standards BS 8110 (1989) 

Three main factors are governing the crack width calculation as 

introduced by the British Code, which are: 

1) the relative position of the point, at which the crack width is calculated, 

to the reinforcing bars perpendicular to the cracks, 

2) the distance from the neutral axis to the considered point, 

3) the average surface strain at the considered point. 

The design surface crack width, WBS is calculated from the following 

equation, provided the strain in the tension reinforcement is limited to 

0.8 f3JE: 

WBS - 

where, 

1+2 

/ 

acr C 

t—xn 
I 

(6.11) 
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Figure 6.4 The Distance a1. used in Eq. 6.11 
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acr is the distance from the point considered to the surface of the nearest 

longitudinal bar(m) (Fig. 6.4), 

em is the average strain in steel at the level where the cracking is being 

considered, 

c is the minimum clear cover to the tension steel (m), 

t is the overall depth of the member (m), 

x is the depth of the neutral axis (m). 

The average strain is calculated as the difference of the strain in the 

steel c, calculated on the basis of a cracked section, and the strain produced 

by the tension stiffening of the concrete. The stresses in the concrete in 

tension are assumed to have a triangular distribution, having a value of zero 

at the neutral axis and a value at the centroid of the tension steel of 1.0 MPa. 

The total tensile force produced in concrete is divided by (EA) to obtain the 

reduction in steel strain due to tension stiffening. Thus e is calculated as 

follows: 

b (t -x) (a'-x) 

3 E A (dd-x) 
(6.12) 

where, 

81 is the strain in the steel calculated on the basis of a cracked section, 

bt is the width of the section at the centroid of the tension steel (m), 

at is the distance from the compression face to the point at which the crack 

width is being calculated (m), 

ES is the modulus of elasticity of the reinforcement (MPa), 
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A3 is the area of tension reinforcement (m2), 

d is the effective depth (m). 

As previously mentioned, in the analysis discussed below, e is taken directly 

from the output of FELARC. 

6.3 CRACK CONTROL IN CIRCULAR TANKS 

It is apparent that the steel stress (or strain) is a common factor in the 

previously discussed formulae of crack width calculation. For this reason the 

present study focuses on the effect of the amount of the non-prestressed steel 

on the stress and on the crack width. One of the factors, which influence the 

stress in the non-prestressed steel is also included in the study, which is the 

vertical prestress. 

As it is mentioned before in section 3.2, in the analysis using computer 

program FELARC, the concrete section is divided into several layers. As the 

stress in any layer reaches the tensile strength of the concrete, the whole layer 

is considered cracked. This implies a smeared crack representation. Thus, the 

calculated crack width based on strain calculated by FELARC, will present an 

average magnitude of the width of the actual cracks, without the need to 

account further for the effect of tension stiffening. 

Crack widths of magnitudes in the range of 0.1-0.2 mm are assumed 

satisfactory for the CEB and BS codes, while a Z-factor of max 20.1 kN/rnm 

(115 kips/in) is the limit for ACT code, where, 
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Z = f, Fd.A (6.13) 

f is the steel stress (ksi), d is the thickness of cover from tension fiber to 

center of the closest bar and A is the area of concrete symmetric with 

reinforcing steel divided by number of bars (in). 

6.3.1 The Crack Control of Reinforced Concrete Tanks 

A circular reinforced concrete tank, Tank 1 (Section 2,5) is used to 

accomplish this study. Variable vertical steel ratios are assumed 

at the inner and the outer faces of the tank wall; however the circumferential 

steel ratio is kept constant (Pjh = Poh = 0.25 %). 

Combinations of three loadings are applied to the tank to determine the 

maximum magnitudes of the crack widths in the circumferential and vertical 

directions as follows: 

Loading Case (A):  

The full liquid load in addition to a uniform temperature rise varying 

linearly through the thickness: To = 45°C, T1 = 15°C. This loading 

produces maximum width of the circumferential cracks at the inner face 

of the tank wall at base and the vertical cracks at the inner side of the 

tank wall at x = 4.2 m; where x is measured vertically from base. 
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Loading Case (B):  

To = -20°C, Ti = 5°C with a linear variation through the thickness. This 

loading gives the maximum width of the circumferential cracks at the 

outer side of the tank wall at the base, in addition to the maximum 

width of the vertical cracks at the outer side of the tank wall at base 

and at top. 

Loading Case (C):  

The full liquid load only, to determine the maximum width of the vertical 

cracks at x = 2.8 m. 

6.3.1.1 Circumferential Cracks 

Since the examined tank is fixed at the base, the maximum vertical 

moment occurs at the fixation. Vertical reinforcement ratios, pi, varying from 

0.5 to 2.4% are provided on the inside face of the tank wall in order to control 

the width of the circumferential cracks at bottom. pr,, is equal to A/bd, where 

is the area of tensile reinforcement per metre width, b is the width of the 

section ( 1.0 m) and d the effective depth of the section. The vertical steel ratio 

at the outside face of the tank wall, p0.,, is taken equal to p1.,,. 

A new nonlinear analysis is performed for each value of p. Each time 

and AIOv are changed and in order to keep a constant clear cover of 30 mm, the 

location of the steel layers are also changed. A fixed number of 5 bars is 

chosen for all steel ratios as shown in Table 6.2. 
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Table 6.2 Details of non-prestressed reinforcement 

Pjv (Pov)* 

(%) 
A (A) 
(mm') 

Reinforcementt 

(per meter) 

0.05** 100 1 # 10 

0.20 500 5# 10 

0.25 600 6#1O 

0.30 800 2 # 10 + 3 # 15 

0.40 1000 5 # 15 

0.50 1300 2 # 15 + 3 # 20 

0.60 1500 5 # 20 

0.75 1900 3 # 20 + 2 # 25 

0.80 2100 2 # 20 + 3 # 25 

1.00 2500 5 # 25 

1.20 3100 2 # 25 + 3 # 30 

1.35 3500 5 # 30 

1.60 4100 3 # 30 + 2 # 35 

1.75 4400 2 # 30 + 3 # 35 

2.00 5000 5 # 35 

2.40 6000 6 # 35 

* 

** 

t 

A clear concrete cover is maintained for all steel ratios. 
This steel ratio represents the case of fi.ill prestressing. 
For cross-section area of bars with designations # 10, # 20, . 

see Appendix B. 
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The arrangement of the reinforcement is previously shown in Figs. 2.3-2.6. 

After each analysis the depth of the neutral axis and the stress in steel 

along with the already known steel ratio, steel location and number of 

reinforcement bars are used as input for the crack width calculation according 

to ACT 224-86, CEB-FIP MC9O, BS 8110. 

As it is previously shown in Chapter 4 (Fig. 4.12), the nonlinear vertical 

moment is almost linearly varying with the vertical steel ratio. This could be 

also seen in Table 6.3. 

The resulted crack widths, as calculated by the ACT, CEB and BS Codes, 

the Z-factor, along with the stress in the inner vertical steel, f and the 

compressive stress in concrete f are shown in Table 6.3 and plotted in Fig. 6.6. 

The three codes vary in their estimates of the crack width. The ACI 

code 

provides the most conservative estimates of pi, necessary to limit the crack 

width between 0.1 and 0.2 mm (p> 1.0 %). However, the curve of the CEB 

Code is the most sensitive to the variation of p. This could be inferred from 

the three Eqs. 6.5, 6.10 and 6.11. At p., = 1.75 % the crack widths calculated 

by the BS and the CEB Codes are within the previously proposed range. 

However the ACT Code is only satisfied at pi, = 2.40 %. 

Another case is examined with the same thickness t = 300 mm and providing 

the same area of vertical steel at the inside and the outside faces of the tank 

wall (p = p0w). 
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Table 6.3 Analysis results of Tank 1, loading case A 
t = 300 mm, variable 

(%) 
M 

(kNmlm) 
f5 

(MPa) 
f 

(MPa) 
W ACI 

(mm) 
WCEB 

(mm) 
WBS 

(mm) 
Z 

(kN/mm) 

0.50 -173.5 399.8 19.64 0.445 0.607 0.376 33.80 

0.60 -181.0 377.1 19.56 0.429 0.536 0.352 32.36 

0.75 -190.0 316.7 19.33 0.374 0.395 0.291 27.82 

0.80 -199.1 303.0 19.60 0.359 0.338 0,277 26.62 

1.00 -213.3 281.0 19.90 0.345 0.290 0.254 25.25 

1.20 -233.4 257.4 20.00 0.325 0.230 0.230 23.56 

1.35 -244.9 245.7 20.00 0.319 0.209 0.218 22.88 

1.60 -260.6 231.0 19.96 0.310 0.181 0.203 21.98 

1.75 -268.8 224.9 19.93 0.303 0.164 0.197 21.40 

2.00 -282.1 213.3 20.00 0.297 0.147 0.185 20.71 

Table 6.4 Analysis results of Tank 1, loading case B 
t = 300 mm, , variable p0, 

POV 
(%) 

mx 
(kNmlm) 

f, 
(MPa) 

f. 
(MPa) 

WACI 

(mm) 
WCEB 

(mm) 
WBS 

(mm) 
Z 

(kN/mm) 

0.30 46.5 114.20 7.25 0.146 0.202 0.105 11.07 

0.40 51.3 105.80 7.26 0.139 0.172 0.096 10.43 

0.50 57.6 94.40 7.15 0.127 0.128 0.085 9.42 

0.60 61.5 85.51 7.04 0.117 0.108 0.076 8.63 

0.75 69.9 69.20 6.94 0.099 0.075 0.060 7.12 

0.80 72.5 65.60 6.90 0.094 0.064 0.057 6.75 

1.00 76.7 59.90 6.85 0.089 0.054 0.051 6.28 

1.20 82.8 52.80 6.74 0.081 0.040 0.044 5.61 

1.35 85.9 49.87 6.69 0.079 0.036 0.042 5.38 
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Figure 6.5 The variation of the crack width and the Z-factor 
versus piv for Tank I subjected to loading case A. (t = 300 mm) 
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Figure 6.6 The variation of the crack width and Z- factor versus 
versus p 0k, for Tank 1 subjected to loading case B. (t = 300 mm) 
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The tank is subjected to loading case B to examine the width of the 

circumferential cracks at the base at the outside face of the wall. The results 

are provided in Table 6.4 and plotted in Fig. 6.6. This case is less severe and 

a steel ratio p0., = 0.30 % satisfy the crack width requirements. 

6.3.2 Crack Control of Prestressed Tanks 

A further step is made to investigate the variation of the circumferential 

and vertical crack widths for prestressed circular tanks as a function of the 

vertical non-prestressed steel ratios. In addition the effect of the vertical 

prestress ap is also included as one of the main factors influencing the width 

of the circumferential cracks. 

In order to conduct the aimed study, the behavior of Tank 2 (Section 2.5) 

is investigated under the loading cases A and B. The tank is circumferentially 

prestressed to counteract the liquid load in addition to a residual compression 

of 1.0 MPa, as explained in detail in Section 2.5. 

Four variable parameters are introduced, which are: 

Pivy POV the vertical non-prestressed steel ratio at the inside and the outside 

face of the tank wall, associating the loading cases A and B, 

respectively. 

the vertical prestress at the centre of the cross-section. 

t the thickness of wall. 
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Four dependent parameters are aimed to be determined each time, 

which are: 

the stress in the non-prestressed vertical steel at the inside and 

outside faces of the tank wall, respectively. 

w the crack width at the critical positions according to the loading 

case. The formula of the ACI, CEB and BS are employed for the 

determination of w. 

Z the parameter defined by Eq. 6.13. 

f. the maximum compressive stress in the concrete section. 

The vertical cracks, caused by the hoop stresses, are found to be of 

negligible magnitudes (< 0.1 mm) for the considered loading cases. A steel 

ratio of 0.25 % is assumed for the circumferential non-prestressed steel on 

outer and inner faces of the wall. According to El Badry the minimum steel 

ratio in order to avoid the yielding of steel after first cracking for the case of 

pure flexure is: 

Pmin = 0.24 
fy 

For = 2.5 MPa and f = 400 MPa, Pmin = 0.15 %. 

(6.14) 

6.3.2.1 The Effect of Vertical Prestress 

The effect of the vertical prestress o is investigated for loading cases 

A and B. The following are the values of t, pi, and p0.,, for each case: 
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Loading Case A 

Loading Case B 

t Pi, pov 

(mm) (%) (%) 

300 0.60 0.25 

300 0.75 0.75 

Tables 6.5 and 6.6 and Figs. 6.7 and 6.8, respectively, show the values 

and the variation of w, z, and f and f for each loading case. 

Crack widths within the previously proposed range is obtained at ap= 

2.0 MPa, however the compression in concrete at the extreme fibre is equal 

to 21.9 MPa (0.55 f') and 23.0 MPa (0.575 f') for cases A and B, respectively. 

A desired value of the compression in concrete is 0.45 f, according to the ACI 

318-89. 

6.3.2.2 The Effect of Non-Prestressed Steel 

For t = 300 mm and ap = 2.0 MPa, variable pi, p0., are provided for the 

cases A and B, respectively. A considerable decrease in crack width is 

apparent with the increase of p., and p0.,, however the compression in concrete 

is still higher than desired. (Figs. 6.9 and 6.10 and Tables 6.7 and 6.8). 

The high compressive stresses developed at the concrete fibers are 

mainly produced by secondary effects, namely the thermal loads. Therefore, 

the allowable stresses could be increased (CEB-FIP MC9O). This will satisfy 

the present design: a,.p = 2.0 MPa, pi, = p0.. = 0.75 %. 
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Table 6.5 Analysis results of Tank 2, loading case A 
t= 300 mm, pi, = 0.60 %, p0,,, = 0.25 %, variable o 

(MPa) (kNm/m) (MPa) (MPa) 
WACI 

(mm) 

WCE13 

(mm) 

W BS 

(mm) 

Z 
(kN/mm) 

0.0 -161.5 229.70 17.82 0.266 0.300 0.208 19.71 

0.5 -175.8 219.20 18.70 0.256 0.278 0.196 18.81 

1.0 -193.9 196.90 20.18 0.233 0.236 0.172 16.90 

1.5 -203.9 191.70 20.97 0.228 0.225 0.166 16.45 

2.0 -219.2 174.30 21.89 0.210 0.195 0.148 14.96 

2.5 -246.0 139.50 22.53 0.173 0.142 0.114 11.97 

3.0 -253.2 139.70 23.60 0.174 0.139 0.113 11.99 

4.0 -269.6 127,10 24.99 0.162 0.118 0.099 10.91 

Table 6.6 Analysis results of Tank 2, loading case B 
t = 300 mm, p =.p1,,, = 0.75%, variable 

GVp 
(MPa) 

mx 
(kNmlm) 

fg0y 

(MPa) 
fl: W Ad 

(MPa) (mm) 
W 13 

(mm) 
WBs 

(mm) 
Z 

(kN/mm) 

0.0 196.7 285.70 20.38 0.343 0.307 0.256 25.1 

1.0 225.2 239.10 21.87 0.292 0.234 0.208 21.01 

2.0 250.5 206.20 23.06 0.256 0.184 0.175 18.12 

3.0 272.6 172.50 24.54 0.220 0.136 0.141 15.16 

4.0 292.4 148.10 25.68 0.194 0.105 0.117 13.01 
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Figure 6.7 The variation of crack width and Z- factor 
versus a, for Tank 2 subjected to loading case A. 
( t = 300 mm, p1,, = 0.60 %, p 0,, = 0.25 % ) 
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Figure 6.8 The variation of the crack width and Z-factor 
versus Or,pfor Tank 2 subjected to loading case B. 

( t = 300 mm, P0 = P1. = 0.75 % ) 
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Table 6.7 Analysis results of Tank 2, loading case A 
t = 300 mm, a,p = 2.0 MPa variable 

(%) (kNni'm) (MPa) (MPa) 
W ACI 

(mm) 
WCEB 

(mm) 
WBS 

(mm) 
Z 

(kN/mm) 

0.05 -190.6 242.7 23.81 0.258 0.486 0.216 19.31 

0.20 -207.2 192.4 23.12 0.209 0.295 0.165 15.35 

0.30 -210.1 181.7 22.52 0.204 0.264 0.155 14.82 

0.40 -218.5 174.4 22.10 0.202 0.235 0.147 14.52 

0.60 -219.2 174.3 21.89 0.210 0.195 0.148 14.96 

0.75 -232.8 160.4 21.15 0.201 0.158 0.134 14.09 

0.80 -239.5 155.1 20.87 0.195 0.137 0.129 13.63 

1.00 -252.8 146.1 20.55 0.191 0.120 0.120 13.13 

1.20 -258.1 135.6 20.51 0.184 0.096 0.110 12.41 

1.35 -261.1 130.9 20.61 0.183 0.088 0.106 12.19 

Table 6.8 Analysis results of Tank 2, loading case B 
t = 300 mm, a = 2.0 MPa, variable p0,,, 

POV 
(%) 

M 
(kNmlm) 

f.IOV 
(MPa) 

f. 

(MPa) 
WA(! 

(mm) 
WCrB 

(mm) 
WBS 

(mm) 
. Z 
(kN/mm) 

0.25 197.5 265,6 24.19 0.285 0.558 0.233 21.20 

0.30 207.9 262.8 22.90 0.289 0.416 0.232 21.43 

0.40 216.9 249.6 22.94 0.284 0.365 0.218 20.79 

0.50 229.5 234.1 22.98 0.273 0.287 0.203 19.79 

0.60 236.4 224.4 23.02 0.268 0.258 0.193 19.26 

0.75 250.5 206.2 23.06 0.256 0.210 0.175 18.12 

0.80 256.3 199.5 23.10 0.249 0.181 0.168 17.53 

1.00 265.7 185.9 23.32 0.241 0.156 0.155 16.71 

1.20 276.9 171.3 23.16 0.230 0.124 0.141 15.68 

1.35 283.4 161.9 23.21 0.225 0.111 0.131 15.08 
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Figure 6.9 The variation of crack width and Z- factor 
versus p, for Tank 2 subjected to loading case A. 

( t = 300 mm, or, = 2.0 MPa ) 
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6.4 DISCUSSION OF RESULTS 

In Chapter 4 a design of Tanks 1 and 2 was done in accordance to the 

American and British Codes. The design took into account the internal forces 

caused by the thermal loads. It was based on the elastic analysis of circular 

tanks and resulted in large cross-sections for both tanks. However, in the 

present chapter it has been shown that by a nonlinear analysis of the same 

tanks and by the control of crack width a substantial reduction in the depth 

of the cross-sections is attainable. The crack control study for Tank 1 is 

applied on a wall thickness of 300 mm, which is 40 % less than the designed 

thickness according to ACI 350 and BS 8007 (Chapter 2). However, in order 

to keep the crack width within the previously proposed range, a high 

percentage of steel ratio is required. 

High steel ratios are practically not preferred for two reasons. The first 

is, for shallow cross-sections the placing and compaction of cast-in-situ concrete 

may be affected. The second reason is the high concrete stresses due to 

shrinkage. 

The high vertical moments at base could be reduced by assuming a 

partially fixed base instead of a totally fixed base. This presents a more 

realistic case, since a total fixation is never fully achieved. This will reduce 

the steel ratio to an acceptable limit. Another way to reduce the moment at 

the base is to introduce a partially fixed wall-base joint allowing for some 

rotation at base. 
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The PCA report (1993) recommends that one assumes the base to be 

hinged for the analysis of a fixed base tank. 

A significant drop in the vertical moment at base is due to the nonlinear 

analysis (Chapter 4). Another drop is due to the partial fixation. Ideally, one 

can base the design on nonlinear analysis assuming partial fixity dependent 

upon the conditions of the tank being designed. However, for most engineers 

nonlinear analysis is considered not practical. In this case one can multiply 

the vertical moment at base obtained by elastic analysis by two reduction 

factors: the first is to account for the effect of nonlinearity due to cracking and 

the second is to account for the partial fixity. It is not simple to suggest values 

for these factors, because the first depends upon the amount of steel provided 

in the vertical direction and the second depends upon the soil conditions, floor 

thickness and joint detail (see Figs. 1.c and d). Therefore, it is left to the 

designer to choose the proper values. 

With the joint detail in Fig. Id, the partial fixity can be accounted for 

more accurately by the analysis of the wall continuous with a ring-shaped part 

of the base. 

These recommendations are applicable for both prestressed and non-

prestressed circular concrete tanks. 
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CHAPTER 7 

CONCLUSIONS AND RECOMMENDATIONS 

7.1 CONCLUSIONS 

The main results of the present investigation can be briefly summarized 

as follows: 

i. The structural design of circular reinforced and prestressed concrete 

tanks with a fixed base results in large cross-sections, when including 

the thermal load as one of the main loads and basing the design on 

linear analysis. 

ii.. The cracking of the cylindrical concrete tank alleviates the induced 

thermal stresses significantly and hence the design of economic cross-

sections can be achieved. 

iii. A drop of induced thermal stresses in one direction (vertical or 

circumferential) due to cracking of the circular concrete tank is 

associated with a drop of the thermal stresses in the perpendicular 

direction. This is unlike the effect of liquid loads, where the cracking 

due to the stresses in one direction causes an increase of the stresses in 

the perpendicular direction. 

iv. The amount of bonded steel is the main factor for the control of crack 

width in reinforced and prestressed circular tanks. 
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V. The crack width calculation according to ACT 224 provides a 

conservative value in comparison to CEB FTP (1990) and BS 8110 

(1987). 

vi. For fixed base circular concrete tanks, the main circumferential cracks 

occur at base due to the liquid load and/or the thermal load. The 

vertical cracks produced by circumferential stresses are of negligible 

magnitudes for the same loading cases. 

7.2 RECOMMENDATIONS FOR DESIGN 

i. The non-linear analysis of circular concrete tanks is recommended in 

case of the inclusion of the thermal loads. 

ii. A serviceability check is essential in case the design is based on a 

cracked section analysis. 

iii. The use of partially fixed base instead of totally fixed is recommended 

in order to reduce the vertical moments at base. 

iv. The allowance for higher compressive stresses in the concrete in the 

design for thermal loads can be necessary. 

7.3 RECOMMENDATIONS FOR FURTHER RESEARCH 

i. Experimental verification of the present analytical study. 

ii. Extension of the present study to include the effects of creep, shrinkage 

and relaxation of prestressed steel. 
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iii. Extension of the present work to cover the actual nonlinear temperature 

variation through the wall thickness. 

iv. Study the effects of the formation of an ice cap in cold regions. 
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APPENDIX A 

DERIVATION OF THE NODAL FORCES FOR A PLATE 

BENDING ELEMENT SUBJECTED TO A TRAPEZOIDAL 

LOAD DISTRIBUTION 

The rectangular plate bending element has 12 degrees of freedom (Fig. 

A.1), defined as: 

{D} = 

The matrix of the shape functions [N] is written as (Ghali 19??): 

[N] = [N1 N2 N3 N4 N5 N5 N7 N3 N9 N10 

where, 

N1 =(1-)(1-i)-!(N3+N6)+(N2+N11 ) 
b c 

N2 (1_1)2 (1 _4) 

N3 = - b (_)2 (' n) 

N4=(1-)+(N3 +N6)+(N5 +N8) 
b C 

N11 

(A.1) 

N12 ] (A.2) 
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N5 = ci (1_1)2 

N6 = -b 2 (- 1) (i-i) 

N7 = ii + (N9 + N12 )-!(N5 +N8 ) 
C 

N8 = c12 (1 1) 

N9 = -b 2 (- 1) 1 

N10 
b c 

N11 = ell  2 (1 1) (1-) 

N 12 -b (_1)2 ii 

) 

The constants a and b are the lengths of the element sides; = x/a and rl= y/b. 

The load function q of the trapezoidal load distribution is written as: 

( b - 0 a ) 
q =_ [a +   x] 

a 

- { a + ( Gb a ) 

(A.3) 

where cYa and ab are the lower and upper load values as shown in Fig. A.2. 

The equivalent nodal forces {F} are calculated as follows: 

{F} = f f [ q dx dy = a bff [NJ q d4 di 

The forces at nodes 1 and 2 are given as follows: 

F1 = [cy + ( b  a)] 
a 

(A.4) 
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F2 = - a2b [aa + !_(cYb-Ya)] 
8315 

F3 _-  - ab 2 aa 
+ b a)1 

8 3 9 

F4 = ab - + 
a 

F5 — - a 2 b I aa 
+ 

8 

F6 = - ab 2 + !9 (O•b_ a)1 
--- 3  

The forces F7-F12 are the same as F1-F6 except F9 and F12 are equal to F. 

and F6 except with a different sign. 
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APPENDIX B 

CROSS-SECTIONAL AREAS OF STANDARD 

PRESTRESSED AND NON-PRESTRESSED 

REINFORCEMENT 

Table B.1 Standard Prestressing Strands 

Tendon 
Type 

Grade 

fp. 
(MPa) 

Size 
Designation 

Nominal Dimension 

Diameter Area 
() (2) 

Seven 13 12.70 99 
Wire 860 
Strand 15 15.24 140 

Table B.2 Standard Deformed Reinforcing Bars 

Bar Number Nominal Diameter 
(mm) 

Noinal Area 
(mm2) 

10 11.3 100 

15 16.0 200 

20 19.5 300 

25 25.2 500 

30 29.9 700 

35 35.7 1000 


