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Abstract 

A theoretical two phase flow mode1 is proposed to describe the behaviour of 

glass particle t h e d s  released into a non-stratified water environment. The model 

assumes a background fluid flow field consisting o f  a Hiil's spherical vortex to describe 

flow within the thermal and potential flow theory to describe fiow outside. Theoretical 

results are given for d o m  and nonuniforni thermai speeds using Stokes and non- 

Stokes drag relationships. The uniform thermal results using a Stokes drag relationship 

display almost identical thermal behaviour to polystyrene themal results fiom Topham 

et al's research (1994). 

Laboratory thermal experiments were performed using four different glas 

particle grain sizes. The experiments were videotaped and later analyzed with the use of 

a cornputer, which enabled a cornparison to be carried out with the theoretical results. 

Laboratory and theoreticai resuits compared very well for both wiiform and nonuniform 

thermal speeds using a non-Stokes drag relationship. 
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List of Symbols 

Symbol Description 

a Maximum radius of the vortex or thermal, cm 

a, Maximum radius of the particle crescent, cm 

b The vertical distance fiom the maximum radius of a thermal measured to its 
bottom, cm 

b~ The vertical distance fiom the top of the particle crescent to its bottom (depth), 
cm 

c Coefficient 

CD Coefficient of drag 

CL Lifk coefficient (equal to 0.5 for a spherîcal particle) 

d Particle diameter, cm 

e Exponential coefficient 

j Coefficient 

K Constant detennined fiom laboratory experiments for use with the nonunifonn 
thermal speed reiationship, cm/sCR 

k, Added mass coefficient for particles (equal to 0.5 for sphencai particles) 

L Length scale, cm 

rn Expowntial coefficient 

mf Mass of a fluid element, g 



Description 

Mass of a particle, g 

Exponential coefficient 

Reynolds number (Figure 2.5) 

A constant equal to asg 6.1 O d, Cm4/s2 

Radial dimension, cm 

Radius of a panicle, cm 

Exponential coefficient 

Corresponds to the theoretical time in the particle and fluid equations. It is 
measured fiom the point source release of a thermal, s 

Experimental t h e  measured fiom the initiai release of a thermal having a 
radius of 2 cm, s 

Vertical velocity of a thermal, cmk 

Local velocity of Quid element in radial direction, cm/s 

Local velocity of fluid element in vertical direction, c d s  

Vector quantity of the velocity of fluid fiow field, cmk 

Vector quantity of the velocity of a particle, cmls 

Terminal velocity of a particle, cm/s 

Equal to u - v (Difference between fluid and particle velocities), c d s  

The location of a particle at time t, cm 



Symbol Description 

Vertical distance measured to the maximum radius of a thermai. Frame of 
reference relative to point of release, cm 

Vertical distance measured to the maximum radius of the particle crescent. 
Frame of reference relative to point of release, cm 

Vertical dimension with a m e  of reference relative to the center of the 
thermal, cm 

Depth at which particles pefmanently separate fkom the themial cloud, cm 

Enrrainment coefficient for the growth of an expanding thermal (equai to 0.25) 

Vorticity, l/s 

Circulation around a vortex, cm2/s 

stream fiinction, cm% 

Dynamic viscosity of fluid, gkm's 

Fluid density iaside of a thermai, g/cm3 

Fluid density outside of a themai, g/cm3 

Reference density of the systern; quai to p, at t = O (point of release), &m3 

Density of water (1 .O &rn3 at 5' C) 

particle density, g/cm3 

Dine~nce between theoretical and experimental values of time (At = t - tJ, s 

Kinematic viscosity of the fluid, cm2/s 



Chapter 1 

Introduction 

"Cutting C a  emissions painfüi", "Bid to cut greenhouse gas emissions failing", 

"Oil cleanup fat fiom complete" and "Correcting leak to cost a bundle - Swan Hills" were 

four Cdan environment stories in the December 12, 1996, editioa of the Calgary 

Herald. Environmental concems are pwing and stories such as these are becoming 

more prominent in nationai and local news. Engineering solutions are required to resolve 

many of these environmental problems. Fluid modelling is one tool engineen can use to 

predict accurately the spread of pollutants into the atrnosphere, oceans and freshwater 

environments, which wiil in tum help provide solutions. 



Fluid flow modelling predicts fluid motions in many types of situations, which 

engineers use to design structures and fiiciiities. With an appropriate mode1 it is possible 

to predict the behaviour of solid particles in two phase applications. Many pollutants 

consist of two or three phases. Some examples of two phase flow include waste disposal 

in the ocean and waste effluent releases into lakes and rivers. 

Pollutants and contaminants come fiom many different sources. Some sources of 

water and air pollution are natural (volcanoes and forest fies), domestic (sewage and 

fumace emissions), commercial (effluents and emissioas), agricultural (manure, fertilizer, 

operation of machinery, dust, etc.), industrial (gas plants, r e W e s ,  rnanufacturing and 

processing plants, le& and spills) and transportation (emissions) related sources. 

Control of air and water pollution is not always easy, for it is Unpractical to eliminate ail 

ernissions of a specific pollutant. However, it is reasonable to expect control of 

emissions to the lowest possible level consistent with available technology at a 

reasonable c o n  Therefore, in practice, emission control limits are estabhshed in order to 

enforce and protect air and water quality standards. 

Water pollution occurs when the discharge of wastes impairs water quality or 

disturbs the natural ecological balance. Contamuiaats that cause problems include 

disease-causing organisms, organic matter, solids, nutrients, toxic substances, color, 

foam, heat and radioactive materials. Many of the same contaminants are also released 

into the atmosphere. Pollution sources involvuig combustion processes emit nitrogen 

oxides (NOJ sulfur oxides (SOJ, carbon dioxide (CO3, carbon monoxide (CO), 



hydrocarbons (e.g., CH4) and ozone (O,) into the atmosphere. Other gaseous pollutants 

commonly released are chlorofluorocarbons (CFC's) and hydrogen suifide (MS). Carbon 

dioxide, nitmgen oxides and methane are thought to be the gases responsible for the 

greenhouse effect and nitrogen oxides and sulfur oxides are responsible for acid rain. 

In Alberta, primary sources of pollution entering the environment are fiom 

domestic (sewage), industrial (gas and processing plants, refineries) and commercial 

emuents (e.g., themal pollution from power plants and pulp and paper efnuents). 

Currentiy, there is extensive work king done to predict accurately the spread of gaseous 

plumes in the province. Gaseous H,S plumes can result from oil well and pipeline 

blowouts. Due to the acute toxicity of H,S, it is necessary to predict accurately plume 

dispersion and gas concentrations at distances fiom the point of release. 

In Calgary, there is a site dong the Bow River contaminated with creosote. A 

wood treating facility was located there in the 1950's. Creosote, used to treat wood at the 

facility, was spilled extensively. Through the years, the creosote has migrated through 

the soi1 to the groundwater aquifer and into the river. Presentiy, the province is studying 

feasible ways to clan it up. Models have been developed to predict how far the creosote 

contamination has moved and how much fiutber it will move with the. 

EnVUorunental flow modelling in air and water is simiiar. In both instances, 

models take into account fluid entrainment, buoyancy forces, drag forces and mornentum 

to predicf for example, plume or thermal growth and dispersion. With ever growing 

environmental concerns, it is becoming necessary to improve previously developed 



models and to develop new ones. Through this work, engineers cm better design 

facilities to Lùnit negative effects ofpoliutants on the environment. 

The purpose of this thesis is to examine in detail the behaviour of solid particle 

themals using an existing particle and fluid flow model. In the 1s t  few years, there have 

been many theoretical particle models developed. Many of these are based on the same 

theories and ideas, but dEer in their complexity. However, there has been very little 

laboratory work done to ver@ them. 

The laboratory portion of this thesis emulates the laboratory experiments 

performed by B.G. Krishnappan (1977) and Y.G. Lee (1992), with a few modifications. 

They include a different size water tank, release mechanism and lighting source. 

Krishnappan studied the motion of two phase thermals in hopes of understanding the 

motion of dredged materid when durnped near the sdace  of deep water. The glass 

particle sizes used by Krishnappan are the same as those used here. Experirnental work 

done by Lee, was performed using various skes of polystyrene particles. A theoretical 

one-dimensionai two phase thermal model was also developed by Lee. Cathy Laureschen 

(1992) also perfomed similar experiments, but with bubbles. 



1.3 r w e v i e w  

A tremendous amount of  theoretical and experimental research has k e n  devoted 

to analyzhg the behaviour of thennals. The classic definition of a thermal by Scorer 

(1978) is "a body of buoyant fluid in another fluid environment in which it can mk". 

The origins of this definition cornes, in part, nom glider püots who encountered warm 

buoyant masses of air while fiying. The definition of a thermai has aiso been extended to 

include negatively buoyant masses, which move downwards under the Muence of 

gravity. A detailed review of solid particle thennals was recently provided in Lee's 

(1 992) thesis. 

In 1990,20 Gigatomes of debris and garbage were dumped into the ocean 

(Luketina and W i o n ,  1994). Luketina and W i o n  have perfomed research in the 

area of negatively buoyant thennds. Their work focussed on determining the maximum 

depth at which particdate matter would mach when dumped in water. Debris dumped in 

water behaves as a two phase thermal, consisting of an interna1 vorticai flow field with 

negative buoyancy. The particle themial reaches a maximum depth when its downward 

motion is slowed by its loss of buoyancy due to entrainment of surrounding fluid and 

from the particles separating fiom the thermai. 

Noh and Fernando (1 993) have recentîy perfomed research studying the 

sedimentation of two-dhnensional particle clouds (themais). They perfomed 

experiments, which released glas  particles and dye into a water tank. Theu experirnentai 

apparatus and methods are very similar to the experimental portion of this thesis project. 



From theu research they deteniùned the critical depth (4) when particle clouds pass fiom 

the t h e r d  regïme to the particle-settiing regime. ïhey defined the thermal regime as 

the phase when the partkle clouds move in the convectionai fluid motions characteristic 

of themals and the portide-settling regime as the phase when the particles descend as 

individual particles with little disturbance to the background fluid. They concluded that 

q did not correspond to the point when the thermal fluid velocity equalled the temiinal 

velocity of the glass particles, but at a thermal speed greater. They also found no distinct 

changes in the horizontal growth of the thermal cloud at the transition point between 

regimes and that turbulence generated in the thermal regime continues for a period time 

after the transition point. 

The particle mode1 used in this research is based on the work by Auton et al ('The 

force exerted on a body in inviscid unsteady nonuniform rotational flow", 1988). In their 

research they examined seved particle motion equations fkom other researchers in order 

to resolve some inconsistencies with them. From their review they proposed their own 

particle equation, which considers forces on a s m d  rigid sphere in nonunSom rotational 

fiow. It was developed by first considering tbe forces on an undisturbed flow field and 

secondly, by considering the forces on the dishirbed flow field. The disturbed flow field 

considers the presence of the small rigid sphere. Several conditions must be satisfied by 

the equation, including Navier-Stokes, continuity, no-slip and incompressibility. The no- 

slip condition implies the local fluid velocity matches the particle velocity at any 

location, 



Many researchen have simplified the particle equation because of its compiexity. 

Ruetsch and Meiburg (1993) introduced a simplined equation which includes, the forces 

due to buoyancy and drag (Stokes), the force a fluid sphere of the same size would 

experience in the absence of the particle, the added mas effect and the Basset history 

term. These various forces and factors are discussed in Chapter 2. Their paper 

investigated the motion of bubbles in two-dimensional vortical flows by perfomillig 

numerical simulations. Tio et a1 (1993) introduced another equation which included a lift 

force term. For the analysis in this thesis, the Basset and lift force terms will be 

neglected. 

One paper, in particuiar, spawned the work of this thesis. In "The Dynamics of 

Solid Particle and Bubble Groups" Topham et al (1994) studied the dynamics of a two 

phase themial, and a particle motion equation similar to Auton et al (1988) is introduced. 

Forces due to gravity and buoyancy, acceleration of the local fluid element, added mass 

and drag are incorporated in their equation. Their particle mudel requkes an assumed 

thermal flow field. Topham et al chose a background flow field consisting of a Hill's 

spherical vortex with potential flow theory outside of the vortex. J.S. Turner (1964) 

found these two flow fields together describe the fluid motion of a buoyant single phase 

fluid thermal very weli. Turner assumed at any instantaneous moment, a Hill's spherical 

vortex of constant size and strength described the interior motion of a thermal. Other 

assumptions included a constant translational themal velocity and linear thermal growth 

due to entrainment. 



Topham et al perfomed four theoretical simulations, using the model descnbed 

above, ushg 0.054 cm diameter polystyrene particles with a specific gravity of 1-04. For 

this size of particles, the terminal velocity is 0.635 c d s  in water. The four simulations 

were performed at d o m  translational speeds of 1.0,0.635,0.50, and 0.45 c d s .  For 

the two higher speeds, some particles partially separated from the thermal, while othen 

remained within it. The ones entraineci, foliowed the intemal circulation of the thermal. 

However, at longer times, al1 particles migrated towards the vortex center, on the outer 

edge of the thermal (symmetncal). For the two lower speeds, the particles separated 

more quickly fiom the thermal. Permanent particle separation from the thermal was 

observed for speeds lower than the terminai velocity of the polystyrene particles. 

Originaily, a goal of this thesis was to validate Topham et al's particle and fluid 

flow model using another type of particle. Glass particles were chosen because they can 

be obtained easily commercially in very accurate sizes. Laboratory experiments were 

performed using 0.0548,0.046,0.0358 and 0.0274 cm diameter glass particles, which al1 

have a specific gravity of 2'SO, and fluorescein dye. M e r  performing a few experhents, 

it became apparent that the particle themals, especially ones with 0.0274 cm diameter 

glass particles, do not travel at udorm veiocities. The particle themals Msibly 

decelerated in the water tank. Therefore, at this point, a relationship for a nonuniform 

translational velocity was also added to the scope of this work. 

It is well documented that single phase themals have a velocity that varies 

inveaely with the square root of time. In Chapter 8 of Scorer (1978) this relationship is 



discussed. From the glas paaicle experiments performed Ui this work, the square of the 

distance traveUed by the thermal and time were plotted. The same relationship as Scorer 

was found tme for two phase t h e d s  even with phase separation. It is believed that this 

relationship resdts fiom the separated particle's wakes king entrained into the thermal. 

As a result, a simple relationship was developed to incorporate a nonuniforni velocity 

into the fiuid flow model. The relationship was developed fiom the derivations for point 

source releases by Morton, Taylor, and Turner (1956). Since their relationship only 

describes the thermal velocity after the initial acceleration, it is necessary to determine the 

approximate tune when the acceleration ends, and its respective maximum velocity. Lee 

(1992) developed a theoretical relationship to determine both of these parameters, which 

is used to detemllne the maximum velocity and time for glas particles. Lee's 

relationship is dependent on the specific &raMty of the particles and the mass used. 

For polystyrene particles Topham et al used a Stokes drag relationship in theu 

particle model. However, the four glas  particles sizes have terminal velocities in water 

in the non-Stokes flow regime. Therefore, it is necessary to modify the drag force terni ui 

their particle model. Two papers, one by Sene et al (1993) and the other by Tio et al 

(1993), both incorporated a non-Stokes drag term into an almost identical particle model. 

Sene et al used a very simple Iinear drag law and this is used here. 



This thesis consists of seven chapters in the main body and five appendices. The 

fim haif of Chapter 2 discusses the background fluid flow field used in the particle 

model. As mentioned previously, the background ff ow field consists of a Hill's sphericai 

vortex within the thermal and potential flow theory outside. A nonuniforni therrnal 

velocity is aiso introduced in this section. The second halfof the chapter discusses the 

particle motion equations. Several examples are presented in the later haif of the chapter 

to demonstrate their use in the particle thermal model. 

Chapter 3 contains a description of the experimental equipment used in the 

laboratory dong with the procedure for perfiomiing experiments. The argon ion laser, 

used as a light source for the experirnents, is discussed in detail. Other key components 

of the experimental apparatus include the water tank and the release mechanism. The 

various data parameters extracted from the videotapes of the experiments are explained 

in this section. 

The laboratory observations are contained in Chapter 4, which includes raw data 

fkorn severai of the labotatory experiments and some digitized frames fiorn the 

experimental videotapes. The raw data and -es are for the largest and smallest g las  

particles used in the experiments. The digitized fiames show the sequential development 

of a particle thermal. 

Chapter 5 consists of theoreticai simulations perfonned for 0.0548 cm diameter 

g las  particles for various flow conditions. The fim half of the chapter considea a 



thermal travelling at a uniform speed and the second haif is for a nonunifonn speed in the 

model. Both Stokes and non-Stokes drag relationships are used in the unifonn and 

nonuniforni t h e d  speed models. Results with a Stokes &ag nlationship in the thermal 

models are included for comparison purposes. The same simulations for 0.0274 cm 

diameter particles can be found in Appendix C. At the end of Chapter 5 a comparison is 

carried out with the theoretical polystyrene r ed t s  nom Topham et al and the 0.0274 cm 

diameter glas particle results, for similar flow conditions. 

Chapter 6 compares the theoretical simulations with the laboratory experiments 

for the 0.0548 and 0.0274 cm diarneter glass particles. For a uniform translational 

velocity, both Stokes and non-Stokes drag are examiaed while only non-Stokes drag is 

studied in the nonuniform case. Lastly, Chapter 7 contains al1 the hdings and 

conclusions fkom this research and recommendations for fhture reIated research. 

The first appendiv contains the raw data for aii the laboratory experiments 

performed. Only a couple of experiments exhibiting ideai thermal behaviour were 

examined in detail in the main body for 0.0548 and 0.0274 cm diarneter particles. The 

second appenàix contains more in depth denvations of equations included in Chapter 2. 

The third appendix contains theoretical results for 0.0274 cm diameter phc l e s  sunilar to 

those presented for 0.0548 cm diameter particles in Chapter 5. Appendix four includes 

examples of the cornputer code used to perform the theoretical simulations. Lastly, 

Appendix five contains a copy of Topham et al's paper entitled "The Dynamics of Solid 

Particle and Bubble Groups" (1994). It is beneficid to read this paper before reading the 



remainder of this thesis, because it provides a good o v e ~ e w  of research specific to the 

modeliing of solid partide themials. The pictmes enclosed on the 1st page of their paper 

are of poor quaiity. Please refer to the pictwes in Chapter 4 @ages 60,61,64 and 65), 

which show simila. solid particle thermal behaviour to the ones enclosed in Topham et 

al's paper. 



Chapter 2 

Theory 

2.1.1 

Turner (1964) suggested the use of an expanding Hill's spherical vortex and 

potential flow theory to mode1 the auid flow field of a thermal. He integrated the 

equations describing these two types of flows and solved for the flow field. His results 

compared closely with experimental redts for turbulent buoyant single phase themals. 

Figure 2.1 is a copy of a plot fiom his paper which shows the flow field for a rising 

buoyant thermal. The location of the fluid elements were made dimensionless by 

dividing their location at each time interval by the expandimg radius of the thermal. At al1 



values of the the thermal, assuming a spherical shape, wiii have a dimensiodess radius 

of mity. The plot shows the fluid nreamluies around a buoyant single phase thermal. As 

the thermal moves upwards the extemai fluid, depending on its initial radial distance, can 

become entrained within the vortex. Extemal M d  can be entrained at al1 points dong 

the themal boundary. The center of the vortex is located on the outer edge of the 

thermal. Not s h o w  is the right side of the thermal. Symmetry exists and it is a mirror 

image of the le4 with circulation in the opposite âïrection. For a downward moving 

thermal, the fluid streamiines are in the opposite direction. Turner's flow field for a 

buoyant single phase thermal is the one used to mode1 the background fluid motions of a 

negatively buoyant two phase thermal. Turner used spherical coordinates, whereas 

cylindrical coordinates wiII be used. Themials with both M o r m  and nonuniform 

translational velocities will aiso be considered. 

2-12 Flow - s Spberical Vortex - t  

A Hill's sphencal vortex is a constant axisymmetric vortex, where the vorticity 

lm distribution within the vortex is given by a, = -r , and outside the vorticity is zero. 
2a2 

The circulation mund the vortex is ï = 5Ua. Due to entrainment, a buoyant thermal 

spreads and grows in size. To use a Hill's spherical vortex it is aecessary to have a 

thermal d i u s  increasing in size, Le., an expanding Hill's spherical vortex. 



Figure 2.1 The motion of particles into an expanding sphericd vortex, plotted 
using a coordinate system in which the spherical boundary is fixed in 
size. The tangent of the haif-angle ofspread is a = 0.25. The nght side 
of the diagram shows the paths of particles which started on a plane 
at nght angles to the direction of motion. The points marked are 
separated by equal the intervals if the vortex has a constant forward 
velocity. The Ieft side of the diagram shows the successive shapes into 
which a plane of fluid is distorted by the passage of the vortex. 
(Turner, 1964) 



Figure 2.2 Streamlines of a Hili's spherical vortex. If a velocity U is 
impressed on the whole system fiom top to bottom there is a spherical 
vortex of radius a moving with velocity U in a fiuid at rest 
The motion of the fluid extemal to the vortex is irrotational. 
(Milne and Thomson, 1967) 



Turner was the fint to consider a Hill's sphericd vortex this way. Considering the 

sequential development of a thermal, with constant velocity U, the vortex increases in 

strength, but is constant at any moment in time. To sïmplify the Buid flow model, Turner 

ody considered a thermal travelling at a constant velocity U. 

Starting with the stream ftnction for a HU'S sphencal vortex, in cylindrical 

coordinates, the axisymmetric velocity components can be determiued. The Stream 

fiuiction for a coordinate system fîxed at the center of the vortex is: 

In the equation, r and zr are the radial and vertical coordinates, U is the translational 

thermal velocity and a is the radius of the vortex or thermal. U and z~ are positive in the 

downwards direction. By partialiy dinerentiating equation (2.1) with respect to r and z~ 

the internai velocity flow field is: 

and 



A fidl denvation of the fluid flow field can be found in Appendix B. The Linear radial 

growth of the vortex (themial), defined by Tumer is: 

in equation (2.4) a is the entrainment coefficient, which is equal to the tangent of the half 

angle of spread in radians. The haIf angle of spread is approximately 1 5" making the 

enaainment coefficient equal to 025. By inserting equation (2.4) for the expanding 

radial growth of a thermal into equations (2.2) and (2.3) they now represent the velocity 

components of an expanding Hill's sphencal vortex. This is the velocity flow field 

within a thermal. 

At this point, T u .  introduced dimensionless quaatities to non-dimensionalize 

his fiuid equations. This enabled him to solve for dimensionless quantities to cteate 

Figure 2.1. In this work equations (2.2) and (2.3) are numencally integrated as a system 

of equatioas in reai tirne. Subsequent dimensionless plots are created by dividing the 

fluid locations in the radial r and vertical z directions by the expanding vortex radius a. 



2.1.3 P o t e ~ I o w  the or^! 

Potentid flow theory can be used to model irrotational flow around sphencal 

objects. %y using potentiai flow theory to model the extemal Bow field the thermal is 

considered as a stationary spherïcal object with flow approaching at velocity U. Starting 

with the Stream fùnction for potentid flow theory, in cylindricai coordinates, the 

axisymmetric velocity components can also be determined. The Stream function for flow 

approaching a stationary spherical object is: 

The coordinate system is one fixed at the center of the spherical object and zr and U are 

positive in the downwards direction. By partially differentiating equation (2.5) with 

respect to r and ZT the fluid fiow field around the sphere is found. A full derivation is 

contained in Appendix B. 

and 



Equations (2.6) and (2.7) represent the fluid flow field outside the boundary of a thermal. 

2.1.4 ponriiii[orrn V e l e  

Turner (1964) assumed a constant thermal velocity to simplify his fluid model. In 

other research (e-g., Scorer (1978)) it has been shown that single phase thermals travel at 

nonuniform translational velocities. Figure 2.3 shows a linear relationship when the 

square of the vertical distance travelled by a single phase thermal is plotted versus rime, 

which Nggests a nonuniforni velocity. In this work, identical plots were made with the 

experimental data for glass particle t h e d s  (refer to Chapter 4). The same linear 

relationship was f o u i  As a remit, a nonuniforni t h e d  velocity was added to the 

scope of this work. 

Morton, Taylor, and Turner (1955) investigated the behaviour of plumes and 

instantaneous point sources (themals). By manipulating theù conservation equations for 

volume, momentum, and density deficiency relatioaships can be found for a nonuniforni 

translational thermal velocity and the thermal radius. The three conservation equations 



Figure 23 Square of Vertical Distance TraveUed by a Themial versus T h e  

for volume, momentum and density deficiency are: 



where: 

a = mean radius of a thermal cloud 
U(t) = the meaa thermal velocity 
aU = the rate of entrahunent at the cloud sucface 
p = fluid density inside of a thermal 
p, = fluid density outside of a thermal 
p, = reference density of the system = p,(O) = density outside of a thermal at the point of 

release 

From the above equations the foliowing two relationships for the thermal radius a and 

velocity U are derived. 

where: Q = a3g @ 1 - p) , ,"/s2 
PI 

t = theoretical the ,  s 

Th-, fkom expression (2.12) the themial velocity varies inversely with the square root of 

tirne, which is the behaviour Figure 2.3 suggests. Equation (2.1 1)  shows a relationship 



for the radial growth of the vortex for a nonuniforni thermal velocity. A lengthy 

derivation of these equatioos is contained in Appendùt B. 

t 
& 

introducing K = - Q4 as a constant reduces equations (2.1 1) and (2.12) to: 
(îa$ 

2.1.5 m o r e m i  

To use a nonuniform thermal velocity relationship in the particle and fluid models 

an appropriate initial theoretical time is required. Upon release, a thermal initially 

accelerates until its maximum velocity is reached. Equation (2.14) does not incorporate 

into it this initial acceleration phase, only the deceleration phase aftewards. Therefore, 

to perfonn theoretical sîmuiatioos an initial time is selected when the maximum velocity 

occurs or at a t h e  thereafter. The initial acceleration phase will be ignored. 

Lee (1992) fomdated equations for single phase thermals. From his equations, 

the maximum velocity and the thermal's correspondhg size can be found. It is assumed 

that these equations are valid for two phase thermals because single phase behaviour is 



observed for a period of time d e r  release. This is due to the rapid turbulent mixing of 

the glas particles and dye. 

The maximum velocity is dependent on the volume and mass of particles used. 

Table 2.1 gives the maximum thermal velocities for the various giass particles midied 

dong with the theoretical times when they are achieved. Two velocities are given for 

0.0359 cm diameter particles because two different masses were used in the laboratory 

experiments. 

For the theoretical simulations performed in Chapters 5 and 6, an initial time is 

found by inserting a velocity equal to a value less than the maximum velocity into 

equation (2.14). The constant K is determined nom the laboratory experiments, by taking 

the dopes of best fit lines on plots similar to Figure 2.3. Note, K is equal to the square 

root of the dope divided by a factor of two. 

Table 2.1 Maximum Thennai Velocity 

Particle Diameter 
(cm) 

0.0274 

Mass Used 
(8) 

14.60 

Vortex Radius at 
Maximum Velocity (cm) I 

1.80 

Maximum 
Velocity (cmls) 

-23.16 

- 
Timc of Maximum 

Veiocity (s) 
0.123 



2.1.6 

The current b e  of reference is one centered on the vortex and moving with the 

same velocity as the themal. This fiame of reference is sufncient for a thermal moving 

at a constant velocity, but introduces probIems for one moving at a nonuniforni speed 

because of the accelerating &une of reference. Therefore, the frame of reference is 

iraosformed to one fked at the point of release. By m a h g  a fixed &me of reference, 

the radiai coordinate r remains unchanged, but the vertical coordùiate changes. The new 

fixed vertical coordinate is designated as z and is shown in Figure 2.4. The theoretical 

time t = O s is for a point source release fkom the origin. Since the experiments are 

performed with a starting thermal radius a = 2 cm, and not fiom a point source, 

experimentai and theoretical times do not correspond with each other. To avoid 

confusion experimental times are designated as t. 





With a fked frame of reference, with U and z positive upwards, the fluid flow equations 

for a nonuniforni speeâ thermal are: 

i.) Hill's Spherical Vortex 

ii.) Potential Flow Theory 



2.1.7 

A nimmary of the assumptions in using a Hill's sphericai vortex and potential 

flow theory to mode1 the background fluid motions of a two phase thermal include: 

Assuned Flow Field The flow inside and outside of a thermal is 

descnbed using an expanding Hill's spherical vortex 

and potential flow theory. 

Sphencd Thermal Shape Actuai themals have a slightiy flattened 

shape. The thermal is treated as a perfect sphere. 

Initial Theoreticai Time Men a unifonn thermal velocity is assumed in the 

models, the initial theoretical time is not an issue 

because the velocity relationship is valid for all 

values of the.  For the nonuniforni thermal 

velocity relationship, a theoretical time is selected 

when the thermal reaches its theoretical maximum 

velocity or at a time thereafter. It is also assumed 

that the theoretical maximum velocity relationship 



given by Lee (1992) for single phase thermds can 

be applied for two phase themals. 

Finite Thermal Boundw There is a sharp boundary between irrotational 

fluid outside the thennal and rotational fluid inside, 

Entrahed fluid quickiy shares the vorticity 

of the inner fluid- 

Constant Vorticity By using an expanding Hill's sphencal vortex, it is 

assumed there are only smdl instantaneous 

differences in voaicity due to expansion and 

muung. 

Viscous effects of the fluid are neglected. 



2.2 article lVIPfLQlL 0 

2.2.1 Bprkerolind 

There has k e n  extensive theoreticai work done modelling the behaviour of smdl 

particles in various types of flow situations. Maxey and Riley (1982) derived an equation 

of motion for s m d  spherical particles in an unsteady n o n d o m  flow field. The 

intention of their work was to resolve problems in previously derived equations. More 

recently, Auton (1988) has also developed a simïlar equation of motion for a srnall 

particle moving through an inviscid fluid in which there is an unsteady nonuniform 

rotationai velocity flow field. This type of flow field is used to describe the fluid motions 

of a two phase thermal. 

Auton's equation of motion considen a small rigid sphere, of radius r,, located at 

Y(t) in a flow fieid the velocity of which in the absence of the particle is u(t). The 

presence of the particle is assumed to have no infiuence on the flow field and the velocity 

of the particle v(t) is as foiiows: 



In equation (2.19) m, is the mass of the particle, m, is the equivalent mass of fluid that the 

particle occupies, v is the velocity of the particle, g is acceleration due to gravity, 16 is the 

Wtual mass coefficient that is equal to 0.5 for a sphencal partick, p is the dynamic 

viscosity of the fluid, u is the kinematic viscosity of the fluid, t corresponds to time, r is 

the time domain for the Basset history tenn, CL is the lift coefficient which is equal0.5 

for a spherical particle and o is the vorticity. The first tenn on the right side is the body 

force due to gravity and buoyancy, the second results fiom the acceleration of the local 

fluid element, the third is the force due to the added mass, the fourth is Stokes drag, the 

fifth terni is the Basset history force and the last terni is the force due to lift on the 

particle. The acceleration of the local fluid element considers the force a ff uid sphere, of 

the same size, would expenence in the absence of the particle. It should aiso be noted, 

that equation (2.19) employs two different derivatives. The fm derivative, 

corresponds to the (substantive) derivative following a fluid element. The second 

derivative, 



corresponds to the (total) denvative dong the particle path. 

The derivation of equation (2.19) is based on h d h g  the forces associated with 

the undisturbed flow, without the particle, and with the disturbance flow created by the 

presence of the particle. One assumption necessary in order to obtain the force on a fluid 

sphere in an undisturbed flow is that the fluid sphere radius, r,,, must be smail compared 

to variations in the fiow leagth scale, L (i.e., 5 << 1 ). In sutnmary, the equation of 
L 

motion can be apptied to mal1 sphencal particles with a wide range of densities and 

which obey Stokes drag Iaw. 

The Basset history force represents the memory effect of a highly viscous slow 

moving Newtonian fluid on the particle motion. in a paper by Reeks and McKee (1984), 

they investigated the innuence of the Basset force on particle dispersion. They found the 

initial velocity ciifference between the fluid and the particle, when the particle is first 

introduced into the flow, characterizes the tendency of the particle to disperse Iater on. 

Reeks and McKee concluded that the Basset history had negiigible effect when flow was 

turbulent. To shplifjr the mode1 the Basset history is neglected in this work because it is 

believed to have small affect on particle motion in turbulent flow fields. The Iift force 

terni is also neglected in order to simplify the paxticle equation M e r .  Equation (2.19) is 

reduced to: 



which is the equation for paaicle motion saidied here. With the use of a cylindrical 

coordite system equation (2.20) becomes: 

and 

Equations (2.21) and (2.22) are the equations of particle motion in the vertical and radial 

directions. Except for the buoyancy and gravity force tenn in the vertical direction, the 

equations are identicai. The equatioas in this fom are numencally integrated to solve for 

particle trajectories. It is necessary to assume an initial particle velocity at the moment of 

release in the theoreticai model. Assuming no-slip betwcen particles and fluid it is 

assumed that the particle velocity is equal to the local fluid velocity at the time of release. 



2.2.2 

The glas particles studied Vary in grain size nom 0.0274 to 0.0548 cm and have a 

specific gravity of 2-50. The Stokes and non-Stokes Reynolds nurnbers are tabulated on 

page 35 for the various glass particles. The Reynolds number for Stokes drag is at the 

particles temiinal velocity and the non-Stokes Reynolds numbers are at maximum and 

terminal velocities of the particles. 

The terminai velocity of the particles is calculated nom the force balance on a 

senling particle assuming a spherical shape. From the balance of drag and buoyancy 

forces, a general equation for the terminal velocity is: 

where: d = diameter of particle, cm 
CD = coefficient of drag 
p, = particle density, @cm3 
p~ = Liquid density, 1.0 g/cm3 is the density of water at 5' C 
VT = terminal velocity of particle, cmls 

The expression for the terminal velocity varies depending on the Reynolds number of the 

settling particle. The coeficient of drag is a fiinction of the Reynolds number, which is 

depicted in Figure 2.5 for the different flow regimes. Even though many particles are 



involved, it is assumed that the terminal velocity for a single isolated particle c m  be used 

rather than the somewhat slower hindered settling velocity of closely spaced particles. 

Figure 2.5 Correlation for drag coefficient for spherical particles (Ramalho, 1983) 
(N, is equal to the Reynolds Number, Re) 

Table 2.2 Stokes and Non-Stokes Reynolds Numbers and Terminal Velocities for 
Various Glass Particle Sizes 

For spherical particles the Reynolds number is calculated by: 

Non-Stoka Re 
(Maximum Vclocity) 

90.46 
75.67 
59-24 
41-95 

Tempcnzrt - S O C  ( D y m i c  v k s i f y  o f  Wam = 0.0 151 glcm3) 
Spccific Grtvity of water - 1.0 

Non-Stokes Taminai 
VcimOCtty ( d s )  

-6.10 
-5.00 

Maximum Thermal 
Vclocity (cmls) 

-24.95 
-24.84 
-24.95 
-23.16 

' Diameter (cm) 

0.0548 
0.0460 

- Non-Stoka Rc 
TTminaJ Vclocity) 

22.12 
1523 
8.93 
5.00 

0.0359 f -6.96 
0.0274 1 4.05 

S m k e  Taminal 
Vclocity ( c d s )  

-1623 
-1 1.46 

1652 1 -3.76 
734 1 -2.76 

Stokes Re 

58.84 
34.90 



where: v, is the vertical particle speed in cm/s 
p, = 0.0 15 1 g/cm*s, is the dynamic viscosity of water at 5 ' ~  

Stokes drag lies in Re < 2, the transition region lies in 2 < Re < 500 and Newton's 

region lies in Re > 500. As can be seen aü of the Reynolds numbers lie outside of the 

regime for Stokes drag. The Reynolds nurnbers are still s m d  and the case of Stokes 

drag d l  still be studied for cornparison piirposes. Sene, Hunt and Thomas (1993) 

modified Auton's particle equation by inserthg a non-Stokes drag relationsbip into it. 

For simplicity they proposed a linear drag law which they found sufncient for bub bles 

having a diameter less than 2 mm. In an earlier paper Sene (1985) found that the 

particular choice of drag Law did not matter provided that an appropriate terminal velocity 

V, is used B y replacing the Stokes drag tenn 6xprp (u,, - v,, ) in equations (2.2 1) and 

and 

where: w = u - v, is the difference between Buid and particle velocities 
V, is the terminal velocity of the particle (non-Stokes terminal velocity in 

equations (2.23) and (2.24)) 



2.23 

There are several assumptioas used in the derivation of the particle motion 

equations. A summary of these are: 

Type of Flow Even though the glass particles faIl in the region of non- 

Stokes drag (Re>2), the case of Stokes drag (Rd) will 

dso be examined- 

Initial Particle Velocity To solve for the particle trajectories, it is assumed the initial 

particle velocity upon release is equal to the Buid velocity 

at that location (Le., no-slip). 

Assumed Flow Field The background flow field consists of an expancihg Hill's 

sphencal vortex and potential flow theory. This type of 

fiow field models the particle motions of a two phase 

thermal. For other flow applications, another flow field can 

be used to predict the particle motion as well. 

Multiple Particles The particle motion equations follow the path of one 

particle. However, to mode1 the trajectories of 



multiple particles it is assumed that the different particle 

tmjectorïes do not affect each other. 

Spherical Particles Glass particles have an ùregular gmin shape, but the 

meau diameter is used to approximate a sphericai 

partic le. 

2.2.4 

To demonstrate how the particle model works, the following examples are 

performed with glas particles having a specific gravity of 2.SO. The fist set of examples 

show the trajectory of a single glass particle relative to the motion and expansion of the 

thermal. Each plotted point is obtained by dividing the radial r and vertical z~ 

components of the particle's trajectory by the thermal radius a for each time increment. 

At al1 values of time the thennal has a dimensiodess tadius of uaity. This kind of plot 

helps to visualize the interaction between the particles and the flow field of a thermal. 

Figure 2.6 shows the ûajectory of a single g las  particle, having a diameter of 

0.0274 cm (Stokes drag assumed), travelling relative to a thermal with a uniform 

translational velocity of U = -4.05 cmk n i e  M o n n  translational velocity is at the 

tenninal velocity of the particle. Initially the glass particle travels outside of the thermal, 

but after time it starts to move upwards where it eventuaily becomes drawn into the 

vortex again. In this situation, the particle model uses an expanding Hill's sphencal 



vortex for the flow field within the t h e d  and switches to potentiai flow theory for fluid 

motions outside. 

Figure 2.7 shows the same glas particle as in figure 2.6, but now non-Stokes 

drag and a nonuniforni thermal speed are assumed. For this situation there is permanent 

panicle separation &om the thermal for longer values of time. An expanding Hill's 

sphencai vortex is used to desccibe the flow field for the short period of tirne that the 

particle remains within the thermal and potential flow theory is used once the particle 

travels outside. In the nonunifonn case, the thermal starts at a speed faster than the 

terminal velocity of the glas  particle. As the thermal moves downwards the thermal 

slows down inversely with the square root of time. When the thermal starts to travel 

slower than the particle's tenninal velocity, it not possible for the particle to become re- 

entrained within the thermal. To display this the largest glas  particle size studied 

(diameter = 0.0548 cm) is used because it has the highest non-Stokes terminal velocity 

(-6.1 0 cds). The themal has a speed of -2.0 cm/s at the end of the 25 second simulation- 

To compare the theoreticai and experimentai data, it is necessary to model 

multiple particle trajectories. As stated before, one assunption in doing this is that each 

panicle tmjectory has negligible effects on each other. To tmck the behaviour of multiple 

particles, 14 g l w  particles are eveniy distributed, within the initial 2 cm thermal, in the 

panicle thermal model. Due to qmmetry, ody one half of a thermal is considered in the 

theoreticai simulations, 



Figure 2.8 is a plot of a thermal moving at a uniform speed with glass particles 

having a diameter of 0.0274 cm (Stokes drag assumed). However, the theoretical 

simulation is ody 25 seconds in duration, which is the approximate Iength of the 

corresponding fabonitory experiments. Some particles become entrained within the 

thermal while others do wt. Referrhg back to Figure 2.6, if the simulation would have 

been perfomed for a longer t h e  period, ai l  ofthe particles would become enaained in 

the vortex again. Figure 2.9 is a plot of the same thermal as in Figure 2.8, but now 

conventionai radial r and vertical z coordinates are plotted. This is useful to track particle 

growth and dispersion. Figures similar to these can be found in Chapters 5 and 6. 



Figure 2.6 A single glass particle (diarneter = 0.0274 cm) trajectory stacting within a 
thermal having a d o m  translational velocity (U = -4.05 c d s ) .  The 
experimental duration is 100 seconds and the particle started at the 
coordinates 0.38 cm (radial) and 0.12 cm within the initial 2 cm radius 
thermal, 



Figure 2.7 A single glas particle (diameter = 0.0548 cm) tmjectory stamng within a 
thermal having a nonuniform translational velocity (U = -25.0 c d s  to 
start; maximum thermal velocity). The experimental duration is 25 
seconds and the particle started at the coordinates 0.38 cm (radial) and 
0.12 cm (2 direction) within the 2 cm initial thermal. 



Figure 2.8 A dimensionless plot modelling the behaviour of 14 glass particles 
(diameter = 0.0274 cm) relative to the behaviour of the thermal. The 
thermal has a uniform translational velocity (U = -4.05 c d s )  and the 
experimentai duration is 25.05 seconds. 

Note: There is some particle overlap at each plotted time interval and 
there may not appear to be 14 particles. 



Figure 2.9 A plot modellhg the vertical and radial motion of 14 glas particles 
(diameter = 0.0274 cm). The thermal has a unifonn translational velocity 
(U = -4.05 cmk) and the experimental duration is 25.05 seconds. 

Note: There is some particle overlap at each plotted time interval and 
there may not appear to be 14 particles. 



Chapter 3 

Experimental Equipment and Procedure 

- - - - - - -  

3.1 O enmental E w e n t  . 

3.1.1 Water Tank 

A water tank constnicted for previous bubble experiments was used to conduct the 

thermal experiments. The 1.2 m high x 1.1 3 m wide x 1.13 m long tank was constructed 

of 1.90 cm thick Plexiglas and was nI1ed with tap water having an average temperature of 

5" C (pg.0 15 1 g/cm-s). After filiing, time was taken for the water to settle before 

performing experùnents. The overail laboratory setup is show in Figure 3.1. 



Figure 3.1 Laboratory Setup 

3.1.2 

A laser Light sheet was used to iliuminate a thin cross section of the particle 

thermal. To create a very thin vertical Worm sheet of Light an argon ion laser (5500A) 

developed by Ion Laser Technology was used This unit generated a polarïzed bearn in 

the 457 to 5 14.5 nm wavelength range. The plasma bore matrix material in the laser is 

Beryllium Oxide (BeO). This laser mode1 cm produce beams ranging in power nom 10 

to 500 mW, which required three cooling f m  due to the tremendous amount of heat 

produced îrom its operation. A 220 VAC power source was requited. 

The argon laser's short wavelengths are an extreme hazard to the eyes and several 

precautionary measures were required. FUst, appropriate laser safety goggles, for the 457 

to 514.5 nm wavelengths, were wom. The goggles do not provide complete protection 



and it is necessary to avoid direct or reflected beams. Second, any exposed skin was 

covered to prevent tissue damage. Lastly, the laboratory room was locked when the laser 

was in use to prevent accidental entry into the room. The laser unit has several built in 

safety feahires. A key was required in order to openite the laser and once powered up it 

took approximately 45 seconds for it to produce a beam. 

The laser unit was placed on a support to provide stability during operation as 

well as making it maneuverable. At the opposite end of the support was a 1800 rpm 

electric motor. The end of the axle comected to the motor was ground to an angle of 45' 

and a high precision optical mirror (fiont faced) was placed on the bevelled end. The 

height and angle of the laser was adjusted so the laser beam iined up with the center of 

the rnirror. By firing the laser onto the spinning müror, an effective 360" sheet of light 

was produced. Figure 3.2 shows the laser unit, electnc motor, mirror and support 

mechanism. As a dety precaution, the laser, electric motor and support were enclosed in 

cardboard to capture reflected laser radiation. To achieve an o p h u m  light sheet, the 

laboratory lights were dimmed for the experirnents. 

Fluorescein dye (Uranin, C2H,oOzNad was used to enbance the fluid portion of 

the particle thermal. The dye became excited by the short wavelengths of the laser beam 

and the illuminated cross section of the particle thermal fiuoresced. 
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Figure 3.2 Laser Light Sheet Apparatus 

3.13 &kase MeEhânism 

A smali, but important, experimental component was the release mechanism. The 

purpose of the release mechanism was to release the particle thermal unifordy into the 

water tank. It was also important not to add any initial impulse to the thermal. To 

achieve this, a s p ~ g  loaded release mechanism was used. The main compownts 

included a 2 cm radius hemispherïcal cup, an elastic band, a release pin, torsion springs 

and a triangular support structure. Figure 3.3 shows a schematic drawing of the release 

mechanism. To operate the rnechanism the elastic band was puiled in tension and the 

hemispherical cup was forced closed and held in place with the release ph.  Next, the 

particles and dye were loaded into the cup. The release pin was then pulled, forcing the 

hemispherical cup apart, releasing the particle thermal into the tank. 



Figure 3.3 ReIease Mechanism 

3.1.4 Video C m  

An Hitachi VM-5400A VHS video camera was used to videotape dl of the 

experiments. The camera was operated manualiy in order to focus on the descending 

thermal in the tank. Before videotaping the experiments a removable grid was inserted in 

the middle of the tank and videotaped. This aided in the analyses of the thermais 

aflerwards. The videotaped grid removed messurement errors due to refkaction and 

parallax effects. The video camera was placed 2.5 metres from the tank. 



3.2 

Four sizes of glas particles were used to perform the paaicle thermal 

experiments. In previous work by Lee (1992), polystyrene, having a specific gravity of 

1.04, was used to perfonn particle thermal experiments- As an extension to his 

experimental work, glas  particles were chosen because they have a different specific 

gravity (s.g. = 2.50) and can be found commerciaüy in a wide assortment of sizes. Sieved 

glas particles were obtained fiom Canasphere Industries Limited in Calgary, Alberta 

The following table shows the different sizes of glas particles used. Al1 the particles 

have Reynolds numbers in the nonStokes flow regime (Stokes: Re < 2.0). Glass 

particles were available in diameters smailer than 0.0274 cm, but they clumped together 

in water giving poor results. Therefore, 0.0274 cm was the smallest g las  particle 

diameter studied. Note, the grain size is the mean diameter of the particles. 

Table 3.1 Glas Particle Sizes with a Specific Gravity = 2.50 

Specific Gravity of Water = 1 .O 

Grain Size (cm) 

0.0548 
0.0460 
0.03 59 
0.0274 

i 

Water Temperature = 5' C (p = 0.0 15 1 %cm-s) 

Stokes Terminal 
Velocity ( c d s )  

-16.23 
-1 1.46 
4-96 
-4.05 

Stokes Re 

147.10 
87.25 
4130 
1834 

Non-Stokes Terminai 
Veiocity ( d s )  

-6.10 
-5.00 
-3.76 
-2.76 

Non-Stokes Re 
(Temiinal Veiocity) 

22-12 
1523 
8.93 
5.00 



The experimentai procedure did not change fiom one glass particle size to 

another. The laboratory experiments were performed using the following procedure. 

1. The tank was flled with tap water to a levei just above the hemisphericai cup 

(1.53 m3 of water). 

2. A grid with 1 inch squares was inserted into the center of the tank. The g-rîd was 

videotaped to aid in the anaiyses of the themals afterwards. 

3. The tank was ailowed to senle for 30 minutes and then the water temperahue was 

recorded. 

4. The release mechanism was positioned over the center of the tank. 

5. The release mechanism was cocked by puiling the elastic band and then the release 

pin was inserted. 

6.  A quantity of glass particles of one size were meanired and weighed and loaded into 

the hemispherical cup. The particles were stirred to prevent dumping and to evenly 

distribute them in the cup. 

7. Approximately 5 mL of fluorescein dye was added to the cup. 

8. The laser safety goggles were domed. 

9. The argon ion laser ruid the electrk motor rotating the opticai mimr were powered 

up. It took approximately 45 seconds for the laser to wami up. 



10. The laser sheet was checked to make sure it sliced through the center of the tank. 

1 1, The video camera was twned on. 

12. The release pin was puiled h m  the release mechanism releasing the particle thermal 

into the water. With the different g l a s  particle sizes, the duration of the experiments 

varied £kom approximately 10 to 25 seconds in length. 

Many experiments were performed for each glas particle size and each were 

examined closely. The five best experllnents of each parcicle size were selected for 

computer analysis. The data for these nuis are contained in Appendk A. 

3.4 Qmpudsr Analyses 

Academic Computing, at the University of Calgary, provided al1 of the computer 

equipment and software necessary for the analysis of the laboratory experiments. A 

Macintosh IIC was used dong with a Panasonic VHS VCR. The VCR had fiame by 

frame advance capabilities, which was essential to capture individual -es fiom the 

experiments. 

Two different software packages were used to analyze the videotape recorded of 

the glas particle thermal experiments. The first program, "Screenplay", a fieeware 

package was used to capture and digitize frames from the videotape. Fnimes were 

captured in 1 second intenmls. The second package, 'WH (Version 1 S32B)" a utility 



program nom the National Institute of Health and Science was used to meanire the 

digitized h e s  of the themals captured in "Screenplay". The measuring tool used in 

the program was first calibrateci with the digitized fiame of the grid in the water tank. 

Several dimensions of the thermal were measwed as weii as the distance travelled by the 

thermal and the particles. Figure 3.4 shows the dimensions and distances measured and 

recorded. 



where: 

Point of Release 

a = the maximum radius of the thermal cloud (dye portion) 
a, = the maximum radius of the particle crescent 
z = the vertical distance to the maximum radius of the thermal 
z, = the vertical distance to the maximum radius of the particle crescent 
b = the vertical distance fiom the maximum radius of the thermal to its 

bottom 
b, = the vertical distance fiom the top of the particle crescent to its 

bottom 

Zp 

Fipre  3.4 Dimensions and Distances Measured 
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t 

w 

b 
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Chapter 4 

Experimental Observations 

4.1 o d w  
0 

Particle thermals were released without any deliberate initial impulse into an 

undisturbed water environment Upon release the thermal fluid motion was turbulent, 

which was evident by the rapid mixing of the dye. Theoretically the particle thermal is 

considered as a perfkt sphere in the flow field, but fiom the experiments it had an 

eiliptical shape resembling a cumulus cloud. Symrnetry existed for the Buid (dye) and 

particle portions of the thermal on good experiments. This was the main cnteria used in 

determining those experiments selected for analysis. 



The two phase thermals exhibited several phases as they developed and grew in 

sue. They grew by entraining fluid Eom theV exterior. Altogether there were four 

different phases displayed by the glass particle themals. These phases are described 

below. 

i-) Ilntial Acceleration Phase 

Upon release into water the particle thermal accelerated until it reached its 

maximum anainable velocity. Unfortunately, this was only an observation fiom the 

experiments. It was not possible to extract data fiom the videotape for this phase, 

because it occumd very quickly with each particle size w d .  

ii.) Single Phuse Behaviour 

For a period d e r  release, a particle thermal displayed single phase behaviour. In 

this phase no distinction could be made between the fluid (dye) and particle portions of 

the thermal. ïhîs behaviour was due to the rapid turbulent mixhg and velocity of the 

initial thermal. 

iii.) Two Phase Behmiour 

As the thermal decelerated an apparent bomdary was obsewed to f o m  between 

the particles and the intemal fluid. In this phase the particles continued to move in the 

intemal circulation fiow of the thermal, but there was an accumulation of particles at the 



fiont end (leadhg face) of the thermal. There was no particle separation nom the thermal 

when this behaviour was f b t  noticed. 

iv.) Particle S e m i o n  

Particle separation was observed when the thermal decelerated to a velocity lower 

than the terminal velocity of the particles. Fluid fiom the wake of the particles became 

entrained withïn the trailing thermal. 

As mentioned in the previous chapter, four different sizes of glass particles were 

used in the laboratory experiments. The 0.0359,0.0460, and the 0.0548 cm diarneter 

particles displayed the four thermal phases described above while the 0.0274 cm diameter 

particles appeared to be missing the particle separation phase. However, as noted in 

Table 4.1 at t = 14.0 s, it became difficult to see the paaicles and this phase may not 

have been visible to the naked eye. 

The following series of photogmphs were digitized fiom the videotape recorded 

during the laboratory experiments for the 0.0274 and 0.0548 cm particles. The other two 

particle sizes displayed ali  of the same themal phases, but at progressively different t h e  

intervals. Three graphical plots for each particle size are included at the end of the 

chapter. One venfies the use of 0.25 for the entrainment coefficient a, the second shows 



nonuniforni velocity behaviour and the third is a velocity profile of the themals. Raw 

data for al1 the Iaboratory experiments performed can be found in Appendix A. 

4 . 1  PPpdicle Size ( G r m u e  0.0274 a = 

The first series of data and pictures were for laboratory experiment #3 for 

0.0274 cm diameter glass particles. Refer to Figure 3 -4 for a description of the various 

parameters in Table 4.1. 

Figure 4.1 shows the particle thermal 1 second after release. At this point there 

was single phase thermal behaviour present, because no distinction c m  be made between 

the particles and £luid (dye) portions of the thermal. The themial had already reached its 

maximum velocity and was startuig to decelerate. In section 2.2.2, assuming non-Stokes 

flow for a nonuniform speed thermal the theoretical maximum velocity is -23.16 cm/s at 

t = 0.45 seconds (theoretical t h e  measured fiom a point source release) for 0.0274 cm 

diameter particles. It was not possible to validate either of these values from the 

videotape, but the maximum velocity did occur at t < 1.0 S. The thermal had a very nice 

symmetrical shape at t, = 8.0 S. The two bright fluorescing areas on the upper nght and 

lefi hand sides were the two vortex centers of the themai. It was difficult to see, but two 

phase behaviour was first obsewed within the thermal at this thne interval. At 18 

seconds the thermal had grown in size and was still in the same phase as in Figure 4.2. 

Refening to Table 4.1, the particles became increasingly harder to see and did not remain 



visible after L 8 seconds . It was impossible to predict when particle separation occurred 

for this particle size. 

Table 4.1 Raw Data for 0.0274 cm Diameter Glass Particles (Run #3) 



Figure 4.1 Time t = 1 .O second 
15 g of 0.0274 cm Diameter Glass Particles 

Figure 4.2 Time = 8.0 seconds 
15 g of 0.0274 cm Diameter Glass Particles 



Figure 4.3 Time i, = 1 8 -0 seconds 
15 g of 0.0274 cm Diameter Glass Particles 



. * 42.2 w s t  G b s  Partiele Size (Gmm&ze 0.0548 ml - - 

Figures 4.5 through 4.8 were for experiment #16 using the largest glass particles 

(diameter = 0.0548 cm). The particle thermal developed much more quifkly and the four 

thermal phases could be seen cleaily. The raw data for experiment #16 is given below in 

Table 4-2. 

Table 4.2 Raw Data for 0.0548 cm Diameter Glass Particles (Run #16) 

Euperiment #16 - 22.8 g o f  0.0548 cm Diameter Glass Particles (0.01 g/mL dye) 
Date: April 14/94 
Time: 6:34 PM 

Figure 4.4 shows single phase thermal behaviour 1 second d e r  release. The 

thermal had reached the point of maximm velocity and was already decelerating. 

Theoretically, for a nonuniforni speed thermal asçuming non-Stokes flow the maximum 

velocity is -25.0 cm/s at t = 0.47 seconds. The initial signs of two phase behaviour 



(particles collecting at the h n t  end of the thermal) can be seen in Figure 4.5. In the 

pictures the particles appear blue and the dye is green. For cornparison, the 0.0274 cm 

diameter particles did not display two phase behaviour mil& = 8.0 S. Mer 4 seconds, 

the particles were more visible at the head of the the-, but were still captuied within 

the thermal boudary. In Figure 4.6 the particles have staaed to separate fÏom the 

thermal, and in Figure 4.7 the particles have moved faaher in front AU of the pichues 

show very symmetncai thermal and particle behaviour. The wake of the thermal was 

missing in Figures 4.6, because the rotational speed of the optical mirror generating the 

laser light sheet was slower than the b m e  rate of the video camera. 



Figure 4.4 Time t = 1 .O second 
22.5 g oP0.0548 cm Diameter Glass Particles 

Figure 4.5 Time t = 3.0 seconds (Two Phases) 
22.5 g of 0.0548 cm Diameter Glass Particles 



Figure 4.6 Time c, = 4.0 seconds (Close to Separation) 
22.5 g of 0.0548 cm Diameter Glass Particles 

Figure 4.7 Time & = 10.0 seconds 
22.5 g of 0.0548 cm Diameter Glas  Particles 



4.3 1 Be- 

The theoreticai tluid model uses an entrainment coefficient a which is equal to the 

tangent of the Il2 angle of spread in d a n s .  It is widely accepted, that 0.25 is an 

appropriate value for a for single phase thermais. Figures 4.8 and 4.9 are plots o f  the 

t h e d  radius vernis the vertical distance traveiied by the dye for experiments #3 and 

experiment #16. From these figures the entrainment coefficients were calculated to be 

0.25 and 0.28. Identicai plots were made for al1 the experimental data recorded and 

values close to 0.25 were found as well for a. Thus, it is a valid assumption to use 0.25 

for the entrainment coefficient a in the theoretical model. 

Figure 4.8 Thermal Radius versus Vertical Distance Travelled by Dye for 
0.0274 cm Diameter Particle Thermals (Experimental Run #3) 
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Figure 4.9 Themial Radius vernis Vertical Distance Travelled by Dye for 
0.0548 cm Diameter Particle Thermais (Experimental Run #16) 

In Figures 4.8 and 4.9 the best fit line is extended back to intersect the y-mis. 

This roughly corresponds to where a particle thermal would staet if it were released from 

a point source rather than h m  an initial radius of a = 2 cm. 

A linear relationship was observed by Scorer (1978) when he plotted the square of 

the vertical distance travelled by a single phase thermal versus tirne. During the glass 

particle experiments, nondocm thermal velocities were observed. To veri@ this 

observation, the square of the vertical distance travelled by the glas particle thermais 

were plotted vernis tune. F i g w s  4.10 and 4.1 1 are the plots for experiments #3 and #16. 



A linear relatioaship c m  ciearly be seen in both figures. From the dope of the best fit 

line the K constant, discussed in Chapter 2, can be found for each experimentai m. K is 

equal to the square root of the dope divided by 2. This vaiue of K is used in the 

theoretical mode1 for the nonuaiform themial speed case. 

Figure 4.10 Dye Vertical Distance Squared (cm2) versus Time for 0.0274 cm 
Diameter Particle Thermds 

Figures 4.12 and 4.13 are plots of the velocity profiles for expenments #3 and 

#16. The vertical distance travelled by the dye portion of the glas particle thermals is 

plotted vernis tirne. The thexmals were decelerating at al1 of the time intervals. The 



thermals experienced a short acceleration period upon release, but this happened very 

quickly and it was not possible to extract quality data for -es d e r  1 second in length 

fkom the experimental videotape. To illustrate the initial acceleration phase a c w e  has 

been drawn to repment this phase. The c w e s  have been drawn according 

Figure 4.1 1 Dye Vertical Distance Squared (cm2) vernis The for 0.0548 cm 
Diameter Particle Themals 

to what theory dictates for a nonuniforni speed thermal assurning non-Stokes flow. The 

c w e s  fit nicely with the rest of the data. From the two figures, the dye portions of the 

thermals did not experience any M e r  changes in velocity when two phase behaviour or 

particle separation occumd. As a particle thermal entrains surmunding fluid and loses 

particles, it will gradually reach a state of neutral buoyancy. At this infinitesimal point in 



t h e  the thermal will corne to rest The travelling distance of the water tank was not long 

enough for the particle t h e d s  studied here to approach this state. Two phase behaviour 

was arst noticed at t = 8.0 seconds and at t, = 3.0 seconds for the 0.0274 and the 0.0548 

cm diameter particles, respectively. Particle separation occurred at t, = 4.0 seconds for 

the 0.0548 cm diameter particles. 

Figure 4.12 Velocity Profile of a 0.0274 cm Diameter Particle Thermal 



Figure 4.13 Velocity Profile of a 0.0548 cm Diameter Particle Thermal 



Chapter 5 

Theoretical Results 

~~~~~ - - - 

5.1 w 

Particle Locations at various t h e  increments were found numerically by solving 

the particle equations in Chapter 2. This was accomplished using the software package 

"Scientist" and a 8û486DX 33 MHz computer with 8 Mb of RAM. "Scientist" is a 

WidowsTY based program developed by MicroMath Scientific Software. Several 

numerical integration routines are available in the software including Euler, Fourth-order 

Runge-Kutta, Error Controlled Runge-Kutta, Buiirsch-Stoer and an Episode package. 

The Episode package was used to perform al1 of the theoreticai simulations, 

which is the program's most advanced integration routine. It cm solve both stiff and 



non-stiff differential equations using variable error control. The routine was initialized to 

run al1 the simulations usùig the non-stiffoption with a relative error size of 1 x 10". The 

routine in this format gave the most consistent d t s .  "Scientist" requires some 

computer code, which contains the differential equations for the particle and fluid models 

in radial and vertical coordinates, a Est of variables to solve numerically, values for the 

constants, initiai conditions and the time duration of the simulation. Samples of this code 

for non-Stokes and Stokes drag relationships for both uniform and nonuniform speed 

themals can be found in Appendix D. 

The theoreticai initial thermal (a = 2.0 cm) contains 14 evenly distributed 

particles. This number of particles gives a good representation of how the particles 

behave throughout thermal development without making the cdculations too 

cumbersome. initially, 80 particles were used for the computer generated results. 

However, calculations became too long and they did not prove to be anymore 

representative than using 14 particles in the model. Five time intervals are plotted on 

each graph fiom the cornputer resuits. The tirne intervals for ail  the plots are fiom O to 

50 s, which encompasses the duration of ail the laboratory experiments with the four 

particle sizes studied. 

To avoid repetition, ody the 0.0548 cm diameter glass particle size resuits are 

presented in sections 5.2 and 5.3 for uniform and nonunifonn speed thermals. Results for 

0.0274 cm diameter glas particles can be found in section 5.4 and Appendix C. Stokes 



and non-Stokes drag relationships are examined for each of these situations. In the 

uniform case, three different wliform veiocities are examined. One velocity is faster than 

the terminal velocity of the particle, one equals the terminal velocity and the other is 

slower. Topham et al (1994) presented their results for polystyrene particles in this 

manner. Thus, by doing the same a cornparison can be carried out between the results 

presented here and those in their paper (section 5.4). For the nonunifonn speed thermal, 

laboratory run #16 was chosen to determine a K value because this experiment exhibited 

the best ideal thermal behaviour using 0.0548 cm diameter particles. The K value is 

determined fiom the dope of the best fit line in Figure 4.1 1 in the previous chapter. 

5.2 

5.2.1 3 ; t o k w  

An example of the starting locations and fluid velocities of the 14 particles in the 

initial a = 2 cm theoretical thermal using a W2ifonn speed are shown in Table 5.1. The 

initial conditions are for a thermai having a unifonn speed of -25.0 cmls. This speed is 

what theory predicts as the maximum velocity for a thennal with this volume of 

0.0548 cm diameter glas particles. In the laboratory experiments the particle themals 

were released from a hemispherical cup having a radius of 2 cm. Since the particles are 

not starting fiom a point source, the initial theoretical starting time t is not equd to zero. 

For a uniform speed thermal the initial theoreticai thne is the t h e  for a thermal to grow 



to a radius oPa = 2.0 cm. The uniforni thermal velocity corresponds to U, the initial 

radial coordinate is r, the initiai vertical coordhate relative to the thermal center is z ~ ,  the 

initial vertical coordinate extrapolated back to the point source release is z, and Ur and U, 

correspond to the radial and vertical velocity components of the fluid flow field The 

computer program "Scientist" uses the initial conditions of the 14 particles in Table 5.1 to 

nart the computer simulation. 

Table 5.1 Initial Starting Conditions for 0.0548 cm Diameter Glass Particles 
Uniform Speed Thermal with Stokes Drag 
Thermal Speed U = -25.0 c d s  

Figure 5.1 is the dïmensionless plot of the particle trajectories relative to the 

themial nom the computer simulation. It shows one half of a symmetrical particle 

thermal and at al1 values of time the thermal has a dimensionless radius of unity. The 
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themal has a uniforni velocity of -25.0 cm/s and the 0.0548 cm diameter glas particles 

have a terminal velocity of VT = - 16.2 c d s  in water a s s u h g  Stokes drag. The vortex 

center is located where there is a cluster of particles trapped within the thermal at 

da = 0.80 and zT/a = -0.20. Except for the single particle at rla = 0.47 and zT = - 1.10, al1 

of the particles remain in the intemal flow of the themial for al1 the time intervais. Figure 

5.2 is for the same Bow situation as in Figure 5.1, but shows the radial and vertical 

positions of the 14 particles. The m e  ofreference is relative to the location for a point 

source release. The vortex center is disthguished by the cluster of particles at each thne 

interval. 

Figures 5.3 and 5.4 are for a thermal velocity equal to the terminal velocity of the 

particles (VT = -16.2 cmls). Figures 5.5 and 5.6 are for a thermal velocity of -10.30 cmk 

As the thermal speed is lowered, more particles migrate outside the boundary of the 

thermal. There is permanent particle separation in Figures 5.5 and 5.6 now that the 

thermal speed is slower than the terminal velocity of the particles. 

Figures C.1 to C.6 in Appendix C are the theoretical results for 0.0274 cm 

diameter particles at several uniforni velocities wuming a Stokes drag relationship in the 

model. They display almost identical behaviour to what is seen with the 0.0548 cm 

diarneter particles. This is expected since the uniforni velocities are varïed by the same 

factor as what they are in this section. 



5.2.2 Non-S tomDmg 

The non-Stokes Reynolds numbers of  the particles used range from 5 to 22 at 

their respective terminai velocities. For the 0.0548 cm diameter particle size the non- 

Stokes terminal velocity is -6.10 c d s .  As with the Stokes drag case, there are three 

separate simulations included in this section. One simulation is at a unifonn speed of 

-9.60 crn/s, the second is at -6.10 cm/s and the third is at -3 -90 c d s .  

Figures 5.7 to 5.12 are the results using a non-Stokes drag relationship in the 

unifom speed thermal model. The dimensionless plots are very similar to the previous 

plots for Stokes drag. The amount of relative particle sepmation is almost identical for 

the three flow situations. For both Stokes and non-Stokes drag, the themal speeds above 

and below the two respective terminal velocities are varied by the same factor. This is 

the same factor as that used by Topham et ai to vary their thermal speeds. The radid and 

vertical spread of the particles is substantiaily less than that for Stokes drag. This is due 

to the lower simulation speeds and the lower non-Stokes temiinal velocity. As before, 

Figures C.7 to C.12 for 0.0274 cm diameter particles show very similar behaviour to the 

plots for 0.0548 cm diameter particles with a non-Stokes drag relationship in the model. 



Uniforin speed thermal at the iiiaximum theoreticul velocity 
with Stokes drag (U = -25.0 cmls). 

Figure 5.2 

Vertical and radial pirticlc positions for 0.0548 cm 
dinmeter particles. Uniform speed tlier~nal at the theoreticul 

maximum velocity with Stokcs drag (U = -250 cm/s). 

2 



Figure 5.3 

Diiiiensioiiless plot for 0.0548 cm diorneter particles. 
Unifonii speed thermal at the temiinal velocity wiih 

Stokes drag (U = -16.23 crnts). 

Figure 5.4 

Vertical and radial particle positions for 0.0548 cn~  
diameter particles. Unifomi speed tlieriiiul ai the trriiiinul 

velocity with Stokes drag (II = -16.23 cnds). 









Figure S. 1 1 

Diinrnsionless plot for 0.0548 cm diameter particles. 
Uniforrn speed thermal below the terminal velocity 

with Non-Stokes drag (U = -3.87 cm/s). 

Vertical and radial particle positions for 0.0548 cm 
diameter parMes. Uni form speed thernial below the 

terniinal velocity witb Non-Stokes drag (U = -3.87 ci~ils). 



5.3 

At the omet of this thesis project the intention was only to consider a uniforni 

speed thennal in the model. However, afier performing some experiments it became 

apparent that a nonuniforni speed shouid also be examined. As with the d o m  speed 

case oniy remlts fiom the 0.0548 cm diameter particle size are shown in this section. 

These resuits are organized a bit dinerentiy than the previous d o m  speed redts. 

Since the thermal velocity decays with tirne, it is necessary to assume a starting velocity 

for the simulations. Therefore, simulations were penormed with Stokes and nomStokes 

drag relationships with initial velocities comspondiug to the velocity of the experimental 

thermals at c = 1 .O S. Reasons for this are that this is the fbt recorded data point fiom 

the experiments and d the particle t h e d s  are akady decelerating at this point in time. 

This is necessary since expression (2.1 S), for thermal velocity, only decays with tirne. 

As with the uniforni case, Table 5.2 provides an example of the initial starting 

conditions of the 0.0548 cm diameter glas  particles fkom laboratory run #16. Thee are a 

few differences. For instance, the starthg time t is now the time at which the thermal 

reaches the selected initial velocity to start the simulation and not the t h e  when a 

themal reaches a radius of a = 2 cm. Accordingly, the starting velocity U is the selected 

initiai velocity of the themial. The thennal velocity decreases inversely with the square 

root of tirne. By using a nonunifonn thermal velocity, the theoretical simulations are now 

specific to individual laboratory nuis, which is laboratory run # 16 for Table 5.2. From 



the Iaboratory experiments a constant K is found for each expriment. Sections 2.1.4 and 

2.1.5 discuss how the K values are determùied. This  constant is required in order to 

caicuiate the nonuniforni thermal velocity. Tables similar to 5.2 were developed for the 

other paaicle sizes. The initial conditions for nondorm speed thermais remain the 

same for Stokes and non-Stokes drag for each particle Ne. 

Mial Conditions for 0.0548 cm Diameter Glass Particles 
Nonimiforni Speed Themial with K = 10.0 c m l ~ ' ~  

Laboratory Run #16 

Particle 
No. 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 

r 

13 
r 

14 

U 
mm 
-9.28 
-9.28 
-928 
-9.28 

-9.28 
-928 
-9.28 
-9.28 
-9.28 
-9.28 
-9.28 
-9.28 
-9.28 
-9.28 

t 

(s) 
1.16 
1.16 
1.16 
1.16 
1.16 
1.16 
1.16 
1.16 
1.16 
1.16 
1.16 
1.16 
1.16 
1.16 

r 
(cm) 
1.0 
4.1 
2.6 
1.3 
0.3 
1.3 
0.1 
2.0 
0.9 
3.5 
1.9 
0.7 
0.1 
0.1 

UZ 
@mis) 
-22. 1 
-6.3 
-14.9 
-20.2 
-22.6 
-13.5 
-18.2 
-19.0 
-22.3 
-8.5 
- 16.4 
-20.8 
-22.6 
-14.3 

Ur 
( d s )  
-0.2 
-2.6 
-2.4 
-1.1 
-0.2 
-2.6 
-0.2 
0.7 
0.3 
4.2 
2.4 
0.7 
O. 1 
0.3 

ZT 

(cm) 
0.3 
1.3 
1.9 
1.8 
1.0 
4.1 
3.2 
-0.7 
-0.6 
-2.5 
-2.6 
-2.0 
-1.1 
-4.3 

z 
(cm) 
-2 1.2 
-20.2 
-19.6 
-19-8 
-20.5 
- 17.5 
-18.3 
-22.2 
-22.2 
-24.1 
-24.2 
-23.6 
-22.6 
-25.9 



5.3.1 Stokes Drag: 

For the arst redts assuming Stokes drag, the thermal is starting at a theoretical 

time of t = 1.16 S. This the comspouds to a velocity of -9.28 c d s  and an initial themial 

size of a = 5.39 cm. Figures 5.13 and 5.14 show adhnensionless plot and a plot of the 

absolute particle positions for five time intervals. It is quite clear that there is permanent 

separation for dl five time intermis. For cornparison, the uniform speed mode1 with U = 

VT and assuming Stokes drag, there is no permanent separation for the duration of the 

simulation. With the 0.0274 cm diameter particles in Figures C.13 and C.14, there is 

only permanent particle separation for the 1st four t h e  intervals. 

53.2 N- Dmg 

The non-Stokes drag case, dong with a nonuniform speed thermal, is more 

indicative of actual flow. These resdts are organized in the same manner as the Stokes 

drag resuits for a nonunifonn speed thermal. The non-Stokes terminal velocity is 

-6.10 cm/s for 0.0548 cm diameter particles versus a Stokes terminal velocity of -16.2 

cmls. Particles do not separate fiom the thermal as quickly with a lower terminal 

velocity. 

These resuits are for laboratory run #16 with an initial themial speed of 

-9.28 cm/s. As before, this corresponds to an initial thermal radius of a = 5.39 cm and an 

initial theoretical starting time of t = 1.16 S. These resdts are shown in Figures 5.15 and 

5.16. The first time interval of t = 2.16 s already shows permanent particle separation 



fiom the thermai. The plots show very nice halfmoon crescent formations, which are 

very similar to the observations fiom the laboratory experiments. Very similar resdts are 

shown for the 0.0274 cm diameter particles in Figures C. 15 and C. 16, with permanent 

particle separation for the latter four time intervais. However, it appears that there are 

some panides trapped within the thermal vortex for the f k t  two t h e  intervals. In 

figures such as C. 15 the themial boundary at d values of t h e  has a dimensionless radius 

of zT/a = da = 1.0. 
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5.4 ompgnsOn with TQphêm et a l  

Topham et al looked at the theoretical behaviour of polystyrene particles 

considering a uniform speed themai in their model. ïheir work dong with Lee's thesis 

(1 Wî), spawned this thesis into using another particle type with a larger specific gravity. 

Glass was chosen because it has a larger specific gravity and can be obtained 

commercially in very accurate sizes. 

Topham et al examined four different uniforni thermal speeds using polyçtyrene 

particles havùig a diameter of 0.054 cm and a specific gravi@ of 1.04. Two of the 

uniforni speeds were lower than the temiinal velocity of the polystyrene particles, another 

was equal to the terminal velocity and the fourth was faster. There were several notable 

results nom these simulations. Firsî, when the speed of the thermal was faster than the 

terminal velocity of the plystyrene particles there was no permanent particle separation 

f?om the thermal. Thee was some particle separation at smali values of tirne, but the 

particles eventually migrated back to the vortex center of the thermal. Second, when the 

speed of the thermal approached the terminal velocity of the particles there was partial 

particle separation fkom the thermal. However, at larger values of time d l  the particles 

migrated to the vortex center again. Third, at speech below the terminal velocity the 

particles permaaently separated nom the thermal. At s m d  values of time the particles 

were still part of the interna1 flow of the thermal. 



Earlier in Chapter 5 results were presented for 0.0548 cm diameter glass particles 

using the same theoreticai thermal model Topham et al used for polystyrene particles 

(Unifom thermal mode1 with a Stokes h g  relationship). Figures 5.17 through 522 

display Topham et al's resuits alongside the 0.0274 cm diameter glas results. The 

0.0274 cm diameter results are show because the 0.0548 cm diameter glass results were 

show previously. 

Figures 5.17 and S. 18 compare the two sets of redts at comparable unifonn 

thermal speeds greater than the terminal velocities of the respective particles. The vortex 

center is located approximately in the same position, relative to the position of the 

thermal, in each figure (zT/a = -0.2 and da * 0.8). The center is below the horizontal axis 

because of the influence of gravity and due to particle slip. Note, y/a and da are the same 

dimensionless puantities as zT/a and r/a Both particle types exhibit the sarne behaviour 

at the smaiiest time interval and maximum particle separation relative to the thermal for 

each figure is zT/a 1.2. Lady, the rest of the tirne intervals show the particles clustered 

at the vortex center. There is a higher density of particles in the Topham et al simulations 

because 80 particles were w d  in theu model whereas only 14 are used here. 

In Figures 5.19 and 5.20, the two sets of m l t s  are at a unifonn speed equal to the 

terminai velocity of the two particle types. The location of the vortex center remains 

unchanged from before for both sets of results. Both results show partial particle 



separation for ail time intervals. The amount of particle separation is the same in each 

case (zT/a J -1 -4). 

In Figures 5.21 and 5.22, the two sets of results are at a unifonn speed Iower than 

ihe respective terminal velocities of the particles- Permanent particle separation is show 

in both figures. Relative partide separation is equd in both cases. 



Figure 5.1 7 

Diiiirnsionless plot for 0.054 cm diameter polystyreiie 
particles (from Tophani et al). Uniforrn speed thermal 

nbove the temiinal velocity with Stokes drag 
(U = -1.0 cmls). 

Figure 5.18 

Dimensionless plot for 0.0274 cm diaineter glass particles. 
Uniforni speed thermal above the terminal velocity witli Stokes 

drag (U = -6.38 cmts). 







Chapter 6 

Analyses of Theoretical and Laboratory Results 

6.1 troduc- 

The previous chapters have shown results fkom the theoretical simulations and the 

laboratory experiments. The purpose of this chapter is to compare and analyze some of 

these results. The theoretical results shown in Chapter 5 were for uniform and 

nonuniforni speed t h e d s  using Stokes and non-Stokes drag relatiomhips. Mer a 

preliminary cornparison of laboratory and theoretical redts, it was found that non-Stokes 

h g  compared more closely with the laboratory redts. This was expected since the 

settiing behaviour of the glass particles falls in the non-Stokes flow regime. 

Data fiom the r e d t s  are compared in several ways. The parameters used to 

analyze the resuits are the: 



Thennal radius, a 

Themial depth, z 

Maximum particle radius, r 

Maximum particle depth, z 

Maximum particle separation fiom themal (measured fiom center of thermal), 2, 

Thickness of the particle crescent (difference between the depth where the maximum 
radius occurs and the maximum depth of the particles in the crescent), b 

The parameters are compared at five different time intervals, which are chosen so that 

there is correlation between the theoretical and the laboratory intervals. The next two 

sections contain figures and tables comparing both theoretical and laboratory results for 

uniform and nonun50rm speed themals. The tables included in these sections show the 

dserence between theoretical and laboratory values dong with percent ciifferences. A 

negative difference indicates that the laboratory result is larger than the theoreticai, 

whereas the percent ciifferences are absolute values. The figures in these sections contain 

plots of  the theoretical resuits with the laboratory resuits superimposed. The laboratory 

results are represented by bolded symbols for each tirne interval and a comecting arc. A 

smail assumption is made in representing the laboratory results in t h i s  manner. Since the 

laboratory data does aot have the same detail as the theoreticai, it is assumed that a radial 

arc caa represent the part..de distribution between data points. 



6.2 rm Speed T h e r d  Coupamun 0 

The next two sub-sections show redts using Stokes and non-Stokes drag 

relationships in the thermal model for 0.0548 and 0.0274 cm diameter glas particles. 

These two sues represent the largest and mailest glas particles used in the laboratory 

experiments and theoretical model. The theoreticai time is referenced in Tables 6.1 to 6.4 

and Figures 6.1 to 6.4. The theoretical time for a themial to grow to a 2 cm radius fiorn a 

point source release is found fiom equation a = aUt (2.4), assumhg a uniform speed 

thermal. Therefore, the laboratory tirne is offset by this amount (At) because the 

Iaboratory themals were not released fkom a point source, but nom an initial radius of 

a = 2 cm. The ciifference between theoretical and Iaboratory values of time vary with 

each simulation, because the uniforrn thermal speed is different in each case. 

6.2.1 Drag 

The first anaiysis in Table 6.1 and Figure 6.1 show the cornparison for 

0.0548 cm diameter particles assuming Stokes drag. As mentioned in Chapter 2, the 

Stokes Reynolds number is 58.8 for this particle size at terminai velocity. Since the 

Reynolds number is greater than 2.0, the senling behaviour of the particlcs fdl in the non- 

Stokes fiow regime. This explains why the differences increase with time for most of the 

parameters. 



Table 6.1 Comparison between Theoretical and Laboratory Results for 
0.0548 cm diameter Particles (Run H6). Uniform Speed Thermal 
(U = -16.23 cm/s) and Stokes Drag. 

The next d y s i s  in Table 6.2 and Figure 6.2 is for 0.0274 cm diameter particles 

using Stokes drag in the model. The Stokes Reynolds number is 7.3 at the terminal 

velocity of the particles, which is still greater than 2.0, but is eight times less than the 

correspondhg Reynolds number for 0.0548 cm diameter particles. This is evident in the 

d y s i s .  Comparison between theoretical and laboratory results is very good. The 

largest differences are found for the first tirne intemal of 4-98 s, while the next two 

intervais are lower. The rise in the percent differences after this point may be atinbuted 

to meanuement error in the laboratory resuits. At the latter time intervals it became 

increasingly difficult to see and measure the glas particles. From the laboratory data, it 

was noted that it becarne diffïcult to see the particles at an expehentai time of 

t = 14.0 S. This also explains why the laboratory particle crescents at t = 15.98 s and 

t = 2 1 -98 s almoa overlap. 
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Figure 6.1 Cornparison between theoreticai and laboratory results for 
0.0548 cm diameter particles (Run #16). Uniform speed thermal 
(ü = -16.23 cmk) and Stokes drag. 



Tabk 63 Cornparison between Theoretical and Laboratory Results for 
0.0274 cm diameter Particles (Run #3). Uniforni Speed Thermal 
(U = 4.05 cm/s) and Stokes Drag. 

Aiso fkom the laboratory data, two phase flow was fbst noticed at c = 8.0 S. in the 

theoretical results, two phase behaviour occurs at the k t  time interval of 

t = 4.98 S. The cluster of particles at r r+ 5 cm and z = -23 cm indicate particles contained 

within the vortex tlow of the themal. The other particles at a slightly lower depth of 

z = -27 cm are ones that have separated fiom the thermal. 
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F i p n  6.2 Cornparison between theoretical and laboratory results for 
0.0274 cm diameter particles (Run #3). Uniform speed thermal 
(U = 4.05 c d s )  and Stokes drag. 



63.2 NonStokgs D w  

The tint non-Stokes anaiysis is for 0.0548 cm diameter particles, which have a 

non-Stokes Reynolds number of 22.1 at temiinal velocity. The analysis shows that non- 

Stokes drag compares much better than the d y s i s  using a Stokes drag relationship in 

the model, which is expected since the Reynolds number is greater than 2.0. Most of the 

percent ciifferences progressively get less as t h e  increases. The last t h e  interval has 

differences of 18.8% for thermal radius, 2.2% for particle fadius, 9.0% for thermal depth, 

1 1.1 % for particle depth, 29.2% for particle crescent thickness and 68.0% for maximum 

particle separation. The last two parameters, b and z ~ ,  have higher percent ciifferences 

than the others, but this is evident with most of the other analyses in this chapter. 

Table 6.3 Cornparison between Theoretical and Labotatory Results for 
0.0548 cm diameter Particles @un #16). Uniform Speed Thermal 
(U = -6.10 cm/s) and Non-Stokes Drag. 

Theory predicts smaller particle radii and shallower particle depths than what was 

seen in the laboratory. Theory also shows two phase behavîour for al1 five tirne intervals, 

which was observed in the laboratory at = 3.0 S. 

The parameter Z- the maximum particle separation nom the thermal, is found by 



translating the fiame of reference of the particles relative to the center of the thermal 

(Z = ZT f Ut). Shce the mode1 predicts the maximum depth reached by the particles for 

larger values of time very well it appears that the translational thermal speed U is causing 

some inconsistencies. One observation fiom the laboratory experiments is that the 

particle thermals exhibit acceleration and deceleration stages, uidicating a nonuniform 

themial velocity. 

The last analysis for d o m  speed thermals is for 0.0274 cm diameter particles 

assurning non-Stokes drag. Like the previous analysis for non-Stokes drag for 

0.0548 cm diameter particles, theory and laboratory r e d t s  compare very weii. The non- 

Stokes analysis compares a littie better than the Stokes drag analysis. This was expected 

since the non-Stokes Reynolds number is 5.0 at the terminal velocity of the particles. As 

before, the percent differences lessen as time increases. The differences for the last time 

interval are quite close, even for the particle crescent thickuess. Theory also displays two 

phase behaviour for al1 the plotted intervals. 

The thermal radius exhibits high percent dinerences for t h e  intervals of 

t = 4.90 s and t = 8.90 S. The thermal radius is a hct ion of the entrainment coefficient a, 

the thermal's translationai velocity U and time t. The use of 0.25 as the value of the 

entrainment coefficient was validated in Chapter 4 aud, therefore, it seems the value of 

the thennai velocity U maybe a contributing factor for this error. 



Table 6.4 Cornparison between Theoretical and Laboratory Results for 
0.0274 cm diameter Particles (Run #3). Uillfom Speed Thermal 
(U = -2.76 c d s )  and Non-Stokes Drag. 



Figure 63 Cornparison between theoretical and laboratory results for 
0.0548 cm diameter particles (Run #16). Unifonn speed thermal 
(U = -6.10 c d s )  and non-Stokes drag. 
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Figure 6.4 Cornparison between theoretical and laboratory results for 
0.0274 cm diameter particles (Run #3). Uniforni speed themal 
(U = -2.76 c d s )  and nonStokes drag. 



6.3 &or-bermal Compêriso~ 

Nonuniform thermal speeds were observed in the many laboratory experiments 

performed. Thermal acceIeration and deceleration was clearly seen with ail the particle 

sues studied. In order to compare the nonuniforni theoretical simulations with the 

laboratory experiments the acceleration phase of a themal is neglected. Acceleration 

occurs very quickly and in the laboratory experiments with 0.0274 and 0.0548 cm 

diameter particles the themals both began to decelerate before the first recorded data 

point at t = 1 .O s (Refer to Figures 4.13 and 4.14). Theory estimates that both particle 

sizes will begin to decelerate after 0.5 s for a point source release. Therefore, there 

should be very little error in neglecting this phase in the nondorrn speed model. 

Referring back to section 4.3, Figures 4.10 and 4.1 1, a linear relationship was 

found to exist for the particle thermals when the square of the vertical distance was 

plotted vernis time. 

square root of tirne. 

This Unplies that the thermal velocity varies inversely with the 

K 1 

From equations U = (2.14) and a = 2aECtr (2.13), in section 

2.1.4, velocity and thermal growth relationships were denved which also indicates this 

same behaviour. Constant K c m  be detemrined from the dope (square root of dope 

divided by two) of Figures 4.10 and 4.1 1, which directly relates the theo~t icd 

simulations to the laboratory experiments. K constants were detennined for al1 20 of the 

laboratory experiments included in AppendUc A with constants varying fiom 8.0 to 



12.0 cxn/sln in value. 

K c m  also be found theoreticdly nom the equation for constant Q in section 

2.1.4. Q is a hc t ion  of the initial thermal and extemai fluid densities. Assuming that 

the intenai thermal density is equal to the density of the glass particles initiaily, then a 

thermal haWlg an initial radius of a = 2 cm has a constant K quai to 17.5 cmdn, which 

is the same value for the aU glas particle sizes. Thus, there is reasonable agreement 

between the theoreticai and laboratory K values (43% error for the K value nom 

Iaboratory experiment #16 using 0.0548 cm particles). 

From Figures 4.8 and 4.9, plats of the radiai growth of the particle thermals for 

Iaboratory experiments #3 and #16, the best fit h e  was extended back to intersect the 

y -axis. Neglecting the initial acceleration phase of a thermal, this intersection 

corresponds to the location of a point source release. Thus, by knowing constant K, the 

theoretical time when a particle thermal gmws to a radius of a = 2 cm, starting point for 

Iaboratory experiments, c m  be caicuiated. This is how much time offset (At) there is 

between laboratory and theoretical t h e  intervals. nie nrst data point recorded in the 

Iaboratory experiments was at t, = 1.0 s in aii experiments. Therefore, theoretical 

simulations are perfonned with an initiai theoretical t h e  of t = + At, which corresponds 

to the fïrst laboratory data point. Thus, a direct cornparison can be done with the results. 

For the n o n d o m  thermal speed analyses only a non-Stokes drag relationship is 

considered for the 0.0274 and 0.0548 cm diameter particles sizes since this compared the 

best in section 6.2. One theoretical simulation was performed and compared to 



laboratory experiments #3 and #16. It is not necessary to compare more laboratory 

results with the theoretical model becaw each simulation is nonnalîzed to the laboratory 

result with the K constant. Other simulations with different K values would show 

identicai behaviourc 

6 . 1  @.O548 m e t e r  P a e l e s  - N a - S t o b  Dr= 

The 0.0548 cm diameter particle analysis is for an initial velocity of -9.28 cm/s 

(initial condition of t = 1.0 s + 0.16 s). The K constant was determined nom Figure 4.1 1 

and is equal to 10.0 cmlslR. The theoretical time is the time referenced in Figure 6.5. 

Equivalent laboratory time intervals cm be found by mbtracting 0.16 seconds fkom the 

theoreticai tirne. 

Table 6.5 Cornparison between Theoretical and Laboratory Results for 
0.0548 cm diameter Particles (Run #16). Nonunifonn Speed 
Thermal (initial Speed U = -9.28 cmls) and Non-Stokes Drag. 

- -- - - -  -- 

The particle and thermal depths and radii compare very well to the labotatory 

resdts. Except for the first time interval for some parameters the percent differences 

rernain faidy low for al1 the other intervals. This is a promising indication that the model 



is valid for longer values of t h e  to predict particle and thermal behaviour. The particle 

crescent thickness b and particle separation ZT compare better using a nonuniforni speed 

vernis a uniform speed in the model. Overall, for an initial speed of -9.28 cm/s the 

nonuniform resuits in Table 6.5 compare better to the laboratory results than the uniform 

thennal speed anaiysis. Referring to Figures 6.3 and 6.5, the uniforni and nonuniform 

speed plots display thermal behaviour that is Msually quite similar to the laboratory data. 

They both show two phase behaviour, Le., particles located in clusters and particles in a 

crescent for each tirne i n t e d .  The clusters iudicate particles trapped within the vortex 

flow of the thermai and the crescents indicate particles that have separated from the 

thermai. 

6.3.2 0.0274 cm D m t e r  Particles - NonStokes D r u  

The 0.0274 cm diameter analysis is with an initial speed of -7.22 cm/s (initial 

condition of t = 1.0 s + 0.25 s). The cornparison between theoretical and Iaboratory 

results are shown in Table 6.6 and Figure 6.6. As before, the theoretical time is the one 

referenced in the table and figure. The laboratory t h e  can be found by subtracting 

0.25 s nom the theoretical value. A K constant equal to 8.06 ~rnls'~ was found nom 

Figure 4.10 and is used for the theoretical simulation. 

The anaiysis in Table 6.6 shows similar results to those in Table 6.5. Considering 

al1 time intervals the noauniform model predicts thermal and particle parameters better 

than the unifonn speed model. However, the unifonn speed model does predict better 



particle and thermal behaviour for the last the interval. Figures 6.4 and 6.6 visuaiiy 

Table 6.6 Cornparison between Theoreticai and Labotatory Results for 
0.0274 cm diameter Particles (Run #3). Nonunifonn Speed 
Thermal (Initiai Speed U = -7.22 c d s )  and Non-Stokes Drag. 

- - -  - - - 

display particle behaviour simiiar to the Iaboratory experiments. They show particles 

trapped within the vortex as weli as particles that have separated fkom the thermal. 
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Figure 6.5 Cornparison between theoretical and laboratory results for 
0.0548 cm diameter particles (Rua #16). Nonunifonn speed 
thermal (initial speed U = -9.28 cm/s) and non-Stokes drag. 
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Figure 6.6 Cornparison between theoretical and laboratory results for 
0.0274 cm diameter particles (Run #3). Nonunitom speed thermal 
(initial speed U = -7.22 cm/s) and nondtokes drag. 



Chapter 7 

Conclusions and Recommendations 

- - . - - - - - - - - - - 

7.1 

1 .  Excellent agreement was found fiom the comparison carried out in Chapter 5 between 

To pham et ai's theoreticai thermal model using polystyrene particles and the same 

model using glas  particles. A uniform thermal velocity with a Stokes h g  

relationship were used in the theoretical model. In Topham et al's paper (1 994), they 

roughly compared their theoretical model with laboratory experiments perfomied by 

Lee (1992) and Lauteschen (1992), whereas a detailed comparison was performed 

here. 



2. The assumed fiuid flow field in the thermal model consisted of an expanding Hill's 

spherical vortex and potential flow theory. Both flow fields modeiied themal and 

particie behavioiu very well. The dimensionless plots in Chapter 5 visually display 

very similar behaviour to the pictures of the laboratory experiments included in 

Chapter 4. The detailed cornparison of theoretical and laboratory results in Chapter 6 

helped verify that this type of flow field effectively describes the fluid motions of a 

solid particle thermal. 

3. Origindy, this thesis project was oniy going to consider a particle thermal model 

travelling at a uniforrn velocity, but after perfonning some laboratory experiments it 

became apparent particle themals travel at n o n d o r m  velocities. They hitially 

accelerate until they reach their maximum velocity and then decelerate. A 

n o n d o m  velocity relationship was proposed in Chapter 2 for use in the theoretical 

thermal model. This relationship ignores the initial acceleration phase of the thermal 

and ody considers the deceleration phase. Initial velocities were selected at values 

less than the theoretical maximum velocity. In Chapter 5 and 6 simulations were 

perfomed with initial velocities correspondhg to the nrst data point fiom each 

laboratory experiment at & = 1 .O S. 



4. The nonuniforni t h e d  model with a non-Stokes drag relationship predicted particle 

t h e d  behaviour that compared the best with the laboratory experiments. The 

theoretical resuits display particle behaviour that is very similar to observations from 

the laboratory experiments. For the 0.0548 cm diameter glas particles, they were 

observed to separate quickly fkom the thermal and then settie in a crescent shape 

mooa formation. The nonuniforrn model predicted very similar behaviour at similar 

time intervals. The 0.0274 cm diameter glass particles were observed to stay in the 

intemal flow of the thermal for a longer period of the.  Again, the model reasonably 

predicted this behaviour. 

5. Even though nonMorm thermal velocities were observed in the laboratory 

experiments, the uniform speed thermal model predicted glas  particle thermal 

behaviour quite well when using a non-Stokes clmg relationship and a uniform 

translational velocity equal to the terminal velocity of the glas particles. 

6. The glass particles used in this thesis project ali have terminal velocities in the non- 

Stokes flow regime, which led to the use of a linear drag law (non-Stokes drag) in the 

theoretical model. Resdts compared very well for both uniform and n o n d o r m  

thermal speeds using a non-Stokes drag relationship. Stokes drag also was used in the 

model for cornparison prirposes. Only the 0.0274 cm diameter g l a s  particle size 



compared reasonably well to the laboratory experiments. This was expected since 

this was the smaiiest particle size studied and it's Reynolds number at terminal 

velocity lies just outside the Stokes flow regime. 

7. The K constant can be determined two ways. First, experimentally fiom the square 

root of the dope divided by a factor of two fiom the laboratory plots of the vertical 

distance squared veMs t h e .  Second, theoretically nom the initiai buoyancy of the 

soiid particle thermal. The first method was used in the thennal model in Chapters 5 

and 6, in order to cany out a detail cornparison between theoretical and laboratory 

results. However, the theoretical K constant was tested in the various forms of the 

model as weil and the results also compared very well to the laboratory experiments. 

The theoretical K constant is the same value for al1 sizes of particles, because it is 

only dependent on the specific gravity of the glas particles, whereas the experimental 

K is specific to each experimental run. Experimental K constants varied in value 

h m  8.0 - 12.0 ~ r n l s ' ~  and the theoreticai K was equal to 17.5 c m / ~ ' ~  assuming that 

the initial thermal at release has a specific graviîy equal to the glas particles. 

8. The theoretical particle motion equations ody model the behaviour of a single glass 

particle. Therefore, for each theoretical simulation the equations were numericaily 

ïntegrated for 14 different particles with difTerent initiai locations in the initial 



thermal. The 14 separate resuits were then combined to produce a summary result 

which described the behaviour of multiple particles in a thermal flow field. Thus, it 

was assumed that the particle motions of each single particle has negligible impact on 

the motions of other particles. Shce the laboratory experiments compare very well to 

the theoretical simdations, this seems to be a valid assumption. 

9. The initial velocity of the particles in the theoretical mode1 was assumed to have a 

value equal to the Hill's sphencal vortex at that Location and time. This assumption is 

adequate, but it does introduce some mrealistic initial particle accelerations when 

predicting the behaviour of particles at s m d  values of time (t < 1 .O s). However, for 

longer periods of tirne (t > 1 .O s) this assumption does not introduce any substantid 

errot. 

10. Solid particle thermais do not experience a change in vertical or radial growth after 

the transition point, when particles permanentiy separate nom the thermal. This 

observation was also noted by Noh and Fernando (1993). It is thought that turbulence 

fiom the particle wakes is entrained in the trailing thermal. 

1 1. The value of a = 0.25 for the entrainment coefficient was validated. In other 

research, values of the entrainment coefficient are oflen assumed to be either 0-25 or 



0.30. By ploning the radial spread versus distance nom the laboratory data, 

entrainment coefficients were found in this range. 

12. A spring loaded re1ease mecIianism, as shown in Chapter 3, is an effective way to 

release a solid particle thermal cloud into a water tank. The mechanism added little or 

no initial impulse to the particle thermal and genediy produced a very symrnetricai 

thermal cloud. 

13. The laser iight sheet effectively üiuminated a thin cross-sectional area of the 

experimental thennal, which greatiy aided in the subsequent cornputer analysis of the 

experimental videotape. The Light sheet was generated with a 500 mW argon ion 

laser and a rotating fiont-faced mirror. 

The theoretical model used to predict the behaviour of glass particle thermals 

consisted of a particle model with an assumed fluid flow field. The model was simplified 

in several ways in order to solve numericaiiy. Areas worth M e r  development with 

regards to the model are outlined below. 

Investigate the effect of the Basset history and Lift force terms in the particle model. 



Examine the initial particle velocity in the model. Is auother initial velocity 

appropriate, rathec t&an making it equal to the initial velocity of the background fluid 

flow field? 

Study the s m d  time behaMour of solid particle thennais. The Basset history terni 

wili have more impact at smaller values of tirne. 

The laboratory experiments were executed smoothiy, due in part, to the use of an 

argon laser, a large water tank and an efficient release mechanism. However, there are a 

few areas where h u e  laboratory work can be done. 

Rework the raw laboratory data for polystyrene particles fkom Lee's research (1992) 

and see how they compare with the theoretical models introduced in this thesis 

project. It might be worthwhile performing more laboratory experiments with another 

particle type with the present apparatus. Lee's experiments were performed with a 

slightly dinerent apparatus. 

Obtain laboratory data for the acceleration phase of a thermal (t, < 1 .O s). This would 

require a few changes to the present laboratory apparatus. The argon laser setup 



would require a higher speed motor to spin the minor, which generates the laser light 

sheet (a mulàfaceteci mirror would also work). The one used only rotated at 1880 

rpm and, therefore, would not generate a light sheet of sufncient fkquency for a high 

speed video camem A high speed camera would aid in the study of the small time 

behaviour of particle t h e d s .  
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Appendix A - Raw Data from Laboratory Experiments 

Table A.1 Experimental Run #1 - 14.6 g of 0.0274 cm Diameter Glass Particles 
Date: March 25/94 
Tirne: 1 :O0 PM 

Measurement Scale = 1.57480 pkelskm 



Table A 2  Experimental Run #2 - 14.6 g of O - O W I  cm Diameter G l a s  Particles 
Date: March 28/94 
Time: I2:17 PM 

Measmement Scale = 1.57480 pkeldcm 



Table A 3  Experimentd Run #3 - 14.6 g of 0.0274 cm Diameter G l a s  Particles 
Date: March 30194 
Time: 2:40 PM 

Meanuement Scale = 1.57480 pixels/crn 



Table A 4  Experhentd Run #4 - 14.6 g of 0.0274 cm Diameter Glass Particles 
Date: Match 30194 
Tirne: 5:22 PM 

Measurement Scale = 1.57480 pixeIs/cxn 



Table A.5 Experimental Run #5 - L4.6 g of 0.0774 cm Diameter Glas  Particles 
Date: March 3 1/94 
Time: 1 t :O 1 AM 

Measurement Scale = 1.57480 pixeldcm 



Table A.6 Experimental Run #6 - 10 mL 0.0359 cm Diameter Giass Panicles 
Date: April8/94 
Time: 12:04 PM 



Table A.7 Experimental Run #7 - 10 mL 0.0359 cm Diameter Glass Particles 
Date: Aprii 8/94 
Tme: 2: 17 P M  

Measurement Scale = 1 S748O pixds/crn 

3.0 
4.0 
5.0 
6.0 
7.0 
8.0 
9.0 
10.0 
11.0 

' 12.0 
13.0 

8.6 
10.5 
13.0 
13.3 
14.0 
14.0 
16.8 
16.5 
17.5 
17.8 
18.7 

8.6 
10.5 
13.0 
15.2 
16.2 
17.1 
18.7 
19.4 
20.6 

NA - 

35.6 
41.3 
45.1 
47.0 

35.6 
41.3 
45.1 
56.5 

21.9 1 64.8 19.7 87.6 9.53 

8.3 
8.9 
7.6 
12.1 

50.2 1 59.1 10.8 
13.3 
7.6 
10.8 
14.0 
12.7 

51.4 
60.3 
61.0 
62.2 
61.6 

8.3 
8.9 
11.4 
7.6 

63.5 
69.9 
75.6 
NA 
81.9 

Nice thermal 
I 

Two phase behaviour 

8.3 
8.9 
10.2 
8.89 
NA 
11.4 

Separation 
u 

Nice particle crescent 



Table A.8 Experimental Run #8 - 10 mL 0.0359 cm Diarneter Glass Particles 
Date: ApriI9/94 
Tirne: 1:03 P M  

Measunment Scale = 1 S7480 pixefdcm 

2.0 
L 

3.0 
4.0 - 
5.0 
6.0 
7.0 
8.0 
9.0 
10.0 15.9 19.7 55.9 63.5 12.7 17.78 
11.0 16.8 21.0 
12.0 16.8 20.6 61.6 73.0 11.4 15.9 
13.0 16.5 22.5 66.7 86.4 8.3 8.89 
14.0 16.8 23.2 69.9 91.4 8.3 8.89 

11.4 
12.4 
14.3 
12.4 
14.9 
14.9 
13.3 
14.9 

11.4 
12.4 
14.3 
14.6 
15.6 
17.1 
18.4 
19.4 

25.4 
30.5 
33.7 
40.0 
43.8 
46.4 
51.4 
53.3 

25.4 
30.5 
33.7 
41.3 
47.6 
52.1 
52.1 
59.1 

7.6 
8.9 
12.1 
7.6 
8.3 
8.9 
5.7 
8.9 

7.6 
8.9 
12.1 
11.4 
10.8 
12.1 
172 
15.2 

Nice and symmeûical 

Two phase behaviour 
Partial separation 
Slanted crescent 

J 

Totaiseparation 



Table A. 9 Expehental Run #9 - 15 rnL 0.0359 cm Diameter Glas Particles 
Date: Apd 9/94 
Time: 2:40 PM 
Measurement Scale = 1.57480 pixeidcm 

3.0 11.8 11.8 33.7 33.7 9. 
4.0 
5.0 
6.0 
7.0 
8.0 
9.0 
10.0 
11.0 
12.0 
13.0 

13.7 
15.9 
15.6 
16.2 
15.6 
165 
16.5 
16.5 
16.2 
16.2 - 

13-7 
15.9 
18.1 
17.5 
18.4 
18.1 
18.7 
19.1 
20.0 
21.3 

38.7 
47.0 
45.7 
48.3 
47.6 
50.8 
52.1 
52.7 
53.3 
54.0 

38.7 
47.0 
47.0 
50.8 
54.6 
57.8 
63.5 
65.4 
71.1 
73.7 

11.4 
12.1 
9.5 
12.1 
17.2 
15.9 
17.8 
21.6 
26.0 
27.3 

11.4 
12.1 
15.9 
16.5 
19.1 
21.6 
21.59 
24.8 
23.5 
25.4 

Two phase behaviour 

Close to separation 
Separation 

Elongated thermal 

-- - 1 



Table A.10 Experimentai R m  #IO - 15 mL 0.0359 cm Diameter G l a s  Panides 
Date: A p d  9/94 
Tune: 2:45 PM 



Table Al1 Experimental Run iY1 1 - 15 mL 0.0460 cm Diameter G l a s  Particles 
Date: Apcil 12/94 
Time: I2:06 PM 



Table A.12 Experimenral Run $1 2 - IS .mL 0.0460 cm Diameter Glass Particles 
Date: April 12/94 
T h e :  12:10 P M  

ime (s a (cm r i  
7.0 16.5 16.5 6.4 6.4 
8.9 23.5 23.5 12.1 12.1 
10.2 36.2 36.2 9.5 9.5 Two phase behaviour 
12.4 43.8 43.8 9.5 11.4 
14.3 45.7 52.1 13.3 13.3 Separation 
16.5 52.7 57.2 10.2 13.3 Nice particle crescent 
17.8 55.9 63.5 10.8 12.7 



Table A.13 Experimentai Rua #13 - 15 mL 0.0460 cm Diameter Glass Particles 
Date: April 13/94 
Time: lO:40 AM 

Measurement Scale = 1.57480 pkeldcm 



Table A. I l  Experimentd Run #14 - 15 mL 0.0460 cm Diameter Glass Particles 
Date: April 13/94 
Time: LO:43 AM 

Measurement Scale = 1.57480 pixelslcm 

Time (s a (cm) a, (cm) z (cm) z, (cm) b (cm) bp (cm) Observations 

0.0 2.0 2.0 0.0 0.0 2.0 2.0 
1.0 7.3 7.3 14.0 14.0 9.5 9.5 
2.0 8.3 8.3 26.7 26.7 8.3 8.3 
3.0 9.5 9.5 35.6 35.6 11.4 11.4 
4.0 12.7 12.7 41.3 41.3 10.2 12.7 Two phase behaviour 

1 

5.0 15.2 15.2 47.0 47.0 12.7 15.9 
6.0 15.9 15.9 50.2 53.3 10.8 15.9 Separation (barely) 
7.0 16.8 17.1 52.7 63.5 11.4 11.4 
8.0 18.1 17.8 55-9 69.2 12.1 11-4 
9.0 20.0 19.7 55.9 74.3 15.9 15.9 
10.0 20.0 20.3 55.3 79.4 21.0 17.78 
11.0 21.3 NA 60.3 NA 17.8 NA 



Table AJS Experhental Run #15 - 15 mL 0.0460 cm Diameter Glas  Particles 
Date: A p d  14/94 
Time: 11:13 AM 



Table A16 Experimental Kun #16 - 23 g 0.0548 cm Diameter Glass Particles 
Date: April 14/94 
The:  6:34 PM 
Measurement Scaie = 1.57480 pixels/cm 

- - - -  

Nice release 
Single phase behaviour 
Two  hase behaviour 

Nice particle crescent 



Table A.17 Experimental Run #17 - 23 g of 0.0548 cm Diameter Glass Particles 
Date: A p d  16/94 
Time: 12: 14 PM 

Measurement Scale = 1 S748O pixeldcm 



Table A.18 Experimental Run #18 - 23 g of 0.0548 cm Diameter Glass Particles 
Date: April 16/94 
The:  157 PM 

Measurement Scale = 1.57480 pixeldcm 



Table A.19 Experimental Run #19 - 23 g of 0.0548 cm Diarneter Glass Particles 
Date: April 18/94 
Tirne: 105 1 AM 

3.0 
4.0 
5.0 
6.0 
7-0 
8.0 
9.0 
10.0 

11.8 
12.1 
13.0 
14-6 
15-6 
16-5 
16.8 
15.9 

11.8 
12.7 
14.3 
15.9 
16.8 
17.8 
18.1 
19.4 

32.4 
34.9 
41.3 
41.9 
44.5 
45.1 
45.7 
56.5 

32.4 
38.1 
43.2 
51.4 
59.1 
66.7 
77.5 
83.8 

5.7 
5.1 
3.8 
8.3 
9.5 
13.3 
16.5 
10.2 

9 5  
10.8 
13.3 
13.3 
14.6 
14.6 
11.4 
11.43 

Two phase behaviour 
Close to total separation 
Total separation 



Table A20 
Date: Aprïl 
Tie: 

Experimentai Run #20 - 23 g of 0.05448 cm Diameter 
1 8/94 

Glass Particles 

Measurement Scale = l.57480 pixeldcm 



Appendix B - Theoretical Derivations for Chapter 2 

2.1.2 -&pmhglU - - t  s S d e n  'cal Voit= 

Staaing with the Stream hction for a Hill's spherical vortex, in cylindrical 

coordinates, the axjsymmetric velocity components c m  be detemiined. The stream 

bction for a coordinate system fixed at the center of the vortex is: 

In the equation, r and zT are the radial and verticai coordinates, U is the translational 

thermal velocity and a is the radius of the vortex or thermal. U and z~ are positive in the 

downwards direction. By partiaily differentiating equation (2.1) with respect to r and z~ 

the intemal velocity flow field is: 

and 



and 

2.1.3 P o t e ~ l o w  Tbpplcy 

Starting with the stream fünction for potential flow theory, in cyhdricd 

coordinates, the axisymmetnc velocity components can also be detennined. The Stream 

fûnction for flow approaching a stationary sphencal object is: 

The coordinate system is one hxed at the center of the spherical object and z~ and U are 

positive in the downwards direction. By pattially differentiating equation (2.5) with 

respect to r and zr the fluid flow field around the sphere is found. 



and 

Now, the two velocity components are: 

Equations (2.6) and (2.7) represent the fluid flow field outside the boundary of a thermal. 



2.1.4 Non- TberpllI Velafia: 

Morton, Taylor, and Turner (1955) investigated the behaviout of plumes and 

instantaneous point sources (thermals). By mauipuiating their conservation equations for 

volume, momentum, and density deficiency relationships can be found for a n o n d o m  

translational t h e d  velocity and the thermal radius. The three conservation equations 

for volume, momentum and density deficiency are: 

- p)Dd(volume))= 4na2au(p, - p.) 
dt 

where: 

a = mean radius of a thermal cloud 
U(t) = the mean thermal velocity 
au = the rate of entrainment at tbe cloud sutface 
p = fluid density inside of a thermal 
p, = fluid density outside of a themal 
p, = reference density of the system = p,(O) = density outside of a thermal at point of 
release 

From the above equations the following two relationships for the thennal radius a and 

velocity U are derived. Equation (2.10) can be rearranged using equation (2.8) as 

follows: 



Now, equation (B. 1) is rearranged as foilows to get equation (B.2). 

Uskg Boussinesq's approximation, density variations are mall, i.e. p = pl, equatioas 

(2.8), (2.9), and (B.2) can be written as: 



where: is muitiplied to both sides of equation (B.5) 
Pl 

The boundary conditions for the thermai are: 

From the boundary conditions, the right side of equation (8.5) disappears making the lefi 

side equal to a constant value, Q. 

To solve equations (B .3), (B.4), and (B.5) solutions of the following forms are assumed. 

= jQDt" (B -7) 

and 



These solutions assume the Ieft and nght sides of equation (B.3) are a function of 

constant Q and tune t. It is necessary to determine the coefficients j and c and the 

exponents m, n, e and S. First, equation (B.7) is differentiated with respect to t h e .  

There fore, 

Equation (B.4) is reamioged into the correct fom. 

Substitution of expressions (B.7) and (BA), as well as theù respective derivatives, gives: 



which reduces to: 

From this last equation and the previous relationships for n, s, m, e, j and c the following 

relationships are found. 

1 3 
s=- and n=- 

2 2 



Substitution of these solutions into equations ( ' -7)  and (B.8) leads to the following 

relationships for the thermal radius and velocity. 

Thus, nom expression (2.12) the themial velocity varies inversely with the square root of 

time, which is the behaviour Figure 2.3 suggests. Equation (2.1 1) shows a relationship 

for the radial growth of the vortex for a nonuniform thermal velocity. Introducing 

I - 

K=- as a constant reduces equation (2.1 1) and (2.12) to: 

(2.G 



Appendix C - Theoretical Results for 0.0274 cm Diameter 
GIass Particles 
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Appendix D - Computer Code of Theoretical Model 

// PARTICLE MODEL 
IndVarS: T 
DepVars: A, R, 2, RHO, GAM, ZT, GAMO, VPR, VPZ, U, VFR, VFZ 
Params: ALPHA, KP, VIS, RP, G, SG 
// SIMPLIFMNG EQUATIONS 
A=ABS(ALPHA*U*T) 
EPS 1 =SQRT(RA2+ZTA2) 
ZT=Z-U*T 
MF=(4/3)* PI* RFA3 
MP=SG*MF 
CI=l/(MP+KP*MF) 
C2=6*PI*RP*VIS 
C3=(1+W)*MF 
C4=(MP-MF)*G 
FLACir:UNIT(A-EPS 1) 
// 
// FLUID EQUATIONS 
// RADIAL EQUATIONS 
// VFR2 IS FOR EXTERNAL RADIAL FLOW; VFRl IS FOR INTERNAt RADIAL 
//FLOW 
VFRl t(3*R*(Z-U*T)*V)/(2*AA2) 
VFR2--(3 *AA3 *U*R*(Z-U*T))/(2*((Z-U*l)"2+RA2)A(S/2)) 
VFR=VFR2*(1 -FLAG)+VFW *FLAG 
// Z DIRECTION EQUATIONS 
// VFZ2 IS FOR EXTERNAI, FLOW, VFZl IS FOR INTERNAL FLOW 
VFZ 1 =((-3 *U)/(2*AA2)) *(2*R"2+(Z-U*T)A2-AA2)+U 
VI?==(-U*(l +(AA3 *(RA2-2*(Z-U*T)A2))/(2*((Z-U*T)A2+RA2)A(5/2))))+U 
VFZ=VFW*(I -FLAG)+VFZ 1 *FLAG 
// 
// PARTICLE EQUATIONS 
// W I A L  DIRECTION 
VPR=C 1 *(C2*(VFR-VPR)+C3 *@ERIV(VFR,T)+VFR*DERIV(VFR,R))) 
R'=VPR 
//Z DIRECTION 
VPZ-C 1 *(C4+C2*(VFZWZ)+C3 *(DER[V(VFZ,T)+VFZ* DERIV(WZZ))) 
Z'=VPZ 



continued 

// 
RHO=R/A 
GAM=UA 
GAMû=ZT/A 
// Parameter values and Co&ts: 
U=4 6-23 
G L P H . 2 5  
-98 1 
SG=2,5 
VIS=O.OI5 1 
KP=O.S 
RP4.0274 
// Initial conditions: 
R=O.3 8 
2-7-88 
VPR=0.278 
WZ=-22.500 
0.493G<50.493 
*** 

// PARTICLE MODEL 
IndVars: T 
DepVars: A, R, 2, RHO, GAM, ZT, GAMO, VPR, VPZ, U, VFR, VFZ 
P m :  ALPHA, KP, VISy R P y  G, SGy VT 
Il SIMPLIFYING EQUATIûNS 
A=ABS(ALPHA*U*T) 
EPS I=SQRT(RF2+ZTA2) 
ZT=Z-UST 
MF=(4/3)*PI*RPA3 
MP=SG*MF 
C I=I/(ME'+KP*MF) 
C2--(G*(MP-MF)/VT 
C3=(1+KP)*MF 
C4=(MP-MF)* G 
FLAGtUNIT(A-EPS 1) 



continued 

// 
11 nm E Q U A ~ S  
// RADIAL EQUATIONS 
// VFR2 IS FOR EXTERNAL RADIAL FLOW VFRl IS FOR INTERNA 
//FLOW 
VFRI =(3 *R*(Z-U*T)*U)/(2*AA2) 
VFR.233 *AA3 *Ut R*(Z-U*T))/(2* ((2-U*T)"2+RA2)*(5/2)) 
VFR=VFR2*(1-FLAG)+VFRl *FL+AG 
// Z DIRECTION EQUATIONS 

L RADIA 

VFZ 1 =((-3 *U)1(2*AA2))*(2*RA2+(Z-U*T)"2-AA2)+U 
VFU=(-U*(I +(AA3 *(Rh2-2*(Z-U*T)"2))/(2*((Z-U*T)A2+RA2)"(5/2))))+U 
VFZ=VFZ2*(1-FLAG)+VFZ 1 *FLAG 
11 
// PARTICLE EQUATIONS 
11 RADIAL DIRECTION 
VPR-C 1 *(C2*(VFR-VPR)+C3 *@ERIV(VFR,T)tVFR*DERIV(VFR.,R))) 
R'=VPR 
1/24 DIRECTiON 
VPZ'=C 1 *(C4+C2*(VFZ-VPZ)+C3 *(DERIV(vFZ,T)+VFZ*DEW~Z,Z))) 
Z'=WZ 
// 
R.HO=R/A 
GAM=Z/A 
GAMO=ZT/A 
// Parameter values and Constraiats: 
VT16.10 
U=-6.10 
ALPHA4.25 
G=-98 1 
SG=2.5 
VIS=O.O 15 1 
KP4.5 
RP4.0274 
// Initial conditions: 
R4.38 
2-7-88 
VPR=O, 1 O4 
WZ-8 AS6 
1.31 K R 5 l . 3 l l  



// PARTICLE MODEL 
IndVars: T 
DepVars: A, R, 2, RHO, GAM, ZT, GAMO, VPR VPZ, U, VFR, VFZ 
Params: ALPHA, KP, VIS, RP, G, SG, K 
// SIMPLIFMNG EQUAnONS 
U=WSQRT(T) 
A=ABS(2*ALPHA*K*SQRT(T)) 
ZT=Z-(2*K*SQRTO) 
EPS=(RA2+ZTA2) 
EPS 1 =SQRT(EPS) 
MF=(4/3)*PI*RPA3 
MP=SG*MF 
CZ=I/(MP+K.P*MF 
C2=6* PISRP*VIS 
C3=(l+W)*MF 
C4=(MP-MF)*G 
FLAG=UNIT(A-EPS 1) 
// 
// FLuID EQUATIûNS 
// RADIAL EQUATIONS 
// VFR2 IS FOR EXTERNAL RADIAL FLOW VFRl IS FOR INTl2RNA.L RADIAL 
//FLO W 
VFR 1 =(3 *R*(Zg*K*SQRTCr)))*u)/(2*AA2) 
VFR233 *AA3 *U*R*(Z-(2*K*SQRT(T))))/(2*((Z-(2*KtSQRTO))) 
VFR=VFR2*(1 -FLAG)+VFRI *FLAG 
// Z DllUTTION EQUATIoNS 
// VFZ2 IS FOR EXTERNAL EOW, VFZl 1s FOR INTERNAL FLOW 
VFZ 1 =((O3 *U)/(2*AA2))*(2* RA2+(Z-(2*K*SQRTO))"2-AA2)+U 
VFZ2=(-U*(1 +(AA3 *(RA2-2*(Z-(2*K*SQRT(T)))"2))/(2*((Z- 
(2 * K* SQRT(T)))A2+RA2)A(5/2))))+U 
VFZ=VFZ2*(1 -FLAG)+VFZ I * FLAG 
// 
// PARTICLE EQUATIONS 
// RADIAL DIRECTION 
VPR-C 1 *(C2*(VFR-VPR)+C3 *(DEW(vFI/T)+VFR*DERIVmR,R))) 
R'=VPR 
//Z DIRECTION 
V P M  1 *(C4+C2*(VFZ-VPZ)+C3*@ERN(VFZ,~+VFZ*DERIV~ZZ))) 
Z'=VPZ 
// 



RHO=RfA 
GAM=Z/A 
GAMû=ZT/A 
// Parametet values a d  Constraints: 
K=-10.0 
AL,PHA=0.25 
-98 f 
SG=2.5 
VIS=O.O 15 1 
KP--0*5 
RP=0.0274 
// Initial conditions: 
R=O.3 8 
2~7.90 
VPR=O.428 
VPZ=59.658 
0.16(r<50.16 
**t 

// PARTICLE MODEL 
IndVars: T 
DepVars: A, R, 2, RHO, GAM, ZT, GAMO, VPR, VPZ, U, VFR, 
Params: ALPHA, KP, VIS, RP, O, SG, K, VT 
// SIMPLIFrnG EQUATIONS 
U=WSQRTo 
A=ABS(2*ALPHA*K*SQRT(T)) 
ZT=Z-(2*K* SQRT(T)) 
EPS=(RA2+ZTA2) 
EPS l=SQRT(EPS) 
MF=(4/3) *PI*RPA3 
MP=SG*MF 
C1=I/@P+KPf MF) 
C2=(G*(MP-MF)NT 
C3=(1+KP)WF 



C4=(MP-MF)*G 
FLAG=CMIT(A-EPS 1) 
// 
// nm E Q U A ~ N S  
// RADIAL EQUAnONS 
// VFR2 IS FOR EXTERNAL RADIAL FLOW; VFRl IS FOR INTERNAL RADIAL 
//FLOW 
VFR1=(3 *R*(Z-(2°K. SQRT(T)))*U)/(2*AA2) 
VFR2=(3 *AA3 *UeR*(Z-(2* K* SQRT(T))))/(2*((Z-(2*K* SQRT(T)))A2+RA2)A(5/2)) 
VFR=VFR2*(1-FLAG)+VFRl *FLAG 
// Z DIRECTION EQUAnONS 
// VFW IS FOR EXTERIVAL FLOW WZl IS FOR INTERNAL FLOW 
VFZ 1=((-3 *U)/(2*AA2))*(2*RA2+(Z-(2*Kt SQRT0))"2-AA2)+U 
VFU=(-U*(l +(AA3 *(RA2-2*(Z-(2*Kf SQRTo))"2))/(2*((Z- 
(2* K* SQRT(T)))A2+RA2)A(5/2))))+U 
VFZ=VFZ2*(1 -FL,AG)+VFZ 1 * FLAG 
// 
// PARTICLE EQUATIONS 
// RADIAL DIRECTION 
VPRK 1 *(C2*(VFR-VPR)+C3 *@ERIV~RT)+VFR*DERIV(vFR,R))) 
R'=VPR 
//Z DIRECTION 
VPZ'=C 1 *(C4+C2*(VFZ-VPZ)+C3 *@ERIV(vFZ,T)+WZ*DEW~Z,Z))) 
Z'=VPz 
// 
RHû=RfA 
GAM=Z!A 
GAMû=ZT/A 
// Parameter values and CoI1Stiaints: 
VT=6.lO 
K=-10.0 
ALPHA=O.25 
Ci---98 1 
SG=2.5 
VIS==o.O151 
KP=o.5 
RP--0.0274 
// Initial conditions: 
R=0.38 
2-7.90 
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