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Twin primes and prime triples are common names given to special prime numbers
related to a famous conjecture of Goldbach. A twin prime is an integer p such that p and
p + 2 are both prime numbers. The so called " Twin Prime Conjecture” states that there
exists infinitely many twin primes. Although believed to be true, it remains an intriguing

open question.

Prime triples with respect to two integers {r, s} are integers p such that p,p + r and
p+ s are all primes. The question of how many prime triples exist with respect to a given
{r,s} depends, very much so, on r and s. Only two prime triples with respect to {2,4}
exist, namely, p = 1 and p = 3, whereas, for the case r = 2 and s = 6 1t is again a widely
open question. In [2; prob. 4, p. 177] a bound on m3(z), the number of all prime triples
with respect to {2,6} that are less than z is given. Here too, infinitely many prime triples

of these are believed to exist.

Prime n-tuples with respect to {ry,r2,---,r,—1} are similarly defined and for an
intelligent guess of the r;’s (i.e. where one cannot prove by elementary means that there

are finitely many prime n-tuples) the conjecture is that there are infinitely many such
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primes. Clearly, consecutive prime n-tuples are farther apart as n gets larger. The following
theorem gives a partial quantitative measure of that spread. To the best of our knowledge

our method is new.

Theorem . Let Q ={ri <ry <---<rp}and P={p; <py <--- < pnp} be two
sets of positive integers such that each p; is a prime (n + 1)-tuple with respect to Q. Then

there ezist a positive constant c, independent of n, such that

(pn — p1)(rn —r1) > cnt.

The proof depends on a divisibility property of the determinant of the Van der
Monde matriz with integer entries. Let dy,ds,--,d, be integers, the Van der Monde
matrix V(dy,dy,---,dy,) is the n x n-matrix whose i-th row (1 = 1,---,n) is the vector

(di71,dit, -+ dim1). A well known theorem states that

det V(dy,dg,,dn) = [[ (di—dy). (1)

1<i<j<n

The following lemma is problem 270 in [1].

Lemma . let dy,ds, -, d, be integers. Then

12! (n = 1)l = det V(1,2,---,n) | det V(dy,dy,- -, dn).

Proof of Theorem: By an immediate application of the Lemma we have
121 (2n — 1)! | det V(ri,ro, - Tny—P1,—P2,"**y—Pn)

and therefore by (1)

12! (2n = 1) | det V(ry,ra,- -+, rn)det V(p1,p2,--+,pn) H (rj + pi).

i,5=1




The numbers py + r1,p1 + 72, ,p1 + rn are primes, hence by the Prime Number
Theorem

p+rj>cglogy for j=1,2,3,---,n,

for some ¢; > 0. Here ¢; and henceforth all ¢k, k = 1,2, -+ will denote positive constants.

Therefore p; +r; > p; + n, i.e.

- (n+p1)
S f )
rpzmn dor g > czlog(n-*-Pl) cglogn
Also
, n
pi>n for i>¢y
logn
and therefore
csn/logn
112! (2n — 1)! | det V(ri,re, -+, rn)det V(p1,pa, -+, pn) H* (ri + pj)
1,5=1

where the * indicates that the multiplication is to be taken over all couples (%, j) such that

r; + p; < 2n. Hence

120 (2n = 1) < (rp — rl)ﬂ%_l(pn —pl)l(‘n—;_ll(211)°§"2/l°g2 ",

Taking the w root of both sides, we remian with

2
2n "y
(rn —r1)(pn —p1) 2 c1 (H kl) pco/log"n
k=1

—1/log*n

Using Stirling’s formula for approximating k! and noting that n converges to one

as n tends to infinity, we finally get

(rn = 71)(Pn — p1) 2 csn’.

Far more reaching studies exist in the literature. For example in [3] small divisors of
sums of sets, not necessarily of the same size, are studied using advanced tools such as the
large sieve. In connection with our theorem, the authors show the existence of arbitrary

large sets P and @ such that each p; + r; is prime. Moreover, if P and @ are in [1, N]
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