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ABSTRACT 

For the optimal combination of heterogeneous data, thne methods, namely, spwe doornain 

least-squafes coIIocaîions (LSC). f k p m c y  domain input output system thsory (IOSD and 

Ieast-squares adjwtment in the fhqyency domain &SAFD), aze tbwniically and numericaüy 

compareci- Numerical computations show that &ts obtained by ushg only a singie data set 

deviate h m  those obtained by combining two types of data, which suggest tbat adding a 

second data type to the input gives a m n g  control condition to the soIutions of the pioblem. 

The accuracies of the d t s  obtaiaed by both IOST and LSC methods aze v a y  close but the 

fint method has much hi* efficieocy than the second one. Non-isotropie PSD functions 

can be easily used by the IOST but the LSC requires isotropic covariance functions- Based on 

numexical results, this study shows that using non-isotropie PSDs gives beüer results than 

using isotropic ones. The UAFD methoci reqiiirrs less a priori information thsn the other two 

methods, but it only impves the acniracy of tbe data cype tbat bas poorer accuracy (geoid 

height in our case). Results fmm the d data pfocessing show that after optimal combination 

of altimeter and shipbome data, about 50% of the input noise level can be suppnssed. 
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CEAP'mR ONE 

INTRODUCTION AND RIBEARCH BACKGROUND 

Detailed knowledge of Or fine stnicture of the marine gravity field has potentîai 

applications m marine geodesy, geophysics. oceanography, marine nsources, navigation, 

etc. The traditionai mthod of arquisition of @ty chita is by gravity measurements. 

Onshore gravity masunmnts have been CH out on board of ships and have been used 

for local marine gravity field determination. This is, however, a slow and costly process. 

In most cases, offshore gavity measmement is a by-product of seismic reflection profiling. 

The precision of this type of marine gravity swey wially falls between 2.0 and 5.0 mgal. 

If a survey is Cspaaally designed for gravity. pncision of mamie gravity mea~wements 

better than 1.0 mgai am à obtained (Hayliug, 1994). To date, shipborne gravity 

measurements am stül far h m  covering ail offshore areas because of their excessive 

workload and high COS. Therefore, their distnition is very inhomogeneous. ûn the other 

hanci, as a by-product of seismic pmfiling, the accufacies of many marine gravity 

meanirements are not sufncient for gaophysical prospecting. 

Satellite al- gives observations of sea surface hughts that are approximately 

@valent to geoid heights and are very usefui in mapping tk oœan geoid and thus for 

studying the maxine gravity field It genaated a new data set with unprecedmted spatial and 

temporal average of ihe global oceans. Tbe altimetric measmemen& have improved both 

the horizontal res01ution of the oceanic geoid and iîs accuracy. The profision of altirneter 

measurements ranges from 20 cm (GEOS-3) CO 2.4 cm (TOPEX/POSEIDON). The 

accmacïes of altimetxy observations range h m  about 65 an (Seasat) to 14 cm 
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(TOPEX/POSElDûN). Tbe dcnsest ground track scpiiration of tbe sateïïite altimcta is 

about 2 - 3 lan at 60" latitude, which was achieved durhg the GEOSAT Geadctic Mission 

(GM) phase (Seebet, 1993). The new data sets acqiimd from satdite ~MIXSCY have ied to 

extensive stpdies on the detennination of detailed marine gravity &id for more than two 

decades and has led to great new understanding of the E m s  gravity field; e-g., set Koch 

(1970), Kahn and Bryan (1972). Rapp (1985), BaImuio et aL (1987). Hwang (1989), 

Basic and Rapp (1992). Sandwell(1992). Zhang and %lais (1993) and Zhang and Sidesis 

(1995). In nearly all rhe pcevîous studies of using satefite altbetq data to derive the 

gravity fielci, shipborne gravity was used oniy as an independent source for checking the 

quaIity of the computed gravity anomalies rathg than as an additionai data set. 

The computation of marine gravity anomalies h m  shipborne gravity measurements is 

simple and strajghtforward while the computation of the geoici height h m  gravity data is 

somewhat compiicated. Gravity anomaly (or distmbance) can be computed h m  the gravity 

observation by subiracting the cotresponding normal gravity, which is produced by a 

previously select& normal reference fieid. For the computaticm of the id geoid height, 

Stokes' inte@ (or Hotine's integrai) or tbe least-squares co11ocation meaiod are usually 

employd Because the sateilite altimeûy gives observations of sea surface heigbts tbat are 

approxirriiitcly equïvaient to geoid heights, the wmputatjon of oia8ne gemid heights from 

aitimetry observations is straightfoward- The &tamidon of gravity anodes from tbe 

satefite altimetry, which is catcgccued as an inverse problem in physical geodesy. can be 

done by the inverse Stokes integrai (or tbe inverse Hotme integrai) or by tk least-squans 

collocation mthod. This inverse probiem is an improperly posed problem (Moritz, 1980) 

and with unstable solutions. Efforts shouid Che~efoxe be put to the ngulabtiion of this 

irnproperly posed problem when altinur_te.r data rirr used to cornpite gravity anomillies. 
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Discussions on repniarizstion techniques in physical geodesy cau be found in. e.g., 

Neyman (I985), Rauhut (1992) and Moritz (1980). 

The computation of tbe marine g r a .  anomalies from altimeta data using tbc inverse 

Stokes opaator method has been done by, e-g., Barnino ct al. (1987). The derivation of 

marine pvity disturbances fbm aItimeter data using the invase Hotine ~ p p ~ o ~ c h  has bcen 

donc by, e-g., Piang and Blais (1993, 1995), and Zhang and Side* (1995). Ibe Hotine 

kemel is much simpier and has certain numaical advantages compared to the Stokes Laml 

(Zhang and Blais, 1993; JeLcli, 1979). Thne ways of modifyiiig tbe inverse Hotine keme1 

using FFI' techniques ate discussed in Zhang and Blais (1993). These modifieci inverse 

Hotine formulas have high efficiency in computations bccause they are hsed on FFI' 

techniques. The accuraCies of tbe recovered gravity disturbances using inverse Hotine 

methods wiil depend on the noise levels of the a l the ta  data, the emrs in the refennce 

field, modeiiïng emrs and numerical techniques, etc. Zhang and Blais (1995) bas shown 

that a precision of about 8 mgai was obthed for the zecovered pvity  disturbances in the 

Labrador Sea area by mverting me year averaged GEOSAT data using the inverse Hotine 

approac h. 

alongtrack vertical deflections can k mmputed by differmtiating thc altimeter sea 

d a c e  height (Sandweil, 1984 and 1992; Sandwell and McAdoo, 1990). A f k  averaging 

vertical deflections of individuai dongcrack pronks, avaaged geoid height and gravity 

anomaiy can be derived from these averaged vertical defiections. In using this 

differentiation procedure, the derivative operator acts as a high-pass tliîer that supprrsses 

the long-wavelength orbital e m  and other long-wavelength errors. Thetefore, no cross- 

over adjustmmt is needed if the differentiation procedure is employed. 
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In areas wben aitinictry data and shipbome gravity anordies are adable, these two typs 

of data (hetemgenaius data) couid be combmed O daamM tbe gravity field ~uantities 

(geoid height and gravity anody). The c m o n  of différent types of data crm be 

hopefully used to improve the accurac~*es of the dcmmiiwd quantitics of tbe gravi9 field 

Simulation studies have coafirmed that this combination can usualIy poduce estimates with 

high accwacies (Li and Sidais, 1995). Two papas on Combming alfinmer and shipborne 

data for practical detenniaation of the local marine gcavÏty field bave been wntien by 

Arabelos aad Tziavos (199ûa) and Hwang and Parsons (1995). In their computatiom, thcy 

employed the 1east-sqgres mllocaÉm technique. In this study, we will explore different 

rnetbods for such tasks. 

Several numerid methods for gavity field detemiination using heteiogeneous data have 

been investigated by many authors- Among these methods, least-squares coliocation, 

fRquency domain adjustment and input-output system tbeory an well nxognized (e-g., 

Moritz, 1980; Barzaghi et al., 1993; Vassiiiou, 1986; Schwan a al., 1990; Sideris, 1996; 

Sansb and Sideris, 1995). 

Least-squares collocation &SC) is an optimal estimation mthod that offers many 

theoreticai advantages and has been widely used m physicai geodesy. The application of 

conventional (space domain) LSC in physical geodesy was discusseâ in daail by Mo* 

(1980). Its pracrical applications in gravity field modehg can k found in, e.g., 

Tschemiag (1974), Rapp (1985). Knudsen (1987% 1991) and Basic and Rapp (1992). 

The advantage of conventional LSC is that opthai use is made of the avaüable data 

(homogenous data type or heterogeneous data types) withont gridcihg in advance. A fast 

(fiequency domain) LSC methai, which is aiming to overcome the computaiionai 

difficulties with conventional LSC, was studied by, e.g., Eren (1980) and Bottoni and 
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Baaagbi (1993). The fast LSC solution requirrs that the input data be gridded, 

Consequently, ,the wrresponding c o v h c e  -ces taice the fbrm of Toepiitz matrices. 

The advantage of using fast LSC mthod is that a COLISiderabIe gain in compptatim tixœ 

and storage is obtahed in cornparison with conventid LSC. Yet, the fast LSC is 

sunering h m  edge effccts in compasSon with conventionai LSC. and rrquirrs that tbe 

data be gridded 

In practice, least-s~uares collocation is quite aarnnmodatmg with data types allowed and 

estimated quantities but relies on a-Nori i a f d o n  about the field (nomially aa isottopic 

covariance fiinction). The use of LSC in gravity field detemimion by combination of 

heterogeneous data needs the auto- and mss-covariances of the signais as weff es the noise 

variances of the observations. Theoretically, the covarïaace hiactions for different 

qmtities of the gravity field should be seifeonsistent (Jordan, 1972). Here 'self- 

consistent' maris that the signal covariance fiinctions for ciBennt quantities of the field 

should be d e r i d  h m  a single covariance fiinction (e. g., the covariance fbnction of the 

disturbing potential) by ngorws covariance propagation. The practicai covariance functions 

couid be compned empiridy using obsuvations. If covariance fiiactions for diffezent 

quantities are ail computed independentiy by employing tk o b a m d  data, then tbe 

covariance fûnctions may not be strictiy seIf-consistent. Since there usualiy are wt enough 

data available for an e@caI covariance computations - for example, we nÿry have 

enough altimeûy data for geoid height covariance computation, but not enough gravity data 

for gravity anomaly covariance and gsoid-gravity anomaly mss-covariance computation - 
we need to derive som covariance and ~ ~ ~ ~ ~ - c o v a r i a n œ  fiinctions h m  an enipiiicai one. 

In this iater case. seIf'nsistent covahce functions (or analyticai modeis) should be 

used. Some self-consistent covariance functiom that couid be used for local gravity field 

modebg were presented by Jordan (1972). Some giobai gravity field covariance models, 
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which cari k adjusted accadiiig the local empïrical covariance values to fit the iocai 

 application^, were presentcd by Tschernhg and Rapp (1974). 

Spectrai techniques have been widely applied in processing of large data sets m physical 

geodesy for &cades. Previous work on ushg spectrd technique for gravity field 

determination p v i d e d  no e m  estimaDs of thc &ts (Zhang, 1993; Olgiati, 1995). 

Sideris (19%) showed that emn prediaion in spectal methods is possible provideci that the 

input signals and thcir e m  are stochastic variables with known power spectral dmsities 

(PSDs). 

A frequency domain adjustmnt metiioà, herrafter tmned least-squares a d j n t  m the 

fresuency domain WAFD), was snidied by Banaghi a al. (1993) for gravity field 

detemhtion Ugag heterogeneous data. 'Ihe neqUency domain adjustment method needs 

the observation spectra and noise PSDs of tbe data (Barzaghi et al., 1993; Sideris, 1996). 

The obsmation spectra can be obtained easiiy from the obsemations using FFT. The 

theoreticai foundaîion embedded in the m e n c y  domain a d i t  technique is that al i  

data types c o n t n i i g  to UUs adjustmeat 

another words, should be self-consistent. 

should satisfy some condition equatioas of, m 

Input-output system theory (IOST) has k n  investigated for its physical geodesy 

applications by several authors, e-g. Sans6 and Sideris (1995). Sideris (1996). Li and 

Sideris (1995) aad Wu and Sideris (1995). Detailed discussions on IOST could be found in 

Bendat and Pieml (1980, 1986). The use of input-output system theory in local gravity 

field determiaation assumes that signal and noise PSDs of the data are known. Sideris 

(1996) and Sand and Sideris (1995) showed that tht input-output system theory is 

f o d y  equivalent to least-squans coUocation. Ih practicai  application^, tbe covariance 
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functions used by the least-qmes wIIOcation mthod have an isotmpic structure, yet, tb 

PSDs used by input-output system theoly can be 2-D anisotropic fanctions. This dB- 

between least-s~uztres wIiOcation and iapnt-output system tbeozy introdurs some 

approximation emrs to the lem squares coilocation mtthod. 

The combination of altimetCr data nOm diffamt missions for gravity field rezovery using 

LSC has been done by n m y  authors. e.g. Rapp (1985). Basic and Rapp (1992) and 

Arabelos and Tzïavos (1995). LSAFD and IOST can also be used for the combination of 

these altimetry data. Error cstimatcs of the pndictd geoid heights by combination of 

altimeter daîa firom different missions using either space domain or îhpency domain 

methods can be ohinad. Geoid heights obtaimd by combination of diffeffnt altmicter 

missions could furiher be combineci with shipbome gravity anomalies using the methods 

mentioned above to improve the aarnaCes of -id beight and gravity anomaly 

predictiom. The use of the LSC methocl in the combination of altimeter daia h m  different 

missions has the advantage thai it uses dinctly ail the available data despite the differences 

in resolution of different al- missioos. Yet, the use of LSAFD and IOST for the 

combination of data fkom different altimter missions rrquires that ai l  the data be reduced to 

the same nsdution (griddecl with tk satne spafing). N d c a i  experiments and 

cornparisons of these tliree mthods by cumbining data h m  di&rent ahneter missions 

should be carriecl out. 

Some simulation computatiom have ken done to intercompare thc conventional LSC. 

IOST aud LSAFD methods (Li and Sideris, 1995). Euthcr simulations and the application 

of these tbnx methods to neal observations riemain to be done m tbis thesis. While in 

simulation studies we were able to use exact signai and noise PSDs, in mai applications this 

is not possible because we can not obtain exact signal and noise PSDs h m  observations. 
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The main prob1em in red applications is thaefore how to e f f d v d y  estmiate the signai and 

noise PSDs fn>m nal data. Saüor (1994) discussed mthods for altimtry data spectral 

analysis and signal and noise PSDs atgnation in profîie analysis. How 2-D sîgnai and 

noise PSDs of the aitimetry data can be estimated rmiain a pFob1em to be investigated and 

tested. 

1.2 Tasa Objective 

The main objective of this mearch is to study methods used in tbe determination of local 

marine gravity field using hetaogeneom data. Tests an made with geoid heights and 

gravity anomaiies, using sïmubd observations and mi data. ~~t methods, Le., 

input-output system theory, least-squares collocation and frcsuency domain adjutment wiii 

be employed and explored in this study. Theoreticai comparison of these three methods will 

be d e d  out. Results obtained usiog the different methods with simuiation data aiid mi 

data WU be intercompared. The d t s  obtained by combining heterogeneous data will also 

be compared to those obtained by methods using a singie input data type. 

1.3 Outline of the Thesâs 

The thesis consists of seven chapters. Tb basic contents of each chape1 an outlined 

below . 

Chapter 2 discwes briefly the aitimetry data records, maine gavity data records and tk 

techniques for preprocessing of altimetry and shipborne data Phprocessing is an essential 

step for fuaher handling of the data The prepmessiog of the altimetry data includes 
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editing of du data fmn original data records, almg tmck &ta mterpaiation, data stackmg 

(averaging), aossovet adjustment and griddingo 

Chaptet 3 outlines the tbcolicticai fomdations and mamcmarica formulas useà for the 

combination of heterc,geneous data These models include the single-input Sngiedatput 

system. the multiple-input rniiltiple-output (or singie-output) system, least-squares 

coliocaîion and fkquency domain adjrisanent Theonetical discussions of these thra 

methods wiU be given. 

Chapter 4 descriibes the techniques for the estbution of si+ and noise power spectral 

densities and covariance fiiacti011~. The estimation of tbe signal PSDs and covariaaces is 

essentiai for the adjustment results. Two methods for rhe compnation of PSDs and 

covariances are pfesented, The modehg of the locai gravity field (residual field) is 

discussed in detail. 

Chapter 5 gives the results of simulation studies. Simulateci obsavations compted with 

d o m  distri'buted and Gaussian noises are used for this study. Results m interconpuecl 

using different methods in each case. Internal âccuracies and extemal acaracies are 

investigated and c o m p d  

Chapter 6 presents the resuits obtaioed using real data h m  two test areas. The first test 

area is the Central Meditenanean with 60 x 60 data points dut are on a 5 ' x 5 ' grid. 

Altimetry data used in this test area is h m  die ERS-1 mission. The second test ana is in 

the Labrador Sea area with 30 x 30 data points that an given on a 10' x 10' grid. The 

althetty data used in this ana an h m  the GEOSAT Exaa Repeaî Mission (ERM). 

Results obtained using IOST, LSC and LSAFD are corn@ The geoid height predictions 
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obtained by amhbtion of heterogeneous ciata are aiso compand wùh those obtained by 

singie input data type (Le., the resuits cornputeci by gravity anomaly). 

Chapter 7 summarizes the findings of this smdy and gives thc maiu conclusions and 

recommendations for fkther research. 
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CEAPTER Iwo 
PREPROCESSING OF ALTIMETRY AND SwirBORNE DATA 

Onginal altimeter raw data are distrii'buted in the form of GDR (Geophysical D m  Recad) or 

OPR (Ckean Product Fkcord) which an nond on CD-ROMs. I)ue to 8cquûition or 

recordhg problems such as excessive noise, signal dropout, losses of signal due to 

transduœr malfiinclion, etc., spurious andlor degraded data signals mi& exist in the 

record. In a prepmcesing stage, to &rive geoid height observations h m  the GDRs or 

OP&, altimetry data have to be (a) edited to reject spurious andlor degradcd data and land 

data, @) comted for environmental and geophysical effeds, (c) stacked to produœ mûm 

tracks to suppress time-depmdent errors, (d) c~rtected for stationary sea surface (SST) 

effects, and (e) crossova adjusteci to remove (or suppress) the radial orbital enors. Finally, 

to meet the requirements of the specaal method, the dtimeûy derived da& also have to be 

gridded. 

'Lbe shipborne data are subjected to errors such as navigation enors, Eotvos effets. 

mislevelüng of the platfom, d a m  emrs. system caii'brarion errors, d e  fmor 

inaccuracies. coordinate e m ,  as well as vi'braticm and theanal stress noise (Zbaag, 

1993). For combination of tbe altimeter and shipbome data, the reférence systan used in 

both data sets shouid be consistent. For those points with npeated observations, the 

averaged values will be usecl. 

This chapter will discuss these prepfocessing probIems of the altimeter and shipborne data. 



21 Altimetry Data 

21.1 GEOSAT, ERS and TOPEg/poSEIDON Altimetry Missions 

The GEOSAT a l t h t e r  mission, which coosists of a Geodetic Mission (GM) phase and an 

Exact Repeat Mission (ERM) phase, was larmched in 1985 (Cheney, a al., 199 1). In the 

GM phase GEOSAT accdated hundreds of millions of observations of the sea level with 

an average cross-track spacbg of appmrumately 4 kiiometexs tbat axe of signiûcance for 

marine pMty field studies. Because of the military signifiame of the GM, most of the sea 

level data (especially those of the norihem hemisphere) coJlected dueag the GM phase ate 

classifieci. The ERM of GEOSAT covaed 62 complete 17-day qeat  cycles. The ERM data 

have been disti'buted for scientific studies to the scitiftïf?c comminiity (Cheney ct al., 199 1). 

The following are som characteristics of the GEOSAT GM and ERM data (Cheney et al., 

1991; Seeber, 1993): 

Precision: 3 cm 

Accuracy: 5Ocm 

Along-track p u n d  separation 

GM phase: 10 km 

ERM phase: 10 km 

Equatonai cross-track ground separaiion 

GM phase: 4 km 

ERM phase: 164 km 

In this context, precision is the ability to detemine changes in sea level over a distance 

limited by the dong-track resolution. The accuracy is the uncertainty of the gaoid or sea level 



measuremmt when expnssed in gcoccnttic coordinates (1 standard deviation). 

The ERS missions (Battric, 1993; Seeber, 1993) are a series of n a m ~  seasiag sateUites 

lamched in the 199OPs, in order to investigate the environment and improve the marine 

gravity field in global and local applications, and to ensine long-term continuity of tb data. 

The ERS-1 was Iauncfied in 1991 and the ERS-2 satellite was successfiùiB hmcbed in 

1995. The ERS-1 mission consists of a 3&y npeat cycle, a 35day repeat cycle and a 

168-&y repeat cycle. The main drawback of a 3&y cycle in *tic applications is the 

wide separation of tbe radar al- tracks. The majozity of the ERS missions are 

p e r f o d  in a 35-day repat cycle (muitidisciplinary phase). The 168-day repeat cycle 

(Geodetic Phase) of the ERS4 mission offers a high density of altimeter ground tracks and 

is thus f a v d  for the measurement of mean-sea levels and the ocean geoid. Some 

characteristics of the ERS-1 mission are as folîows (Battric, 1993; Seeber, 1993): 

Recisioix 10 cm (10 cm is the design& @ion, achially k m  is obtained) 

kcuracy: 25- 

Aiong-ûack separation 

3day repeat cycle: 10 lun 

35&y npeat cyck: 10 Lm 

168-day npeat cycle: 10 km 

Equatorial cross-track separation 

î-day repeat cycle: 900 km 

35day npeat cycle: 84 lan 

168-day repeat cycle: 18 km 
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The TOPEX/POSEIDûN mission is dedicated to spaa oceanography and was launched m 

1992 hto a 1Ckiay xepeat abit to malu: precise and amnate obse~ations of the sea Iml 

for several years using satellite dtimetry. It d e s  a GPS receiver for precise orbit 

determination. Sorne cb;iracteristics, which an of interest in this study, of the 

TOPEX/POSEIDON mission are as follows (AVISO? 1994; Seeber, 1993): 

Precision: 2.4 cm 

Accuracy: 14 cm 

Along-track separation: cl0 km 

Equatonai cross-track separation: 3 14 km 

212 Editing and Stacking of AiOmetry Data 

Data editing refen to those pre-analysis procedu~es that are designed to detect and eliminare 

spurious andor degradeci data signais that might have resulted from acquisition and 

recording problems such as excessive noise, signai bpout, loss of signal due to 

transàucer mslfiuictions, etc. 

SateIlite altinietq measuns the distance h m  thc satellite to the ocuui sudace. These 

rneasurements offer an exciting possiibility for the determination of the gravity field both on 

global and local scales. The sea surface height (SSH)? which d a s  not, in generai, deviate 

h m  the geoid unduIation by more than a few meters? am be obtaintd by Merencing the 

eiüpsoid height of the satellite and th altkmtq range measurements. The altimeter range 

measwements morded in GDRs or OPRs were coaeaed only for insaumental effects by 

the altimeter data pmcessing enter (AVISO, 1994; Battric, 1993; Cheney a ai., 1991). 

They shouid be a h  comcted for environmental? geophysicai and sea state bias effects by 



the users for using tfvm for fisrtber studies. Reproce~sing, m this context, is to pqare 

altimeter and shipbomt data that wdl readily act as tbe input of oie combinstion techniques 

descn'bed in chapter 3. Therefore, th preprocessing of altmicla data includes extrâctmg 

altimeter data for a given ana of intenst; mnoving land, spurïous and degradeci data from 

GDR or OPR ncords; c d g  for environmental, geophysical and sea state bias e f f i  

such as wet and dry troposphere, ionosphere, d c  and body tide, etc.; suppressing the 

the-dependent component of SST and removing its stiîtîonary part h m  the alt3mter 

record; nmoving or suppressing radiai emn; and nnally gridding. 

In editing altimetry GDRs or OP&, some critena have been selected for rejecting spurious 

data (Tables 2.1 - 2.3). The value for each c o d o n  tbat should be made to the altimeter 

range measmement has already been given in the GDRs or OP&. Some c o d o n  temis 

have more than one value available. In this case, which value to use depends on the user's 

choice. To &tain altmiaer sea surface height, we applied the conections for wet and dry 

troposphere, ionosphere, soiid tide, avanie tide and electromagnetic bias to tk altmieter 

range measurements. For those correction temis with dtip1e vaiues available, the value 

based on insihi measurements are first consideted, If tbe value based on the insitu 

measmernent is not availabIe, some other values will be used 

After app1ying the above corrections to the altimeter range measunments, we cai obtam tbe 

sea sudace height (SSH). The SSH consistî of gwid height, the time dependent and thne - 
independent sea Surface topography, tbc radial orbit enors, the emn due to improper 

environmental, geophysical corrections, and measurement noise. In orda to enhance the 

signal-to-noise ratio and remove &ta gaps from one-per-second sea surface heights derived 

fkom altimeter range measurements, tk sea surf= heights from individual profiles have 

been stacked (averaged). 
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W e  will descn'be briefly the altmiaa ploducts of the t h e  altimmy missions. i.e., 

GEOSAT GDRs, ERS OPRs and TOPEXIP(SEDûN GDRs, kcause of theit refatively 

high measurement accuracies end wide availability compred to earlier ai- missions 

such as Seasat. 

The GEOSAT 'D-GDR data set for each mawffacnt consists of 34 fields (Cheney a al., 

1991). The OPR data set for each measurement of ERS4 consists of 49 fields (Dumont and 

Stum, 1993). The TOPEX/POSEIDON GDR data set for each measurement consistts of 132 

fields (AVISO, 1994). Ail tbese data sets an pmie records and consist of the foilowing 

groups of elemnts (Cheney et aL, 1991; Dumont and Stum, 1993; AVISO, 1994): 

1) Time 

2) Location 

3) Altitude 

4) Attitude 

5) Altimeter range 

6) Envifonmental coaection (such as tropospheric cocfections, ionosphenc corrections, 

etc.) 

7) Significant wave height ( S m  

8) Backscatter cœfficient and Automatic Gain Control (AGC) 

9) Geophysical quantity (such as mean sea Ievel, geoid height, tidal effects, etc.) 

10) Brightness tcmperafme 

11) Flags. 

For more details of the elements included in each group. see AVISO (1994). Cheney et al. 

(199 1) and Battric (1993). 



Table 2.1 Data Editing Cxiteria For GEOSAT T2-GDR 

Land data are rejected 

-100 m < sea surfacc height (H) c 100 m 

O c standard deviation of H < 0.1 m 

-1OrncH-Geoidc 10m 

Off-nadir angie (Attitude) < 1.3 deg. 

0.25 dB < Automatic Gain ControI (A- < 25 dB 

Table 23: Data Editing Criteria for ERS-1 OPR 

& c i  data are rejected 

745 000 < altitude < 825 000 m 

standard deviation of altitude c 40 cm 

6 dB c backscattering coefficient < 30 dB 

-130 m c sea surf- height c 100 m 

-5 meocean tidec5m 

-1 m<bodyti&< lm 

-0.5 m c tidal loading < 0.5 m 

-2 500 mm < dry tropospheric correction < -1 900 mm 

-500 mm e wet trap~sphenc comction < -1 mm 

' -400 mm < ionospheric conection < - 1 mm 

-500 mm c electronic b i s  correction c O mm 

O mm c signifîcance wave height c 15 000 mm 



Table 23: Data Editing Criferia for TOPEX/POSEIDON GDR 

Note: Nval-H-Alt is the number of vaüd points used to ampute the range over one 

second; MS-H-At is the mot mrm sqwue of differe~;e for ten per second altitllPfCIt 

range h m  H-Nt. 

TOPEX 

Nval-H-Alt > 5 (IO Hz heights) 

RMS-HH Alt < 100 mm (10 Hz heights) 

POSElDON 

Nval-H-Alt > 15 (20 Hz heights) 

RMS-H-AIt < 175 mm (20 Hz heights) 

check axan/land and ice dism'bution conditions (bit 2 and 3 of Geo-BadJ 

£kg) to ntaui oniy oœan data 

-130 000 mm c CNES one per second satellite altitude @P-Sat) - (nie pa second 

altimetet range @-Ait) < 10 000 mm 

-2 500 mm < dry mposphere cornnion -Cor) < -1 900 mm 

-500 mm < wet mposphere correction (Wet-Con, Wet-EX-Rad) c -1 mm 

-400 mm < Doris ionosphere cocfection (Iono-Dor) < 0 mm 

4 00 mm c Topex ionosphere correction (ïono-Cor) c 40 mm 

-5 000 mm < ocean tide (H-Eot-CR, H-Eot-Sch) < 5 5 mm 

-500 mm < loading tide (H-Lt-CR, H-Lt-Sch) < 500 mm 

-1 000 mm c solid earth tide @-Set) c 1 000 mm 

-15 000 mm < polar tide (H-Pol) c 15 000 mm 

-500 mm < sea state b i s  conection (EM-Bis-Con-KI, EM-Bias-Corr,IU) < O 

mm 

O mm < signifiant wave height (Sm-K) c 11 000 mm 

7 dB < Ku band sigma naught (SigmaO-Ic) < 25 dB 

O deg c wavefotm attitude (AU-Wvf) c 0 3  deg 



Data editiag criteria ate usuaüy selected afcading to experiences and pasonaï pref~ences. 

Memnt c x h k  iiit appiied for editmg altimeter nOm difftf~~lt missions. Tables 2.1, 2.2 

and 2.3 give for each priramtg of GEOSAT GDR, ERS4 OPR and TOPEXi/POSEIDON 

GDR respectively, the lower and upper boundary of th range out of which aa altimder 

measurement is to be removed. These aiteria can à found in Wang and Rapp (1992). 

Demmou et al. (1995) and AVISO (1994). For more detailed expianation of each tenn given 

in the above tables, the althm&r data manuals, i.e., AVISO (1994), Battric (1993) and 

Cheney et al. (1991). should be refened to. 

For GDRs and OP&, several values may have been pmvided for some elements of the 

environmental coctectio~ Generaîly, which vahe to use depends on the user's decision. It 

is recommended ihat the value that has been computed based on in situ SateIlite observations 

be used (Cheney a al., 1991). When the value based on m situ observations is not 

available, other values will be used 

The stacking of altimeter data means that the altimeter deriveci SSHs are averaged over some 

chosen iepeat cyc1es. Because the repeat profile measurements are not given on exactly the 

same points, an interpolation pmœdure is needed. To do this, we fkst select for e h  oadr 

a cycle that has the most measuremnts as the referenœ cycle. Then, interpolation is c d e d  

out for each otha repeat cycle, respectively, to obtain the corresponding observations at the 

reference points for each other repeat cycle. In this study, a cubic spline interpolation 

aigorithm is ernployed. Aher interpoiation, aii cycles for each tmck are simply averaged to 

obtain stacked SSH. The stéi~darà deviations of the stacked SSH are also computed 

simuitaneously in the averaging process. 



213 Radiai Orbit E m r  and Cmsmver Aaustment 

'fbe range measmement of the sateIlite altmvler consists of signal, systematjc errors and 

random noise. Among the errw sources, the radial orbit emr is the largcst pari of the 

altimeter emr budget (Houry et ai., 1994), and has its dominant energy at zero fiequency 

(the bias), and at a fnquency of one cycle pr revolution with wavelength of appcoximateIy 

40 000 km (Sandweli, 1984). 

While a r a k  sophisticaîed moQl of the radial orbit enor is i.equaed for global evaluatiion 

of altimeîry data (Moore and Ehiers, 1993; Schrama, 1989; Knudstn, 1993; Houry a al., 

1994), a SimpIe pparametric polynomial mode1 is suffiicient in regional applications. 

Commonly useà, such regional modeIs inclde the bias mode1 the bis-tilt mode1 and the 

quadratic mode1 (ZR& et al., 1995). We used the bias-tilt rnodei (pr2) to descn'be the radial 

orbit emr in this study. The bh-tilt modd can be written as: 

where Ar is the radial orbit emr, p Cr the longitude or tim difference between the ninning 

point and a  fere en ce poin of the cycle, and a and b am unicnown parameters a be 

deteRnined. These parameters can be determined h m  the discrrpancies of the sea surf' 

heights at the crossovers of ascending and descendhg tracks. 

In laal areas, a cross-over adjustment has been used to & t e d e  the parameters in the 

radial orbit error d l  and then to remove the orbital enor h m  altimeûy sea surface 

hcights (Knudsen, 1987a and 1987b). 



At a cross-over point, tbe crossover dkrepancy (north going t r d c  minus south going 

track) is then 

where hi-hj is a crosssver difference; bl aj and bj are the unLnown bias a d  rilt 

paraniek1~; pi aed Irj a~ die c oordinates dong i-th and j-th addr of cross-over points, 

respectively (Knudsen, 1992). More &tails on aoss-over adjustment can be found in, e. g . , 
Knudsen (1987a and 1987b), Tai (1988), Vermeer (1993), Schnuna (1989), Fukuda (1990) 

and Wunsch (1991). 

Relative longitudes or relative time can di be used as coordinates pj in eq. (2.2). W e  used 

relative longitudes as the coordinates in the mss-over adjustment, Cross-over dÛcrepglLcies 

are computed for stacked sea-surface heights. By cross-over adjustment, tk bias and îïlt 

parameters are determineci for each track Then, the stacked altimeter data are conected using 

the bias and tilt parameters. Thus tbe track r e h d  d i a l  orbital emrs ine sigaiscantly 

reduced But the a d .  altimeter data still include the effects of tbe statioaary SST, which 

should be removed if tûe altirneter data are used as geoid hight observations. 

2.1.4 Eaect of Sea Surface Tbpography 

SateUite altimeter data contain Sormation about both the geoid and tbe sea s t a f a ~ e  

topography (SST). For the pupose of gravity field recovery using altimter data, the SST 

must be m v e d  frwi the altimeter data. SST consists of a timedeqendent component and a 

tirne-independent component (stationary part). The e f f i  of the tirnedependent cornpaient 

on the altimeter measurement can te substantially suppressed by stacking of repeat ûacks, 



wtiile that of tk staiionary part c a ~ o t .  Thc time-indepndmt component of the SST, 

which is about 2 m m magnitude, is mcxkled by a sphcaicaï hamionic series as foliows 

(Engelis, 1987; Denlccr and Rapp, 1990; Knudson, 1993): 

-Sm where Cij and Sy are M y  n m  SST sphericaI harmonic coefficients; @ and h 

are the spherical coordinates of the point at which the SST is to be computed; Fij(cos@) is a 

M y  nomialized Legendre fûnction. 

Several such hannonic expansion m&ls for tbe statiomy SST are currently available 

(e-g., Engelis, 1987; Denker and Rapp, 1990). In this study, die statiouary SST is 

computed using the Denker and Rapp mode1 tbat has a maxilmmi degree and order of 10. 

The value of the stationary SST is then subtmcted h m  the altheter data to obtain the 

aitirneter geoid obse~ation. 

2.2 Shipborne Data 

'Ihe shipbome data in the Labrador Sea ana used in this study axe h m  the sarne £iles as 

used in Zhang (1993). The shipbome data records indude coo- and k i r  acamcies 

of the obsemation points. observed value of the gravity refeired to IGSN71 and their 

accuracies, terrain corrections and their accufacies, fiee air anomaly and Bouguer a n d y  

referred to GRS67. The values of the obsemd gravity given m the data records were 

refemd to IGSMl and have already b a n  corrected for solid tide emrs, oceanic tide enors 

and Eotvos e f f ' .  For more details on the format of these marine gravity data records, see 

Zhaag (1993). 



Since the al- data are refeacd to the GRS8O qstem, we use the foilowing formulas to 

reduce the values of the fne air a n o d y  nfeand to GRS67 to those n f d  to GRS80: 

where q is latitude. For sorne points, repeat gravity measurements are available, but for 

some other points no npeat measurement is avaiIab1e. For those points with repat 

observations, we averaged d the tepcat measurements. 

2.3 Gridding of Aitimetry and Shipborne Data 

Crossover adjusteci aitimetry sea SUrfAce heights are given at approxjmateIy @y spaoed 

intemals along the altimeter subsateuite tracks. The intervals of the data between tracks are 

much larger than those of the data along tracks. The shipbome gravity a a o ~ e s  m 

usuaily given a ineguiariy distniuted points. For our studies, we oeed regularly 

distriiuted data to use spectrai mthods. Thus one of the important aspects of preprocessing 

of the altimetry and shiptmme data is the gridding of die data. Gzidding is a procedure 

whereby point values of sea surface heights and gravity anornalies are predicted at the 

nodes of a grid using irregular observations. 

A dedicated study on gridding of dtmwtry data was done by Cruz (1983). and several 

gridding methods were studied and cornpareci thae. W e  chose tk least-squares coilocation 

method for data gridding, because it has the advantages of talang into account the data 

accuracy estimates and providing accuracy esthaîes of the pdicted values (Cruz, 1983). 
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The covarianas uscd in the 1- squares colIoCafion @ h g  procociiue were &rivai by 

linear interpolation h m  a table of covariances that were cumpuîed empScally nwi the real 

irreguiar data. ûniy neighburing data around die prediction grid are iiscd in tbe gridciing 

process. Figures 2-1 and 2-2 show the empiricai functions used to grid al- and 

shipborne data in the Labrador Sea area. 

Distance 

Fig. 2-1: Empirical covariance function of alo'm#er data used for gridding 

in the Labrador Sea area 

Distance 

Fig. 2-2: Empirical covariance function of gravity data used for gridding 
in the Labrador Sea area 



CaAPTERmREE 

DISCCJSSION OF OPTIMAL COMBINATION TECHNIQUES 

This chapa discusses optimai combWon techniques used for gravity field rwovery by 

combination of hetemgeneous data. Tii the 6m two sections, the singie-mput single-ou~put and 

the double-input doubleoutput systems are discussed Section 3 .3 discusses the least-squares 

collocation technique and section 3.4 prescrits the fieqyency &main adjustment method. 

Inputsutput system theary has been widely used in science and engineering applications; 

detailed discussions can be found in, e.g., Bendat and Piersol (1971). An ideal (noise fxee) 

single-input single-output system in the spwe domain can be iiiustrated as in Fig. 3-1. 

Fig. 3-1: An ideal singie-input single-output system, x is the noise fkee input, h is the system 

response, y is the system output. 

In convolution fonn, the system in Fig. 3-1 is 

where * denotes the convolution operator. This convolution can be efficiently evaluated h tbe 

frequency domain, where eq. (3.1) takes the form 



Ffy l=F{xF{h) 

Here F denotes the Fourier transform operator. 

Examp1es of singe-input singie-output systems in physicai geodesy are the canrputation of 

geoid undufations from gravity aMnaaIies (or diambances) by Stokes' (or Hotine's) integrai, 

the compitation of pvity  anomalies (or disturbances) by the inverse-Stokes (or inverse- 

Hotine) integral, the computation of the components of the deflections of the vertical by Vening 

Meinesz' formula, the computation of gravity d y  by inverse-V&g Meinesz' formulas, 

etc. Two examples of singie-input Wear systems used Ïn physical geodesy anz shown m Fig. 

3-2. 

Fig. 3-2: Two examples of single-input singie-output systems: Stokes' and inversedtokes' 

integrais, N is the gwid height, Ag is the pv i ty  anomaly, S and S-' are Stokes' and 

inverse-Stokes' kemeis, respectively. 

Ln convolution form, the systems shown in Fig. 3-2 can be written as 

The corresponding fruluency domain expressions of eqs. (3.3) and (3.4) are 



The FFï technique c m  be used for evaluation of these convolutio11~ with p a t  efficitncy. Such 

discussions have k e n  presented by Sirang van Hees (1990) whae the forward S t o b  

formuia was evaiuated by FFT techniqyes, and by Zbang and Biais (1993) where the inverse 

problem was tackled using FFi' techniques. 

Until recently, meth& pmvided no emr estimares of the output (Zhang, 1993; 

Olgia& 1995). The probIem of emr estimation associated with spectrai methods was 

discussed m Sideris (1987) and Schwarz et al. (1990) and was recently tackied by Sideris 

(1996). Zn the Iater papa, it is clearly show that emr estimates can be derived for the results 

using specnal mthods, provided that the input signals and theù enors an stochastic variables 

with known PSDs. Fig. 3-3 shows a single input-output system with input and output noise. 

Fig. 3-3: A single-input singie-output system with noise; x is the input signal, n is the input 

noise, y is the system output, n is the output emr and y is the noise k output- 

In convolution form, the system shown in Fig. 3-3 can be Wntten as 



Leaving aside the derivations and foilowing Sideris (19%), taong into account the data noise, 

we can n-t Stolas' formula in spectral fom by the input output system tbeory with noise 

as follows: 

where Ais the estimate of geoid tmdulati011; Pm and P- are the auto-signal PSDs of geoid 

unddation and gxavity anomaly, respedvely; PneM is the PSD of the Ag-noise; Pw = PL 
is the cross-signal PSD between geoid undulation and gravity anomaly; P,& is the emx 

PSD of the estimated 6; superscript * denotes cornplex conjugate. This solution has been 

obtained by minimiiing P, in the same manner as in Section 3.2 

SirnilarIy, we have the following expressions for the "inverse-Stokes formula": 

Here P,(A~) is the eimr PSD of the estimated gravity anomaly and Pvbis the PSD of the K 

noise. 



3.2 Double-input Single-output System 

The double-input linear system has been described in &tail by Bendat and Pietsol (1986). A 

noise fnt double-input singboutput kmr system is shown in Fig. 3-4. 

Fig. 3-4: An ideal double-input single-output system 

In this study. we are actuatly interested in double-input single-output systerns with noise. 

which take the geoid height and gravity anomaly observations as noise-cormpted input signals 

and their estimations as the output These double-input single-output linear systems with noise 

are show in Fig. 3-5 and Fig. 3-6. 

Fig. 3-5: Doubleinput single-output system representation for computation of geoid height by 
combination of altimeter and shipborne gravity data; h' and Ag' are geoid height and 
gravi@ anomaly obsenmtions, respectively. 



In convoiution fonn, the sysîem show in Fi- 3-5 is 

N = (N+nl) *al + (Ag- *oz + el 

The axresponding fnrliieacy &main expression for eq. (3.13) io 

F{N} = F{N+nl}F(al} + F{Ag+ nz)F(a2} + F(el 1 

Fig. 3-6: Double-input singie-output system representation for computation of the gravity 

a n o d y  by combiion of the altimeter and shipborne data 

in convolution form. the systexn show in Figure 3-6 is 

In the fkquency domain, eq. (3.15) take~ the ~OHII 



In general, eqs. (3.13) and (3.15) can be Wntten as 

where y can be either N or Ag. 

Let the capital letiers denote n#lunicy domain values and the small utse letters denote the 

spatial domain quautities. In the fRquency domain, (3.17) takes the form 

By multiplying E by E* and taking the expectation, the system output noise PSD is 

By rninimimig P,CT) over all possible choices of BI and B,, we obtain the optimal iransfer 

functions. These optimal Crarisfer hctions yield optimum iineat least-squares prediction of Y 

fiom noisy data h' and Ag' (Bendat and Piersol, 1986; Wu and Sideris, 1996). The optimal 

transfer functions BI and B, cm be obtained by setting the foilowing partial denvatives equal to 

zero: 



Assuming that the input noises n, and n, are unc~rreiatcd and that signai and noise are 

unconelateù and solving the above equations, we obtain the foilowiug optimal estimates: 

where? is the estimate of the spctni of y, which c m  à either h (Le. N) or &, Ph, P,, are 

the auto-power spectral densities of h aud Ag, rrspectively; PUpp&,, is the cmss-power 

spectral density between h and Ag; P,, PybC are the cross- power spectd densities between y 

and h, and y and Ag, respectively; P,,, and P,#& are the noise PSDs of h and Ag, 

respectively; P=(Y) is the pndictioa emr PSD of Y; Pw is the estimate of auto-PSD of y and 
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= PL is the eshate of the cross-PSD between Ag and N. It is ciear that tht IOST 

solution ckpends on the signai-@noise ratios. 

For detailed derivation of the above equatiom, see Siâeris (19%) and Wu and Sideris (19%). 

The above expressions caa also be Wonen in an @valent stepwise form (Sideris. 19%): 

In this form, the contn'bution of each input can k computed sequentiaily in the same rnanner as 

in sequential LSC in the space domain. W e  see that when noise is present at the input and 

output stage, the frrquency domain solution of the IOST is f o d y  equivaknt to LSC. M m  
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details on IOST in physical geodesy can be formd in Sideris (1996), Schwarz d al. (1990) and 

S a d  and Sideris (1995). 

The application of conventional (space domain) LSC in physicai geodesy has becn discussed m 

detail by M d  (1980). Its pracricd applications in gmity field modeling can be fomd in, 

e.g., Tscherning (1974), Rapp (1985) and Basic and Rapp (1992). A fast (fkqyency domain) 

LSC method was stuclied by Eren (1980) and Bottoni and Baaaghi (1993). The advantage of 

using fast LSC mthod is that a considerable gain in computatim time and storage is obtained 

in cornparison with conventicmai LSC when gzidded data are avdable. W e  wül use 

conventional LSC in this study. 

Assuming that the Eaah's gravity field is a stachastic process and that signal and noise are not 

correlated, we have the m a t k m t W  mode1 of conventional LSC for gravity field modeIing 

using altimetry-denved geoid heights h' and shipborne gravity anomalies Ag' as 

where and &(Ag) are the predicteâ errer covariance matrices of N and Ag, nspectively; 
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Cm, C* axe auto-covaziance fimctions of geoid height and gmity anomaiy, respeftively; 

C,, = Cw is the cross-cbvariance fimction between geoid height and gravity annnialy; 

C, =Ch., and C*. = q-& are covanaoCe fimctions between signais (N and Ag, 

respectively) and geoid height observations; Cm. = Ce., and Ca. = Ce-,, are covariance 

fuactions between signal and gravity aomaly observations; 4, and D,, denote the auto- 

covariance 6 c e s  for the geoid height and gmvity anomaly observation enors, nspeaively. 

LSC gives optimal estimates, Le. having minimum eaor variances, in the sense of satisfying 

the minimum condition 

where vector y consists of the estimated signals and the masuring noises ami C is the 

covariance maûix of x. For more details on LSC, Moritz (1980) should be consuited. 

3*4. Least-squares adjustment hi the hquency domiin 

Let H', AG', Y, N, and N,, represent again the spectra of h', Ag', y, 4 and n, ~spectively. 

For each fnquency component, we may write die foilowing observation equations in the 

frequency domain: 

{ " ' } = ~ ~ } ~ + { " h } = [ H } + { N ' }  AG' 8;' NM AG Ne 

where 



B;' and B; are pafectly known m e r  fiinctions; H and AG are the spcûa of the signals of 

the observations hl and Ag', rrspeaiveIy; and and a d  v are thc fhqtencies m two directions 

conespondhg to x and y, nspectively. 

AssMiing that the input signals are completdy determjnistic and the input noises a ~ e  stochastic 

variables, we have the optimum solution for each fkquency, whkh is obtained by raquiIing 

that the fkqyency domain least-squares pOncipIe 

is fuifilled, as follows: 

where P,,,, and Pa+,& are the noise PSDs of h' and Ag1, respectively; PJY) is the prediction 
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emr PSD of Y; P,,,,en, and are the coaespoading conmiutiom u> * 
noise PSDs h m  the input noise PSDs of geoid hg@ and gravity anomaly, respectively. 

More details on the LSAFD can be famd in Banaghi et ai. (1993) and also in Sideris (1996). 

The LSC is an optimal esiimator that offers many advantages and is @te acconmiodating in 

terms of the data types and estunatcd quantities. The assuniption for the LSC method is that the 

mean values of both obsavations an equal to zero. Thus, tk data should be centred befon 

using LSC. The data can be eitber grïdded or imgulady disaiuted. The use of LSC requiies a 

prion information about tbe field, i .e., the Wtropic covariance fiinctions. The estmiare relies 

on the a priori information as weil as the noise covariances of the input data Thus, the 

estimation of signai and noise covariances is a prereqyisite of the LSC methoci. How these 

covariance fuoctions ain be obtained wil l  be addtessed in Chapter 4. 

Assumptions for the IOST metliod axe the same as for coilocation, Le., that both signal and 

their e m s  are random variables with known PSDs, which are the Fourier tmsforms of the 

covariance fuactiom. The solution of IOST depends on this a priori infonna?ion. Signal PSDs 

can be obtained, as descn'bed in the ne* chapter, from the cornsponding covariance functions 

using the FFI' rnethod or can be computed dinctly fiorn tbe data. A tbeornticai comparison of 

LSC and IOST was done by Sand and Sideris (1995). The multiple-IOST solution is f o d y  

@valent to stepwk LSC solution. Therefore, the multiple-IOST solution can k CO- in 

a stepwise mannet. The biggrnt disadvantage of LSC is that it nquires maûix inversion, which 

is very slow and memory eating when a large data set is dealt with. The 6nquency solution of 

the IOST requires no such inversion, however. nien is sirnilarity between the LSC and die 

IOST in that both methods depend, to some extend, on the same a priori idonnation (the PSD 



is the Fourier transfonn of the covariance fiinction). 

Two differences should be menttioned here. First, the dimensions of the covariance matréces 

used in the methods are not the same. Tbe dimension of the covariance mtrix used in LSC is 

bigger than tbat used in IOST (for computhg the PSD). Second, the IOST mahod can use 

non-isotropie PSDs without any dinicuIty m the practical oomputations, but, LSC usually 

requires Wtropic covariances. Using non-Wüopic cov&ces m LSC will make M C  even 

more dificuit to impIement T& estimation of signai and emr PSDs wiiI be discussed in aie 

next chapter. 

The covariance (or PSD) fiiactions used m LSC (or IOST) usually derived h m  

observations and may have k n  adjusted to fit som analytical covariance (or PSD) function 

models. If tbe analyrical modeis do not represent the reality, then usiag mode1 derived 

covariance (or PSD) functioos may lead to worse results be obtained. 

LSAFD assumes that only tbe input noises are random variables; no a-priori stocbastic 

infomiation about the signai is needed. The LSAFD method employs tbe noise PSDs and 

assumes the d e r  functions iac perfectiy hown (Sideris, 1996). The noise PSDs are used 

to adjust the observation spectra and to weight the contri'butions of each data set. The 

ciifferences between IOST and LSAFD are &y that the IOST method &as two fhctions, one 

is to mter input signais and the 0 t h  is to combine them optimally, while the WAFD rnethod 

only conducts the weighted averaging (WU, 1996). In this sense, better d t s  can be expected 

with IOST method due to its filtering function. 



CaAPER FOUR 

POWER SPECI'RAL DENSITY AND C O V ' a  ESTIMATION 

An miportant issue in using the LSC, IOST and LSAFD mthuds is the daarniaation of the 

a-priori infommtion, Le., the esthaîion of the signal and noise cowxhne and amciatd 

PSD fimctions. This chapter discusses tbe estimation mthod employed for such tasks. The 

ikst section highlights the basic concepts of covariance, codaticm and power spccnal 

density and theY relations. Section 4.2 presents eqincai covariance fimction -011 and 

modeUing. Section 4.3 presents the techniques for PSD estimation. F ï y ,  section 4.4 

d e s c n i  the error PSD estimations. 

4.1 Concepts of Correiation, Covariance and Power Spectrai DellSity 

This section bighiights %fie concepts relateci to correlation, covariance and power specuai 

deosity fwictions, as weli as their relations. For moie details, Bendat and Pieml (1980, 

1986) and Sideris (1984) should be consuiteci. 

nie two dimensionai correlation hction of two ergodic stationary fiinctions fi(x.y) and 

f2(x,y) is defineci as 

where E is the mathCrnarical expectation operator. If fi(x,y)=f2(x,y), then 

K,,(xf ,yf) = K,,(xl ,yf) and it is d e d  the auto-couelaîion function. OtheCWise, 

Kl,,(xf , y') is the cross -correlation function. If K&' ,y1 ) = K&/x'~ +Y'2 ), the random 

functions f&y) and f2(x,y) are said to be isotropie functions. 



For discrete data, the correspollding discrete comlatim fimction is defined as 

where M and N are the number of data points dong x and y direcaons, ce~pectively and k and 

1 are wave numbers dong x and y directions, respectively. 

The covariance fimction of fi(x,y) and f2(x,y) is defîned as 

where fl and f2 are the mikmaîïcai expectations of fi(x.y) and fi(x,y). respectively. If 

fi (x,y)=f2(x,y), then C,,(xl ,y1) = C&' ,yr) and it is d e d  tbe auto-covaxiance fimction of 

f, (x, y). Werwise, it is called the mss-covariance fhction. If If1 = f, = O, we call f, (&y) 

and f,(x,y) centrd hctions. For centmi fimctions,  the^ covariance hction and correlation 

function are identicai, Le., 

For discrete data_ we have 

'Ihe power spcwl density is dehed as mt fhquency Qoiain equivalent of the comhtion 
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fiiaction. Tbe power spectml density fimction of a fafldom fimction descn'bes tk geaaal 

oompositicm of the data in tenns of the mean square values of its powa spectmm. The power 

spectral àeasty hction P,(u,v) of two random fimcticms ft(x,y) and f2(xy) is the Fourier 

tramform of aie corresponding coaelatim fimction K,,(xr ,yg) (Bendat and Piersol, 1980, 

1986; Sideris, 1984): 

For discrete data, 

where T. and Ty are the data lengths dong the x and y directions9 rrspectively. 

For centred random functions, the power spectral density fuaction can aiso be Wntten as 

Again, P12(u,v) is c d e d  the auto-power spectral density function if fi(x,y)=f2(x,y). and the 

cross-power spectrai density if f*(x,y) and f2(x,y) are dif5erent. 

Equatiom (4.5) and (4.7) iin usefui if PSD fhctions are to k computed h m  known 

correlation or covariance fimctions. 



4.2 Estimatitm of Signai Covarianœ Fundom 

The successfui use of LSC relies on reliaMe esthution of thc signal and glw covariances- 

This section discusses tbe esornation and modeIling of the covaEancc hction. Some 

anaiyticai glokil covariance modek for gcavity field quaatities were kveloped by Tscberaing 

and Rapp (1974). W e  termed these modeis as TscheminglRapp rnodeIs. TscberninglRapp 

modeIs will be usecl in this study. Some seIf'nsistent local covariance fimction moQls were 

discussed by Jordan (1972). In local applications, a long-wavelength field (e.g., the 

OSU91A mode1 field) is usually ranoved h m  the observations and the nsidual field is d d t  

with. The removed field is afterwads added back to the adjusted ~uantities. This technique is 

d e d  the remove-more technique- Goad et ai. (1984) discussed the computation of the local 

empincal gravity anomaly covariance fimction. Tbe estimrton of the local empirid 

covariance fiioction using altimetry and gravity anody data was discussed by Knudsen 

(1987a). 

4.2.1 CompuEition of Emplncaî Covariances 

This method is used to compute the empirical covariance dbectiy h m  the data Formulas 

presented in the previous section can be applied m cases where given fiinctions f, (x,y) and 

f2(x,y) are analyticai continuous functions or discrete values of these fimctions are boum on 

the infinite x-y plane. In reai world applications, we d y  only have discrete sampled data 

within a finite am. Therefoxe, we should rewrite the above formulas so that they are suitable 

for real world applications. Assuming that discrete grid values of ft @,y) and f2(x,y) are given 

in a rectangular ana of the size of TXTy with grid spacings of Ax and Ay dong x and y 
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directions reJpctive1y. and that f ,  (%y) and f2(x,y) rae antreci, we could write the foliowing 

where M=TJAx. N=Ty/Ay. If we substitute geoid height observations for f, (i j) and f2(ij)> 

we get the empirical covariance es-r for tne geoïd height. If gram anomaly 

observations are substituted for f,(ij) and f,(î,j), we have the gravity anody emphid 

covariance esu'mstor. If we suktituted the observation values of geoid height for fi (i j) and 

gravity anornaly for f2(ij), we have the estbatm for Che empirical mss-covariance of the 

geoid height aod the gravity auody. 

Because the covariance fiinction and the power spectral density of a zero mean field me a pair 

of dina and inverse Fourier transfom. the covariance fimction oin be computed simply 

from the known PSD through the foilowing expression: 

4.2.2 Modeb for Covariance Functiom of the Gnvity Field 

In this subsection, we discuss the IIlOdeling of the covariance fiiactions for the gravity field 

In covariance fiinction modeling, andyticai cova&ince fllnctions are dctennincd h m  

empuical values. Various covariance fimction models for gravity field mcxieling, such as 

second and third order Markov modek (Jordan, 1972). the logarithrnic model, tir Poisson 
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model, the Hirvcmcn mode1 (Moritz, 1980) and the Tscheniing/Rapp mode1 (Tscherning and 

Rapp, 1974), have ban proposed. Among these modeIs, the Tscherning/Rapp rxxxiei is tk 

most wideiy used one. 

W e  work with the residual gravity field, which is obtained by subtracting quantities produccd 

by some teference field fiom the comsponding obse~ations. Fiuther more, we cmtralàe the 

residual field by subtracting h m  the residuai obsemations the conespondhg mean value. 

The zeference neld can be any one of the boum geopotential-model-producai fields. We use 

the OSU91 geopotential mode1 field as the meference field. nius, the residuai observations for 

gravity anomaly and geoid height are 

GMW a " -  
= Agobr -- Z (n - 1)(-)' Z (Cm cos mît + Sm sin d)Fm(cos 0)  

R~ a=t R m=o 

G M m a  =h&-- Z (-)" Z(C, cos n3c + Sm sin d ) F m  (cosû) 
RY n=2 R n=g 

where ad378137 m, GM=3.9860044 x 1014 ds-2, and y is the nomial gravity. The other 

symbois in the above expressions are well known and wili  not be explamcd in more detail. 

W e  use the Tscherning/Rapp mode1 in this study. Tk corresponding covariance bction 

between two points separated by distance Ap for the residuai field can be fepfe~ented as: 

where C,(Ap) is the covariance function associatd with emns of the spherical coefficients 



45 
of tbt referience model, and Ç,,,(Ap) is tk covariance fiinction pssociated the 

T s c h e r a i n m  mode1 of the refèrenœ field. More specifidy, t i ~  the cocovarianct 

fiinctions used by LSC for our task af hand can k written as: 

where E, (h, h), &,(Ag, Ag) and en (Ag,h) are degree variances associated with emrs of the 

reference fieid, and aJh, h). c,(Ag,Ag) and a,(Ag,Ag) am signal degree variance 

computed using die Tscheniing/Rapp model- Tk emr de- variances associateci with the 

reference field can be computed using the following expressions: 

where ë,, and ë,, are the standard deviations of bu M y  noimalized potential coefficients 



The signai degree variances assoCiated with the ddt i i l l  field can k obtained by the foUowing 

formulas: 

here A is a global parameter with a value of 425.28 mgaP 

The! covariance hinctions expressed by eq.(4.10) through (4.23) are global. In local gravity 

field computation, tbae global fbnctions are usuaiiy adjusted to fit the local characteristics of 

the field. A mthod for such adjustmat was discussed by Knudsen (1987a). The edjustment 

of the global mode1 is doue by estimating the values of thnt parameters and tben using thae 

three parameters in the model. These thne parameters are the Bjerbamar radius RB, Id 

variance (or covariance) value A and a scaling factor a. The m o n  of tbe thme 

parameters is done by fitiing the global model to the enpirical covariance values for the focal 

area The a parameter is used to scale the enw degree variance of the reference field (Le. the 

OSU9iA mode1 in this study) so that they represent the @ty of tht approximated pofential 

coefficients set in the local area. For more details on rht adjusmwnt of the laal covaririice 



fiinction model, cf- Knudsen (1987a, b). 

Distance 

Fig. 4-1: Covariance function ofresidual geoid height for simulated data 

Dis tance 

Kg. 4-2: Covariance function of miduai gravity anornaiy for simulaîed data 
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Distance 

Fig. 4-3: Cross-covariance fhction between residual geoid and residual gravity for & m k d  

data 

In the simulation studies, we computed the covariance fiinctions by Fourier transforming tbe 

isotmpic PSD functions. The isotmpic PSDs were computeâ by averaging tbe J3T-denved 

PSDs (i.e., PSDs computed by the dirrct method discussed in the following section) over ail 

azimuths. Figures 4-1 to 4-3 show the signai covariance fwictions of the simulation data. 

For our two test areas with ml data, we used in tht Central Meditenanean area süictly self- 

consistent (or aicalytica) covariance functions and in the Labrador Sea a m  pure empirical 

covariance functions. More specifically, in the Central Meditenanean area, the conriance 

fûnctioas were wmputed by fitting the empkical covariance fiinctiom to ihe Tscheming/Rapp 

modcl and thus tbey are self-consistent In the Labrador Sea are* the covariances funcîions 

were computed h m  FFï-deriveci PSDs, without fittbg them to eiialyticai modeis. These 

covariance functions for di&rent quantities may not saîisfy the mathematicai relationship 
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Fg. .44: Jkgirical and auaiyticai covariance fiiactions for gravity anody  in the 

Centrai Meditenanean ares 

- O-- Analytical 

O œ CJ rn d VI 
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Fig. 4-5: EmpiBcal and amdytid covariance fiinctions for geoid height in the 

Central Meditemanean area 
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Fig. e6: Empirical and andyticai covarianœ fiinctiom between gravity anonialy and 

geoid height in the Central.Mediteaaaean area 
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Fig. 4-7: Covariance fùnction of gravity anomaly in the Labrador Sea ares 
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Fig. 4-8: Covariance function of geoid height in the Labrador Sea area 

Distance 

Fig. 4-9: Covariance M o n  between geoid height and gravity anomaly in the 

Labrador Sea area 
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between dif5ereat quaatities, thus they m y  not be self~onsistent Figura 44 through 4-6 

showthcenipuicalaidanalytid~~variaaœfiincri~~~~intht Cenaal Mcdaerrari*m area. 'Ibe 

empincal hctiom have been computed dinctly fmm tbt data. The d y t i c a i  ones have been 

computed through the Tscherning/Rapp model d e s c n i  above. 

Figures 4-8 thmugh 4-9 show the covariance hctions m tbe Labrador Sea area These 

covariance htions  have been c o q  fmm the corresponding PSD fiuictions. No model 

fitting was carrieci out for these covariance fiinctions. 

4.3 Estimation of Signai Power Speetrsl DellSities 

This section M y  describes the PSD estimations. Like covariance estimations, thae are 

basically two types of PSD esthution methods. One operates dàsctly on the data set to yield 

a PSD estimak and is called the direct method. The other, Fourier-transfoms the conelation 

or covariance fiinction to obtain the PSD fiiaction and is caîled the indirect metbod. 

43.1 Direct Method 

The dirrct approach, also temecl the periodogram mthod (Marple, 1987), yields tbe PSD 

estimate by taking the squareci magaitude of the Fouria transform of tbe finite daîa set. This 

method can be formulated as 

where FI (-1 and Fz(=) are discrete Fourier ttansfonn off, (x,y) and f,(x,y), and * is the 

complex conjugate operator. 



4.3.2 Indirect Methcd 

An alternative method of tbe PSD estimation is first to nisilre an estimation of the comlaticm 

(or covariance), and diea paform a Fourier transform to obtain the PSD estirnate. This 

rnethod is aiso termed conelogram mthod Tbis niethod a n  be formuiaîed as 

To conaol the e f f i  of sidelobes in tbe specaal esthaîor, windows shouid be used. Thus. 

the rnost general fom of the coxreloganun method takes the fom 

The two methods presented m this section have simiiar behavior and similar gross 

appearance, aithough some visual Merences in the fine &tail of the spectml shape wili be 

apparent (Marple, 1987). Because they yield siniilar -cal chanrcteristics, often the 

mthod selected is the one that may be computed most efficiently. 

Both non-isotropie and isotropie signal PSDs wiil k used in the reai data p~ocessing and the 

corzesponding resuits will be compared. Figures 4-10 through 4-15 show the PSD functions 

used in the two test areas. Ilie non-isotropicd PSD fùnctions are oomputed by the direct 

method and the isotmpical ones are computed by the indirect methd 
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Fig. 4-10: Isotropie PSD fiiaction of geoid height for the Central Mediterranean area 
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Fig. 4-1 1: Non-isotmpic PSD fiinction of geoid height for the Central Mediterranean area 
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Fig. 4-12: Tsoîropic PSD b t i m  of gravity anomaly for the Central Mediterranean ana 
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Fig. 4-13: Non-isotrupic PSD function of gravity anomaly for the Central Meditemean ana 
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Fig. 4-14: Non-isotropie PSD fuaction of geoid height for the Labrador Sea anxi 
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Fig. 4-15: Non-isotropie PSD -011 of gravity anomaiy for the Labrador Sea ana 



4A E m r  Covariance and Emr  PSD 

As stated in chapter two, in the application of LSC me a& to know àr enor covariances 

of geoid height and gravity anomaly observations, and m the use of IOST and UAFD one 

needs to know the emr PSDs of the obse~ations. u d y  observation emns are assrimcd to 

be white noise, and the variance of the white noise emK can be appmximately obtained nrOm 

the obsewation accuracies. 'Ibe corresponding emK PSDs can be computed h m  the errw 

covariances. For a white noise mode1 with a given noise variance, the error covariance mat& 

is a constant diagonal matru Ibt corzesponding PSD fimction matlix is also a constant 

diagonal maîrix. 

When repeat observations like altimeter data are availahle, we can t a k  advantage of t t ~  repeat 

observations to estimate the mw PSDs following some more strict mathematicai calculations, 

as discussed by Sdor (1994). Saüor presenred one dimensional emr PSD formulas for 

a l h e a y  profile andysis. These one dïmensïooal fornuias cari be easïly extended to two 

dimensions. 

If the observed sea surface height for two qxat  tracks is h&j) aiid h&j) (conupted by 

white noise) then the observation can be npresented as 

when N(ij) is the c o m n  geoid height signal which does not vary wïth tinie (or repeat 

tracls), n, (i j) and nk(i j) axe independent realizations of ihe white noise process, which is 

assumcd to be statisticaily independent of N(ij). If we subaact eqs. (4.28) h m  (4.27), we 



get differentiai sea surface height observations of rrpeat ~k k and 1 

ha(if j) = hk(i,j) - hl(i, j) = n&, j)-q(i, j) 

The noise PSD cm k cornputcd through the PSD of the differentiai sea d h c e  as 

If h(i, j) is the vaiue of M rrpeat ERM, then 

Thus, the PSD of the mean value uui be expnssed as 

where fi,(u,v) and P,(u,v) aze the signai geoid height PSD and tbe noise PSD of tk 

averaged observations, respectively. 

For the al- sea d a c e  height observations, these fornuias can be used for e m  PSD 

estimation. As for gravity iummaly observations, we do wn have rrpeat observations, but 

only data with emr variances. An effdve but non-rigorous way of estimating noise PSDs 

in practice is to approximate the noise PSDs by simpIe stationary modeis (Sideris, 1996). 

In simulation studies, we d unSom distn'bution and Gaussian distriiution noise modeis to 

generate two sets of noise-comiped &ta to compare the e f f i  of different noise character on 



59 
the d t s .  W e  useü white noise modeIs m aie real data processing, both for slrimetct and 

shipbome data W e  wcre unable to use the mcthod discusseû above in this section to complfe 

directly the noise PSDs of tht dtbter, kanise no ~E@IA npeated eadr data were uscd 

since griddeci data were M y  availahIe in the test 



This chapter descn'bes tbe simuiation studies and p o t s  iheir resuits. Tbe LSC, IOST ami 

methods rirr intawmparrd d g  simtilated obse~ations. Tbe pirpose of the 

simulation shidy is to investigate the estimates obtaimd ushg each of the thre!e methods with 

data with different noises. Simulation computations also d o w  us to cocompan t& internai 

and extemal accuracies of the estimates, 

5.1 Generation of Simulation Observations 

For simulation studies, we nrst compmed a set of gridded geoid heights using the 

coefficients of degree 37 to 360 of the OSU91A modeL The corresponding spectra of these 

shdated sets of geoid heights were obtamd using the 2D FFI' methad The gravity 

a n o d e s  on the same grids were cornputeci by employing the geoid spectra so that the 

simulated geoid heïghts and gravity anomalies à seif'onsistent. To simulate no* 

observations, umform dism'buted and Gaussian noises were geiierared and added to the 

caicuiaîed geoid height and gravity anomaly signals, respfxtively, to simdate obsewations. 

Using these sirnuhW observations, the thee techniques discussed above were employed 

to determine the gravity field quantitics 

For our simiilation study, geoid height signais on 66 x 66 points in an ana of 11' x 11' 

with grid spacings of 10 x 10 were generated, Gravity anomalies were also g e d  on 

the sam grid as the geoid heights. For each of the two types of noises, noise leveis with 
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variances of 0.01 m?, 0.25 m? and 1.0 m? were assmrvd for geoid height, end noise Ievek 

with variances of 9 e, 36 mgaP and 1 0  mgaP weie aJsMvd for mviîy anomalies. 

The 

comqonding noise covariauce and tht noise PSD fimcticms are diagonal rnatn'œs of 

constant elements, respectively. Thus we genetated thme sets of observations for geoid 

height and gravity anomaly, for each type of noise assumption. Using di&rent estbution 

techniques on these sinnilaied data, it enabled us to: a) nmnerically intercompare the ceSul& 

obtained by M i n t  mthods; b) investigate the nsponses of each rnethods to the input 

noise level; c) compare Ibe response of the atimates to different types of input noises; d) 

compare intemal and extemai estimation emns. 

Table 5.1 gives the statistics of the simuiated field Figures 5- 1 through 5-3 give 3D p p h s  

of simulateci geoid heights and gravity anomalies, input Unaorm distrï'bution noises added 

to îhe geoid heights and gravity anomaIies, and the corresponding shmhted noisy 

observations, respectively. Figures 5-4 and 5-5 give 3D graphs of Gaussian distniution 

input noises added to thc geoid heights and gravity anomalies, and tk comsponding 

simulated noisy observations, nspcctively. 

Table 5.1 Statistics of the simulateci field 

Geoid (m) 

Gravity (mgai) 

Max. 

3 -44 

68.66 

Min. 

-2.44 

-48 -2 1 

Mean 

0.00 

0.00 

S.D. 

1 .O9 

- 16-42 
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Fig. 5-1: Simulateci rue values of geoid heights and gravity anomalies 
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Fig. 5-2: Uniform disttriuted input noises for geoid unddation and gravity anomaly, 
Rspectively 
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Fig. 5-3: Simulated geoid height and gravity anomaly observations 
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Fig. 54: Gaussiao distributecl input noises for geoid undulation and gravity anomaly, 
respectively 
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Fig. 5-5: Simuiated geoid height aud gravity a n d y  observations with Gawian 
distri'butted noises 



5.2 Results From Slmulated Observations Corcupted b y Uniform Distribatcd 

Noise 

Griddeci geoid heights and &ravi@ anomalies on 66 x 66 points were predicted employhg Q 

techniques of LSAFD, LSC and IûST with these sianilated data. To avoid edge effects. the 

predicted results were coxnpared with the simtWed mie values only in the inner 34 x 34 

points. 

Tables 5.2 and 5.3 give the Statistics of standard deviations (S.D.), RMS errors, minimum 

errors and maxinnmi enors of predicted geoid heights and gravity anomalies using LSC, 

IOST and LSAFD under different input white noise levels. These Statistics am based on 

extemal prediction emrs of the estimates, which an obtained by taking differences betweui 

estimates and m e  values. For easiet vhahticm purposes. the RMS emrs an also ploaed 

in Figures 5-6 and 5-7. In Figure 5-6, the vertid axis represents geoid RMS emrs and the 

horizontal one represents input d y  RMS noise. In Figure 5-7, the vertical axis 

represents gravity anomaly RMS emm and the horizontal one represents input geoid RMS 

noise. We did not plot the S.D. nsults because these values an: very close to the 

comsponding RMS errors, as shown in Tables 5.2 and 5.3. This sirnilarity irnplies that there 

is no bias in the prrdicted geoid heights anà gravity anonialies for aii ihe cases. We obseme 

fiom Tables 5.2 and 5.3 that all  thne mthoàs have pedormd smwthing of geoid height and 

gravity momaly obse~ations. This obsewation cm be seen more easily in Figues 5-6 and 5- 

Ploaed in Figures 5-8 through 5-13 are 3D graphs of geoid height and gravity anomaiy 

pnxüction emrs (predïcted values minus mie values) for different methods. The 

corresponding input data are tbose plotted in Figues 5-1 tbrough 5-3. Tbese figures enabk 







Fig. 56: Comparison of RMS emns of pxedicted p i d  heights using Merent methods 

and different values of input undulation noise and input gravity noise 



Fig. 5-7: Comparison of RMS enots of predicted gravity anomalies using different 

methads and dinerent values of input mdulation noise and input gravity noise 
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Fig. 5-8: Extemal geoid height pndiction emrs for LSC (input data are those plotted m 
the Figures 5-1 through 5-3) 
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Fig. 5-9: Extemai geoid height pndiction emrs for IOST (input data are those piotted in tbe 
Figures 5-1 through 5-3) 
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Fig. 5-10: Extemal geoid height pndiction emrs for LSAFD (input data are those plotteà 
in the Figures 5-1 tbrough 5-3) 
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Fig. 5-1 1: Extemal gravity a n o d y  predïction emws for LSC ciput data are those plotted 
in the Figures 5-1 h u g h  5-3) 



Grav. Anom. Pred. Error For IOST: mgal 

Fig. 5-12: Extemai gravity anomaly prcdiction errors for IOST (input data are those plotted 
in the Figures 5-1 tbrough 5-3) 

Grav. Anom. Pred. Error For LSAFD: mgal 
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Fig. 5-13: Extemal gravity anomaly prediction erron for LSAFD (input data are those 
ploaed in the Figures 5-1 through 5-3) 



us to see in detail the behavior of the pcdiction emns. 

By observing Figures 5-6 and 5-7, we see that gravity anomaly esthates obtaMd using the 

LSAFD method show oniy a wealr impro- over tbe obsmations, while geoid height 

estimates show a sïpnincant impvement over the obsemations. This is simply because the 

noise level of gravity anomaly observations is much lower than that of geoid height 

obsey~ations in our simulateci data. This also wodd @ly that if noise levels between geoid 

unddation aud gravity a n d y  do not matfh each other, the accuracies of the estimation 

obtained for the data type with higher input noise level, afkr combination with the data type 

of lower input noise by using the LSAFD method, can have signifiant improvemnit over its 

observation. The combination ushg the LSAFD will not give mrh mipved estimation to 

the &ta type with lower input noise leveL 

Comparing the externai RMS emm of the estimates associatecl with diffierent input noise 

levels, we obsme that with the significant increase of the noise kvel of input data, the RMS 

mors of the geoid height and gravity a n d y  estirnates obtained using LSC aud IOST 

methods increased only slightly. That is, the LSC and IOST methods are not veiy sensitive to 

input noise leveis. Yet, the LSAFD methocl is more sensitive to noise Ievels. Therefore, we 

may conclude that the LSC and IOST mthods aze preferable b tbe LSAFD method in tk 

sense that they better suppress input emrs. 

When we compare the results obtained using the IOST and the LSC, we see from Figures 5-6 

and 5-7 that in ail cases with different iapit noise levels, the IOST method always pmduces a 

liüle better results (iess RMS error) than the LSC technique. This is understaadab1e because 

the IOST employs detailed signal PSD infoII11SItion (non-isotropie PSD hctions), wbik the 

LSC uses oniy approximate signal PSD information by having the covariance hction 
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isotroprpiy smrmrrd (se ~~ 4.2 and 4.3). 'Ibis observation ieads to tbe c011~1usion 

that the IOSTrnethodsiightly mzpe&orms tbeLSC techiqoe as fxas occuracy U ccmcemd 

In addition, the IOST mediod is bascd on spccoal techniques, thos, its use has tbe well- 

known advamage of saving compm thœ ovrt tbe conventionai LSC technique. Oiir 

experimats show tbat tâe LSC method Ealres about 2 days for tbe amputation of the gmiity 

anomaly and g& Wght on 66 x 66 p&& The IO= and LSAFD rnethods taie ody 

if we observe the behaviot of the a r a a l  RMS prediction enors vs. input noise ievels in 

Tables 5.2 and 5.3. we see tbat the ratios of pndiction emr to input noise for the IOST 

method aie 4046 - 4396,288 - 37% and 17% - 25% for graviity anomaly and 20% -3096, 

6% - 10% and 3% - 6% for geoid undulatio~ W e  conclude h m  these ratios that the input 

noise of the gcavity anomaly and geoid undiilation are significantly suppressed by the optimal 

combination (IOST) of two types of data This optimai combination is espeQally useu for 

suppressing hi&-level input noise. For example, when tbe RMS value of the input noise of 

the geoid unduiation was 0.1 m. we obtagied estimation of geoid height with noise level 

suppressed by 7û% to 80%. But when the RMS due  of the input noise of the geoid 

unduiation was 1.0 m (which is wnsJdered to be a considerably high noise level for 

altimetry-derived geoid unduiation), the noise level of the estimation of the geoid undulation 

obeined by IOST method was suppressed by 94% to 97% as compareci to its input noise 

1eveL This behavia is particuiady intereshg when the high noise level altimetry data h m  

the earlier missions are to be combined with the new lower noise data, 

Interna1 and exemd accumies aze two important indices for evaluation of the reiiabiity of 

the estimation results. In practïœ, only internai prediction emn will be available. The intemal 

estimation errors for tbe LSC can be computed using eqs. (338) and (3.39). The mtemal 
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estimation em>rs for IOST and LSAFD can be obomed by canputing the m r  PSDs 

using equations (3.26) and (3.45). respectivdy, and then transforming the emn PSDs to 

covariances osing FFï. Tables 5.4 and 5.5 present some test cornparisons between intemal 

and extaiial prediction ernns for the case of ~ ~ ~ ' b u t e d  mput naises. 
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From Tables 5 4  and 5-5 we set that m many cases bath Q intemai and extemai cmrs rat 

the same, though mat an wes where intemai and extemal emrs dina a littie. This 

observation along with die 6id that m Fi- 5-8 through 5-13. no bias and systematic 

e m  existed in the estimate, would iniply that in the d world applications where tbt mie 

values are not known, end thus the extemal estimation emn can not be computed, the inteaial 

accuraEy can give a reiiable picime of the estimation enas. 

5.3 Besults From Simulated Observations Corrupted b y Gaussian Distributed 

Noise 

To investigate the effea~ of different noise c-CS on tk prediction errors, Gaussian 

noise with tht sam noise leveis as the m o n n  distn'buted noises used previously are aiso 

used to generate the simulatcd obse~ations for both geoid and gravity anomaiy at the same 

grids. Simulateci data with Gaussian distriution input noises are shown in Figures 5 4  and 5- 

5 .  

Using the Gaussian noise coczupted data, geoid heights and gravity anomalies were estimated 

using the three mthods. Tables 5.6 and 5.7 show the statistics of the extemal emn of the 

estimates. Figures 5-14 through 5-19 show the cietaileci prediction emrs for geoid height and 

gravity anomaly, respectively. Tables 5.8 and 5.9 present some test cornparisons between 

intemal and extemai pLitdjction enas. 

From Tables 5-8 and 5-9 we see that in mdny cases both the intemai and eaanal emrs arc 

the same, though t h e  are cases where internai and e x t e d  errors differ a Iittle. niae facts 

have aiready been observed in Section 5.2 whue W o r m  disaliution data noise were used. 

Thus, we may conclude tbat in reai data proceshg whue input noise can be modelai by 
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white noise modeis (this is almost aiways ûue for geoâetïc data) the inremal acanacy can 

give a reliable picture of the -on e m .  

By comparing the results obtained for the Wonn disûi'bution noise compteci data with 

those obtained for tbe Gaussian noise coaDpcd data, we see that the extemai prediction 

emrrsarealmostthesamewhen the mputnoise leveis m the same m both cases. There are 

only iittle &Terences for the intemal pdct ion aras in both cases. 

Simikir observations as m Section 5.2 can be seen firom tbe cesults for the Gaussian noise 

data. Because the similarities between the Zesults obtained for both ULLiform distniution noise 

and Gaussian noise comiped daîa, we dl not disfuss in more detail th nsults obtained 

from the Gaussian noise conqted data Similar conclusions cm be drawn hge as in the 

previous section. 
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Fig. 5-14: Extemd geoid bight pndiction eUws for LSC (input data are those plotted in 
the Figures 5-4 and 5-5) 
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Fig. 5-15: External genid height prodiction errors for IOST (input data an those 
the Figures 5-4 and 5-5) 
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Fig. 5-16: Extemal geoid height prrdiction em>rs for LSAFD (input data are those ploaed 
in the Figures 5-4 and 5-5) 
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Fig. 5-17: Extemal gravity anomaly pdiction emns for LSC (input data are those plotted 
in the Figures 5-4 and 5-5) 
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Fig. 5-18: Extemal gravity anomaly prediction emrs for IOST (iinput data an those ploasd 
in the Figures 5-4 and 5-5) 

Grav. Anom. Pr&, Error For LSAFD: mgal 

Lat. Long. 

0.0 

Fig. 5-19: E*anal gravity anomaly pediction enors for LSAFD (input data 
ploeted in the Figuns 5-4 and 5-5) 
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Table 5.8: Comprison of Extcmal and intenial RMS Emir for Geoid Height 

Estimation (Input Noises Are Assumed of Gaussian I)istriibution) 

Table 59:  Cornparison of Externai and Interna1 RMS Error for Gravity Anornaly 
Estimation (Input Noises .Are Assumed of Gaussian Distrifiution) 

RMS of Input 
Noise 

@P;W 

3.0 

Predictîon Enor (m) 

N 
(ml 

O. 1 
6.0 

10.0 

6.0 
10.0 
3.0 
6,O 

10.0 

RMS of Input 
Noise 

LSC 

Prediction Errer (mgal) 

Ext. 
0.02 

Lat, 
0.0 1 

IOST 

0-0 1 
0.02 

T T ( m 5 - T 0 . 0 3 0 . 0 2 ~  
0.05 
0.05 
0-08 
0.08 
0.09 

LSAFD 

E2a 

0.1 
O. 1 

0.5 
0.5 
1 .O 
1-0 
1 .O 

0.04 
- 0.05 

0.05 
0.08 
0.03 
0.06 
0.09 

Ext. Int. 

0.02 
0.02 

0.04 
0.05 . 

' 0.02 
0.03 

0.06 
0.06 
0.08 
0.08 
0.08 ‘ 

ht. 
0.02 0.01 

0.02 
0.03 

0-04 
0.05 

0.04 
- 0.05 

0.05 
0.08 

0.0 1 

0.03 
0.06 
0.09 

0.02 

0.03 
0,05 
0.06 

0.03 
0.04 
0.07 



PROCESSING OF REAL DATA 

This chapter preseats test results obamcd using d data m the Central Mediteaaaean area 

and tbe Labrador Sea are& Results obtained by different methods are compared. Results 

corresponding to using diffint a priori mput information will aiso be presented and 

cornparrd 

6.1 Data ami a Priori Mormation 

The altimeter data used for the Central Mediteaaneaa anxi (33.08' to 38.0' of latitude and 

16.0' to 20.9T of longitude) are h m  the ERS-1 Geodetic Mission (GM). We eqloyed 60 

x 60 points with a spacing of 5 ' x 5 ' in the computations. Tbe al- and maine gravity 

data used in tbis area have k e n  provided by Profcssor 1. N. Tziavos of the University of 

Thessalonilci, Greece, in gridded form; see &O Tziavos et ai. (1996). 

The shipborne data used for the Labrador Sea are have been provided by Dr. i. A. R. Blais. 

The a l h e k r  daîa used for the Labrador Sea ana are h m  GEOSAT ERMS. Tbe altimeter 

data were k t  edited according to tbe criteria given in Table 2.1. AIL the 62 exact npeat 

tracks avaiiable were stacked. Crossover adjustments were d e d  out by employing b i t  

radial orbital emr model. Gridded data for geoid height and gravity anomaly on 30 x 30 

points with spacing of 10' x 10' were obtamed by least squares collocation produce. We 

chose the least-squares collocation mthod for data gridding, because it has the advantage of 

and providing theoretically accura~y estimafes taku>g into account data acanacy eshates of 

the predicted values (Cruz, 1983). 'Ibe covariances used m th: least squares coilocation 

gridding procedure weE derived by liuear interpolation h m  a table of covariances ihat was 
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computed eiiipiàcally h m  (hc ieal ineguiar data. These covarianrp! fiinctions an shown m 

Figures 2-1 and 2-2. Only neighbo~g data amund the pndiction grid wexe used in the 

The OSU91A geopotential model field is removed fîom the data. The SST e&ct Ïs computed 

using the spherical coefntients mode1 of Denker and Rapp (1990) and is subcniard h m  tbe 

data The meaa value of the data for tk area is subtracted to obtain a centreci field Figure 6-1 

shows the aitirneter and shipborne data for the Central Uediteaaaean area Show in Fi- 

6-2 are the altimeter and shipborne data for the Labtador Sea area 

For the Central Mediterranean a m ,  the empirical signai covariances an first computed h m  

the &dded data, and then fitted to the Tscheniio%Rapp model d e s c x i î  in 4.2 to obtain self- 

consistent local covariance functions. In dohg SO, covariance fûnctions are Wtropicaiy 

stmctured. These covariance functions have been shown in Figures 4-4 to 4-6. Two 

methods, Le., the direct method and the indirect method, which have been descri'bed in 4.3, 

are used in computing the signal PSDs that are rrquired by tbe 10ST methd Using the 

indirect method, we get isotropic signai PSDs h m  the isotropic covariance functions. Using 

the direct mefhod we have non-isotopic signai PSDs. GraMty filed qyntities detennined by 

IOST using the PSDs computed by these two methods ase compared. 

The signal covariance fiuictions for the Labrador sea ariea are computed using the Etdirect 

method. That is, we fjrst computed the signal PSDs h m  the data spectra using the direct 

PSD estimation technique, then aansformed the PSDs u, covariance functions. In order a> 

obtain isotropic covariance fiinctions, the FFI:-derived PSDs have k e n  averaged over aIl 

&uths before transformhg thcm to covariance functions. 'Ihe PSDs used in IOST are 

these non-isotmpic ones. 
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We assumed the input noise of the altimeter and shipbome data is white nok. 

6.2 R d t s  From the Central Medîterranean Ares 

This section presents and discusses the estimation of the marine geoid and gravity anomaly m 

the iata of Central Mediteaanean. Tht LSC prrdictions for both geoid heights and gravity 

anomalies have been provided by Professor Tziavos of tbc University of Thessaloniki. 

G-e. The job of pndicting geoid height using gravity only as input using Fast Collocation 

(FC) and (nie Dimensionai FFï ( 1 D m  have also been d e d  out by Professor Tziavos 

(Tziavos et al., 1996). 

The high efficiency of tbe IOST and LSAFD over the LSC is iodicated by the fact ibat for 

processing the 60 x 60 points using LSC requires about 36 hours for geoid height and 

gravity anomaly computations, while using the spectrai methods (Le.. 10ST and LSAFD) 

requins ody several minutes. 

6.2.1 Comporiso1i of Internai E m r  Estimates for Dinerent Methods 

Table 6- 1 shows some test d t s  of tbt e m ~  estimate-c of the predictions for geoid height 

and gravity anomaly Wng IOST, LSAFD and LSC. White noise is assumecl here for the 

input daîa. In the Central Mediterranean ami, the noise level of about 10 mgal for the gravity 

data is considend ~easonable based on some pnvious studies flzîavos et al., 1996). So we 

h t  used 100 mgal2 as the input noise v h  for the shipborne data. To investigate the 

effects of using inwxrect input noise variance on the nsults, we then used 25 mgaP as the 

input noise variance. For the altimeter data, we used only 100 crd as the input noise 

variance. This value is based on the pnprocessing of the nsults. 



The spectral mcthods give a singie aror estimatt fa the whok pndiction azea becanse of the 

use of emn covariance fimctio~s. That is, aU the points are predicted with the same 

emr estimate. In using the space domain method (LSC), however, different emr eshates 

for each point rn obtained baruise LSC can handie non-statiomy data noise, Le., having 

different errw variance at different points. For tôîs -on, Tabie 6.1 gives the ranges of the 

emr estimares for geoid height and gravity anomaiy predictions obtained by LSC. The 

meaning of some abbreviations appearhg in the tables and figures below are as follows: 

OBS: Observation; 

LSC - OBS: LSC prrdiction minus Observation; 

IOST - OBS: IOST prediction minus observation; 

LSAFD - OBS: LSAFD pdiction minus observation; 

IOST - LSC: IOST piediction minus LSC prediction; 

IOST - LSAFD: IOST pdiction minus LSAFD prediction; 

LSC - FC: LSC prediction minus FC prediction; 

LSC - 1DFFE LSC pdction minus 1DFFï prediction; 

FC - IOST: FC pr#iiction minus IOST prediction; 

IOST - 1DFFP IOST pmiiction minus 1 D m  preüïction; 

FC - LSAFD: FC prediction minus LSAFD prediction; 

LSAFD - IDFFï: LSAFD prediction minus lDFFî prediction; 

OBS - FC: Observation minus FC prediction; 

OBS - 1 D m  Observation minus 1DF'Fï prediction; 

From Tables 6.1 through 6.4 we obsvved that the pdiction errm by IOST and LSC axe 

close and much smaller than the comqonding input noise levels. This maris that these two 



same amnacies have k e n  obtained by the two mthods. The enw cstimates for geoid height 

predictions ushg LSAFD an smaller, eSpeaany for the case when 5 mgal noise ieveI is 

asmmd for the shipbome data, than those using IOST and LSC. This is fesulted h m  

upreaüstic weighting the two data sets by using iinrealistic noise PSDs. As king pointed out 

previously, LSAFD depends completely on the noise PSDs to weigût data. When a lower but 

umealistic noise M is assumed for the shipbome data, it maris that we misted the 

shipbome data ta, much and gave an umealistic weight to the data. Consequently, a false 

accuracy estimate has k e n  obtained for LSAFD. 

Table 6.1: h.iemal prrdiction accuacies for IOST, LSAFD and LSC for the Central 

Mediterranean area 

When we cornpan the gravity prrdiction e m  by different methods we see from Table 6.1 

that the errwestimates by LSAFD are much bigger chan those by IOST and LSC, and very 

close to the input noise levels of the gravity observations. This would impIy mat almost no 

impmvement has ken  obtaùrd for the gtavity a n d y  pndictions in ushg LSAFD. The 

r 

Method 

IOST 

LSAFD 

LSC 

Input noise Redictionaccuracy 

Geoid (m) 

O. 10 

O. 10 

O. 10 

O. 10 

O. 10 
I 

O. 10 

Geoid (m) 

0.057 

0.054 

0.040 

0.024 

0.030 - 0.060 

0.020 - 0.050 

GraMty (mgat) 

10.0 

5.0 

10.0 

5.0 

10.0 

5.0 

Gravity (mgal) 

4-46 

2-90 

9.38 I 

4.89 a 

4.43 - 5.78 
1 

2.5 1 - 3.99 
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reason of this behavior relies again in the f~ that the LSAFD mcthod depads compkteiy on 

the input noise levels of tk two data types to weight k i r  contnions a> the adj& 

results. Because the assumcd noise levcl for shipbome data is much lower that that of the 

altimeter data, the shipbomt data are mcne trustd that mt al- data. Therefore, the 

accuracies of the shipbome data shodd have no obvïous changes after applying LSAFD 

adjustment 'Lbe IOST and LSC methods have both fîltering and adjustment fiuictions. 

The-, always better pndictions can be obtained by them. 

6.2.2 Cornparison of Geoid Height and Gravity Anomdy Predictions 

Obtained by Dinerent Methods 

Tables 6.2 through 6.4 give some statistics for differences of geoid height predictiom 

employing different methods, while Tables 6.5 through 6.7 show statistics for the 

differences of gravity anomaly predictiom. 

From Tables 6.2 tbrough 6.4 we see cleariy that the geoid height pndictions by combination 

of two types of data (Le., altinieter and shipbome data) ushg IOST, LSC and LSAFD a~ 

signifïcantly different h m  those obtained using oniy shipbome chta as input 'Ihe 

differences between tbe resuits oMained using the same input data type(s) but empIoying 

different methods axe d. Cornparhg the mt-mean-square (RMS) diffkrenœ values with 

the standard deviation (S.D.) values, we se that thae is no signifîcant bias between the 

results obtained using IOST, LSC and LSAFD. 'Ihe RMS and S.D. values show that a 

significant b i s  occumd between predictions obtaimd by combinations of two types of data 

and those obtained by use of only a single input data type. By comparing oie RMS 

differences between results of IOST, LSC and LSAFD cables 6.2 - 6.4) with the intemal 

prediction enors shown in Table 6.1, we see that the RMS dinerence values are smalla than 



methoch give. to some entent, consistent and diable d t s .  Theref-. either method can be 

employed for the task of prrdiction of geoid height by combination oftwo types of data 

Table 6-2 Merences of gmid height estimates from LSC and o t k  methods (input noises 

are %=O. 10 m and n4=10.0 mgai, nspectively) 

Table 6.3 Differences of geoid height eshates h m  IOST and 0 t h  methods (input noises 

are 4=0.10 m and nAg=IO.O mgal, respectively) 

r 

LSC - IOST 

LSC - LSAFD 

JSC - lDFFT 

LSC - FC 
LSC - OBS A 

From Tables 6.5 through 6.7 we see that the RMS dinerences between the gravity a w d y  

predictions obtaiaed by IOST and LSC are close, while the RMS Merences between the 

results obtained by LSAFD and IOST, and those between the resuits obtaïned by LSAFD and 

Max di& (m) 

0.1 13 

0.087 

0.562 

0.537 

0.374 

t 

IOST - LSC 

IOST - LSAFD 

IOST - 1DFEir 

IOST - FC 

IOST - OBS 

Min (m) 

-0-123 

-0,105 

-0.750 

-0.708 

-0.426 

Max diff. (m) 

O. 123 

O. 125 

0.667 

0.642 

0.3 14 

RMS diff. (m) 

0.029 

0.0 14 

1 - 0 8  

0.922 

0.075 

Min diff. (rn) 

-0.113 

-0.188 

-0.832 

-0.804 

-0.302 

S.D. (m) 

0.029 

0.014 rn 

0.222 

0.236 

0.075 

RMS diff. (m) 

0.029 

0.030 

1.012 

0.926 

0.057 

SD. (m) 

0.029 

0.030 

0.23 1 

0.244 

0.057 
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LSC are much bigger. This observation indicates that the gravity anomaly pndictioos 

produced by LSAFD sigdicantly &viate h m  tk d t s  obtamed by IOST and those by 

LSC. The IOST and LSC methods give close resuit kcanse they use the same or gmilar 

information (the PSD fbctions used by IOST riit die fhqency domain equivalents of the 

covariance functicms used by LSC). nie deviations between the results obtained by LSAFD 

method and those by IOST and LSC mttbods can be explained by that IOST and LSC have 

both filtnmg and adjusmient bctions, but LSAFD has only one fiinction, that is the 

function of adjustment, Th RMS and S.D. values are close which meam thaî no bias 

occumd between the results obtained by different methods. These resuits are consistent with 

those obtaimd through intemal ptediction emrs and can also exphined by tbe same reasons 

as given in the above seaion, W e  did not cornpute gravity anomalies using a single data type 

(Le., altixneter data), kause it is known that the expected @don accumies are g e a d y  

not as gwd (about 8 mgal RMS, as shown in Zhang and Sideris, 1996). 

Table 6.4 Merences of geoid height estmÿites nOm LSAFD and d e r  methods (input 

noises are q,=û.10 m and na=lO.O mgal, respectively) 

S.D. (m) d 

0.014 I 

0.030 @ 

0.222 

0.236 

0,070 

RMS d B C  (m) 

0.014 

0.030 

1-01 1 

0.924 

0.070 

Min ciB. (m) 

-0.087 

-0.125 

-0.709 

-0.680 

-0.394 

LSAFD - LSC 

LSAFD - IOST 

LSAFD - 1DFFI' 
LSAFD - FC 
LSAFD - OBS 

Max M. (m) 

O, 105 

0.188 

0,550 

0.518 

0,378 



Table 6.5 Dinérences of gravity d y  estimaw h m  LSC and othu mefhods (input 

noises are %=O. 10 m and nb=lO-O mgai, respectve1y) 

LSC - IOST 

LSC - LSAFD 

LSC - OBS 

Table 6-7 DBerence of gravity anomaly eshates from LSAFD and other mthods (input 

noises are &=0.10 m and ne10.0 mgal. nspectively) 

Table 6.6 Différences of gravity anomaly esthmes h m  IûST and other methais (input 

noises are ~,=0.10 m and nAg= 10.0 mgal, nspectively) 

Max= 

10.64 

25.5 1 

18.8 1 

IOST - LSC 

IOST - LSAFI) 

IOST - OBS - 

LSAFD - LSC 

LSAFD - IOST . 

LSAFD - OBS 

Miam(mgaI) 

-10-04 

-30.86 

4 3  -38 

Max dB'. 

mg:a 
10.04 

32.85 

26.15 

Max diff. 

30.86 

. 36.74 

18-14 

RMS din. 

(mlzd) 

2.99 

4.17 

- 4.29 

Min d B -  (mgal) 

-10-64 

-36.74 

-4 L -27 

SD. (mgai) 

2.83 

4-04 

4.18 
- m 

Min da (mgai) 

-25.5 1 

-32.85 

-19.36 

RMS dB. 

2.99 

5.13 

3 -7 1 

S D -  (mgai) 

2.83 rn 

5- 13 

3.71 

EMS dB.  

(md) 

4.17 

5.13 

3 -87 

S.D. (mgai) 

4.04 

5- 13 

L 3 -87 a 



6.2.3 mQCf of Signai-to-Noise leveis 

To test the effects of the input noise levels on prcdictions, input noise leveis with RMS 

values of 10.0 mgd and 5.0 mgai for gravity anomalies = assumeci. As have been poimed 

out before, the noise Ievel of 10 mgal is a reasonable vaiue for the gravity data m tk Cenaal 

Meditemanean area. The dependency of tbe int..mil pndiction emrs on tbe si@-to-noise 

levels can be observed h m  Tables 6.1 and 6.10. These tables show that tbe intemai 

prediction emrs àepend on the input signal-to-noise levels of tk gravity anomaly. This 

observation is consistent with those made in the simulation studies. 

Tables 6.8 and 6.9 show som statistics of tbe pndicticms with Merent input noise levels. 

We see nom Table 6.8 tbat the RMS dinerences for geoid height preùictim obtained 

between different mthods increased when inpat noise levels of the gravity anomaly aze 

changed from 10 mgal to 5 mgal. A 5 mgal noise level for gravity anomaly does not match 

the real situation in the Centrai Mediterranean ana mavos et al., 1996). The above 

obsemation wodd k n  imply that the consistency between tbe d t s  by IOST, LSC and 

LSAFD depends on to what extent the input noise van'iancc used in computaticm matches 

reality. A smallerdiscrepaflcy between the resuits obtained by different mtbods also meam 

that better accurar:y has been obtained for the d t s .  Thenfore, we conclude b r n  the above 

observation tbat better results can be obtaiirprl for tbe geoid hught estimarts by the ttuee 

methods when correct error variance information is used, This conclusion has also been 

obtained in the Labrador Sea ana tests (see Section 6.3 below). Fkom Table 6.9, however, 

we see that the cunsistency b e w m  the gravity predictions obtained by IOST, LSC and 

LSAFD is better for the case of using 5 mgal input noise thao for the case of using 10 mgal 

input noise level for the input @ty anomaly. 



Table 6.8: Werc~lces of geoid height esornata for dBerent input noise levels of gravity 

LSC -1OST 

Table 69: DBe~iences of gravity anomaiy estimates for different input noise levels of gravity 

IOST - LSAFD O. 10 

O. IO 

I 

LSC -1OST 

Min dB. 

(mgal) 

-10.04 

7 

Max dB. 

(m) 

0.113 

O. 197 

Min M. 

(m) 

-0.123 

-0.253 

Input noise 

LSC-LSAFD 

IOST - LSAFE 

Geoid (m) 

O. 10 

O. 10 

10.0 

5.0 

RMS dB. 

(ml 

0.029 

0.058 

Gravity (mgai) 

10.0 

5.0 

Max diff- 

(mgai) 

10.64 

7.21 

M S  M. 

~~~~~ 
2.99 

2.34 

Input noise 

0.10 

0, 10 

O. 10 

O. 10 

S.D. 

cm) 

0,029 

0.058 

O. 125 

0.268 

S.D. 

(mm0 

2-83 

2.29 

Geod (m) 

0.10 

O. 10 

Gravity (mgal) 

10.0 

5.0 

10.0 

5.0 

10.0 

5.0 

-0.188 

-0.306 

25.5 1 

2 1.56 

32.85 

26.4 1 

0.030 

0.063 

0.030 

0.063 
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62.4 Compuiron of PredicaOnS Obtomed Ugiig PSDs Computeà by D i m t  

and iidired Methods 

As it has ken discusscd m chapcr 4, the signai PSDs can be mmputed through two 

methods (the direct methai and the indirect method)) Table 6.10 gives the intemal 

prediction errms for geaid baght and gravity d y  ushg different PSDs in IOST and 

Table 6.1 1 gives Statistics of the dinerences of& pndictions obtained by ushg these two 

types of PSDs. 

TabIes 6.10 and 6.11 enable us to compare the clifferences of the pzedictions when using two 

types of signal PSDs in IOST. From Table 6.10 we see that the internai amnacies associated 

with using signai PSDs dcrived by the direct mthod are better than those associated with 

using the hdinct method This obse~ation is very interesting- Theoretically, on the one 

hand the indüectiy computed signai PSDs an preferabie, because the c o v e c e  fùnctiom 

for different quantities, which weze used as the mput of the indind method, have been 

adjusted to fit the Tschemin@app mode1 so that they are selfconsistent Thus the indirect 

method &nved PSDs also satisfy these relationships whiie the PSD fiinctions for different 

quantities computed by the direct mefhod may not. On the other hand, however, signal PSDs 

comprmd by the direct mthod are non-isotrope. nie u n d .  PSDs (Le., the non- 

isotmpic PSDs) are smely more close to reality because the reai gravity fieïd is a non- 

isotmpic fieid. The non-isotropie P S h  can k handled m IOST just as easy as the isobropic 

ones. The second aspect may expiain the fa* tbat higher d e s  for tbe prrdictions have 

been obtained by using PSDs computed by the direct method 

Cornparhg Tabk 6.10 and Table 6.11 we sa that the FtMS diffkxences of the pdictions 

obtained using two types of PSDs are smaller than the estimation emirs of the results, which 
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' ~ o d d  man cspcciaïiy for geoid computations, we could use ggnal PSDs comprited by 

either methd  

Table 6.10 Cornparison of intemal predictim accmcies f a  IOST using covarianœ derived 

PSDs and observation spectm derived PSDs 

IOST 

Table 6.11 StatiStics of the differences (estba&s obtairted using covariance derived PSD 

minus atimares obtained ushg  data spectra derived PSD) of the estham 

obtained using different PSD information in IOST (input noises are as the same 

as stated in Table 63) 

PSDs are deriveci h m  
covatianas 

Input noise 

6.2.5 Examining the Details of the Differences of Predictions Obtained 

Using DifiCeremnt Methods 

PSDs are derived fiom 

observation spectra 

1 0.10 1 5.0 1 0.057 1 2.90 1 0.040 1 2.26 1 

Geoid (m) 

O. 10 
I 

Geoid (m) 

Gravity (mgai) 

To investigate in more detail the behavior of the clifferences be-n the nsults obtained by 

different methods, Figims 6-3 t h u g h  6 9  were plotted to illustraie these differences. 

hternal accuracy 

Gmvity (mgd) 

10.0 

Geoid (m) 

0.057 

L n t d  accoracy 

Max diff. 

0.094 

7.34 

Gravity (mgal) 

4.46 

Geoid (m) 

0.045 

Gravity (mgal) 

2.85 

Min dB. 

-0.112 

- 10.64 

RMS diff. 

0.028 

1.10 

S.D. 
1 

0.028 

1-10 L 



Figure 6-3 shows the différences between geoid estimates obtaiDcd by LSC, IOST and 

LSAFD and the ai- geoid observatiom. Fmm this figure we sa that all the graphs 

show som cornmon diagonal stripes. Thtse stripes are obviously altimeter track relatai. 

Figure 6 4  shows detailed dinerences betueen geoid predictions obtaïned by diffint 

combination mthods. We obsmed h m  this figure that tbtse Merences am smoother than 

those shown in Figrin 6-3, which means that all tbrce mthods yield comparable results. No 

diagonal stripes appeared in Figure 6-4, which indicates that afkr combhations, the 

adjusteci field are fkee 6rom track-relatcd errors. There is sume weak dependency on the 

behavior of the obsemed field for the Merences of pedictions obtained by different 

me th&, 

Figure 6-5 shows the dinerences between gravity esthates and pv i ty  observations. Figure 

6-6 gives tbe ciifferences between gravity eshates ob- by di&rent methods. We see 

h m  Figure 6 5  that graphs (a) and @) ;iae very simiiar but they are quite different fiam 

graph (c). This mans that the adju~bnents to the gravity obsemations done by the IO= and 

LSC are aimost the same. Ibe reason for this similrrr;ty b a n  the resuits obtained by the 

IOST and LSC relies on rbe fict that they used die same a-priori information. Because 

LSAFD did not use a-priori information, the difference show in graph (c) of Figure 6 5  is 

therefore @te diffemnt f b m  those shown in (a) and (b). There are some pattern, wbich are 

obviously related to tbe obsemed field, m graphs (a) and (b). But these pattern do not 

appear in -ph (c). 'lbt mson is that tbe covariance (or PSD) hiactions used by LSC ( or 

IOST) methods have been fi- to the Tscherning/Rapp modeL This fittiiig process a d .  

the a-priori infonnation and thus the method was not be able to rcproduce the observed field 
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using these mw a-priori infomlatioa 

Graphs (b) and (c) in Figure 6-6 show also som patterns ihat an: datexi to tk ob s m d  

field- W e  do not see these pattern in graph (c). T b  same rrason given above am also be 

used here to explah these obsmations. 

Figure 6-7 shows the difference between althtex geoid observation and the geoid estimates 

obtained using a singie input data type oniy, thaî is shipbome data Plotted in Figures 6-8 and 

6 9  are the differences between the geoid pfedictions obtained by combmation of two types of 

data and those obtained by using single input data type (pvity anomaly). W e  see h m  the 

latter two figures that there are signincant dinere~lces between the geoid pndictions obtained 

using two types of data and those obtained using single data type only. The magnitudes of the 

ciifferences shown in Figuns 6 8  and 6-9 an much bigger than those shown m Figures 6 3  

through 6-6. Another observation we can get h m  Fi- 6-8 and 6 9  is that these 

differences are not of random characteristic. This observation indicates that ushg gridded 

gravity anomaly aime in the local area for geoid height prediction on the grid may 

produce sipnincantly biased predictions. The nason lies on that the gravity anomaly data 

contains oniy short wave length contnions of rhe field, while geoid height shouid contain 

longer wavelength contriiutions of the field. Using @dded gravity data only for geoid 

computation on the same grids causes the resulting loss of p i d  hught long wavelength 

information. 

6.3 R a t s  From the Labrador Sea Area 

This section descri- tbt test resultts fiom tbc Labrador Sea area. IOST, LSAFD and LSC 

are used in this area. No Yngle input prediction has been done for thïs area. The data used in 
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this ana have been d i s d  before in this thesis. Tbe input mise levels are a s d  0.15 m 

for GEOSAT daia and 10 mgal for tbe shipborne data, ~ t i v e l y ,  baseci on o u  

preprocessing Muits. 

Table 6.12 gives the emn estmietes of the results. From this table we see that the intemal 

prediction emrs for geoid height by the thne methods are close and much d e r  that the 

corresponding input noise leveis. This wouid meaa that these three methods filtend andla 

smoothed the observations to appximately the same extent, and tbat the prwiiction of geoid 

height with approKimately tbe same accuracies has been obtained in this ana by the three 

methods. The emr estimates for gravity anomaiy predictions obtaked by LSAFD are much 

bigger than those by IOST and LSC, and very close to the input noise levels of the gravity 

observations. W e  have already obsemd this behavior in the emn estimates for LSAF'D in 

Table 6.1. This would imply tbat hardly any improvement has been obtained for the graMty 

anomaiy pradictioas by using L S A . .  - 

Tables 6.13 and 6.14 show the dïfZexences of geoid height and gravity predictiom obtained 

employing IOST. LSAFD and LSC. From Table 6.13 we can see that some sigaisaint 

deviations ex& between the geoid pndictiolls obtained by LSAFD and those obrained by 

IOST and IOST. Ilu mson is the same. as expiained m the previous section. The same 

ob~t?~atior]s made in Tabks 6.2 through 6.4 can stül k made here for IOST and LSC; the 

IOST and LSC give close resdts and the RMS difference vaiues between IOST ZtSUlts and 

LSC results rile SmaUer than the intemai pladiction emrs in a i l  cases. From Table 6.14 we 

see that the RMS ciiffierences between the gravity anomaly predictio~ls by IOST and LSC are 

close, while the RMS diffetences between tht d t s  obined by LSAFD and IOST, and 

those between thc gravity d t s  O- by LSAFD and LSC an much bigger. This 

observation has ken alrrady o b s e ~ e d  in the Central Mediterranean area. 



To investigate tk effects of using diffkrent input noise levels on th: results, we assumed 

incomct noise levels of 0.10 m for tbe althter data and of 5 mgai for th gravity data, 

respectively, and the repeated the computatious. Tables 6.15 and 6.16 show m m  .etatistics 

on the predictions for different input noise levels. ObseNing these two tables, we see that tk 

RMS diffe~nces between geoid height predictions obtamed by dinarnt mthods mcnaxd 

when the input noise levels deviated from the conect values, even though the incorrect values 

are s d e r  than the comct values. This fact wouid stiN imdicate that the consistency between 

the results by IOST, LSC and LSAFD depnds on what extent the input noise levels ae 

estimated and used correctly, as stated in seaion 6.2.3. ûniy noise levels that match tbe real 

situation wiil give consistent resuits between different methods. Therefore, the closer the 

estimated input noise kveis to thQt correct vaiues, the küer the nsuits can be expected. 

Table 6.12: Intenial prediction accuracies for IOST, LSAFD and LSC for the Labrador Sca 

Input noise Prediction euor 

Method 

IOST 

LSAFD 

A 

LSC 

Geoid (m) 

O. 15 

O. 10 

O. 15 

O. 10 

O. 15 

O. 10 

Gravity (mgai) 

10.0 

5.0 

10.0 

5.0 

10.0 

5.0 

Gemid (m) 

0.065 

0.069 

0.064 

0.054 

Gravity (mgal) 

3 -56 

4.84 

9.30 

8.83 
- - -  

0.05 1 - 0.078 

0.059 - 0.083 

3. 16 - 5.07 

4.00 - 6.24 



Table 6.13 Cornparison of gaoid hcight estimates for LSC, 1OST and LSAFD ( c i  

noises are %=O. 15 m and n4=10 mgal) 

Table 6.14 Cornparison of gravity a n o d y  estimates for LSC, IOST and LSAFD (input 

noises are as the same as stated in Table 6.13) 

LSC - IOST 

IOST - LSAFD 

LSC - LSAFD 

LSC - OBS 

IOST - OBS 

LSAFD - OBS 

Max dE (m) 

0.210 

0.380 

0.412 

O. 16 1 

0.129 

0.51 1 

L 

LSC - IOST 

IOST - LSAFD 
LSC-UAFD 

LSC - OBS 
IOST - OBS 
LSAFD - OBS 

Min din. (m) 

-0.174 

-0.447 

-0.488 

-0.144 

-0.159 

-0.343 

Max diff. 

(mp;ai) 

14-10 

23.8 1 

18.93 

12.79 

12.95 

25.69 

RMS din. (m) 

0.032 

O. 105 

0.111 

0.030 

0.029 

0.1 12 

Min dB. 

(mioai) 

- 10,174 
-27.34 

-23.10 

-13.63 

-15.10 

-22.3 1 

SD. (m) 

0.032 

0. 105 

O, 110 

0.030 

0.029 

0.112 

RMS diff' 

(mnai) 

3.43 

9-24 

8.86 

3.51 

3 -25 

9.12 

S .D. 
(mgal) 

1 

3 -43 

9.24 . 

8 -86 

3.5 1 

3.25 

9.12 * 



Table 6.15: Di&rences of geoid bigfît estimatcs for M i t  input noise levels 

Tabie 6.16: Differeaces of gravity anomaly estimates for different input noise levels 

LSC 4OST 

LSC -1OST 

LSC-LSAFD 

IOST - LSAFB 

A 

LSC - LSAFD 

Max diff. 

(m) 

0.2 10 

0.337 

0.412 

0.576 

0.380 

0.5 19 

IOST - LSAFI 

Input noise 

InDut noise 

Min diff. 

(m) 

6,174 

-0.303 

-0.488 

-0.593 

-0.447 

-0.621 

Geod (ni) 

O. 15 

O. 10 

0.15 

0. 10 

0.15 

O. 10 

Gravity (mgal) 

10.0 

5.0 

10.0 

5.0 

10.0 

5.0 

From Table 6.16, we see that tk consistency betwecn the gravity pndictions obtained by 

RMS d B  

(m) 

0.032 

0.050 

0.111 , 

0.146 

0.105 

0.153 

Geoid (m) 

0.15 

o. 10 

0.15 

o. 10 

IOST, LSC and LSAFD because. in most cases, süghtly worse when we change the v h  

S.D. 

(m) 

0.032 

0.50 

0.110 

0.146 

O, 105 

0,153 

Gravity (mgai) 

10.0 

5.0 

10.0 

5.0 

values of both input noises h m  k i r  annct values to incarna values. The intanal 

prediction emrs show in table 6.12 show no clear dependency on the input signai-to-noise 



CHAPTERSEVEN 

CONCLUSIONS AND RECOMMENDA'MONS 

7.1 Conclusions 

1) Optimal eshates of gravity field -tities can be obtained by optimal combination of 

muitiple data types wing eitbcr space or spectd techniques. Cornparisons of tb geoid 

height predictions obtained using two data types and those obtained by using a single data 

type (pvity imomaly only) show that simcant &viaiions existe& The combination of 

two types of data gives much better d t s  than the use of only one data type. This 

suggests that for a local area, if 1nuitip1e data types are available, aII all data types should 

be incorporateci into the soiution. 

2) Previous computations ofgravity &Id quantities using spectral methoâs wially provided 

no error estimates of the d t s .  This has been considemi, in fact, as a disadvantage of the 

spectral methods. The numerical comptations d e d  out in this study suggest, however, 

that ~Liabe enor eshutes of the d t s  using spectral rnethods can be obtained. Tb 

space domain method @SC) provides different ernn estimates for each grid point. In 

using spectral mthods, however, a single emrr estimate is obtained for ail the grid points 

because stationarity bas to be a s s d  for the input emrs. 

3) When using LSC, isotropie signal covariance fullctions m a s s d .  The use of isotropie 

signai functions in LSC maLes tk computations much simpler than using non-Ûotropic 

ones. When using tbc IOST methoci, non-isotmpic PSDs can be used without inmeashg 

the àifliculty and the complexity of the computaticms. NuIIEericai testing carried out in this 
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study shows that us i~~g  non-isompic signai PSDs (derived by the dinct me-) in IOST 

close to realEty than isomqic ones, and better d t s  have beai obfpined by using non- 

isotropie PSDs than asing isoQopic ones. we suggest tbat the non-Wtropic PSDs shouid 

be used dong with IOST. Note also that the dimensions of aie -ces of the a prion 

information used by LSC and IOST are diffetent. The dimension of the c o v h c e  matru 

used in LSC are much bigger than the conesponding PSD matrix used by IOST. This is 

one nason why the LSC takes longer to wmpute. 

4) Among the t h e  methods. IOST and LSC give close resuits for both geoid height and 

gravity anomaiy predictions. which can be explained by the fact that they use the same a 

prion information. LSAFD gives, io some enenf diaemt d t s  than IOSI' and LSC, 

which can be explainexi by that tbe LSAFD mwhod fus only one role. that is to cany out a 

combination adjustment employing input noise PSDs, while IOST and LSC have both 

filtering and adjustment fimctio~~~~ These two cbaracte&tics of IOST and LSC ensiire that 

aiways more diable results can be expected fmm IOST and LSC than LSAFD, 

5 )  Numerical tests show tbat the prediction errors of the resuïts depend on the reliability of 

the a priori information and also siighdy on the signal to noise ratios. 

7.2 Recommendations and Future Pians 

1) Geoid heights obtained by a combination of dam h m  different alcimeter missions could 

be M e r  combined with shipbome gravity anomaües using the methoàs investigated 
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berem to Împrove tk aoniranes of geoid kight and gravity anomaiy predictions- Tb 

use of LSC for tk combination of aithœter data fiom dinicrent missions has ùie 

advantage that it am use aü tht avaiiabIe data with varying resolutiom. Yet, the use of 

LSAFD and IOST for the combination of diffamt altimeter missions nquiies tbt ali tbe 

data be reduced to the sam resolution. This problem can be O V C L C A ) ~ ~  by eq10ying tbe 

hybrid FFT/mtegration tecfmiqoe proposed in Sideris (199%) or the wa.1et 

muitiresohtion analyzing techniques saidid in Li (1996). 

2) The LSC, IOST and LSAFD can be used for gravity field zecovery by a combination of 

any number of data types that are reland to the gravity field. We tested only with two 

commonly avaiiable data types (geoid height and gravity anomaly) in this study- Numerical 

experiments and cornparisons of these thret mthods for th optimal combination of data 

h m  different altimeter missions as weil as h m  auborne gravimetry are also planned for 

the near future. 

3) As it has been pointcd out in Chapter 1, the use of geoid gradient instead of geoid height 

as input offers us many advantages when dealing with altimtter data. The derivative 

operation (to obtain geoid gradients h sea sudiace beight observations) acts as a high- 

pass filter. This operation suppresses the long-wavelength radial orbit e m  and other 

long-wavelength errors in the SSH, and also enhances tbe short-wavelength signais of 

the gravity field. No crossover adjutment is needed for altimeter data if geoid 

gradients are used. F d e r  studies on tbc combination of geoid gradients with other 

types of data using LSC, IOST and LSAFD should be done. 

4) The noise PSDs of tbe altimeterderived geoid Eght sbouid be obtainable by ushg the 

method described in section 4.4. We used pridded data for such cornputations in the 
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Labrador Sea arw, and do~unately, war wt able to obtah reasonabIe noise PSDs. 

W e  think that t&is fahg is due to the use of pridded deta 'Ihe gridding proccrlurr 

smoothed the obsemd field (supprrsscd the noise) and produad non-random noises for 

the gridcicd observations. 'Ihe mahod used for compitmg the mise PSDs, however, 

requins that the noises present m the observations be random noises. Tbcnfae, we 

should consider osing the observations dmctly in tk compitation of the noise PSDs. 

An extensive study on noise PSD estimations using real data shouid be d e d  out. 

5) Numerical experiments and cornparisons of these three methods and other methods such 

as the wavelet W o r m  for tbe optmial combination of data fnna different altimeter 

missions are also planned for the near &tue. 
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