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Abstract

In structural reliability a new trend has developed to formulate design criteria directly
for the response variable instead of specifying a high or low percentile for the load
or resistance variables.

A new method to develop Response-Based Design Criteria is introduced and
compared with existing methods and their ability to include model uncertainty is
discussed. Their accuracy and efficiency is benchmarked by means of three applica~
tions, which are of gradually increasing computational complexity.

The first application is a moving load problem on a two-span continuous beam.
The most likely joint occurrences for the two point loads are determined for different
responses. Wave forecasting is the subject of the second application. The maximum
extreme crest height of a wave for different return periods is studied. The last
application deals with the drilling operability of marine risers. The design significant

wave height and current profile are determined from the critical response angle.

iii



Acknowledgements

This research was made possible through the financial support of the National Energy
Board of Canada (PERD Program), Mobil Exploration and New Ventures, The Uni-
versity of Calgary (Conference Travel Grant), the Department of Civil Engineering
at The University of Calgary, and the Bruce M. Irons Memorial Scholarship.

I am particularly indebted to my supervisor, Dr. Marc A. Maes for his continuous
support and encouragement and extensive proofreading of the manuscript.

I also would like to thank my friend Dr. Philippe Geyskens who convinced me to

come to Canada.

iv



Table of Contents

Approval Page

Abstract

Acknowledgements

Table of Contents

List of Tables

List of Figures

List of Abbreviations

List of Symbols

1 Introduction

1.1
1.2
1.3
1.4
1.5
1.6
1.7

Structural Reliability Analysis . . . . . ... .. ... ... ... ...
The Need For Response-Based Design Criteria . . . . ... ... ...
Reliability-Based Design And Load Combination. . . . . . . ... ..
RBDC And Inverse Reliability . . . . ... ... ... ... ......
RBDC Problem Formulation . . . . .« v vv v e e ee e e
Examples Of RBDC Development . . . . ... .............

OVEIVIEW © o v o e e e e e e e e e e e e e e e e e e e e e e e e

2 Response-Based Design Criteria

2.1
2.2
2.3

Introduction . . . . . . . . . i i e
Structural Reliability Integrals . . . .. ... ... .. ... .....
First-Order Reliability Method (FORM) . ... ... ... ......
2.3.1 TheReliabilityIndex 8. . . . ... ... ... ... . ....

2.3.2 FORM-Procedure . . . . . ..... R

ii
iii

iv



2.4

2.5

2.6

2.7

2.8

2.9

2.3.3 DISCUSSION . .« v v i e e e e e e e e e e e e e e e e e e e e 15

234 First—Order Approximations In The Original Domain . . . . . 17
Simulation Methods . . . . . . .. . ... ... .. L 19
24.1 CrudeMonteCarlo . . . . . .. ... ... ... 19
2.4.2 Importance Sampling . . . . . . . ... .. ... ... 20
RBDC Development Methods . . . .. ... ... ... .. ...... 21
2.5.1 RBDC Using Iterative Forward FORM . . .. ... ... ... 21
252 RBDC UsingInverse FORM . . ... ... ........... 22
2.5.3 RBDC Using Maximum Likelihood Method . ... ... ... 23
2.5.4 Discussion . . . . . R 24
Model Uncertainty . . RS 25
2.6.1 Imtroduction . . .. .. ... ... e 25
2.6.2 Omission Factors In U-Space . . . ... ... ... . ..... 27
2.6.3 Model Expansion Factors In X-Space . . . . ... ....... 28
2.6.4 Application To RBDC Development . . . . ... ... ... .. 29
Alternative RBDC . . . . . . . . . . e 33
271 General . . .. ... e 33
272 Forward FORM . . . ... ... . .. 35
273 Imverse FORM . ... ... ... i 35
974 Maximum Likelihood Method . . . . .. ... ...... .. 36
2.7.5 Comparison Of Results . . . ... ... ... .......... 36
ComPAariSON . . v v v v o e e e e e e e e e e e e 36
2.8.1 General . ... . ... 36
282 Forward FORM . .. ... .. ... .. .. .. 37
283 Imverse FORM ... ... . ... .. .. 37
2.8.4 Maximum Likelihood . . . . . . ... ... ... ... ... 38
SUMMATY .« o v v v e e e v e e e e e e e e e e 38

vi



3 Application To A Moving Load Problem 40

31 OVEIVIEW . + v v o ot et e e e e e e e e e e e e e e 40
3.2 Problem Description . . . . .. .. .. oo 40
32.1 General . . .. ... e e e e e 40
32.2 Load Modeling . .. ... ... ... ... 41

3.3 Derivation Of Influence Lines . . . . . . .. ... ... ... ... 43
331 General . . . ... e e 43
3.3.2 Support Reaction Rp . . . . . . v v v v v v vt 43
3.3.3 Bending Moment Mp . . . . . . . .o oot 45
3.3.4 Mid-span Deflection Ap . . . . . ... . oL 46

3.4 RBDC By Inverse FORM And Maximum Likelihood . ... ... .. 48
341 Inverse FORM . . . . . . . i it ii i 48
3.4.2 Maximum Likelihood . . . . . . ... ... ... ... 48
3.4.3 Middle Support Reaction Rg . . . . . .. ... ... ..... 50
3.44 Support Moment Mp . . . . . . . .. e 53
3.4.5 Midspan Deflection Ap . . . . . . . ..o oL 55
3.4.6 Discussion Of FORM Performance . ... ........... 57
3.4.7 Comparison Of Design Criteria . . . . ... ... ... .... 63

3.5 Model Uncertainty . ... . e e e e e e e e e e e 65
3.5.1 Problem Description . . . ... ... ... . .. L. 65
352 “Exact” Results. .. ... ... ... ... ..., 67
3.5.3 Approximate Second Moment Solutions . . . . . ... ... .. 70

3.6 SUMIMAIY . « v v v v e v e e e e e e e e e e e e e e e 75
4 Application To Ocean Wave Modeling 77
4.1 Imtroduction . . . . . . . . . i i e 77
4.2 Problem Formulation . . . . . ... ... o 7
421 Definitions . . . . . . . . .o e e 77

vil



4.2.2 Wave Climate Description . . . . . . . ... ... ... ... 79

4.2.3 Maximum Crest Height Prediction . .. ... ... ... ... 80
4.2.4 Solution Approach . .. ... .... P 81
4.3 Median Extreme Crest Height . . . . . . . . ... ... ... ... 81
43.1 RBDC UsingInverse FORM . . ... ... ... ... ..... 81
4.3.2 RBDC Using Maximum Likelihood . . . ... ... ... ... 83
4.3.3 Comparison Of Inverse FORM And MLL . . .. ... ... .. 86
4.4 Maximum Extreme Wave Crest Height . . . .. ... ... .. ... 87
44.1 ExactSolutions . . .. .. ... ... 87
4.4.2 Second Moment Approximations . ... ............ 90
45 SUMIMAIY . . .« v v v et e e e e e e e e 93
Application To A Marine Drilling Riser 95
5.1 Introduction . . . . . . . . v i v i i i i e e e e 95
52 Drilling RISers . . . . « v v v v v v vt e e 95
53 Riser Model . . . . . o oot it i e 96
53.1 General . . . . . ..t e 96
5.3.2 Riser Specification . . . .. ... ... . ... oL 97
533 MetoceanData . . . . ... ... ... 97
53.4 RigOffset . . . . .. .. o i e 98
535 3D Riser Analysis . . . . . ... ... .. . oL 98
5.4 Metocean Probabilistic Modeling . . . . ... ... .. ........ 100
54.1 General . . . . . . .. 100
5.4.2 Significant Wave Height Hg . . . . . ... ... ... .. ... 101
5.4.3 Current Modeling . . . . . . ... ... ... 103
5.5 Repomse Modeling . . ...... ... ... ... 105
56 RBDC Development . . . . . . ..o v v vt i i 107
5.6.1 Imverse FORM .. .......... . ... . ... ..... 107



56.2 MLL Method . ... ...... ... ... ... .. ..., 113

57 Alternative RBDC . . . . . . . . . e e 118
571 General . . . . .. e e e e 118

5.7.2 Procedure For Forward FORM . .. .. ... ... ...... 118

5.7.3 Procedure For The MLL Method . . ... ... ........ 120

5.7.4 DISCUSSION . . v v v v v v v e e e e e e 121

5.8 Conclusions . . . . . . vttt 121
5.9 SUMINATY .« v v v v v v v e e e e e e e e e e e e e 122

6 Conclusions ' 124
6.1 Summary and Conclusions . . . . . . .. ... .o 124
6.2 Recommendations For Future Research . . . . . ... ... ... ... 127
Bibliography | 130

ix



3.1
3.2
3.3
3.4
3.5
3.6

3.7

4.1
4.2
4.3

4.4
4.5

4.6

4.7

5.1
5.2
5.3

List of Tables

Critical response 75 4 for different values of p and k (multiplier: p) . . 52
Critical response mp , for different values of p and k& (multiplier: pl) 52
Critical response 6p 4 for different values of p and & (multiplier: ﬁ% 56
Error on rp 4 using an “exact” omission factor . . . . ... ... ... 69
Error on mp 4 using an “exact” omission factor . . ... ... .. .. 69
Inflated contour level B* for rp 4 using approximate second moment

methods . . . . v v i e e e e e e e e e e e e e e 73
Inflated contour level 8* for mp , using approximate second moment

Methods . . . . . e e e e e e e e e e e e e e e e e e e e e e e e e 75

Inverse FORM results for the median extreme crest height y55 . . . . 83
Estimation of median extreme crest height 3.5 4 using different methods 85
RBDC results using the MLL-method for the median extreme crest
height o5 - -« « & v v v o e e e 86
Inverse FORM results for the maximum extreme crest height . . . . . 89
RBDC results for the maximum extreme crest height using the MLL
method . . . . . . ... e 89
Comparison of Inverse FORM solutions using the exact distribution
for Y|hs,tp and the normal approximation® . . ........... 92

Comparison of estimate for y, using various approximate second mo-

ment formulations . . . . . . .. .. oL L 93
Assumed riser characteristics . . . . . . . .. ... ... L. 97
Significant wave height hg for different return periods . . . .. . ... 103
Regression coefficients (multiplied by 1000) . . . . . . ... ... ... 103



5.4

Standard deviation, skewness and kurtosis for the marginal current

distributions . . . . . . . . .. 105
5.5 FExceedance probabilities and reliability indices for the three return

Periods . . . . . e e e e e e e e e e e e 108
5.6 Inverse FORM resultsforn=10year. .. .. ... .. ... ... .. 110
5.7 Inverse FORM results for n = 100 year . . . . . e e e e e 111
5.8 Inverse FORM results forn=200year . ... ... .. ... ... .. 112
5.9 Bottom angular response w for different return periods . . ... ... 114
510 MLL resultsforn=10year . . . ... .. ... .. .. .. A 115
511 MLLresultsforn=100year . .. .. .. ... .. ... ... 116
512 MLL resultsforn =200 year . .. ... ... .. ... 117



List of Figures

1.1 Simply supported beam . . . ... ... ..o 6
2.1 Definition of the first-order reliability index 8 . . . .. ... ... .. 16
2.2 Linearization of the limit state surffacein FORM . . . . . ... .. .. 18
2.3 Illustration of the omission sensitivity factor v = §*/@ for the case of

only one model uncertainty © . . . ... ... ... L. 28
3.1 Moving load problem on a two-span continuous beam . . . . ... .. 41
3.2 Comparison between inverse FORM and MLL for k=1.01 . ... .. 50
3.3 RBDC for p? and p}, plotted as a function of the correlation coefficient

p and the COV-ratio k, for the reaction force at support B, obtained

usingInverse FORM. . . . . . ... ... . . .. 51
3.4 Comparison between inverse FORM and MLL for k=1.1. ... ... 53
3.5 RBDC for p} and p}, plotted as a function of the correlation coeffi-

cient p and the COV-ratio k, for the bending moment at support B,

obtained using Inverse FORM. . . . . . . .. ... ... ........ 54
3.6 Total load p% + p} resulting from the RBDC for Rp and Mp (k=1.1) 55
3.7 Comparison between inverse FORM and MLL for k=1.01 . ... .. 57
3.8 RBDC for p} and p3, plotted as a function of the correlation coefficient

p and the COV-ratio k, for the mid-span deflection of the first span,

obtained using Inverse FORM. . . . . . . ... ... ... ...... 58
3.9 [-circle and iso-response lines for 7z, in the standard normal space

for £ = 1.01 and different valuesof p . . . . . . ... ... ... 59
3.10 Contour lines of log-likelihood and response 74 for k=1.01 . . . .. 60
3.11 Contour lines of log-likelihood and response rggfor k=2. .. .. .. 61

3.12 Minus log-exceedance function for Rg, k = 1.01, and different p-values 62

xii



3.13

3.14

3.15
3.16
3.17

3.18

4.1
4.2
4.3
44

4.5
4.6
4.7
5.1
5.2
5.3
5.4

9.5
5.6

Marginal exceedance probability for load p; as a function of p and &
for the threeresponses . . . . . . . . . . . oo i o e 64

Comparison of p} and p} (multiplier: p) for the critical support reac-

tion and bending moment at B as a functionof kand p. . . . . ... 65
Comparison of “exact” rp, for k=101, p=0and =01 ...... 68
Comparison of “exact” mp, for k=1.01, p=0and §=001. .. .. 70

Comparison of second moment approximations for rp 4 for k = 1.01,
p=0and =01 ... ... ... 72
Comparison of second moment approximations for mp 4 for k = 1.01,

p=0and =001 . ... ... ..o 74

Definition of wave height h, crest height y, and zero-crossing period ¢ 78

Long term modeling as a series of stationary, short term seastates . . 78
Joint density plot for fx, x,(Z1,%2) = fvos,ms(Mos Rs) - - - o o . L. 85
Comparison of Inverse FORM and Maximum Likelihood Method to

findthe RBDC . . . . v i vttt e e e e e e e 87
PDF of response Y, conditional upon A and ¢% . . . . ... ... .. 88
Median and Maximum Extreme Wave Crest Height . . . . . ... .. 90
Second Moment Approximationsfor© . . ... ... ... IR *) |
Schematic of a drilling riser [49] . . . . . .. .. ... .. L. 96
GEVD fitted to the Hg-storm maxima in a Gumbel-plot . . ... .. 102

Top current velocity v; as a function of the significant wave height hg 104
Top residual current ¢; as a function of the significant wave height hs 105
Experimental and Normal CDF for C; on standard normal scale . . . 106
GEVD fitted to the w-storm maxima in a Gumbel-plot . . . ... .. 113

xiii



AIS
API
CDF
cov
FORM
GBS
GEVD
LSF
MCS
MLL
PDF
PML
RAO
RBDC
RNG
SORM
TLP

List of Abbreviations

Asymptotic Importance Sampling
American Petroleum Institute
Cumulative Distribution Function
Coefficient of Variation

First—Order Reliability Method
Gravity-Based Structure

Generalized Extreme Value Distribution
Limit State Function

Monte Carlo Simulation

Maximum (Log-)Likelihood
Probability Density Function

Point of Maximum Likelihood
Response Amplitude Operator
Response Based Design Criteria
(Pseudo-)Random Number Generator
Second-Order Reliability Method

Tension-Leg Platform



List of Symbols

Lowercase Roman Letters

Fxaix,(z2,21) conditional PDF of X», given X,

fx(x) the probability density function of X

a(+) limit state function in the original domain

gr(u) linearijzation of the LSF at u* in the U-space

gu(u) limit state function in the standard normal space
h() response model

hy(u) response model in U-space

£ log-likelihood function

m number of samples

n problem dimension or critical response return period
q exceedance probability

t transformation to the standard normal space

U variable u (standard normal space)

u vector u (standard normal space)

Uu; component % of vectorﬂ u

u* minimal distance point in the standard normal space
z variable x (original space)

x vector x (original space)

z; component ¢ of vector x

Xg PML corresponding to exceedance probability g

Yq critical response level of Y with exceedance probability ¢

Xv



Uppercase Roman Letters

A

Cx
COV(-)
Covar(-)
E()

F

F
Fx(x)
Fxo1x, (%2, 71)
L(z)
L'(z)

P
Po

5§ C S HN®D Dy

matrix A

covariance matrix of the variable X
coefficient-of-variation operator

co-variance operator

expectancy operator

the failure domain

the safe domain

the cumulative distribution function of X
conditional CDF of X5, given X;

minus log-exceedance function of X

slope of the minus log-exceedance function of X
statistical estimator for Pr(F)

failure probability considering model uncefta.inty ©
failure probability for the case © = 8
probability operator

(random) resistance variable

(random) load effect variable

random variable X (original space)

random vector X (original space)

random variable U (standard normal space)
random vector U (standard normal space)

variance operator



Lowercase Greek letters

(84

B
ﬁ*

|

Vyp
ox
¢

b

reliability index sensitivity factor

reliability index

inflated U-contour radius

omission sensitivity factor

particular value of the model uncertainty ©
ignorance level of ©

mean value of ©

COV of multiplicative model uncertainty ¥
standard deviation of X

standard normal CDF

ignorance level of ¥

Uppercase Greek letters

©
®

(I)_l

1Y

model uncertainty
standard normal CDF
inverse standard normal CDF

multiplicative model uncertainty

Other Symbols
Vf the gradient of f

||| the norm of vector x = vxTx

||

the absolute value of z

xvil



Moving Load Problem

et bending stiffness

fu force required for a unit displacement

k COV-ratio of the two loads

[ beam length and load spacing

My, bending moment required for a unit rotation
mp bending moment over the support B

Di point load on the beam

rB reaction force at the support B

x position of the point load (0 < z < 1)

Covar(Py, P,) covariance of P; and P,

by displacement at D due to a unit redundant rp =1
op mid-span deflection at D

i influence coefficient of load F;

K load ratio (I‘& = 1;21)

3 dimensionless load position (§ = %)

Emax load position of maximum effect

P correlation coefficient between P, and P,

xviii



Ocean Wave Modeling

hs
n
tp
iz
Y

Yo.5,9

R(r)
Syy(w)

significant wave height
return period in years
spectral peak period
zero-crossing period
crest height

median extreme crest height with exceedance probability g

Jacobian of the tranformation X LU
autocorrelation function of time-difference 7

spectral density function of frequency w

inflated contour level, when the sensitivity factor o is not exact

peak factor of the JONSWAP-spectrum



Marine Drilling Riser

c, ¢ residual reduced current (vector and component 1)
Cd drag coefficient

d riser diameter

hs significant wave height

n return period in years

0s offset at the top of the riser

Qe distributed load per unit length exerted by the currents
teff effective tension in the riser

v, i current velocity (vector and component %)

v mean current velocity

A matrix of orthnormal eigenvectors

K skewness of ¢;

Ko kurtosis of ¢;

Ai eigenvalue %, variance of ¥;

v occurrence rate of a storm

Priser specific riser weight per unit length

Psea water density of the sea water [kg/m?]

0; standard deviation of ¢;

© orientation of the plane of maximum response angle
w bottom response angle

by variance-covariance matrix



Chapter 1

Introduction

1.1 Structural Reliability Analysis

Engineering practice, and structural engineering in 'particula.r, is characterized by
decision making under incomplete or imperfect knowledge. Examples are abundant:
what is the lifetime maximum load a structure will have to withstand or the lifetime
minimum strength a structural component will demonstrate?

In the early history of modern structural engineering it was believed that abso-
lute upper and lower limits to loads and resistances could be established [35]. Safety
factors then related these bounds to mean or characteristic load or resistance val-
ues. The structural uncertainty was believed to result from incomplete data rather
than inherent uncertainty of the loads or resistances. Subsequently, each new type
of structure developed its own safety factors based on engineering judgment and
accurnulated experience [35].

Due to the growing acceptance of structural design as a problem of decision
making under uncertainties and risk, the reliability theory is used more and more
as a control tool in the design code development process. Nowadays, most design
codes are reliability based. These design codes reduce the work involved in a full
probabilistic analysis to a routine check for the class of structures to which the code
is meant to apply, commonly referred to as the scope of the code.

Structural reliability theory assumes that failures occur only by means of a finite
number of failure modes. Even though the condition of a structural component may
be described by a discrete or continuous lmit state function (LSF), it is assumed

that each mode can adopt only two states: safe or unsafe. Subsequently, these limit



state functions depend on the random loads and material strengths, the geometric
and other deterministic design parameters, and the remaining random model uncer-
tainties. Generally, loads and resistances vary randomly in space and time; they are
described by random fields and/or stochastic processes. Often this time- and space-
dependent reliability problem can be reduced to a time-invariant equivalent. In this
case the uncertain quantities are described by basic random variables. The failure
probability Pr(F), where F' stands for failure domain, is then given as the probability
that one or more limit states is violated. In that case, a failure has occurred in the
associated failure modes. ,

In this thesis, some important ﬁmitationé apply to the methods presented. The
limit state functions are assumed to be time- and space-independent. Consequently,
the structural reliability problems are described in terms of basic random variables
aﬁd not random processes in time or space. As explained in the next sections, this
does not imply that time-variant reliability cannot be studied. Those problems first
have to be reduced to an equivalent problem in terms of basic random variables only.

In addition, failure is assumed to occur mainly due to violation of only one LSF.

1.2 The Need For Response-Based Design Criteria

Consider the time-invariant formulation of the following load-resistance problem.
There is only one load effect S and one material resistance R in this problem. If the
load effect variable S exceeds the resistance R, the system fails; otherwise it is safe.

The LSF for this failure mode is simply given by:

g(R,S)=R-S (1.1)

where uppercase notation denotes random variables and lowercase is used for a partic-

ular occurrence of this random variable. Bold typeface refers to vectors and matrices.



The LSF divides the original (r, s)-domain in a safe and failure domain:

F = {(r,s) | g(r,s) > 0} — safe domain 12)
F= )

{(r,s) | g(r,s) < 0} — failure domain

where (r, s) stands for a particular occurrence of R and S. The structural failure
probability Pr(F) is then easily obtained as the probability content of the failure

domain F*

Pr(F) = Pr (g(R, §) < 0) = Pr(R < S) (1.3)

The simple R-S formulation reflects the two key aspects in structural engineering:
loads and resistances. Traditionally, a fair share of the structural engineering re-
search focuses on the resistance side. On the load side, however, arise similar, if
not greater, challenges: different loads act simultaneously upon a typical structure.
Some of the resulting load effects are correlated with each other, others may be
independent. Some loads may be sustained, others are transient in nature. Load
duration effects may be important when the material experiences time-dependent
behavior: e.g. creep, relaxation or fatigue.

In classical civil engineering application fields, such as office buildings, the design
codes have evolved from engineering practice. In recent years, however, there has
been an increased need for a more quantitative assurance of the structural reliabil-
ity. Additionally, new types of structures are being designed in increasingly hostile
environments. The uncertainty in the loads then becomes an important issue. Since
not all loads act at their maximum level at the same time, the identification of the
appropriate load combinations is of primary interest for the designing engineer.

The Response-Based Design Criteria (RBDC) development process identifies those

critical combinations. Risk levels are specified directly in terms of critical responses



rather than input variables such as environmental loading or material strength. For
each of those critical responses, corresponding to one or more limit states, the most

important load combinations can then be identified.

1.3 Reliability-Based Design And Load Combination

In reliability-based design two philosophies are currently adopted: an extreme event
formulation and a response based approach. According to the former philosophy,
loads and resistances associated with an extreme event are used in the design. These
loads and resistances are typically specified at a high return period level. In the
latter case, the safety level is formulated directly for the response variables rather
than for the input parameters. The design loads and resistances are then given as
the input values associated with this critical response.

This difference is best illustrated by means of an example. For the design of
Tension-Leg platforms (TLP), both philosophies are presently in use. The environ-
mental load effects are caused by wind, waves and currents. The UK Department of
Energy [12] adopts the design event approach and specifies a return period for these
environmental parameters of 50 or 100 years. This is different from the API (Amer-
ican Petroleum Institute) recommended practice for TLP design [1] which stipulates
the responses be calculated to have a return period of 100 years. The environmental
input parameters associated with this response are used as the design loads.

For simplicity the formulation in this section will be restricted to loads only.
When different loads act simultaneously, their design values have to be determined
to assure that the probability of exceedance of a sum of load effects is approximately
equal to the probability of exceedance of any load acting separately [53]. Usually
these design combination rules depend on the required risk/reliability level. In gen-

eral, the more unlikely the exceedance of the design values of the individual loads,



the less important the combination problem.

For variable loads it proves to be convenient to describe the fluctuation of the
loading according to a time scale corresponding to the structural natural vibration
period [55]. The structural response under loads with a macro-scale fluctuation is
primarily static. For loads with fluctuation periods in the vicinity of the structural
period the dynamic response is important. The former can be reduced to an equiva-
lent static loading formulated in terms of basic random variables. Stochastic process
theory gives approximate expressions for the maximum of such a process. Turkstra
[52] formulated a rule of thumb for design purposes resulting from an approximate
combination analysis: the maximum of each individual load effect is identified and
combined with the point-in-time values of the other load effects. This is repeated
for all load effects and the maximum effect of all these is used for the actual design.
This idea is known as Turkstra’s rule.

The maximum combined load is not always given by this rule: studies of live
loads in office buildings, for instance, indicate that a simultaneous occurrence of
the maxima of at least some of the load processes, which is not accounted for in
Turkstra’s rule, may become important [8]. Nevertheless, Turkstra’s rule generally
gives satisfactory results when the duration of load pulses is very short. In other
cases a more refined load combination model is required. Two approximate solution
methods in terms of up-crossing rates are the Point Crossing Method [31], [32] and

the Load Coincidence Method [46].

1.4 RBDC And Inverse Reliability

Unlike the normal, “forward” reliability problem which tries to find the failure prob-
ability Pr(F), given the distributions of the load and resistance variables and a limit
state function, the development of RBDC starts from a specified failure probability



Pr(F) and identifies critical load and resistance combinations. As such, RBDC can
be considered an “inverse” reliability problem.

For simplicity consider the simply supported reinforced concrete beam, subject
to two random loads as given in Figure 1.1. Assume that the response quantity of
interest is the mid-span deflection. The limit state model describes under which load
and resistance combinations the structure has failed, which in this case is formulated
as “the deflection exceeds a given, critical value §”. The loads and resistances, i.e.
material strengths and geometry, are the basic variables of the problem and denoted
as X. The failure probability of this structure is calculated using forward reliability
techniques. This is, therefore, a “forward” reliability problem:

find Pr(F) = Pr(¢(X,6) < 0) (1.4)
given the parameter 6

In a design context, however, an “inverse” formulation is needed. Given a speci-
fied failure probability Pr(F) = g, the value of a design parameter A is to be deter-
mined. In the example this parameter could be the effective depth of the beam or
the mean concrete strength, for instance. In a more general formulation, the inverse
reliability problem determines the value of one scalar parameter A, which appears

in the LSF g(x,A) or in the joint'; probability density function fx(x|A) such that a

P Q

A 4 \ 4
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Figure 1.1: Simply supported beam
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required reliability level is achieved [14]:

find the value for A
(1.5)

such that Pr(F)=Pr(g(X) <0| ) =¢

RBDC takes us one step further. Given the failure probability g, the deflection
64 with exceedance probability will now be determined together with the load com-
binations which cause this deflection. It is clear that if the unknown parameter A
in the LSF g(x, ) is replaced by 8, (or, in general, the critical response level 1,) in
(1.5), the inverse reliability problem gives the desired extreme response level. The
corresponding load values, given as the components of the vector x, are the RBDC.
As explained in the next section this solution is no longer unique, several combina-
tions X1, Xs, ... may possibly result in the critical response. This problem arises, for
instance, in code formulation and the development of design criteria for a large or
new structure. The goal is to come up with input parameters (loads and/or resis-
tances) such that the overall failure probability Pr(F’) matches the target exceedance
probability q.

{ find the value for y, and the corresponding x (1.6)

such that Pr(F)=Pr(9(X,yy) <0)=¢q

In the RBDC formulation this exceedance probability ¢ is specified directly for
the response variables, rather than for the input parameters.

A “forward” approach to this problem implies an iterative solution: a level for
the critical response y, is assumed and the resulting failure probability Pr(F) is
compared with the target reliability ¢. Iteration will then yield the final design values
of y, for the applicable range of input parameters X. The alternative, “inverse”

problem, starts from Pr(F) = ¢ and then identifies the required values for y, from



the probabilistic response model without iteration.

1.5 RBDC Problem qumulation

The most common case in which RBDC are presently used is that of a structural
system which is subjected to a variety of environmental variables such as wind,
waves, currents, earthquakes, heating or cooling, or live load, and denoted by X =
(X1, Xs,...,X,). Based on a structural analysis, certain critical responses Y =
(Y1,Y2,...,Y,) can be identified in this system, e.g.: axial and shear forces, bending
and twisting moments, deflections and rotations, stresses and strains. These response
variables directly affect the reliability of the system, i.e. each of them appears
in one or more limit states. Deflections and rotations for instance appear in the
serviceability limit state equations; plastic rotations may appear in the ultimate
limit state function.

In this work, the response model is assumed to be time-independent Y = h(X),
where h is a static structural response model. It is therefore assumed that the
response at time £ is a function of the input variables X at time ¢ only. In a more
general approach, the time-dependent behavior can be taken into account.

In general, several combinations of the input variables result in a response with
exceedance probability less than or equal to q. The determination of “the” load
combination as such therefore does not exist and in their most general formulation,
RBDC consist of all combinations of input variables xg1,X42, ... which produce an
extreme response y, with exceedance probability ¢. In a more restricted definition,
only the most likely joint occurrence x; is understood by the term RBDC. In the
following the term RBDC is restricted to this most likely combination, other combi-
nations are referred to as “other” or “alternative” RBDC.

Depending on which method is used, this extreme response y, may have to be



determined beforehand, usually from an extreme value analysis, or results from the

RBDC identification procedure itself.

1.6 Examples Of RBDC Development
The following examples illustrate the concept of RBDC:

1. Consider the simply supported reinforced concrete beam in Figure 1.1 sub-
ject to two random point loads, which have a lifetime maximum magnitude
described by some joint probability distribution. An upper bound for the life-
time maximum deflection §, with exceedance probability g can be given by the
deflection of the beam when both loads are equal to their lifetime maximum
level with exceedance probability g. This upper bound is exact if these max-
imum loads occur simultaneously. However, when a joint occurrence of these
maxima is highly unlikely this upper bound is over-conservative. This may be
the case if both loads are negatively correlated for instance; when one load is
higher than average, the other one will then tend to be smaller than average.
In general a lot of load combinations will result in the critical deflection 4. It
then makes sense to design for the most likely, or at least a highly likely, load

combination which results in this deflection &,.

2. Examples are common in offshore engineering. The enviromﬁental loading is
described by wind and speeds, and wave heights and periods. Usually, not all
of these input parameters need to be extreme to cause an extreme response.
Which loads are critical also depends to some extent on the type of structure
considered. For a gravity-based structure (GBS), for instance, the wave peri-
ods are not very important; for a more compliant structure they may become

the main variable. In a lot of sites the extreme values of wave height and
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current speed are stochastically independent [25], [47], with low probability of
simultaneous occurrence of high wave heights and current speeds. This indi-
cates that an extreme event approach, i.e. combination of extreme waves and
extreme currents, will result in an over-conservative loading. RBDC may then

substantially improve the efficiency of the design.

3. RBDC are not restricted to structural engineering applications only. Consider
for example the following transportation engineering problem. The traffic flow,
i.e. traffic volume passing a particular road section during a specified time, is
function of the travel speed and car density (or its inverse, the car distance). It
is clear that for low car densities the speed is independent of the density, while
for high densities the speed is limited by the density. Consider now the traffic
flow as a design response. RBDC will then identify critical combination(s) of
speed and density resulting in the specified critical traffic flow.

1.7 Overview

Chapter 2 briefly reviews different methods used in structural reliability compu-
tation and presents different methods for time-invariant RBDC. The first one was
introduced by Winterstein et al. [56] and is based on the First-Order Reliability
Method (FORM) [35], [41], [50], [61], [54]. This method requires a transformation
(or reparametrization) of the problem in the standard normal space. The second
method is developed in this thesis and it is based on the maximum likelihood prin-
ciple. Consequently, approximate methods which account for model uncertainty are
explained as well.

Chapters 3, 4 and 5 deal with structural engineering examples: a moving load

problem, ocean wave modeling and drilling riser operability are studied.

The moving load problem in Chapter 3 applies the different techniques, presented
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~ in Chapter 2, in the simplest possible way. Both RBDC methods are compared, and
the effect of model uncertainty is analyzed using both an “exact” approach and
approximate second moment methods. The power and limitations of the RBDC
technique are demonstrated.

In Chapter 4 the maximum crest height of ocean waves is determined as a func-
tion of the significant wave height and the wave peak spectral period and is solved
using exact probabilistic methods. This solution is then compared with a simpli-
fied problem formulation; relative likelihoods are estimated and a model expansion
approach is presented.

In the drilling riser example (Chapter 5) considerable attention is paid to the
formulation of a simple, but accurate, structural model reducing a three dimensional
drilling riser model into a planar one. This is required since design criteria have to
be formulated “in plane” for practical reasons. The design criteria are set in terms
of operability limits. Different load combinations and their relative likelihood are
analyzed using both methods and the results are compared.

Finally, a comparison of both RBDC methods and the treatment of the effects
of model uncertainty, based on a discussion of the inherent strengths and drawbacks
of the different techniques is made in Chapter 6. Some directions for further im-
provement of the RBDC methods are given and the need for an even more general .

reliability-based design technique is discussed.



Chapter 2

Response-Based Design Criteria

2.1 Introduction

Before the actual development of RBDC is discussed, two different methods to cal-
culate failure probabilities are briefly presented. They form the basis for the various
state-of-the-art computational techniques used in structural reliability. The first ap-
proach is based on first-order approximation methods involving the use of reliability
indices. The second one evaluates failure probabilities using simulation techniques.

Then, it is explained how RBDC can be obtained as the solution of either an iter-
ative forward or an inverse reliability problem formulation. Two inverse techniques
are discussed and compared. The first one is the inverse FORM method introduced
by Winterstein et al. [56]. Transformation of the basic random variables X into the
standard normal U-space is required. The second one is based on (log-)likelihood
maximization in the original variable domain.

Subsequently, RBDC development for uncertain modelé is discussed. Two differ-
ent approaches are given: inflated contours [56], based on omission [33] or expansion
[36] factors, and ignorance factors [36].

Finally, the algorithms for the determination of practical design combinations are
given for the different RBDC development methods. A comparison of their overall

performance is made.

12
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2.2 Structural Reliability Integrals

The reliability of a si':ructm'a.l element or system is described by a limit state function
(LSF) g(x) which depends on an n-dimensional random vector X = (X1, X3, ..., Xa).
The components X; of X describe the basic variables of the problem such as: geome-
try, loads and material properties. When g(x) < 0 the structural element has failed,
otherwise, it is safe. The domain where g(x) < 0 is known as the failure domain
F. In order to calculate the failure probability of this structural element both the
probability density function (PDF) fx(x) of the random vector X and the limit state
function (LSF) g(x) must be known:

Pr(F) = /g o TRV 2.1)

Usually the integral (2.1) can not be evaluated in closed form. Numerical inte-

gration is difficult as well since in many cases:
1. the failure probability Pr(F') is very small for structural applications
2. the dimension n of the problem is typically large
3. the integration domain g(x) < 0 may have an irregular shape
4. the PDF fx(x) may behave irregularly over the domain g(x) < 0

Because of the first reason the approximation error for common numerical inte-
gration rules may be of the same order as Pr(F). The last three reasons make it
difficult to implement common integration rules efficiently.

Since a straightforward solution of the basic problem (2.1) is usually impossible,
various approximations and alternative methods have been introduced. Two groups
can be distinguished: first, approximation methods which calculate the reliability

index of the failure probability. Second, simulation methods which compute the
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failure probability Pr(F) in a statistical way, namely by Monte Carlo Simulation
(MCS). A more extensive review of these methods can be found in various papers

and textbooks [34], [35], [41].

2.3 First-Order Reliability Method (FORM)

2.3.1 The Reliability Index

Since the actual failure probability is usually hard to obtain, the LSF g(x) is re-
placed by an approximation and the reliability index 8 of this (simplified) problem
is calculated. It will be shown that under some rather strict conditions an exact
relationship exists between § and Pr(F'). In these cases, finding the reliability index
is equivalent to finding the actual failure probability Pr(F).

Since the normal distribution has interesting characteristics, it is not surprising
that much work in structural reliability heavily relies on this distribution. In FORM,

the basic random variables are always transformed to the normal space.

2.3.2 FORM-Procedure

In the First-Order Reliability Method the reliability index § associated with the
failure probability Pr(F) is determined. The method consists of the following three

steps:

1. The transformation t maps all basic variables and the limit state function
into the standard normal space. In this U-space all random variables U; are

uncorrelated and have a standard normal distribution:

{XLU

9(x) > gu(w)
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2. Determine the point u* on the LSF g,(u) = 0 for which the distance to the
origin is minimized. This minimal distance point is often called the design

point.

3. The First-Order reliability index B is now defined as this shortest distance

[[]l-

Since the standard normal distribution is rotationally symmetric, it is clear that
for a linear LSF:
Px(F) = 2(~5) 23)

where ® stands for the standard normal cumulative distribution function (CDF).
Consequently, the FORM method actually replaces the evaluation of the failure
probability integral (2.1) by the constrained optimization problem:

Find § = min [[ul| = [[u"]

(2.4)
subject to g,(u) =0

2.3.3 Discussion

Transformation Into The Standard Normal u-Space
For independent basic variables a transformation which maps non-normal vectors x

into the standard normal space u is:

u; = 7Y (Fx, (2:)) (2.5)

where FY, is the CDF of X; and ®~! the inverse standard normal CDF.

A further extension of the method to dependent variables was made by Hohen-
bichler and Rackwitz [24]. They suggested to use the Rosenblatt-transformation to
map the correlated ve;vriables x; onto mutually independent standard normal variables

Us.
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Figure 2.1: Definition of the first-order reliability index 3

( Uy = ‘I)—l(FXl(xl))

Ug = @_1(FX2|X1("B2 | 1)) (2.6)

| Un = &7 (FXn | Xnotyrs X1 (Tn | T, ey T1))
with Fx,|x,_y,...x, (€i | Zi-1, ..., 1) the CDF of X; conditional upon Xi 1y X1,

It is to be noted that the transformation (2.6) is usually difficult to implement
since, in many cases, the conditional CDF is not available in an analytical form.
Moreover, the transformed vector u can be obtained in numerical form only, since
the inverse standard normal CDF ®~! can not be expressed in closed form. Accurate
approximations for the standard normal CDF can be found in the literature [28].
When the problem dimension is high, the numerical stability of this transformation

must be considered carefully.
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Linearization Of The Limit State Function
In the FORM method, a non-linear transformed LSF g,(u) is approximated by its
tangent hyperplane gr(u) at the design point u*

n

* 6g‘u
90w = guw) + 35|

(i — %) (2.7)

The relationship between 8 and Pr(F') is only valid as a first-order approximation
(see Figure 2.1):
Pr(F) ~ &(-p) (2.8)

because of the linearization (2.7), whence the name First-Order Reliability Method
(FORM). For a non-linear transformed LSF g,(u), the first order approximation at
the design point u* may be rather poor. In the situation on the left of Figure 2.2 the
failure probability is overestimated, wh§1e the situation on the right side leads to an
underestimation. The so-called Second Order Reliability Method (SORM) remedies
this imperfection by accounting for curvature information of the limit state function
at the design point. This method and the use of asymptotic techniques form today’s

state-of-the-art in reliability analysis.

2.3.4 First-Order Approximations In The Original Domain

The classical state-of-the-art structural reliability computational methods rely on
the transformation (2.5) or (2.6) of the original variables X to the standard normal
space U. It is already mentioned that this numerical transformation may be hard
when the original basic variables are not independent.

In addition, modern structural reliability analysis does not only require an ac-
curate evaluation of the probability integral (2.1) but the sensitivity of this result
with respect to some design parameters as well. It is not immediately clear how

sensitivity factors resulting from a FORM analysis in the standard normal space U,
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Figure 2.2: Linearization of the limit state surface in FORM

can be expressed in terms of those design parameters. This explains the need for
complementary methods in the original variable domain X.

In 1991, Breitung [5] shows that the transformation to the standard normal space
can be avoided: the minimization of the distance to the origin in the standard
normal U-space is asymptotically equivalent to the maximization of the log-likelihood
function fx(x) = In (fx(x)).

For a standard normal vector U, the density and log-likelihood functions are:

T

folu) = o &P (~57w) (2.9)
= fu(w) = —} (n In(2r) + ull’)

The point x* where this log-likelihood function is maximal, is known as the point
of maximum likelihood (PML) and assumes the role of the minimal distance point
u* in the original domain. “

min [[uf| = ||u* max {(u) = {(u*
ol =l e g(u) = £(u)

(2.10)
subject to g,(u) =0 subject to g,(u) =0
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From the latter equation in (2.9), it is clear that iso-log-likelihood lines are given
by a circle in the U-space. Maximization of the log-likelihood £(u) is then equivalent
to minimization of ||u|, the distance to the origin (2.10).

For all other distributions, proof of (2.10) is based on asymptotic approximations
of the reliability integral using the Laplace-integration method for small failure prob-
abilities [4], [5]. This implies that all methods developed for the standard normal
U-space can equally well be applied in the original X-domain. The role of the design
point u* is then assumed by the PML x* which allows a direct probabilistic inter-
pretation of the results rather than a geometrical one [6, pp.107-108]. This opens a
whole new perspective for structural reliability computation since sensitivity factors
for the results are now directly formulated in terms of the original design parameters.

Especially asymptotic approximations of the reliability integral will prove useful.

2.4 Simulation Methods

2.4.1 Crude Monte Carlo

Crude Monte Carlo simulation is used primarily to approximate high dimensional
integrals for which common numerical integration methods such as Simpson’s rule or
Newton-Cotes formulas are not effective [43]. The failure probability is now estimated
as a frequency statistic. A sample point x in the n-dimensional original basic variable
domain is drawn from the joint distribution fx(x). The limit state function g(x)
is evaluated and the failure frequency P is an estimate for the failure probability
Pr(F).

This hit-and-miss algorithm overcomes the first 3 difficulties mentioned in Sec-
tion 2.2. Moreover, P is unbiased and asymptotically exact, which means that the
estimate P converges to the true failure probability Pr(F) as the number of sam-

ples m increases. Unfortunately, this convergence rate is very low, the coefficient of
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variation of P is given by:

COV(P) ~ L (2.11)

A

_ mP
which indicates very slow decay (~ m~Y/2) of the approximation error compared
to the widely used Simpson integration rule (~ m™*) for instance. This makes the
method computationally expensive for structural reliability problems since Pr(F)
is typically very small in these cases (see point 4 of the list in Section 2.2). E.g.
to obtain an estimate for Pr(#) = 1075 with COV less than 10%, at least 107

simulations are required!

2.4.2 Importance Sampling

To circumvent the excessive computational cost of crude Monte Carlo simulations,
different variance reduction techniques are available.

The most important technique is importance sampling [3], [30], [48], [57]. A
new sampling density is selected such that the variance of the probability failure
estimator P is reduced. The failure probability estimate remains unbiased as long as
the new sampling density covers the entire failure domain. It can be shown that the
variance of the estimator is minimal if the new sampling density is proportional to
the original one in the failure domain. In the safe domain, however, the PDF of the
new sampling density should be as close to zero as possible in order to save computer
time.

It is clear that all these objectives are somehow conflicting. In addition, im-
portance sampling results strongly depend on the appropriate selection of the new
sampling density. Failure to do so may bias the outcome of the estimation process.
Since failure probability estimation is a key-point in reliability analysis, it is not
surprising that a wide variety of alternative sampling algorithms has been devel-

oped. A concise overview with further references can be found in [18]. Many of
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these commonly used simulation methods rely on a transformation of the random
variables to the standard normal space. An alternative is the Asymptotic Impor-
tance Sampling (AIS) method [37]. It is based on identification of the PML and
asymptotic approximations of the failure probability integral in the original basic

variable domain.

2.5 RBDC Development Methods

Different RBDC methods will be presented here. First, the algorithms for each of
the methods will be given. At the end of this section the intrinsic strengths and
shortcomings of the methods will be compared briefly.-

We recall from Chapter 1 that RBDC consist of the most likely combinations
of input variables x* which produce an extreme response y,, or y, for a scalar
response, with specified exceedance probability ¢. To simplify the notations, only

scalar responses Y are considered.

2.5.1 RBDC Using Iterative Forward FORM

The FORM Method does not only result in an estimate for the failure probability
but in the minimal distance point u* as well. This point represents the most likely
combination of input parameters in the U-space which yields a response ¥ = y,.

Consequently, straightforward application of the FORM method yields the RBDC
if the critical response y, is known. Based on an iterative step-by-step method, this
critical response level y, and the RBDC can be obtained from forward reliability
techniques:

1. Assume a value for the critical response %o for which the RBDC are to be

developed
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2. Find the reliability index 8 from the optimization problem (2.4) and the cor-
responding first-order estimate for the failure probability Pr(F") from (2.8)

3. Compare Pr(F) with ¢ and adjust ym~a accordingly.
4. Repeat steps 1-3 until Pr(F) = ¢

5. The resulting value for Y from this iteration process is a first-order estimate

for y,.

6. After back-transformation of u*, x* =t~ (u*) gives the RBDC

For completeness, it should be mentioned that RBDC development using forward
reliability techniques is not restricted to FORM only. Every method which identifies
the PML, such as SORM or AIS, can be used in the iterative scheme to find the
RBDC.

2.5.2 RBDC Using Inverse FORM

The RBDC development can be formulated as an “inverse” reliability problem [14].
Even though it is strictly speaking not necessary for the method to be applicable,
the problem solution is simplified considerably if the LSF is of the form:

9.(U,Y) =Y — hy(U) (2.12)

where h,, is the response model in the U-space and Y represents the scalar response
of interest.

In contrast to forward FORM, the exceedance probability ¢ is now given. This
defines an n-dimensional hypersphere surface with radius [Ju|| = § in the standard
normal space, where 8 = —®~*(g) (2.8). All combinations u of the input variables U
on this surface have a FORM probability of joint occurrence equal to g. Consequently,
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the maximum response y, produced by one of these combinations u has an exceedance
probability gq.

As a matter of fact, this is strictly speaking correct only if the maximum response
Ymax(B) on a surface |jul| = B is a monotonically increasing function of 8. But this
is generally true since, due to the nature of the problem, extreme responses are
caused by unlikely joint occurrences of the input variables. The more extreme a joint
occurrence is, the higher the response level will be. If this condition is not satisfied,
the critical response is given as the maximum response in the sphere [lu]| < 8,
which indicates that even though the critical response has an exceedance probability
larger than g, it is caused by input variable combinations with probability of joint
occurrence greater than g. This could be the case for discontinuous or step-wise
continuous responses, for instance.

The method can therefore be summarized as follows [56]:

1. Given g, determine the reliability index g from (2.8) -

2. Solve the constrained optimization problem

Find y, = max [hy(u)] (2.13)
subject to |jul| =2

3. After back-transformation of u*, x* =t~ (u*) gives the RBDC

2.5.3 RBDC Using Maximum Likelihood Method

Consider the joint PDF of the input variables in the original domain. Unlike in the
U-space, the distance from the PML to the mean is no longer a simple measure
for the failure probability. It is generally not straightforward to determine contours

of constant exceedance probability. Actually, this would almost always require a
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transformation similar to (2.5) or (2.6). Instead we now consider contours of constant
response y. Generally, different combinations of input variables x; and x; yielding
the same response y will have different likelihoods fx(x;) and fx(x2) where fx
stands for the joint PDF of X. This likelihood can be used to assess how likely, or
unlikely, the occurrence of x; is compared with x;. The most likely combination on
the limit state surface y = y, is the solution to the RBDC problem. This point is
known as the PML x*.

For computational reasons, it is much easier to maximize the log-likelihood func-

tion instead of the joint PDF. The different steps involved in the computation are:

1. Determine the extreme response y, corresponding to the chosen exceedance

probability ¢

2. Set up the joint log-likelihood model and solve:

max £x(x) = In (fx(x))

(2.14)
subject to g(x,yy) =0

3. The solution x* of this non-linear optimization problem gives the RBDC

2.5.4 Discussion

An inverse reliability formulation holds clear computational advantages over a for-
ward approach: iteration is no longer required. In addition, inverse FORM allows,
at least theoretically, an uncoupling of the environmental input variables X and the
response Y as well. In principle, the contours of X can be determined from an inverse
Rosenblatt transformation first, see (2.6). Then, the maximum response is sought
along these contours in a second step.

So far it is assumed that the critical response y, corresponding to the exceedance

probability g is known when the Maximum (Log-)Likelihood (MLL) method is used. -



25

This is totally different from the inversé FORM approach where the value for y,
results from the analysis itself. One, but definitely not the best, way to find this
critical response y, could be using iterative, forward FORM. Of course this is not
very efficient, since an inverse FORM approach would give this very same result at
once!

The advantage of the proposed MLL method is precisely located in its very flexible
format. Due to the uncoupling of the determination of the extreme response y, and
the actual RBDC, a wide range of methods is at hand, such as: extreme value
analysis, Second-Order Reliability Methods (SORM), asymptotic approximations,
and simulation methods. Generally these methods are superior (faster and/or more
accurate) to forward FORM. Unfortunately, their formulation is not suited for an
inverse reliability approach. Consequently, the proposed MLL method is application
dependent and can be customized to the specific needs of the problem.

In short, inverse FORM seems to be computationally the most efficient solution;
while the MLL method is the most versatile one. Additionally, the validity of the
MLL results is not jeopardized by the linearization of the LSF, which may adversely
affect the quality of the inverse FORM solution.

2.6 Model Uncertainty

2.6.1 Introduction

Der Kiureghian [13] distinguishes three basic sources of uncertainties, other than

human and organizational errors,

1. Inherent randomness is described by the probability density functions fx(x).

2. Statistical uncertainty is reflected in uncertainty associated with the parameters

0 in the PDF and denoted as fx o(x,6).
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3. Model uncertainty is due to model inexactness and is reflected by uncertainties

in the LSF g¢(x, 6).

The vector X describes the basic random variables (point 1) and © describes
the model uncertainties (point 2 and 3). When the state of knowledge is perfect
(no model uncertainty) © is deterministically known: @ = @ and is a deterministic
parameter in the distribution and LSF. To explicitly delineate the dependence of the
model on ©, the probabilistic model and LSF can be formulated as conditional upon
©: fxjo(x|0) and g(x|0). Otherwise, the degree of model imperfection is reflected in
the distribution of ®, the parameter ® then may then be considered an additional
random variable in the models fx o(x, @) and g(x, 8) [15].

Unlike inherent variability, statistical and model uncertainties can be reduced,
e.g. by collecting additional data or using more refined models. Model imperfection
arises from two sources: one is lack of understanding of the physical phenomenon
itself and the other is the use of simplified models. Quite often a model has to be
simplified to keep the formulation mathematically tractable. So many variables may
be involved in the analysis, such as in stochastic finite elements, that there is a need
for simplification. Variables that do not greatly affect the response or that do not
demonstrate much variation are then considered to be deterministic and are fixed at
some value, typically the median or the mean. Since design codes have to be kept
simple, these issues are closely related to the RBDC development as well.

This important problem of simplifyihg a probabilistic analysis has attracted con-
siderable attention in recent years. Two, approximate methods are discussed here:
they are based on “omission” of variables and “expansion” of a simplified analysis to
a full one. Afterwards, it will be shown how they can be used in RBDC development,

based on a second moment approximation of the model uncertainty.
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2.6.2 Omission Factors In U-Space

Omission sensitivity factors give the relative error in the reliability index 8 when a
basic variable is replaced by a deterministic number [33]. They are primarily used in
the iterative determination of the design point u* in forward FORM (2.4). The idea
is that variables u; with small omission factors do not greatly affect the reliability
index, and can therefore be replaced by a fixed value for all subsequent iterations at a
minimal penalty. This reduces the dimension of the optimization problem and hence
substantially decreases the computer time. Once the reduced optimization problem
has converged, one or two more iterations can be performed on the full problem.
The omission sensitivity factor v; (uf ) of the i-th variable, fixed at the value u{ , is
defined as the ratio between the S-index, resulting from a simplified analysis with
U; fixed at the value u), and the B-index resulting from a full analysis, where U; is
a random variable.

In the following, the case where a model uncertainty © is fixed at its median
value, i.e. ug = 0, will be of practical interest. Madsen [33] proves that, when © is

an independent basic variable, the omission sensitivity factor -; is:

1

i (g = 0) = ———
(10 =0) =

where the approximation (2.15) is exact to first order and asymptotically true as

(2.15)

ag — 0. This is illustrated in Figure 2.3 for a non-linear LSF; the first order approx-
imation will coincide with the exact value as ay — 0. The factor ¢; is a measure for

both the sensitivity of the reliability index to inaccuracy in u; at the design point

*,

u:
_ o8

Ou; u*

(2.16)

(843
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and for the fraction of total uncertainty due to the uncertainty on u;:

u'=fa (2.17)
AUy
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Figure 2.3: Ilustration of the omission sensitivity factor v = 3*/8 for the case of
only one model uncertainty ©

2.6.3 Model Expansion Factors In X-Space

Maes [36] estimates the failure probability of the full analysis Pe based on informa-
tion resulting from the reduced analysis only. In this context the term “reduced” or
“simplified” analysis refers to an analysis without consideration of model uncertainty,
while the “full” analysis takes this model uncertainty into account as an additional
random variable ®. The failure probability Pr(F') of the full and reduced analysis

are denoted as Pg and Pj respectively.
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In this formulation the parameters © are fixed at their mean value 0 in the re-
duced analysis. Based on the total probability theorem, the exact failure probability

Py can be found as:
Po(X,®) = [ Pr(g(X,0) <0|6) fo(6) db (2.18)

Based on a Taylor-expansion of the integrand in (2.18) about the mean 0 and asymp-
totic expressions for the second order sensitivities of the failure probabilities, a first-
order second moment (FOSM) approximation for Pg can be obtained, based on 7,
the failure probability in the reduced analysis where ® = 0. For the practical case
where only a single model uncertainty © is considered, the following result is obtained

[36]:

2
dg |V¢
Po~ Py {1+ 103 (la—g II—V_QH o ) } (2.19)

where the gradient V is taken with respect to x, and x* represents the PML in the

original variable space.

2.6.4 Application To RBDC Development

Model uncertainty may result from two different sources:

1. Simplification when an exact or less inaccurate model is known

2. Inexactness due to lack of understanding of the physical phenomena

In any event, a central modeling of this uncertainty, i.e. second moment infor-
mation, is readily available. For instance, this can be obtained from a comparison
of model predictions with experimental evidence. The approximate methods, pre-

sented in the previous sections, can now be applied to develop RBDC when model



30

uncertainty is present.

Tt is clear from the discussion in Section 2.5 that the iterative forward FORM
method is computationally not efficient. It merely serves as a theoretical justification
for the compact inverse FORM algorithm. Hence, model uncertainty discussion will

be restricted to the inverse FORM and MLL methods only.

Inverse FORM
Winterstein et al. [56] assume the model uncertainty in the response model is repre-
sented by an additive, independent, zero mean, normally distributed random error

term ©. The “exact” response model is then:
Y.(U,0) =h,(0)+0© (2.20)

An exact RBDC formulation using inverse FORM for (2.20) considers © as an ad-
ditional random variable. Without loss of generality, it can be assumed that © is a
standard normal variable. This can always be achieved by multiplying © in (2.20)

with the standard deviation o of the model uncertainty. The resulting inverse

FORM problem (2.13) is:

Find y, = max [Y,(u, )] - max [hy(a) + 04 6]

subject to ¢/|[u]| + 62 = 8 ~ —®7(q)

To avoid explicit inclusion of this additional uncertainty ©, Winterstein et al. [56]

(2.21)

suggest to seek a new, inflated contour §* > B, along which the simplified response

model yields the correct capacity:

{ Find y, = max [Y,(u | § = 0)] = max [h,(u)] (2.22)

subject to ||ul| = B*

This argument is somehow circular, since the new value of 5* is unknown and depen-
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dent on the model uncertainty ©. However, Winterstein et al. suggest that growing
experience with this format for different structures will identify a reasonable range
for the required correction 8*/3. The inflated contour level 3* reflects the additional
safety required to compensate for the model uncertainty ©. The exact value for 8*

can only be obtained from a full analysis: .

1. determine the maximum response y, from (2.21)

2. find B* from a forward FORM (2.4) with the simplified model h,(U) and the

exact response y,, obtained is step 1.

Theoretically, for each assumption about © and every response Y this ratio can
be determined exactly. The forward FORM in this two step determination of 5*/3
can actually be avoided.

An asymptotically exact value for §* can be obtained from Madsen’s omission
sensitivity factors [33]:

~o(ug = 0) = ﬂ(—@;—e) = %— (2.23)

Substitution of (2.15) in (2.23) yields the inflated contour level:

B

ﬂ*=79ﬂ=—‘-—q—:—a—g

This result is correct only for a linear LSF, otherwise it is an asymptotic approxi-

(2.24)

mation as ag — 0. For relatively small cy, (2.24) may remain accurate.

In short, an asymptotic estimate for 8* can be obtained as:

1. determine the maximum response y, from (2.21)

2. find B* from (2.24)
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The inconvenience of the use of omission sensitivity factors is that still one full
analysis is required to identify s and the inflated contour level §* (2.24). The
expansion factor derived by Maes [36] avoids this problem since only information
available from the reduced analysis is used. An asymptotic result for the inflated

contour level B* can then be determined from (2.19):

B* = -0 (Fp)
= 0~ -1 (@ (—=B) %) (2.25)

When (2.25) is used the two-step determination of 5* actually reduces to a single

step, where only information from the reduced analysis is used.

Maximum Likelihood Method
When RBDC are developed using the MLL method, the critical response y, is as-
sumed to be known. The exceedance probability gg for a given response y when
model uncertainty is accounted for, will be different from the exceedance pl:obabil—
ity gz, when this uncertainty is fixed at its mean level. When model uncertainty
is present, the MLL method is only useful if the “exact” response level y, o can be
estimated directly from y, 3, i.e. the critical response when model uncertainty is not
considered. In other words, there is a need for techniques which allow to obtain
the required change of the limit state function Ag compensating for the model un-
certainty and keeping the “exact” failure probability equal to the target exceedance
probability q.

Maes suggests to achieve this by means of so-called ignorance factors 6* [36]. The
required change Ag is then obtained by replacing the model uncertainty parameter
© by 6* instead of , while the other input variables x remain unaffected. This

approach allows to keep the same design parameters x*, which resulted from the
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simplified analysis, while still achieving the required “exact” exceedance probability
g. An additional advantage of this format is that it provides a clear incentive to
reduce the model uncertainty. _

These ignorance factors result from the model expansion technique. They can
be used directly in the simplified LSF model by replacing 4 by 6*. For an addi-
tive and multiplicative model uncertainty © and ¥, asymptotic approximations are

respectively [36]:

= 9g |V4|
* o~ D—1lg2 |29 1VE
9 9 — Lo? [ae lngL ' (2.26)
dg |V¢|
* o~ 1—12 [1+——] 2.27
v 27y Y Vgl |51 ser (2.27)

where oy is the standard deviation of ©, v is the COV of ¥, and x* is the PML for
the simplified model analysis (© = 8, ¥ =9 = 1).

2.7 Alternative RBDC

2.7.1 General

In the preceding sections, only the most likely combination of input variables giving
a extreme response y, was identified. Various other combinations will cause the same
extreme response. |

For practical design purposes one may wish to fix some input variables at a
convenient value: the median, a suitably high or low percentile or a selected return
period level. This is best illustrated by means of an example.

Assume now that RBDC have to be developed for different response variables
Y =(Y1,...,Y) in a particular structure subject to various loads X. The most
likely combinations of input variables x*, which result from the RBDC development

process, will consist of different load levels x; for each responsé Yq;» Where the sub-
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script ¢ indicates which one of the m responses is considered. Typically, the resulting
load levels for the load variables governing the response will be extreme (high or low)
while the RBDC levels for the remaining load variables will be located in the cen-
tral part of their marginal distributions. In this case, it makes sense from a design
point of view to bundle the various load combinations. One may wish to fix the
non-governing variables at their mean level and adjust the other ones accordingly
such that the exact response is obtained. Or, just the other way around, when one
variable seems to govern the respomse, it makes sense to relate this load directly
to the response in terms of return periods. Again, all remaining variables of the
particular problem will have to be adjusted accordingly. E.g. the 100-year bending
moment is caused by the 100-year wind load, combined with other loads which are
specified at a different level.

They may also be used to compare two different design philosophies. The RBDC
in strict sense determines the environmental parameters associated with the recur-
rence interval of the responses. The other RBDC can reflect an extreme event philos-
ophy in which return period levels for at least some of the input variables are used.
The RBDC development will then give the most likely values for the non specified
variables, conditional upon those fixed return period levels.

That the exact response y, and corresponding input variables x* are known al-
ready from the first step, the actual RBDC development. The n basic variables are
now partitioned in two groups: j variables are somehow fixed, the remaining n-j
variables are still random. In this context, fixed means a deterministic relation to
find them is available, rather than fixed at one particular deterministic value; they

are no longer stochastic variables:

original variable domain: X = [x;, X,,_;] (2.28)

standard normal space: U = [uy, U,_,]
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The objective is now to determine the most likely combination of the remaining
input variables X,,; when y, and x; are given. This is discussed for all three RBDC
development methods, independent from which method is used to determine the

critical response y,, the PML x* and the fixed input parameters x;.

2.7.2 Forward FORM

A forward FORM analysis with the problem dimension reduced to n-j will give the
practical design combination x},_;. The reliability index resulting from this analysis
can be interpreted as an inflated contour level §*. This increased reliability level
indicates how much further the new minimal distance point is away from the origin
compared with the actual design point u*.

In the case of independent variables the transformation (2.5) is straightforward.
It is to be noted, however, that for correlated basic variables the implementation of
the Rosenblatt transformation (2.6) has to be considered on a case by case basis.
When the dependent original variable z; is specified at some fixed level this does
no longer imply a fixed value for the corresponding standard normal u;-variable. It
rather defines a deterministic equation for u;. Generally, the inverse tranformation

t~! : u — x has to be re-arranged. This is illustrated in the drilling riser application

in Chapter 5.

2.7.3 Inverse FORM

Since the design point of the full analysis is known, the omission factors and the
increased contour level can be determined from (2.24). A new inverse FORM in the
n-j—dimensional U-space will then give the practical design combination. However,
this solution is only asymptotically correct for e; — 0 if the LSF is non-linear [33].
Given this 8*, an inverse FORM will then yield the RBDC. The full analysis result

provides a good starting value for u;,_;. Even though the method is not exact in
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most cases, it provides an internal quality check. If the resulting y, from the reduced
analysis is much different from the full analysis result, this is a clear indicator that

the LSF is too non-linear for the given c;-values.

2.7.4 Maximum Likelihood Method

In this method the dimension of the optimization problem (2.14) is directly reduced
to n-j. The method is applicable without modification. The likelihood of the most
likely combination (the “PML” x},_;) in the n-j—dimensional problem will be less
than for the true PML x3;, resulting from the n-dimensional full analysis. The ratio of
both likelihoods indicates how less likely this “constrained PML” X,;» yielding the
same response y, as the actual PML x3,, is to occur compared with the combination

given by the actual PML x.

2.7.5 Comparison Of Results

When these other RBDC are determined using the FORM method the new minimal
distance ||u*|| can be interpreted as a measure of the relative likelihood of occurrence
of the design combination with some fixed parameters, compared to the most likely
design combination. Both design combinations, however, result in the same response
level y,, with exceedance probability g.

When the MLL method is used for this purpose, a relative likelihood is obtained
at once. This is a relative probability density, rather than a relative pro’bability.

2.8 Comparison

2.8.1 General

All RBDC development methods discussed in this chapter are now compared with

each other on the basis of 6 criteria: required input, produced output and computa-
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tional effort are self explanatory terms. The applicability of the method combines
both the versatility and accuracy of the technique and explains for what type of
PDF and LSF the method can be applied successfully. The item model uncertainty
describes how second moment information about model uncertainty can be used to
determine the RBDC. Eventually, the term alternative design combinations stands
for the computational effort involved and accuracy obtained when the method is
used to determine other than “most likely” design combinations, given the solution

to the actual RBDC problem.

2.8.2 Forward FORM

1. required input: required reliability level ¢
2. produced output: RBDC x* and critical response y,

3. computational effort: requires iterative solution, each iteration is of a similar "

computational complexity as the inverse FORM calculation itself.

4. applicability: only exact for LSF which is linear in the standard normal U-
space. A non-linear LSF g,(u) may influence the quality of the results.

5. model uncertainty: inflated contours are most convenient, but only asymp-
totically correct. If Jlg—;% is easily determined, ignorance factors can be used

straightaway.
6. alternative design combinations: new n-j—dimensional forward FORM
2.8.3 Inverse FORM
1. required input: required reliability level ¢

2. produced output: RBDC x* and critical response y,
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computational effort: concise and straightforward

applicability: only exact for LSF which is linear in the standard normal U-
space. A non-linear LSF g,(u) may influence the quality of the results.

model uncertainty: inflated contours based on omission or expansion factors

alternative design combinations: approximate solution from inverse FORM us-

ing inflated contour level; exact solution from n-j—dimensional forward FORM

2.8.4 Maximum Likelihood

1.

2.9

required input: the critical response level y,

. produced output: RBDC x*

computational effort: actual RBDC development is of same computational com-

plexity as inverse FORM. Determination of g, increases computing cost.

applicability: is applicable to all problems. Output quality depends only on
the accuracy of y,, which may be determined using any structural reliability

computational method.
model uncertainty: ignorance factors
alternative design combinations: new n-j—dimensional log-likelihood maxi-

mization

Summary

In this chapter, the structural reliability integral is defined and some structural

reliability computation methods are reviewed briefly.
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Then, three methods for RBDC development are presented. Iterative forward
FORM and inverse FORM rely on the transformation of the basic variables to the
normal space and the First-Order reliability index 8. Aside from the RBDC they also
give a first-order estimate of the extreme response y,. In the maximum likelihood
method this extreme response has to be determined beforehand. This opens the
- option to use a more refined method to find the critical response y,.

It is shown how model uncertainty can be handled if only second moment infor-
mation is available and the practical development of design combinations is discussed

as well. Finally, the methods are compared with each other for different criteria.



- Chapter 3

Application To A Moving Load Problem

3.1 Overview

In this chapter a first application is given which demonstrates the different methods
presented in the previous chapter. It concerns a two-span continuous beam subjected
to two moving point loads. The example is intended to illustrate, in the simplest
possible way, the various methodologies for RBDC. To limit the computational work,
a };ivariate normal distribution is chosen for the two loads.

First, the influence of the correlation coefficient between the loads is studied with
respect to three response variables specified at the 107 level: the middle support
reaction, the bending moment over the support, and the mid-span deflection. The
load combinations yielding these critical responses are determined using both the
inverse FORM and Maximum Likelihood methods.

Subsequently, model uncertainty is introduced by assuming an uncertain settle-
ment of the middle support. The performance of the omission factor and ignorance
factor approaches is measured against “exact” results for the bending moment and

support reaction.

3.2 Problem Description

3.2.1 General

Consider the two-span statically indeterminate beam shown in Figure 3.1. Both
spans have equal length [ and constant bending stiffness ei. Two moving point

loads, P, and P, act on the beam; their spacing is [ and it is assumed that there is

40
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Figure 3.1: Moving load problem on a two-span continuous beam

always one load acting on each span (i.e. 0 < z < I). It is worthwhile re-stating that
the notation followed here is consistent with common practice in reliability analysis:
uppercase letters are used for random variables, while lowercase notation is used
for deterministic values of these random variables. Consequently, P; stands for a
random load variable, whereas p; is used for a particular occurrence of this random
load P;. This is in contrast with the notation usually adopted in structural analysis
where lowercase denotes distributed loads.

In this example three structural responses are studied: the reaction force Rp and
bending moment Mp at the middle support and the deflection Ap at mid-span. The
following sign convention is adopted: an upward support reaction Rp is considered
positive, the bending moment Mp is positive if it produces tension in the top fibre

of the beam and the deflection Ap is measured positively in downward direction.

3.2.2 Load Modeling

The loads P, and P, are assumed to be jointly normal: their mean value p is the
same, but their standard deviation and correlation are different. The coefficient of

variation (COV) of the load in the second span is selected at 10%. The parameter &k
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expresses the ratio of the two standard deviations and p is the correlation coefficient
(=1 < p<1). Only k > 1 is analyzed since the largest critical load level will always
occur in the first span in that case. This simplifies the formulas a lot and it can be
done without actual loss of generality since the problem geometry is symmetric. The

mean vector pp and covariance matrix Xp are:

,.»P=E<P)={E(Pl) }={p} (3.1)
E(P2) p

_ (0.1kp)2  pk(0.1p)2
pk(0.1p)* (0.1p)®

In the original basic variable space, this joint probability density function is

Var(P;) Covar (P, P,)
Covar(Py, P;) Var(R,)

Sp =

} (3.2)

consequently given as:

[ () 2o (322) (32)+ (22)']

1 exp e (3.3)

2rap,op,\/1—p>

fP(P1,P2) =

and the log-likelihood function is then:

telpn) == |(222) - 20 (52) (52) + (52) ] +» a9

where a, b are constants and a > 0.
The Rosenblatt-transformation (2.6) which is generally required to map the orig-
inal variables into the standard normal space is greatly simplified here since the

original variables are already normally distributed:

w | 1 cosp singp ;L;lﬂ (35)
Usg cos(2¢p) sing cos¢p %:22




43

where ¢ = 1 arcsin(—p). In the standard normal space the joint PDF (3.3) is given

as:

fu(ug,us) = 2= exp {——% (u% + ug)} = o= exp {—% ||u|[2} (3.6)

3.3 Derivation Of Influence Lines

3.3.1 General

In this section the structural models A(P;, P,) for the three responses of interest are
developed. The actual RBDC formulation afterwards is then as follows: find the
most likely combination of P, and P, yielding the response y, = h(P,, P») where y,
has an exceedance probability q. Here, h(P;, P») is formulated in terms of influence
ordinates:

h(P1, P2) = m(z) Py + n2(z) P2 (3.7)

where z denotes the position of the loads P, and P> on the span.

The derivation of the influence lines is based on the Miiller-Breslau technique
[19]. Since the loads in this problem are moving, the position of the moving loads
which results in the maximum effect of the action considered has to be determined
from:

d
(%Eaa:i{l h,(Pl, P2) = % [7]1 (IB)P]_ + 7’]2(,’17)P2] =0 (38)

3.3.2 Support Reaction Rp

To determine the influence line for the reaction force at B, the support B is removed
and a unit displacement in downward direction introduced at B. The corresponding
force f, required is:

_ 6ei

fu = l_3 (39)
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The deflected shape of the beam subjected to this load f, at point B represents the
influence line for rp. The influence ordinates for the first and second span (load P,
and P, respectively) are:
=3¢-3¢°
=1-824 1

where ¢ = 2 is the so-called natural coordinate for the position of the point load F;

(3.10)

on span i.

The structural response rp (3.7) is:
ro(pn,pe) =p1 (3¢ - 3¢°) +p2 (1 - 367 +36°) (3.11)

and has to be maximized with respect to £ according to (3.8). It can be shown that

(3.11) is maximal when:

k—vVKr:—k+1
Emax = ] (3.12)

with 1 = 22 If x = 1, (3.11) is maximal for { = 0.5.

It is interesting to see how much &n.x varies in function of &:

o k=0 = &nax = 1: load p; acts at point B, and py (= 0) at the right end C.
o & =1= &nax = 0.5: both load p; and p, act at mid-span (at D and E).

o Kk =00=>Enax = 0: load p; (= 0) acts at the left end A, and p; at point B.

The maximum load effect for every occurrence (p;,ps2) can be determined from
(3.11). Since p; and p, are random, the load ratio « and position for maximum effect

¢ (3.12) will be random as well.
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3.3.3 Bending Moment Mg

. To determine the influence line for the bending moment at B, a hinge and a unit

rotation are introduced at the support B. The moment m,, required to do so’is [19,

App. B]:
3et

=57 (3.13)

My

The deflected shape of the beam subjected to this bending moment m,, at point B
represents the influence line for mpg. The influence ordinates for the first and second

span (load P, and P, respectively) are:

(3.14)

where £ = ¥ is the so-called natural coordinate for the position of the point load F,.

The structural response mp (3.7) is:

(=€) +r(E —3§2+2§)] 5.15)

mg(p1,p2) = p1l { 1

with & = 2 and (3.15) has to be maximized with respect to { according to (3.8). It

can be shown that (3.15) is maximal when:

3k —/3(k*+K+1) (3.16)

Smax = 3(k—1)

It is observed that the variation of (3.16) as function of « is a lot less for the
bending moment mp compared with the support reaction mp. For x = 0, (3.15) is
maximal at £pax = % ~ 0.577 and for k = 1, (3.16) yields &yax = 0.5.

As before, p; and py are random. Consequently, the load ratio « and position for

maximum effect £ (3.16) will be random as well.
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3.3.4 Mid-span Deflection Ap

From Betti’s theorem, it follows that the influence line for the deflection at D is
given as the deflected shape of the beam when a unit load is applied at this point D.
Since the two-span continuous beam is statically indeterminate to the first degree,

the influence line will be obtained through the following procedure 19, pp. 381-382]:

1. determine the influence coefficient of the deflection 75, in the released structure
2. determine the influence coefficient 7, for the redundant force rp
3. determine the value of the deflection due to unit redundants 6,

4. the influence coefficient for the deflection at D 7s, in the statically indetermi-

nate beam is then 75, = 7s,,, + Mg Ou

The support reaction force rp is chosen as the redundant in the structure. Ac-
cording to step 1, 2 unit load is now introduced at « = [/2 in the released structure

and the deflected shape is determined:

212 Mg, = & (T2 — 4a?)

(3.17)
212 ns., = 5 (42 — 242®] + 3321? — 21°)

It is clear from Figure 3.1 that the load py will always be located to the right of D.
Consequently, the influence coefficient of the deflection ép for the load in the second

span in the released structure 7s,,,, is given as:

Mous = 5 (4(z + 1) — 24(z + 1)1 + 33(z + 1)12 ~ 21°)

(3.18)
= N, = gog (40° — 12271 — 31% + 111°)
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The influence line for the redundant force g was already obtained before, see (3.11).

Now, the value of §p due to a unit redundant 75 = 1 is calculated:

1178

T

(3.19)

Eventually, the influence coefficients 7; and 72 in (3.7) are obtained as 7s,,, + Mrp u:

T <1/2 M= 5 (—132% + 9zl?)
z>1/20 M = 5 (1923 + 33z1% — 48221 — 41®) (3.20)

for all z: 1o = g (2 — 322l + 2z1?)

After substitution for (3.20), The maximum of (3.7) is given by the formula for
z < 1/2 if K < 1 and obtained at:

3k + 3k2 - 17Tk + 39

Simax = 3k +13 (3:21)
and is given by:
3
o) = 22 [(06-136%) ~3s (€ -3 +2)]  (3.22)

The position &max Where the maximum is obtained is now almost invariant with
respect to 5. For & = 0, £pax = \/% ~ 0.480 and for k = 1, &max = 0.5. Since, as
before, p; and p; are random, the load ratio x and position for maximum effect &max

(3.21) will be random as well.
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3.4 RBDC By Inverse FORM And Maximum Likelihood

3.4.1 Inverse FORM

According to the methodology outlined in the previous chapter, we first have to
determine the reliability index corresponding to the desired risk level. Here, an
arbitrary level of ¢ = 10~ is chosen which yields 8 = —®71(g) = 3.72. Then, the
inverse reliability problem is formulated as an inverse FORM problem (2.13). In
order to solve (3.24) the structural response function A, has to be known in terms
of the standard normal vector u whose components u; are mutually independent.

Therefore, the transformation (3.5) is inverted:

‘ S —0,, Sin
D1 — p + Op, COS Op, S U (3.23)
D2 D —0Op, SiNY  Op, COSP Ug
and the inverse FORM problem can be formulated as:

{ Find rp 4 = max [hy (p1(u), p2(u))] (3.24)

subject to |lu]l =08 =3.72
3.4.2 Maximum Likelihood

When the maximum likelihood (MLL) method is used, the RBDC are obtained
through:

max £(py, p2) = —a [(%3)2 — % (%1512) (E"szﬂ> N (%32>2] o (3.25)
subject to h(p1,p2) = p1 M (&) + p2m2(é) = ¥, .

where a, b are constants and a > 0.
In this method the critical response y,, corresponding to the risk level g, must be

known beforehand. In this example, y, is determined directly from the distribution
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for the response variable of interest, which is obtained by Monte Carlo Simulation
(MCS).

Applying a basic variance reduction technique [3], the required number of simu-
lations can be substantially reduced. Since the correlation coefficient p is considered
as a parameter in this problem, the relative performance of the inverse FORM and
MLL methods, is of interest as well. ‘This relative performance indicates whether
both methods reflect the sensitivity of the result to p correctly or not. Symbolically,
the differences

dy, = Yoo = —1) — yq4(p) (3.26)

are of interest. The objective of the variance reduction technique is now to reduce

the uncertainty, typically measured as the sample variance, on the estimate of d,

B,q*
From

Var [dy,| = Var[ys(p = —1) — ya(p)] (3.27)
= Var [y,(—1)] + Var [y,(p)] — 2Cov [yg(~1), ¥q(p)]

it follows that making the Cov-term positive reduces the variance of y,. The Cov-
term in (3.27) is maximal if the random numbers used to calculate y,(—1) and y,(p)
are the same. This is easily achieved in simulation: using the same initial seed for the
random number generator (RNG) reproduces the stream of pseudo-random numbers.

Even when the absolute performance y,(p) is of primary interest, the former
method can be used to reduce the computer time. Once a specific value y,(po) is
obtained sufficiently accurate (e.g. from a long simulation) each additional point
Yq(p) can be obtained at a marginal cost by in fact estimating the difference y,(p) —
Yq(po) rather than y,(p).

It is obvious that this simple variance reduction technique is helpful only if a
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parameter sensitivity analysis (p in this example) is to be performed. If only one
value y, is of interest, more refined variance reduction techniques, such as described
in [3], [30], [48], and [57], must be used to cut the excessive computational costs of
crude MCS.

3.4.3 Middle Support Reaction Rp

Figure 3.2 compares the results for g ¢, p}, and p3, obtained from inverse FORM and
Maximum Likelihood for the case k = 1.01 as a function of the correlation coefficient
p (=1 < p < 1). The main conclusion from the graph is that both methods yield
almost identical results for the critical response rp 4. This will be discussed in more

detail in Section 3.4.6.

14 + 1.95
- 1.9
1.3 +
o 4+ 1.85
.21 118 G
& 11 +175 8
5] s 5
*6: 1 ’gupport reaction rg, TL7 ;:
T 0o 7165 .2
8 R - . I3 g
3 ~~—Maximum Likelihood +16 §
0.8 | - —- Inverse FORM Liss =
07 L multiplier: p 115
7Y A— = = =
-1 -0.5 0 0.5 1

Correlation coefficient p between P, and P,

Figure 3.2: Comparison between inverse FORM and MLL for & = 1.01

In a second step, the influence of the parameter % is studied. Figure 3.3 shows
the RBDC for k-values of 1.01, 1.1, 1.25, 1.5 and 2. The arrows on the graph point
in the direction of increasing k. Since the results for the inverse FORM and MLL
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methods are almost identical, only one set of solutions (inverse FORM) is presented.

The following conclusions can be drawn:

1.8 7

1.6 +

*. 14 +
=
5
*, 1.2 1
Q
3 g
X T ~——Load in Span 1
y et Load in Span 2
multiplier: p
0.6 : ’ : :
1 -0.5 0 0.5 1

Correlation coefficient p

Figure 3.3: RBDC for p? and p}, plotted as a function of the correlation coefficient
p and the COV-ratio k, for the reaction force at support B, obtained using Inverse
FORM.

e The critical response rp , increases as k, and thus the variance of the load in
the first span, increases. To avoid overloading of the graph, the values for 7z,
are not plotted. Their values are listed in Table 3.1 for p = —1, 0, and +1. As
k — oo, the level for rg, becomes independent of p. Since the load pj is then

much higher than p}, P, governs the response whence u} ~ § while u5 ~ 0.

o The load levels (after division by the standard deviation op,) corresponding to
p = %1 are invariant of k: Z=2 = 8, B2P — _fBforp=—1and Bforp=1.
Py TPy

PF is always positive since the variance of P is greater than for P,. The
1
actual load levels p} are invariant of & for p = &1 in the original domain as

well because the variance of load P, does not depend on k.



COV-ratio | Correlation between P, and P,
k p=-11 p=0 p=-+1
1.01 1.488 1.739 1.889
1.10 1.519 1.756 1.912
1.25 1.571 1.788 1.952
1.50 1.657 1.850 2.019
2.00 1.882 1.992 2.161
4.00 2.549 2.651 2.785

Table 3.1: Critical response g 4 for different values of p and k¥ (multiplier: p)

COV-ratio | Correlation between P, and P
k p=-11 p=0 p=+1
1.01 0.1886 | 0.2226 0.2576
1.10 0.1918 | 0.2393 0.2607
1.25 0.1971 | 0.2433 0.2660
1.50 0.2060 0.2504 0.2747
2.00 0.2237 0.2657 0.2922

Table 3.2: Critical response mpg 4 for different values of p and &k (multiplier: pl)

1
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e For low values of k, p} and p3 (or better, PP and Z7P) are almost identical,
» D 1 2 opy op

even for rather strong negative correlation (p = —0.6). This trend decreases

with increasing k. In the limit for ¥ — oo, pj is a linear function of p which

implies p5 = p (uy = 0) when the loads are mutually independent (p = 0).

This corresponds to what one intuitively expects: the response level is actually

governed by the variability of the more important load.
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3.4.4 Support Moment Mp

As before, the inverse FORM and MLL solutions are compared for a particular value
of k (Figure 3.4). Figure 3.5 shows the influence of the parameter k on the RBDC;
these results are obtained using inverse FORM. To avoid overloading the graph, only
the loads p} and p} yielding the critical response mp 4 are drawn. The actual support
bending moment mp 4 is not shown on the graph, the trend as function of p can be
seen from Figure 3.4. The critical bending moment level mp , varies with k in a way
similar to the support reaction rp, (see Table 3.2). Comparing these figures with
the ones for the support reaction response rg4 from the previous section, we may

conclude:

T 0.29
- 0.28
+0.27
- 0.26
+ 0.25
+0.24
+0.23

ending Moment m g,

Load p;* or po* (multiplier: p)
Moment at B (multiplier : p/)

0.9+
08 —Vaxdmum Dikelbood] | 022
I Sl Inverse FORM +0.21
0.7 Lo
0.6 4 ¢ ; ; 0.19
1 0.5 0 0.5 1

Correlation coefficient p between P, and Py

Figure 3.4: Comparison between inverse FORM and MLL for k = 1.1

e The discrepancy between inverse FORM and MLL is even smaller here. A

more detailed discussion is presented in Section 3.4.6.
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Figure 3.5: RBDC for p} and p}, plotted as a function of the correlation coefficient p
and the COV-ratio k, for the bending moment at support B, obtained using Inverse
FORM.

o As before, the load levels (after division by the standard deviation op,) corre-

sponding to p = %1 are invariant of k: Pg;p = £, pi;p = —f for p= —~1 and
1

equal to 8 for p = 1.

e The same trend to have u} and u} almost identical is observed as for the
support reaction response rg,. The trend is much stronger though than for
Tpq For k = 1.01, an almost pathological case is obtained, pj and pj; differ
only significantly when —1 < p < —0.97. For this reason the curves in Figure
3.5 were cut off at p = —0.5. Figure 3.6 shows this effect in a different way:
the total load p} + p} increases a lot faster for the bending moment mp , than
for the support reaction rg 4. This difference between the two RBDCs is even

more pronounced for & = 1.01 but vanishes as £ — co.
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Figure 3.6: Total load p} + p} resulting from the RBDC for Rp and Mp (k= 1.1)

e As before, the trend to have u} and u} almost identical decreases with increasing
k and in the limit for & — oo, p} is a linear function of p, similar to the previous

case.

3.4.5 Midspan Deflection Ap

First, the inverse FORM and MLL methods are compared for k£ = 1.01 (Figure 3.7).
Figure 3.8 shows the influence of the parameter k¥ on the RBDC; these results are
again obtained using inverse FORM. To avoid overloading of the graph, only the
loads p; and p; yielding the critical response ép, are drawn. The values for the
critical deflection ép , are listed in Table 3.3.

o The actual mid-span deflection dp 4 is not shown on the graph. The trend as
function of p can be seen from Figure 3.7: §p , now decreases with p. Since the
influence coefficient 72 is negative (3.20), the mid-span deflection will decrease

as P, becomes more and more important, i.e. as p increases.
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COV-ratio | Correlation between P, and P»

k p=—1 p=0 p=-+1
1.01 3.2520 | 2.9099 | 2.4117
1.10 3.3485 | 3.0003 | 2.5080
1.25 3.5002 | 3.1526 | 2.6684

1.50 3.7772 | 3.4101 2.9360
2.00 43132 | 3.9326 3.4712

Table 3.3: Critical response 6p 4 for different values of p and k (multiplier: ig%

o The RBDC resulting from inverse FORM and MLL actually coincide now. This
is not surprising when we consider that the influence coefficients 7; are now
almost constant because the position for maximal effect is practically invariant
of the relative magnitude of P, and P, (0.480 < £ < 0.5). Consequently, the
LSF in the u-space is almost perfectly linear resulting in an exact result using

First-Order reliability techniques.

e Once more, the load values (after division by their standard deviation op,)

corresponding to p = %1 are invariant of k: p;;p =8, pf;:’ = —ffor p=~1
1

and equal to 8 for p=1.

e Because the influence coefficients 7; and 7, have different sign, the loads pj
tends to be as small as possible. However, in the limit for £ — oo, pj is a linear
function of p, similar to the previous cases. This limit is now approached from

the lower side.

e The actual loads p} are now almost independent of p while p3 hardly depends
on k: there is only 15% variation on p} in the range k € (1, 00). For the more

practical range k € (1,2), this variation is even less than 8%.
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Figure 3.7: Comparison between inverse FORM and MLL for £ = 1.01

3.4.6 Discussion Of FORM Performance

Comparison Inverse FORM and Maximum Likelihood Method
As discussed in Chapter 2, both RBDC development methods are conceptually dif-
ferent. Inverse FORM first determines load combinations with a given exceedance
probability g, referred to as U- or f-contours, and then finds the maximum response
due to these loads. It is conceptually appealing that these circles are response in-
dependent. For a given exceedance probability ¢, the contour surface is always
the same. This is shown for the support reaction at B in Figure 3.9. The iso-
response curves vary with p, but the S-contour remains invariant. Maximization of
the response along this circle gives the critical support reaction rg4. The critical
iso-response lines for the bending moment mp 4 and mid-span deflection ép 4 are also
tangent to this circle, but they are omitted from Figure 3.9 for clarity.

The MLL method on the other hand first searches all combinations yielding the

critical response y,, and then looks for the most likely load combination among
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Figure 3.8: RBDC for p? and p}, plotted as a function of the correlation coefficient
p and the COV-ratio k, for the mid-span deflection of the first span, obtained using
Inverse FORM.

these. For a joint normal distribution the contour lines of the log-likelihood function
2p(p1,p2) and the U-contours actually coincide.

After back-transformation to the original variable domain, these contours are
presented in Figure 3.10 for k¥ = 1.01 and in Figure 3.11 for £ = 2. In this case the

back-transformed U-contours are ellipses:
U-contour = {p | [[u]| = [l¢(p)|| = 5} | (3.28)
and coincide with the log-likelihood contours:
{-contour = {p | £p(p) = £(p1,p2) = constant} (3.29)

The parameter k determines the ratio of the lengths of the axes of the ellipses while
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——FORM Contour
—-- Iso-Response Line

Figure 3.9: B-circle and iso-response lines for 754 in the standard normal space for
k = 1.01 and different values of p

the correlation coefficient p indicates the orientation of those axes [29]. The center
of the ellipses is located at the mean (1,1).

Since the loads are jointly normal, the PML p* and minimal distance point u*
are perfectly interchangeable through the transformation ¢. For & = 1.01 two local
PMLs can be identified for negative p, they correspond to two points in the standard
normal space whose distance to the origin is almost minimal (see Figure 3.9). As p
increases, the two local PML points merge into one global PML. For k = 2 only one
PML is found for the full range -1 < p < 1.

The First-Order approximation formula

q =~ d(—p) (3.30)

is based on the assumption that there is only 1 unique minimal distance point u*

and is consequently no longer correct for the case k¥ = 1.01. If the design points are
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Figure 3.10: Contour lines of log-likelihood and response rg 4 for k = 1.01

sufficiently far away from each other, a pragmatic adjustment for (3.30) consists of

adding the contribution of all design points uj ‘towards the failure probability:

gy 8(-f) (3:31)

where 3; represents the distance from design point uj to the origin.
Consequently, we may conclude that in this particular application an underesti-
mation of the failure probability by 50% still results in an accurate estimate for 75,4

(see Figure 3.2).

Linearization of g,(u) = 0 In Inverse FORM

From a comparison of the Figures 3.2, 3.4, and 3.7, it can be concluded that the
difference between the inverse FORM and MLL solution vanishes more and more.
At least for the positive range of p-values this is to be contributed to the nearly

linear shape of the limit state surface g,(u) = 0.
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Figure 3.11: Contour lines of log-likelihood and response rg 4 for k = 2

When the influence line for Mp was developed (see Section 3.3.3), it was pointed
out that the support bending moment was maximal when the loads P, and P, are po-
sitioned between 0.5 and 0.557 [. The same rationale can be made for the deflection
Ap where 0.480 < &nax < 0.5. This implies that the influence coefficients 7; and 7o
are not very variable and that, as a result, the structural response function & (3.7) is
almost linear in P, and P,. This quasi-linearity is not affected by the transformation
to the u-space because (3.5) represents a shift, a scaling and a rotation, operations
which do not affect the linearity. In short, the LSF in the u-space is quasi-linear

whence the very good performance of First-Order reliability techniques.

Quality Of Inverse FORM
It is observed that in this application the inverse FORM method always gives very
good results even though the First-Order failure probability estimate is not necessar-

ily accurate. As a matter of fact, the error on the response y, is more of interest than
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the error on the exceedance probability ¢. In structural reliability applications, g is

usually very small. Consequently the tail behavior of the distribution then becomes

important. The minus log-exceedance function:
L(y) = —In(q) . (3-32)

is widely used for the estimation of large quantiles y, of a random variable Y [2].
This function is plotted in Figure 3.12 for the response 73, and will be referred to
as the (L, y)-plot. For a wide class of distributions, this function becomes more and
more linear as ¢ — 0 [7]. A linearization is then justified, whence the following

error-estimate for the critical response y,:

L(rﬂ.q) = -In(q)

5 1.55 1.65 1.75 1.85 1.95
Reaction Force at B (multiplier: p)

Figure 3.12: Minus log-exceedance function for Rp, k = 1.01, and different p-values

Alng

T (3.33)

IquI =
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where L'(y,) is the slope of the (L,y)-plot at the estimate for y,. From (3.33) it
follows that a crude estimate for ¢ may be satisfactory as long as the slope L'(y,) is

not, too small.

For p = —1 and k = 1.01, the error Alng ~ In2 = 0.69, the slope L'(rg4) = 74.5,

0.69

7iz = 0.0093. As a result, an error of 50% on ¢ is reduced to an

whence Arg, =
error of only 0.6% on rp4. This corresponds to the difference between the inverse
FORM and MCS result for rg,. For p = 1, this slope L'(rp,) is smaller, which
requires a more accurate estimate of the exceedance probability ¢ to maintain the
same accuracy on T q.

It is important to stress that this tail behavior accounts for all sources of er-
ror: both non-linearity of the LSF and multiple PML problems. In this particular

application the tail behavior of 7p compensates for the error on g.

3.4.7 Comparison Of Design Criteria

It may be concluded from the Figures 3.2, 3.4, and 3.7 that the load levels p} and p;
are very different for the three responses. Since the influence coefficient 7, in (3.20)
is negative, this is to be expected for the deflection response. This is also reflected in
the marginal exceedance probabilities for p5. Figure 3.13 clearly indicates that the
load P, tends to be as low as possible. It also shows, however, that the RBDC for
Rp and Mp are quite different as well. This seems in contradiction with what one
expects since both responses are clearly strongly correlated. Figure 3.14 explains
this difference.

The arrows in Figure 3.14 point at the position of maximum effect for p] and ps.
The load values for k£ = 1.01 are printed above the beam, and for k¥ = 2 under the
beam. The values s; between brackets indicate the number of standa;rd deviations

this load value p} is away from the mean and is related to the marginal exceedance
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Figure 3.13: Marginal exceedance probability for load p} as a function of p and & for
the three responses

probability plotted in Figure 3.13:
Pr(P; > pi) =1—®(s;) (3.34)

Figure 3.14 shows that the difference between the two RBDC is caused by a different
position of maximum effect Zya.x. Even though Rp and Mp are correlated for most
values of P, and P,, their extremes are different. Assume for instance P, > P, the
maximum reaction force Rp is then obtained when P, is located near the support B.
This causes only a very small bending moment though. Recall that the position Tmax
for maximum bending moment is always located between 0.5{ and 0.577 [, while this
range is much wider for the reaction force: 0.5! < Tpax < L.

It is most pronounced for strong negative correlation between P, and P; and is
stronger for increasing values of k£ as well. This can also be seen from Figure 3.13:

for k = 1.01 the marginal distributions of p3 almost coincide for p > —0.6, while for
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Figure 3.14: Comparison of p} and p} (multiplier: p) for the critical support reaction
and bending moment at B as a function of k¥ and p.

k = 2 they are clearly different until p > 0.5.
The RBDC development clearly indicates these different extremes and conse-

quently provides a better understanding of the underlying (extreme) behavior.

3.5 Model Uncertainty

3.5.1 Problem Description

The performance of the approximate methods accounting for model uncertainty, pre-
sented in the previous chapter, is now examined. In this example, model uncertainty
is introduced through an uncertain settlement of the middle support at B, which is
treated as a model error here.

It was already pointed out in the previous chapter that the approximate methods

dealing with model uncertainty (e.g. ignorance factors) are accurate only as long as
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the model uncertainty does not gévern the response. Since it is clear that the mid-
span deflection §p is highly affected by a support settlement 6, this response variable
will be excluded from this model uncertainty analysis.

Because the mean value of this support settlement is not equal to zero, the
response levels obtained before can not directly be compared to the new ones, a shift
is required.

The exact, modified, structural response model h, resulting from a structural
analysis is [19]:

6ei
r8(p1,02,68) = M (%5 - %§3> + p2 ( -3 %53) - —Z?(SB (3.35)

H

mg(p1,p2,08)

For the subsequent analysis, it is convenient to express this support settlement

3
65 =025 (3.37)
€l

where 6 is a parameter, indicating the magnitude of the support settlement. This
selection for 65 expresses the model uncertainty in (3.35) and (3.36) with the same
multipliers p and pl as the actual responses Rp and Mp and allows a more elegant

formulation of the results. Substituting (3.37) in (3.35) and (3.36), we obtain:

ra(pLpnd) = p1(36-3)+m(1-3-16)—60p  (3.38)

pil [(5 —&) (is —38¢+ 25)] — 30l (3.39)

mg(p1, P2, 0)

Now consider ¢ to be uncertain with a lognormal distribution for ©. Note that
this distribution becomes more and more skew with increasing COV. The mean 8 of

© then describes the magnitude of the mean support settlement, while the variation
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of © represents the actual uncertainty around this mean value.

3.5.2 “Exact” Results

General
When © is considered an additional random variable in the problems (3.38) and
(3.39), “exact” results for the RBDC can be obtained. In this section we compare
the solution obtained using inverse FORM with the MLL method and an omission
factor approach using the exact lognormal distribution for ©. In the following the
COV of © is studied as a parameter of the problem.

Since § # 0 in general, the response levels obtained before can not be directly
compared to the new ones. A shift over 6g, = E(Ag,) = —60p or Spry = E(Apg) =
—30 pl is required.

Middle Support Reaction Rp

First, the “exact” solution is obtained directly from the distribution for Rp, which is
obtained by Monte Carlo Simulation (MCS). Then this is compared with an inverse
FORM solution, including a third standard normal variable Us, representing the

model uncertainty parameter © after transformation into the u-space:

In (§) —E(n(0))
Oin(©)
with E (In (©)) =In(E(©)) — %012“( o) (3.40)

and Tin©) = 4/1n (1 + U%)

Figure 3.15 compares the RBDC using inverse FORM with the results using MCS
for k = 1.01, p = 0 and 6 = 0.1. The third line shown on the figure represents the

Ug =

RBDC when an “exact” omission factor is used. This result is listed in Table 3.4

obtained as follows:

1. determine the sensitivity factor: ag = uz/
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Figure 3.15: Comparison of “exact” rg4 for k= 1.01, p=10and § =0.1

2. calculate the inflated contour level §* from the omission sensitivity factor:

B

b= /1 — o

3. find the approximate response level using inverse FORM, with uz = 0 as the

omitted variable.

A few remarks may to be added here: step 2 is correct only if the LSF is linear, for
non-linear limit states this valid in an asymptotic sense as & — 0. The approximation
gradually worsens as « increases. This is also clear from the Table 3.4 which shows
the monotonic relationship between model uncertainty COV and o as well.

It may be worth noting that ug = 0 fixes © at its median level and not the mean.

This median value depends on the COV and can be calculated from (3.40).
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COV (%) | o3 | Relative Error (%)
0 0 -0.5
5 -0.26 -0.4
10 -0.44 -0.6
15 -0.53 -1.4
20 -0.59 -2.5

Table 3.4: Error on rp, using an “exact” omission factor

COV (%) | o3 | Relative Error (%)
0 0 -0.08
20 -0.31 -0.07
40 -0.39 -0.54
60 -0.40 -1.00
80 -0.39 | -1.17
100 -0.38 -1.08

Table 3.5: Error on mp, using an “exact” omission factor

Support Bending Moment Mp

Similar to the support reaction, Figure 3.16 compares the RBDC for the bending
moment Mp using inverse FORM with the results using MCS for k = 1.01, p = 0
and § = 0.01. The third line shown on the figure shows mp 4 when an “exact” omis-
sion factor, outlined in the previous section, is used. This approximation gradually
worsens as o3 increases (see Figure 3.16 and Table 3.5). Since the model uncertainty
is a lot less (§ = 0.01), the induced error is now much smaller than for the support

reaction and stabilizes around 1% (a5 ~ 0.4).
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Figure 3.16: Comparison of “exact” mpg, for k =1.01, p =0 and § = 0.01

3.5.3 Approximate Second Moment Solutions

General

These methods use only first and second moment information of the model error ©.
Basically, this comes down to assuming a normal distribution for the model uncer-
tainty. For both responses an omission and ignorance factor approach are compared
with the “exact’ value obtained using MCS. For the omission factor approach the
sensitivity of the RBDC to the a-value is studied as well. The standard normal
variable Us, representing the model uncertainty parameter © after transformation

into the u-space, is now obtained as:

_ §—E(©)

Jo

us (3.41)

In this case an inverse FORM and omission factor approach are almost identical

since the model uncertainty is represented by an independent, normally distributed
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random variable and both approaches use the same linearization of the LSF at the
design point u* (see Chapter 2 and [33]) Since the LSF is almost linear, there is
hardly a difference between the linearization of the LSF at the slightly different
design points u*. Because a3 can only be obtained from a full analysis (including
Us), the omission factor approach will usually be based on an estimate of ag [56].
Therefore, the effect of a 10% error on a3 is analyzed as well. The method works as

follows:
1. perform an inverse FORM analysis based on (3.41)
2. determine the sensitivity factor: as = ug/8
3. modify a3 by 10% — &

4. calculate the approximate inflated contour level * from the omission sensitivity

factor:

7 = B
-

5. find the approximate RBDC using inverse FORM, with uz = 0, i.e. © =0, as

the omitted variable.

Support Reaction Rp
Figure 3.17 shows 75,4 ﬁsing inverse FORM for the inflated contour level 8* with
the results obtained from MCS for £ = 1.01, p = 0 and § = 0.1. The inflated
contour level becomes quite sensitive to a correct estimate of cig when a3 becomes
rather large, say for COV > 0.1 (see Table 3.6). It may be interesting to point out
that 8 = 3.72 corresponds to an exceedance probability ¢ = 1074, 8* = 5.67 to
g="72x10", B* 00, = 5.07 to ¢ = 2.0 x 1077, and %4, = 6.68 to ¢ = 1.2 x 10~

The ignorance factor for the additive model uncertainty in (3.38) is calculated as
well and the result is compared with the inflated contour results. Based on (3.35)
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Figure 3.17: Comparison of second moment approximations for rp, for k& = 1.01,
p=0and § =0.1

and (3.38), the LSF can be written as:
g(P,0) =rpq ~ [A(P1, ) — 6p O] (3.42)

We can now calculate the asymptotic ignorance factor for additive model uncertainty
for this LSF [36]:

- VY| 0g
0* ~ 8§ — 152 [l————] 3.43
2vg lvgl 50 p*,_é ( )
s _p\? «_p\?  37.5422
Ve = \] (“—29) + <p2 . p) =2 (3.44)
Op Ope p
Vgl = 1/(38r — 2.0+ (2— 362, + 6507 = 09723 (3.45)
9 _ _gp (3.46)

a6
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COV (%) | a5 By B Bl
0 0 3.72 3.72 3.72
5 -0.28 3.84 3.88 3.82
10 -0.50 4.16 4.29 4.45
15 -0.65 4.60 4.92 5.37
20 -0.76 5.07 b.67 6.68

Table 3.6: Inflated contour level g* for rp , using approximate second moment meth-
ods

oe = 6COV(®)=0.1COV(O) (3.47)
Substituting (3.44) to (3.47) in (3.43), the following asymptotic result is obtained:
* — 9 ~ 1.158 [COV(O)]? (3.48)

The model uncertainty in (3.38) or (3.42) is now fixed at the ignorance factor
level 8* instead of the mean 8 and the RBDC are determined in the two-dimensional
u(u;,up)-space. Maes [36] proves that the value for rp 4, resulting from this analysis,
is a second order approximation for the true value of rp, around © = §. The graph
supports this ﬁndirig.

It can be concluded that both approaches are equally valuable. Even though
inverse FORM using the “exact” second moment inflated contour seems more accu-
rate, it has to be considered that this “exact” second moment sensitivity factor «
is generally not available. The a-value must then be estimated [56]. The ignorance
factors, however, can be obtained exactly from the reduced analysis results (where

0 =70).
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Support Moment Mp

Figure 3.18 shows the RBDC for the bending moment at the support Mp using
inverse FORM for the inflated contour level 8* with the results obtained from MCS
for k = 1.01, p = 0 and § = 0.01. Even thougli the average magnitude of the
model error is now a lot smaller, it is observed that this model error © gradually
dominates the problem as its COV increases (|as| approaches 1). Since the lognormal
distribution for the model error becomes skewer and skewer with increasing COV,
the second moment approximation for the model error (which has zero skewness)
deteriorates. As a result, the inverse FORM method using inflated contour levels

can not accurately account for the model uncertainty.
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Figure 3.18: Comparison of second moment approximations for mp, for k = 1.01,
p=0and 8§ =0.01

It is again observed that the ignorance factor approach yields a second-order
approximation for the true response level mp 4 around © =14.

As long as the model error COV is not excessively large (say less than 0.5), both
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COV (%) | as By B Brow
0 0 3.72 3.72 3.72
20 -0.39 3.97 4.04 4.12
40 -0.65 457 4.87 5.28
60 -0.78 5.26 6.00 7.37
80 -0.86 5.88 7.30 11.53
100 -0.90 6.39 8.69 34.23

Table 3.7: Inflated contour level §* for mp, using approximate second moment
methods

approaches yield equally accurate results. For larger values of the COV, the as-
values clearly indicate that these approximate solution methods can not work any
longer since the model error which is excluded from the analysis obviously governs
the problem. Consequently, a 10% variation of a3 yields useless estimates for 5* (see

Table 3.7) and the response level mp 4 (error bars on Figure 3.18).

3.6 Summary

In this chapter the performance of the various methods and techniques described
in Chapter 2 are compared and evaluated by means of an application, taken from
structural analysis. RBDC for the design of a two-span continuous beam, subject to
two moving loads, are developed for three responses: middle support reaction force,
support bending moment and mid-span deflection.

In this problem the inverse FORM and MLL methods yield almost identical
results since the limit state function (in the standard normal u-space) is almost linear.
The inverse FORM method is computationally more efficient since it automatically
yields the critical response y, as well. When MLL is used, the response is obtained

through simulation.
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It is demonstrated that an omission sensitivity factor and an ignorance factor
approach yield equally valuable results when model uncertainty is present. These
shortcut, approximate, procedures are compared with “exact” results for a lognormal
model error ©.

It is shown that an ignorance factor approach yields a second-order approximation
for the critical response around © = §. In this example, their performance is found
to be satisfactory as long as the COV of the model uncertainty does not exceed 0.2.

In this example, it is observed that an inflated contour approach based on the
model uncertainty sensitivity factor ¢, yields good results too as long as |ae| < 0.4,
i.e. when the model uncertainty does not govern the problem. This is in agreement
with results reported by Winterstein [56]. An estimate for o, within 10% of the exact

sensitivity factor «, is sufficiently accurate in this particular example.



Chapter 4

Application To Ocean Wave Modeling

4.1 Introduction

In this example, RBDC for an extreme wave crest height ¥ are determined. The
input environmental parameters are the significant wave height H, and the peak
spectral period T». This example is of practical interest since Y determines the deck
level of a fixed offshore structure which is required to avoid wave impact loading.
The data for this problem are taken from Winterstein et al. [56].

First, the extreme wave crest height Y is replaced by its median value yo 5 and the
critical response is determined for return periods of 10, 100 and 1000 years. Then,
an “exact” solution, assuming Poisson upcrossings for Y, is computed. Finally,
the approximate methods accounting for model uncertainty (inflated contours and

ignorance factor) are compared with this exact result.

4.2 Problem Formulation

4.2.1 . Definitions

In ocean wave modeling the term “wave height” is used for the vertical distance
between a crest and the preceding trough (Figure 4.1). The “crest height” is defined
as the vertical distance between a crest , i.e. wave maximum, and the mean water
level. In the zero-crossing method, the time T between two consecutive zero up-
crossings of the wave is defined as the zero (up-)crossing wave period [42].

From these definitions, it is clear that the crest height is a more meaningful design

parameter than the wave height for fixed, bottom-founded offshore structures [27].

7



78

/ \ _ 2 Ya
Y, \ T By i
l \ hy \ T:/T‘ time .
\\ N1/ [ \ \hs
hs
§ t2 i3 {4 {5

Figure 4.1: Definition of wave height h, crest height y, and zero-crossing period ¢

The platform deck elevation must be selected on the basis of a “maximum” crest

elevation.

Hs.z Tp.3 Hs.4 .Tp.g

time

T
]
|

short term seasiote

Figure 4.2: Long term modeling as a series of stationary, short term seastates

Long term predictions are modeled as a series of stationary seastates in which
the seastate parameters are constant (see Figure 4.2). The stochastic process theory
gives the distribution of the crest height of a wave conditional upon the seastate

under the following assumptions [45]:

1. Ocean waves are taken to be a wide sense stationary, zero mean, ergodic,
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Gaussian process
2. Wave spectral density functions are narrow banded
3. Wave crest maxima are statistically independent

4. The statistical properties of ocean waves are homogeneous, i.e. independent of

the local position

4.2.2 Wave Climate Description

For short term periods, the wave elevation y(t) can be described as a realization of
a zero mean stationary Gaussian process. Consequently, this process is completely
described by the spectral density function Sy,(w) which is the Fourier transform of

the autocorrelation function R(7) [44]:
+00 .
(W) = / R(r)e~# dr (4.1)

where j = /—1, w denotes the frequency and 7 the time difference. The autocorre-

lation function of the y(t) is defined as:
R(r) =E [y +7)y(®)] (4.2)

For long term predictions, this model is extended over a series of stationary
seastates which are parameterized by the significant wave height Hg (in meter) and
the peak spectral period Tp (in seconds). The significant wave height is defined as
the average of the highest one-third of the waves. The spectral peak period is the
period T corresponding to the frequency w where Sy, (w) is maximal.

The wave climate model considered is this application was developed by Haver

and Nyhus for the North Sea [21], [22]. For the northern part of the North Sea they
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suggest the following Weibull distribution for Hg:
he \1:547
Pr(Hg < hs) = Fi,(hs) = 1 — exp {— (%) } (4.3)

A lognormal distribution is used for Tp, conditional upon the value for Hs. Its

parameters are:

E(In(Tp) |hs) = 1.59 +0.42In (hs +2) (4.4)
Var (In (Tp) [hs) = 0.005 +0.085 exp (—0.13 h§™) (4.5)

For the JONSWAP wave spectrum, which is most commonly used for the North

Sea, the average zero up-crossing period is approximately given as:
Tz = Tp (1-02977°%) (4.6)
where 7 is the peak factor of the JONSWAP spectrum [9].

4.2.3 Maximum Crest Height Prediction

For a short term seastate, the relative frequency of large crest heights ¥ is modeled
by the Rayleigh distribution when a narrow band spectrum is assumed. The CDF
is:

Frins(y) =1~ exp {~8 ()"} (47

Y -upcrossings of a high level y can be accurately described by a Poisson process
since they are rare events. The expected number of waves in one seastate with

duration Tss is T'ss/T'z. Consequently, the CDF of Y over the full seastate is then

Pr(Y > y)=exp {— (Irﬁzi) [1 - FY|hs(y)}}
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= exp {—— (Ii?;) exp [—8 (%)2} } . (4.8)

Using 3 hour seastates and a peak factor v = 3.3 in the JONSWAP wave spec-

trum, the following result is obtained for the up-crossing problem:

Pr(Y > yltp, hs) = exp {—— (E%g) exp [—8 (%)2]} (4.9)

4.2.4 Solution Approach
Winterstein et al. [56] break the extreme crest height determination up in 2 steps:
1. ignore the uncertainty on Y, given the seastate parameters Hg and Tp. This

is achieved by using the median response level yo5 from (4.9) for Hg and Tp

corresponding to the required reliability level, i.e. return period.

2. compensate for the uncertainty in Y, by selecting Hg and Tp, corresponding to
a higher reliability than required such that the median response 35 for these

new Hg and Tp values equals the correct value y,.

4.3 Median Extreme Crest Height

4.3.1 RBDC Using Inverse FORM

The median extreme crest height g5 is found by setting (4.9) equal to 0.5:

i (2)

Yos (Hs, Tp) = Hs\| ——

(4.10)

The different steps of the inverse FORM method are:

1. Determine the reliability index § for the different risk levels. For this purpose

the return period n must be formulated in terms of the exceedance probability
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g for a 3-hour seastate. Since there is 2920 3-hour seastates in a year

g=1- 2311 (4.11)

where 1/n is the annual exceedance probability corresponding to a return pe-

riod n. Finally, we obtain the following expression for g:

B=—p1 (1 _ 292{,/'1_—%> (4.12)

2. Transform the standard normal vector U to the original basic variable space,

e.g. using an inverse Rosenblatt-transformation:

{ Hs = Fgl (2 (Uh)) (4.13)
Tp = Frojps (2 (U2) |hs)
whence '

Hg = 2.822 **/—~In(1 — &(07)) (4.14)

Tp = exp {E(In(Tp)|hs) + Uny/Var(ln(T) s) }

3. Solve the inverse FORM problem:

In 23053.2
Find 305 = max |hs(u) -ﬁ——z” ©

8 (4.15)
subject to |u| =8 =—®"(q)

The results obtained by Winterstein et al. [56] for (4.15) for return periods of 10,
100 and 1000 years are given in Table 4.1.
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Return Period n [yr] | yos5,4 [m] A% [m] ¢5 [s]

10 12.1 12.69 15.05
100 13.7 14.51  15.80
1000 15.2 16.18 16.46

Table 4.1: Inverse FORM results for the median extreme crest height yo5

4.3.2 RBDC Using Maximum Likelihood

Determination Of The Critical Response Level

When using the MLL method for RBDC development the critical response level
Yo0.5,q, corresponding to the median extreme crest height for a return period n, must
be known beforehand. This level can be determined exactly from the distribution
for Yps. Consider the PDF for Hg and Tplhg; from (4.3), (4.4) and (4.5) follows:

0.547 1.547
fus(hs) = 13 (hs) eXP{—- (%) } (4.16)
2
= —t _1 [ In(tp)-E(n(Tr)|ks)
froas(tplhs) = v T eXp{ 2( T )} (4.17)

Now, the distribution for Yy 5 is determined from the joint density for Hg and Tp:

fus1p(Rs,tp) = fus(hs) frems (tplhs) (4.18)

Consider the transformation:

20053.2
In{ o

1 =Yos5 = hs 3 (4.19)

x2=h5
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The joint density fx, x, is then given by (see [23]):

Fxux2 (%1, Z2) = fxo(%2) Fxyx, (z1]22) |J] (4.20)

where |J| is the Jacobian of the transformation (4.19):

S 3 2212

— 1 T2 —_— z . &z

=| % %= | = 52085072 (;%)exp{ 2(?21)} (4.21)
Oz1 Bzo

This exceedance probability ¢ is:

a=["dm [ fralm) i @) V] do (422)

This density function is plotted in Figure 4.3 and indicates that solution of (4.22) by
numerical integration is not straightforward. Since the integrand is almost a spike
function, the integration domain and quadrature rule must be carefully selected on
a case by case basis. Therefore, evaluation of small failure probabilities by common
integration rules is to be avoided in general. The integration error easily amounts to
the order of magnitude of the failure probability.

After substitution of (4.11) in (4.22), the critical response 35, can be deter-
mined as function of the return period n. This was done using three different meth-
ods: direct numerical evaluation using Newton-Cdtes integration, using Breitung’s
Second-Order asymptotic probability integral approximations [6] and using Asymp-
totic Importance Sampling [39]. The results are practically identical to the inverse
FORM critical response levels and listed in Table 4.2.

RBDC Development
The RBDC development using the MLL method can now be applied:
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Figure 4.3: Joint density plot for fx, x,(%1,2Z2) = fve.s,u5(Yo.s5, Ps)
1. The critical response levels yo.54 are known and given in Table 4.2.
2. From the joint PDF (4.18), the log-likelihood function is determined:

1.547
2.822) —In (Uln(Tplhs)) —In(tp) (4.23)

2
1 { In(tp)—E(n(Tplhs))
—~2-<n p)— AL PIS ) + constants

Iin(Tplhg)

L(hs,tp) = 0.547In(hs) — (555

Return Period n [yr] Newton-Cotes SO-Asymptotic AIS

10 11.99 12.00 12.03
100 13.74 13.75 13.70
1000 15.25 15.26 15.24

Table 4.2: Estimation of median extreme crest height o5, using different methods



86

Return Period n [yr] 1y, [m] A% [m] ¢} [5]

10 12.03 12.68 14.95
100 13.70 1449 15.70
1000 15.24 16.16 16.34

Table 4.3: RBDC results using the MLL-method for the median extreme crest height
Yo.s

3. The solution (h¥%,tp) to the problem

max £(hs, tp) = In (fas,70 (hs, tp)) = (4.23)
In 20053.2 (4'24)

tp

subject to hg 3 = Yo.5,9

represents the most likely combination of the environmental input variables,

yielding the critical response.

The resulting RBDC are given for the various return periods in Table 4.3. The
results are almost identical to the inverse FORM solution.

4.3.3 Comparison Of Inverse FORM And MLL

Both RBDC development methods are conceptually different. This is illustrated
in Figure 4.4 Inverse FORM searches for the maximum response %p.smax along the
transformed U-contour. The MLL method searches for the PML along the iso-
response line Y05 = Yo.5,4-

In this‘case, the transformed U-contour lines and the iso-loglikelihood contours
are no longer identical. Recall that the U-contour connects all points: with joint
occurrence equal to ¢ = ®(—f3), while the iso-loglikelihood line is a line of equal
probability density.

At the RBDC combination the iso-response line is tangent to the transformed U-



87

25 1
/'{__’_T.’.': oo -—.::—': \\\\\\
L0 T e TS
0ls T Tl
;/ .n.-""--..?
l’ .
15 & ——Iso-Response Line
o - -- U-Contour in Original Domain
P B Iso-loglikelihood Line
10 ¢
51 ,,_4.—.7-’--""’"'
0 ;
0 2 4 6 8 10 12 14

Figure 4.4: Comparison of Inverse FORM and' Maximum Likelihood Method to find
the RBDC

contour, since it represents the maximum response along this contour line. At this
point the iso-loglikelihood contour is tangent to this response line, since it represents
the maximum loglikelihood along this response line. Consequently, the gradient of
the transformed U-contour and of the log-likelihood function coincide at the PML.

4.4 Maximum Extreme Wave Crest Height

4.4.1 Ezxact Solutions

General

So far, the uncertainty on the maximum crest height Y, given hg and ¢p, has been
ignored. Using the upcrossings result (4.9), an exact solution can be obtained. Figure
4.5 shows the distribution for Y, given h§ and t}, i.e. hg and ¢p at the PML of the
simplified analysis when Y is replaced by the median yg 5, for the three return periods

of interest. The plots show increasing scatter for the response Y as the return period
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n increases. Consequently, it is expected that the differences between the maximum
extreme wave height y, and the median extreme wave height yo5,4 will increase with

the return period n.

0.45
el
0.35 +

o
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t

0.25 +
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Figure 4.5: PDF of response Y, conditional upon hj and tp

RBDC Using Inverse FORM

When Y is considered a third random variable of the problem, an inverse FORM
yields the RBDC results given in Table 4.4. The omission sensitivity factor ay =
ul- /B is listed as well. o indicates the fraction of the total uncertainty caused by
the uncertainty on Y. Since ay increases with the return period n, the difference
between y, and yo.54increases (see Figure 4.6). This is expected since the scatter
on Y increases for higher return periods (see Figure 4.5). It is to be notéd that the
values for h} and t} are now consistently lower than for the median extreme wave

height.



89

Return Period n [yr] | 8 vy, [m] h%[m] ¢ [s]]| ay

10 397 1278 11.83 14.76 | 0.36
100 450 14.86 13.21 15.36 | 0.40
1000 497 16.87 14.40 15.85|0.44

Table 4.4: Inverse FORM results for the maximum extreme crest height

Return Period n [yr] q Yq [m] A% [m] tp [s]
10 3.61x10™° 12.82 12.06 14.68

100 3.44 x 107 14.85 13.38 15.26

1000 343 x 1077 16.75 1445 15.71

Table 4.5: RBDC results for the maximum extreme crest height using the MLL
method

RBDC Using Maximum Likelihood

The exact maximum extreme wave crest height y, for a particular return period n is

now found as the solution of:

Pr(Y >y,) = /y ” dy /) ” dip /0 ” fri#s,me (U) frojms (tp) fas(hs)dhs =q (4.25)

where g is the exceedance probability per seastate corresponding to the return period
n (4.11). The values for y, and the input parameters h§ and tp resulting from the
RBDC development for the various return periods are estimated using MCS and
listed in Table 4.5. Figure 4.6 shows that these results are practically identical to
the inverse FORM solution.
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Figure 4.6: Median and Maximum Extreme Wave Crest Height

4.4.2 Second Moment Approximations

Inverse FORM Results
Winterstein et al. [56] approximate the real PDF fy|z, 1p (y), shown in Figure 4.5,
by

Y (Hs,Tp,©) = yos + © (4.26)

where © is a normal distribution with mean § = 0. The standard deviation of ©
is readily obtained as the second moment of the actual PDF fyn, ., () about yo.s.
It is important to note that this normal “model uncertainty” distribution actually
depends on the PML and the PMLs are different for the various return period (see
Tables 4.1, 4.3 and Figure 4.5).

For this normal approximation, the maximum extreme wave height for the three
return periods is estimated using MAIS [39]. For this purpose the program MAIS
was modified to allow for conditional sampling. The COV on the MAIS results is
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less than 0.3%. The obtained maximum extreme crest heights are shown in Figure

4.7.

Winterstein et al. [56] used an inverse FORM approach to determine these max-

imum extreme crest heights; their results are practically identical to the AIS results

(see Table 4.7).
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Figure 4.7: Second Moment Approximations for ©

Table 4.6 shows the impact of replacing the exact distribution for Y, given 35,
by the normal approximation ©. It may be concluded that the normal approxima-
tion is justified in this case. Because the model uncertainty is not too important
(ay is relatively small), a central modeling is sufficiently accurate. Since the sensi-
tivity factors ay are slightly higher for the actual distribution than for the normal

approximation ©, the resulting critical responses y, are a bit higher as well.



92

Exact Distribution for Y Normal Approx. ©
Return Periodn | 2 B B*/B y, | &% (B B*/8 vy,

10 0.13 4.25 1.07 1278 |0.10 4.19 1.05 12.69
100 0.16 491 1.09 14.86]0.12 4.81 1.07 14.67
1000 0.19 5.53 1.11 16.87(0.14 5.37 1.08 16.54

Table 4.6: Comparison of Inverse FORM solutions using the exact distribution for
Y'|hs,tp and the normal approximation ©

Inflated Contours

Unlike the previous example, the inverse FORM results for the full problem, including
Y, no longer coincide with the ones obtained from an inflated contour approach
using the exact omission sensitivity factor. This can be understood as follows. The
“model uncertainty”, i.e. the standard normal ©, now depends on the basic variables
in the simplified problem, Hg and Tp in this case. Consequently, the design point
u* = (u},s, u}P), or its equivalent in the original variable domain, the PML (h%,t})
will be different for both cases. As a result, the LSF will be linearized in a different
point. Depending on how much the PMLs differ for both cases and how non-linear
the LSF is near those PMLs, the inverse FORM and inflated contour results will
differ more or less. Typically, the PMLs will be close to each other, at least when
the model uncertainty is not too important. As a consequence, the difference between
the two results will generally be small for not too non-linear LSF.

The exact sensitivity factor ¢ is usually not available, unless a full analysis is
performed. Winterstein et al. [56] acknowledge this problem and suggest a reasonable
range for o? for offshore structures: 0.05 — 0.25, and most commonly 0.1 — 0.2.
Here, the exact o-value was modified by +10%, similar to the procedure used in
the previous example. The consequence of replacing #* by this modified B* on the

maximum extreme wave height response y, is shown as the horizontal error bars in
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Return Period n | MAIS | Inv. FORM  8*  B*y0s Bliow | Ien. Fact.
10 12.80 | 1269 1271 1257 12.87 | 12.80
100 1483 | 1467 1470 1450 14.94 | 14.69
1000 1680 | 1654 1654 1631 1692 | 16.52

Table 4.7: Comparison of estimate for y, using various approximate second moment
formulations

Figure 4.7 and in Table 4.7.

Ignorance Factors

The ignorance factor approach suggested by Maes [36] avoids the estimation of omis-
sion or sensitivity factors. This (multiplicative) ignorance factor can be derived from
the simplified analysis results, i.e. where the maximum extreme crest height Y is
replaced by its median value Yps. Multiplication of the critical response obtained
from the simplified analysis by this ignorance factor compensates for the model un-
certainty, i.e. yields an second moment estimate for the actual critical response. His

results are presented in Figure 4.7 as well for comparison.

4.5 Summary

In this chapter a wave forecasting RBDC problem is analyzed. The practical case of
the determination of the maximum extreme crest height is studied. An exact solution
for the problem is obtained and compared with an approach where the uncertainty
on the crest height, given the sea state parameters Hg and Tp, is approximated by
a normally distributed variable ©.

In this particular example the tp-values for the RBDC are always close the con-
ditional median value of Tp|hs. As a matter of fact, the formula (4.10) suggests

that the n-year extreme crest values Yy 5 will essentially be produced by the n-year
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Hg. This is typically the case for gravity dominated phenomena while for dynamic
phenomena the wave period becomes more important and the values for t% will be
different from the conditional median of Tp|hs. It is a conceptual advantage from
the Inverse FORM method that the same (hg,tp)-contours can be used for other
responses as well. This allows, at least theoretically, for an uncoupling of the envi-
ronmental modeling and the structural design process.

The first-order estimate of the critical response is very accurate. It can be shown
that the limit state function in the standard normal space is almost linear near the
design point u*.

It is also shown that model uncertainty can successfully be accounted for by a
second moment formulation (inflated contours or ignorance factors) as long as the
sensitivity factor a for the model uncertainty is not too large. An estimate for «
within 10% of the exact sensitivity factor seems to be sufficiently accurate for this

purpose.



Chapter 5

Application To A Marine Drilling Riser

5.1 Introduction

In tilis third application, a deep-sea drilling riser, located in the Gulf of Mexico, is
studied. The input variables are the significant wave height H, and the sea current
velocity V. The critical response is the angle w between the riser and the vertical at
the bottom of the riser. This angle is of practical interest since it limits the drilling
operability: as the angle increases, the friction between the drill and the pipe becomes
more and more important. This critical wg is determined from a separate response
analysis of hindcast storm data.
The goal is to identify the most likely sets as well as some other practical design
. combinations of the environmental variables which produce the extreme response
with the specified return period. Three return period levels are studied: 10, 100 and
200 years [25], [38].

5.2 Drilling Risers

Floating structures are economically attractive for deep water drilling and produc-
tion. A marine riser is essentially a conductor pipe, connecting the floating platform
and the bore hole (see Figure 5.1). An excellent description of marine risers can be
found in [49]. At the top, the riser pipe ends at a telescopic joint, beneath the vessel.
This slip joint allows change in riser length as the vessel heaves or moves laterally.
The operability of drilling risers is expressed in terms of maximum angles from the

vertical. To increase the riser stiffness, and thus limit these angles, tensioning de-

95
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Figure 5.1: Schematic of a drilling riser [49]

vices are installed at the top joint. Buoyancy devices may be added to limit the
maximum tension in the riser pipe. For deep-water conditions, dynamic positioning
of the vessel considerably improves the drilling operability and reduces the required
tension [10], [16].

5.3 Riser Model

5.3.1 General

This section describes the structural analysis model for the riser. The riser is modeled

as a 3D tensioned string. Since, for reasons of practical design, the RBDC must be
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Section | Distance above well head | cq d Specific Weight (riser+mud)
1 >0m 0.5]1.118 m 64.3 kg/m
2 > 5944 m 0.5]1.143 m 69.2 kg/m
3 > 9144 m 0.5 | 1.086 m 73.0 kg/m
4 >1371.6m 0.5 | 1.067 m 76.8 kg/m
5 > 2286 m 0.0 0473 m 713.2 kg/m

Table 5.1: Assumed riser characteristics

two-dimensional, this 3D model is reduced to an equivalent 2D model, which gives

the same bottom angle w as the 3D model for the equivalent 2D current pattern.

5.3.2 Riser Specification

The riser specifications in this case study are taken from [40] and are listed in Table
5.1. The drag coefficient is denoted as ¢; and d stands for the riser (drag-)diameter.
The operating tension t.;; at the bottom of the riser is fixed at 450 kN (=~ 100 kips).
The buoyancy rate is assumed to vary with the water depth from 98% up to 99.5%.

5.83.3 Metocean Data

The riser is assumed to be located at the grid point: latitude 27.08, longitude 88.42
in the Gulf of Mexico. All storms in the Gulf of Mexico starting 1900 were hindcast
[20]. The current data were taken from the central portion of the model for the Gulf

of Mexico. Two data sets are available:

1. Hourly data for the significant wave height hg during each storm period

2. Current velocities v in z- and y-direction at 9 different water depths: 5, 17.5,
37.5, 75, 137.5, 212.5, 525, 1200 and 2000 meter. In this model these velocities

are assumed to be constant in each range.
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5.3.4 Rig Offset

The rig offset is the horizontal distance from the well head and the rig position.
Here they are taken to be identical to the “Jack Bates” rig offsets [10] with an intact
mooring system and 60% thruster assist. These offsets are given as a function of the
significant wave height hg through the Response Amplitude Operators (RAO) of the
rig. The total offset os, i.e. the sum of the mean offset, surge and slow drift, for

these conditions is given as:

hs <15m: 0s=0.06m

(5.1)
he>1.5m: o0s=max{4.5,7.835hs — 20}

5.3.5 3D Riser Analysis

The riser is modeled as a tensioned string. The model used in this case study is the
3D extension of a model described by Garrett [17]. The riser bending stiffness is
assumed to be negligible though. The 3D equilibrium equation of a tensioned string
is (small angle assumption):

(terr wi) = —s (5.2)

where t.¢; is the effective tension in the riser, u the component in @- or y-direction
of the lateral riser displacement, ¢ = —;-pseawatercd dv |v| the distributed load on the
riser, cq the drag coefficient, d the drag diameter, and v the current velocity. A prime
denotes differentiation with respect to distance along the vertical z-axis.

For simplicity, consider the distance s along the riser to be measured positive
from the bottom of the riser. The top is then at s = L.

As a result, the following integral expressions can be derived for the riser angle
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at the bottom [38]:

4 L 2z
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For a 3D analysis (bi-planar motion), this integration has to be performed in

(5.3)

both the z- and y-directions. This implies that the rig offset u(L) must be known in
these directions. Due to lack of more detailed information, it is assumed, however,
that the offsets are aligned with the top (sea surface) current. This is justified for
this current profile [26]. The total angular response w and the orientation ¢ of the
plane in which the response angle is maximal, can be determined from the projected
responses (5.3). |
The 3D analysis results are now reduced to one single plane. This is done by pro-
jecting currents and rig offset onto the plane of the total response angle w in such a
way that the projected offsets are always positive (the response angles, however, can
be either positive or negative). The 2D reduction is considered necessary since the
resulting design criteria will have to be formulated in two dimensions for practical
design purposes. In general, the loads associated with the projected rig offset and
current profile v, will not yield exactly the same response angle in 2D as in 3D.
Consequently, the projected offset has to be rescaled, while keeping the projected
currents vy, ..., v, constant, to come up with the same in-plane response as in
the three dimensional analysis. After rescaling, the hg, value corresponding to the
projected and rescaled offset is determined from the hg-offset relation (5.1). In this
particular case the required rescaling is usually negligible, say less than 0.5%. How-

ever, if the angle between the plane of the response angle and the plane containing
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the top current is large, the required correction may be important.

If both top and bottom angles are considered, this operation is to be performed
separately for each response. Since the rescaling factor will generally be different
for the top and the bottom angle, the analysis results in two data sets for hg,,
and projected currents v,,; a first one for the top angle and another one for the
bottom angle response {38]. Here, only the bottom response is analyzed. Since
the subsequent analysis is entirely two-dimensional, the subscript ¢ will be omitted.
The rescaled significant wave height is denoted as hg while v stands for the current

velocity vector, projected on the plane of the bottom angular response.

5.4 Metocean Probabilistic Modeling

5.4.1 General

Several joint probability models for waves and currents have been proposed. Most
of them are to some extent restrained by the use of the Rosenblatt transformation.
In these models the joint PDF is defined as a marginal distribution and a series of
conditional density functions. The advantage of this approach is that one environ-
mental parameter, like Hg in this case, dominates the loading so that errors in the
conditional models are not critical.

An alternative approach was recently used by Prince-Wright [47]. He argues
there is no theoretical method for selecting the variable for the marginal distribution
and suggests to transform all basic variables into a near-normal vector. Uncorre-
lated standard nor;nal variates then result from a diagonalization of the variance-
covariance matrix.

This avoids the computationally expensive Rosenblatt-transformation but may
affect the tail behavior of the dominating variable(s).

Since the wave height clearly is the dominating variable in this application, a
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conditional model will be set up. Hg is selected as the marginal distribution and the

currents are modeled conditional upon Hg.

5.4.2 Significant Wave Height Hg

Storm Occurrences

The approach is to analyze storm events using a generalized extreme value distribu-
tion. The storm occurrences are modeled as a Poisson process and combined with
the conditional distribution of the peak significant wave height, given a storm event,
to describe the annual maximum significant wave height distribution.

During the 89 year period (1900-1988) for which data are available, 38 severe
storm events are observed. The expected value of the occurrence rate in the Poisson
process is then v = % = 0.427 storms per year.

Due to limited availability of data, statistical uncertainty is associated with the
estimate for v. This mean value is only one possible estimator for the occurrence
rate. Least squares estimation, assuming a Poisson process, yields an average of 0.451
storms per year. In a Bayesian approach to include this uncertainty, a (Gamma)
distribution is assigned to the occurrence rate V (uppercase v), which is now a
considered as a random variable. Since a Gamma distribution is a conjugate prior for
Poisson observations, the posterior distribution is also Gamma [11]. This posterior

distribution for V' can subsequently be used to assess the uncertainty associated with

the design criteria. This issue is not further pursued here.

Distribution For The Hg Storm-Maxima
The distribution of the Hg storm peaks, given the occurrence of a storm, is deter-

mined by fitting a GEVD through the hg-storm maxima, i.e. the maximum of Hg
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in each storm. The three parameter GEVD has the following CDF [7]:

Fy(ale, ), 6) = exp {— [1 +e <x - A)]_Uc} (5.4)

These parameters are estimated using least squares minimization in a Gumbel plot,

which is shown in Figure 5.2. The parameter estimates are given in Figure 5.2 as

well. Since ¢ > 0, the extreme value distribution is of the Frechet-type.

individual storm maximum -

3.5 +

2.5

1.5 +

0.5 +

-In(-In(Fg(hs)))

-15 4

Figure 5.2: GEVD fitted to the Hs-storm maxima in a Gumbel-plot

The n-Year Return Period Hg-Values

The hg-value corresponding to a return period of n years results from the combination
of the occurrence rate and intensity distribution. Compounding the Poisson and the

GEVD yields the CDF for the Hg-annual maxima:

el ol e B2
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Return Period n [year] | hg [m]

10 6.49
100 15.37
200 - 19.88

Table 5.2: Significant wave height hg for different return periods

Ci C C3 Cy Cs Cg Cp Cg Cy
a; | 56 8 88 34 0 -3 -3 -3 -3
b; | 585 123 207 -114 2 6 5 & b

Table 5.3: Regression coefficients (multiplied by 1000)

The hg-values corresponding to the three return periods of interest are given in

Table 5.2.

5.4.3 Current Modeling

* The top current velocity V; is plotted as a function of hg in Figure 5.3. It can be
concluded that, even though the average current velocity is almost invariant with
respect to hg, the variance of V; increases considerably with hg. The same trend
is observed for the other current velocities [38]. In order to stabilize the variance,
the currents are divided by hs. A linear regression between hg and 3% is made; the

formula for the remaining “residual conditional current” C; is:

¢ =~ — (a;hg + by) (5.6)
hs

For all currents the values for the slope a; and intercept b; are determined from
the over 1200 hourly current data and are listed in Table 5.3. The resulting model for

every V; is conditional upon the value of Hg. It can be seen from Figure 5.4 that the
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Figure 5.3: Top current velocity v; as a function of the significant wave height hg

variance of C] is a lot more stable than for V3. These “residual conditional current”
C; are ﬁow assumed to be zero mean jointly normal distributed random variables.
The experimental CDF for the normalized marginal density of C is shown in Figure
5.5 and compared with the standard normal CDF. The quality of the fit is satisfactory
over the range [—2,2]. The standard deviation o, the skewness x; and kurtosis x
(second, third and fourth moment) for all marginal densities are listed in Table 5.4.
If the distribution for the “residual conditional currents” C; would be perfectly joint
normal, the skewness and kurtosis would be 0 and 3 respectively for all marginal and
partial joint distributions. Even though this is not the case, the result is found to
be satisfactory, except for the tail region. The kurtosis-value, which is a measure for
the “peakedness” of the distribution is too high, resulting in tails which are much

longer than for the normal distribution.
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Figure 5.4: Top residual current c; as a function of the significant wave height hg

Cy Cs Cs Cy Cs Cs Cy Cs Cy

o {0.034 0.031 0.028 0.022 0.007 0.002 0.002 0.002 0.002
ky | 1.219 1.357 1.659 2.194 3.151 -1.42 -1.72 -1.73 -1.81
ko | 7.788 7.330 4.151 10.60 42.46 9.859 11.03 11.13 12.39

Table 5.4: Standard deviation, skewness and kurtosis for the marginal current dis-
tributions

5.5 Reponse Modeling

In the present application, it is observed that peak responses are always associated
with large storm events. In addition, the joint distribution of C does not depend
on Hg, i.e. the residual currents distribution does not on depend on whether Hg is

extreme or not. This justifies the choice of the joint point-in-time density for the
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Figure 5.5: Experimental and Normal CDF for C on standard normal scale

current velocities V. The model is then as follows:

fasv(hs, V) = fus(hs) fas (v, hs) (5.7)

The total log-likelihood function is then:

ZHS,V(hS’ V) = eHs(hS) + EVIHS(Va hS) (5.8)

The log-likelihood for the annual Hg annual storm maxima can be obtained from

(5.5) after differentiation:

lus(hg) = —v (1 — exp {— ,[1 +c (ﬁ&é_’é)]—l/cp - [1 +e (255:&)]_1/0 (5.9)
— (% — 1) In|l+ec (253:'—‘)] + constants

Since the residual reduced currents C are assumed to be jointly normal with zero
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mean, their joint point-in-time density is given by:

1 -
fole) = A S g exp {—%CT Iy c} (5.10)

where Y denotes the 9 x 9 variance-covariance matrix of the residual reduced
currents. After substitution of (5.6) in (5.10), the joint PDF of the current velocities
V is obtained:

1 — — —
fVIHs (V: h’S) = (27_‘,)9/2 hs \/EE—C_C €Xp {_'2'}%%' (V—'V)T 2CJE’J (V—V)} (5°11)

where ¥ is the column vector of the mean values for the current velocities:
V= a;h%+bhs (5.12)

From (5.11) the log-likelihood function is easily derived:
byipg(v,hs) = —Inhs — ﬁ%— (v—%)T gk (v—¥) + constants (5.13)

Substitution of (5.9) and (5.13) in (5.8) gives the total log-likelihood function.

5.6 RBDC Development

5.6.1 Inverse FORM
The different steps in the inverse FORM method are:

1. Determine the reliability index g for the different design risk levels, where f =
—®~1(q). The exceedance probabilities and corresponding reliability indices

for the three return periods of interest are givén in Table 5.5.
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Return Period n [year| | Exceedance prob. ¢ | Reliability index 8

10 0.1 1.282
100 0.01 2.326
200 0.005 2.576

Table 5.5: Exceedance probabilities and reliability indices for the three return periods

2. Defne a transformation ¢ : X — U, where X is the vector of the basic random
variables, i.e. Hs and V. The transformation used here is a Rosenblatt-

transformation of the form (2.6):

{ U = @7 (Fg,(Hs)) (5.14)

U, = o1 (FVi—IIHS (V;._]_le)) fori = 2,...,10

The transformation of the currents velocities V is greatly simplified here since
the residual currents C, are jointly normal with mean equal to 0. Since these
residual currents are not independent however, they have to be transformed
into independent, standard normal variates. Consider the symmetric variance-

covariance matrix Ycc:

Var(Ch) Covar(Cy,Ce) --- Covar(Ci, Co)

Covar (02, C]_)

Scc = (5.15)

i COV&I‘(CQ, 01) s Var(Cg)

Clearly, a set of jointly normal random variables Y will be mutually indepen-
dent if all covariances equal zero, i.e. if their variance-covariance matrix vy

is a diagonal matrix. These independent normal variates Y can be obtained



from a transformation [51]:

Y =A"C

109

(5.16)

where A is an orthogonal matrix with column vectors equal to the orthonormal

eigenvectors of X cc. By this transformation:

[ Var(¥;) 0 --- 0
. .
0 Var(Yp)

(5.17)

where the non-zero diagonal elements in ¥yy are given by the eigenvalues

AL, ..., g of Boe. Dividing each of those independent normal variates Y; by

their standard deviation 1/); gives the corresponding standard normal variate

U;.1 in the Rosenblatt-transformation (5.14).

3. After back-transformation to the original variable space, the solution u* can

be found from the constrained optimization problem:

foz ‘% Psen water ¢4(¢) €(¢) v(u({)) [v(u({))lds

L
os(u)+ / (
0

tefs (=)

)

Find wy = max

subject to [[u]| = 8

L
tess(0) dz
0 tefs(2)

(5.18)

where o0s stands for the rescaled rig offset. This gives both the critical response

wq and the RBDC (h%, v*). The results are given in Tables 5.6-5.8 for the three

return periods of interest.
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Comb #1 Comb #2 Comb #3 Comb #4 Comb #5 Comb #6

B*/B

1.00000

6.21832

2.77429

0.99997

2.43977

4.16279

First order B*-value

1.28155

7.96910

3.55540

1.28151

3.12668

5.33482

Design values

Hs

Current 1
Current 2
Current 3
Current 4
Current 5
Current 6
Current 7
Current 8
Current 9

7.05308
0.69276
0.50338
0.29254
0.08911
-0.00017
-0.01146
-0.01164
-0.01166
-0.01156

6.49100
0.26244
-0.13109
-0.42562
-0.41830
0.01206
0.08362
0.09022
0.09033
0.09131

7.05375
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000

7.05296
0.69274
0.50347
0.29278
0.08936
-0.00010
-0.01152
-0.01170
-0.01172
-0.01162

7.01728
0.99569
0.77765
0.54464
0.28274
0.06417
0.00635
0.00615
0.00614
0.00639

6.95944
1.23413
0.99331
0.74323
0.43644
0.11562
0.02077
0.02054
0.02055
0.02092

Exceedance probabilities

Hs*

Current 1
Current 2
Current 3
Current 4
Current 5
Current 6
Current 7
Current 8
Current 9

0.08104
0.50000
0.50019
0.50051
0.50066
0.50050
0.49841
0.49828
0.49827

0.49819

0.10007
0.94485
0.99747
0.99984
0.99975
0.39738
1.7E-13
2.8E-15
2.7E-15
2.6E-15

0.08102
0.99796
0.98939
0.92813
0.72100
0.49918
0.20359
0.19963
0.19936

0.20341°

0.08104
0.50000
0.50000
0.50000
0.50000
0.50000
0.50000
0.50000
0.50000
0.50000

0.08211
0.09982
0.09984
0.09986
0.09984
0.09984
0.09984
0.09985
0.09985
0.09986

0.08387
0.00995
0.00996
0.00996
0.00996
0.00996
0.00996
0.00996
0.00996
0.00996

Hs*

Combination #1:
Combination #2:
Combination #3:
Combination #4:
Combination #5:
Combination #6:

Exceedance probability on an annual basis
PML, no values fixed

Fix HS at the 10-year return level (HS=6.491m)
Fix all currents at zero
Fix all currents at their average value corresponding to HS
Fix all currents at their 10% exceedance probability level
Fix all currents at their 1% exceedance probability level

Table 5.6: Inverse FORM results for n = 10 year
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Comb #1 Comb #2 Comb #3 Comb #4 Comb #5 Comb #6

B*/B

1.00000

1.04353

2.53927

1.00012

1.57533

2.43456

First order B*-value

2.32634

2.42761

5.90721

2.32662

3.66476

5.66363

Design values

Hs

Current 1
Current 2
Current 3
Current 4
Current 5
Current 6
Current 7
Current 8
Current 9

15.49910
2.26178
2.20332
1.79726
0.64041

-0.00428

-0.06671

-0.06564

-0.06584

-0.06415

15.37100 15.45218

2.26372
2.17239
1.74751
0.59447
-0.01542
-0.05063
-0.04809
-0.04826
-0.04614

0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000

15.50738
2.26201
2.20566
1.80086
0.64361

-0.00358

-0.06762

-0.06663

-0.06683

-0.06517

15.06386 14.82758

2.82055
2.68515
2.23898
1.02034
0.13466

-0.02547

-0.02463

-0.02478

-0.02291

3.28691
3.09400
2.61317
1.32775
0.24335
0.00660
0.00736
0.00724
0.00931

Exceedance probabilities

Hs*

Current 1
Current 2
Current 3
Current 4
Current 5
Current 6
Current 7
Current 8
Current 9

0.00978
0.49872
0.50008
0.50136
0.50288
0.50255
0.48910
0.48798
0.48797
0.48768

0.01000
0.47466
0.49691
0.51737
0.54350
0.54328
0.30183
0.28366
0.28351
0.27976

0.00986
0.99999
1.00000
0.99998
0.97192
0.48720
0.01375
0.01482
0.01465
0.01757

0.00976
0.50000
0.50000
0.50000
0.50000
0.50000
0.50000
0.50000
0.50000
0.50000

0.01056
0.09982
0.09984
0.09986
0.09984
0.09984
0.09984
0.09985
0.09985
0.09986

0.01102
0.00995
0.00996
0.00996
0.00996
0.00996
0.00996
0.00996
0.00996
0.00996

Hs*

Combination #1:
Combination #2:
Combination #3:
Combination #4:
Combination #5:
Combination #6:

Exceedance probability on an annual basis
PML, no values fixed

Fix HS at the 100-year return level (HS=15.371m)
Fix all currents at zero |
Fix all currents at their average value corresponding to HS
Fix all currents at their 10% exceedance probability level
Fix all currents at their 1% exceedance probability level

Table 5.7: Inverse FORM results for » = 100 year
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Comb #1 Comb #2 Comb #3 Comb #4 Comb #5 Comb #6

B*/B

1.00000

1.00276

2.90712

1.00029

1.48121

2.43078

First order p-value

2.57583

2.58295

7.48827

2.57658

3.81534

6.26130

Design values

Hs

Current 1
Current 2
Current 3
Current 4
Current 5
Current 6
Current 7
Current 8
Current 9

19.95577
3.41312
3.58242
3.10016
1.12961

-0.00717

-0.11384

-0.11149

-0.11184

-0.10869

10.88400 10.80413

3.40964
3.56064
3.06986
1.11323
-0.00272
-0.10884
-0.10603
-0.10637
-0.10320

0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000

10.08726
3.42011
3.59322
3.11138
1.13491
-0.00690
-0.11605
-0.11383
0.11418
-0.11106

19.02129
3.98577
4.02139
3.49156
1.54511
0.16811

-0.05646

-0.05459

-0.05487

-0.05167

18.43888
4.62020
4.54821
3.96805
1.97781
0.33379

-0.00421

-0.00257

-0.00279
0.00061

Exceedance probabilities

Hs*

Current 1
Current 2
Current 3
Current 4
Current 5
Current 6
Current 7
Current 8
Current 9

0.00495
0.49837
0.49992
0.50085
0.50127
0.50083
0.48146
0.48003
0.48002

0.47980

0.00500
0.48899
0.49793
0.50518
0.50818
0.48850
0.43964
0.43335
0.43329
0.43307

0.00505
1.00000
1.00000
1.00000
0.99528
0.48099
0.00177
0.00209
0.00204
0.00282

0.00493
0.50000
0.50000
0.50000
0.50000
0.50000
0.50000
0.50000
0.50000
0.50000

0.00563
0.09982
0.09984
0.00986
0.09984
0.09984
0.09984
0.09985
0.09985
0.09986

0.00612
0.00497
0.00497
0.00498
0.00497
0.00497
0.00497
0.00498
0.00498
0.00493

Hs*

Combination #1:
Combination #2:
Combination #3:
Combination #4:
Combination #5:
Combination #6:

Exceedance probability on an annual basis

PML, no values fixed

Fix HS at the 200-year exceedance level (HS=19.884m)
Fix all currents at zero
Fix all currents at their average value corresponding to HS
Fix all currents at their 10% exceedance probability level
Fix all currents at their 1% exceedance probability level

Table 5.8: Inverse FORM results for n = 200 year
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5.6.2 MLL Method

Extreme Response

In this method the extreme response w, must be determined first. The time series
for the response w is generated from the time series for hg and v. This involves
the solution of the differential equation (5.2) using the integration scheme (5.3).
Now, the critical responses corresponding to return periods of 10, 100 and 200 year
are determined from an extreme value analysis on these time series using a similar
procedure as for the significant wave height hg. The occurrence rate of a storm is
the same: v = 0.427 storms/year. The intensity distribution for the response storm
maxima is a GEVD as before. The Gumbel-plot and the GEVD-parameters are

shown in Figure 5.6. The n-year critical responses are listed in Table 5.9.

3.5 + individual storm maximum

-In(-In(Fp(0)))

-1.6 <

Bottom angle® [°]

Figure 5.6: GEVD fitted to the w-storm maxima in a Gumbel-plot
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Return Period n [year] | Critical response w [°]

10 1.7552
100 5.7458
200 7.7872

Table 5.9: Bottom angular response w for different return periods

RBDC Development
When the MLL method is used to derive the RBDC, the calculations can be struc-

tured as follows:

1. The critical response level w, is known for the three return periods of interest

and given in Table 5.9.
2. The log-likelihood function of the joint PDF of Hg and V is given in (5.8).

3. The RBDC are given as the solution (h%, v*) to the problem:

maers’v(hs, V) = EHS (hs) + EVIHS (V hg)

sea water €2(() d(€) v(€) [v(¢)] ds
os(he) + f”p DU 01 (5.19)

= a]q
/ ctt(o)
teff(z)

subject to

where os(hg) is defined in (5.1).

The resulting RBDC are given for all three return periods in Tables 5.10-5.12. It
may be concluded that, except for the 10-year return period, the results are practi-
cally identical. The difference between both methods for the 10-year return period,
is entirely due to a difference in critical response w,. The structure of the solution
is the same: hg is the governing variable and the current velocities v are almost at
their mean level. In the inverse FORM solution both w, and hj§ correspond to a

return period of 12.5 year, when determined from the respective GEVDs.
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Comb #1 Comb #2 Comb #3 Comb #4 Comb #5 Comb #86

Relative likelihood 1.00000 0.93317 0.00471 0.02160 0.01723 1.53E-06
~ Log-likelihood -4.01431 -4.08348 -9.37136 -7.84929 -8.07542 -17.40565
Hs 6.49554 6.49100 6.49667 6.49569 6.46721 6.41695
Currentl | 0.61800 0.65380 0.00000 0.61761 0.89736 1.11790

@ Current2 | 0.43347 0.45868 0.00000 0.43335 0.68670 0.88633
= Current3 | 0.23761 0.25177 0.00000 0.23770 0.47040 0.65430
g Current4 | 0.06980 0.07267 0.00000 0.06996 0.24832 0.39032
go Current5 | 0.00005 0.00005 0.00000 0.00000 0.05919 0.10662
8 Current6 | -0.00935 -0.00669 0.00000 -0.00944 0.00699 0.02025
A Current7 | -0.00954 -0.00635 0.00000 -0.00964 0.00677 0.02001
Current8 | -0.00956 -0.00635 0.00000 -0.00966 0.00676 0.02002
Current9 | -0.00951 -0.00619 0.00000 -0.00961 0.00696 0.02032

@ Hs* 0.09990 0.10007 0.09985 0.09989 0.10100 0.10298
B Currentl | 0.49926 0.43416 0.99728 0.50000 0.10000 0.01000
= Current2 | 0.49973 0.44877 0.98436 0.50000 0.10000 0.01000
.f:; Current3 | 0.50017 0.46864 0.90128 0.50000 0.10000 0.01000
g Current4 | 0.50043 0.49187 0.69076 0.50000 0.10000 0.01000
8 Currentd | 0.49957 0.49957 0.49998 0.50000 0.10000 0.01000
g Current6 | 0.49719 0.41534 0.23037 0.50000 0.10000 0.01000
§ Current7 | 0.49686 0.39864 0.22525 0.50000 0.10000 0.01000
% Current8 | 0.49685 0.39844 0.22503 0.50000 0.10000 0.01000
. Current9 | 0.49683 0.39584 0.22820 0.50000 0.10000 0.01000

Hs*

Combination #1:
Combination #2:
Combination #3:
Combination #4:
Combination #5:
Combination #6:

Exceedance probability on an annual basis
PML, no values fixed

Fix HS at the 10-year return level (HS=6.491m)
Fix all currents at zero
Fix all currents at their average value corresponding to HS
Fix all currents at their 10% exceedance probability level
Fix all currents at their 1% exceedance probability level

Table 5.10: MLL results for n = 10 year
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Comb #1 Comb #2 Comb #3 Comb #4 Comb #5 Comb #6

Relative likelihood

1.00000 0.81432 3.81E-07 0.99718 0.01936

1.79E-06

~ Log-likelihood

-8.00460

-8.21001

-22.78565

-8.00742

-11.94912

-21.23635

Design values

Hs

Curreat 1
Current 2
Current 3
Current 4
Current 5
Current 6
Current 7
Current 8
Current 9

15.50109
2.26594
2.20465
1.79675
0.64010

-0.00240

-0.06579
-0.06461

-0.06481

-0.06313

15.37100
2.33651
2.23254
1.79804
0.64102
0.01167

-0.05158

-0.04884

-0.04399

-0.04715

15.46376
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000

15.51917
2.26476
2.20887
1.80385
0.64472

-0.00358

-0.06773

-0.06674

-0.06694

-0.06528

15.07483
2.82300
2.68806
2.24172
1.02135
0.13466

-0.02557

-0.02472

-0.02488

-0.02300

14.83821
3.28919
3.09676
2.61581
1.32871
0.24334
0.00650
0.00727
0.00715
0.00923

Exceedance probabilities

Hs*

Current 1
Current 2
Current 3
Current 4
Current 5
Current 6
Current 7
Current 8
Current 9

0.00977
0.49594
0.49942
0.50228
0.50347
0.49578
0.47676
0.47432
0.47430
0.47421

0.01000
0.41996
0.44668
0.47122
0.48774
0.44506
0.31286
0.29205
0.29180
0.29097

0.00984
0.99999
1.00000
0.99998
0.97204
0.48718
0.01368
0.01476
0.01458
0.01750

0.00974
0.50000
0.50000
0.50000
0.50000
0.50000
0.50000
0.50000
0.50000
0.50000

0.01054
0.10000
0.10000
0.10000
0.10000
0.10000
0.10000
0.10000
0.10000
0.10000

0.01100
0.01000
0.01000
0.01000
0.01000
0.01000
0.01000
0.01000
0.01000
0.01000

Hs*

Combination #1:
Combination #2:
Combination #3:
Combination #4:
Combination #b5:
Combination #6:

Exceedance probability on an annual basis
PML, no values fixed
Fix HS at the 100-year return level (HS=15.371m)
Fix all currents at zero
Fix all currents at their average value corresponding to HS
Fix all currents at their 10% exceedance probability level
Fix all currents at their 1% exceedance probability level

Table 5.11: MLL results for n = 100 year
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Comb #1 Comb #2 Comb #3 Comb #4 Comb #5 Comb #6

Relative likelihood | 1.00000 0.82630 9.13E-12 0.99133 0.02132 2.08E-06
"~ Log-likelihood -0.25389 -9.44469 -34.67318 -9.26260 -13.10200 -22.33729
Hs 20.17101 19.88440 20.05093 20.24506 19.24167 18.73153
Currentl | 3.48551 3.50837 0.00000 3.49363 4.05516 4.56322

@ Current2 | 3.65983 3.61796 0.00000 3.68330 4.10296 4.52045
= Cwrrent3 | 3.16873 3.09647 0.00000 3.19758 3.56899  3.94581
g Current4 | 1.15412 1.12094 -0.00000 1.16735 1.57710 1.92606
go Current5 | -0.00241 0.01219 0.00000 -0.00712 0.16983 0.30533
g Current6 | -0.11420 -0.09395 0.00000 -0.11923 -0.05851 -0.01532
- Current7 | -0.11155 -0.08939 0.00000 -0.11692 -0.05658 -0.01358
Current8 | -0.11190 -0.08970 0.00000 -0.11729 -0.05686 -0.01382
Current9 | -0.10868 -0.08631 0.00000 -0.11407 -0.05358 -0.01039

@ Hs* 0.00481 0.00500 0.00489 0.00477 0.00546 0.00587
B Currentl | 0.49244 0.43149 1.00000 0.50000 0.10000 0.01000
3 Current2 | 0.49839 0.46096 1.00000 0.50000 0.10000 0.01000
% Current3 | 0.50277 0.48647 1.00000 0.50000 0.10000 0.01000
g Currentd | 0.50353 0.50107 0.99579 0.50000 0.10000 0.01000
8 Current5 | 0.48715 0.44678 0.48064 0.50000 0.10000 0.01000
g Current6 | 0.45877 0.29735 0.00155 0.50000 0.10000 0.01000
§ Current7 | 0.45503 0.27651 0.00184 0.50000 0.10000 0.01000
2 Current8 | 0.45499 0.27627 0.00180 0.50000 0.10000 0.01000
= Current9 | 0.45515 0.27551 0.00251 0.50000 0.10000 ' 0.01000

Hs*

Combination #1:
Combination #2:
Combination #3:
Combination #4:
Combination #5:
Combination #6:

Exceedance probability on an annual basis
PML, no values fixed

Fix HS at the 200-year exceedance level (HS=19.884m)
Fix all currents at zero
Fix all currents at their average value corresponding to HS
Fix all currents at their 10% exceedance probability level
Fix all currents at their 1% exceedance probability level

Table 5.12: MLL results for n = 200 year
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5.7 Alternative RBDC

5.7.1 General

In this section, other than “most likely” design combinations are determined. For
practical design purposes, one may wish to fix one or more environmental design
parameters. The objective is to determine the most likely combination of the re-
maining environmental parameters, when these fixed values and w, are given. For
both methods and the three return periods of interest, several alternative design

combinations are determined. They can be divided into three categories:

1. Fix Hg at the n-year return level
2. FixVato0

3. Fix V at a chosen marginal exceedance probability level

In the following, the procedure is outlined for both RBDC methods. The results
are given in Tables 5.6-5.8 and Tables 5.10-5.12 for the inverse FORM and the MLL

method respectively.

5.7.2 Procedure For Forward FORM

When forward FORM is used the most likely design combinations when j parameters

are fixed is the solution of the optimization:

min (|[uf| | U; = uy)

os(hs(u)) + f0 2p"”“"c“(?jﬁfif(““”'"("(‘”'d“ i (5.20)

subject to = Wy
2
teff(Z)

The procedure for the three types of problems is as follows:
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1. When Hy is fixed at the n-year return level, the standard normal variate u; is
easily determined from the GEVD for Hg (5.5) and (5.14a). The optimization

(5.20) problem is now reduced to 9 dimensions.

2. When the current velocities V are fixed at zero, the residual currents C are
determined from (5.6):
C=—-(aHg+b) (5.21)

The mutually independent normal variates Y are found from the transforma-
tion (5.16). After scaling of the components of Y by their standard deviations,
given in (5.17), the standard normal u;,¢ = 2,...,10 are obtained. Conse-
quently, the vector equation (5.21) actually adds 9 equations to the optimiza-
tion problem (5.20) which is formally reduced to a constrained optimization in

1 dimension.

3. When the current velocities V are fixed at a chosen marginal exceedance prob-

ability p, the residual currents c; are:

ci=%"(p) o, (5.22)

where og, is the standard deviation of the residual current Cj, and listed in
Table 5.4. The actual current velocity v; is determined from (5.6). Inversion
of (5.16) gives y; from where u; is easily determined through scaling by the
standard deviation oy, = v/A; (5.17). Inversion of A. (5.16) is readily obtained
since the matrix A is orthonormal. Consequently, the optimization problem

(5.20) is reduced to a constrained optimization in 1 dimension only.
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5.7.83 Procedure For The MLL Method

When the MLL method is used, the most likely design combinations when j param-

eters are fixed is the solution of the constrained optimization problem:

maxZHs,v (hs,v | Xj = Xj)

L 21
5 Pseawater €2(C) d(€) ¥({) Iv(¢)] ds
os(hs) + /o b tsz(Z) dz —w (523)
- Yq

subject to

/ ter£(0) 4
teff(Z)

where X; stands for those original variables Hg or V; which are fixed. Re-arrangement
of the equations is avoided. In the MLL method, the dimension of the optimization
is directly reduced.

1. The Hg-value corresponding to the n-year return level is readily available from

the GEVD (5.5). The dimension of the optimization (5.23) is reduced to 9.

2. When the current velocities V are fixed at zero, the residual currents C are de-
termined from (5.21). The optimization is directly reduced to a 1-dimensional

problem.

3. When the current velocities V are fixed at a chosen marginal exceedance prob-

ability p, the residual currents ¢; are:
ci=%"1(p) o, (5.24)

where o¢, is the standard deviation of the residual current Cj, and listed in
Table 5.4. The actual current velocity v; is immediately determined from (5.6).
Consequently, the optimization problem (5.23) is reduced to a constrained

optimization in 1 dimension only.
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5.7.4 Discussion

The MLL method avoids the transformation of the original basic variables to the
standard normal space. This results in a more direct algorithm when other than
most likely design combinations have to be determined.

Even though the 9 residual currents are assumed jointly normal in the original
variable domain, the transformétion into mutually independent standard normal
variates requires the determination of the eigenvalues and eigenvectors. It must be
stressed that this is numerically difficult in this particular application. The condition
of the matrix Xcc is given as the ratio of the largest to the smallest eigenvalue. In
this application Amax/Amin = 32 X 10°%, which indicates that 7 digits may be lost
in the calculations. When the MLL method is used a matrix inversion is required,
which is also prone to round-off error.

As outlined in Chapter 2, the value for B,-; can be interpreted as a measure
for the relative occurrence likelihood of the design combination with some fixed
parameters compared with the occurrence of the most likely design combination. All
design combinations result in the same response level w,, with exceedance probability

q, however.

When the MLL method is used for this purpose, a relative likelihood of both
design combinations is obtained at once. This is a relative probability density, rather

than a relative probability.

5.8 Conclusions

Since the current velocities V are very small over the bottom part of the riser, the
significant wave height Hg is the governing variable in this drilling riser application.
This results for almost all analyzed cases in a PML (or minimal distance point when

inverse FORM is used) where the Hg-exceedance probability level is very close to
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the one selected for the response angle §2. The currents are then very close to their
mean value.

Only for the 10-year return period, the h§-value obtained from inverse FORM
does not correspond to the 10 year return level for Hg. This results in a critical
response wo.1, rnpForm Which is significantly larger than the more accurate value which
is obtained directly from an extreme value analysis on the generated time series for
Q. When Hj is fixed at the 10 year return level, the relative likelihood of the design
combination yielding this wo.1 mvrora is very small (see Table 56) The bottom
currents need to be extremely high (marginal exceedance probability almost zero) to
compensate for too small an hg-value in this case.

On the other hand, fixing the currents at their mean level, yields almost the
same design combination as at the PML, i.e. for the full optimization problem. This
results in relative likelihoods very close to 1.

When the currents are fixed at their 10% level the relative likelihood of this design
combination drop to about 1% compared with the PML. If the current velocities are

fixed at the 1% exceedance level, this results in relative likelihoods of about 1077.

5.9 Summary

In this chapter, the performance of the RBDC methods is analyzed for a practical
application where data records are available for the basic variables rather than a
joint distribution. In this particular application, the LSF is known in algorithmic
form only.

When inverse FORM is the used basic variables must be transformed into the
standard normal U-space. Even though the residual currents C are assumed to be
jointly normal, the transformation to mutually independent, standard normal vari-

ables is delicate. It requires to determine the eigenvalues of the variance-covariance
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matrix Zec. Since the B¢ is ill-conditioned, this is not possible without numerical
difficulty.

When the MML method is used, the actual RBDC development is uncoupled
from the determination of the critical response level w,. This opens the possibility to
determine this response w, directly from an extreme value analysis of the generated
time series for the response 2.

For this application, other than most likely design combinations, which result
in the same critical response wy, are determined as well. Both a FORM and MLL
approach to this problem are given and the results are compared. A solution using
the MLL method is computationally attractive since the transformation of the basic
variables into the standard normal space is avoided.

The relative likelihood of joint occurrences of extreme currents and significant
wave height is very low. This indicates that for this application associating the
environmental design parameters with the recurrence interval of the response is more
appropriate than an extreme event philosophy: there is no need to combine extreme
sea states with extreme currents. This is in agreement with results reported by

Prince-Wright for combined wave and current loading in TLP design [47].



Chapter 6

Conclusions

6.1 Summary and Conclusions

Chapter 2 describes two, conceptually different methods to develop RBDC. The
inverse FORM method maximizes the response along a [-contour surface, i.e. all
combinations of input variables with exceedance probability g. These contours are
response-independent. The MLL method searches for the most likely point (PML)
on the iso-response curve for the response y,.

The inverse FORM method is exact only for linear limit state functions g,(u).
Additionally, the basic random variables must be transformed into the standard
normal space. The MLL method is more versatile, but the critical response level y,
must be determined from a separate analysis.

Chapter 2 also presents approximate, second moment formulations which account
for model uncertainty. Use of these techniques avoids the explicit introduction of
additional random variables, which would increase the dimension of the problem, to
describe them. ]

The methods are applied and compared in Chapters 3, 4 and 5. In these ap-
plications the computational complexity is gradually increased. Only joint normal
distributions are used in the moving load problem in Chapter 3. In Chapter 4, a two-
dimensional application of practical interest is méde. A two-dimensional Rosenblatt-
transformation is required for the inverse FORM formulation. Even though the con-
ditional distribution of the currents is joint normal, this transformation becomes
computationally involving in the riser application presented in Chapter 5. On the

other hand, the critical response level y,, which is required for the MLL method,

124



125

can be determined straightaway from an extreme value analysis. The MLL method
avoids this computationally expensive Rosenblatt-transformation.

The performance of both the inverse FORM and MLL method for RBDC develop-
ment in the three applications presented in this thesis is generally satisfactory. Based
on the experience gained from the applications, some general conclusions concerning

the performance of each method can be drawn:

e The approximation error in the FORM method is mainly due to the lineariza-
tion gr(u) of the LSF g,(u). A first-order approximation gz (u) of the limit
state function g,(u) may be inaccurate. An example is given in the moving
load application (Figure 3.9). Because of the transformation to the standard
normal U-space, the degree of non-linearity will usually increase when the orig-
inal basic variables are non-normally distributed. A first-order approximation
of the LSF may then result in an inaccurate estimate for g. However, for RBDC
development purposes the error on the critical response y, is of interest rather
than the error on the actual exceedance probability q. It is shown that the
error Ay, is proportional to the error Alng rather than Ag. When the slope
L'(y,) (3.33) of the log-exceedance function L at y, is not too small, a first
order estimate of the true exceedance probability may be sufficiently accurate

even for a non-linear LSF.

e In the MLL method the actual RBDC development is independent of the
method used to compute the critical response level y,. Consequently, a vast
range of more performant methods is available to determine the response level
Yo In the most general case, this level is to be obtained iteratively as the

solution of:

/g o X0V =1 (6.1)

Since y, is located in the tail of the distribution for the response Y, this equation
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is best solved in the (L, y)-domain. The MLL method is theoretically exact,

but the iterative solution of (6.1) may be computationally expensive.
As a result, the following practical recommendation can be made:

e The inverse FORM method is computationally efficient. An easy way to check
its accuracy consists of calculating the RBDC for two different risk levels ¢;
and go and plotting the log-exceedance function L. The slope L’ is then a

measure for the error on the RBDC.

e In some particular applications, however, the critical response level can easily
be determined from an extreme value analysis. In this case, the MLL method
is a valuable alternative, since the transformation of the basic variables to the

standard normal space is avoided.

When modeling uncertainty must be considered in the RBDC development, a
second moment formulation is justifiable as long as this model uncertainty does not

govern the response.

e Both statistical uncertainty and actual model inexactness can be handled in
this way. The second moment formulation provides a convenient format to
account for the discrepancies between experimental evidence and model pre-
dictions as well. In this way a clear and formal incentive is provided towards

designers and code developers to use more accurate models.

e If the inverse FORM method is used an inflated contour level 8* is determined
from estimated omission sensitivity factors (2.24). In this method the tar-
get reliability index is modified such that the reduced model, which does not

account for model uncertainty, yields the correct response.
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e Ignorance factors on the other hand change the limit state function such that

the reduced model yields the correct target reliability.

e The applications show that both approaches are equally accurate. An ignorance
factor is conceptually more appealing since only information from the reduced
analysis is required. On the other hand, the omission factors in the standard

normal U-space are easier to incorporate in the inverse FORM method.

6.2 Recommendations For Future Research

The applications presented in this thesis clearly show the power of the RBDC. Since
the usefulness of this methodology is now established, extensions of this inverse
reliability technique to different fields of application are desirable. In addition, more
efficient and/or accurate algorithms need to be developed:

RBDC Development For Time-Dependent Problems
The methods used so far are restricted to time-invariant reliability problems, which
can be formulated in terms of basic random variables. In a lot of practical applica-
tions, the combined effect of several time-dependent load processes can not accurately
be described using time-invariant methods.

Consequently, there is a need for an extension of these inverse reliability tech-

niques to time-dependent applications.

RBDC Development In The Original Domain
The performance of the inverse FORM method in the applications considered in this
thesis suggests that first-order reliability techniques may be more accurate in their
“inverse” than in “forward” direction.

Unfortunately, the transformation to the U-space may become difficult and nu-

merically ill-conditioned when the basic variables are no longer independent. This
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justifies the development of asymptotic approximations for the evaluation of the
probability integral in the original variable domain [5], [18].
Their format should be modified to allow for “inverse” reliability application.

RBDC Development For Structural Systems

In this thesis it is assumed that failure occurs due to violation of one limit state func-
tion (LSF) only. This assumption essentially limits the applicability of the methods
to structural components. An extension to multiple limit state problems is required
to develop RBDC in terms of overall system reliability rather than on the component

reliability level.

. Efficient Algorithms

In the applications presented here, general purpose optimization routines are used.
More efficient algorithms taking advantage from the particular structure of the math-
ematical inverse reliability program (2.13) are necessary when the problem complex-
ity increases. Two examples for inverse FORM may be found in [14] and [58].

For non-linear LSF the inverse FORM method may be inaccurate. To overcome
this limitation a mixed inverse FORM/SORM algorithm is tentatively suggested.
SORM is not suited for an inverse reliability formulation since the failure probability
estimate does not only depend on the reliability index 8 but also on the curvature
at u*. The mixed algorithm works as follows:

1. Perform an Inverse FORM computation to find ufkopy,

2. Calculate the main curvatures and find the required correction on the failure
probability due to the non-linearity of the LSF g, (u). Determine the corrected
reliability index 8*

3. Find a better estimate for u* from an inverse FORM using g*
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The underlying idea is that the main curvatures at the new design point u* will
not be too much different from the ones at the first order design point ukogy,. If
desired, iteration on steps 2-3 is possible. It is believed, however, that this will not
be necessary. As a matter of fact, the idea to correct the reliability index based
on a comparison of the first-order probability approximation and a more accurate
estimate is not restricted to SORM only. A further generalization includes the use
of any method in step 2.

Multiple PML problems can tentatively be handled in the same way, even though
there is only a heuristic justification in this case. For multiple PML problems the only
method which guarantees to find the exact response level is crude MCS. Combination

with the MLL method then results in the RBDC.
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