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Abstract

In this research, dynamic optimization of a minimally constrained bipedal model (free to
exhibit almost any arbitrary gait) is used to find the characteristics of energy efficient gaits.
I find that using a work-based cost yields gait optimization that automatically predicts
many features of human locomotion. This includes the optimality of walking and running
at their respective speeds. The results show the determinant energetic factors are: (i) the
cost of stance-leg work to make up for energy loss during downward-to-upward redirection
of body motion at each step; and (ii) the cost to move the swing leg forward and prepare
it for support transfer. To minimize the net energetic cost, the calculations discover various
strategies. For energy-effective walking the critical control actions are identified as: (i) a
burst extension force along the support leg just before heel-strike; (ii) a burst hip torque
at the start of leg-swing to accelerate the swing leg motion; and (iii) a decelerating burst
torque at the end of swing to reduce foot velocity at landing, leading to less energy loss at
support transfer between the legs. The burst hip torques at the beginning and end of the
swing phase are also used in energy-efficient running. However, exploiting an extension force
before heel-strike is not possible in running as there is no support leg during flight. Instead,

energy-loss at heel-strike can be minimized by landing on a near-vertical leg.

Swing-leg retraction in walking is also investigated in depth. The approach focuses on
simple closed-form analytic solutions. The three principal control actions identified in my
gait optimizations are replaced by impulsive forces and torques. With this simplified model
it was shown analytically that: (i) it is energetically favorable to delay the retracting hip
torque until the end of the pre-emptive push-off; (ii) swing-leg retraction torque reduces
the push-off force; and also (iii) increases the maximum possible walking speed; and (iv)
the energetic advantage of active swing-leg retraction depends on the step length, average

walking speed, ratio of actuator efficiencies for positive and negative work, and percentage
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of active work done during heel-strike.
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1.1 Simple mechanical models of the stance phase in walking and running. a)
Inverted pendulum model, b) Spiing-mass model, also known as the spring-
loaded inverted pendulum (SLIP)|model. In both models the body is reduced
to a point mass m at the center |of mass. In the inverted pendulum model
the CoM is supported by a massless rigid leg, whereas in the SLIP model it
is supported by a massless spring. . . . . ... ...

1.2 Rimless wheel. Gravity compensates for collision loss, and the rimless wheel
exhibits a steady downhill ‘walking’. . . . . . . . ... ... ... ... ...

1.3 Synthetic wheel rolls forward just like an ordinary wheel. The radius of the
semi-circular fedt is equal to the stance-leg length. The swing leg (solid thick
red) swings foryard to ‘synthesize’ a continuous rim. For clarity, the swing
leg (solid thick fed) has been plotted slightly shorter than the stance (dashed
thin black) leg. . . . . . . ..

1.4 Passive dynamic walking model. If the radius of the feet is smaller than
the leg length or the foot arc is not long enough to synthesize a continuous rim,
collision loss occurs at each heel-strike, and the biped cannot exhibit a passive
gait on level ground. If the biped is launched with propler initial conditions
on a shallow slope, gravity can compensate for the heelfstrike collision loss,
and the walking gait will converge to a stable limit cycle. . . . . . . . . . ..

1.5 Simplest walking model; an irreducibly simple bipedal model that exhibits
stable passive walking on a shallow ramp.. . . . . . . .. ... ... .....

1.6 The stabilizing effect of swing-leg retraction in walking. Swing-leg re-
traction starts at a fixed time in the step cycle, e.g. At after mid-swing. With a
retraction strategy, the step length will be a decreasing funcgion of the step pe-
riod (or retraction period). a) If the biped is perturbed to gp faster than nom-
inal, heel-strike will occur earlier-than-nominal, and the shdrter-than-nominal
retraction time will cause the swing leg take a longer-than-iominal step. This
longer step causes more collisional dissipation, which with the nominal push-
off force (energy input) results in a slowing towards the |nominal gait. b)
If the biped is disturbed to walk slower than nominal, the¢ longer retraction
time causes a reduced step length. a smaller collisional dissipation, and thus
a speeding of the biped to return toward its nominal gait. . . . . .. .. ..

2.1 The biped model with torso. The legs and the torso have distributed
mass, with their center of mass, Gieg and Gy, located b and a distances from
the hips.| Feet are massless and always stay parallel to the ground. Thus the
ankle actuators can apply torque only when the feet are on the ground. Each
legs is equipped with a telescoping actuator that can change the leg length.
The lower part of the legs, between the telescoping actuators and the feet, are
massless. . . .o




2.2

Biped on different terrains. Panel (a) shows different forces and torques

acting on the biped. Panels (b)-(d) show different terrains with the agsociated
reference frames. Panel (e) shows the force components associated [with leg;
for i=1.2. Fg, _and F.,, are the leg actuator forces along each lpg, while

2.3

Flcglp and F1ngp are the constraint forces perpendicular to each leg. . . . . .

Multiple shooting method and the defects at interval borders. Each

phase of the motion is divided into a few intgrvals. The state variables on
interval borders are determined by optimizatigqn via an iterative process. At
each iteration, the optimization procedure useq the current value of the state
variables at interval borders, e.g. yx, and yxy1} to integrate the equations of
motion over the subsequent interval. The differences between the resulting
states at the end of each segment and the spates at the beginning of the
next, e.q. Yri1 — Yry1, are called the defects. (Jonstraining defects to be zero

3.1

guarantees state continuity at interval borders. . . . . . . . ... ... L.

Leg forces in double support phase. Leg force profiles for two steps of a

sample continuous-support gait with no axial impulsive leg force, Ty min = 10% T'

Ng.=3. and N,=7. The dashed and solid verticdl lines indicate the touch-

3.2

3.3

down (TD) and toe-off (TO) instants, respectively. . . . . . ... ... ...

Stick diagram and gait parameters of two steps of the optimal level-
ground continuous-support gait generated for V' =1.38 m/s with instan-
taneous DS. Axial impulsive GRFs are not allowed. In the first step, leg; (the
solid blue lines in[3.2al) is the stance leg. In[3.2althe asterisks indicate the CoM
position. The dashed vertical lines in B.2bH3-2g] indicate the TD instant. In
[B2€ the subscripts azial and perp denote the foot velocity components along
and perpendicular to the corresponding leg. In[3.2fl the stance leg’s axial force
(Fleg,, and Fieg, ) and GRFs in normal and tangential directions (Fyi, and
Fyyy) are all scaled with body weight my g. Note that foot scuffink can be
avoided by decreasing the length of the swing leg’s massless portion. . . . . .

Stick diagram and gait parameters of two consecutive steps of the

optimal uphill continuous-support gait generated for y=10°, and V' =0.9m/s.

DS is instantaneous, and unbounded axial leg forces at TD are allowed. In the
first step leg; (the solid blue lines in 3.3al) is the stance leg. The asterisks in
B.3alindicate the CoM position. The dashed vertical lines in [3.3b3-3g]indicate
the TD instant. In[B.3€l the subscripts azial and perp denote the foot velocity
components along and perpendicular to the corresponding leg. In [3.3 the
stance leg’s axial force (ECgla and Eog2a) and GRFs in normal and tangential
directions (Fgy, and Fgy,) are all scaled with body weight my. g. Also the
arrows in [3.30 represent the GRF impulses at TD.|. . . . . . . . .. .. ...
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3.4

3.5

4.1

Two consecutive steps of the optimal downstair continuous-support
gait generated for Hgep =—10cm and Lge, =50cm. Other conditions are
similar to Fig.B3l In the first step leg; (the solid blue lines in B.4al) is the
stance leg. The asterisks in [3.4al indicate the CoM position. The dashed
vertical lines in [3.4D3.4g] indicate the TD instant. In[3.4€l the subscripts azial
and perp denote the foot velocity components along and perpendicular to the
corresponding leg. In [B.4f the stance leg’s axial force (ECg and Fleg,, ) and
GRF's in normal and tangential directions (Fpy, and Fgy,) are all scaled with

body weight my.; g. Also the arrows in

Two consecutive steps of the optimal intermittent-support gait on
level ground generated for V' =5 m/s. Unbounded axial leg forces at TD
are allowed. In the first step leg; (the solid blue lines in 3.5al) is the stance
leg. The asterisks in [3.5al indicate the CoM position. The dashed black and
solid green vertical lines in B.5bH3-5g]denote the touch-down (TD) and take-off
(TK) instants, respectively. In [B.5€ the subscripts azial and perp denote the
foot velocity components along and perpendicular to the corresponding leg.
In 3.5 the stance leg’s axial force (FlCgl and Fleg, ) and GRF's in normal and
tangential directions (Fgy, and Fgy,) are all scaled with body weight my g.
Also the arrows in B50 represent the GRF impulses at TDJ . . . . . . . . . .

Reduced gravity apparatus used by Farley and McMahon [87]. It
consists of “a series of springs (Sp), which applied a nearly constant upward
force to the body through a bicycle saddle (§). Magnitude of force was in-
creased by stretching springs with a winch (W). Motorized treadmill included
a strain gauge force platform (F) under the tread”. The figure and the quoted

4.2

text are reproduced from [87] with permission. . . . . . . ... ... L.

Dimensional metabolic cost of transport (DMet-COT) of walking

and running in partially reduced gravity conditions (i.e. reduced ef-
fective gravity only on the CoM), measured by Farley |and McMahon [87].
They calculated the DMet-COT (in the original work |it is called the cost
of transport) as the net metabolic energy consumption |per unit body mass
and unit distance travelled. As the figure shows, the DMet-COT in running

4.3

declines with decreases in gravity faster than in walking. . . . . .. .. . ..

Dimensional mechanical cost of transport (DMec-COT) of energy-
optimal gaits of the model. The optimal gaits were obtained by minimizing
the mechanical COT C,y (see Section [Z1.2]) for given speed V' and gravity level
Jred- DMec-COT was then calculated from Cyy greq- No curve fitting is used
in this figure (lines connect the raw data points), but for more clarity some of
data points are not marked. The gait optimization correctly predicts the cost
trends of human gaits shown in Fig.ﬁ ....................
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4.4

5.1

Step length changes with gravity, as predicted by energy-optimal gaits
of the minimally constrained bipedal model presented in Chapter 2 For
both walking and running, step length increases with reduced gravity, but
the changes for running are substantially greater than for walking. The red
line (running) corresponds to the 1/g,eq trend, where g,eq is the reduced grav-
ity acceleration. The step length data in this figure correspond to the optimal
gaits in Fig.[43l For more clarity, the results for walking at the other speeds
used in Fig.@Bare not shownl . . . . . . . .. ... ... ... ... ...,

Biped model without torso. Two rigid legs with lengths ¢ and distributed

mass Mieg. 1he leg center of mass is at|Gieg located at distance b from the hip.
The leg moment of inertia about the Hip is lieg/m = 0 Mg £b. A point mass at
the hip my represents the upper body. There is a motor at the hip applying
torque 7 between the legs, and a prismiatic actuator that extends and applies

5.2

push-off force F' along the stance leg. . . . . . . . .. . ... ... ... ..

A single gait cycle. The initial swing leg is thick red, the initial stance

leg is thin black. The four phases of one walking step are as follows. a) Just
after the thick leg has lifted from the ground at toe-off, the fmpulsive swing
thrust S starts the swing with proper initial swing velocity; |b) The passive
swing of the thick leg continues until ¢ =2«. During passive| swing the thin
leg’s extension actuator (not shown) is locked; c¢) Then, nearly|simultaneously
the thin black leg has an impulsive push-off P and the hip has an impulsive
swing retraction R. The thin leg’s extension actuator is umlocked only at
this phase; Finally, immediately after retraction and push-off, |d) the thick leg

9.3

5.4

collides with the ground with a sticking (heel-strike) collision. . . . . . . ..

Four phases of a gait cycle. The phase and the leg labelings are in accor-
dance with Fig.[52L_‘thick’ = swing leg, ‘thin’ =stance leg] . . . .. ... ..

Labels of the time instants between the phases. In phase (c) the im-

9.5

pulsive push-off and retraction can have any (specified) order or overlap.

Symmetric and asymmetric_solutions of passive swing. The three

numerical solutions of the hip angle ¢ for V.=1m/s and a«=40°. For the
sake of visibility, the stance leg angle is not plotted here. One of the solutions
(thin green) is symmetric and the other two (thi¢k red and dashed blue) are

asymmetric but cross-symmetric with each other. . . . . . . . ... ... ..
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5.6

5.7

5.8

6.1

Contour lines of the normalized angular rates at both ends of the
symmetric passive swing for some range of step angle and average walk-
ing speed. Panel (a) represents the stance-leg angular rate, and panel (b)
represents the hip-joint angular rate. In both panels, angular velocities are
normalized relative to w, =V}, /¢, where V,, is the GRF-based maximum walk-
ing speed at =0 and is defined in (5.36). This maximum speed is also
used to normalize the vertical axis. For the numerical values used for this
figure (Table 5.1]) V,, =3.18 m/s, and w,, =3.53rad/s. Above the dashed line
no walking is feasible without a pull from the ground (the gait switches to a
run on non-sticking surfaces). The shaded region represents the ‘admissible
region’, defined in Section [5.4.4l This region constitutes the parameter space
and is the focus of this study. Panel (b) shows that th¢ hip rate is positive

(extending) for all & and V' inside the admissible region. . . . . . ... . ..

Velocity transitions in a periodic gait cycle. A gait cycle can be con-
sidered as a sequence of continuous and impulsive phases (blue arrows). This
phase sequence can be replaced with a sequence of discrete velocity transi-
tions (black circles) relating the velocities at the beginning of each phase to
the velocities at the end of that phase (the beginning of the next phase). The
velocity mapping of phase (a) is given by (5.23]), and of phase (b) is given
by (512) and (5.13]). Equation (5.14]) corresponds to the velocity mapping of
phase (c), while (5.19) and (5.22]) give the velocities at the end of phase (d).
The symmetry in this figure does not imply the symmetry of the gait, though

the passive swing is considered to be symmetric. . . . . . . ... ... ...

Admissible region. The shaded region corresponds to the admissible com-
binations of step angle and speed. Above this region, walking is not feasible as
the calculated centripetal GRF during passive swing becomes negative, which
requires an unrealistic sucking foot-ground contact to avoid a flight. Below
the shaded region the swing-thrust impulse is applied backwards (pushes the
swing leg backward) opposite to that seen in human-like gaits. The lower
boundary of the region is set by (B.29), and the upper boundary is calculated
using (5.37)). The vertical axis is normalized relative to V,, = Vi,.x(0), which is

the GRF-based maximum walking speed at o= 0i defined in 1535} For the
numerical values used for this figure (see Table [} Vo=318m/sl. . . . ..

Partial impulses. The partial retraction impulse R and the partial push-off

impulse P as the partial area under the forc¢/torque curves for the arbitrary
impulsive retraction torque and push-off force profiles. The timing between
the two impulses is also arbitrary. The length of the periods over which the
impulsive push-off force and retraction torqug are applied is infinitesimal, but

is exaggerated here for clarity of illustration. . . . . . . . ... ... ... ..
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6.2

Visualization of the overlap parameter s. (a) As the impulsive push-off

force F' moves relative to the [impulsive retraction torque 7, the overlap pa-
rameter s changes from 0 to 1.|(b) The overlap parameter s can be considered
as the area under the cross-plot of p vs. r. Different paths in (b) correspond
to different episodes in (a). Ithpulsive F' and 7 are ‘synchronous’ if they are

6.3

proportional, and thus s=0.5. . . . . . . ... ... oL

The partial overlap parameter s;,. The path i and ii determine the upper

6.4

and lower bounds of the total overlap parameter s, respectively. . . . . . ..

Instantaneous stance leg extension rate during an arbitrary scenario of

impulsive extensional push-off forde and impulsive extending retraction torque
(R <0). The extending retractior) torque tends to decrease the leg extension
rate, and results in /() <0 for ¢ <t <ty. During this period the impulsive

6.5

push-off force does negative work. . . . . . . . ... ... L.

The partial overlap parameter s;,, and the minimum net overlap

parameter s for gn arbitrary scenario. The area of the shaded (solid gray)
region corresponds|to s;,. Given s;,, the net overlap parameter s becomes
minimum if the pusgh-off impulse completeness parameter p(t) does not change
during (o, ), i.e. ffrom ¢, until r(¢) =1. In this case s is given by the area of

6.6

the hatched region. . . . . . . . . ...

Two bipedal models with torso. Each model has two hip actuators, each

acting between the torso and the corresponding thigh. The swing retraction
torque, quantified by the impulse R, decreases ¢ and pushes the swing leg
toward the stance leg. (a) The straight{leg model: the push-off impulse P is
provided by a prismatic actuator along|the stance leg. (b) The articulated-
leg model: the resultant push-off is proyided by the knee and ankle torques,

7.1

quantified by their impulses K and A, which tend to extend the corresponding
angles (consequently extending the leg). . . . . ... ... ... ... ...

Stance-leg and hip-joint angles for walking at V' =1.24 m/s and o = 31.61°.
The model parameters are those listed in Table 5.1l The evident accuracy of
the approximate analytical solution in this figure holds also for almost all
other step angles and speeds in the admissible region (defined in Section

Xviil

109

125

142



7.2

7.3

7.4

8.1

Comparison of the approximate (analytic) and the accurate (nu-
merical) angular rates at the beginning of the passive swing for different
step angles and average walking speeds in the admissible region (see Fig.[5.8]).

The approximate angular rates 6, and qBo are calculated from the analytic so-
lutions in (Z7) and (ZI4). The non-approximate angular rates 6y and ¢, are
calculated using the numerical solution of the original EoM, given by (G.1T]).
For clarity, the results for only four selected average speeds are shown. The
calculations are based on the numerical values listed in Table .1l V,, is the
maximum GRF-based speed limit, given by . For the respecting param-
eter set V,, = 3.18 m/s. The figures show that| the accuracy of the approximate
solutions is yery good at small step angles, Iput it degrades at long steps and
slow speeds. . . . ..

Contour lines of the approximate minimum retracting impulse, R,
required to enforce heel-strike. The shaded area is the approximate ad-
missible region, defined in Section [[.7.3l The approximate solution predicts
that for step angles and speeds above the contour line ﬁmm =0 a retracting
hip torque (R >0) is required at the end of swing phase to ensure heel-strike.

The vertical axis is the normalized average walking speed V= v/ V.., where
V,, is given by (7.32]). The model parameter values are those in Table .

Comparison of the approximate and non-approximate admissible
regions. The shaded area corresponds to the numerically calculated admis-
sible region, defined in Section [5.4.4l The hatched area is the approximate
admissible region defined by (.26]) and (7Z30). The vertical axis is the nor-
malized average walking speed. For the non-approximate numerical solution,
the normalizing speed V,, is given by (5:36]). For the approximate solution,
the normalizing speed V,, is given by (7.32). For the numerical values used for
this figure (see Table = V. =2.97m/d. . .. ... ...

Percentage variations of the required swing thrust impulse § and
push-off impulse P with the retracting impulse R. The graph is plotted for
the average walking speed and the step period of V' =1.38 m/s and T'=0.54s.
The variation of each impulse is calculated relative to its corresponding value
at R =0. The model data are those in Table [5.1l The numerical results are
calculated using the non-approximate equations in (5.26]) and (5.27]), whereas
the approximate analytic results are calculated using (7.13]) a . Con-
sistent with the predictions of approximate analytic solutiong, the exact nu-
merical results show that the push-off impulse P decreases with tHe retraction
impulse R, whereas the swing thrust impulse S has a small dependency in R
which has been ignored in the approximate analytic solution. . . . . . . . ..
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8.2

Retraction torque and its reaction on the hip. The hip applies a re-

tracting force (torfue) on the swing leg and pushes it back. In reverse, a
reaction force is applied to the hip by the swing leg. This reaction force pulls
the hip forward and reduces the required push-off force for given step length

8.3

8.4

8.5

8.6

and walking speed. . . . . .. ..

Contour lines of the minimum retracting impulse, R.;,, required
to enforce heel-strike. The shaded area is the admissible region, defined
in Section .44l In the lower shaded area (light color) retracting hip torque
(R >0) is not necessary for periodic walking, and walking is feasible even
with an extensional torque (R <0). In the darker area, however, walking is
not feasible without a retracting hip torque prior to heel-strike. The vertical
axis is the normalized average walking speed V= V/V,,, where V,, is given b

(536). The numerical values of model parameters are taken from Table ﬁly

Contour maps of the energy optimal retraction impulse R*, calculated
numerically using the minimization problem stated in (€73]). Each panel cor-
responds to a different set of ¢; and co, i.e. the cost of unit positive and
negative work: a) ¢; #0 and ¢;=0, b) ¢;=4 and ¢,=5/6 as for human
muscles, and ¢) ¢; =c. In all three panels, the vertical axis is the average
walking speed V normalized with V,, given by (5.36]). The shaded area is the
admissible region, defined in Section .44l The cyan () area (marked with
R*=TR%) corresponds to the set of & and V' combinations for which retraction
is energetically optimal (energy minimization freely chooses to exploit retrac-
tion). R} is where the derivative of the net energetic cost Eg.ep, becomes zero
(stationary point). The gray @) region (marked with R* = Ri,) is where the
energy minimization would prefer not to apply any retraction torque, but en-

suring heel-strike requires the application of at least Ry, (see Fig.8.3). The
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blue 3 region corresponds to the zero optimal retraction impulse, 7.e. R* =0. 177

Different retraction impulses and their energetic cost corresponding
to the cost coefficients ¢; = ¢y and average walking speed V' =1.6m/s (equiv-
alent to V =0.5 in Fig. R.Ad). The optimal retraction impulse R* and its
energetic cost| are shown|with red dots. The vertical lines represent the step
angles at which R* switiches from R, to R =0 and then to R}. Exactly
on each switdhing line, the two cost curves associated with R* before and
after the tranpition are efjual, and the optimal retraction impulse has two so-
lutions. Note|that although R =0 results in the least energetic cost for step
angles before |the first vertical line, ensuring heel-strike in this region results
in R*= Rmin- ...................................

The zoomed version of Fig. .......................




8.7 Optimality region of a retracting hip joint at heel-strike, correspond-

8.8

ing to the optimal retraction impulse R* found for Fig.84l Each panel corre-
sponds to a different set of ¢; and cs, i.e. the cost of unit positive and negative
work: a) ¢; #0 and co =0 (free negative work), b) ¢; =4 and ¢; =5/6 as for
human muscles, and ¢) ¢; =cy. A retracting hip joint (i.e. ¢ﬁip >0) is en-
ergetically optimal only in the hatched region, which is where R* =R7. In
all three panels, the vertical axis is the average walking speed V normalized
with V, % by (5.36]). The shaded area is the admissible region, defined in
Section B 4.4l . . . . ..

Optimality region of a retracting swing leg at heel-strike, correspond-
ing to the optimal retraction impulse R* found for Fig.8.4l Each panel corre-
sponds to a different set of ¢; and ¢, i.e. the cost of unit positive and negative
work: a) ¢; #0 and ¢; =0 (free negative work), b) ¢; =4 and ¢, =5/6 as for
human muscles, and ¢) ¢; =c¢y. A retracting swing leg (i.e. xbl*eg >0) is en-
ergetically optimal only in the hatched region, which is where R* =R} and
for most of the area corresponding to R* =0. In all three panels, the vertical
axis is the average walking speed V' normalized with V,, given by (5.36]). The
shaded area is the admissible region, defined in Section m .........
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Symbol

Ala A2

B

Bss> Bdsa Bﬁ

C1

Co

éh 62

Css; Cds, €

Cet

List of Symbols

Definition

Distance between the torso center of mass and the hip joint, see Fig[2.1]
and Fig. 5.1l

Ankle joint of leg, and legs (model with torso), see Fig. 2.1l

Distance between the leg center of mass and the hip joint, see Fig.2.1l
and Fig. 5.1l

Torque-influence matrix in the equations of motion.

Matrix B in single support (SS), double support (DS), and flight (FL)
phases, given by (A.31]), (A.62), and (A.GD)), respectively.

Energetic cost of unit positive work = Inverse of the actuator efficiency
for doing positive work.

Energetic cost of unit negative work = Inverse of the actuator effi-
ciency for doing negative work.

Modified ¢; and ¢,, given by (811)) and (8I2) = Modified costs of unit
positive and negative work for indirectly taking into account the cost
of active work at heel-strike.

A column vector containing the Coriolis, centrifugal, and gravity terms
in the equations of motion.

Vector c in single support (SS), double support (DS), and flight (FL)

phases, given by (A.23)), (A.40]), and ([A.G4)), respectively.

Specific cost of transport, defined in (2.2)); total energetic cost per unit
distance traveled and per unit body weight.

Mechanical cost of transport; total positive mechanical work per unit
distance traveled and per unit body weight; given by Co when ¢y =1
and ¢y, =0.

Distance between two points.

Distance between the hip joint H and the point-mass Am.

Distance between the hip joint H and the center of mass of the leg.

Step length = Distance between two consecutive foot places = d 4, /4,
when both feet are on the ground.

poll



El> E2
1)

E step

E step,metabolic

Es
Ep

Er

fFl> fF2

Telescoping joints of leg; and legs (model with torso), see Fig. 2.1l
Energetic cost of an actuator, given by (6.1]).

Total energetic cost per step, given by (ZI]) or in a simpler form by

©2).

Metabolic energetic cost per step, measured indirectly using the rate
of Oxygen consumption.

Energetic cost of impulsive swing thrust torque, given by (6.6]).
Energetic cost of impulsive push-off force, given by (6.21]).
Energetic cost of impulsive swing retraction torque, given by (6.22]).
Energetic cost of actuator work during heel-strike, given by (8.7]).
Ep+ Exr

Modified energetic cost based on the modified cost coefficients ¢; and

Ca; given by (BI3).

Modified Ejge, which includes the cost of active work at heel-strike;

given by (B0).

Approximate Es, Ep, Er, and Eg.p, given by (T.51)), (53), (7.58),
and ([.64)), respectively.

Approximate Epg, given by Epg = Ep + Ex.
Rate of the energy expenditure = Power consumption.

2x1 vectors expressing the ground reaction force vectors ﬁpl and ﬁpg
in the reference frame; fp; = [Fplx, Fr1, ]T and fpo = I:Fpgx, Fyo, }T.

Force of the stance leg’s prismatic actuator (model without torso), see

Fig. BTl

Forces applied by the leg prismatic actuators along leg, and legs
(model with torso); See Fig.2.2el

Constraint forces applied perpendicular to leg, and legy = The per-
pendicular component of the total force applied on each leg (model
with torso); See Fig.2.2d

Ground reaction force vectors applied on leg; and legs.
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Ored

Gleg
Gtrs

GRF,

Hl ) H2
Hstop

1p1, 1r2

Tr1,, Ir,

Ips,, Lr2,

IlOg/Gng

[leg/H

Magnitude of ground reaction forces on leg; and legy (model with
torso); Fp1 = |Fr1|, and Fpy = | Fpal.

Tangential (along the floor) components of the ground reaction forces
on leg; and legs (model with torso), see Fig.[2.2€d

Normal (perpendicular to the floor) components of the ground reaction
forces on leg; and legs (model with torso), see Fig.[2.2el

Actuator force limit used in numerical optimizations (model with
torso); see Table 3.2

Gravitational acceleration = 9.81 m/s?.
Reduced gravitational acceleration.

Gravitational acceleration vector expressed in the reference frame;
g = — [sin(y), cos(y)]"g, where v is the terrain slope.

Leg center of mass; see Fig.2.1] and Fig.[5.1l
Torso center of mass; see Fig.[2.1l

Centripetal (along the stance leg) ground reaction force, given by

(B30).

Total body height (model with torso); see Table Bl
Torso height; ; see Table B.11

Hip joint; see Fig. 5.1l

Hip joints between leg; or leg, and the torso; see Fig. 2.1l
Step height; see Fig.2.2d

Vectors of the TD impulse on leg; and legy expressed in the reference
+
frame; ip; = ttid, fri(t) dt = [Ipiz, Tr, ]T fori=1, 2.

Tangential (along the surface) and normal (perpendicular to the sur-
face) components of the TD impulse on leg;.

Tangential (along the surface) and normal (perpendicular to the sur-
face) components of the TD impulse on leg,.

Leg moment of inertia relative to the leg center of mass Gieg.

Leg moment of inertia relative to the hip joint H.
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Itrs/G"s
Itrs/H
Jps Jims Jys

Jypr Jyms s

Jips J;

Js/r

Jrr

J197 J297 JQI@

Jlf1 ) JQlfl

J21£2

617 62

lo

ly

Emina gmax

Torso moment of inertia relative to its center of mass Gys.
Torso moment of inertia relative to the hip joint H.

Step-angle dependent scalers quantifying the influence of the push-off
impulse P, retraction impulse R, and swing-thrust impulse S on the

stance-leg angular rate 6.

Step-angle dependent scalers quantifying the influence of the push-off
impulse P, retraction impulse R, and swing-thrust impulse & on the

hip-joint angular rate ¢.

Step-angle dependent scalers quantifying the influence of the push-off
impulse P, and retraction impulse R on the stance-leg extension rate

L.

Step-angle dependent scaler quantifying the influence of retraction im-
pulse R on the swing-thrust impulse S; given by (B.33).

Step-angle dependent scaler quantifying the influence of retraction im-
pulse R on the push-off impulse P; given by (B.33)).

Jacobian of the position vectors ra, /.., TA,/Gus and Ta,/a, relative
to dg; Jio = Ora, /G0 /00, Jog = OTa, /Gy, /OQe, a0d Jo19 = Ora,/a, /Oqg.

These Jacobians are expanded in (A.606]), (A.67), and (A70).

Jacobian of the position vectors ra, /g, and ra,/a, relative to fi;
Jio, =01, /G /001, and Jarg, = Ora,/a, /OC1. These Jacobians are ex-

panded in (A68), and (A.7T).

Jacobian of the position vectors ra,/a, relative to  fy;
Jore, =0ra,/a, /Ols. Tt is expanded in (A72)

Fraction of the heel-strike energy dissipation that takes place actively
via negative actuator work, given in (85); 0 <k < 1.

Leg length; see Fig.21] and Fig. 5.1l
Lengths of leg; and legy (model with torso); see Fig. 211

Length of the landing leg at touch-down, used in numerical optimiza-
tions of the model with torso, see Table

Length of the upper (non-massless) segment of the telescoping leg in
the biped model in Fig.[2.1] see Table [3.11

Minimum and maximum leg length used in numerical optimizations
of the model with torso, see Table 3.2
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Mieg
Mot
Myrs
mu
M

Mss> Mds

N557 Nd57 Nﬂ

Pt
Ptis Diss pt;’ ptj

* >k
Diy5> Dy,

Leg extension rate; { = de/dte, A =d/l,/dt, and o= dly/dt.
Extension rates of leg; just before and just after the TD event at 4.
Extension rates of legy just before and just after the TD event at 4.

Leg extension rates at ¢, and t*, i.e. just before and just after both

pr’
the push-off and retraction impulses.

Approximate étg, given by (T43]).

Approximate ftj, given by (7.47)).

Leg extension acceleration; (=d?0/d?, 0, =d*/dt®, and
62 == d2€2/dt2.

Tangential distance (parallel to the surface) between the two consec-

utive foot-falls; see Fig. 2.20H2.2d]

Leg mass; see Fig.2.1] and Fig.[5.1l

Total mass of the biped.

Torso mass; see Fig.2.1land Fig. 5.1l

Point-mass at the hip (model without torso); see Fig.[5.1l
Mass-inertia matrix.

Mass-inertia matrix M in single support (SS) and double support (DS)
phases.

Number of equal-length intervals (grids) in single support (SS), dou-
ble support (DS), and flight (FL) pahse. The duration of each grid
(interval) is Tys/Nss, Tas/Nas, and Ty /Ny. Within each interval, the
actuator forces and torques are approximated by a piecewise-linear
function for numerical optimization.

Push-off impulse completness parameter (non-dimenssional), defined

in ([6.8]); specifies the portion of the push-off impulse that has been
applied so far.

p(t)
p(tl)a p(t2)> p(t;}), p(t;l—)

Optimal values of p;, and py,.
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Pmin

<

hel

Qe
Qe
AGot
Uss
Qds

an

q .4

Qo5 9t AGio
Qss; Qds; df
Qo, Ae, QG
Qss; Qds, G
A > Ay

P— . +
G0t s AGios

Lower bound on the impulse completeness parameter p that satisfies
£>0.

Push-off impulse, defined in (5.10).
Partial push-off impulse, defined in (G.8]).
Approximate P, given by (7.16]).
T

Biped configuration vector (model without torso); q= [0, ¢| .

A 3x1 vector containing the link angles 6;, 05, and 63 (model with
torso); qg = [ 61, 02, O3]

A 2x1 vector containing the leg lengths ¢;, and ¢5 (model with torso);
qe=[{1, gz]T-

A 2x1 vector containing the cartesian coordinates of the biped center
of mass Giot; At = [TGiocs Yo -

A 4x1 vector expressing the biped configuration in single support (SS)
phase (biped with torso); qi = [¢1, qF |".

A 4x1 vector expressing the biped configuration in double support
(DS) phase (biped with torso); qus = [£1, qf |

A 5x1 vector expressing the biped configuration in flight (FL) phase
(biped with torso); qq = [qémt, qﬂT.

Joint velocity (general case).

Joint velocities just before and just the impulse Z; used for formulating
the work of an isolated impulse in (6.3]).

First-derivative (with respect to time) of qq, q¢, and qg,, -
First-derivative (with respect to time) of qss, qqs, and qg.
Second-derivative (with respect to time) of qg, q/, and qqg,,, -
Second-derivative (with respect to time) of qss, qqs, and qg.
qe just before and just after the TD event at 4.

dc,., just before and just after the TD event at 4.
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Tt

Ttrs Tty Tyh
Ti T

r

I'Ag/Al

Y'A1/Gtot TA2/Giot

YGiot/A11 YGiot /A2

TGyot /A1 A5 /A
TGyt /A1 TAs /A
R
R

Rmin

Rmax

R*

Retraction-impulse completness parameter (non-dimenssional), de-
fined in (6.7)); specifies the portion of the retraction impulse that has
been applied so far.

r(t)

r(ty), r(ta), r(£5)

Optimal values of r,, and ry,.

Position vector expressed in the reference frame.

Position vector of the ankle joint A, relative to the ankle joint A;.

Position vectors of the ankle joints A; and A, relative to the biped’s
center of mass Giet.

Position vectors of the biped’s center of mass Gy, relative to the ankle
joints Ay and A,.

First-derivative (relative to time) of rq,.,/a,, and ra,/a,.
Second-derivative (relative to time) of rq,,, /a,, and ra,/a, .
Swing retraction impulse, defined in (5.9)).

Partial retraction impulse, defined in (6.7).

Minimum retraction impulse required to ensure heel-strike, given by

(®2).

Maximum retraction impulse for a non-negative push-off impulse, de-

fined in (5.28).

Optimal swing retraction impulse that minimizes the total energetic
cost per step.

Swing retraction impulse at which 0Fge,/0R = 0.

Approximate R, given by (T.21]).

Approximate R.x, given by (7.22]).

Approximate R*, calculated by minimizing Estep; given by (Z.76)).

Approximate R7}; the retraction impulse for which aEstep JOR =0;

given by (Z.71)).
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St

St Sty Sty
* *

St17 Stg

Smin

O

+
AN

to, tf

ror

to,

p’ p

t

For 0 < R <R, VN[/}J{ — 0, whereas for R > R the impulsive retraction
torque does some positive work. Its approximate solution is given by

([Z.56).

Quantifies the relative timing of impulsive push-off force and the
impulsive retraction torque; a non-dimenssional parameter given by

©6.15).
Optimal overlap parameter s.
Partial overlap parameter, defined in (6.12).

sy at t1, t1, and ty.

Optimal partial overlap parameters s;, and s,.

Lower bound on overlap parameter s that satisfies (>0.
Swing thrust impulse, defined in (5.8)).

Approximate S; given by (7.15]).

Time

Time instant corresponding to the TD event.

Time instant just before the impulsive swing thrust torque = just after
toe-off; it is also equivalent to t =07, see Fig.[5.4l

Time instant just after the impulsive swing thrust torque = the be-
gining of passive swing; it is also equivalent to ¢t =07; see Fig.[.4l

Time instant just before both the impulsive push-off force and retrac-
tion torque = the end of passive swing = min(t;", ¢, ); see Fig.[5.4l

Time instant just after both the impulsive push-off force and retraction
torque = just before heel-strike = max(t}, ) =t ; see Fig.5.4l

rUp

Time instants just before and just after the impulsive retraction
torque; see Fig.[5.41

Time instant just before and just after the impulsive push-off force;
see Fig. 5.4l

Time instant just before the collisional heel-strike = ¢ ; see Fig.[5.4l

Time instant just after the collisional heel-strike = just after toe-off;
see Fig.[5.4l
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7;57 Td57 Tﬂ

Tds,min

v

Vmin

Vmax

Va

Vir

VFlaxialu VF2axial
VFlperp7 VF2perp
v

74l

Step period.
T =1t

pr

Duration of single support (SS), double support (DS), and flight (FL)
phase.

Lower bound on Ty used in numerical optimization (model with
torso).

Average walking speed.

Minimum average walking speed for which the calculated swing thrust
impulse is non-negative; defined in (5.29)).

Maximum average walking speed for which GRF along the stance leg
is non-negative during passive single stance; defined in (5.37]).

Normalizing speed = max Viax(«) for all a, given by (5.30]).

Transition speed above which the optimal gait switches to a new pat-
tern, i.e. from continuous-support to intermittent-support.

Velocities of foot; and footy along their corresponding leg.

Velocities of foot; and footy perpendicular to their corresponding leg.
Normalized average walking speed; V= V/V,.

Maximum speed for which wy exists and is given by (ZI1)).
Approximate V,,, given by (7.32]).

Approximate Vp,i,; defined in (7.20]).

Approximate Vi,.x; defined in (7.30).

Net, positive, and negative mechanical work performed by a given
force or torque.

Net mechanical work done by impulsive the push-off force, given by

6.19).

Partial push-off work = net work done by the impulsive push-off force
from its beginning until an arbitrary instant ¢ in (¢7, ¢t ), defined in

p’ pr)v
G.I3).

Positive and negative mechanical work performed by the impulsive
push-off force.
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Ws, Wd, Wy

Wr

Wr, W

Wrr
Wy

W’H ,active

WH,passive

%‘

§.

TGior

YGiot

,gfswing

Net, positive, and negative mechanical work performed by the impul-
sive swing thrst torque.

Net mechanical work performed by the impulsive swing retraction
torque, given by (6.14).

Partial retraction work = the work performed by the impulsive retrac-
tion torque from its beginning until ¢, defined in (6.10), and given by

(6.110).

Positive and negative mechanical work performed by the impulsive
swing retraction torque.

Wp +Wx
Energy dissipation at heel-strike, given by (84).

The portion of energy dissipation at heel-strike that takes place ac-
tively, 7.e. by actuator work.

The portion of energy dissipation at heel-strike that takes place ac-
tively, i.e. through energy loss at collision.

Approximate Wp, given by (T.52).

Approximate W, given by ((.49) or (T.50).
Approximate Wpg, given by (Z.53]).

Approximate ~W;{ and Wy; where Wi is given by (Z57) and
Wge=Wg —WZ.

Mechanical power of an actuator.
Mechanical power of the it" actuator.
Tangential (along the ground surface) component of a position vector.

Tangential (along the ground surface) coordinate of the biped center
of mass (Gye) in the reference frame.

Normal (perpendicular to the ground surface) component of a position
vector.

Normal (perpendicular to the ground surface) coordinate of the biped
center of mass (Gyt) in the reference frame.

Vertical component of the swing-foot velocity.
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yftrailing

«

amax

91) 927 93

Sy

0,6

0o

fo+

0, 0+
ét;r’ th
ét;’ %

et; ) etj

Vertical component of the trailing-foot velocity.

Step angle; the angle of the stance leg relative to the vertical at heel-
strike; see Fig.[5.2l

Maximum step angle for which walking is feasible.
Ground slope relative to horizontal.

Nondimensional coefficient representing the spread of the leg mass
relative to the leg center of mass. It is used to calculate the leg moment

of inertia about the hip, as Iieg/g = 0 Mieg £ .

Smoothing parameter used to approximate the non-smooth positive-
value function with a smooth function, as [z]* ~ (z + V22 + €2) /2.

Nondimensional parameter given by n=w3/(wi +w3). Tt is used to

calculate qg and (ﬁo.
Stance leg angle relative to vertical (model without torso), see Fig.[5.1l

Angles of, respectively, leg;, torso, and legs relative to vertical (model
with torso), see Fig. 2.1l

Approximate 0, given by (Z.5]).

Stance-leg angular rate and angular acceleration (model without
torso).

Stance leg angular velocity at the start of passive swing = ét:; it is a
simpler notation for O+ .

Stance leg angular rate at the start of passive swing = étj5 for sim-
plicity it is denoted by 6.

Stance leg angular rates at ¢t and tI, i.e. just before and just after

the swing-thrust impulse.

Stance leg angular rates at ¢ and ¢, i.e. just before and just after

pr’
both the push-off and swing-retraction impulses.

Stance leg angular rates at t; and ¢, i.e. just before and just after

P

the push-off impulse.

+

T, i.e. just before and just after

Stance-leg angular rates at ¢ and ¢
the swing-retraction impulse.
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0, 0+
ty o Tty

T1
T2
73
T4

Tmax

Stance-leg angular rates at ¢, and t;, i.e. just before and just after
the collisional heel-strike.

Normalized 6y, given by 6y =6, Jwn.
Approximate 0 and 6.
Approximate 6; given by ().

Approximate ét; and 9tj> given by (7.37)) and (7.33]).

Approximate 91&37 given by (Z41)).

Approximate ét; and étj- When the push-off impulse is applied before
the retraction impulse, ét; = 9#, and 9tj is given by (7.45]).

A nondimensional parameter quantifying the influence of swing-leg
motion on stance-leg dynamics; given by (Z.1]).

Friction coefficient, see Table 3.2
Average angular rate of the stance leg, given by (7.8]).
Hip torque (biped model without torso), see Fig.[5.1l

Stance leg’s ankle torque applied from the foot to the leg (biped model
with torso), see Fig.[2.2al

Stance leg’s hip torque applied from the torso to the leg (biped model
with torso), see Fig.[2.2al

Swing leg’s hip torque applied from the torso to the leg (biped model
with torso), see Fig.[2.2al

Swing leg’s ankle torque applied from the foot to the leg (biped model
with torso), see Fig.[2.2al

Upper bound of the joint torque used in numerical optimizations
(model with torso); see Table

Torque vector; 7= [T1, T2, T3, 7'4]T-

Actuation vector in single stance (single support) phase;
T
Tss = [Hcglav T1, T2, T3:| .
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Tds

T

o+

Qgt;7 ¢t;r
Q'Stgra Qgtgr
Q'St;a Q'St;r
Q'St;a Q'Stj
étﬁu (btflr
do

6.0

do

Q;tg’ ta;r

(bt; ) (btjr

Actuation vector in double stance (double support) phase;
T
Tds = [Flegm’ Flegza’ T1, T2, T3, 7'4} .

Actuation vector in flight phase; 74 = [7o, 73]".
Hip-joint angle (model without torso), see Fig.[5.1l
Approximate ¢, given by (Z.12]).

Hip-joint angular rate and angular acceleration.

Hip-joint angular rate at the start of passive swing = Qgg; it is a simpler
notation for ¢+ .

Hip-joint angular rate at the start of passive swing = Q'St;; for simplicity
it is denoted by (ﬁo.

Hip-joint angular rates at ¢ and ¢, i.e. just before and just after the
swing-thrust impulse.

Hip-joint angular rate at ¢, and ¢, i.e. just before and just after both

r pr’
the push-off and swing-retraction impulses.

Hip-joint angular rates at t; and ¢}, i.e. just before and just after the
push-off impulse.

Hip-joint angular rates at ¢, and ¢, i.e. just before and just after the
swing-retraction impulse.

Hip-joint angular rates at ¢, and #;", i.e. just before and just after the
collisional heel-strike.

Normalized ¢y, given by ng = o/ wn.

Approximate ¢ and ¢.

Approximate ¢; given by (7.14).

Approximate ét; and gz'Stj; given by (7.38)) and (7.30)).
Approximate étg, given by (Z.42) or (.44]).

Approximate ét; and <;5tr+, where (ﬁt; = q'ﬁtg and ‘thi is given by ([.46])

or (748).
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whip
wleg
wﬁip

Vieg

wﬁip
Vieg
w1
w2

Wn

joR

Hip-joint retraction rate, given by (7.78).
Swing-leg retraction rate, given by (7.79)).

Energy-optimal hip-joint retraction rate, calculated by evaluating @Z}hip
at R=TR".

Energy-optimal swing-leg retraction rate, calculated by evaluating %Cg
at R=TR".

Approximate @ﬁﬁip, given by (Z.80).

Approximate ¢fog> given by (Z.81)).

Stance leg’s approximate natural frequency, given by (Z.0).

Swing leg’s approximate oscilation frequency, given by (Z.I10).
Normalizing angular rate = max(|fy|) for all a and V, given by (5.37).
Approximate w,; its analytic solution is given by ([Z.31]).

Approximate change in the hip-joint angular rate due to the swing
thrust impulse; given by ([C.I7).
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Abbreviation
CoM

COT

DC
DMec-COT
DMet-COT
DoF

DS

EoM

FL

GRF

SLIP

SP

SS

TD

TK

TO

TPBV

NLP

w.r.t.

ZMP
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Chapter 1

INTRODUCTION

Humans and animals can achieve movement from one place to another, or locomotion, using
a variety of strategies. Legs are arguably the most appropriate and versatile mode when
moving on uneven terrain [I]. Because of the strong connection of walking and running
with our daily life, and due to potential applications such as replacing humans with func-
tional robots in hazardous environments and the restoration of motion in the disabled with
dynamically-controlled lower-limb prostheses, legged locomotion has attracted substantial
interest from different fields such as Biology, Kinesiology, Neuroscience, Computer Science,

Control Engineering, Mechanical Engineering, and Robotics.

While walking and running have been well described, the governing principles determining
effective legged locomotion are not well understood [2, 3, 4]. Despite the advancements in the
design and manufacturing of high performance sensors and actuators, to date there has been
no bipedal robot exhibiting both the dexterity and efficiency of human locomotion [3] 5] [6].
Although Honda’s ASIMO [7, 8] and Boston Dynamics’ PETMAN [9] and ATLAS [10] robots
have impressive versatility and robustness, they still fall far short of human performance.
Also, scaled for weight and speed, their energy consumption is roughly 10 times more than
that of humans [11]. Conversely, the Cornell Ranger robot [12] is energy stingy, but all it
can do is to walk on flat ground. But there are no known reasons why a robot should not
be able to nearly match human efficiency, versatility, and robustness. Available actuators,
sensors, and components seem good enough; the problem seems to be in the design of the
control system, which in turn is caused by the lack of our understanding of the principles

for effective and robust legged locomotion.

Although legged robots might be significantly different from their biological counterparts,



both groups are subject to the same mechanics principles governing their motions. Therefore,
understanding biological legged locomotion can contribute to better designs of walking and
running robots - improving performance, robustness, and energy efficiency. Experimental
robots and computer-based models can, in turn, improve our knowledge of legged locomotion
by serving as a means to evaluate theories of how, and why, humans and animals move the

way that they do [4].

1.1  Objective of This Thesis

I intend to develop a better understanding of energy efficient legged locomotion using simu-
lation and optimization of computer models of robots and humans. My eventual goal is to
develop a simple and tractable theory of effective legged locomotion and balance control in
bipedal models comparable to humans. Such a functional theory will indicate the origin of
stability and define features of energy economy that are hallmarks of biological locomotory
capacity. It will also reliably predict how humans and animals choose special gait parameters,

such as stride length and frequency at a given forward speed and other specified conditions.

1.2 Review of the Relevant Literature

In the following, I provide a brief review of the most important work relevant to the analysis

of legged locomotion.

1.2.1 Minimalistic Models for Legged Locomotion

One approach to study legged locomotion is to model a legged organism as a machine
described by Newtonian mechanics. Although organisms are generally multi-purpose and
highly complex systems, describing them using simple models can provide insight into the

factors influencing their fundamental behavior. Simple models are more amenable to in-
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Figure 1.1: Simple mechanical models of the stance phase in walking and running. a)
Inverted pendulum model, b) Spring-mass model, also known as the spring-loaded inverted
pendulum (SLIP) model. In both models the body is reduced to a point mass m at the
center of mass. In the inverted pendulum model the CoM is supported by a massless rigid
leg, whereas in the SLIP model it is supported by a massless spring.

terpretation and are computationally fast, while comprehensive models have complexities
that can obscure the underlying principles responsible for their observed behavior. If more
elaborate models are required, it is advantageous to add complexities step-by-step to track

their influence on model behavior.

Among different models proposed to study legged locomotion, the two simplest ones are
the inverted pendulum model [13][14], and the spring-mass model [15] 16}, 17, [18]. The latter
is also known as the spring-loaded inverted pendulum (SLIP) model [I9]. These models are
shown in Fig.[I.Tl In both cases, the body is reduced to a point-mass located at the center
of mass (CoM). In the inverted pendulum model the CoM is supported by a massless rigid
stance leg, whereas in the spring-mass model it is supported by a massless spring. In the

following, these models and their modified versions are briefly explained.

1.2.2 Inverted Pendulum Model

The inverted pendulum model is shown in Fig.[[.Tal This model was first proposed to study
bipedal walking [13, 20]. This was based on the observation that walking seems to resemble a
‘compass gait’ where the CoM vaults over a rigid stance leg, and follows an almost arc-shape

trajectory between two consecutive foot falls [13] 21]. Later, this model showed good success



in explaining some aspects of human and animal locomotion. For example, this model can
in part explain the transfer of potential and kinetic energy during walking [20 22]. It also
correctly predicts that the speed at which animals and humans prefer to switch from walking
to running is solely a function of gravitational acceleration and leg length [23] 24]. Although
this model was first proposed to study walking, some modified versions of this model have

also been used to study running, galloping, and trotting as well [25] [26].

1.2.3 Spring-Mass Model

This model is shown in Fig.[LL1bl The point-mass m, representing the total body mass, is
supported by a massless spring. The SLIP model was originally proposed to model running
[15, [16]. This was based on the observation that in human and animal running elastic energy
can be stored and released by passive compliant structures such as tendons, ligaments, and
even muscles [27, 28]. More recently, a modified version of this model with two massless

springs has been used to generate stable walking gaits [3] [29].

One of the main features of this model is that it can correctly predict the ground reaction
force (GRF) profiles in both walking and running [3, 29 30]. Due to this feature and also the
smooth behavior of this model at foot-ground contacts, the SLIP model has recently enjoyed
substantial attention. However, the original SLIP model is completely energy conservative,
so it cannot be used to study the energetics of locomotion, the subject of this thesis. Fur-
thermore, it has been shown that many features of running can be correctly predicted using

fully rigid models [2, 26, 31} [32]. Therefore, in the rest of the thesis I focus on rigid models.

1.2.4 Inverted Pendulum-Based Simple Model

Ballistic Walking Model:

Inspired from the observation of relatively low muscle activities during the swing phase of

human walking [33], and that the sum of kinetic plus potential energies of the body CoM
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changes relatively little during the swing phase of a walking step [34], Mochon and McMahon
[35], 136] developed the ‘ballistic walking’” model with a stiff stance leg and a segmented swing
leg. They showed that by choosing a realistic leg-mass distribution, and with proper initial
conditions provided by muscle activities prior to swing, the model can move forward with no
muscle activity during swing. Moreover, the model could produce swing times, joint angles,

and reaction forces similar to those in normal human gait (during the swing phase).

The term ‘ballistic walking’ is used to emphasize that the motion of the swing leg is driven
only by gravity and the momentum established by the initial velocities (like a projectile
moving through space). In other words, no continuous energy investment (muscle work)
or control is required during leg swing. This was an important step toward understanding

effective legged locomotion.

The ballistic walking model was only a partial model of the step cycle, since it was limited
to just the swing portion of the gait cycle. Therefore, it was limited in the insights it could
provide on effective gaits, and more elaborate models were required to study the complete
step cycle. The next important step in understanding the governing principles of legged

locomotion was taken by Tad McGeer.

McGeer’s Passive Dynamic Walking Models:

Motivated by the results of the ballistic walking model, McGeer followed a systematic ap-
proach to study a series of two-dimensional passive gait models and walking mechanisms
[37, 138, 39, [40], 411 [42]. His pioneering work proceeded with an evolution of models of increas-
ing complexity combined with the development of physical robots to validate his theoretical

models.

He first studied the ‘rimless wheel” and the ‘synthetic wheel” as simple models of walking
[37, 38, 39]. The rimless wheel, shown in Fig.[[.2] consists of a mass at the center and n

equally spaced struts extending outwards, like a wagon wheel without an outer rim. Once
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Figure 1.2: Rimless wheel. Gravity compensates for collision loss, and the rimless wheel
exhibits a steady downhill ‘walking’.
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Figure 1.3: Synthetic wheel rolls forward just like an ordinary wheel. The radius of the
semi-circular feet is equal to the stance-leg length. The swing leg (solid thick red) swings

forward to ‘synthesize’ a continuous rim. For clarity, the swing leg (solid thick red) has been
plotted slightly shorter than the stance (dashed thin black) leg.

started, this device will settle into a steady downhill ‘walk’, with gravity balancing the
angular momentum lost on each support-strut transfer. The simplicity of the model allows

for analytic proof of stability of the motion and the calculation of the steady state speed.

The other model studied by McGeer, the synthetic wheel shown in Fig.[[.3] has two
straight legs and a large mass at the hip. It also has semi-circular feet with a radius equal to
the leg length. Like a true wheel, the stance leg of this model rolls at constant speed along a
flat surface. Meanwhile, the swing leg passively swings forward and makes the new support
to ‘synthesize’ a continuous rim. Because there is no collision loss, in the absence of friction

this model could exhibit a steady walking gait on level ground [37, [38] [39)].



Figure 1.4: Passive dynamic walking model. If the radius of the feet is smaller than the
leg length or the foot arc is not long enough to synthesize a continuous rim, collision loss
occurs at each heel-strike, and the biped cannot exhibit a passive gait on level ground. If the
biped is launched with proper initial conditions on a shallow slope, gravity can compensate
for the heel-strike collision loss, and the walking gait will converge to a stable limit cycle.

By combining the rimless wheel and the synthetic wheel, McGeer developed more-realistic
bipedal models that could passively walk down a shallow ramp [39, 40, [41]. A knee-less
version of these models is shown in Fig.[[.4l Using mathematical gait models and linearized
stability analysis, he showed that these models can have a stable limit cycle motion, provided
that a proper mass distribution and link dimensions are used. He also built several physical
models (with and without knee joints) that exhibit stable passive dynamic walking in two

dimensions, e.g. [43].

Inspired by McGeer’s significant work, Collins et. al. built a three dimensional passive
dynamic walker with knees [44]. Using the ideas of passive dynamic walking, and by adding
a powered ankle and minimalistic control, Collins et. al. also built the Cornell Biped [45], a
very efficient powered bipedal robot that could walk on level ground. Scaled for weight and

speed, Cornell Biped matched human energy use.

Passive Simplest Walking Model:

Following McGeer, Garcia et.al. [46] studied the simplest passive walking model, an ir-
reducible bipedal model exhibiting passive walking on a ramp (see Fig.[[Lh). This model

consists of two rigid legs connected at the hip by a frictionless joint. All the biped mass is
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Figure 1.5: Simplest walking model; an irreducibly simple bipedal model that exhibits
stable passive walking on a shallow ramp.

concentrated at either the feet or the hip. The hip mass is much larger than those at the
feet. This allows for simplification of the stance leg dynamics, so an approximate analytic
solution can be calculated for the stance leg motion. However, the authors did not simplify
(approximate) the swing leg motion. Using numerical methods and linearized stability anal-
ysis of the type used by McGeer [39], they showed that this model can have stable limit

cycles for some range of slopes.

The ballistic walking model and the passive dynamic walking models and robots show that
the walking gait does not need high-bandwidth control, and during most of the step cycle the
biped can move passively by its own natural dynamics. In other words, the low-bandwidth
effective gait control can be achieved by properly exploiting the interaction between the
biped’s natural dynamics and its environment (gravity and the substrate); an important

observation that should be noted in understanding effective legged locomotion.

Powered Simplest Walking Model:

The simplest walking model is completely passive, and therefore can only walk on a ramp to
make up for the energy lost at heel-strike. To study the energetics of walking, Kuo [47] mod-
ified this model to walk on level ground. Powered walking was realized using either a torque
applied to the stance leg, or an impulsive force applied along the stance leg immediately be-

fore heel strike. Using analytic analyses and a work-based energetic cost, Kuo showed that



for powered walking the pre-emptive impulsive push-off force is four times less costly than
the torque on the stance leg. The reason for this substantial energetic cost improvement is

that the pre-emptive push-off force reduces the collision loss at heel-strike.

The above result emphasizes the importance of the interaction between the biped and
its substrate for an efficient gait. In fact, collision loss at heel-strike is the direct outcome of
this interaction, so an effective control action is the one that interferes with this interaction
to reduce the loss [2]. Furthermore, the powered simplest walking model predicts that for
efficient walking, work is not needed within each step, but rather between steps where the
CoM is redirected from moving downward to moving upward (step-to-step transitions). This

prediction was later verified experimentally with human subjects [48] 49, [50].

By adding a spring at the hip to tune the step frequency and step length with no propul-
sive energy to the gait, Kuo also studied the effect of a hip torque on gait energetics [47]. At
a given average walking speed, increasing the step frequency results in a shorter step length
and less heel-strike loss (energy loss at foot-ground impact). Consequently, less push-off

work is required to compensate for the loss.

Collisional Model, Leg Sequencing in Walking, and Pseudo-Elasticity in Running;:

Ruina et. al. [26] also studied the energetics of legged locomotion using a simple collisional
inverted pendulum model. With a work-based energetic cost, in which both positive and
negative work contribute to the net cost through their respective efficiencies, they analyti-
cally showed that the relative timing of push-off and heel-strike impulses can substantially
change the gait energetics. In fact, when push-off is applied before heel-strike the cost is
66% less than when push-off follows heel-strike. This, again, indicates the importance of
the interaction between the biped’s CoM motion (biped dynamics) and the substrate (the

ground) for an efficient gait.

Ruina et. al. [26] also showed that to reduce the energetic cost in running the legs should



actively behave like purely elastic springs even in the absence of elastic elements in the legs
(‘pseudo elasticity’). This indicates that the advantage of bouncing motion in running is
more fundamental than just being produced by passive elastic elements in the body. In
other words, the bouncing motion in running is effective by itself, regardless of how it is
implemented (by either specific actuator force-position profiles, or passive springs), but the

use of passive springs makes it more effective.

Walking and Running: the Optimal Gaits at Slow and Fast Speeds:

Using computer optimization of a simple bipedal model (massless rigid legs and a point-
mass at the hip), Srinivasan and Ruina [25] found that among an infinite number of possible
gaits, the classic inverted-pendulum walk is the most energy efficient gait at slow speeds.
Furthermore, at high speeds a bouncing run is the optimal gait even without springs, verifying

the optimality of the pseudo elasticity concept [26].

So far, I reviewed the main background relevant to simple bipedal models and energy
efficient gaits. In the next section, I review the work related to one of the common, and
surprisingly influential, characteristics among many different gaits, the specific motion of the

swing leg prior to foot-ground contact.

1.3 Swing-Leg Retraction

When people walk or run their swing leg rotates forwards during most of the swing phase
in preparation for the next step. However, just before the swing foot hits the ground (heel-
strike), it decelerates rapidly and generally moves backwards slightly (e.g. [51], 52| 53] 54]).
This late-swing rotation reversal, known as swing-leg retraction, is easily seen in running. In
walking the retraction period is short and the final retracting leg angular velocity is small,
so retraction in walking is difficult to see by eye, or even on videos. However, it can be

easily seen as a sign change in the slope of the measured joint angles (velocities) and in
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muscle activity recordings (e.g. [55]). The swing leg retraction is also observed in some
animals (e.g. [52 56l 57]). Why do many legged organisms use this swing leg retraction?
Previous studies, using theoretical models and physical robots, have shown several benefits

of swing-leg retraction.

Advantage 1: Increased Stability Regions in Running:

In the context of some particularly simple control policies (e.g. [58]), Seyfarth et. al. [59]
showed that a retracting swing-leg angular velocity can increase the range of parameters (e.g.
average speed, apex height) over which stable periodic running is possible. Here, stability is
defined as whether the model returns to a periodic gait after a small deviation (caused by a
disturbance or incorrect initial conditions) from the nominal periodic gait. In this context,
stability is evaluated in terms of the eigenvalues of the Jacobian matrix of a periodic gait’s

Poincare map [60]; a gait is stable if all eigenvalues are inside the unit circle, otherwise not.

In walking, however, retracting the swing leg decreases the range of parameters (e.g.
slope, step length) for a stable periodic gait, at least for a simple inverted pendulum model
with massless legs [61]. In this model the parameter space for stable periodic walking is
largest at zero retraction speed. However, walking with zero retraction (like a rimless wheel)
would make the walker operate very close to instability, as the resulting eigenvalues are very
close to the unit circle. Retracting the leg with a mild retraction speed will decrease the

eigenvalues for a more reliable gait.

Advantage 2: Improved Disturbance Rejection:

For given gait parameters, a retracting swing-leg angular velocity prior to heel-strike can
also improve the disturbance rejection. This improvement is characterized by either a faster
recovery after a small disturbance, or a greater disturbance magnitude that can be tolerated
without falling [62], 63]. For small disturbances the improved disturbance rejection is because

the retraction reduces the magnitude of the eigenvalues of the Poincare Map’s Jacobian
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matrix, speeding the decay of transients after disturbances. Using a mild retraction speed,
the fastest recovery from an arbitrary disturbance can be achieved when the eigenvalue with

the largest magnitude is minimum.

How does this work? In the simplest walking model the full control strategy is to program
the leg angle as a function of time [61], an open-loop motor program, starting with a trigger
(e.g. the previous heel-strike or the instance of mid-stance). If such an open-loop motor
program uses a retraction strategy, the hip angle (the inter-leg angle) will be decreasing
at the time of impact. If the gait is perturbed, the time to heel-strike will depend on the
perturbations. With a retraction strategy, the step length will be a decreasing function of
the step period (or time from trigger until heel-strike). In this case, if the robot is pushed
forward after the leg swing program is begun, then heel-strike will happen sooner than for
the nominal (the undisturbed case), as shown in Fig.[[.Gal and the shorter-than-nominal
retraction time will cause the lead leg take a longer-than-nominal step. This longer step
causes more collisional dissipation and thus causes a slowing and return toward the nominal
gait. If the robot is disturbed to walk slower than nominal, the longer retraction time causes
a reduced step length (see Fig.[1.61), a smaller collisional dissipation, and thus a speeding of
the robot back towards its nominal gait. For spring-mass models [59] which conserve energy
at heel-strike, the explanation is different in detail, having to do with the partitioning of
energy into forwards and vertical parts, but the resulting response to perturbations, that a

forwards push leads to slowing and wvice versa, is the same.

For larger disturbances, Hobbelen and Wisse [62] found, using two theoretical models
and a physical bipedal robot, that the magnitude of a random step-height disturbance that
makes a walker fall is increased by using mild feed-forward leg retraction. That is to say,
in the absence of real-time feedback control, an open-loop trajectory with some retraction
gives more robustness to disturbances (larger basin of attraction and faster decay) than

a trajectory without retraction. A similar result is verified by Karssen [63] for a simple
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Figure 1.6: The stabilizing effect of swing-leg retraction in walking. Swing-leg re-
traction starts at a fixed time in the step cycle, e.g. At after mid-swing. With a retraction
strategy, the step length will be a decreasing function of the step period (or retraction
period). a) If the biped is perturbed to go faster than nominal, heel-strike will occur ear-
lier-than-nominal, and the shorter-than-nominal retraction time will cause the swing leg take
a longer-than-nominal step. This longer step causes more collisional dissipation, which with
the nominal push-off force (energy input) results in a slowing towards the nominal gait. b)
If the biped is disturbed to walk slower than nominal, the longer retraction time causes a
reduced step length, a smaller collisional dissipation, and thus a speeding of the biped to
return toward its nominal gait.

13



spring-mass running model.

Advantage 3: Improved State Estimation:

In closed loop control, state estimation is key. Because the relative timing between heel-strike
and push-off highly influences the energetics of walking [20, 47], accurately predicting the
heel-strike time can improve the push-off timing and amplitude. In the presence of sensor
noise or physical disturbances, this increased determinacy can improve both gait energetics
and also the determination of the walker states at the next step, resulting in increased
controllability. Swing leg retraction might increase the accuracy of predicting when the
swing foot will hit the ground. Why? Appropriate retraction leads to a more vertical
foot velocity at heel-strike and thus a more determinate heel-strike time in the presence of

uncertainties introduced by modeling errors, floor irregularities, and ete. [12].

Advantage 4: Improved Foot Clearance:

In order to avoid foot scuffing, especially in the presence of, or absence of knowledge about,
ground obstacles, during swing the swing foot should be as high as possible. Given the
need to straighten the leg before heel-strike, and the inability of the human knee to bend
forward, swing-leg retraction allows for higher foot-swing while still ensuring heel-strike.

This facilitates adequate ground clearance.

Advantage 5: Reducing the Tangential Collision at Heel-Strike:

A tangential heel-strike collision, one where the foot has substantial velocity tangent to the
ground before heel-strike, can be harmful by causing foot slippage. Leg retraction, to the
extent that it slows down swing-leg forward motion, can minimize or eliminate this tangential
collision [63]. The scuffing of one foot can also cause an undesirable (Yaw /steer) torque about

the vertical axis [64].

Note, a faster-than-passive swing can help walking in terms of stability regions or ener-
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getics, as discussed by [47] and also later in this dissertation. However, that faster swing
does not have to be decelerated by retraction; it could be braked by a scuffing foot collision.
So, the desirability of a faster-than-passive swing, in itself, does not explain active, versus
scuffing-collision, contraction. Thus, I do not count the benefits of a fast swing as a reason,

in itself, for swing leg retraction.

Other Advantages for Swing-Leg Retraction?

There are further possible energetic benefits of swing-leg retraction. For example, retraction
can reduce the collision loss by reducing the relative foot-ground speed at heel-strike. But
this collisional saving comes at the extra effort spent to decelerate and reaccelerate the swing
leg in the rearward direction. For a special running model, in which the axial (along the leg)
GRF impulse at touch-down is avoided by the leg spring, it is shown in [65] that swing-leg
retraction can reduce the net energetic cost of the gait. In the absence of the axial impulse,
the optimal retraction rate is the one that nulls the tangential foot speed, and thus avoids any
collisions at heel-strike [65], [66]. However, this optimal retraction rate may not be valid for
gaits with non-negligible axial impulse, e.g. walking with rigid legs. The change in retraction
rate changes the cost of retraction torque and collision loss, as well as the trade-off between

them.

On the other hand, in walking, pre-emptive push-off and retraction occur at the same
phase of the gait cycle (at the end of the swing phase). In a multi-body mechanism forces
and/or torques at different joints are mechanically coupled, so their relative timing poten-
tially influences the gait energetics. For example, the energetic cost of step-to-step transitions
in walking (transition from one stance leg to the other) changes substantially when the order
of impulses on leading and trailing legs is changed from (a) heel-strike followed by push-off
to (b) push-off then heel-strike [26]. Therefore, the energetics of retraction and its poten-

tial cost improvement can be influenced by the interaction between the hip torque and the
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push-off force, as well as by their relative timing.

The above discussion raises the questions of whether the energetic advantage of active
swing-leg retraction still holds for walking, and if it does, for which step size, walking speed,
and retraction rate? What is the best (energetically optimum) relative timing of the pre-
emptive push-off force and the retraction hip torque to achieve a given swing-leg retraction
rate prior to heel-strike? Should the retraction torque be just after, just before, or syn-
chronous with the pre-emptive push-off force? Does the actuator efficiency have any effect

on the results? If it does, what are the influences?

1.4 Problems Studied in This Thesis

As discussed above, minimal analytical and numerical models have shown good success
in explaining some aspects of human and animal locomotion. Combining optimization with
computer models [25] [67] holds substantial promise for interpreting the dynamics responsible
for the locomotion strategies observed in the natural world. However, the capability of the
minimal models is restricted, and thus at this stage it is reasonable to use more realistic

(more complex) models to test a broader range of hypotheses.

In this thesis, I investigate some aspects of bipedal locomotion using two simple models
probed with numerical and analytic techniques. The models are slightly more elaborate than
the minimalistic ones previously used by other researchers. This increased complexity allows
the inclusion of key features of the dynamic interaction of components that are not included
in the simpler models, opening the possibility of discovering new insights into the system’s

dynamic opportunities.

The first model is used with numerical optimization to study the energy-optimal gaits at
different speeds and terrains. Due to the limitations inherent in minimal models, extra con-

straints are required to achieve practical gaits (for instance minimum step length constraint
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in [25]), whereas in this work the constraints are mostly limited to those imposing the laws
of physics for the motion. The results of this study will help to find the main determinant
factors in effective legged locomotion, as well as the control strategies for efficient walking

and running.

The second model, which is simpler than the first one, is used to study swing-leg retraction
in walking. The simplicity of the model allows the use of approximate analytic analyses to
achieve more insight into how different gait parameters are influenced by each other. With
this model I discover some new aspects of swing-leg retraction that can better explain the

advantages of using leg retraction in effective legged locomotion.
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1.6 Thesis Outline

In Chapter 2], I introduce the bipedal model used to investigate gait optimization in a variety
of circumstances. The governing dynamics of the model are described in detail. Also, a gait
optimization algorithm that imposes a minimum set of realistic constraints is formulated.

This serves as the mathematical background to the analyses in Chapters [3] and [4l

In Chapter [3 the gait optimization results of the minimally-constrained model is pre-
sented. The details of the resulting optimal gaits at different speeds and terrains are ex-
plained. Based on these results, the insights achieved on the determinant factors of walking

and running are explained.

In Chapter [, bipedal walking and running under reduced gravity conditions are investi-
gated using the optimal gaits of the minimally constrained model introduced in Chapter 2l
The results of the numerical optimization are compared to the experimental observations of
human gaits. This study serves as a verification of the hypothesis that the same determinant

factors discovered in Chapter [3] influence human gait coordination.

In Chapter [, I introduce another simple model to study swing-leg retraction in walking.
After explaining the governing dynamics and the constraints for a periodic gait, all gait
parameters are formulated as a family of solutions parameterized by the step angle, average
walking speed and the retraction impulse. This result will be used in the rest of the thesis to

find the bounds or optimal value of the retraction impulse associated with different criteria.

In Chapter [6] the energetics of the impulsive walking gait of the model are studied, and
the energy-optimal relative timing of the impulsive push-off force and retraction torque is

analytically calculated.
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In Chapter [ approximate analytic solutions are derived for almost all gait parameters,
including the energy-optimal retraction impulse and retraction rates. These solutions provide
useful insights into the dominant behavior of different gait parameters and their dependency

to each other.

In Chapter [§, three new model-based advantages of swing-leg retraction are discovered.
These advantages are motivated by the approximate analyses in Chapter[7l Accurate numer-
ical studies are also performed to verify the accuracy of the predictions of the approximate
solutions. Furthermore, detailed analyses of the energetics of swing-leg retraction and its
dependency on the step length, speed, actuator efficiency, and active negative work at heel-

strike are presented.

Finally, I conclude the thesis in Chapter [ by summarizing the main contributions of this

research.
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Chapter 2

A DYNAMIC OPTIMIZATION FRAMEWORK TO

STUDY LEGGED LOCOMOTION

This chapter formulates the gait optimization problem of the first bipedal model studied in
this thesis. It serves as the mathematical background to the analyses in Chapters [3 and
4], where bipedal locomotion is studied from energy efficiency point of view. Section 2.1]
describes the biped model and the two types of gait considered here. In Section the
mathematical description of the governing dynamics is presented. The gait optimization is
then formulated as an optimal control problem with a set of constraints discussed in detail
in Section 2.3l The resulting optimal control problem is highly nonlinear, so the use of
numerical techniques for optimization is inevitable. An efficient technique to numerically
solve this problem is presented in the last section. Finally, the chapter is summarized in

Section 2.41

2.1 Biped and Gait Model

The planar articulated biped in Fig. 2.1l consists of seven rigid links: two flat feet, two
telescoping legs (with upper and lower segments), and a torso. Six actuated one degree-of-
freedom (DoF') frictionless rigid joints connect the links. The ankle joints A; and As, and the
hip joints H; and Hy revolve, i.e. they are rotational joints, whereas the telescoping joints E;
and Es serve to change the total leg length, i.e. prismatic joints. The telescoping actuators
can only carry compressive (extensional) forces, and serve to model, in a simpler kinematic

form, the human ankle’s ability to push-off.
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Torso center of
mass Gy

Leg, center of
mass Gieg

leg1 \Z

Leg, prismatic
actuator E,

Figure 2.1: The biped model with torso. The legs and the torso have distributed mass,
with their center of mass, Gieg and Gy, located b and a distances from the hips. Feet are
massless and always stay parallel to the ground. Thus the ankle actuators can apply torque
only when the feet are on the ground. Each legs is equipped with a telescoping actuator that
can change the leg length. The lower part of the legs, between the telescoping actuators and
the feet, are massless.

In this study the feet and lower legs are treated as massless. The torso mass my,s and the
upper-leg mass mje, are distributed about their individual CoM, Gy and Gieg, located at
distances a and b, respectively, from the hip. The biped’s total mass is Mot = Mirs + 2 Micg.
The moment of inertia of the torso, Ii/q,,., and of the upper leg, leg/q,,, are taken about
their individual CoM. While the upper legs have fixed length, the lower-leg lengths fluctu-
ate independently. At time ¢ the total length of each leg is ¢;(t) for i=1,2, and always
Cnin < Ui(1) <lpax. 1t is assumed that the foot length is enough to satisfy the gait require-
ments. The required minimum foot length thus follows from the resulting zero moment point

(ZMP) [68] locations, verified after the gait is generated.
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For simplicity it is assumed that the feet remain flat and parallel to the surface when
on the ground. With this assumption ankle torque can only change the angular momentum
(of the biped about the ankle joint). The ankle’s contribution in push-off and leg-length
fluctuation is incorporated in the leg’s axial actuator. This configuration results in faster
convergence of the optimal gait synthesis. Although the simulation results (see Chapter [3))
show that a point foot is sufficient for gait optimization, an eventual closed-loop control can

benefit from extended feet in order to reject disturbances.

When a leg is on the ground it is labeled as a stance leg, otherwise it is a swing leg. The
focus of this study is on gaits where the stance foot does not slide. To let the stance leg’s
length fluctuate in both directions it is assumed that the leg length at landing is g > iin,
where (i, is the minimum leg length. Because the massless lower segment of the swing leg
can contract instantaneously, foot scuffing (stubbing) in mid-stance can be avoided without
any cost. Except for possible instantaneous foot-ground collisions, all forces and torques

remain bounded, causing velocities to vary continuously.

2.1.1 Details of the Gaits

The stance or support (SP) phase is the portion of a gait during which at least one leg is a
stance leg. Depending on the number of stance legs involved, the SP can be either single-
support (SS) or double-support (DS). In some literatures these phases are called single-stance
and double-stance. The biped is in the flight (FL) phase when both legs are swing legs. Some
gaits can have zero-duration DS and/or FL phases. For example in human walking there
is no FL, while in running DS is of zero duration. The transition from SP to FL is called
take-off (TK), and that from DS to SS is called toe-off (TO). At the end of FL and also
in transition from SS to DS, the touch-down (TD) event occurs where a swing leg lands
on the ground. This event is also known as heel-strike. The focus here is on gaits where

the landing foot neither rebounds nor slides at TD. I do not assume either a collisional or
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collision-less foot-ground contact a priori. Instead, the optimization procedure discovers the
strategy leading to the optimal gait. The optimal gait minimizes energy expenditure subject

to a set of physical and desired-motion constraints (see Section [2Z.3.1]).

Among many possible phase sequences, two special periodic ones are of focus here:
o Continuous-support gait: a step has one DS, followed by one SS, followed by
a TD event, or
o [ntermittent-support gait: a step has one SP with SS, followed by one FL,

followed by a TD event.

This study only considers the gaits where the individual legs’ roles alternate between steps.
Normal human walking and running or their impulsive approximations (pendular walk and
impulsive run [25]) are special cases of the above gaits. However, this should not imply that
for optimal gait synthesis the study here is limited to these special gaits. For a set of pre-
determined gait parameters, like forward speed or step height, the implemented optimization
routine is free to search among an infinite number of possible force and torque profiles (some
of this spectrum of gaits may appear quite unlikely, reminiscent of the Monty Python skit
“Ministry of Silly Walks” [69], but all are evaluated as potential options for optimization).
Thus, part of the significance of the current study is comparing the resulting computer-
generated optimal gaits to those normally used by humans, i.e. determining how human-like
the optimal gaits are. From the hypothesis that humans choose their gait parameters based
on minimum effort [14] 26| [70, [71], the algorithm selects the gait, among all valid periodic

gaits, that minimizes an energy expenditure index subject to physical constraints.

2.1.2  Energetic Cost of the Gait

Researchers have addressed the effort demanded of locomotion in biological systems as the
total metabolic cost per unit distance traveled [14], 26 [67, [7T, [72]. Srinivasan [67] has

shown that for different simple bipedal models, and many different metabolic cost models,
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the qualitative behavior of energy-minimizing gaits is not highly sensitive to the choice of
metabolic cost model. Hence, I choose a simple mechanical-work based model [25] 26] where
a muscle’s metabolic energy expenditure rate E is proportional to its mechanical power W.
The proportionality constant is the energetic cost of unit work (or equivalently the inverse
of the muscle efficiency), and in general, is different for positive and negative WOl" 126, [73].
If ¢; and ¢y are the energetic costs of unit positive and negative work, the work-based cost
model estimates the total energetic cost of the whole body as

ey — /;M S (W) — e (1) di (2.1)

0 i€{muscles}

Here t, is an arbitrary instant, 7" is the step period, and W;"(t) and W (t) are the instan-
taneous positive and negative muscle (actuator) powers. Using the positive-part function
[z]T, where [z]T is « for > 0 and 0 for <0, the positive and negative muscle powers follow
W)= [V[/Z(t)} +, and W, (t) = W;(t) — W;*(t). Energy storage and recovery provides no
contribution in the above work-based cost model, consistent with the fully rigid model used

here. For the bipedal model, the summation in (2] should be taken over all actuators.

Using the above equations, the total energetic cost per unit distance traveled and per

unit body weight, or specific cost of transport (COT), is given by

C . Estop
et — D )
Mot g step

(2.2)
where ¢ is gravity, and Dgep is the step length: the distance travelled by the CoM during
the step period T' (between two consecutive TD events). In this work, a gait is energetically
most efficient if its specific COT (Ce) is minimum for given cost coefficients ¢; and c,.
Typical human locomotion results in 25% and 120% positive and negative work efficiencies,

respectively [26] [73]. Consequently, for the analysis in Chapters 2l and B ¢; =1/0.25 and

¢y =1/1.2 are used to calculate Co. An alternative performance measure in legged robots

"'When an actuator accelerates [decelerates| its corresponding joint it does positive [negative] work. In
mathematical terms, if force/torque F'(t) is acting on a joint whose instantaneous velocity is v(t), the actuator
does positive work when W (t) = F(t) v(t) > 0, and negative work when W (t) = F(t) v(t) < 0.
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Figure 2.2: Biped on different terrains. Panel (a) shows different forces and torques
acting on the biped. Panels (b)-(d) show different terrains with the associated reference
frames. Panel (e) shows the force components associated with leg; for i=1,2. F and
Feg,. are the leg actuator forces along each leg, while Fleglp and Flegzp are the constraint
forces perpendicular to each leg.

is known as the mechanical COT (Cyy:) [45] which is calculated from (Z2]) with ¢; =1 and

c2 =0 (only positive work).

2.2 Mathematical Description of the Biped

Consider three stepping surfaces: level ground, flight of stairs, and inclined (see Fig.[2.2D
2.2d). In all three cases the reference frame has its z-axis parallel to the ground surface,
in the tangential direction. In this thesis, tangential and normal indicate directions with
respect to (w.r.t.) the ground surface (Fig.[2.2¢]), whereas vertical and horizontal directions
are defined along and perpendicular to gravity, respectively. If the ground surface has no
inclination, normal and vertical are equivalent, and so are tangential and horizontal. The

terms azial and perpendicular denote directions along and normal to a leg, respectively. A
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motion or vector is considered forward if it has a positive component in the desired direction

of the biped’s motion (otherwise it is backward or rearward).

The biped moves forward along the positive z-axis. For stepping down a slope (or stairs)
the inclination angle v and step height Hg., are negative. A generalized formula can incor-
porate all three cases in Fig.22D2.2d} in level-ground locomotion Hye, =y =0, whereas for
inclined surfaces v # 0 and Hgep =0. Choosing v =0 with Hg,, 7 0 represents stepping on a

+ H;

step

flight of stairs. The step length is always given by Dgiep =1/ L2

Step where Lgep, is the

tangential distance between consecutive footsteps.

Fig.[2.2al illustrates the general forces and torques acting on the biped. Ground reaction
forces ﬁpl and ﬁpg affect the feet, and Fy;, and Fry, (1=1,2) are the components of ﬁp, along
the z and y axes. Axial leg forces Fig,, and Fieg, are the compressive forces applied by the
telescoping actuators on legs. Ankle torques 71 and 74 from the feet affect the corresponding
legs. The torso applies torques 7, and 73 to the legs. The orientation of the i*! link (i =1, 2, 3)
is given by the absolute angles #; measured from the normal to the surface (Fig. 2.1]). Because
the foot and the lower leg segment are massless, the swing foot orientation and the swing
leg length can vary instantaneously without any cost. For simplicity, assume a constant leg

length (¢y) and flat foot orientation for the swing leg.

2.2.1 Equations of Motion of the Unpinned Biped

In this study, a Newton-Euler formulation is used to provide insight into how forces and
torques affect the motion. First, the equations of motion (EoM) are derived for the general
case of the unpinned (unconstrained) biped model (Fig.[2.2al), and then constraints are
added to define each phase. In the general case, the coordinates of all points on the biped
follow from the coordinates of the biped’s CoM in the reference frame, qq,,, = [ TG, YCuws |
the orientation of the links, qo= [6;, 6, 03]", and leg extensions, q,= [/1,¢>]". For the

unpinned biped, angular momentum balance equations of the individual legs, torso, and leg;
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about Hy, Hs, and A1, respectively, and the linear momentum balance equations of the whole

biped along the x and y directions provide a set of five equations:

M(dp) do — Mot Jip(ds, Ae) Aae, + (Qos A, A, y) = BT+ Jyp(dp, qe) fra,  (2.3)

Miot AGror = fr1 + fro + Myt 8, (2-4)

where M is the inertia matrix, the vector c contains the Coriolis, centrifugal, and grav-
ity terms, B is the torque-influence matrix, g=— [sin(y), cos(y)]"g is the gravity accel-
eration vector expressed in the reference frame, fp; = [Fplz, Fyy, }T, fro = [Fpgz, Fro, }T,
T= 71, T2, 73, 4|, and Jig and Jyp are the Jacobian matrices (defined below). All the
above matrices and vectors are expressed in Appendix[A.Tl Using the virtual work principle,

or simply by inspection, one can verify that in (2.3)

81'A2/A1

Jorg = o (2.5)
8I‘A /G

J,, = L/ Ftet 2.6

160 8% ; ( )

where ra, /A, is the position vector of A, relative to Ay, and ry, /q,,, is the position vector of

A, relative to the biped’s CoM. These Jacobians are provided in Appendix [A.5]

2.2.2  Single-Support Phase

Without loss of generality, consider leg; and legy as the stance and swing legs, respectively.
In this case, fpy =0, and because the swing leg’s distal links are massless 74 = Fig,, = 0. With
the swing leg’s prismatic joint locked, four inputs 7 = [Flegla, Ti, To, T3 }T control the biped
in SS. This fully actuated system has four DoF, determined by gy = [£1, q} |*. Because A,

is fixed, qq,,, and qg,,, are related to the joint velocities and accelerations as below:
thot = i‘Gtot/AI = —Jip q@ - Jlél éla (27)
éthot = f‘Gtot/Al = _J1€ q@ - J1£1 gl + hla (28)
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where Jiy, =0ra, /g, /01, and hy collects the second-order and cross-product derivative
terms. The details of these quantities are provided in Appendix [A.5l Substituting (2.8
into (2.3) yields three equations in terms of four generalized coordinates. The force balance

equation on the massless foot; and lower leg;, combined with (24]), gives a fourth:
Fieg,, = [—sinby, cosf; | fp1 = [—sinby, cosb | Mot (AGe,— 8)- (2.9)
The resulting four equations can be rearranged in the compact form:

Mss(qss) QSS + css(q557 q557 7) = Bss Tss) (210)

where the details of the above matrices are provided in Appendix [A.2

2.2.3 Double-Support Phase

In this phase both legs are on the ground, implying non-zero fr; and fpo. All six actuators are
potentially active, but the biped has only four DoF. The vector qqs = [f1, q} |* determines
the biped configuration. Since both feet must be stationary on the ground with proper

distance between, we should have

r T
Ta,/AL = _Lstcpa _Hstop:| ; (211)
. r . . . T
Tay /A, = |Jo1ey, Joie, sz] [51, 9o, 52} =0, (2.12)
.. [ o .. o T
Fa,/a; = |Joey, Jote, J2142] [fb d, 32} + hy =0, (2.13)

where Jp10, = 0rp,/a, JOl; for i=1,2, and hy; collects the second-order and cross-product
derivative terms. These Jacobian and derivative matrices are expressed in Appendix [A.5l

The length and extension rate of legs, i.e. 5 and !é, are not free in this phase and can be
calculated from (2.11]) and (ZI2).

Equations (Z7) and (Z8) also apply in DS. By canceling £, between the two rows of

(2.13), and substituting (Z.8) into ([Z3) we get four equations in terms of six unknown
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variables: qqs, fr,. Force balance equations on the massless parts of legy relate fr, to the
known actuator force Fieg, and the unknown constraint force Fleg,, (Fig.2.2¢€)). Finally, we
can remove Eeg2p from the equations by calculating it in terms of qqs, Fieg,,, and Fieg, using
the force balance equation along the massless lower leg; (equivalent to (Z9) with non-zero
fr,). The four simplified equations constitute the EoM in DS, and can be rearranged in the

compact form:

Mds(qu) élds + Cds(qd57 Qd57 7) = BdS T ds, (214)

T .
where T4, = [Flegla, Freg,. s T1, T2, T3, 7'4} , and the other matrices and vectors are expanded

in Appendix [A.3]

2.2.4  Flight Phase

In this phase both GRFs, fp; and fg, are zero, and gravity acts as the only external force,
simplifying (Z4) to qg,,, =g. Having unconstrained massless links gives zero 7y, 74, Fieg,, ,
and Fig, , and reduces the torque vector to T4 = [, 7'3]T. With both leg-lengths locked,
the biped exhibits five DoF' in FL with vector qq = [qam, aj ] B fully determining the biped

configuration. In this case the general-case EoM in (2.3)) simplify to

M(ap) do + ca(ae, do) = Ba T4, (2.15)

where the mass matrix M is the one appeared in (2.3]). The matrix By and the vector cqg

are expanded in Appendix [A4]

2.2.5 Touch-Down Map

The optimization procedure allows both collision-less and collisional TDs. A collisional TD
will be an instantaneous inelastic rigid impact, in which the ground exerts passive impulsive
forces on the stance leg(s) [74], and joint velocities change discontinuously. Positive impulsive

work at TD is not allowed. This imposes hard limits on post-TD extension/shortening rate
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of the stance legs: the new stance leg cannot be extending immediately after TD; also in
continuous-support gaits with extended double-support, the former stance leg cannot extend
immediately after TD if it was shortening just before TD, or if it was lengthening its extension

rate cannot increase.

In collision-less contacts the GRF remains bounded, and joint velocities are continuous.
The optimization procedure also has the option of locking the linear leg actuators for a
passive transfer of the impulsive axial leg forces to the rest of the body, or allowing them to

try to actively absorb some of the impact in an active control.

In order to find the optimum gait without considering the type of TD a priori, the algo-
rithm requires an algebraic mapping for TD that is independent of the type of foot-ground
contact. Here I derive the TD map for both gaits without using a matrix-inversion operation
(unlike previous studies including [I]), and without assuming a zero-duration DS phase in
the continuous-support gait. Assume that leg; is going to land at time tiq, making fp (tiq)
either impulsive or bounded (based on the relative foot-ground velocity). In intermittent-
support gaits legs is above the ground at TD, making fgo(tiq) =0, but in continuous-support
gaits fpo(tiq) can be unbounded. During TD the configuration of the mechanism remains
unchanged, so the terms in the left hand side of (2.3]), with the possible exception of the
first and the second terms, remain bounded. Therefore, integrating the general-case EoM in

23) and (2.4) over the infinitesimal duration of TD gives

. . T . . T .
M- (45 — g ) = Mot Jig * (Ul — Ucu) = a0 IF2, (2.16)
. . . . :Z:Flz + IFz‘T
Mot (qz:,tot - q(_}mt) = 1p1 +1p2 = ) (2.17)
Tr1, + Lo,

where M and Jyy are evaluated at .4, and the superscripts — and + denote the time instants
+
immediately before, and immediately after t;q. Also, ip; = ttdd, fri(t) dt is the TD impulse

on leg; (i=1,2) with the tangential and normal components Zg; and Iy, respectively. In
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intermittent-support gaits ipy = 0. If in FL, q,_, follows from both the CoM velocity at TK

and the duration of FL. If in SS, qq, , follows from q, and fz_ , as

dg,.,, = —Jewdy — Jos, U5, (2.18)

where Jog = 0ra, /G, /09 and Jog, = 0rp, /., /Ol are evaluated at tq. In both cases, the
landing foot (foot;) becomes motionless immediately after foot-ground contact, and qémt

can be calculated as a function of g} and Ef using (2.7). To produce the TD-map for

continuous-support gaits, substitute (2.7) and 2.I8)) in 2.I6]) to get

T T g:—f—
Miot J1g Jry, M+ Mot J1p J10 - =
g
(2.19)
T T 62_ T .
Mot J1g Jor, M+ Mo Iy Jog T Ja19 1F2.
9y

Equivalent substitutions for intermittent-support gaits result in the following TD-map:

i A5,
Mtot Jfg Jioy, M+ mye Jng Jio } = { _mtot']f:g M } ) (2.20)
. + -
dy qy
where all matrices are evaluated at t,q. Due to the non-instantaneous DS in continuous-
support gaits, A, must remain motionless immediately after TD. Canceling {5 between the
two rows of (2Z.12]) results in
0f
Ja1e, Jarg ] =0. (2.21)

01[
~1 0 a

T
J2152
Summarizing, in intermittent-support gaits six unknown variables qj 6?, Tr1,, Ir1, appear
in five equations: two in (2.I7) and three in (2.20)). In continuous-support gaits two extra
unknown variables, Zpy, and Zgs,, add up to eight unknowns appearing in six equations:

two in (2I7)), three in (ZI9), and one in (Z2I]). For gaits with no axial impulsive GRF,

conservation of the linear momentum along the stance leg(s) at TD equalizes the number
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of unknowns and equations, otherwise unknown active impulse(s) of the stance leg actua-
tor(s) leaves extra D(s)oF in TD mapping for optimization. Note, the direct calculation of
the post-TD joint velocities from the pre-TD kinematic information involves inverse matrix
calculations and, even with efficient decomposition methods, is computationally expensive.
Instead, in a computationally efficient approach the optimization can find a set of joint

velocities on both sides of TD that satisfy the TD-map.

2.3 Optimal Control Problem

The goal of this study is to minimize the specific COT Cq, given by (22]), subject to the
functional constraints. In the language of Optimization theory, this is a constrained nonlinear
optimal control problem. The objective here is to produce a quasi-global (global within the
parameter range) solution by maintaining as many free parameters as possible, via imposing
the minimum number of constraints. Specifically, only natural phenomena defining the
physical system as well as the desired (pre-determined) parameters defining the general

objective of the locomotion task (e.g. speed, step height) constitute constraints.

2.3.1 Constraints

For a physically consistent system, the EoM and the defined phase sequence (see Section
2.1.0)) must be satisfied throughout the entire stepH. Assume that the step starts (t=0)
when foot; lands at r=0. The TD-map equations (previous section) serve as a set of
constraints that can be evaluated for a given set of pre- and post-TD joint velocities, and
GRF impulses. To satisfy the zero-slip condition at TD and during the entire SP phase, the

normal and tangential GRFs and possible TD impulses on each stance leg must lie in or on

2In this work the phase sequence is assumed @ priori, and therefore it should be imposed by the constraints.
After writing and defending this thesis, I learned that there are some studies (e.g. [75] [76]) that have
considered the gait optimization problem without imposing the phase sequence. In fact, in those studies the
optimal phase sequence is also determined by the optimization.
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the friction cone, with the normal components directed upward. If a bound on axial leg force
at TD is required, the axial (and only axial) GRF impulse at TD has to be zero, otherwise
proper limits on post-TD leg extension rates are required to prevent impulsive positive work

by the telescoping actuators:

£1(07) <0, (2.22)

. 0 if £,(07) <0
6O07) < q . (2.23)
((07) i 45(07) =0

The latter equation is valid in continuous-support gaits only.

For the DS phase, the position and velocity of foot, become other constraints. With the
zero foot-acceleration equation, given by (2.13]), as part of the EoM in DS, imposing (2.11])
and (2.12) at the beginning of DS (£ =0) is sufficient. Since the projection of (2.12]) along
legs has already been used to calculate ¢, for use in (213)), one only needs to impose the

constraint of zero perpendicular velocity for footy at t =0.

In continuous-support gaits Fleg, , 74, and fpy must be zero at TO as legy leaves the
ground. For intermittent-support gaits equivalent constraints must hold for Fg, , 71, and
fr; at TK. Note that this does not require both (tangential and normal) GRF components
of the transitioning leg to become zero simultaneously; while the normal must stay positive

until TO or TK, the tangential can vanish earlier.

At t=T the gait cycle ends just before footy lands at [Lgtep, Hstep) - This is ensured
by imposing (2.I1)) and the periodicity constraints below. In order to have a physically
admissible solution, the foot must land from above the surface, requiring another constraint

for a non-upward foot velocity just before TD.

The periodicity of the gait implies that the orientations and velocities of leg; and legs

must be mutually symmetric-identical at the beginning and end of the step. The same is
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applied for the torso itself. These symmetry constraints can be formulated as:

0.(T) = 0;(0),  6i(T7)=0,(07), (T =0;(0%),  i,j=1.3,i#j  (2:24)
02(T) = 02(0), 92(T_) = 92(0_)7 92(T+) = 92(0+)7 (2.25)

Ln(T) = 1,(0),  ,(T7) =0,007), 0 (TT)=10,(01), mn=12 m#n. (2.26)

Assuming a desired speed V has been specified, the step length and step period must

satisfy
Dstep

V:T

(2.27)

Ensuring all points of the biped remain above ground merely requires enforcing bounds
on ¢;. Desiring an upright torso (anthropomorphic configuration), bounds are enforced on
0, as well (so it does not fall up-side down). 3 and all joint velocities are free. Finally, lower
and upper bounds on actuator torques/forces and the lower leg length can be enforced to

create a realistic solution:

Cimin < U1, €2 < lipax, (2.28)
—00 < Uy, 0y < 0, (2.29)

0 <6y, 0, <, (2.30)

—00 < B3, < 00, (2.31)

—00 < b4, 05, B3 < o, (2.32)
T>0, (2.33)

—Tmax < T1, T2, T3, Ta < Tiax (2.34)
0 < Fleg,,s Fleg,, S Fax- (2.35)

Some constraints have been imposed at either end of the phases or gait cycle, defining

a two-point-boundary-value (TPBV) problem. The remaining constraints (the differential
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equations and some algebraic constraints) are continuous-time equations that must be satis-
fied during the entire length of a phase or the whole gait cycle. In a computationally efficient
approach most of the inequality constraints are not included in the optimization, but rather
checked afterward (and each constraint that is not satisfied is then explicitly added into the

optimization for the next run).

2.3.2 Numerical Optimization

The resulting nonlinear optimal control problem is infinite-dimensional due to the continuous-
time states, actuation functions, and constraints. For the numerical approach, we can create
a finite number of nonlinear-programming (NLP) variables and constraints (transcription
technique [77]) by discretizing the DS, SS, and FL phases separately into a sequence of
Ngs, Ngs, and Ny equal length intervals, with the optimization itself determining interval
durations Tys/Ngs, Tis/Nss, Tn/Ny (see the next chapter for the number of intervals used to
generate different gaits). Each (implemented) continuous-time constraint becomes a set of
discrete-time constraints evaluated on the grid points (interval borders), or only in a subset
of them for faster convergence. The optimization control variables, i.e. joint torques and
forces, are approximated by continuous piecewise-linear functions, except at impulsive TDs

where continuity is not required by assumption.

Due to the high degree of nonlinearity of the problem, the use of the direct (single)
shooting method to solve the TPBV will likely cause the “tail wagging the dog” problem
[77]. Instead, I use the multi-shooting method with only one interval per shooting segment.
The state variables at interval borders are defined as NLP variables. In each segment, using
the current guess for the NLP variables, the EoM are integrated forward in time from the
beginning to the end of the segment. Constraining the defects, differences between the
resulting states at the end of each segment and the states at the beginning of the next, to

be zero guarantees state continuity at interval borders (see Fig. 23]).

35



y(t) Interval borders

L Ce+1 Cr+2

Figure 2.3: Multiple shooting method and the defects at interval borders. Each
phase of the motion is divided into a few intervals. The state variables on interval borders
are determined by optimization via an iterative process. At each iteration, the optimization
procedure uses the current value of the state variables at interval borders, e.g. yi, and ygi1,
to integrate the equations of motion over the subsequent interval. The differences between
the resulting states at the end of each segment and the states at the beginning of the next,
e.g. Yx+1 — Yra1, are called the defects. Constraining defects to be zero guarantees state
continuity at interval borders.

To prevent singularities during numerical optimization, small non-zero lower bounds on
the duration of each phase are enforced. If the actual optimal gait for a given desired gait
parameter involves the complete removal of a phase, the lower bound on the duration of that
phase becomes an active constraint in the resulting optimal solution regardless of how small
the bound. In this case, we can remove the related phase from the problem formulation in

order to achieve the true optimal gait in the admissible space.

Non-smooth functions create difficulties for numerical optimization when the optimal
solution is at, or very close to, the singular (non-smooth) point. Unfortunately, this is
the case for gait optimization with the work-based cost function in (2.2]), which contains
non-smooth positive-value functions. To overcome the numerical difficulty, we can use the

t o

approximation [z]" & (z+ v2%+€?) /2 with a small € (square-root smoothing technique

[78,79]) to remove the singularity.

The resulting finite-dimensional NLP problem is solved using numerical parameter op-

timization. For given values of the state and control variables, the state equations are
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numerically integrated forward in time over each interval separately. Then the objective
function and constraint violations are evaluated. The parameter optimization algorithm it-
eratively updates the NLP variables to minimize the cost function and satisfy constraints
within defined tolerances. The accuracy of the optimal solution is assessed with the original
continuous-time problem, and if necessary the discretization and optimization procedure is

repeated.

The optimal solution found using numerical optimization is a local optimum. To increase
the chance of converging to the global minimum for each set of pre-determined gait param-
eters, we can repeat the optimization with many initial guesses chosen randomly within the
parameter range. Another technique to escape from local optimums is to run the optimiza-
tion with initial guesses obtained from perturbing the last optimal solution with different

perturbation magnitudes.

2.4 Summary

In this chapter I presented a framework for gait optimization of a simple bipedal model.
The model includes a torso, flat feet, and telescoping legs equipped with rotational hip and
ankle joints. Two general types of gaits are considered in this framework: with and without
a flight phase. The support surface can be level ground, a slope, or a staircase. The optimal
gaits at different circumstances are achieved by minimizing a work-based energetic cost
subject to a minimal set of realistic physical constraints. In order to let the model exhibit
its natural behavior, any a prior: assumptions on kinetic and kinematic parameters, such as
extended or instantaneous double-support, collisional or collision-less foot-ground contact,
step length, and step period, are avoided. Since the resulting optimal control problem is
highly nonlinear, an efficient technique was discussed to numerically solve the optimization

problem. The mathematical formulation and numerical technique presented here will be used
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in the following chapters to study bipedal locomotion from the energy efficiency perspective.
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Chapter 3

ENERGY-OPTIMAL GAITS OF THE MINIMALLY

CONSTRAINED BIPEDAL MODEL

The biped model and gait optimization algorithm described in the previous chapter can be
used to study energy-optimal bipedal locomotion. Since the formulated gait optimization
problem is minimally constrained, the optimization will use the most effective strategies
available to achieve an efficient gait on a given terrain. Studying these strategies can help
us find the determinant factors for effective gait coordination. Moreover, comparison of the
optimization-generated gaits with those of humans may lead to a better understanding of
human and animal locomotion. For example, the possible similarities between the human
gaits and those determined by optimization may imply that the human gait coordination is

governed by the same determinant factors responsible for the optimization-generated gaits.

Motivated by the above possible outcomes, I investigated the optimal gaits of the model.
The optimization results are presented in this chapter. First, the optimization and simulation
parameters are presented in Section [B.Il The optimal continuous-support gaits on different
terrains are described in Section [3.2l Then optimal intermittent-support gait is discussed
in Section 3.3l Finally, the insights achieved from the analysis and results presented in this

chapter will be discussed in Section 3.4l The chapter is summarized in Section

3.1 Optimization and Simulation Parameters

The numerical results presented in this chapter are based on the bipedal model in Fig.[2.1l

Although the results are qualitatively similar for a very wide range of model parameter values,

39



those presented here are based on the values listed in Table B.Jl These values are calculated
from the estimated anthropomorphic data [80] of a subject with total mass of M. =75 Kg
and body height of Ay =170 cm. Upper leg length [, is calculated from Greater Trochanter
(hip) to Medial Malleolus (ankle). In accordance with Fig.21] the torso represents the head,
arms, and trunk, so its height is calculated from Greater Trochanter (hip) to the top of the
head.

The optimization and simulation constants are listed in Table 3.2l Upper bounds for
actuator force and torques, Fi.x and Tya.x, are chosen high enough so that they do not
qualitatively affect the results. Note that the maximum leg force Fi,.. is not applicable for

possible impulsive leg forces at idealized impacts.

To make sure that the results are independent of the value of the friction coefficient
1, simulations have been repeated for three different typical values ©=0.3, 0.7, and 1.0.

Because the results for all three cases are very similar, only those for g =1.0 are shown here.

To avoid numerical difficulty, the positive-value function, used in (2.I)) to calculate the

positive and negative actuator power, is approximated by [z]" ~ (x +Va2+ 62) /2 with two

Table 3.1: Model Parameters for the Biped in Fig. 2.1]

Parameter Description Symbol Value
total body mass Mot 75 Kg
torso mass Mirs 0.68 Myt
leg mass Micg 0.16 Myt
total body height Riot 170 cm
torso height Rirs 0.47 Ao
upper leg length (massive part) l, 0.48 Aot
torso CoM proximal distance a 0.42 Ry
leg CoM proximal distance b 0.45 [,

2

torso moment of inertia about the torso CoM  Iig/q,..  0.1084 my b

leg moment of inertia about the leg CoM Leg)Grey 0.1063 myeg 2
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Table 3.2: Simulation and Optimization Constants

Parameter Description Symbol Value
minimum leg length lmin 0.48 hioy = 1,
maximum leg length I max 0.58 hiot
leg length at landing lo 0.53 Aot
maximum hip and ankle torque Tinax 500 Nm.
maximum leg force Flax 3 Myot g
gravity acceleration g 9.81 m/s?
friction coefficient 0 1.0
smoothing parameter € 1.0
cost of unit positive work (power) ¢ 4
cost of unit negative work (power) o 5/6

different values of e=1, 0.1 W. In fact, decreasing ¢ by 10 fold reduces the COT by only
about 10%, with small changes in the value, but the same qualitative behavior, of resulting
gait parameters. Due to the negligible differences in the results, only those results produced

by e=1W are presented.

Different combinations of the number of grid points (see Section 2Z3.2]) are examined
to check the effect of piecewise-linear approximation of the control variables. In general,
by increasing the number of grid points the minimum achievable COT slightly decreases
(favoring impulsive actuation), but the overall behavior of the optimal solutions does not
change. The number of grid points used for each gait will be provided when presenting

different synthesized optimal gaits in Sections [3.2] and [3.3]

The constraints and the objective function are implemented in MATLAB, with ODE113
used for integrating the state equations with absolute tolerance of 107! and relative tolerance

of 107?. The MATLAB interface SNOPT [81] provides the optimization routine.

The accuracy of the optimal solution is verified afterwards by numerically integrating

the state equations continuously over the entire step with a small maximum step size and
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with initial conditions specified only at the beginning of the step (in contrast to the multiple
shooting method used for optimization). At this verification stage the TD maps in (2.19])
and (2.20) are replaced by a root finding procedure that searches for TD impulses and
post-TD joint velocities that directly satisfy the conservation of angular momentum at TD.
Besides checking that all constraints are satisfied, the total mechanical energy and angular
momentum of the system are also inspected as a means of validating the entire procedure,

including modeling, simulation, and numerical integration.

For each set of pre-determined gait parameters the optimization procedure was repeated
with many initial guesses chosen randomly within the parameter range. Escaping from
local optimums was ensured by perturbing the obtained optimal solutions with different
perturbation magnitudes. In almost all cases more than 80% of trials converged to the same

solution which was then accepted as, or to be very close to, the global optimum in the
parameter range defined by (2.28)-(2.35).

In the following sections, the input gait parameter for level-ground and uphill gaits is the
forward velocity V, and for going down a stairway the inputs are both the step height Hgep

and tangential step length Lep.

3.2  Optimal Continuous-Support Gait

Regardless of the lower bound on the DS duration, and as long as the upper bound on leg
force is greater than total body weight, all optimal continuous-support gaits at different
circumstances take the minimum allowed DS duration. Fig.B1] shows leg force profiles for
an optimal level-ground gait for which DS is not allowed to be less than 10% of the step
period, i.e. Tys<10% T (see the figure caption for other gait parameters). The resulting
DS duration is exactly 10% T. Moreover, the resulting overlap of the leading and trailing

leg forces (where both leg forces are non-zero) only takes one grid-interval of the enforced
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Figure 3.1: Leg forces in double support phase. Leg force profiles for two steps of a
sample continuous-support gait with no axial impulsive leg force, Tgs min = 10% T, Ngs=3,
and Ng=7. The dashed and solid vertical lines indicate the touch-down (TD) and toe-off
(TO) instants, respectively.

extended DS phase, independent of the number of grid points used. This profile is typical for
all ground slopes and step heights, as well as for all speeds for which continuous-support gait
is feasible. This implies that for the chosen objective function (see Section[Z1.2]), and without
imposing extra constraints, the optimum continuous-support gait has an instantaneous DS

(i.e. Tgs=0). Therefore, we can use Ngs =0 for all optimal continuous-support gaits.

The non-optimality of an extended DS phase can be intuitively justified as follows: a
non-instantaneous DS would require simultaneous negative and positive work performed by
the leading and trailing legs, respectively. While these simultaneous works almost cancel
each other and have no energetic benefit for the system (the net energy level of the system
remains almost unchanged as the velocities and the CoM height do not change much during

DS), active production of both forms of work is costly for the system.

In spite of the energetic benefit of an instantaneous DS for the model, normal human
walking has extended DS phases of about 20% of the gait cycle [50], perhaps due to the extra

constraints acting on the human body or its actuators (muscles) [67].

43



3.2.1 Optimal Continuous-Support Gait on Level-Ground

At slow speeds, and independent of whether the impulsive axial GRF at TD are allowed
or not, a special type of continuous-support gait, known as the ‘pendular walk’ [25], is
energetically favorable. In this gait, which more or less resembles normal human walking,
the stance-leg length is constant over most of the SP phase, providing an inverted-pendulum-

like trajectory for the CoM.

A sample optimal gait synthesized for the average forward speed V =1.38 m/s with in-
stantaneous DS and no axial impulsive leg forces is shown in Fig.3:2l This gait is synthesized
with N =7 and Ngs =0 (optimal DS is instantaneous; see the first paragraph in Section
B.2). The resulting optimal step period and step length are 7'=0.33s and Dsgep = 0.455 m.
Also, the specific and mechanical COT are Co; = 0.335 and C,,; =0.069. This cost is almost
evenly distributed between the stance leg’s linear actuator (51%) and the swing hip (48.6%),

and the other joints have negligible contributions.

Optimal Leg Forces, Collisional Foot-Ground Contact, and the Pre-Emptive Push-Off:

As shown in Fig.3.2f] (and also in Fig.3.1l), each leg force exhibits two peaks that take place
at support transfer between the legs. The first peak occurs on the leading leg immediately
after the foot-ground contact. This burst force activity quickly stops the leg shortening
(Fig.B.2dl) and causes energy dissipations (negative work) in a short period of time. These
characteristics represent a collisional foot-ground contact [25]. Because the impulsive axial
leg forces are prohibited in the sample gait shown in Fig.3.2] the resulting TD collisions are
not the idealized instantaneous ones, but rather extended over a short period of time with
large (but finite) leg forces involved. For this reason they can be called extended collisions.
By increasing the number of grid points and the upper bound on the leg force, these extended

collisions occur in a shorter period of time and thus converge to instantaneous collisions.

The second peak leg-force occurs on the trailing leg at the end of single support phase.
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Figure 3.2: Stick diagram and gait parameters of two steps of the optimal lev-
el-ground continuous-support gait generated for V' =1.38 m/s with instantaneous DS.
Axial impulsive GRFs are not allowed. In the first step, leg; (the solid blue lines in [3.2al)
is the stance leg. In [3.2al the asterisks indicate the CoM position. The dashed vertical lines
in [3.2DH3-2g] indicate the TD instant. In [3.2€ the subscripts azial and perp denote the foot
velocity components along and perpendicular to the corresponding leg. In [3.2 the stance
leg’s axial force (Fieg, and Fig, ) and GRFs in normal and tangential directions (Fy;, and
Fyy1,) are all scaled with body weight my g. Note that foot scuffing can be avoided by
decreasing the length of the swing leg’s massless portion.
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Approaching touch-down, and while the CoM has a downward motion, the trailing leg begins
pushing off with its linear actuator, effectively adding energy to the system. This action
redirects the linear momentum vector of the biped, reducing the momentum that is going to
be lost at the following TD collision [26]. Interestingly, this cost-reducing strategy (referred

to as preemptive push-off) is a well-known characteristic of human walking [26, [50].

As a consequence of the above actions, the resultant vertical GRF (Fig.[3.2f) in the
optimal gait has a double-hump profile, another well-recognized characteristic of the human
walk [29, B2]. The horizontal component of the GRF also has a profile similar to that of
human walking. It consists of negative and positive halves corresponding to deceleration and

acceleration of the CoM before and after mid-stance.

In the optimization routine associated with the gait shown in Fig.3.2/the impulsive GRFs
at TD are allowed in the normal to the leg direction, but not along the leg. Notwithstanding,
the optimal gait does not include any impulsive forces in any direction. In other words, when
the axial GRFs at TD are enforced to stay bounded, impulsive perpendicular GRF's are not

energetically advantageous. This will be justified later in Section B.4.11

Optimal Hip Torque Profile:

Experimental observations of human walking show that the swing hip has burst activities at
both ends of the swing phase: just after toe-off, and just before heel-strike [47]. As can be
seen in Fig[3.2g] the energy optimization model automatically discovers the advantage of this
strategy as well, and activates the swing hip in a ‘bang-coast-bang” manner: Immediately
after toe-off the swing leg is rotating rearward (negative 05 at the beginning of the first
step in Fig.[3.2d) due to its angular momentum prior to toe-off. To quickly redirect the
swing leg’s rotation and to increase the step frequency above the leg’s natural frequency,
the swing hip applies a burst torque to the leg. After that, the leg swings passively in the

forward direction until shortly before TD, when the swing hip applies another burst torque
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to stop the forward leg-swing and reverse its rotation. This late-swing rotation reversal is
called swing-leg retraction and can reduce the energy dissipation at foot-ground contact (see
Section B.4.7]). For slower forward speeds, peak swing-hip activity occurs with short offsets

from toe-off and TD.

Contribution of the Revolute Stance-Ankle:

In Fig.[3.2g] the revolute stance-ankle and the stance-hip torques (m; and 7 in the first step)
have very small activities which are not visible in the figure. The peak ankle and hip torques
are 0.127 Nm and 0.6 Nm, respectively. This yields a maximum ZMP displacement of 0.3 mm
from the ankle joint, supporting the argument in Section 2.1l that for optimization purposes
the biped can be simplified to a point-foot model. See Section for the comparison of

this result with human gaits.

Optimal Continuous-Support Gait at Fast Speeds

At adequately fast speeds (close to 2m/s) the peak push-off force occurs slightly earlier than
the following support transfer. By further increasing the average speed, the separation of
push-off and termination of the support transfer increases, and GRF components stay on
the boundary of the friction cone. By letting the friction coefficient tend to infinity the
vertical post-push-off GRF becomes zero with a negligible horizontal GRF, demonstrating

the optimality of having a flight phase (intermittent-support gait) at higher speeds.

3.2.2 Optimal Continuous-Support Gait to Climb Ramps or Staircases

The optimal continuous-support gait for climbing a staircase or a ramp has much in common

with the optimal gait on a level surface, but also some important differences.

A sample optimal gait for climbing a 10° slope at V' =0.9m/s is shown in Fig.B3l For

this optimal gait Ni =7, Ngs =0 (optimal DS is instantaneous; see the first paragraph in
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Section B.2]), and axial impulsive GRFs at TD are allowed. The resulting gait parameters
are: step period T'=0.49s, step length Dgep, = 0.44m, mechanical COT C,y =0.1737, and
specific COT Cq =0.694. The COT is distributed over different actuators as: stance leg’s

linear actuator: 25%, revolute ankle: 3.5%, stance hip: 49.5%, and swing hip: 22%.

For the same progression slope the optimal stair-climbing gait and the optimal uphill
gait are similar. In both cases foot stubbing (scuffing) can be avoided by contracting or

re-orienting the massless parts of the swing leg.

Optimal Gait Strategies:

As for the level-ground case, foot-ground contacts in this case are collisional. Because for the
optimal gait in Fig.[3.3]the leg forces are allowed to be unbounded at the foot-ground contact,
the TD collisions are instantaneous and include dissipative impulsive GRFs (Fig.[3.3f) that
instantaneously redirect the CoM and avoid the stance leg from shortening (Fig.[3.3d)). To
reduce the energy dissipation at these collisions, a burst pre-TD push-off force (preemptive

push-off) is also applied in this case, as seen in Fig.3.3d and Fig.3.31

At equal speeds the optimal step length on uphill is shorter than on level ground, resulting

in less dissipations at TD collisions [26].

Compared to the level-ground gait, here the activity of the stance hip has substantially
increased (Fig.[3:3g). In going uphill/upstairs the stance hip applies a significant torque to
vault the CoM over the stance leg. This torque pushes the torso back, and can potentially
cause instability. To overcome this problem the torso leans forward, as seen in Fig.[3.3al The

leaning angle increases with the ground slope.

Similar to the level-ground case, the swing-hip motor and the stance-leg’s telescoping
actuator have almost equal cost contributions. As seen in Fig.[3.3g the major burst activity
of the swing hip is limited to the beginning of the swing, since the pre-TD swing-leg retraction

is mostly done passively by gravity.
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Figure 3.3: Stick diagram and gait parameters of two consecutive steps of the
optimal uphill continuous-support gait generated for v=10°, and V' =0.9m/s. DS is
instantaneous, and unbounded axial leg forces at TD are allowed. In the first step leg; (the
solid blue lines in [3.3a)) is the stance leg. The asterisks in B.3al indicate the CoM position.
The dashed vertical lines in [3.3DH3:3g] indicate the TD instant. In B:3d the subscripts azial
and perp denote the foot velocity components along and perpendicular to the corresponding
leg. In[B.3f the stance leg’s axial force (ECgla and Fleg2a) and GRFs in normal and tangential
directions (Fgy, and Fpy,) are all scaled with body weight mye g. Also the arrows in 3.3

represent the GRF impulses at TD.
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The minimum achievable Cyy in climbing a slope of angle + is siny — equivalent to the case
when there is no dissipation or negative actuator work, and all the positive actuator work is
spent to increase the potential energy. The specific COT for the optimal gait shown in Fig[3.3]
(Cet =0.1737) is very close to the associated theoretical minimum (sin~y = sin 10° =0.1736),

showing that most of the actuator work is positive.

3.2.3 Optimal Continuous-Support Gaits for Stepping Down the Ramps or Staircases

For downhill/downstair gaits a different behavior is observed (see below). A sample optimal
gait for stepping down a stairway with Hgep = —10 cm and Lgep = 50 ¢cm is shown in Fig.[3.4l
The resulting gait parameters with Ngs =0 (optimal Ty is zero) and N =7 are: step period
T =0.537s, specific COT Cq =0.014, and mechanical COT C,; =0. The distribution of Cg
over different joints is: stance leg’s telescoping actuator: 59%, revolute ankle: 13%, stance
hip: 16%, and swing hip: 12%. Because the mechanical COT is calculated using only positive
actuator work, C,,; =0 implies that the actuators are doing only negative work, and all the
positive work is done by gravity. By decreasing the slope of progression the actuators will

start doing positive work.

Optimal Gait Strategies:

Similar to the previous two cases, the foot-ground contacts are collisional here. In the
sample gait provided, the axial impulsive leg forces at TD are allowed, so the collisions are

instantaneous.

Unlike the previous two optimal gaits, in this case the length of the stance leg continuously
decreases (Fig.B.4dl), and the peak of the leg force occurs around mid-stance, as seen in
Fig.3.4fl No pre-TD push-off force is observed in this case. Consequently, the collision loss
is noticeable (it is 11 times greater than the total negative work done by all the actuators).

This strategy is observed in all downhill/downstair gaits and is justified in Section B.4.1]
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Two consecutive steps of the optimal downstair continuous-support

gait generated for Hgep, = —10 cm and Lgtep, = 50 cm. Other conditions are similar to Fig.[3.3l
In the first step leg; (the solid blue lines in B.4al) is the stance leg. The asterisks in B.4al
indicate the CoM position. The dashed vertical lines in [3.4D34g] indicate the TD instant.
In [3.4¢] the subscripts azial and perp denote the foot velocity components along and perpen-
dicular to the corresponding leg. In [B.4fl the stance leg’s axial force (Fleg,, and Fie, ) and
GRFs in normal and tangential directions (Fyi, and Fyy,) are all scaled with body weight
Mot - Also the arrows in B.4fl represent the GRF impulses at TD.
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In contrast to uphill gaits, in downstair gaits the stance hip applies a decelerating torque
(Fig.[3.4g) to achieve the optimal step period. In reaction to this torque, and to avoid falling

forward, the torso leans backward.

Although the swing hip exhibits a bang-coast-bang torque profile (Fig.[3.4g), its pre-TD
activity is not to retracting the swing leg, but to push the leg forward (in Fig.[34d the
swing-leg angular rate has increased before TD). This enforced forward motion of the leg at
the end of swing increases the foot velocity at TD (Fig.[B.4€), and therefore results in more

collision loss (see Section B 41l for the justification).

The required foot length (based on ZMP) of 1.2cm and the revolute ankle joint activity
do not seem to be an important requirement for energy efficiency, since the corresponding
gait with forced zero-ankle-torque (point-feet biped) has Ce, = 0.012; practically not different
from Ce =0.014 for the gait in Fig.B.4l See Section for the comparison of this result

with human gaits.

3.3 Optimal Intermittent-Support Gait

For adequately fast speeds (approximately above 3m/s) a special type of intermittent-
support gait is optimal. This gait is known as impulsive running [25] and more or less

resembles normal human running.

Fig. 3.5 shows a sample of this gait at V' =5m/s. For this sample gait Ny =5, Ny =10,
and the impulsive axial leg forces at TD are allowed. The optimal step period, step length,
and duty factor (the fraction of step period that a foot is in stance) are 0.22s, 0.97 m, and
30%, respectively. Also the mechanical and specific COT are C,; =0.11 and Cs; = 0.48. The
contribution of each actuator in C is: stance-leg telescoping actuator: 73%, stance hip:

18%, and swing hip: 9%. The revolute ankle joint has negligible contribution.
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Figure 3.5: Two consecutive steps of the optimal intermittent-support gait on
level ground generated for V=5 m/s. Unbounded axial leg forces at TD are allowed. In

the first step leg; (the solid blue lines inB.5al) is the stance leg. The asterisks in [3.5al indicate
the CoM position. The dashed black and solid green vertical lines in B.5bH3.5g] denote the
touch-down (TD) and take-off (TK) instants, respectively. In [B.5¢] the subscripts azial and
perp denote the foot velocity components along and perpendicular to the corresponding leg.
In B.51l the stance leg’s axial force (ECgla and Flcg%) and GRFs in normal and tangential
directions (Fgy, and Fpy,) are all scaled with body weight my. g. Also the arrows in 3.5

represent the GRF impulses at TD.
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Optimal Leg Force and Center of Mass Motion:

In contrast to the continuous-support gait, where the axial leg force falls below body weight
for most of the step period, here the leg force stays at its maximum over most of the support
phase (Fig.B.5f). The large leg forces at early support phase quickly stop leg shortening
and the downward motion of the CoM (collisional TD). For the sample gait presented, this
deceleration phase is compressed at the TD instant due to the idealized impulsive axial leg
forces at TD (arrows in Fig.[3.5f). After this deceleration, large leg forces increase the leg

length and provide the required upward velocity for the CoM at take-off.

As a result of the above actions, the CoM has a bouncing-type trajectory which reaches
its lowest point in the middle of SP, while the CoM has its minimum speed. At this point
the kinetic and potential energy are at their minimum. The highest point of the CoM
trajectory occurs in FL where the CoM speed is about maximum, and so are the kinetic
and potential energy. Therefore, the kinetic and potential energy change in-phase with each

other, a well-known characteristic of running-type gaits in biological systems.

Interestingly, the optimal bouncing motion of the CoM and in-phase changes in kinetic
and potential energy occur without having any elasticity in the biped. This shows that the
advantage of this motion is more fundamental than being dependent mainly on elastic energy

recovery, a fact that has been largely overlooked [26].

Ground Reaction Force Profiles:

As shown in Fig.[3.5f] the resulting vertical GRF has a pulse shape that approximates the

bell-shaped GRF of human running [83].

Swing Leg Motion and Hip Torque Activity:

Regardless of the average forward speed, the swing leg is rotating forward at off-side TD

(f; >0 at the vertical dashed line in Fig.B5d, i.e. at TD on leg,). This forward rotation
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continues after TD, and brings the swing leg in front of the body in the second half of the
stance phase (6; becomes positive after some ¢ between the dashed and solid vertical lines in
Fig.B.50l i.e. after TD and TK on legs). Shortly before take-off the hip applies a decelerating
burst to reduce the swing leg’s angular velocity. This reduces the GRF and helps prepare the
conditions required for take-off (zero GRF). At the end of the FL, and while the landing leg
has reached a near-vertical orientation, hip torque applies a burst to slow down the rotation
of the leg and prepare it for landing (swing-leg retraction). Unlike the continuous-support
gait, there is no ground contact, so the pre-emptive push-off strategy is not available in this
gait. Instead, landing with the leg as vertical as possible reduces the horizontal-momentum

loss at TD.

At the beginning of the FL the new swing leg (which was the stance leg before take-off)
is rotating rearward with a high angular rate due to its angular momentum prior to take-off.
Immediately after take-off the new swing hip applies a burst to decelerate the leg rotation, as
seen in Fig.3.5l Around the mid-flight, and almost simultaneously with the landing leg, the
rotation of the rear leg is reversed (at about t =0.1sec in Fig.3.5d), and the leg is prepared

for the next step.

Contribution of Ankle Torque:

Similar to the continuous-support gaits, the ankle torque during the support phase is too
small (maximum 0.05Nm) to be seen in Fig.[3.5g As a result, the ZMP has a negligible
offset (0.3mm) from the ankle. Although this might be counter intuitive, it indicates that
the main contribution of the ankle joint (the complex ankle includes both the telescoping
joint along the leg and the revolute joint between the foot and the leg) is to push off and
provide the required linear momentum for step transition. Section compares the ankle

torques in human gaits and the optimization generated gaits.
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Optimal Intermittent-Support Gait at Slow Speeds

Note that at velocities close to 2m/s the optimization converges to the so-called pendular
running gait [25], with a mixture of a pendular SP and a short FL. Further decrease in speed
eliminates the FL, implying the optimality of continuous-support gait over intermittent-
support gait at slower speeds. Because the optimization has been formalized in a way that
converges to the quasi-global optimal gait at any given speed, generating gaits with non-zero

flight phase requires an extra constraint on the minimum flight time at these low speeds.

3.4 Discussion

In this section, some aspects of the optimal gaits found in the previous sections are discussed.

Also, the insights that can be achieved from them are provided.

3.4.1 General Characteristics of the Optimal Gaits

Collisional Foot-Ground Contact:

Consistent with findings of [25] with a simpler bipedal model than the one used in this
work (Fig.[ZT]), the implemented optimization routine for all types of gait converged to solu-
tions that include collisional foot-ground contacts. When axial impulsive GRF's at TD were
permitted, these TD collisions were idealized instantaneous impacts. Otherwise, they were
extended collisions, which involve high (but finite) dissipating leg forces that quickly stop the
leg shortening after a new foot-ground contact (step-to-step transitions). By increasing the
number of grid points and the maximum allowed leg force in the optimization routine, these
high leg forces converge to instantaneous impulses. These results are valid for a large range
of models when a work-based energetic cost is used as the optimization objective function

(e.g. [25, 67]).

56



Strategies to Reduce Collision Loss in Level-Ground:

Although it may appear, from an energy-efficiency point of view, that dissipative collisions
are not desirable, eliminating them requires extra actions and effort and thus may increase
the net energetic cost. For example, in continuous-support gaits collision energy loss could
be avoided completely by, say, moving the CoM in a horizontal path and taking steps with
zero foot-velocity at TD. Unfortunately, such motion requires more work from the legs,
simultaneously shortening an extending, than is saved in reducing energy loss at collisions

2, 25].

In fact, the optimal solution uses different strategies to reduce the collision loss, but only
to the extent that results in a net energy saving. Some of these strategies are gait specific. In
continuous-support gaits a burst push-off force is applied along the stance leg just before TD
to reduce the CoM momentum along the leading leg. This reduces the energy that should
be dissipated to quickly stop the leg shortening and redirect the CoM motion. In running,
however, there is no support leg during flight to apply the pre-TD push-off. Instead, landing
with the leg as vertical as possible reduces the momentum loss at TD (CoM momentum is

directed mainly in the horizontal direction rather than the vertical).

Another strategy in reducing collision loss is swing-leg retraction: the late-swing rotation
reversal of the swing leg prior to TD. Interestingly, swing-leg retraction has been also ob-
served in human and animal locomotion [47, [51] 52, 54, 56]. This rearward limb rotation,
while the hip is moving forward, reduces the TD impact by reducing the relative foot-ground
velocity (Fig.B.2€] Fig.B.3e Fig.B.5d). In level-ground gaits, swing-leg retraction is achieved
actively by applying a hip torque to the leg to stop its forward swing and force it to rotate
backward. Therefore, depending on the balance between the energy it saves via collision re-
duction and the cost it takes to brake/accelerate the leg, swing-leg retraction can potentially
reduce the net energetic cost of the gait. It is shown in Chapter [§ that the energetic benefit

of active leg retraction depends on different factors, including the step length and speed.

57



Optimal Cost Reduction Strategies for Gaits on Ramps or Stairways:

When climbing stairs or a ramp, the potential energy of the biped increases at each step.
Therefore, the net work done at each step must be positive (unlike the periodic gaits on a
level ground for which the net work done in each step must be zero to keep the mechanical
energy of the biped at the same level after each step). In an efficient gait, the positive net
work is achieved in part by decreasing the negative work and dissipations. As a result, for
climbing stairs or a ramp, the intensity of TD impact decreases with slope by increasing the
preemptive burst push-off force and/or taking shorter steps. Also, to further decrease the
negative work, the swing-leg retraction is mostly done passively by gravity, eliminating the

active negative work required to stop the forward leg-swing.

In downhill/downstair gaits not only the stance-leg preemptive push-off and swing-leg
retraction are not observed, but also opposite actions are taken. In fact, as can be seen in
Fig. 34 the stance-leg length is reduced prior to TD (opposite to pre-TD leg extension)
and an extending (opposite to retracting) torque is applied at the swing hip that increases
the foot velocity at TD. Consequently, the TD impact and its associated loss is maximum.
This is because in downhill gaits the system gains net kinetic energy during each step, and

increasing collision loss is an cost-effective way to dissipate this extra energy.

Effect of Bounded Axial Leg Forces on Swing-Leg Retraction:

Another factor that determines the optimal scenario of TD collision and swing-leg retraction
at foot-ground contacts is whether axial GRF impulses are allowed at TD or not. When
these azxial forces are allowed, the perpendicular impulsive GRFs at TD may also exist in the
optimal gait. However, when TD impulses are allowed only in the perpendicular direction,
the TD becomes completely non-impulsive for all optimal gaits found (e.g. see the optimal
gait in Fig[3.2)). In other words, when the azial impulsive forces are avoided, the best strategy

is to avoid the perpendicular ones as well.
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The above result can be explained as follows: In the absence of axial impulsive forces at
TD, the unilateral foot-ground contact (the foot cannot penetrate to the surface) restricts the
permissible perpendicular impulses to the non-downward direction. Due to the orientation
of the landing leg at TD (the landing foot is usually ahead of the hip) the non-downward
perpendicular impulses are possible only if the perpendicular foot velocity at TD is either zero
(avoiding instantaneous impact), or directed downward. The latter demands more positive
work from the swing hip and also dissipates more energy at impact; thus is not energetically

favorable.

Because of the forward motion of the hip, the zero perpendicular foot velocity at TD is
possible almost only by applying a retracting hip torque at the end of swing phase. This
torque brakes the forward leg-swing and accelerates its backward rotation to cancel the effect
of the perpendicular hip velocity. Thus, when axial impulses are prohibited a retracting hip
torque is required to have a physically meaningful model, otherwise a suctional contact
(pulling force from the ground) is required to stop the foot at landing. A side implication
of this result is that the models with an axial spring in the leg (avoiding the axial impulsive
forces at TD) will spontaneously have leg retraction and are not appropriate to examine

whether leg-retraction has any net energetic advantages; a fact that is neglected in [65].

3.4.2 Comparison of Optimization Generated Gaits and Normal Human Gaits

Many of the identified characteristics of the optimization generated gaits are similar to those
of human gaits, including the burst preemptive push-off in walking, landing on a near-vertical
leg in running, bang-coast-bang hip torque profile of the swing hip, swing-leg retraction,
collisional foot-ground contacts, torso leaning on ramps, GRF profiles, etc. However, there

are some differences as well.

In all the optimal gaits identified, the contribution of the stance ankle torque is negligible,

implying that for optimization purposes the extended feet can be reduced to point feet.
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However, in humans feet are extended and ankle torque is not negligible. This difference
comes from the difference between the ankle joins of humans and the model. In humans the
ankles are purely revolute joints and the push-off is provided mainly by ankle joint extension
and foot rotation. In contrast, the model has compound ankle joints consisting of a linear
joint along the leg and a revolute joint between the leg and the foot. As explained in Section
2.1 this is meant to simplify the model dynamics and increase the optimization convergence
rate. With this compound ankle, the push-off is provided by the telescoping joint ,and the
ankle torques can only change the angular momentum of the biped. The resulting negligible
ankle torques in the optimal gaits imply that the main contribution of the ankle is to push

off and provide the required linear momentum for step transition.

Typical human walking has a specific COT of Cy ~0.2, estimated by the volume of
Oxygen consumed (VO,), and a mechanical COT of Cp,y = 0.05 [45]. The associated preferred
step period and step length, when walking at the preferred speed V' =1.3m/s, are T~ 0.55s
and Dgtep ~0.72m [84]. For the current bipedal model with the sample optimal gait shown
in Fig. the specific and mechanical COT (0.335 and 0.069, respectively) are close to
those of humans walking at the same speed, but with shorter step length and step period.
By letting the optimization use impulsive axial leg forces at TD, the optimal Co; and Cyy
become closer to human costs (0.22 and 0.055, respectively), but the step period and step
length become even smaller. These results may show that the dominant factor in metabolic
energy expenditure of human walking is the mechanical work done by muscles. The shorter
step period and step length can be explained by the fact that the optimization does not
face any cost or limiting upper bound in using high torques, as the goal here is to study
the optimal gaits under minimal constraints. Adding actuation cost in the energetic cost
equation in (1), such as the force-over-time cost suggested in [85], resolves the problem of

fast steps.

For treadmill running at the same speed as for the sample optimal gait in Fig.3.5 humans
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have Cq; 2~ 0.43 (extracted from non-athlete running data in [73]) with a duty factor of 33%.
Relative step length with respect to the leg length is Dy, /¢ =1.67 (extracted from [86]).
Scaled for the human subject of Table[3.]] this corresponds to Dgep ~ 1.5 m. Comparing these
values with those corresponding to the optimal gait of Fig.B5l (Cet = 0.48 and Dstep = 0.97 m)
shows that humans are slightly more efficient runners than the purely rigid model in Fig.211

This is not surprising given that elastic energy recovery does occur in human running.

Now that I have reviewed the main characteristics of the identified optimal gaits and
their comparison with human gaits, I discuss some insights that can be obtained from the

above results.

3.4.3 Walking and Running; Different Solutions of the Same Problem

Despite the apparent differences between the optimal continuous-support gait (walking) and
the optimal intermittent-support gait (running), they have fundamental functional similar-
ities. In both of these gaits there is a portion that is relatively cost-free. For walking the
low-cost portion occurs during the single-support phase when the mass of the body sponta-
neously vaults over the stance leg. In running the low-cost portion of the step cycle occurs
when both feet are in the air and the body mass moves ballistically. For both walking
and running, these low-cost (quasi-passive and smooth) portions of the step cycle are in-
terspersed between the (less smooth) high-cost portions during which the CoM motion is
redirected from downward to upward (entire support phase in running and support transfer
between legs in walking). This high-cost down-to-up transition is actively mediated by the
action of stance leg(s), which involves ‘costs’ associated with energy loss to impact and actu-
ator work expended to decelerate and accelerate the CoM. In both walking and running the
main activity of the swing hip occurs around this down-to-up transition. This involves ‘costs’
associated with work spent to start the leg swing just after foot-clearance and then prepare

it for a proper landing (reduced relative foot-ground speed) just before the foot-contact.
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One important point that should be noted here is that both these optimal gaits (walking
and running) are generated using the same bipedal mode, and both are subject to the
same physics principles for the interaction of body with its physical environment (gravity
and the substrate). In both cases the decision on the optimal gait coordination is made
based on minimizing the same energetic cost function. Therefore, both of these gaits should
be influenced by the same determinant factors for effective gait coordination. The difference
between walking and running comes only from the different strategies available to minimize
the energetic cost at different forward speeds. In other words, they are different optimal
solutions of the same problem for different circumstances. Thus, to identify the determinant
factors for effective locomotion we should focus our attention on the functional similarities
between the gaits and not the apparent descriptive differences. The similarities reflect the
common governing principles, whereas the differences only reflect the different strategies

available.

3.4.4 Determinant Factors in Effective Legged Locomotion

There are two energetic-cost factors that interplay to determine the most cost-effective move-

ment pattern:

1. The cost of stance-leg work to redirect the CoM motion from downward to

upward at each step. This cost is influenced by

e the energy dissipations at (extended) foot-ground collisio, in-
cluding (i) the energy lost passively at foot-ground impact, and
(ii) the dissipative stance-leg work to decelerate the downward

motion of the CoM,

lunlike many studies that use different models for walking and running, e.g. inverted pendulum model
for walking and spring-mass model for running

2In practice collisions are not instantaneous but extended over a short period of time. In this context, the
collision loss (dissipation) includes all passive and active energy dissipations that occur at early foot-ground
contact, when the CoM has a decelerating motion.
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e the generative work of the (trailing) stance-leg to make-up for

the energy dissipations and accelerate the CoM to move upward.

Note, if the above dissipations did not occur, there was no need for the genera-
tive stance-leg work, and this cost would not exist. The dissipations come into
play because of the action (pull) of gravity and that the mechanism can move
only by making intermittent foot-ground contacts. The collisional dissipations?
could be eliminated by, say, moving the CoM in a horizontal path and taking
steps with zero foot-ground speed at touch-down. In this case, however, both
legs should do substantial positive and negative work to simultaneously extend
and contract as the body moves smoothly across the substrate. Unfortunately,
such motion requires more work from the legs than is saved in eliminating en-
ergy loss at collisions. The optimization finds that the best strategy is to
appropriately use the stance leg to adjust the CoM redirection to first help
reduce collisional dissipations and then replace the loss that remains — appro-
priately timed thrust (e.g. pre-emptive push-off) that reduces energy loss and
replaces any that remains.

. The cost of swinging the limbs, including the cost of accelerating the leg at
the beginning of swing to regulate the step length and step frequency, and the
cost of decelerating and retracting the leg before touch-down to reduce the

collision loss and prepare the leg for support transfer.

The above factors that largely determine the best coordination strategy for legged locomo-

tion are inter-related: the initial dissipation associated with the step-to-step CoM transition

from downward to upward (a loss determined by collision events) is modified and compen-

sated for by the costs involved with support and swing leg work. Numerous other lesser

costs also impact locomotion strategy (those related to stability, for instance), but under

steady-state conditions the major determinants of an effective movement strategy will arise
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from managing and repaying loss incurred from the interaction of the mechanism’s mass

with its supporting substrate.

3.4.5 Applications to Understanding Human Locomotion

As mentioned previously, many characteristics of the energy-optimal gaits generated by the
minimally constrained bipedal model match those of human locomotion. Note that the
resulting similarities here are obtained spontaneously based on the natural energy-optimal
response of the model. In other words, unlike many other gait optimization approaches, no
human data were used to train (‘teach’) the model to have a human-like behavior. This
suggests that human gait coordination is mainly influenced by energy minimization through
the interaction of the same determinant factors responsible for the model’s optimal gaits. If
this hypothesis is correct then the optimization model should be able to correctly predict
the natural response of human gait coordination to unusual circumstances. Verification of

this hypothesis is the subject of the next chapter.

3.5  Summary

This chapter uses the framework developed in Chapter 2 to investigate the characteristics
of energy efficient gaits at different average forward speeds and ground slopes. Two types
of gait have been considered; continuous-support gait with alternating single and double
support phases, and intermittent-support gaits with alternating single support and flight

phases.

For relatively slow speeds the continuous-support (no flight phase) gait is more efficient.
The optimal gait in this case is the pendular walk with zero-duration DS phase and collisional
TDs. In this gait the stance leg length is held constant during most of the single support

phase, while the swing leg moves passively during most of its motion. The CoM moves on
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an arc-shape trajectory dictated by the stance leg, and reaches its highest point when it is
directly over the supporting leg. In optimal level-ground continuous-support gaits almost
all complex ankld? activity is during push-off at final portions of the support phase, prior
to the following touch-down. Due to the collisional heel-strike and the preemptive push-off,

vertical GRF has a double-hump shape.

By increasing the forward speed the intermittent-support (support and flight phase) gait
becomes more efficient. The optimal gait at higher speeds is the impulsive run with collisional
TDs, near vertical landing leg, and pulse-shaped vertical GRFs. The CoM is at its lowest
point in the step cycle when it is directly over the support leg. The main contribution of the
complex ankle joint is to redirect the body motion from downward to upward and provide

the required velocity for take-off.

Swing-leg retraction and some residual TD impact, determined by the balance between
the potential energy saving at heel-strike impact and the energetic cost of swing-leg decel-
eration/acceleration, are identified as important characteristics of all energy efficient gaits
for many ground slopes. The contribution of the stance-ankle torque in manipulating the
angular momentum of the biped is negligible (or unimportant for non-level-ground gaits).
For uphill gaits the step length is shorter than for level-ground gaits, and the torso leans

forward to compensate for the stance-hip torque.

3The complex ankle includes both the revolute joint between the foot and the leg and the telescoping
joint along the leg
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Chapter 4

WALKING AND RUNNING IN REDUCED

GRAVITY

Many characteristics of the energy-optimal gaits calculated in the previous chapter match
those of human gaits; supporting the hypothesis that human gait coordination is mainly
governed by energy minimization. Thus, gait optimization might correctly predict the nat-
ural response of human gait coordination to unusual circumstances, such as altered gravity.
In this chapter, I verify this property by comparing the energetics of human gait in reduced
gravity with those predicted by energy-optimal gaits of the minimally constrained bipedal

model under similar conditions.

This chapter is organized as follows. In Section 1.1l Farley and McMahon’s experiment
[87] for studying simulated reduced gravity influences on human gait energetics is reviewed.
The model predictions for the dependency of gait energetics and kinematics on gravity are
presented in Section 4.2l The insights achieved by comparing the model predictions and the
experimental observations are discussed in Section 4.3l Finally, the chapter is summarized

in Section [4.4]

4.1 Reduced Gravity Effects on Human Gait Energetics

Two decades ago, Farley and McMahon [87] conducted an experiment to measure the ener-
getics of walking and running under approzimate reduced gravity conditions. They used a
simple apparatus, shown in Fig.[4.1] to ‘simulate’ reduced gravity conditions on human sub-

jects walking and running on a motorized treadmill. Using a series of pre-stretched springs,
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Figure 4.1: Reduced gravity apparatus used by Farley and McMahon [87]. It
consists of “a series of springs (Sp), which applied a nearly constant upward force to the
body through a bicycle saddle (S). Magnitude of force was increased by stretching springs
with a winch (W). Motorized treadmill included a strain gauge force platform (F) under the
tread”. The figure and the quoted text are reproduced from [87] with permission.

they could apply an almost constant upward force to the subject’s body to reduce his/her
effective weight. This apparatus allowed a realistic simulation of reduced gravity in terms
of the motions of the CoM but not in terms of the motions of the swinging limb By mea-
suring the subject’s rate of Oxygen consumption during the experiment, they estimated the
energetic cost of walking and running, quantified by the net metabolic energy expenditure
per unit body mass and unit distance travelled (i.e. Egtep metabolic/ Mot Dstep)- Although, in
their paper [87] this quantity is called the cost of transport, in order to maintain consistency
with the rest of the thesis and to distinguish this quantity from the COT in (2.2)), I refer to

it as the dimensional metabolic cost of transport (DMet-COT). It is dimensional since it is

not divided by the gravitational acceleration, and has the dimension [m/s?]

With the above procedure, Farley and McMahon demonstrated that the DMet-COT in

L Although the partial reduced gravity condition provided with this technique is not realistic and does
not equally affect all body segments, other studies [86] [88] [89] show that it is a good approximation for true
reduced gravity in which all body segments experience the same reduced gravity level.
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Figure 4.2: Dimensional metabolic cost of transport (DMet-COT) of walking and
running in partially reduced gravity conditions (i.e. reduced effective gravity only on
the CoM), measured by Farley and McMahon [87]. They calculated the DMet-COT (in the
original work it is called the cost of transport) as the net metabolic energy consumption per
unit body mass and unit distance travelled. As the figure shows, the DMet-COT in running
declines with decreases in gravity faster than in walking.

running decreases with reduced gravity more dramatically than in walking, as shown in
Fig.[42l In normal gravity, walking is more cost-effective than running. However, due to
the greater influence of gravity reduction on energetic cost for running than for walking,
the scenario is reversed at low gravity levels (e.g. on the Moon), and running becomes

energetically more favorable.

Farley and McMahon [87] hypothesized that the difference in dependency of walking and
running energetics to gravity is due to the different “energy-saving mechanisms associated
with each of these gaits”: elastic energy storage and recovery in running versus kinetic and
potential energy exchange in walking. Based on this hypothesis, spring-like elements in the
human body (such as tendons, ligaments, etc.) that can store and release elastic energy have
a determinant role in the mechanics of running. They concluded that “the links between the
mechanics of locomotion and energetic cost is fundamentally different for running and for

walking” [87].
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4.2 Predictions of the Minimally Constrained Bipedal Model

With the bipedal model in Fig.[2.1] and using the gait optimization framework presented in
Chapter 2 I found the optimal walking and running gaits that minimized the mechanical
COT Cyy (see Section 2T.2)) at different gravity levels and speeds. Other than the gravity
level and the average forward speed, all other gait parameters including the step length, step

frequency, joint angles, and joint torques/forces were determined by the optimization.

4.2.1 Predictions of Gait Energetics

The resulting dimensional mechanical COT (DMec-COT = Cyyt gred, Where greq is the re-
duced gravity level) for walking and running at different speeds and gravity levels is shown

in Fig. 4.3l As can be seen, the model predictions are consistent with the experimental ob-
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Figure 4.3: Dimensional mechanical cost of transport (DMec-COT) of energy-op-
timal gaits of the model. The optimal gaits were obtained by minimizing the mechanical
COT Cyy (see Section [Z1.2) for given speed V' and gravity level g..q. DMec-COT was then
calculated from Cpy greq- No curve fitting is used in this figure (lines connect the raw data
points), but for more clarity some of data points are not marked. The gait optimization
correctly predicts the cost trends of human gaits shown in Fig.[Z.2l
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servations by Farley and McMahon [87]: the energetics of both gaits decrease with gravity,
but the effect in running is much more pronounced than in walking, leading to intersection
of walking and running cost curves. Consequently, the more energetically demanding gait at

greater gravity levels (i.e. running) becomes the less costly at lower gravity levels.

The cost values determined in Fig. 3] change slightly if specific COT Cy (see Section
2.1.2) is used instead of mechanical COT C,y for the optimization objective function. This
is also the case if a different number of discretization grids (i.e. N, Ngs, and Ny; see Section
2.32)) is employed in the optimization. However, independent of the resulting cost values,
the cost trends remain the same. I also repeated the optimizations for ‘partially’ reduced
gravity conditions, i.e. instead of changing the gravitational acceleration in the EoM for all
body segments, a constant upward force at the hip was added to the model, equivalent to
Farley and McMahon’s experiment). Even in this case the results remained qualitatively the

same, with slight changes in cost levels and slopes.

Interestingly, the agreement between the experimental observations and model predic-
tions is obtained even though no elastic components are used in the model. The use of
springs in the model for running gaits could decrease the cost of running, improving the
estimation of cross-over gravity levels (cross-overs in walking and running costs in Fig. [4.3]
will occur at slightly higher gravity levels, closer to those observed in Fig.[12)), but they will
not influence the form of the result or the fact that the two gaits respond differently to a

reduction in gravity level.

4.2.2 Gait Kinematics

To explore the model response in order to understand why the optimization dictates these
effects due to altered gravity, I also calculated the step length of the optimal gaits associated
with Fig.[L3l The results for walking at V' =1m/s and for running at V' =3 m/s are shown

in Fig. A4l For walking at the other speeds used in Fig.[£3] the optimal step length is not
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Figure 4.4: Step length changes with gravity, as predicted by energy-optimal gaits of the
minimally constrained bipedal model presented in Chapter 2l For both walking and running,
step length increases with reduced gravity, but the changes for running are substantially
greater than for walking. The red line (running) corresponds to the 1/g,eq trend, where gieq
is the reduced gravity acceleration. The step length data in this figure correspond to the
optimal gaits in Fig.[4.3] For more clarity, the results for walking at the other speeds used
in Fig. 3] are not shown.

considerably different from the one shown in Fig.[44] and thus to improve clarity of the
figure they are not shown in this figure. As can be seen, the step length for both energy-
optimal walking and running increases with reduced gravity, but the changes for running are

substantially greater than for walking.

Unfortunately, Farley and McMahon did not report the step length data for their exper-
iments [87]. T have used a novel reduced gravity apparatus and collected some preliminary
data from a few human subjects that verify the model predictions for gait kinematics [32].
Because more data have to be collected in order to characterize these relationships with
adequate statistical confidence, the preliminary results are not reported here, and the full
verification of the optimization model’s ability to predict the spontaneous response of human

subjects to altered gravity will be left to my future studies.
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4.3 Discussion

The analyses in this chapter were performed to examine whether gait optimization can
correctly predict the variations in human gait coordination in unusual circumstances. The
predictive capacity of the optimization model was demonstrated through the agreement
between the energetics (and kinematics, based on the preliminary data) of the optimization-
generated movements and the observed subject gaits for simulated reduced gravity. Now,

what can we learn from this agreement?

4.3.1 Energy Storage and Recovery Is Helpful, But Not Determinant

As mentioned previously, Farley and McMahon hypothesized that the different dependency
of walking and running energetics to gravity is due to the different “energy-saving mecha-
nisms associated with each of these gaits”. This hypothesis has originated from a prevailing
perspective in studying legged locomotion [2]. According to this perspective, the coordina-
tion in walking and running occurs to maximize energy storage and recovery within the stride
cycle, e.g. [20, 221 27, 28, 90, OT]. In other words, the best gait coordination is the one that
in one part of the gait cycle stores kinetic energy in some form of potential energy (potential
gravitational energy in walking through an inverted pendulum-like motion, and potential
elastic energy in running through compliant elements in the body) and then recovers it in

another part of the gait cycle.

This perspective, and thus Farley and McMahon’s hypothesis for reduced gravity effects,
does not match the gait optimization results in this thesis. In the previous chapter, both
walking and running emerged from the gait optimization of a rigid model, with no direct or
indirect reference to elasticity. In this chapter, the dependency of the energetics of both gaits
to gravity was correctly predicted by the same model, without any effort to maximize energy

storage and recovery. These results lead us to question the ‘energy storage and recovery’
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perspective in explaining the human and animal gait coordination.

Note that disagreement with the recovery perspective does not imply questioning the
occurrence or advantage of energy storage and recovery in locomotion. The exchanges be-
tween kinetic and various potential energy forms unequivocally occur in human and animal
gaits via different energy-saving mechanisms. It is also undeniable that these passive en-
ergy exchanges reduce the energetic cost of locomotion by storing and reusing the energy
at different phases of the gait. However, it seems that these exchanges are more descriptive
characteristics of the expression of each gait, rather than the determinant factors of the

appropriate gait coordination in each circumstance.

4.3.2 An Alternate Perspective

If not maximizing energy storage and recovery, what is a better perspective to explain the

observed human gait coordination?

It seems that energy minimization has a substantial influence in both walking and running
coordination (e.g. [14] 26} (72, 73], [92] 03], and also the results in Chapter ). As discussed
in the previous chapter, for gait optimization with a minimally constrained bipedal model
energy minimization is determined by the balance between the cost of swing-leg work and the
cost and loss associated with redirecting the CoM motion from downward to upward at each
foot-ground contact (passive energy loss at heel-strike collision, and the cost of dissipative
and generative stance-leg work). The agreement between the experimental observations and
model predictions in both usual (normal gravity cases in the previous chapter) and unusual
circumstances (reduced gravity in this chapter) suggests that the same determinant factors
(leg work costs and collision loss) are responsible for human gait coordination as well. Based
on this perspective, both walking and running are mainly influenced by similar determinant

factors and mechanisms, not the different ones as proposed by the recovery perspective.

Now, If this is the case, how can we explain the different influence of gravity on energetics
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and kinematics of walking and running? The answer is in the different characteristics of these
gaits, where each gait is viewed as a movement strategy appropriate for the conditions under

which it operates.

In energy-optimal gaits the energetic cost associated with redirecting the CoM motion
from downward to upward is mainly influenced by energy dissipation at collisional foot-
ground contact [26]. This in turn, depends on the collision angle (the relative leg-surface
angle) and the velocity of the CoM prior to collision [26]. For running, collisional dissipation
at foot-ground contact is minimized by landing on a near-vertical leg (see the previous
chapter), regardless of the gravity level. Thus, for running at a given speed, collision loss
does not change with gravity, resulting in an almost constant energetic cost per step. On
the other hand, as gravity decreases, the duration of the quasi-passive flight phase, and
consequently the step length, increases in reverse proportion to g (see Fig.[L.4]). This results

in a linear reduction in the dimensional COT with gravity, as can be seen in Fig.[4.2] and

Fig. 3l

For walking, however, the collision angle completely depends on the step length. With
a given pre-collision CoM speed, increasing the step length directly increases the collision
loss and thus the energetic cost of the gait [26] 47]. However, at lower gravity levels the pre-
collision CoM speed can be slightly decreased while maintaining the same average forward
speedQ. This allows for a small increase in the step length without increasing the collision
loss. Therefore, with a constant energetic cost per step, the step length slightly increases

leading to a small reduction in the dimensional COT, as shown in Fig.[L2] and Fig.[Z3

The above discussion suggests that, unlike what was hypothesized by Farley and McMa-
hon [87], the links between the mechanics of locomotion and energetic cost are basically

similar for running and for walking. The analyses in this chapter and Chapter 3 show that

2In inverted pendular walking, the CoM speed decreases as the CoM rises to the top and then increases
as it falls forward. Decreasing gravity decreases the fluctuations in CoM speed, so to maintain a given
average forward speed, the CoM speed at the beginning and end of the inverted pendulum motion should
be decreased.
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a relatively simple model is able to predict substantial human-like behavior, even in quite
unnatural circumstances. This suggests that much of the locomotory behavior displayed by

humans originates with optimization of fundamental dynamics.

4.4 Summary

Motivated by the results in the previous chapter, in which many characteristics of the
optimization-generated gaits matched those of human gaits, I used gait optimization to
predict human gait adjustments in reduced gravity. These predictions were evaluated using
the experimental data for energetics of walking and running in ‘partially’ reduced gravity
conditions (where the effective gravity is reduced only on the CoM, and not on all body
segments). Interestingly, the model predictions matched the experimental observations: the
cost of running decreased with a reduction in effective gravity, while the cost of walking
was, surprisingly, much less sensitive to the gravity level. The agreement between the model
predictions and experimental observations supports the hypothesis that gait coordination in
humans (and animals) is mainly influenced by energy minimization. It also solidifies the hy-
pothesis suggested in Section B. 4.5} that the same cost factors identified in gait optimization
(i.e. the cost of stance-leg work associated with redirecting the CoM motion from downward
to upward, and the cost to move the swing leg forward and prepare it for support transfer)

are determinant in human gait coordination as well.
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Chapter 5

A SIMPLE BIPEDAL MODEL TO STUDY

SWING-LEG RETRACTION

One of the characteristics found for many optimization-generated gaits in Chapter [Blis swing-
leg retraction, the rearward rotation of the swing leg prior to foot-ground contact. This is
also a well-known characteristic of human walking and running, e.g. [51], and is also observed
in different gaits of many terrestrial legged animals (e.g. [52, 56, 57]). In Chapter [ some of
the advantages of swing-leg retraction were presented. In the rest of this thesis, some model-
based advantages of swing-leg retraction will be discussed in detail. These advantages either
have been discovered for the first time in this thesis, or were known before but not as
thoroughly analyzed and for as many cases as discussed here. The technical background and
modeling for this study is presented in this chapter and the following two. The advantages

will be discussed in Chapter [8

To study the advantages of swing-leg retraction, the bipedal model and numerical tech-
niques introduced in Chapter B] can still be used, but in this case we will be limited to
our interpretation of numerical results. To gain more insight into the influence of different
parameters, a simpler model that enables us to find closed-form approximate analytic solu-
tions is more preferable. Later, these approximate solutions can be verified using numerical
methods. For this purpose, I introduce a new simple model in Section (.1l The energy
optimal walking gait and the governing dynamics of this model are described in Section [5.2]
and Section 0.3l Section [5.4] describes the requirements to achieve a periodic gait. These
requirements lead to the definition of an ‘admissible region’ that constitutes the parameter

space for step angle and speed. Finally, the chapter is summarized in Section [5.5
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5.1 Bipedal Model

The planar bipedal model used for studying swing-leg retraction is shown in Fig.[5.Il The
head, arms, and trunk are represented by a point mass my at the hip. Each rigid leg has
length ¢ and distributed mass meg, with the CoM Gyee located at distance b from the hip.
Because each human leg is about 16% of total body mass [80], it is assumed here that mje,

is relatively small compared to the total mass Myt = 2 Myeg + M.

The leg moment of inertia about the hip joint is li/i. To simplify later calculations I
write lieg/m = 0 mieg £ b, where dimensionless 0 represents the spread of the leg mass relative

to Gieg. It is shown in Section [5.1.1] that always b/¢ <0 < 1.

The simple model presented here is modified from the powered simplest walking model
used by Kuo [47] in that (i) the present model has an arbitrary distribution of mass on the
leg, (ii) it has no hip spring, and (iii) in this model the mass of the leg, although generally

assumed small for some purposes, needs non-negligible energetic cost to be accelerated.

point-mass my at the
actuated hip joint H

Gieg: CoM of the distributed

leg mass Mieg

' prismatic
actuator

7.

Figure 5.1: Biped model without torso. Two rigid legs with lengths ¢ and distributed
mass Mmieg. Lhe leg center of mass is at Gieg located at distance b from the hip. The leg
moment of inertia about the hip is lieg/ir = 0 Mieg £b. A point mass at the hip my represents
the upper body. There is a motor at the hip applying torque 7 between the legs, and a
prismatic actuator that extends and applies push-off force F' along the stance leg.
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Table 5.1: Model Parameter Values of The Biped in Fig. 5.1

Parameter Symbol Value  Unit
total body mass Mot 75 Kg]
leg mass Mieg 0.16 myy  [Kg]
leg length 4 90.1 [cm]
leg CoM proximal distance b 0.41¢ [cm]
leg mass spread constant ) 0.62 -

The new model in Fig/[5.1is different from the one in Fig.2.T]in that (i) the extended torso
is replaced with a point mass at the hip, thus I/, = Jws/u = 0; (ii) due to the removal of
the extended torso, there is only one hip joint and one possible hip actuator between the
legs; (iii) the new model has no extended feet and thus no revolute actuator between the

feet and the legs; (iv) there is no massless part in the legs.

Unless otherwise noted, the numerical calculations in the rest of the thesis are based on
the values listed in Table [B.] from [80], as an approximation of a human with 75 Kg total
mass and 170 cm body height. These values are equivalent to those listed in Table [3.I], but
are adjusted according to the specifications of the new model. For example, my,s is now myg

but with no moment of inertia, and ¢ = hio; — hirs = 0.53 Aot

The model is powered by a hip motor and a prismatic leg-extension actuator, active on the
stance leg. The leg-extending prismatic actuator on the stance leg represents all mechanisms
that extend the distance from the body to the toes on the ground (e.g., ankle extension, hip
tilting, and knee straightening). Unlike models that use flat feet on the ground, this model
has no ankle actuator for a torque on the leg from the foot (or ground), though its inclusion
in the model besides the leg prismatic actuator would have no noticeable effect in our analysis

in any case (see Section [3.2.1]).

This study is focused only on periodic gaits; that is, two consecutive steps are identical
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with the leg roles exchanged. By assumption, friction is adequate to avoid foot slipping at all
instants during the gait. As is standard in compass biped models [39] 46} [47], any possible

foot scuffing during mid-swing is ignored.

5.1.1 Some Mathematical Properties of the Model

Limits of the Parameter §:

If Lega,, represents the leg moment of inertia about Gieg, it is always valid that
[leg/H = 5mleg (b = ]1eg/Gleg + Mieg b? Z Mieg b2 (51)

In a stick model the maximum leg moment of inertia about the hip is achieved when all
leg mass is concentrated at two ends of the leg. In this case, respecting the leg CoM at a
distance b from the hip requires the point mass m; =nue, b/¢ at the toe, and the rest of the

leg mass at the top of the leg, next to the hip. Thus
]1eg/H = 5mleg€b < my €2 = Mieg be. (52)

The above two equations imply that in all circumstances b/¢ <6 < 1. Although the upper
bound of § is calculated using a stick model, in practical cases d is even smaller. For example,
for Cornell Ranger [12] § =0.72, and for a typical human ¢ = 0.62 (using the anthropomorphic

model parameters in Table [(5.1]).

Invariance to Hip Mass:

In Fig.[51] the hip mass my represents the humans’ upper body which is separate from the
legs. Interestingly, in this model any portion of my can be placed on the legs without any
change in forces, motion, or energetics. Assume that mass 2Am is subtracted from myg and
Am is added to the top of each leg, next to the hip joint H. The distance of each displaced

mass Am from the hip is dam,/u =0, but now they move with the legs. The new biped
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parameters after this mass displacement are:

my = my — 24Am, (5.3)

Mg = Mieg + Am, (5.4)

Y = dog_m = g,/ mlejn‘l,';gdAm/H Am _ ZZ:? (55)
Il,eg/H = ]1eg/H + Am d2Am/H = [leg/H’ (5-6)

5 - Beg Degm 5, (5.7)

m{og Ve oo Mieg b C N
where d /g denotes the distance of point A from point B. Despite the change in leg mass and
leg CoM, the biped CoM does not change, as the distance of each displaced mass Am from
the hip is still zero (similar to when it was on the hip), and the spatial mass distribution has
not changed. Because the biped CoM and the leg moment of inertia about the hip, Ij./u,
remain unchanged, the rotation of the swing leg about the hip joint and the motion/rotation
of the whole biped about the stance foot will not change. Thus, the new biped is mechanically
identical to the one before the mass displacement. Furthermore, as we will see later in this
chapter, mj, does not appear alone in the equations, and is always multiplied by b. Because

m{eg b’ = myeg b the change in mye, and b does not change the system behavior.

5.2  Energy-Optimal Gaits

If we allow arbitrary actuator force and torque profiles (arbitrary functions of time), this
model has an infinite number of periodic walking gaits. Of these, this study focuses on
energy optimal gaits because they may have explanatory value for describing human and
animal gaits, and also may be useful for efficient robot design. Energy-optimization of the
model is a problem in Calculus of Variations or Dynamic Programming of the type discussed

in Chapter 2] or e.g. in [25 [67]. This optimization can be simplified, perhaps with no loss of
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accuracy (as discussed below), by guessing an appropriate low-dimensional parameterization

of the force and torque profiles that uses impulses.

5.2.1 Observations of Energy Optimal Gaits

I motivate the reduction of the actuator profiles to impulses by the results presented in

Chapter 3] as well as by some observations of human gait and other optimal gait studies.

e When walking, humans start extending their trailing leg’s ankle (plantar flex-
ion) and knee joints at the end of single stance [47]. The peak muscle activity
of this push-off starts just before heel-strike. Consistently, mechanical-work
optimization calculations using models with different levels of complexity in-
dicate that the stance leg length should be constant during most of the stance
phase and extended (i.e. push-off) just before the swing leg hits the ground

(e.g. see Chapter B of this thesis and [25] 26] 47, [67]).

e Experimental data from human walking show that during swing phase the
leg motion is almost ballistic (i.e. driven only by gravity) [36] except for the
beginning and end of the swing phase where hip muscles have burst activities
[33,147,94]. Assuming that the leg swing should be faster than a passive swing,
again consistently, models show that the work-minimizing torque profile for the
hip consists of peak torques at the beginning and end of the swing, and no

activity in between (the ‘bang-coast-bang’ profile discussed in Chapter [3]).

e In general, work minimization tends to lead to concentrating actuator activity
into impulses at the start and end of the various phases of the motion of various

body parts (see Chapter Bl and [25]).

e The role of the ankle actuators in push-off, when the ankle extension effectively

extends the legs, is well-modeled by the leg-extension prismatic actuator (see
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Chapter B]). This substitution of prismatic leg extension for ankle joint exten-
sion (instead of a revolute joint with foot-roll) seems to have little effect on

work-based walking energetics (see Chapter [3).

Based on the above observations and optimization results, it is expected that the mechanical-
work optimized gaits in the new model typically have (i) a burst extensional push-off force
applied just prior to heel-strike by the stance leg’s prismatic actuator, and (ii) burst torques
applied at the hip at the beginning of the swing and again at the end of the swing. The
first burst torque (referred to as swing thrust) is to increase the swing speed, above a purely
passive swing, to achieve a shorter step period at a given walking speed. The second hip
burst (referred to as swing-leg retraction, or simply retraction) brakes and/or reverses the

leg swing rotation prior to heel-strike.

5.2.2 Simplification to Impulsive Forces and Torques

The burst push-off force and the burst swing thrust and swing retraction torques are applied
over a short period of time. So, the biped configuration changes a little, or not at all, during
their application, while the velocity changes are more noticeable. For example, while the
measured hip angle in human walking shows a clear sign change in leg angular velocity
during swing-leg retraction [51], the associated change in leg orientation is not large enough,
or its duration is too short, to be easily seen on motion-pictures and videos of human or
animal walking, e.g. [52] [54]. This characteristic that velocity changes occur in an almost
fixed joint configuration is approximately similar to that of exact impulsive (infinitesimal
duration with infinite magnitude) forces/torques that cause discontinuous velocity jumps
in an exactly fixed biped configuration. Hence, to simplify the analysis, the burst push-off
force and the burst swing thrust and swing retraction torques are approximated as exactly
impulsive actuations. It is expected that a full dynamic programming solution would yield

this impulsive result. Although impulsive actuation is an extreme idealization, the insights
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from analysis of simplified impulsive models can be an important step in improving our

understanding of legged locomotion, as those discussed in [2} 26] 48].

5.2.3 Parameterization by Impulses

As motivated by the optimization and observational results above, the actuation can be
reduced to one impulsive force and two impulsive torques: (i) the impulsive swing thrust
torque just after toe-off to start the swing, (ii) the impulsive swing retraction torque at the
end of of swing phase (just before heel-strike) to stop or reverse the swing, and (iii) the
impulsive push-off force at the end of stance phase (just before heel-strike). These infinite-
magnitude forces and torques are quantified by their net impulse, i.e. the time integral of the
force/torque. If (¢ ,tF) denotes the infinitesimal period during which the impulsive swing

thrust torque is applied, and (t;,,#.) denotes the infinitesimal period at the end of swing
where the impulsive push-off force and the impulsive retraction torque are applied, then the
swing thrust impulse S, the swing retraction impulse R, and the push-off impulse P are

defined as

3:/7@@ (5.8)

th
R:/ —r(t) dt, (5.9)
tor

b
P=[ F(t)adt, (5.10)
tor

where 7(t) is the hip torque, and F'(t) is the stance leg’s actuator force. Note that the

positive directions of § and R are opposite.

5.2.4 Impulsive Heel-Strike and Instantaneous Support Transfer

Motivated by the gait optimization results in Chapter [3] and consistent with the assumption

of impulsive actuations, heel-strike is modeled as an instantaneous and dissipative passive
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Impulsive Swing Thrust Continuous Passive Swing Impulsive Push-Off and Impulsive Heel-Strike
Just After Toe-Off (Single Stance) Impulsive Swing Retraction and Toe-Off

Figure 5.2: A single gait cycle. The initial swing leg is thick red, the initial stance leg
is thin black. The four phases of one walking step are as follows. a) Just after the thick
leg has lifted from the ground at toe-off, the impulsive swing thrust S starts the swing with
proper initial swing velocity; b) The passive swing of the thick leg continues until ¢ =2a.
During passive swing the thin leg’s extension actuator (not shown) is locked; ¢) Then, nearly
simultaneously the thin black leg has an impulsive push-off P and the hip has an impulsive
swing retraction R. The thin leg’s extension actuator is unlocked only at this phase; Finally,
immediately after retraction and push-off, d) the thick leg collides with the ground with a
sticking (heel-strike) collision.

collision in which the landing (forward) leg neither rebounds (i.e. inelastic collision) nor slips.
At heel-strike the trailing leg is pulled off the ground (toe-off) by the advancing hip, leading
to an instantaneous double-support phase. This instantaneous double-support, obviously an
extreme idealization of human walking (human walking has a brief, but non-instantaneous,

double-support) also minimizes work in some simple models (see Chapter B, and [67]).

5.2.5 Gait Cycle

Based on the assumptions and simplifications made, a complete gait cycle can be shown
as in Fig.[5.2l Just after the previous stance leg has lifted from the ground at toe-off,
the impulsive swing thrust S starts the swing with proper initial swing velocity. Then
the legs move passively until ¢ =2 «. During this passive phase the stance leg’s extension
actuator (not shown in the figure) is locked, and the hip moves along an arc-shape trajectory

determined by the fix-length stance leg. Then, nearly simultaneously the stance leg has an
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... thick leg toes-off at heel-strike and becomes the swing leg —

previous step

phasea — phase b — phase c — phase d —
impulsive smooth impulsive impulsive
——
thick leg thick swings passively, thin leg push-off, thick leg
swing thrust thin extension thick leg retracts ‘heel-strike,
actuator locked thin leg toes-off

a single step = one cycle

thick leg becomes the stance leg and starts single stance

next step

Figure 5.3: Four phases of a gait cycle. The phase and the leg labelings are in accordance
with Fig.[5.2l ‘thick’ =swing leg, ‘thin’ = stance leg.

impulsive push-off P and the hip has an impulsive swing retraction R. The stance leg’s
extension actuator is unlocked only during the impulsive push-off and retraction. Finally,
immediately after retraction and push-off, the leading leg collides with the ground with a

sticking (heel-strike) collision, and simultaneously the trailing leg is lifted from the ground.

The whole gait cycle consists of a sequence of smooth (continuous) and impulsive phases,
some passive and some actuated. During the smooth passive swing, all velocities and posi-
tions are continuous functions of time, whereas at impulsive phases positions are continuous,
but velocities are discontinuous. The biped state (positions and velocities) at the end of one
phase is determined by the state at the start of that phase, the impulsive action at that
phase, if any, and the dynamics through the phase. For example, the state at the end of
passive swing is determined by the state at the beginning of the swing phase (just after the
swing thrust) and the dynamics of swing. Thus, the whole step can be analyzed in terms of
a sequence of state mappings of the phases shown in Fig.[5.2l In reference to this figure, the
two legs are called ‘thin’ and ‘thick’, and the four phases of one step are labeled as phase

(a)-(d), as shown in Fig.[(53l

Note that phase (¢) has two impulses, the push-off impulse P and the retraction impulse
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Infinitesimal Extended Infinitesimal Infinitesimal

Phase (a) Phase (b) Phase (c) Phase (d)

;=0 < > 1T=0"« > 1, =min(t7, 1) < >t =max(t 1)) e———o 1 =17
Impulsive Smooth =7~ = Impulsive
Swing Thrust Passive Swing - Impulsive Push-off ~"h Heel-Strike

- +
P
[ s
and
Impulsive Retraction
i it

T T

Figure 5.4: Labels of the time instants between the phases. In phase (c) the impulsive
push-off and retraction can have any (specified) order or overlap.

R, both of which happen at the same biped configuration (Fig.[5.2d). Although this phase
has infinitesimal duration, one can treat P and R as isolated in time (with one before the
other) or as having some (specified) overlap in time. As will be discussed later, the relative
timing of these impulses has no influence on biped states at heel-strike and thereafter, but

is relevant for gait energetics.

5.3 Details of The Dynamics

To simplify the presentation, the time instants between consecutive phases are labeled indi-
vidually. A quick reference of these labels is provided in Fig.[5.4l Following the definition
of swing thrust impulse § in (5.8), the time instant just before S is called ¢, and the time

instant just after S (the beginning of single stance) is called ¢I. Similarly, ¢

and ¢ de-
note the time instants just before and just after the impulsive R, and - and ¢ denote the
time instants just before and just after the impulsive P. Also, ¢, is the time instant just
before instantaneous heel-strike (after both P and R), and ¢} is the time instant just after it
(= after toe-off). In (59) and (5I0) the impulsive push-off and retraction are defined in the
infinitesimal interval (¢,.,¢.). Thus, 7 =min(t;,¢;) is the time instant just before both P

and R (the end of the passive swing), and ¢} =max(t;,#}) =t is the end of single stance.

ro'p
In reference to Fig.[5.2] a step cycle starts just after the previous heel-strike, at ¢;, where
6 =—¢/2=aq, and ends just after the next toe-off, at ¢;". Therefore, we can assign: t; =07,

tr =07, and toy =17, where T'is the step period. The gait is periodic, so tr=t;.
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In the next section the modeling and state mapping of the various phases are described,

continuous phase (b) first, then impulsive transitions (c), (d), and (a).

5.3.1 Continuous Dynamics

Passive Continuous Single Stance - Phase (b):

In the smooth single stance phase, starting just after the swing thrust impulse (at ¢J) and
ending just before the retraction and push-off impulses (at ¢;,), the leg-extension actuator
is locked and the hip joint is free. In this phase the model is a passive semi-inverted double
pendulum (see Fig.[5.2D) forced by gravity and supported by the ground. The equations of
motion can be found using angular momentum balance of the entire mechanism about the
support foot and of the swing leg about the hip joint. After simplification, we can arrange

these equations in the following standard form:

M(q) 4+ c(q,q) = 0, (5.11)

where M is the inertia matrix, and the time-dependent configuration vector q=[0, ¢|*
consists of the stance-leg and hip-joint angles. The velocity dependent column vector c
contains Coriolis, centrifugal, and gravity terms. These quantities are expanded in Appendix
B.LIl Equation (5.1T]) is used when ¢ is in the interval (7, ¢..) = (0%, T'~) with the boundary
conditions: 0(0)=—¢(0)/2=¢(T)/2=—0(T) =« (Fig.5.2a & (.2d).

For given step angle o and average walking speed V', the step period is calculated as
T =2/{sina/V. With information on a and 7', the solution of (B.I1l) subject to the above
boundary conditions (a two-point boundary value problem) fully determines the stance-leg
and hip-joint angles 6(t) and ¢(t) during passive swing, and thus the corresponding angular
velocities A(t) and ¢(t). Therefore, the angular velocities at the beginning of the passive
swing (fp+ and ¢o+) and the resulting velocities at the end of the passive swing (ét;r and

gbt;r) are implicitly defined by the step angle o and average forward speed V. This mapping

87



will be determined below. Because g+ and ¢o+ frequently appear in this study, for the sake

of simplicity they are denoted by 6y and ¢, hereafter.

No Centripetal Flight:

The solution of (5.I7]) is valid only if the stance foot remains on the ground throughout the
passive swing, i.e. for 07 <¢t<T~. If the calculated motion requires a tensional (pulling
by the substrate) GRF along the stance leg, the conditions for maintaing stance are lost.
Such loss is due to the centripetal acceleration of the hip going in a circle around the foot.

This limits the maximum average walking speed [95], 96]. Detailed analyses are provided in

Sections [5.4.4] and [7.7.2]

Symmetric Passive Single Stance Is More Favorable:

For any given step length and average walking speed, the numerical solutions of (G.ITI)
include at least one exact symmetric solution in which the angles have odd symmetry and
the angular velocities have even symmetry about mid-stance. These symmetry properties
also hold for the approximate analytic solution of this phase (see Section [[3]). Asymmetric
solutions of passive single stance, if they exist, naturally have a larger maximum swing angle
(or equivalently maximum hip-joint angle) in one direction, as can be seen in Fig.[5.5 In
almost all cases, this implies a larger swing-leg angular rate at the start and end of the
passive swing compared to the symmetric solutions. For example, in Fig.[5.5] the initial and
final slopes of the asymmetric solutions are larger than those of the symmetric one. The
larger initial angular rate is possible through pumping more energy to the swing leg by the
swing thrust impulse. Also, the larger final angular rate causes more energy dissipation
through heel-strike collision or braking at retraction. Hence, gaits with symmetric passive

swing are less energetically costly.

Furthermore, similar to the swing leg, the stance leg has larger initial and final angular

rates in asymmetric solutions. This is possible with a larger centripetal force and results in
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Figure 5.5: Symmetric and asymmetric solutions of passive swing. The three nu-
merical solutions of the hip angle ¢ for V'=1m/s and a=40°. For the sake of visibility, the
stance leg angle is not plotted here. One of the solutions (thin green) is symmetric and the
other two (thick red and dashed blue) are asymmetric but cross-symmetric with each other.

a smaller GRF along the stance leg (see Section [5.4.4]). Thus, gaits with asymmetric swing

have a smaller maximum walking speed (see Sections .44 and [[.7.2)).

Due to the above reasons, this study is limited to gaits with a symmetric passive single
stance. Because of this symmetry, as far as the initial and final velocities matter, the passive
single stance can be replaced with an identity mapping that maps the angular rates 6, and

¢o at t =07 to the same values at t = t,; that is to say ét;r = 90, and gz‘Stgr = (ﬁo.

Summarizing the dynamics of passive single stance: given the step angle o and average
walking speed V/, the initial and final velocities in passive swing are uniquely determined by

the low-cost symmetric solution of (5.11]). That is to say
Oy =0, = fi(a, V), (5.12)
ng = Qgt;r = fa(a, V). (5.13)
These functions are numerically calculated and shown in Fig.[5.6] for some range of o and
V. The shaded region in this figure is called the ‘admissible region’ and is defined later in

Section 5.Z4l As this figure shows, |f,| increases with both o and V. At any given o or V,

the maximum || is achieved when the GRF along the stance leg becomes zero. Increasing
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Figure 5.6: Contour lines of the normalized angular rates at both ends of the
symmetric passive swing for some range of step angle and average walking speed. Panel
(a) represents the stance-leg angular rate, and panel (b) represents the hip-joint angular
rate. In both panels, angular velocities are normalized relative to w, =V, /¢, where V,, is
the GRF-based maximum walking speed at =0 and is defined in (5.36]). This maximum
speed is also used to normalize the vertical axis. For the numerical values used for this
figure (Table 5.1)) V,,=3.18 m/s, and w, =3.53rad/s. Above the dashed line no walking is
feasible without a pull from the ground (the gait switches to a run on non-sticking surfaces).
The shaded region represents the ‘admissible region’, defined in Section [5.4.4l This region
constitutes the parameter space and is the focus of this study. Panel (b) shows that the hip
rate is positive (extending) for all & and V' inside the admissible region.

05| beyond that limit causes the biped to take-off (switch to run). The hip-joint angular
rate ¢ is also an increasing function of V. But, its dependency to step angle changes at
different speeds. Note that for the entire admissible region, éo > (. This has relevance in

calculating retraction work and optimal swing retraction impulse in Section In Chapter

[M approximate analytic solutions are provided for (5.12) and (B.13)).

5.3.2 Impulsive Transitions

Now, the three impulsive phases —push-off and retraction, heel-strike, and swing thrust —are
considered. Throughout these impulsive phases the biped configuration remains unchanged,

but velocities undergo discontinuous jumps in each phase. Algebraic velocity maps relate
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the velocities at the end of each phase to the velocities at the beginning of that phase.

Impulsive Push-off and Swing Retraction — Phase (c):

At the end of passive single stance (at t_) and just before the swing foot hits the ground,
the push-off impulse P and the retraction impulse R are applied (Fig.52d). Due to the
impulsive push-off, the stance leg extension rate is positive after push-off, i.e. (>0. During
these impulses the stance foot is free to move along the leg, but not orthogonal to the leg,
respecting no-slip ground contact of the prismatic-actuator model. To keep the prismatic
assumption that the perpendicular (orthogonal to the leg) foot velocity after push-off is zero,

an induced perpendicular constraint impulse is applied to the foot at the this phase.

Although the force magnitudes are infinite, causing a step change in the velocity of
the hip, the biped does not take-off from the ground if the leading foot (the swing foot)

immediately makes ground contact. This is possible if the retraction impulse is large enough

+

o allowing the next heel-strike. Later in

to force the swing foot to move downward at ¢, =t

this chapter, this condition is used to quantify the lower bound on the retraction impulse.

The velocities at t, were determined by the smooth dynamics during passive swing. To

find the velocities immediately after P and R (at ¢, =¢) we can use linear and angular

momentum balance equations over the infinitesimal interval (¢,

+Y. (;
t5.): (i) angular momentum
of the whole mechanism about the stance foot is conserved, (ii) angular momentum of the
swing leg about the hip joint jumps by R, and (iii) linear momentum of the whole biped

along the stance leg increases by P. The corresponding expressions of these three relations

map the late-passive-swing velocities ét;r and ‘th;r to the pre-heel-strike velocities étgr, Q'Stgr,

and ét;i
O, b, Jirp iR
¢t; = %; + 1 Ty P+ Tym R. (5.14)
by, 0 Jip Jirm
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The configuration-dependent impulse-influence coefficients J,. relate jumps in joint velocities
to the force/torque impulses and are calculated in Appendix[B.1.2l Note, the above mapping

is independent of the relative timing of P and R.

Due to the mechanical coupling, the stance leg extension rate ¢ in (514)) is indirectly
influenced by the retraction impulse R, besides its direct influence from the push-off impulse
P. Likewise, the hip angular velocity ¢ has a direct influence from R and an indirect influence

from P. The indirect influence of these impulses is relevant for the gait energetics.

In Appendix [B.1.2] the impulse-influence coefficients in the above velocity mapping are
related to the mass-inertia matrix. Using symmetry and positive definiteness of this matrix,
it is also shown there that, independent of the step angle o and the average walking speed

V', the impulse-influence coefficients always satisfy:

Jyp >0, (5.15)
Jyp = —Jyp <0, (5.17)

These properties are key in finding the optimal relative timing of the impulsive push-off force

and retraction torque, as well as the optimal retraction impulse R, studied in Chapter

Note that to derive (5.14]) no assumption was made on the order or percentage overlap
(relative timing) of the impulsive push-off force and retraction torque. However, there is a
subtle point to consider in this equation. Since Jé/R > 0, aretracting hip torque (R > 0) always

results in ¢ >0, whereas an eztending! hip torque (R <0) tends to decrease ¢. Thus, there

n this thesis the ‘extension’ of the hip joint means increasing the inter-leg angle which, in-part, is
achieved by moving the swing leg forward, opposite to ‘retraction’. This is opposite to what is commonly
used in Anatomy, where the extension (opposite to flexion) of the hip moves the leg backward (towards the
posterior side of the body). The difference in the resulting leg motion comes from the difference in the hip
joints. In the model presented here the hip joint is between the legs, whereas in humans the hip joint is
between the leg and the trunk, so extending the human’s hip joint (increases the angle between the leg and
the trunk) moves the leg backward.
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are cases in which ¢ is negative for some period during the infinitesimal push-off-retraction
interval (t-,, ). For example, if an extending R starts before P (when the leg-extension
joint is unlocked) it will push the foot into the ground. For simplicity, that is, to avoid
considering many different cases and possibly different velocity maps, the foot is allowed to
penetrate to the ground, or the leg length to shorten, if it is forced to do so. Because it
turns out that a contracting stance leg (i.e. (< 0) is either not energetically advantageous
or can be avoided without influencing the optimal gait energetics (see Section [6.4.3]) that
case is neglected here. That is, for energy optimal gaits we can assume (>0 at all times,
including during the impulsive phases. This post-hoc justifies the use of a general velocity

map for impulsive push-off and retraction in (5.14)), independent of the relative timing of P

and R, or without concern for ground penetration in some unusual cases.

Impulsive Heel-Strike — Phase (d):

Provided that some condition holds (see ‘Instantaneous support transfer’ below), the leading
foot hits the ground immediately after completion of push-off and retraction (at ¢, =t;). By
assumption, heel-strike occurs as an instantaneous and totally plastic collision with enough
friction that the new stance foot comes to a complete stop. This implies an impulsive GRF
on the biped, and a discontinuous jump in the velocities of all parts of the system. The
angular momentum of the trailing leg about the hip, and of the whole mechanism about
the new stance foot are conserved through the heel-strike collision. These conservation laws
determine the relation between the velocities at ¢ and the post-heel-strike velocities (%

and étﬁ)- Combining these relations with (5.14)), ét}f and q'btg can be expressed in terms of

P, R, and the velocities at the end of passive swing. That is
O, 6,
ol =An | +hpP+hrR. (5.19)
Cbtﬁ Cbt;r

The components of the transition matrix Ay and the impulse-influence vectors hp and hy

are given in Appendix [B.1.3
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Instantaneous Support Transfer:

Support transfer includes the heel-strike and toe-off events. If the swing foot has a downward
motion immediately after the impulsive push-off and retraction (at t;;r), the leading foot hits
the ground and heel-strike occurs. Otherwise, there is a flight phase before the leading leg
becomes the new stance leg, and thus no walking solution is achieved. Therefore, heel-strike

is ensured only if the vertical swing foot velocity at ¢, is negative:

,gfswing(t;_r) < O (520)

It is shown in Section [7.5.1] and Section that the above condition translates to a lower

bound on the retraction impulse.

If the velocity of the trailing foot immediately after heel-strike is directed upward, i.e.

yftrailing (tﬂ_) > 0? (521)

the trailing leg loses its contact with the ground (toe-off) and becomes the new swing leg.
Otherwise the solution is not accepted here. The approximate analytic solution in Section [7.0]
and the accurate numerical analysis show that the above toe-off condition is not a limiting
constraint for a large range of biped parameters, including the model parameters in Table
6.l More precisely, in most bipedal models, the range of step lengths and speeds for which

periodic walking is feasible is not influenced by the toe-off condition in (B.21).

The above two inequalities express the conditions for the instantaneous support transfer.
After toe-off (at t;=t;") a new step cycle starts. The exchange of leg roles after the support

transfer imposes that

O | |01 O, (5.2

ét; 1o ¢t§
Impulsive Swing-Leg Thrust — Phase (a):
Immediately after toe-off, the impulsive swing thrust torque S is applied at the hip to

accelerate the motion of the new swing leg. The new velocities after swing thrust (at t7=0")
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can be calculated using the conservation of angular momentum of the whole biped about the
new stance foot, and of the trailing leg about the hip. The associated expressions provide

the velocity transition mapping, which can be rearranged as

9 0, J;
S R S B (5.23)
P iz This

The configuration-dependent impulse-influence coefficients Jys and Jys are presented in Ap-

pendix B.1.4

5.4 Periodic Walking

As mentioned previously, the focus of this work is on periodic gaits, in which two consecutive
steps are identical with the role of each leg exchanged. In this section the conditions required

to achieve a periodic walking on a level surface are discussed.

5.4.1 Periodic Gait as a Cyclic Sequence of Discrete Velocity Transitions

In Section the gait cycle was described as a sequence of four continuous and impulsive
phases (a)-(d). In the previous section each of these phases was modeled with a velocity
transition equation that relates the velocities at the beginning of the phase to the velocities
at the end of that phase (the beginning of next phase). Starting at the beginning of passive
single stance, with 6, and éo, we can sequentially calculate those velocity transitions in order
to find the velocities at the beginning of next passive single stance, i.e. 9t5+ and ét;. For a

periodic gait these should match, giving
0+ = bo, (5.24)
b+ = do. (5.25)

Summarizing (5.12)-(525]), the energy-optimal periodic walk of the impulsive bipedal model

can be illustrated as a cyclic sequence of discrete velocity transitions, shown in Fig.[5.7]
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Figure 5.7: Velocity transitions in a periodic gait cycle. A gait cycle can be considered
as a sequence of continuous and impulsive phases (blue arrows). This phase sequence can be
replaced with a sequence of discrete velocity transitions (black circles) relating the velocities
at the beginning of each phase to the velocities at the end of that phase (the beginning of
the next phase). The velocity mapping of phase (a) is given by (5.23)), and of phase (b) is
given by (5.12)) and (5.13)). Equation (5.I4]) corresponds to the velocity mapping of phase
(c), while (5.19) and (5.22)) give the velocities at the end of phase (d). The symmetry in this
figure does not imply the symmetry of the gait, though the passive swing is considered to
be symmetric.

5.4.2 Periodicity Restricts the Actuator Impulses

Using the discontinuous velocity transitions above, we can find the required impulses for a

periodic gait subject to given step length and average walking speed. Substituting (5.19)-

(23) into (5.24) and (5.25]), and the use of (5.12) and (513) give two equations that the

three impulses, i.e. S, R, and P, must obey. We can solve these to express P and S in terms

of R. This results in
S =hi(a,V) + Jsr() R, (5.26)
P =he(o,V) + Jpr(a) R. (5.27)

The impulse-influence coefficients Js;r and Jpr and the functions h; and hy are given in

Appendix [B.2l Using (5.26]) and (5.27)), all the velocities at different time instants can also
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be expressed solely in terms of o, V', and R. Therefore, for given o and V', the thrust impulse
S, the push-off impulse P, and all the velocities become a one-parameter family of solutions,
parameterized by the retraction impulse R. As for (5.14)), this family of solutions does not

depend on the relative timing of P and R.

5.4.3 Maximum Retraction Impulse

In Sections [7.4] and B.I] we will see that Jpr in (5.27) is negative, and the push-off impulse
P decreases with the retraction impulse R. On the other hand, the push-off impulse cannot
be negative, by definition. Therefore, given the step angle o and average walking speed V',

we can use (0.27) to find the maximum retraction impulse, Rax, for which P > 0:
R < Rumax(a, V) such that  P(a, V, Rmax) = 0. (5.28)

In Sections [7.11] and R.3.1] we will see that the above upper bound on R is not an active
constraint for energetic cost minimization purposes, and (5.28)) is spontaneously satisfied for

energy optimal gaits.

5.4.4 Admissible Combinations of Step Length and Speed

I intend to study the effects of active swing-leg retraction for all possible walking gaits, at
least to the extent that can be covered by the simplified impulsive model. In this section,
the range of step lengths and average walking speeds for which the model exhibits a near-

human-like walking gait is calculated.

Minimum Allowed Average Walking Speed:

Examining (5.26]) with different retraction impulse R, step angle «, and average forward
speed V' shows that the required swing-thrust impulse S for slow speeds or very long steps

is negative, i7.e. it pushes the swing-leg rearward. However, in normal walking, humans do
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not push their swing-leg backward at the beginning of swing. The resulting non-human-like
swing thrust impulse for the impulsive model is an artifact of the passive swing assumption.
Due to this assumption, for gaits with slow average forward speed or very long steps the swing
leg has to initially move backwards in order to match the step length and step frequency
requirements. However, when walking slowly or taking long steps, humans continuously
control their leg motion using accelerating and decelerating hip torques throughout the swing
phase. So, the near-passive-swing assumption is not valid in this regime. For this reason,
I would rather to limit my study to step lengths and speeds for which the passive swing
assumption is almost valid, and the model exhibits near-human-like gaits. In mathematical

terms, I limit the parameter space to the set of o, V', and R for which § >0, where S is
given by (5.20)).

The above constraint on parameter space imposes a lower bound on V', the minimum
allowed walking speed V., for each pair of @ and R. On the other hand, as we will see in
Sections [[.4] and B, the dependency of S on R is negligible. So, to simplify the analyses,
I use Vi, at R =0 for all possible R. That is to say, V' is admissible if

V > Va(a)  such that  S(c, Vipin, R) =0. (5.29)

R=0
This minimum allowed average speed is a function of step angle a. For biped parameter
values given in Table [5.1] the above lower bound excludes (a, V') pairs that fall below the
shaded regions in Fig.[5.8 In this figure, the vertical axis is the normalized average walking

speed V =V/V,,, where V,, is defined in (5.32) below.

GRF-Based Maximum Average Walking Speed:

In Section [5.3.1], the equations of motion in passive swing were derived based on the assump-
tion that the stance foot remains on the ground during the entire nominal single stance, i.e.
during the interval (07, 77). This is met only if the calculated GRF along the stance leg

(=GRF,) is not negative for the entire interval. That is, during the entire passive single
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stance we should have
GRF, = Mot g €080 — myor L0 + Mieg b <92 + cos ¢ (9 + ¢)2 + sin ¢ (gb+9)) >0. (5.30)

At any given step angle «, increasing the average forward speed increases the centripetal
force, which in turn decreases GRF,. The maximum average walking speed V.. () is,
therefore, the one that results in GRF,=0 for a few instants in passive single stance and
GRF, > 0 for the rest of this phase. Hence, given the step angle «, the condition of feasible

walking is expressed as:

V < Viax(@)  such that min  GRF, (¢, Vinax) = 0. (5.31)

0+ <t<T—
In this thesis, the step-angle-dependent maximum walking speed Vj,.x(a), obtained from
(B37)), is called the ‘GRF-based speed limit’. For biped parameter values given in Table 5.1
constraining V < Viax(a) excludes (a, V') pairs that are above the shaded region in Fig.[5.8

The vertical axis in this figure is the normalized average walking speed V= V/V,, where
Vn = max vmax(a)- (532)

From Fig.[5.8 it is clear that

max Vinax (@) = Vinax (0). (5.33)

In fact, at o =0 the gravity-pull along the stance leg, i.e. myo g cos a, and the reaction of the
swing-leg centripetal force on the stance leg, i.e. Mmjeq b ( 9(2] + ¢(2) ) cos 2ar, are maximum. The
resultant downward force allows for the maximum stance-leg angular rate, or equivalently

the maximum achievable walking speed.

To calculate this maximum speed, i.e. V,, = Viuax(0), we can evaluate (5.30) and (5.31)) at
a=0. For a=0: §=¢=0, =0y, and ¢ = ¢. On the other hand, when « approaches zero,

the passive swing becomes instantaneous, and 6 and gb approach their average value 6 and

QTS. Because always gzz: -2 QT, we get Oy =0 = —gb/? for « =0. These simplify (5.30) to

GRE,| = m ! (wf +(2A-1) ég) >0, (5.34)

a=0
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Figure 5.8: Admissible region. The shaded region corresponds to the admissible combi-
nations of step angle and speed. Above this region, walking is not feasible as the calculated
centripetal GRF during passive swing becomes negative, which requires an unrealistic suck-
ing foot-ground contact to avoid a flight. Below the shaded region the swing-thrust impulse
is applied backwards (pushes the swing leg backward) opposite to that seen in human-like
gaits. The lower boundary of the region is set by (5.29), and the upper boundary is cal-
culated using (5.31]). The vertical axis is normalized relative to V,, = Vj,.x(0), which is the
GRF-based maximum walking speed at =0, defined in (5.30). For the numerical values
used for this figure (see Table 5.1)), V,, =3.18 m/s.

where wy =+/g/¢ and A =mjez b/ (Mot ). It is shown in Section [ZI] that A <0.5. Thus,
(5.34)) results in

. wl
Oy £ —— = w,, 5.35
s ey = (5.35)

and

Vi, = Vinax(0) = £ max |6y] = (w, = % (5.36)

Most literatures, if not all, calculate the maximum walking speed using a simple inverted
pendulum model without considering the effect of a non-massless swing leg, e.g. [14], ©5].
With this common approach the maximum walking speed is calculated as fw;, which can
be obtained from (5.36]) with A=0 (mye; =0). My calculation here provides a more realistic

prediction and shows that by increasing A the maximum walking speed increases.

Note that the average walking speed V' can increase up to the GRF-based speed limit

Vinax (@) if no other constraints limit the motion. It is shown in Section [[.5.1] (analytically)
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and Section (numerically) that if the retraction impulse R is not large enough to ensure

heel-strike, maximum average walking speed should be less than the GRF-based Viax ().

Admissible Region:

The step-angle-dependent minimum and maximum walking speeds in (5.29) and (5.31]) define
the set of & and V' combinations for which periodic powered walking with passive single stance
and non-rearward swing-thrust impulse can be formulated with the impulsive model. This
set is frequently used in the rest of this thesis and will be referred to as the ‘admissible

region’. It corresponds to the shaded area in Fig.[5.8

5.5 Summary

In this chapter a simple bipedal model was introduced to study swing-leg retraction in
walking. The model is the modified version of the powered simplest walking model in [47].
It consists of a point-mass hip and two rigid legs with arbitrarily distributed mass. The model
is powered by a motor (revolute actuator) at the hip and a telescoping (prismatic) actuator
along the stance leg. The energy-optimal walking gait of this model was predicted based
on the results of Chapter B previous optimal gait studies, and human gait observations.
This optimal gait consists of three infinitesimal-duration impulsive phases and one extended
smooth phase. Immediately after toe-off an impulsive torque, swing-thrust, is applied at
the hip to accelerate the swing leg motion. Then the extended passive swing phase starts,
where the hip motor is off and the stance leg extension actuator is locked. In this phase
the hip moves on an arc-shape path dictated by the fixed-length stance leg. At the end of
passive swing, an impulsive extensional force, push-off, is applied along the stance leg, and
an impulsive hip torque, swing-leg retraction, is applied at the hip. The late-swing impulsive
force and torque can be applied with any relative timing (any order or overlap). Finally,

the collisional heel-strike occurs, followed by an instantaneous double-support. This phase
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sequence was modeled as a series of discrete velocity mappings, relating the velocities at the
beginning of each phase to those at the start of the previous phase. Using these mappings
and given the step angle and average walking speed, it was shown that all gait parameters
of a periodic gait can be expressed as a one-parameter family of solutions parameterized by
the swing-leg retraction impulse. This set of solutions will be used in the following chapters

to find the energy-optimal retraction impulse.
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Chapter 6

ENERGETICS OF IMPULSIVE WALKING GAITS

In the previous chapter a bipedal model with impulsive actuation was introduced to study
the consequences of swing-leg retraction in walking. In this chapter the energetics of the

model are formulated, and the conditions to achieve an energy-optimal gait are calculated.

The ultimate goal of this chapter is to find the optimal retraction impulse R* that
minimizes the net energetic cost for given gait parameters (such as step angle «, and average
walking speed V). In order to achieve this goal, the following steps are taken: First, in
Section [6.1] the work-based energetic cost equation introduced in Chapter [2]is reformulated,
and the total energetic cost of walking is expressed in terms of the cost of each impulsive
actuation. In Section[6.2] the work of the impulsive swing-thrust torque and its energetic cost
is found. The work performed by the impulsive push-off force and the impulsive retraction
torque depends on their relative timing. These work quantities are calculated in Section
through introducing the so-called overlap parameter that quantifies the relative timing of
impulsive push-off force and retraction torque. The optimal relative timing of these impulsive
actuations that minimizes the net energetic cost of walking for given gait parameters is found
in Section Finally, in Section [6.5, the problem of calculating the energy-minimizing
retraction impulse is formulated as a simple single-variable optimization problem using the

results of Sections [6.1H6.4l The chapter is summarized in Section [6.6]

6.1 Work-Based Energetic Cost of Step

In the context of energetics, the most natural option for the cost of an action is the energy

supplied to the actuator(s) during that action. The input energy to an actuator depends
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on the mechanical work done, and the actuator efficiency. In general, the efficiencies of an
actuator for doing positive and negative work can be differen. For example, human muscles
have about 25% and 120% efficiency for positive and negatived work, respectively [26, [73].
If the positive quantities 1/c; and 1/c, are the efficiencies of positive and negativé? work,
respectively, or equivalently ¢; and ¢, are the cost of unit positive and unit negative work,

then the net energetic cost of doing W™ positive work and W~ negative work (W~ <0) is:
E:cl W+—CQW_. (61)

The above definition is consistent with the cost model defined in (2.1)). Using (6.1]), we can
define the energetic cost per step for swing thrust, push-off, and swing retraction, respectively

denoted by Es, Ep, and Er. The total energetic cost of walking per step is then given by
Egep = Ep + Es + Ex. (6.2)

In the above equation it is assumed that dissipative collisional heel-strike is totally passive.
This does not mean that heel-strike does not cost for the system. The energy loss at collisional
heel-strike indirectly increases the net energetic cost, as the same amount of positive work
has to be done during the rest of the gait to compensate for it. Later in this thesis, I modify
the assumption of passive heel-strike and consider a more general scenario in which some
negative actuator work is also done during heel-strike. In that case, heel-strike will have

both direct and indirect costs.

In order to calculate Es, Fr, and Ep, the positive and negative work done by each
impulse should be calculated. The work of an impulsive force/torque depends on whether

it is overlapping in time with other impulsive active forces and torques [26], or not. An

'In most actuators negative mechanical work at the output acts as an energy source that partially or
entirely compensates for the losses. So, less input energy is required for doing negative work compared to
doing the same amount of positive work. Consequently, the efficiency of negative work is normally greater
than that of positive work.

2Here, efficiency is defined as the ratio of the absolute-value of output work to the input energy. In
this case, the efficiency of negative work is a positive number. Sometimes, the work itself (without using
the absolute-value function) is used to calculate the efficiency, so the efficiency of negative work becomes a
negative number. Based on the second definition, human muscles have -120% negative work efficiency.
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impulsive force/torque is isolated, if during its application all other impulsive active forces
and torques are zero. Therefore, in the model under study, the impulsive swing thrust torque
is always isolated, whereas the impulsive push-off force and the impulsive swing retraction

torque can be arbitrarily overlapping.

6.2 Energetic Cost of Isolated Impulsive Swing Thrust Torque

Consider an isolated impulsive force/torque with impulse Z applied to a joint, where the joint
velocity jumps from ¢~ to ¢* by that impulse. As stated in [97], the net work performed by

this impulsive force/torque is calculated as
1 .
W:§I(q +47), (6.3)
and the corresponding positive work is given by

Wt if ¢7¢~ >0

- +\2 )
(d%) if ¢tg <0

Wt = (6.4)

1

AL
2 4T —q
where the positive-value function [-]* is defined as [x]" =z if 2 > 0, otherwise [z]T =0. With

the above equations, the negative work is calculated from

W™ =W-—W+, (6.5)

Given the step angle «, average walking speed V', and retraction impulse R, equations
([63)-([6.5]) can be used to calculate the positive and negative work W and W3 performed
by the impulsive swing thrust torque, where Z =S is given by (5.26)), ¢*= ét:: o is given by
(E12) and (BI3), and ¢~ = ét;: do — Jys S is given by (5.23) and (5.25)). Finally, according
to the general energetic cost equation in (6.I]), the energetic cost of impulsive swing thrust
is calculated as

ES = C W;— — C9 Wg (66)
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6.3 Energetic Cost of Impulsive Push-off Force and Retraction Torque

If the impulsive push-off force and the impulsive swing retraction torque are isolated, i.e.
one comes completely after the other, equations (6.3)-(6.5]) can be used to calculate their
work. However, in general, they can be arbitrarily overlapped. In a multibody system,
when overlapping impulsive forces/torques are applied at different joints, the velocity jump
at each joint is influenced not only by the impulsive force/torque at that joint, but also by
other overlapping forces/torques in other joints. In this case, a special technique should be
used to exclude the mechanical energy involved in the interaction between the overlapping
forces/torques. This technique was originally developed by Ruina et. al. [26] to study the
simultaneous impulsive forces on particles, where each force does only positive or negative
work. Here, I modify and extend that technique to multibody systems, and to episodes

where an impulsive force/torque does both positive and negative work.

Using the definition of retraction impulse in (5.9) and of push-off impulse in (5.I0), I

define the partial retraction impulse R(¢) and the partial push-off impulse P(t) as below

Mw:—lxﬁmw:mwn (6.7)

?@:[mezmw, (6.8)

where the integral’s upper limit ¢ satisfies ¢, <t <t.. The time-dependent non-decreasing

parameters p and r express the degree of impulse completeness (or equivalently the fraction

»» When

of the impulse applied), and satisfy 0 <p<1 and 0<r<1. For example, at t =t
the impulsive push-off force is going to start, we have p(t7) =0 and P(¢;) =0, and at ¢t =1,

when the impulsive push-off force has completed, we have p(t}) =1 and P(t}) ="P.
Fig. visualizes the partial push-off and retraction impulses as the partial area under

the force/torque curves in an arbitrary scenario. In this figure the infinitesimal retraction

and push-off intervals (t;,¢}) and (¢, ,t) are exaggerated for clarity of illustration.
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Figure 6.1: Partial impulses. The partial retraction impulse R and the partial push-off
impulse P as the partial area under the force/torque curves for the arbitrary impulsive
retraction torque and push-off force profiles. The timing between the two impulses is also
arbitrary. The length of the periods over which the impulsive push-off force and retraction
torque are applied is infinitesimal, but is exaggerated here for clarity of illustration.

6.3.1 Net Swing-Leg Retraction Work

Using the push-off and retraction velocity mapping in (5.14]), and the partial impulses in

([6.7) and (G.8), the instantaneous hip-joint angular rate for ¢, <t <t} is defined as

O(t) = by + Jym R(E) + Jyp P(1)
= do + Jyr r(t) R+ Jyp p(t) P. (6.9)

In the second line, the substitution of Q'St;r with ¢ follows (5.13). Now, consider an arbitrary

instant ¢ in the interval (¢, t;’r). The partial retraction work is defined as the work done by

the impulsive retraction torque 7 from its beginning until ¢, and is given by
t .
Wr(t) = / S 7() ¥ (6.10)
tor

where ¢(t) is given by (69). The definition of the partial retraction impulse in (6.7) implies
dR=—7(t") dt'. Using this equality, and assigning P(t) =p, P and R(t) =7, R based on (6.7))
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and (6.8)), we can simplify Wx(t) as
’f‘tR .
Wr(t) = —/0 <¢0 + Jyr R+ Jyp 3’) dR
= —/ (60 + Jyer R+ Jyp pP) Relr
0
- 1
= =00 R =5 Jyr i R* = st Jyp RP, (6.11)

where

st:/ pdr. (6.12)
0

The partial overlap parameter s; quantifies the overlap between the impulsive push-off force
and the impulsive retraction torque during the interval (t;r, t). This concept is clarified below,

when explaining (6.15) and Fig.[62 Because 0 <p <p; for 0 <r <ry, s, always satisfies
0 < St < Pt Tt. (613)

For t =tf the impulsive retraction torque is complete (rgr, =1), and Wr(t,) gives the net

work Wx done by the impulsive retraction torque, as
. 1

where
1
§ =8 = / pdr. (6.15)
0

The overlap parameter s satisfies 0 <s <1, and quantifies the percentage overlap between
the impulsive push-off force and retraction torque. In Fig.[6.2D] the overlap parameter s
is visualized as the area under the cross-plots of p wversus r for different relative timings
of the impulsive push-off force F'(t) and retraction torque 7(t) shown in Fig.[6.2al. When
s =0, the impulsive retraction torque occurs completely before the impulsive push-off force
(episode iv), whereas s =1 corresponds to the case where the impulsive retraction torque
starts completely after the impulsive push-off force (episode ii). In both of these cases the
push-off and retraction impulses are isolated. Two impulses are ‘synchronous’ if they are

proportional (episode i), resulting in p=r and s =0.5.
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Figure 6.2: Visualization of the overlap parameter s. (a) As the impulsive push-off
force I moves relative to the impulsive retraction torque 7, the overlap parameter s changes
from 0 to 1. (b) The overlap parameter s can be considered as the area under the cross-plot
of p vs. r. Different paths in (b) correspond to different episodes in (a). Impulsive F' and 7
are ‘synchronous’ if they are proportional, and thus s =0.5.

In the formula of the net retraction work Wr in (614), Jyr, Jyp: b, and P are known
when the step angle a, average speed V', and retraction impulse R are given (see Sections

£3T 532 and 54.2). Thus, Wy is fully resolved by knowing «, V', R, and s.

Equivalent Isolated Impulses for Net Retraction Work:

Equation (G.I4) can also be rearranged as
1 it it
Wx = ) R <¢t; + ¢tr+> , (6.16)

where ¢IF = o+ Jyp s P, and ‘blj = ¢IF + Jyr R. Comparing ([616) with (63]), we can in-
terpret Wx as the work of an isolated retraction impulse R that starts completely after an
equivalent isolated push-off impulse PT=s7P. The role of P' is to change the hip angular
velocity from qBO to an equivalent pre-retraction velocity (]5:,, which is then changed by R to

the equivalent post-retraction velocity ¢I+
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6.3.2 Positive and Negative Swing-Retraction Work

pr’

Assuming that the impulsive hip torque 7(¢) has no sign change during (¢, %), a retracting
torque (R > 0) does positive work when the hip joint is retracting, i.e. gb(t) <0, otherwise it
does negative work. Conversely, an extending hip torque (R <0) does positive work when

the hip joint is extending, i.e. ¢ > 0, otherwise it does negative work.

If the instantaneous hip rate ¢(¢) has no zero-crossings during the impulsive retraction
torque, the impulse R does only positive or negative work, given by W7 =[Wgz]", and

Wx =Wgr — W7, where Wy is calculated from (6.14).

If gb(t) has zero-crossings during the application of R, then the impulsive retraction torque
does both positive and negative work. In this case, the span of the retraction torque can
be divided into consecutive sub-intervals connected to each other at the zero-crossings of
gb(t) During each of these sub-intervals the retraction torque does only positive or negative
work. By sequentially evaluating Wx(t), given by (6.11]), at the end of all sub-intervals and
calculating the differences, we can find the work done during each sub-interval, and ultimately
calculate the total positive or negative work done by the impulsive retraction torque. For
example, consider a case where an impulsive retraction torque starts with doing negative
work, and qb(t) has two zero-crossings at t; and t,, where t; <t5. The positive retraction
torque in this case is given by Wi =Wg(ta)— Wx(t1), and the negative retraction torque

by Wﬁ = WR — W{{ = WR —|— WR(tl) — WR(t2)

As mentioned for (5.16) and (5.17), the impulse-influence coeflicients Jy, and Jy, are
both negative. Thus, for R >0 the instantaneous hip rate é(t), given by (€9), decreases
throughout push-off and retraction, and cannot have more than one zero-crossing, if any. As-

sume that this possible zero-crossing is at t,. Then, the retraction torque does only negative

work before ¢y, and only positive work after it. Thus, Wy =Wxg(to), and Wi =Wg — W
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6.3.3 Net Push-Off Work

Equivalent to the instantaneous hip rate given by (6.9), the instantaneous leg extension rate

during the infinitesimal interval (¢, ¢ is defined as

(1) = Jyp P(t) + Jy R(1)

= Jyp p(t) P+ Sy r(t) R. (6.17)

The partial push-off work Wp(t) is defined as the net work done by the impulsive push-
off force F' from its beginning until an arbitrary instant ¢ in (¢, ,t.). Following the same

procedure that led to the calculation of Wx(t) in ([6.11]), we can calculate Wp(t) as

1
=5 i P+ (piri— 1) Jr RP, (6.18)

where s; follows . For t=t7 the push-off impulse is complete (r,+ =p,+ =1), and
pr tpr tpr

Wy () gives the net work Wp done by the push-off impulse as

1
Wp =5 Jip P’ + (1—5) Jyr RP, (6.19)

where the overlap parameter s is given by (6.15). Note that Jjp, Jl;/R, and P are known if
the step angle a, average speed V', and retraction impulse R are given (see Sections [5.3.2]

and 5.4.2)), so the net push-off work Wp is fully resolved by knowing «, V', R, and s.

Equivalent Isolated Impulses for Net Push-Off Work:

Equivalent to (6.16]), Wp can be rearranged as

1 4 4
We = 5P (i +if), (6.20)

where 615 =(1-ys) Jir R, and 613 = 625 + Jyp P. In other words, Wp can be viewed as the
work of the isolated push-off impulse P when it follows the equivalent isolated retraction
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impulse R = (1 — s) R. The role of R is to change the leg extension rate from ft;r =0 to
an equivalent pre-push-off extension rate éz,, which is then changed by P to the equivalent
p

post-push-off extension rate EL
p

6.3.4 Positive and Negative Push-Off Work

Because the extensional push-off force F'(t) is always positive, it does positive work when
the leg is extending, i.e. €(t) >0, and does negative work when the leg is contracting, i.e.
{(t) <0. For /() given in (6.17) the impulse-influence coefficients Jir and Jyp are always
positive, as mentioned in Section 5.3.21 Thus, independent of the relative timing of P and

R, ﬁ(t) > (0 for any R > 0. In other words, when R is retracting, W7 =Wp and W5 =0.

As given by (B.17), Jyz >0, so an extending retraction torque (R <0) tends to decrease
the leg extension rate ¢ (t). Thus, depending on the relative timing of the impulsive push-off
force and extensional retraction torque, ﬁ(t) can become negative for some period of time,
causing the push-off force to do negative work during that period. The same procedure
explained in Section (for calculating positive and negative retraction work) can be used
to calculate the positive and negative work done by the impulsive push-off force when the

leg extension rate ﬁ(t) has zero-crossings during push-off.

6.3.5 Energetic Cost of Impulsive Push-Off and Swing-Leg Retraction

Given the positive and negative work performed by the impulsive push-off force and retrac-

tion torque, the individual energetic costs of these impulsive actions are given by
Ep = C W; — C9 W; (621)
ER = C W{{ — C9 W7€ (622)

Unlike the net push-off work Wp and the net retraction work Wy, the energetic cost Ep

and Fxr can not be calculated, in a general case, by knowing only the step angle «a, average
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speed V', retraction impulse R, and overlap parameter s. In fact, we also need to make

assumptions on zero-crossings of £(t) and ¢(t) in order to calculate Wi, Wy, Wi, and W

Although, in general, an infinite number of cases is possible for the zero-crossings of E(t)
and é(t), I am only interested in those that result in a minimum energetic cost Egep. In the
next section, I show that the minimum Ey., always can be achieved with ¢(t) >0 (no zero-
crossing of /, implying all-positive push-off work). With this result, and using the optimal
relative timing of push-off and retraction that will be found in the next section, the possible
zero-crossings of ¢(t) are limited to a single case, so we will be able to calculate Ep and Ex

of an optimal gait using only «, V', and R.

6.4 Optimal Relative Timing of Impulsive Push-off and Retraction

The impulsive push-off P and the impulsive retraction R are applied during the late-swing
infinitesimal interval (¢7,,t7 ), called the push-off-retraction interval. The relative timing of

these two impulsive force and torque, quantified by the overlap parameter s defined in ([6.15]),
can influence the gait energetics. The optimal relative timing of P and R, quantified by s*,

is the one that minimizes the energetic cost Egcp, given by (6.2]), for given gait parameters.

Among the different terms in Eg.p, the cost of impulsive swing thrust does not depend
on the overlap parameter s. Thus, s* can also be determined by minimizing the net energetic

cost of push-off and retraction, given by

Epr = Ep + Er

The second line in the above equation is obtained by substituting for Ep and Exr from (6.27])
and (6.22]).

As mentioned in the previous section, calculating Epg in a general case requires assump-
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tions on the zero-crossings of the instantaneous joint velocities £(t) and ¢(t). Thus, I first
assume that the stance leg is always non-contracting, i.e. ﬁ(t) >0, and find the optimal over-
lap parameter s* that minimizes Epr subject to this assumption. Then I show that this is
not a limiting assumption and does not affect the minimum achievable energetic cost Epg.
Now, as the first step of this procedure, let us determine how the constraint ﬁ(t) >0 limits

the possible range of s.

6.4.1 Range of Overlap Parameter for a Non-Contracting Stance Leg

According to the formula of the instantaneous leg extension rate £(t), given by (617), the

condition of a non-contracting stance leg can be expressed as
Jir R

i) =0 t) > —
(t) = p(t) TP

r(t). (6.24)

On the other hand, the impulse completeness parameter p(t) always satisfies 0 <p <1 (see
Section [6.3]). The latter can be combined with the above equivalence relation to find the

following bounds on p(t) that ensure £(t) > 0:

where IR
UR
min — O; - . 6.26
P max ( TP 7’) ( )

Evaluating the overlap parameter s, defined in (6.15]), with the above bounds on p, gives

smin(R) < s < 1, (6.27)
where
R) = 0, % (6.28)
Smin(R) = max [ 0, 5 Jé/pp ) )

Therefore, respecting £(t) >0 limits the overlap parameter s within the range given by (6.27).

According to Fig.[6.2] s =1 corresponds to the case where the isolated impulsive push-off

force is followed by the isolated impulsive retraction torque (push-off then retraction).
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For R >0, equation (628]) results in Sy, =0 which, according to Fig.[6.2] corresponds to

applying the impulsive push-off force completely before the impulsive retraction torque.

For R <0, swin= — Jyr R/(2Jyp P), which is achieved if p=pumin=—Jyr R7/(Jyp P)
for all 0 <r < 1. This is equivalent to the case that satisfies the following three conditions:

(i) both the impulsive push-off force and the impulsive extending retraction torque (R <0)

o (ii) the partial impulses

start simultaneously and immediately after the passive swing at ¢
of push-off force and retraction torque increase proportionally until the retraction impulse
is complete (i.e. r=1), and (iii) based on (6.24)), the impulsive push-off force is applied at
a minimum level during the impulsive retraction torque just to ensure E(t) =0. With this
relative timing, some portion of the push-off impulse, i.e. P() =—Jjr R/ Jyp, is already
applied by the time the impulsive retraction torque is complete. Typically, the retraction
impulse R is much smaller than the push-off impulse P (the retraction impulse is scaled
with the leg mass and inertia, whereas the push-off force is scaled with the total body mass).
Thus, typically p,+ =P(¢])/P < 1, implying that for s = sy, only a negligible fraction of the
push-off impulse, i.e. P(¢]), is applied during the advancing extensional retraction torque,

and the rest, i.e. P —P(t), is applied after it.

The range of overlap parameter s found in this section is used in the next section to find

the optimal relative timing of push-off and retraction subject to the constraint ¢ (t)>0.

6.4.2 Optimal Overlap Parameter for Gaits With a Non-Contracting Stance Leg

For gaits with a non-contracting stance-leg, i.e. E(t) >0, the push-off impulse does only

positive work, and the energetic cost Epg in (6.23) can be simplified as

E’pR =C (Wp + er—{) — C2 Wf,; (629)

In this equation the net push-off work Wp is given by (6.19]), and the positive and negative

retraction work W and Wy satisfy W3 + Wy = Wx, where the net retraction work Wr, is
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given by (G.14).

Now, given the step angle «, push-off impulse P, and retraction impulse R , and with
the constraint £(t) >0, the optimal relative timing of impulsive P and R is given by the
overlap parameter s* that minimizes Epg given in (6.29), when s* is bounded within (6.27]).

At the optimum the following three different cases are possible for the retraction work:

1) The impulsive retraction torque does only negative work (braking the leg

swing): In this case W3 =0, and W = Wx. Thus, equation (6.29) gives

8E7>7z 8W7> 8WR

Ds = C Ds — Co Ds = —C JZ/R RP+ Co Jqﬁ/P RP. (630)
Using Jyr = —Jyp from (5.I7), we can simplify the above equation as
OF
aZR =—(c1+ ) Jr PR. (6.31)

According to (BI7), Jyr 1s always positive. Therefore, with R >0 (retracting hip torque),
0FEpr/0s <0, implying that the energetic cost monotonically decreases with s. Thus, energy
expenditure is minimized when s is maximized within the range of (6.27), i.e. s*=1. With
R <0, however, 0Epg/0s> 0, implying that the cost monotonically increases with s. So,

energy expenditure is minimized when s is at the lower bound of (627, i.e. $* = Smin(R).

Interestingly, for this case, where E(t) > 0 and the impulsive R does only negative work,
both the push-off cost, i.e. Ep=c; Wp, and the retraction cost, i.e. Er = —cy Wy, simulta-
neously decrease when s approaches s* (0Ep/0s and 0Fg/0s are the first and the second
terms in (6.30), respectively). This suggests that for given retraction impulse R and push-
off impulse P, and as long as £(t) >0, the energy minimizing policy is to avoid performing
negative retraction work as much as possible (leading to a reduction in push-off work as

well).

3For periodic gaits the push-off impulse is fully resolved when the step angle «, average speed V, and
retraction impulse R are known [see (527)]. Thus in those cases «, V, and R can be the given parameters.

However, the analysis in this section is not limited to only periodic gaits, so the given parameters are o, V'
and P.
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2) The impulsive retraction torque does only positive work (accelerating the

swing leg): In this case W5 =0, and W} = Wx. Thus, equation ([6.29) gives

8E7>73 o aWp oWxr o : .
TR e ( e ) = (%R+J¢/P) RP. (6.32)

Now, based on (5.I7), Jyr = —Jyp, s0

OEpr
Js

~ 0. (6.33)

In other words, for gaits with E(t) >0 as far as the impulsive retraction torque does only
positive work the optimal overlap parameter s* does not have a unique solution, and energy
minimization has no preference on the relative timing of impulsive push-off and retraction.

Now, let us find the range of s* for which the condition of all-positive retraction work is met.

For R > 0 the impulsive retraction torque does only positive work when the instantaneous
hip rate gb(t) is negative (the hip joint is retracting), or equivalently when the impulse

completeness parameters defining ¢(t) in ([69) satisfy

max (0,p'(r)) <p <1 for 0<r<1, (6.34)
where '
0o+ 1R J;
tpy— 0 YR
p'(r) TP ) (6.35)

Using the definition of s in (6.15), the above bound on p translates to the following bounds

of s*:
max (0,s'(R)) < s* < 1, (6.36)
where '
G0+ Jyp R/2
"(R) = — wrR 6.37
o(R) =~ (6.37)

For all s* in (6.36) a given R >0 does only positive work. Within this range, s*=1 is
applicable for all R >0, and also matches the optimal solution in the previous case (case 1

above). So, I choose s* =1 as the optimal solution here.
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Equivalently, if R <0 (extending hip torque) the retraction impulse does only positive

work when ¢() > 0. This condition is met when
Pmin(7) < p < min (1,pT(r)) for 0<r<1, (6.38)

where puin(r) is given by (6.26). The above bound on p gives the following range of s* for

the cases where a given R <0 does only positive work at the optimum.
Smin(R) < s* < min (1, s"(R)) (6.39)

Here, smin(R) and sf(R) are given by (6.28) and (6.37), respectively. To be consistent with
case 1 above, where R does only negative work, I choose s* = s,;,(R) as the optimal solution

in this case.

When a given retraction impulse R does only positive work, the retraction work Wpx
continuously increases as s approaches the selected s* (s*=1 for R >0 and s* = sy, for
R <0). However, with £(t) >0 this increase in Wx is entirely compensated by an equal
decrease in the push-off work performed by the given impulse P, so the net positive work
Wp + Wpx remains constant (i.e. becomes independent of s). Consequently, any increase in
the retraction cost Er =cqy Wg, as s approaches s*, is cancelled by an equal decrease in the

push-off cost Ep =c; Wp, so the net cost Epr remains constant.

3) The impulsive retraction torque does both positive and negative work: Accord-
ing to the above two cases, the optimal policy in this case is to do less negative and more
positive retraction work, as much as possible. Note that with £(¢) >0, any decrease [increase]
in negative [positive] retraction work reduces the all-positive push-off work. Thus, with this
policy the cost of negative retraction work and the cost of push-off work decrease but the cost
of positive retraction work increases. However, any increase in the cost of positive retraction
work is cancelled by a partial reduction of push-off cost, so the net cost decreases. Thus,
similar to the other two cases, the optimal overlap parameter in this is s* =1 for R >0 and

$* = $pin for R <O.
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The above result can be also verified by directly minimizing the net energetic cost Epg.

To save the space, this procedure is described below only for R > 0.

Equation (6.9]) expresses the instantaneous hip rate ¢(t) in terms of the partial push-off
and retraction impulses. Because R >0, and Jyp and Jyr are both negative (see Section
5332 , gb(t) continuously decreases during the push-off-retraction interval, and can have
only one zero-crossing in this interval. Assume that the only zero-crossing of the hip angular
rate gb(t) occurs at t =t5. Then, there exist ry, =7(to) and py, =p(to) where 0 <7y, <1 and
0<py, <1, and

O(to) = do + 11y Jy R+ pro Jyp P = 0. (6.40)
The impulsive retraction torque does negative work before ty, and positive work after it.

The negative retraction work Wy can be calculated by the partial work Wg(to), given by

evaluating (G.I0]) at t =¢,. This gives

: 1
’];I _¢0 Tto R - 5 J¢/R 71?0 R2 - StO J¢/P RP, (641)

where the partial overlap parameter s, is given by (6.12]). The positive retraction work then
becomes Wi =Wg — Wy
Fig. visualizes the partial overlap parameter s, in the r-p plane for an arbitrary

scenario. From this figure, and also from the definition of the partial overlap parameter in

([6.12), it is clear that

0 < St < Py Tt - (642)

The partial overlap parameter s;, limits the total overlap parameter s by constraining it
between the following lower and upper bounds, corresponding respectively to paths i and ii
in Fig.

StO + (]‘ - rt())pt() < S < St() + ]- - /rto (643)

With the positive and negative retraction work given above, and by knowing J;,, = _Jé/P

(see Section [5.3.2)), it is a simple practice to verify that the energetic cost Epg, given by
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Figure 6.3: The partial overlap parameter s;,. The path i and ii determine the upper
and lower bounds of the total overlap parameter s, respectively.

(6:29)), is not a direct function of s. In other words, dFEpr /0s=0. Now, according to (5.17),

Jyp <0, so we get
OEpr
(9st0

= (c1+ ¢2) Jyp RP < 0. (6.44)

The above equation implies that Epr decreases with increasing s;,, and becomes minimum

when s;, is maximized within its bounds. Thus, according to (6.42]), the optimum s;, is
Sty = Pto Tto- (6.45)

On the other hand,
OEpr
(9 /rto

=—(c1+¢2) pry Jyp RP 2 0, (6.46)

implying that at the optimum, r;, should be minimum while respecting the constraints.
With the zero-crossing constraint in (6.40]), and because Jyp and Jyz are both negative (see
Section [5.3.2)), the minimum r, is achieved when p,, = 1. Finally, substituting the latter and
(645) into ([6.43) results in s*=1. (End of Proof)

Summarizing the cases 1-3 above, I showed that independent of the step length, walk-
ing speed, or the actuator work efficiencies, when the stance leg is constrained to be non-
contracting, i.e. £(t) >0, the optimal overlap parameter is s* =1 for R >0 (retracting hip

torque) and s* = —Jyr R/(2 Jyp P) for R <0 (extending hip torque).
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In the next section, I show that the minimum energetic cost can be achieved with £(t) >0,

so the above optimality result still holds even if the constraint ¢ (t) >0 is lifted.

6.4.3 Optimal Overlap Parameter With Leg Contraction Allowed

As mentioned in Section [6.3.4] for all gaits in which the retraction torque is retracting,
i.e. R >0, the stance leg is always non-contracting. Thus, for all R >0 the optimality
result obtained in the previous section holds even if the constraint €(t) >0 is not imposed.
However, with an extending retraction torque (R <0), and depending on the relative timing
of the impulsive push-off force and retraction torque, the leg extension rate ¢ (t) can become
negative for some period during the push-off-retraction interval (see Section [6.3.4]), causing
the push-off force to do negative work during that period. Because minimizing the energetic
cost limits the overlap parameter and thus the relative timing of push-off and retraction, it
can potentially limit £(¢) as well. So, let us find how £(t) should change inside the push-off-

retraction interval of a minimum-energy gait with given P and R <0.

For the impulsive model under study, the leg extension rate is always zero at the start
of the push-off-retraction interval, i.e. ét;r =0. Also, given the push-off impulse P and the
retraction impulse R, the leg extension rate at the end of the push-off-retraction interval, i.e.
ét;, is known and is given by (5.14]). In energy-optimal gaits ét; > (0, as the stance leg should
be extending immediately prior to heel-strike to reduce the collision loss [26, [47]. Thus, all
possible candidate profiles for /¢ (t) in the push-off-retraction interval should connect ét;, =0

to a given ét; > 0.

Among an infinite number of possible profiles for é(t), starting at ét;r =0 and ending at
ét;; >0, consider the arbitrary profile shown in Fig.[6.4] in which an impulsive extending
retraction torque has caused £(t) to be negative (contracting) for ¢; <t <t,. By varying ¢,

ta, or the magnitude of E(t) we can get different functions for the leg extension rate. Now,

to find the best é(t), let us minimize the energetic cost of the gait for this arbitrary profile.
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Figure 6.4: Instantaneous stance leg extension rate during an arbitrary scenario of
impulsive extensional push-off force and impulsive extending retraction torque (R <0). The
extending retraction torque tends to decrease the leg extension rate, and results in ﬁ(t) <0
for t; <t <t,. During this period the impulsive push-off force does negative work.

Note that because the cost of swing thrust impulse is not influenced by / (t) during the push-
off-retraction interval (ft;r and ét; are fixed for given P and R) minimizing Fg.,, given by

[©2), and Epg, given by (6.23), has the same consequences on £(t).

In order to calculate Epgr, we need to calculate the positive and negative work performed
by the push-off and retraction impulses. For the case shown in Fig.[6.4] the impulsive push-off
force performes negative work for t; <t <t,, and positive work during the rest of the interval
(tt5). Using the technique described in Section [6.3.4] these positive and negative work

quantities are given by

Wy = Wp(ta) — Wp(ts), (6.47)
Wi = Wp — Wi, (6.48)
where Wp is the net push-off work, given by (6.19), and Wp(t;) and Wp(ts) are the partial

work quantities performed by the impulsive push-off force from ¢  until #; and Z;. These

partial work quantities can be calculated from (6.I8]) as below.

1

Wp(t) = 5 Jirp Pt P*+ (o iy — 1) Jyr RP (6.49)
1

WP(t2) = 5 JZ/P pt22 P? + (ptz Ty — Stz) JZ/R RP (650)
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In the above, s;, and s;, are the partial overlap parameters corresponding to ¢t =¢; and t =t,

[see (€12))], and py,, r4,, pr,, and 1, are the impulse completeness parameters (see Section

6.3) at t; and t, and satisfy £(t;) = {(t5) =0, where £(t) is given by (6.17).

The impulsive retraction torque does net work Wy, negative work Wy, and positive work
Wi =Wgr—Wg. The net work Wy is given by (6.14)), and is a function of the net overlap
parameter s, but not s;, and s;,. In general, W5 and W3 depend on Wz and possible zero-
crossings of the instantaneous hip rate (see Section [6.3.2). Thus, they are also independent

of s, and s;,, but have dependency in s.

Using the above positive and negative work quantities, and given the step angle «, push-
off impulse P, and retraction impulse R, the net energetic cost Epr can be calculated from
([6.23) as a function of a few free parameters (the partial and net overlap parameters sy, sy,
and s, as well as the impulse completeness parameters py,, py,, 7, and 7). Now given «,

P, and R <0, I investigate the minimum FEpxr for the following three possible cases:

1) The extending retraction torque does only positive work (accelerating the

forward leg rotation): In this case W5 =0, and W7 = Wpx. Thus,
Epr =1 (WA +WZ) —ca (Wp + Wg)
=c1 (Wp +Wg) — (c1 +c2) W, (6.51)

According to the work-energy principle, the net push-off and retraction work Wpr = Wp + Wx
is equal to the change in kinetic energy of the biped from ¢ to t;’r. Because the velocities
(=kinetic energy) at these two instants are independent of the relative timing of impulsive
push-off and retraction (see Section [(5.3.2)), Wpr does not depend on s, s, and s;,. This
can be also verified by inspecting Wpg, calculated from (614 and (6.19]), and recognizing
that Jyp = —Jy [see (BIT)].

With a constant Wpg, the energetic cost Epg in ([651]) is minimized only if W; =0 or

equivalently when E(t) > 0 for the entire push-off and retraction interval. Therefore, when
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the retraction torque does only positive work, the constraint E(t) £ 0 imposed in Section [6.4.2]
is not active at the optimum, implying that the optimal overlap parameter s* found for the

case 2 of the previous section does not change if the constraint ¢(¢) > 0 is not imposed.

2) The extending retraction torque does only negative work (decelerating the

rearward leg rotation): In this case Wi =0, and W5 = Wx. Thus,
Epp = (Cl —+ Cg) W; — Cy (Wp —+ WR) . (652)

Because Wp + Wx is constant for any given «, P, and R (see the previous case), Fpg is
minimized only when W is minimized. Unlike W, in the previous case, W} can not be
reduced to zero for any given retraction impulse R, as doing so requires a very large R <0
to make ﬁ(t) <0 for the entire push-off and retraction interval. Moreover, this very large

R <0 can not be energetically optimal as it results in a large retraction cost.

In order to find the minimum possible W7 for any given R <0, we can examine its
variations with respect to its free parameters. Using the work equations in (6.47)-(6.50),

and recognizing that Jy >0 [see (B.1T)], we can get

owg  OWg
ds  Osy,

= —Jr PR > 0. (6.53)

The above relations imply that W monotonically decreases with decreasing s;, and s. Thus,
W, is minimized only if both s;, and s are minimized subject to their corresponding lower

bounds. These bounds are calculated in the following.

Using the instantaneous leg extension rate formula in ([GI7), and that £(t) > 0 for t, <t <t,

we get
Jir R
Jyp P

p(t) = — r(t) for 0<r(t) <ry. (6.54)

For t =ty, {(t;) =0, and the above relation holds with the equality sign:

i R 6.55
ptl__ﬁrtl‘ (6.55)
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Figure 6.5: The partial overlap parameter s;, and the minimum net overlap pa-
rameter s for an arbitrary scenario. The area of the shaded (solid gray) region corresponds
to s,. Given sy, the net overlap parameter s becomes minimum if the push-off impulse
completeness parameter p(t) does not change during (to,t}), i.e. from ¢y until r(¢)=1. In
this case s is given by the area of the hatched region.

Now, using the above two equations and the definition of the partial overlap parameter s;

in (6I2), we can get

" JZ/RR 2 DPu Tt
St1:/0 pdr}_QJé/P,Prm: 2 - (656)

Therefore, the lower bound of the partial overlap parameter s;, is py, 4, /2.

Fig.6.5 can be used to find the lower bound of the net overlap parameter s as a function of
the partial overlap parameter s;,. In this figure the partial overlap parameter s, is visualized
in the r-p plane for an arbitrary scenario. Given s;,, the net overlap parameter s is minimized
if the impulse completeness parameter p(¢) does not change during the interval (t9,t), i.e.
from ¢5 until when r(¢) =1. In this case, s is given by the area of the hatched region. Thus,

the lower bound of s is calculated as
S= 8y, +p, (1—r1). (6.57)

As mentioned above, W (and equivalently Epg) is minimized when s and s;; become

minimum. These minimums are determined by (6.56]) and (6.57). Thus, at the optimum

Sty = PtyTty /27 (658)

Sty =8 — P, (1 —14,) . (6.59)
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Substituting these optimal values in the work equations (6.47)-(E50) and simplifying the

results using the zero-crossing condition in (€.55) gives the optimal push-off work values as

1
P=3 Jip D, P2+ (pr, — 8) g R'P, (6.60)

1
W+=§Jg (1=p,) P*+ (1 = ps,) Jyr RP. (6.61)

Note that the above optimal work values do not depend on p;, and r;,. In fact, it can be
simply verified that with optimal s;, given in (6.58) the push-off work performed int <t <t

is zero, i.e. Wp(t1) =0, regardless of the value of r;, and p,,. Therefore, without any change

in the minimum energetic cost, we can assume that at the optimum
p:fkl = ,r;,kl = 8:1 = 07 (662)

or equivalently 7 =1¢_.

Now, according to (6.61), the minimum W3 (corresponding to the minimum Epg) is
obtained where OW} /0p;, =0, resulting in

. IR

Py, = — J; D

(6.63)

Substituting this optimal value in the zero-crossing condition é(t2) = Jé/P P, P+ Jé/R ry, R=0
gives

r, = 1. (6.64)

Finally, the latter simplifies (6.59) to
s* = sy,. (6.65)

Because s;, is a free parameter, the above equation implies that the optimal overlap param-
eter s* does not have a unique solution when a given extending retraction torque (R <0)
does only negative work. In fact, as it is shown below, s* can take any value within the
range

0<s" g—%. (6.66)
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If s exceeds the above upper bound, we get E(t) > 0 for the entire push-off-retraction inter-
val (see Section [6.4.1]), and the above work and energetic cost calculations are not valid.
Notwithstanding, according to the case 1 in the previous section, decreasing energetic cost
in this case requires to reduce s to the above upper bound. On the other hand, for all s
within the range given by (6.66]), ﬁ(t) < 0 for some period in the push-off-retraction interval,
and the above work and energetic cost calculations are valid. In this case, independent of
the value of s, and as long as (6.62)-(6.66) hold, the positive push-off work W3, given by
(66T, and consequently the energetic cost Epg, given by (6.52), are at their minimum.
Thus, (6.66]) represents the range of all valid optimal s* when a given extending retraction

torque (R < 0) does only negative work.

Note that unlike the minimum W3, given by (6.61)), the resulting negative push-off work
W5, given by (6.60), does depend on s and increases with it (—Jz R P > 0 because R <0 and
Jim > 0). However, this increase is cancelled by an equal decrease in all-negative retraction

work (OWg/0s=—0W, /0s), so the net negative work is independent of the value of s.

Among all possible s* given by (6.66), s*=—Jyr R/(2 Jyp P) results in a special case.
With this specific s* and while ([662)-(6.64) hold, £(t) =0 for t;. <t<t,, or equivalently

pr

¢(t) =0 for the entire push-off-retraction interval. In other words, a non-contracting stance
leg is a possible optimal policy in this case. Imposing the constraint E(t) >0 only limits s*
to one solution (among a range of possible solutions), but does not influence the minimum

achievable net energetic cost.

3) The extending retraction torque does both positive and negative work: In this
case we can divide the push-off and retraction interval, i.e. (¢, ), into subintervals within
each the retraction torque does only positive or negative work. According to the previous
two cases, E(t) > 0 is energetically optimal for all of these subintervals. Therefore, E(t) >0

is also a possible optimal policy when a given extending R does both positive and negative

work. This implies that we can use the constraint ﬁ(t) > (0 without influencing the minimum
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achievable energetic cost for given P, R and a.

Summarizing the cases 1-3 above, I used the leg extension profile shown in Fig. to
show that a non-contracting stance leg, i.e. E(t) >0, can always result in the minimum
energetic cost. Repeating the analyses for any arbitrary profile of é(t), with any number of
zero-crossings, will give the same result. Thus, the constraint ﬁ(t) > 0 that was imposed in
Section [6.4.2]to calculate the optimal s* does not influence the minimum achievable energetic

cost, and the resulting s* represents the unconstrained optimal solutions as well.

6.4.4 Optimal Relative Timing of Impulsive Push-off and Retraction

Summarizing Sections [6.4.TH6.4.3] T showed that independent of the step length, walking
speed, or the actuator work efficiencies, the minimum energetic cost in all cases can be

achieved with
1 if R >0,

& — IR (6.67)
W(R) = — if .
Smln(R) 9 JZ/P D ifR <O

As discussed in Section [6.41] s* =1 corresponds to the push-off-then-retraction scenario.
In other words, when the impulsive retraction torque is retracting, i.e. R >0, the optimal
relative timing is to apply the impulsive retraction torque completely after the impulsive
push-off force (no overlap). For R <0, where the retraction torque is extending, s* = sy,in(R)
corresponds to the case when the impulsive retraction torque and the impulsive push-off force
start simultaneously, but with a minimal push-off activity just to avoid E(t) < 0 during the
extending retraction torque. In this case the main portion of the push-off impulse is applied

completely after the impulsive retraction torque.
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6.4.5 Intuitive Justification of the Optimal Relative Timing

The optimal relative timing of the impulsive push-off P and impulsive retraction R can be
intuitively justified as follows. The velocities just after both P and R, given by (5.14)), are
independent of the relative timing of these two impulses. Therefore, the net change in kinetic
energy of the system made by the impulsive push-off and retraction, and consequently the
total work done by them (i.e. Wpr = Wp 4+ Wpg), is also independent of this relative timing.
On the other hand, the push-off force accelerates the hip along the stance leg, inducing an
(inertial) torque on the swing leg. This induced torque tends to brake the forward swing
of the leg and/or accelerate its rotation in the rearward direction. This push-off-mediated
brake/retraction is in concert with the action of a retracting hip torque (R >0), but is
opposite to that of an extending hip torque (R <0). As the hip torque is delayed relative
to the push-off force, more push-off-mediated braking/retraction takes place before the hip
torque. Therefore, the later [sooner] a given retracting [extending] hip torque starts (relative
to the push-off force, and within the push-off-retraction interval), the less negative work
(braking) and the more positive work (rearward acceleration) it does. Now, because the net
work Wpg is constant, the increase in positive retraction work W3 is accompanied by an
equal decrease in all-positive push-off work Wp. Thus, the total positive work Wp + Wi
is not influenced by the changes in W;. However, the decrease in negative retraction work
(decrease in |Wg|) should be accompanied by an equal decrease in push-off work to keep
Wopr constant. Thus, both the total negative work and the total positive work decrease by
this change, which result in a reduced net energetic cost. This cost reduction is maximized
when the negative retraction work is minimized for a given R, or equivalently when an
impulsive retracting hip torque is applied completely after the impulsive push-off force, and
an extending hip torque starts immediately after the passive swing phase. In the latter,
avoiding leg contraction, i.e. i £ 0, results in a minimal push-off activity during the extending

hip torque.
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The above reasoning is valid for both periodic and aperiodic gaits, as well as for any
biped model in which the push-off force acts in concert with the retracting hip torque in
braking/retracting the leg swing, including human-like models with torso and articulated

legs. In the next section this generality is shown with a more direct mathematical method.

6.4.6 Generality of the Optimal Relative Timing Result

The resulting optimal relative timing is achieved mainly based on the characteristic that:
Jyp =—Jir <0. As shown in Appendix [B.1.2] the equality relation here is guaranteed by
the symmetry of the mass-inertia matrix, and the inequality comes from the fact that the
push-off force tends to retract the swing leg. Because the symmetry of the mass-inertia
matrix is a general property, the optimal relative timing found in this section holds for any
walking model in which the push-off force acts in concert with the retracting hip torque in

braking /retracting the leg swing; a result that was also intuitively justified in the previous

section.

For example, consider the more realistic models in Fig.[6.6l In these models the retraction
impulse R is applied by the swing hip actuator (both models have two hip actuators, each
acting between the torso and the corresponding leg) and pushes the swing leg toward the
stance leg (decreasing the swing hip angle ¢). In the model with straight legs the push-off
impulse P is directly applied by the prismatic actuator along the stance leg, whereas in
the model with articulated legs the resultant push-off impulse P is provided indirectly by
the knee impulse I and the ankle impulse A that extend the corresponding joint angles.
Following the procedure used in Appendix [B.1.2] the impulse-influence coefficients of the
push-off-retraction velocity maps in these models can be related to their mass-inertia matrix.
Thus, the symmetry of the mass-inertia matrix guarantees .J;, = —Jyr for the straight-leg
biped, and Jq;/,c = _Jd?ﬂ% and J<i>/ 4= _Jé/R for the articulated-leg biped. On the other hand,

in both models the (directly/indirectly generated) push-off impulse P accelerates the hip
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Figure 6.6: Two bipedal models with torso. Each model has two hip actuators, each
acting between the torso and the corresponding thigh. The swing retraction torque, quanti-
fied by the impulse R, decreases ¢ and pushes the swing leg toward the stance leg. (a) The
straight-leg model: the push-off impulse P is provided by a prismatic actuator along the
stance leg. (b) The articulated-leg model: the resultant push-off is provided by the knee and
ankle torques, quantified by their impulses K and A, which tend to extend the corresponding
angles (consequently extending the leg).

forward, which in a normal configuration tends to decrease the swing hip angle ¢. This
implies Jyp <0 for the straight-leg model, and Ty <0 and Ty <0 for the articulated-leg
model. Therefore, the optimality conditions resulting to (6.67]) are also satisfied for both of

these models, so the same optimal relative timing of push-off and retraction holds for both.

6.4.7 Application for Practical Non-Impulsive Systems

Although the analysis in this section is based on impulsive functions, arguably the re-
sults are still applicable to many practical cases in which the (optimal) gait includes burst
forces/torques. Although realistic forces/torques have bounded magnitudes and are applied
over an extended period of time, the duration of the burst forces/torque is relatively short,

so the biped configuration does not change much during their application. Therefore, these
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burst forces/torques effectively change the velocities while the biped configuration is approx-

imately constant, similar to the effect of theoretically impulsive actions.

The analysis in the previous section shows that for given push-off force impulse and late-
swing extending hip torque impulse, energetic cost is minimized when the overlap parameter
is minimized while respecting / (t) > 0. Similar to the theoretical impulsive cases, this optimal
relative timing can be achieved with practical burst forces/torques when the extending hip

torque is applied at the end of passive swing and practically before the pre-emptive push-off.

When the late-swing hip torque is retracting, however, there is a small difference between
the theoretical and practical cases. With a retracting hip torque the minimum cost is ob-
tained when the overlap parameter s is maximized. In the case of impulsive forces/torques
this can be achieved when the retracting torque is completely isolated and applied between
the push-off and heel-strike (s*=1). However, for practical non-impulsive cases, this iso-
lation of the actions will degrade the gait efficiency by inserting a non-infinitesimal gap
between the push-off and heel-strike (for efficient walking push-off should be applied just
before heel-strike [47]). Hence, maximizing the overall energy efficiency in practical cases
can be achieved by postponing the retracting hip torque until the final portion of the pre-
emptive push-off before heel-strike. Verification of this strategy in human walking and in

practical robots can be a possible extension to the current work.

6.5 Energy Optimal Swing Retraction Impulse

Given the step angle «, average walking speed V', and unit-work costs ¢; and ¢y, the optimal

retraction impulse R* is the one that minimizes the net energetic cost Egep, given by (6.2).

Among the different terms contributing in FEjg.,, the swing thrust cost Es is given by
([60) as a function of o, V, and R. In general, the push-off cost Ep is given by (G.21)).

However, as shown in Section 643, we can limit our study to £(¢) >0 without influencing
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the minimum possible Egp. In this case, the push-off impulse does only positive work and
Ep = Wp, (668)

where the net push-off work Wp is given by ([6.19). Using the optimal overlap parameter s*,

given by (6.67)), Wp and thus Ep can be calculated for any given a, V', and R.

Another contributing term in Ege, is the retraction cost Ex, given by (6.22). However,
so far we have not been able to calculate Fr without any assumptions on the zero-crossings

of the instantaneous hip rate ¢(¢). Fortunately, this problem is resolved by using the energy

optimal relative timing of P and R found in the previous section.

As discussed in the previous section, for R >0 the energetic cost is minimized when P
and R are isolated, and R comes completely after P. Using this relative timing and the
instantaneous hip rate ¢(t) given in (63), the hip rates immediately before and after the

impulsive R become

ét: = ¢(t) 1: o + Jiyp P, (6.69)
p:
r=0

b = 0(t)| =y + TR =0+ fyp P+ e R (6.70)
p:

Because the impulses are isolated in this case, the formula of the work done by an isolated
impulsive force/torque, given by (63)) and (€4]), can be used to calculate the positive and
negative retraction work, where Z=7R, and ¢~ = ét; and ¢t = ‘thi are given by (6.69) and
(6.70]).

For R < 0 the optimal relative timing of push-off and retraction does not represent isolated
impulses (0 < s*=syuin(R) <1). However, in this case, the impulsive extending retraction
torque does only positive work for all @ and V' within the admissible region (defined in section
5.4.4). To verify this characteristic, recall from Section that for s =s*=syi(R) the

impulsive push-off force is applied minimally during the extending retraction torque. This
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minimal level is given by p(t) = pmin = —Jyr R7(t)/(Jyp P). With this p(t), the instantaneous
hip rate during the impulsive retraction torque (t7 <t <t) can be calculated from (6.9) as
(1) = o + g r(t) R+ Jyp p(t) P
. Jé/R
= ¢g + J¢/R T(t) R — J(i:/P — T(t) R
Jip

Y /YR AR Y
o + 2 “’J_/P o IR b () R. (6.71)
/)

As shown in Fig.[5.6D] inside the admissible region and even for some area below it $o>0.
On the other hand, according to the sign properties of the impulse-influence coefficients,
indicated in (5.15) and (5.I8), the last fraction in (6.71]) is always negative. Also, for an
extensional retraction torque, R is negative. Thus, throughout the impulsive extensional
hip torque, i.e. for 0 <r(t) <1, the instantaneous hip rate gb(t) remains positive inside the
admissible region, and R does only positive work (extending the hip joint). In other words,

with R <0 and s =s*, and for any given step angle o and average speed V in the admissible

region, W, =0 and W3 is calculated from the net work Wy, given by , as below:
R R

: 1
Wg =Wr|  ==6R=5JpR =5 JpRP

s=s*

o 1 2 JZ/RR
_—¢0R—§J¢/RR +WJ¢/PPR

: T i — Jip Jj
—pgR — HRUP__"9P R p2 (6.72)
2 Jyp
Thus, given «, V, and R, we can calculate the positive and negative retraction work
subject to s=s*. Finally, the retraction cost Er(s*) can be calculated from (622) as a

function of «, V', and R.

Now, given a pair of step angle o and average walking speed V in the admissible region,
as well as the unit-work costs ¢; and c,, we can calculate the net energetic cost Egp, subject

to s =s", solely in terms of the retraction impulse R. Thus, the optimal impulse R* that
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minimizes Eg,, for given admissible a and V' can be found by solving

R* = rr%n Egep(a, VR, s%), (6.73)
subject to the

e heel-strike constraint in (5.20),

e toe-off constraint in (5.21]),

e required push-off and swing-thrust impulse constraints in (5.20) and (5.27]),
and

e maximum retraction impulse constraint in (5.28]).

This optimization can be accurately solved using simple numerical methods. However, to
gain more insight, an approximate analytic solution is preferable. Calculating this analytic

solution is the subject of the next chapter.

6.6 Summary

In this chapter the energetics of the simple bipedal model with impulsive actuation was
studied. A work-based cost model was used to calculate the net energetic cost of the gait.
For many actuators, including human muscles, this cost model is a good simple choice, as it
directly uses the energy supplied to the actuator for doing mechanical work. By including
the actuator work efficiencies in the cost formulation, this cost model indirectly takes into
account the cost of generating force/torque as well as the cost of internal losses, including
energy conversion losses. The net energetic cost per step was formulated as the total sum
of the cost of individual impulsive force and torques in one step. The work (and the cost)
of the isolated impulsive swing-thrust torque can be simply calculated using the change
in kinetic energy of the biped before and after the swing-thrust. This method, however,
does not apply in general for the impulsive push-off force and swing retraction torque, as

they can have overlap. This problem was overcome by introducing some novel concepts,
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such as a partial overlap parameter and partial work done by each impulse. Consequently,
I showed that for given push-off and retraction impulses, reducing the negative retraction
work or increasing its positive work reduces the push-off work and can also reduce the net
energetic cost. If the impulsive retraction torque is retracting (R >0), the minimum cost
is achieved if it is applied completely after the impulsive push-off force. However, if the
impulsive retraction torque is extending (R <0) the minimum cost is achieved when the
impulsive push-off force is applied almost completely after the extending hip torque. Using
this relative timing, the net energetic cost can be expressed in terms of only the step angle
a, average walking speed V', and swing retraction impulse R. So, a simple single-variable
parameter optimization can be used to find the energy-optimal retraction impulse for any

given step angle a and average walking speed V.
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Chapter 7

APPROXIMATE ANALYTIC ANALYSIS OF THE

IMPULSIVE WALKING MODEL

Although all the equations in Chapters [l and [l can be solved numerically, in order to gain
more insight, I have found simple closed-form analytic solutions based on some approxima-
tions. Although approximate, these simple analytic solutions are very useful in predicting
the influence of different parameters on the kinematics or energetics of a gait. In fact, most
of the non-approximate analyses presented in Chapters [0, 6] and [§] were motivated by the
observations from the approximate analytic solutions in this chapter. These solutions can
also serve as a very good initial guess for accurate numerical optimizations. Moreover, they
can be used to verify whether the results found by numerical optimization are indeed global

optimums, and not just local minima/maxima.

The content of this chapter can be divided into four groups: Group 1) In Section [7.]
the main approximation used to simplify the governing equations is explained. With this
approximation, the nonlinear and coupled equations of motion in passive single stance are
simplified in Section [7.2] and then solved in Section [7.3l These solutions are key for the rest
of the analyses in this chapter, since through them all gait variables can be related to the
step angle and average walking speed. Group 2) Using the results of the sections in Group
1, the approximate constraints required to achieve a periodic walking gait are found in next
four sections: First, the approximate swing-thrust and push-off impulses required for a peri-
odic walk are calculated in Section [[.4l The range of possible retraction impulses for feasible
periodic walking is approximated in Section [Z.5] and the conditions for instantaneous sup-

port transfer are approximated in Section [T.6l In Section [[.7] the approximate minimum and
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maximum walking speeds, and the approximate maximum step angle are derived. Group
3) The goal of the next two sections is to calculate the required parameters to approximate
the energetic cost of the gait. Section [7.8 provides the approximate solutions for the veloc-
ities before and after the impulsive events. These solutions will be used in Section to
approximate the work and cost of each impulse. Group 4) Finally, using the results of the
previous sections, the optimal retraction impulse that minimizes the energetic cost per step
is derived. First, in Section [Z.I0l it is shown that the extensional retraction torque is not
energetically optimal in the entire admissible region. Then, the optimal retraction impulse
and retraction rates are calculated in Sections [[. 1] and [T 12l At the end, the chapter is

summarized in Section [T.13

All the approximate analytic solutions presented in this chapter, except for the approx-
imate stance leg dynamics in Section are the contributions of this work. In fact, based
on the best of my knowledge, this is the first time that approximate analytic solutions are

provided for almost all gait parameters of a bipedal model with non-massless legs.

7.1 Small-Leg Mass Approximation

In this study, I partially adopt the approximation [ =myeg/mio < 1 from Garcia et. al. [46]
to simplify the governing equations. This approximation is based on the fact that in many
practical bipedal systems, including humans, the leg mass constitutes a small fraction of the
total mass. For example, in humans only 16% of the total body mass is distributed in each
leg. In [46] the above approximation was used for a model in which legs mass is concentrated
at the feet. Although we can use the same approximation for the biped model in Fig. 5.1l
the differences between the models motivate some modifications in the approximation. In
particular, in Fig.[5.1] the leg mass can be arbitrarily distributed and the leg CoM is at an

arbitrary distance b from the hip. Since b can vary among different models, any proposed
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modifications in ‘f < 1’ should somehow take this variability into account.

For the biped shown in Fig.[5]] a candidate parameter equivalent to /5 = mjeg /Mot 18

Mieg b
A= ) 7.1
Mot £ ( )
Because myq; > 2miee and £ > b, the range of A is
0<A<0.5. (7.2)

A=0 corresponds to the case where the legs are massless (me, =0), or the leg mass is
concentrated at the top of the legs (b=0). The maximum value of A\ occurs when all the
biped mass is equally concentrated at both feet (myor =2 mjeq, and b=~¢). For humans and
many robots A is typically very small. For example, for the Cornell Ranger A =0.07 [12],
and for the human subject data in Table 5.1 A= 0.06.

The parameter A determines the degree to which the motion of the biped’s CoM (or
equivalently the motion of the stance leg) is influenced by the swing leg. For example, as
mentioned above, for A =0 the legs either are massless or have their mass concentrated next
to the hip. In either case, the motion of the biped’s CoM is completely decoupled from that
of the swing leg. Since A is typically small in many practical systems, including humans, it
is reasonable to use A =~ 0 to simplify the governing dynamics. This is equivalent to ignoring

the small effects of the swing leg motion on CoM (stance leg) dynamics.

The advantage of using A~ 0 instead of mjey/Muor = 0 is that A is typically smaller than
Mieg /Mo, SO nNeglecting it provides more accurate approximations. For example, for the

model parameters in Table 5.1, A =0.06, whereas mjeg /Mo = 0.16.

7.2 Approximate Dynamics in Passive Single Stance

The governing dynamics in passive single stance is described by the EoM in (511 with

details provided by (B.I)) and (B.2)). These equations are coupled and nonlinear, and cannot
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be solved analytically in the general case. In order to find closed-form solutions for the
stance leg and hip joint angles, i.e. 6(t) and ¢(t), these equations are simplified in a few

steps, explained below.

The parameter A appears in the first row of (B.I)) and (B.2)), and, as explained in Section
[T, quantifies the small coupling effects of the swing leg motion on stance leg dynamics.
Using A~ 0, we can ignore these small coupling effects and focus on only the dominant
behavior of the stance leg dynamics. In mathematical terms, because A < 1, the terms in
the EoM that include A are much smaller than the others, and can be neglected. Note that in
(B.1) the non-dimensional parameter ¢ is multiplied by A\. However, because § is not a large
number (typically smaller than 1, as shown in Section [5.1.T]), it does not cause problems for

the approximation above.

In the next step, I partially linearize the governing equations using first-order small angle

approximations, e.g., sinf =6, and cosf =1.

With the above small-leg mass and small angle approximations the simplified EoM can

be expressed as

s g ~
650 (7.3)
g/t —6*

o+ I T ;

7 9
¢=-70 (7.4)

where the first equation is also used to simplify the second one. In this chapter, the accent

(~

" is used over the approximate variables to distinguish them from non-approximate ones.

Equation ([Z3]) represents the approximate stance leg dynamics and describes the (lin-
earized) motion of an isolated inverted pendulum. Equation (IZ4]) represents the approximate
swing leg dynamics and describes the (linearized) motion of a non-inverted pendulum with
a moving support. The centripetal acceleration of the hip along the vertical reduces the
effective gravity on this pendulum (the coefficient of <;~S), and the horizontal acceleration of

the hip (the right hand side of (7.4])) acts as a forcing function for swing dynamics.
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7.3 Approximate Analytic Solution of Passive Single Stance

7.3.1 Stance Leg Motion

As expected, the stance leg approximate dynamics are decoupled from the swing leg motion.
Equation (7.3]) is an ordinary differential equation subject to the boundary conditions defined
at both ends of the passive swing: 0(0) = —0(T) =« (see Section [5.3.1)). The solution of this

equation for 0 <t < T is:

o

o(t) = T sinh(w (t — T/2)), (7.5)

where
wi =g/t (7.6)

is the stance leg’s approximate characteristic frequency. As for the exact solutions, é(t) only
depends on o and T', which are uniquely calculated from the step length and average forward
speed (av=sin""(0.5 Dyep/l) and T = Dy, /V). Interestingly, the approximate stance leg
angle é(t) has odd symmetry about mid-stance. This implies the even symmetry of the

stance leg angular rate 9(1&) during passive single stance.

Verifying the accuracy of the approximate solution in ([ZH]), Fig.[[I] compares the ap-
proximate analytic and the non-approximate numerical solutions of the stance leg angle, i.e.
é(t) and 6(t), for V=1.24m/s and a=31.61°. The model parameters are those in Table
6.1 The evident accuracy of the approximate analytic solution in this figure holds for al-
most all other step angles and speeds in the admissible region (defined in Section [5.4.4]), but
degrades outside this region (which is not the focus of this work). Fig.[ZIl also shows that

the odd symmetry of the stance leg leg angle in passive single stance is also valid for the

non-approximate numerical solution.

Given the step angle o and average walking speed V' (or the step period T'), we can

differentiate (73) to calculate A(t) and get the following approximate solution for the stance
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Figure 7.1: Stance-leg and hip-joint angles for walking at V' =1.24m/s and a=31.61°.
The model parameters are those listed in Table 5.1l The evident accuracy of the approximate
analytical solution in this figure holds also for almost all other step angles and speeds in the
admissible region (defined in Section [(5.4.4]).

leg angular rate at the beginning and end of the symmetric passive swing:

bo = 017, = = tanh(w7/2)

w1 w1

T tanh(¢w; sina/V) (7.7)

This equation is the approximate closed-form version of (5.12).

In Fig.[T.2al the approximate angular rate éo is compared to the original non-approximate
6, for different step angles and average walking speeds in the admissible region (see Section
B47). The non-approximate 6, is calculated from the numerical solution of the original
EoM, given in (5.I1]). As it is seen, the accuracy of the approximate solution is very good
at small step angles and fast speeds, but it degrades at slower speeds and long steps. In this

figure V;, is the maximum GRF-based speed limit, given by (5.30).

7.3.2 Swing Leg Motion

Although (Z4) is linear in ¢, it has a time-varying coefficient (# is a function of time),
which makes it difficult to solve. To overcome this difficulty I use another approximation:

As seen in Fig [71], the variations of 6(t) during single stance is small, so 6(t) can also be
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approximated as a line: 0(t) ~ pt+ «, where

2a0 aV

p:_T__Esina

(7.8)

is the average angular rate of the stance leg. Now, by approximating 6 with p (neglecting

the small variations of é) the swing leg dynamics are simplified as
b+ wid=wld, (7.9)
where

2 _ 2
wy —p

5

(7.10)

Wo =

Equivalent to wq, the quantity ws is the approximate effective characteristic frequency of the

swing leg. Equation (Z.I0) is defined for w? > p?, or equivalently when

sin o

«

We will see in Section that the above condition is met for all feasible walking gaits (for
all V' less than the GRF-based maximum walking speed). Now, because 6 is already known

from (Z5)), we can solve (Z.9) subject to the boundary conditions ¢(0) = —¢(T) = —2a (see
Section B.3.1]). This results in

con ~ 1+n)a .
o(t)=(n—1)0(t) + m sin (wa(t —T/2)), (7.12)
where
n= ﬁ (7.13)

Similar to the stance leg angle, Qg(t) has odd symmetry about mid-stance. Therefore, the hip

rate ¢(t) has even symmetry in passive single stance. These symmetry properties were also

observed for the numerical low-energy solution in Fig.

Fig. [ 1] verifies the accuracy of the above approximate solution for V' =1.24m/s and

a=31.61°, where qz(t) is compared against the corresponding symmetric numerical solution
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Figure 7.2: Comparison of the approximate (analytic) and the accurate (numer-
ical) angular rates at the beginning of the passive swing for different step angles and
average walking speeds in the admissible region (see Fig.[5.8). The approximate angular

rates 0y and ¢, are calculated from the analytic solutions in (Z7) and (ZI4)). The non-ap-
proximate angular rates 6y and qbo are calculated using the numerical solution of the original
EoM, given by (B.11]). For clarity, the results for only four selected average speeds are shown.
The calculations are based on the numerical values listed in Table (.l V;, is the maximum
GRF-based speed limit, given by (5.3€). For the respecting parameter set V,, =3.18 m/s.
The figures show that the accuracy of the approximate solutions is very good at small step
angles, but it degrades at long steps and slow speeds.
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of the original (non-approximate) EoM in (G.I1)). The accuracy of the approximate analytic
solution observed in this figure holds for almost all other step angles and walking speeds
in the admissible region, with some degradations at very long steps (where the small angle

approximation used to derive (.4]) does not hold much).

Using gzg(t) given by (ZI2)) and symmetry of the solution, the approximate hip rate at the

beginning and end of the passive swing is calculated as

Wo Y

Q;O:Q;tpr:(n_l)éO‘l‘(l“‘n)ma

(7.14)

where 6, is given by (7). This equation is the approximate closed-form version of (5.13]).

Fig. [Z.2D compares the approximate angular rate (;;0 with the non-approximate qBo at
different step angles and average walking speeds in the admissible region (defined in Section
5.4.4). do is calculated using the numerical solution of the original EoM, given by (B1T).
Other conditions are explained in the figure caption. As this figure shows, the accuracy of
the approximate solution is very good at small step angles and fast speeds, but it degrades
at slower speeds and long steps. This is not surprising, as the small-angle approximation

used to linearize the dynamics does not hold much for large step angles.

The approximate analytic solutions of 6y and ¢y, given by (C1) and (T.I4]), are key for
the analyses in the rest of this chapter. In fact, all other gait parameters are related to the
step angle a and average walking speed V' wia these solutions. In the next four sections, the

approximate constraints required to achieve a periodic walking gait are calculated.

7.4 Approximate Swing-Thrust and Push-Off Impulses

The non-approximate swing-thrust and push-off impulses required for a periodic gait are

given by (5.26) and (5.27)). Simplifying those equations by neglecting small terms that
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involve \ gives the corresponding approximate impulses:

S = 0 1mueg £, (7.15)
~ e R
P=— (mtot {0y + 7) tan a, (7.16)
where
- * 2sina
Qa, V) = ¢ + 5 0o (7.17)

is the approximate change in the hip rate due to the swing-thrust impulse [see equation
(Z38)]. In the above equations y and ¢, are given by (Z7) and (ZI4). The accuracy of the

above approximate solutions will be verified in Chapter [8l

For given biped parameters, the approximate swing-thrust impulse in (ZI5]) is solely a
function of step angle o and average forward speed V' (90 and QSQ are fully determined by
a and V). Although S is not a function of retraction impulse R, there would be a small

dependency between them if A was not neglected.

Using (7.16]) we can find
P tan o

R~ ¢

< 0. (7.18)

In other words, the approximate push-off impulse decreases with the retraction impulse.
This observation motivates further investigations with non-approximate equations and leads
to the discovery of one of the novel advantages of active swing-leg retraction, which will be

presented in Chapter [8l.

The push-off impulse calculated using the powered simplest walking model [47] (effectively
massless legs) is P = —myo ¢ 0o tan . Although P in (CIG) gives the same value if the legs
are massless (R =0 for massless legs), it provides a more accurate prediction for realistic

models with non-negligible leg mass.
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7.5 Approximate Minimum and Maximum Retraction Impulse

In this section the approximate range of possible retraction impulses for feasible periodic
walking is calculated. The lower and upper bounds calculated here will be used in Section

[CI1lin the search for the optimal retraction impulse.

7.5.1 Ensuring Heel-Strike and the Minimum Required Retraction Impulse

As discussed in Section (.3.2] ensuring heel-strike immediately after the impulsive push-off

and retraction, i.e. at ¢, requires that the swing foot moves downward at ¢.. This condition

was expressed by (5.20) as a negative swing foot velocity prior to heel-strike:
Gne(t5:) = Ly cosa+ Csina (20, + by ) <0, (7.19)

In a periodic walk with given step angle o and average speed V', we can use the push-off-
retraction velocity map in (5.14)), the push-off impulse in (27), and A= 0 to simplify and

approximate the above equation as
Yoo (E5) & —thfl%—éo ¢ sina < 0. (7.20)
swing pr 5 mlog b £
Thus, the approximate condition for ensuring heel-strike in a periodic gait is
R > 61mieg £b (Q + 90) = R0, V), (7.21)

where 6, and Q are given by (Z7) and (ZI7). At R=TRumm the leading leg touches the
ground with (approximately) zero vertical velocity, but since its horizontal velocity is still

non-zero the foot-ground contact is collisional and includes energy loss.

Equation (7.21)) gives the approximate minimum retraction impulse required for periodic
walking. Fig. 73 shows the contour lines of Ry, for step angles and speeds in the ‘ap-
proximate admissible region’ (defined in Section [.7.3). If the maximum available retraction

impulse is not large enough to satisfy (T.2I]) for some range of o and V', periodic walking
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Figure 7.3: Contour lines of the approximate minimum retracting impulse, Ry,
required to enforce heel-strike. The shaded area is the approximate admissible region,
defined in Section [T.7.3] The approximate solution predicts that for step angles and speeds
above the contour line ﬁmin =0 a retracting hip torque (R >0) is required at the end of
swing phase to ensure heel-strike. The vertical axis is the normalized average walking speed

V =V/V,, where V,, is given by (Z.32). The model parameter values are those in Table E.1}
may not be achieved in some portion of the admissible region. In particular, the approx-
imate solution predicts that for step angles and speeds above the contour line R, =0 in
Fig.[[3], a retracting hip torque (R >0) is necessary at the end of swing phase to ensure
heel-strike. In other words, periodic walking is likely not feasible in that region without a
retracting hip torque, at least to the extent that is predicted by the approximate solution.
This observation leads to discovering one of the important advantages of swing-leg retraction

which is discussed in the next chapter.

7.5.2 Approximate Maximum Allowed Retraction Impulse

Since the push-off impulse cannot be negative, we can use the constraint P >0 with P given

by ((C.10), to find the approximate maximum retraction impulse at any given step angle «
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and average walking speed V. This results in
R < R (@0, V) = — 1105 £2 O, (7.22)

where 6, is given by (7). This equation is the approximate closed-form version of (5.28).
In Section [7.11] we will see that the above upper bound on R is not an active constraint
for energetic cost minimization purposes, and (Z.22]) is spontaneously satisfied for energy

optimal gaits.

7.6 Approximate Condition for Instantaneous Support Transfer

The impulsive walking gait includes an instantaneous support transfer (instantaneous double-
support) in which the previous support leg (the trailing leg) loses its contact with the ground
immediately after the collisional heel-strike, and the support is transferred to the leading
leg. As discussed in Section and stated in (B.21]), this is met only if the vertical velocity

of the trailing foot immediately after heel-strike is positive:
y'ftrailing(tﬁ_) = _g Sina <2 etr _I_ ¢tr> > O (723)

In order to find the approximate requirements that satisfy this condition, we can use the
heel-strike velocity mapping in (5.19), the push-off impulse relation in (5.27), and A~0 to

approximate gy, .. (t) as below:

) 2/¢sina (6 — sin®a) *
yftrailing(tﬁ_) ~ = (5 ) 90- (724)

In the above equation, éo is always negative [see ([T7))]. Thus, the condition of instantaneous
double-support can be approximately expressed as the following upper bound on the step
angle:

o < sin"WVE. (7.25)
For model parameter data in Table .}, this upper bound becomes 0.917¢ (52°) which is

greater than the maximum possible step angle (0.72'%=41.39°) in the admissible region
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(see Section [T.74]). Thus for this data set the toe-off condition in (7.23)) is not a limiting
constraint, and instantaneous double-support is spontaneously obtained for all &« and V' in the
admissible region. In other words, in the process of calculating the optimal retraction impulse
in ([6.73]) or in Section [Tl the toe-off constraint can be dropped from the optimization
problem. If for some models ¢ is too small (leg mass is concentrated close to the leg CoM

that is close to the hip) the constraint in (7.25]) may reduce the size of admissible region.

7.7 Approximate Admissible Region

In Section (.44l the admissible region was defined as the area in the a-V plane that is
enclosed between the step-angle dependent minimum and maximum average walking speeds,
given by (5.29) and (5.3T)). In the following, approximate solutions for those boundaries are
provided. These solutions will be used to define the ‘approximate admissible region’, the

focus of the analyses in this chapter.

7.7.1 Approximate Minimum Allowed Average Walking Speed

In (529) the minimum allowed walking speed was defined based on the condition of non-
negative swing-thrust impulse S. Rewriting (5.29) by substituting Vi, («) and S with their
approximate versions Vmin(a) and S, where S is given by ([C.I5]), the approximate minimum

allowed average walking speed f/min(a) can be calculated from

V> Van(a) Qo Vi) = 0, (7.26)

where Q(a, V) is given by (Z17). Therefore, in the approximate admissible region > 0.
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7.7.2 Approximate GRF-Based Maximum Average Walking Speed

In (5.37)) the upper bound of the average walking speed is defined based on the condition of

non-negative centripetal GRF, given by (5.30). Rewriting (5.30) in terms of A gives:
GRF, = myuo ¢ <w% cosf — 92> + Mot £ A <92 + cos ¢ (9 + ¢)2 + sin ¢ (gb +0 )) , (7.27)
where wy is given by (Z6). For A~ 0 the condition GRF, >0 is approximated as
éz(t) <w?cosf(t) foralltin 0<t<T. (7.28)

Although this inequality should be held during the entire passive single stance, it is only
necessary to check it at either end of this period. This is because of the symmetry of the

stance leg motion, and that for all ¢ in passive single stance the following are valid:

1. 9(t)2 <9(2], since the stance leg moves slower as it approaches vertical, and
speeds up as it falls.

2. 160(t)| < «, and thus cosa < cos6(t).

Based on the above, equation (7.28)) can be reduced to

02 < w?cosa. (7.29)

The above inequality can be combined with the closed-form solution of éo in (T.7) to find

_ sin v
~ tanh'(a/\/cosa

The step-angle dependent Vmax(oz) is the approximate GRF-based walking speed limit.

V < Vigax (@) ) Cw. (7.30)

Defining @, and V,, respectively as the maximum [fo(cv, V)| and maximum V() for

all feasible walking gaits, we can can use (Z.29) and (Z.30) to find:
Op = max \éo\ = wy, (7.31)

V,, = max Vipax (@) = Vinax (0) = Lwy = £ &y, (7.32)



Recognizing that the above results are achieved using A~ 0, &, and Vj, are consistent with
their non-approximate versions, i.e. w, = max |90| =wi/vV1—=2X and V, =max V. (@) =l w,,
found in (5.35) and (5.3G).

Finally, it can be easily verified that for all a>0: a < tanh™'(a/y/cosa). Thus, the

approximate GRF-based walking speed limit Vi (), given in (Z30), always satisfies:

Vinax (@) < Vi(a), (7.33)

where VT(a) is given by (Z.I1) and is the maximum speed for which the approximate swing
leg frequency wsq, given by ([CI0), is defined. In other words, for all a and V' for which

periodic walking is feasible, wy exists, and all the above approximate solutions that include

o(t) or QTSO are valid.

7.7.3 Approximate Admissible Region

Equivalent to the original admissible region, defined in Section [£.4.4] the approximate ad-
missible region is defined as the set of step angles o and average walking speeds V' that
satisfy

Vmin(a) < V < Vmax(a)a (734)

where V(@) and Viax () are given by (Z26) and (Z:30).

Fig.[[.4] compares the approximate and the non-approximate admissible regions, calcu-
lated for the model parameters in Table (.l According to this figure, the approximate
admissible region (hatched region) covers the majority of the non-approximate (solid gray)
admissible region, and thus has a good accuracy. The upper boundary of the admissible
region is the GRF-based walking speed limit, given by (5.31)). According to Fig.[7.4] this

speed limit is well approximated by the corresponding analytic solution given by (7.30).
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Figure 7.4: Comparison of the approximate and non-approximate admissible re-
gions. The shaded area corresponds to the numerically calculated admissible region, defined
in Section (.44l The hatched area is the approximate admissible region defined by (Z.26])
and (Z30). The vertical axis is the normalized average walking speed. For the non-approxi-
mate numerical solution, the normalizing speed vV, is given by (5.30]). For the approximate
solution, the normalizing speed V,, is given by (7.32). For the numerical values used for this
figure (see Table 5.1)), V,, =3.18 m/s, and V,, =2.97m/s

7.7.4 Approximate Maximum Walking Step Angle

The approximate maximum walking speed in (.30) can also be used to estimate the max-
imum possible step angle in periodic walking. That equation is valid only for a < y/cosa.
Solving the latter for the equality case gives the approximate maximum possible step angle
as Apax = 0.82724 (47.2°). This value is very close to the accurate maximum step angle of a
biped with massless legs, which is amax‘ml o cos~1(2/3) 20.84*4 (48.2°) [95]. At both
these step angles the corresponding averagggwalking speed V' is zero. Note that this can be
accepted only if the defined lower bound of walking speed, given by (5.29) or (7.26), is not
considered. In fact, the above (unconstrained) maximum step angles Gp.x and amax‘

mngZO

are bigger than the one achievable in the admissible region, which is aya, = 0.727%4 (41.39°)
(see Fig.[[4).

Now, I intend to approximate the energetic cost of the gait to calculate the approximate
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energy-optimal retraction impulse. For this purpose, the approximate work of each impulse
should be calculated. This, in turn, requires to calculate the approximate velocities at phase

transitions. This velocity and work calculation is the subject of the next two sections.

7.8 Approximate Velocities Before and After the Impulsive Actions

In this section the approximate analytic solutions for the velocities before and after the

impulsive swing thrust torque, push-off force, and swing retraction torque are calculated.

7.8.1 Approximate Angular Rates Before and After the Impulsive Swing-Thrust Torque

According to the periodicity conditions in (5.24]) and (5.25]), the angular velocities after the
impulsive swing thrust, i.e. at ¢, is equal to those at the beginning of the passive swing.

s 7

This equality also holds for the approximate velocities. Thus

0,0 = 0o, (7.35)
b+ = o, (7.36)
where éo and qzzo are given by (7)) and (7.I4]). The velocity mapping of the impulsive swing-

thrust is given by (5:23]). Approximating this equation with A0, and replacing S, ét:, and

Q‘Stj with their approximations, i.e. S, 9tj> and giﬁtj given by (TI5)), (7.35), and (7.36), we

can find the approximate angular rates before the impulsive swing thrust as

s x 1-cos2a/d - :
b =y 18200 & G (7.37)
° Mot £

A0
PR S R N (7.38)
T Smegbl 0T ’

Using the definition of Q in (ZI7), equation (Z.38) can also be written as

gt 2sin’a x
Cbt; = - S bo- (7.39)
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Examining the expression of éo in (T.7) shows that in all cases 50 <0, leading to ta; > 0.
On the other hand, in the approximate admissible region >0 (see Section [[.7.1]). These
last two inequalities, together with (Z.38]) result in (;0 > (. Thus, in the entire approximate
admissible region gzzt: >0 and also ta; > (. This result will help us calculate the positive

swing-thrust work in Section [7.9.1]

7.8.2 Approximate Velocities Before and After the Impulsive Push-Off Force

As discussed in the previous chapter, in energy optimal gaits the impulsive push-off force

always starts immediately after the passive swing, at ¢;,. In this case, the approximate

o, are equal to those at the end of

velocities before the impulsive push-off force, i.e. at ¢

passive swing, which are given by (7.7), (714, and

b =1t =o. (7.40)

pr

The velocities after the impulsive push-off force depends on the relative timing of the
push-off and retraction impulses. As discussed in Section [6.4] for a retracting R, i.e. R >0,
energetic cost is minimized when the impulsive push-off force completely precedes the impul-
sive retraction torque. With this optimal relative timing, the velocities immediately after P
(at t;’ ) can be calculated by substituting R =0 in the push-off-retraction velocity mapping,

given by (5.14). Now, using A~ 0, we can find

6 = b, (7.41)
= H sin 2«

_ i 42
N

— 4
b = (7.43)

where the approximate push-off impulse P is given by (716]), and the angular velocities 0,
and ¢, are given by (Z.7) and (ZI4). To simplify the calculations of the retraction work in

Section [7.9.3] it is better to express giﬁtg in terms of the retraction impulse R. Substituting
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for P from (ZI6), and using the formula of  in (ZI7), equation (Z42) is further simplified
as
2 sin’a

(ét:; = Q _'_ 5mt0t 62 R (744)

Note that with the optimal relative timing of impulsive push-off force and retracting hip
torque (i.e. push-off then retraction) the impulsive retraction torque has not started at ¢
However, from (7.44]) it appears that R can change velocities even before the retraction
torque begins! This is because in a periodic gait the required push-off impulse P changes
with R, as shown in (5.27)). So, even when R is applied completely after t; , it can indirectly

influence Q‘Stg via the impulse P.

The post-push-off leg extension rate calculated using the powered simplest walking model
[47] (effectively massless legs) is ét;f =P /miot. Equation (7.43) gives the same result if the
legs are massless (for massless legs P is equal to the push-off impulse P of the powered
simplest walking model; see Section [T.4] for more details). However, with P given by (714,
equation (7.43)) provides a more accurate prediction for realistic models with non-negligible

distributed leg mass.

Following the procedure used to derive (Z.41))-(43), we can also find the approximate
post-push-off velocities for an extensional impulsive retraction torque, 7.e. R < 0. However, as
it will be shown in Section [[.10], the extensional retraction torque is not energetically optimal

in the admissible region, and thus no effort is made here to calculate those velocities.

7.8.3 Approximate Velocities Before and After the Impulsive Retraction Torque

Similar to the previous section, only a retracting hip torque, i.e. R >0, is considered here,

and the analysis of an extensional retraction torque, i.e. R <0, is left for Section (Z.10).

For energy optimal gaits, in which impulsive R > 0 is applied completely after impulsive

P, the velocities immediately before R, i.e. at ¢, are equal to those in (Z41)-(T.44).
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Using the same relative timing of P and R as above, the velocities immediately after the

impulsive retracting hip torque, i.e. at t} =t1, are given by the push-off-retraction velocity

pr

mapping in (5.14]). Approximating this equation using A~ 0 results in

: x > 1—cos2a/d
Htr+ = Ht;; = 90 + W R, (745)
~ v o sin 2o ~ R

_ _ _ - p__ - 7.46
¢tj ¢t;r ¢0 é‘ mtOt E 5 mleg g b ) ( )
¥ = P sin 2av

p— pu— -4
Etj Etg t Mot - 0 Mot ¢ " (7.47)

where the approximate push-off impulse P is given by ([L.I6]), and the angular velocities 6o
and ¢y are given by (Z7) and (ZI4). To simplify the work calculations in Section [T93} it
is better to express gz'ﬁtj in terms of the retraction impulse R. After substituting for P from

([ZI6), we can further simplify (Z46) using A~ 0 and the formula of  in (ZI7). This results

in

o ~ R
¢tj = ¢t;§r =

o RN — 4
3 Mieg bl (7.48)

7.9 Approximate Work and Energetic Costs

As shown in the previous chapter, for R > 0 energetic cost is minimized when the impulsive
retraction torque is isolated from the impulsive push-off force and is applied after it is
completed. With this relative timing, all three impulsive actuations, i.e. the impulsive swing
thrust and swing retraction torques and the impulsive push-off force, are isolated, and the
work equations in (63) and (64 can be used for all the three impulses. For R <0, however,
energy optimal gaits include overlapping impulses. But, as will be shown in Section [7.10],
R < 0 is never energetically optimal inside the admissible region. Hence, in this section, the
approximate work and energetic cost calculations are only provided for gaits with R >0,

and subject to the optimal push-off-then-retraction sequence.
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7.9.1 Approximate Work and Energetic Cost of Impulsive Swing Thrust Torque

Using (63) with Z=3S from (7I37), q'+:gz75ts+ from (7.36), and q'_:gz;t; from (7.39), the
approximate net swing-thrust work is calculated as
WS = S (ét; + (bt;r)

N~ N~

~ Y in2 T
5 Mieg DL Q) (¢0 . 281; a 90) , (7.49)

where éo, (50, and Q are given by (Z7), (ZI4), and (ZI7). Using the formula of Q in (ZI7),

the above equation can be further simplified as

~ 4 24 ~
i ) (7.50)

~ 1 > Ny
WSZ §5mlegb€(¢g—T9§

To approximate the energetic cost, we also need to find the positive and negative work.
As discussed in Sections [[.7.1] and [Z.81] in the approximate admissible region (i) S>0,
and (ii) the approximate hip rate before and after the impulsive swing-thrust torque (and
therefore throughout it) is positive. Therefore, the impulsive S does only positive work in

the approximate admissible region. This implies Wg =W, and WS_ =0.

Now, using the cost equation in (6.6]), the approximate cost associated with S is
ES = WS- (751)

Because Wg does not depend on the retraction impulse R, Egs is also independent of R. This
result will be used in Sections [7.10 and [Z.I1] to simplify the derivation of the approximate
optimal retraction impulse.

7.9.2 Approximate Work and Energetic Cost of Impulsive Push-Off Force

Since the optimal gaits with R >0 include isolated impulses, we can use (6.3]), with Z = P
from ([TI6)), ¢~ = ét; from (T40), and ¢ = étg from (C43)), to calculate the approximate net
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push-off work as

P2
2 Mgt
< 2
<mtot 06, + R/zz)
= tan’a. (7.52)

2 Mot

Wp =

It was shown in the previous chapter that in energy optimal gaits the impulsive push-off

force does only positive work. Thus, the approximate energetic cost of push-off is calculated

according to (6.68) as
Ep = Wp. (753)

7.9.3 Approximate Work and Energetic Cost of Impulsive Swing Retraction Torque

With the optimal push-off-then-retraction sequence (isolated impulses), the work formula in
([6.3) can be used with Z = —R (the positive directions of R and ¢ are opposite), ¢~ = giﬁt; = gz'ﬁtg

from (Z44), and ¢ = q'ﬁtj from ((L48), to calculate the approximate net retraction work as

~ 1 v v
We = =5 R (6, + 0y ) (7.54)
- R2
= RO+ ——. .
RQ+ 25 b (7.55)

Note that another round of approximation with A~ 0 was used to simplify (T.54]) to (T55).

In the approximate admissible region >0, so the pre-retraction hip rate ét; (= gz'ﬁt;),
given by (7.44)), is positive for all R > 0. This implies that for any step angle « and average
walking speed V' in the approximate admissible region the impulsive retraction torque always

starts with doing negative work. For 0 < R < R, where
RE = 5myes £0Q, (7.56)

the post-retraction hip rate Q%t:r, given by (7.48)), is also positive, and the impulsive retraction

torque does only negative work. For R > R}, however, the impulsive retraction torque does
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some positive work at the end, which can be calculated using ([6.4]) with the same substitutions
used for (.54]). Therefore, both approximate positive and negative retraction works are fully
resolved in the entire approximate admissible region. That is to say, given the step angle «

and average walking speed V' in the approximate admissible region

0 if 0<R <R,

WMWQ? it >R

W;{ — (7.57)
and Wg =Wx — W;{, where Wy, is given by ([755). Interestingly, except for the case where

Wf{ =0, Wx and Wf{ have the same dependency in R, and the approximate negative re-

traction work does not depend on R.

Finally, the approximate energetic cost of retraction can be calculated using (6.22]) as

ER = C W{{ — C9 Wﬁ (758)

Now, by adding the approximate energetic cost of individual impulsive force and torques,

given by (Z.51]), (Z.53]), and (Z.58]), we can calculate the approximate net energetic cost of the

gait. By minimizing this approximate net cost, subject to the approximate constraints found
in Sections [7.4] {7.7, we can calculate the approximate optimal retraction impulse. This is

the subject of the following sections.

7.10 Extensional Retraction Torque Is Not Energetically Efficient in the

Admissible Region

In order to investigate the energetic consequences of the extensional retraction torque, we
can examine 0Fg,/OR for R <0, where Eg., is the net energetic cost per step, given by
(6.2). Among different terms in Eg.,, the energetic cost of swing-thrust impulse, i.e. Es, has

a negligible dependency on R. This can be verified by noticing that the approximate work
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and energetic cost of impulsive swing thrust, i.e. Ws and Es given by (Z50) and (Z.51)), are

independent of R. Thus, the variations of Eg., with respect to R can be approximated as

8Ejs‘cep ~ 8E’PR
OR ~ OR’

(7.59)
where Epg is the net cost of push-off and retraction, given by (6.29).

In energy-optimal gaits, with any given step angle o« and average walking speed V in
the admissible region, both the impulsive push-off force and the impulsive extensional re-
traction torque (R <0) do only positive work (see Sections and [6.0). In this case,
Epr =c¢; (Wg +Wp), where the net retraction work Wy and the net push-off work Wp are

given by (6.14) and (6.19). Now, using Jyp = —Jyr from (5.I7), we can write

OEpr . 0 (Wr + Wp)
orR ! R

0 : 1 1
=15 (—¢OR—§J¢RR2+§%P2+%RP>
: oP oP
: ap

Using the push-off-retraction velocity mapping, given by (5.14]), and the velocity mapping

of passive swing, given by (5.13), the above equation can be simplified as

IR or IR
: . 9P
~ o (—cbt; + L ﬁ) (7.61)
_ 9Epr
== (7.62)

Now consider the following three facts:

e In optimal gaits with R <0 the impulsive push-off force continues until the
end of the push-off-retraction interval (see Section [6.4)), i.e. until #. This

implies that the stance leg is extending at ¢, and ét+ > 0.
pr

pr’
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e For all gait parameters 9P /OR < 0, as shown in (ZI8).
e In the approximate admissible region, any extensional R, i.e. R <0, results in
‘th; > 0. To verify this, use the formula of thgr in (Z48) and recall that Q is

non-negative in the entire approximate admissible region (see Section [[.7.1]).

Therefore, for any given step angle o and average walking speed V in the approximate

admissible region, and for any given R <0, all the terms in (7.61]) are negative, and

aEwwstep o aEPR
OR ~ OR

<0. (7.63)

This equation implies that in the approximate admissible region the net energetic cost Estep
monotonically decreases as R increases in R <0 (i.e. R — 07). In other words, the approx-
imate optimal retraction impulse R* that minimizes Esmp in the approximate admissible

region follows R* > 0.

7.11 Approximate Energy Optimal Swing-Retraction Impulse

The approximate total energetic cost per step is given by
Estcp = Eg + Ep + ER, (764)

where the individual approximate energetic costs Es, Ep, and Ex are given by ([C.51), (Z53),
and (T.58). Given the step angle a and average walking speed V' in the approximate admis-
sible region, the approximate optimal retraction impulse R* is determined by minimizing
Esmp(oz, V') subject to Romin < R* < Ronax, where the lower bound R, is imposed by ((C21)
to ensure heel-strike, and the upper bound Ry is imposed by ([722)) to ensure a positive
push-off impulse. Because in the admissible region R* >0 (see the previous section) the

range of approximate optimal retraction impulse is reduced to

max(0, Ruin) < R* < Runax- (7.65)
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Among the cost terms in Esmp, the swing-thrust cost Eg does not depend on R (see Sec-
tion [[.9.1]). Thus, the optimal retraction impulse R* that minimizes Estep also minimizes

E’pR = Ep + ER

Using the approximate push-off cost Ep in ([C53), the approximate push-off work in

([752), and the formula of Ry, in (722), we get

9 _ o] éo <1 - L) tan o (7.66)
IR Mot £2 by
=0 éo <1 — R/ﬁmax> tan «, (7.67)

where 6 is given by (Z1). Because 0o is always negative, respecting R < Rumax results in

OFp
— < 0. .
T <O (7.68)

In the above equation, the equality occurs only when R = Rumax. Thus, the push-off cost Ep
monotonically decreases with R in R < Roma.

Using the approximate retraction work and cost, given by (Z.55])-(7.58), we get

ob, | @Q(1-R/R) i 0<RER
O (7.69)
IR —1 Q (1 - R/fzi) if R>R

where Q and RY are given by (ZI7) and (756). In the approximate admissible region >0,

so for the both cases in the above equation
OFExr
—— > 0. 7.70
R (7.70)
Now, with ((T.66)-(Z.70), consider the following three facts.

e Epg is a smooth (differentiable) function of R. Therefore, its minimum in
the region R > max(Rumm,0) is either at the boundary of this region, i.e. at
R = max(Rumin, 0), or at the stationary points (0Epr/OR =0) that are local

minima (0% Fpg /OR2 > 0).
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e Epg has only one local minimum (9Epg/OR =0 has only one solution for

which 82FEpg JOR?>0) in R> R}, which, after using A~ 0, is calculated as
7@’{ = 0 Myeg £ b (Q — éo tan2a> ) (7.71)

Recognizing that 6y <0 [see (Z.7)] and that Q>0 in the approximate admis-
sible region, it is easy to verify that R* >R > max(Rumin, 0), where Ry, and
RY are given by (7.21)) and (756). Moreover, using A~ 0, one can easily show

that Roax > 7%’{, where R is given by (722)). Thus 7@’{ satisfies the bounds
in ((Z.65).

e If Epp has a stationary point in 0 <R <R, it can be only a local mazi-
mum. This can be explained as follows: dEpr/0R=0Ep/OR +0Ex /OR is
a piecewise-linear function of R, so it can become zero (stationary point) at
most in one point in the region 0 <R <R¥. On the other hand, at the end
of this region, i.e. at R =TRY, we have dEpgr /IR <0 (since dEp/OR <0 and
OFEr /OR =0), implying that Epgr decreases after the stationary point, if that

point exists. This feature is only consistent with a local maximum.

Therefore, the minimum of Epgr subject to (765)) is at either 7%’{, or max(Rumin,0). By
comparing the value of EPR at these two candidate points, we can find the minimum point.

Based on the sign of 7~€min the following two cases are possible:

1. Ruin <0, resulting in max(Ruyin, 0) =0. In this case, if
EN”/)R(,/%T) > EP’R ‘ , (772)
R =0+

or equivalently if (after simplifying (7.72)) using A ~0)

& > 9—~0 tan®o — 2 @ tan’a, (7.73)
Q Q

the optimal retraction impulse is R* =0, otherwise R* = 7%’{
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2. Ruin >0, giving: max(Rpin, 0) = Rouin. In this case, if
ENIPR(,]imin) < EPR(,]%T), (774)

or equivalently if (after simplifying (7.74)) using A ~0)

e > —1+cos a, (7.75)
&1

the optimal retraction impulse is R* = Rupin, otherwise R* = 7%’{

In summary, for any given step angle a and average walking speed V' in the approximate
admissible region, defined by (:34]), the approximate energy minimizing retraction impulse
is

.

0 if Ruin <0, and (Z73) holds,

R* =S Rum if R >0, and (Z75) holds, (7.76)

R Otherwise.

\
where 6y, 0, Rumin and R* are given by (77), (T17), (7-21), and (7.71).

Interestingly, the above result predicts that the swing-leg retraction torque is not always
energetically efficient. In fact, depending on the positive and negative work efficiencies, there
might be a range of a and V for which R* is either zero or Ruy,. In the latter case, energy

minimization still favors not applying a retraction torque, but to ensure heel-strike at least

R = Romin has to be applied (see Section [.5.1]).

Depending on the ratio of the positive and negative work efficiencies of the actuators
involved (i.e. ¢3/c1), the approximate optimal retraction impulse R* can divide the approx-
imate admissible region into three areas corresponding to R* =0, R* = Rumin, and 7@27@’{.
However, within each of these areas the optimal retraction impulse is independent of the work
efficiencies. In the next chapter, we will see that these areas also depend on the contribution

of actuator work to heel-strike energy loss.
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An important point that should be noted here is that for

6
< = —2 tan’a (7-77)
C1 Q
aEstep J/OR > 0, implying that the net cost increases as R grows from zero. This result,

R =0+
as well as the observation that Eg., monotonically decreases as R < 0 approaches zero (shown

in the previous section), indicates that the energetic cost Estcp can potentially have a local

minimum at R =0. In other words, when (Z.77)) holds, E., has two local minima: one at
R =TRj, and the other at R =0 (provided that the constraint associated with Romin is 1Ot
considered, otherwise the second local minimum is at max(Rupin, 0)). Moreover, if these local

minima result in equal energetic costs, then R* has two distinct solutions. This occurs when

either (Z.73)) or ([Z.79) is satisfied with equality.

The above problem is caused by the non-smooth positive-value function used to calculate
the energetic cost (for calculating the positive and negative work). Thus, the same problem
can also exist in the non-approximate solution. In fact, this is the case and will be discussed

in detail in the next chapter.

The existence of two local minima causes discontinuous jumps in R* when varying the
step length or speed. This jump occurs as the global minimum switches from one local
minimum to the other. This can have consequences in numerical optimization, so extra
care should be practiced to ensure that the solution is not trapped by the non-optimal local
minimum. Also note that while the local minimum at Rj is smooth (the objective function
is differentiable), the one at R =0 has different left and right derivatives, and thus is not
smooth. This can cause difficulty for numerical optimizations, but can be overcome using

smoothing techniques, such as the square-root smoothing technique used in Chapter 2.
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7.12 Approximate Energy-Optimal Swing Retraction Rates

Different researchers have used different definitions for the ‘swing retraction rate’. In [61] [62]
it is defined as the angular speed of the hip joint (angular rate of the swing leg relative to the
stance leg) prior to heel-strike, whereas in [59, [63] [65] it is defined as the absolute angular
speed of the swing leg prior to heel-strike (relative to the inertial reference). To avoid
confusion, I refer to these respective speeds as the hip-joint retraction rate, denoted by ¢hip,

and the swing-leg retraction rate, denoted by ¢1Cg. These retraction rates are given by

Yhip =~ (7.78)

Preg = — (@; + ét&) . (7.79)

Note that the positive direction of the retraction rates is opposite to that of the hip rate and

the swing leg angular rate, to comply with the term ‘retraction’.

Given the above definitions, we can use the approximate optimal retraction impulse
R*, found in the previous section, to calculate the energy-optimal swing retraction rates.
Evaluating the approximate hip rate q‘ﬁtgr, given by (748), at R =7R*, and simplifying the

result with A =0, gives the following approximations for the optimal hip-joint retraction rate:

p

—Q if R* =0,

Ui =14 if R = Ronins (7.80)

—éo tan’or  if R* = R}

\

Similarly, the optimal swing-leg retraction rate takes the following three approximate values:

(

—(9+hy) R =0,

Yhg =14 0 R = R, (7.81)

—éO/COSQOz if R* =R
In the above equations, éo and Q are given by (Z.7) and (Z.17).
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Interestingly, the above approximations predict that swing-leg retraction is not always
energetically advantageous. In fact, for the pairs of («, V') for which R* = Ronin, OF equiv-
alently when (7.75]) holds, energy optimal gaits exhibit neither a retracting hip joint nor
a retracting swing leg (corresponding approximate retraction rates are not positive). Fur-
thermore, a retracting hip-joint is also not observed in energy optimal gaits with R*=0.
These results suggest that the positive and negative work efficiencies of the actuator plays

an important role in energy-optimality of retraction.

7.13 Summary

In this chapter, approximate analytic solutions were found for many gait variables. The
main approximation used in this process was A =mjeg b/ (Mot £) =~ 0. Almost all the analytic
solutions found in this chapter are parts of the contributions of this work. The importance
of these simple closed-form analytic solutions is that they provide very useful insights into
how different aspects of a gait are influenced by each other and by different gait parameters.

For example, the approximate analytic solutions predict that

The swing-thrust impulse has a negligible dependency on the retraction im-

pulse.

e The push-off impulse decreases with the retraction impulse.

e Without a large enough retraction impulse, walking is not feasible for some
range of walking speeds and step lengths.

e Swing retraction is not always energetically efficient, and its optimality de-

pends highly on the ratio of positive and negative work efficiencies of the

actuator.

These predictions are only based on the approximate analyses and should be confirmed using

the accurate numerical calculations. This will be studied in the next chapter.
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Chapter 8

ADVANTAGES OF SWING-LEG RETRACTION

One of the characteristics that are common among different gaits of many legged organisms
is swing-leg retraction, the rearward rotation of the swing leg prior to heel-strike. Chapter
[I] discusses some of the advantages of swing retraction that have been discovered by other

researchers. These include

1. improving stability of the gait,

2. improving disturbance rejection,

3. enabling a better state estimation,

4. facilitating foot clearance prior to heel-strike, and

5. reducing the risk of slippage at heel-strike.

There might be other advantages to this motion that have not yet been discovered, or that
are currently not well understood. For example, the numerical results in Chapter [3] showed
that swing-leg retraction can reduce the net energetic cost by reducing the relative foot-
ground speed at touch-down; at least for the model parameters used in the corresponding
gait optimization. However, that is not necessarily the entire picture. In the previous
chapter, the approximate analytic solutions showed that there might be some cases in which
retraction is not energetically favorable. Other possible advantages were also suggested by
the approximate analyses in the previous chapter, and motivate more detailed investigations

using non-approximate equations. These investigations are the subject of this chapter.

In this chapter three more benefits of swing-leg retraction are added to the list of 5
advantages above. Among those, the two advantages explained in Sections [B.I] and [8.2] were

not known before, at least to the best of my knowledge. The last advantage, presented in
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Section B3] was known before, but the complete picture of it and its determinant factors are

parts of the contributions of this work.

This chapter is organized as follows. First, in Section [8.1I] the dependency of the push-off
impulse on the swing-retraction impulse is studied. Section describes the influence of
retraction on walking speed limit and step length. Finally, the energy optimality of swing

retraction is examined in details in Section .3l At the end, the chapter is summarized in

Section R4l

8.1 Less Push-Off Force Is Required With Swing-Leg Retraction

It was shown in the previous chapter that the approximate swing thrust impulse S is in-
dependent of the retraction impulse R, whereas the approximate push-off impulse P does
depend on R and decreases with it. Motivated by this observation, I numerically examined
the influence of R on the non-approximate swing-thrust and push-off impulses, i.e. S and P
given by (5.26) and (5.27). Fig. Rl shows the percentage change of these impulses with R
for a walking gait with V' =1.38 m/s and T'=0.54 s (typical humans’ preferred walking speed
and step period). As this figure shows, both S and P decrease with R, but the reduction of
S is so small that it can be neglected (S decreases less than 1% as R increases from 0 to 10
Nms). In contrast, the changes in P are more substantial and should not be neglected. The

slope of the variations of P with respect to R is approximated by the analytic solution in

(CIR) as OP/OR ~ — tan a/{, where « is the step angle and ¢ is the leg length.

The different dependencies of swing-thrust and push-off impulses to the retraction impulse
can be explained as follows. The negligible influence of the retraction impulse on the required
thrust impulse is because the swing thrust is isolated from retraction by heel-strike. After
heel-strike, the motion of the new stance leg (the previous swing leg) is constrained by the

hip motion, and the effect of retraction torque on leg velocity does not transfer much to the
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Figure 8.1: Percentage variations of the required swing thrust impulse & and
push-off impulse P with the retracting impulse R. The graph is plotted for the average
walking speed and the step period of V' =1.38m/s and T'=0.54s. The variation of each
impulse is calculated relative to its corresponding value at R =0. The model data are those
in Table 5.Il The numerical results are calculated using the non-approximate equations
in (5.26) and (5.27), whereas the approximate analytic results are calculated using (7.15)
and (ZI6]). Consistent with the predictions of approximate analytic solutions, the exact
numerical results show that the push-off impulse P decreases with the retraction impulse R,
whereas the swing thrust impulse S has a small dependency in R which has been ignored in
the approximate analytic solution.

next step. However, this is not the case for push-off and retraction, which occur at the same
phase of the gait cycle. More importantly, the mechanical coupling in the system links the
push-off and retraction impulses to each other. The retraction torque (force) applied by the
hip actuator on the swing leg induces a reaction force on the hip. This reaction force pulls
the hip up and tends to extend the stance leg, so less push-off impulse is required for a given

pre-heel-strike leg extension rate /.

Arguably, the push-off reduction effect of the retraction torque is not limited only to
the simple model used in this study. As shown in Fig.[8.2 the same action-reaction and
mechanical coupling should be valid for realistic bipedal systems as well. Therefore, in these

systems active swing-leg retraction can have the same influence on push-off force.
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Figure 8.2: Retraction torque and its reaction on the hip. The hip applies a retracting
force (torque) on the swing leg and pushes it back. In reverse, a reaction force is applied to
the hip by the swing leg. This reaction force pulls the hip forward and reduces the required
push-off force for given step length and walking speed.

Thus, the 6 advantage of swing retraction is:
the swing retraction torque reduces the required push-off force for a periodic walk.

The advantage of a reduced push-off force can be twofold:

e First, less cost is involved with generating a reduced force/torque. For exam-
ple, in DC motors the armature loss (the energy loss in armature resistance) is
proportional to torque-squared. So, a smaller torque implies less energy loss,
and thus less input power per unit output torque.

e The second benefit of a reduced push-off force is that it does less mechanical
work (see the push-off work equations in Section [6.3.3)). Therefore, with a
work-based energetic cost, the reduced push-off work can potentially decrease
the net energetic cost, if the increase in retraction cost does not exceed the

decrease in push-off cost. This potential advantage will be closely examined

in Section B3l
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8.2 Swing-Leg Retraction Enables Faster Walking Speeds and Shorter Steps

In order to walk with a desired step length and speed, the swing foot should move down-
ward at the end of the step to make a new foot-ground contact (heel-strike) and become
the new stance leg. For the impulsive gait shown in Fig.[5.2] this condition is expressed
a8 Y foimg (L) <O (see Section 5.3.2)), where gy, is the vertical swing foot velocity. In the
previous chapter, using the approximate equations, this condition imposed an approximate
lower bound on the retraction impulse, given by (Z2I)). This led to the prediction that
periodic walking is not feasible in some areas in the admissible region if the available maxi-
mum retraction impulse is not large enough to ensure heel-strike. This observation motivates

examining the problem with non-approximate numerical solutions.

Equivalent to the approximate Ry, defined in Section [7.5.1] Rumin(c, V) is the ezxact
minimum retraction impulse required to ensure heel-strike in a periodic walk with step angle

a and average speed V. According to the foot velocity condition stated above, R, satisfies

R = Ruin(a, V) — g'/fswing(t”r a,V,R) <0, (8.1)

pr

and is given by

Ruin(a, V) =R , (8.2)

. + B
yfswing (tpr 7057‘/77—\’,) =0

where g, .. is calculated from (Z.19)), after substituting for étgr, étgr, étgr, and P from (5.14]),
and (5.27).

Fig.83 shows the contour lines of the resulting R, in the admissible region. This figure
is the non-approximate (numerically calculated) version of Fig.[[.3l The numerical values for
model parameters are those in Table[5.Jl The minimum required retraction impulse, R, is
negative in the lighter shaded area (slow walking speeds or long steps), and is positive in the
darker region (fast walking speeds and short steps). This implies that at slow speeds or long

steps a retracting hip torque (R >0) is not necessary for periodic walking, and heel-strike
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Figure 8.3: Contour lines of the minimum retracting impulse, R,;,, required to
enforce heel-strike. The shaded area is the admissible region, defined in Section 5.4.4l In
the lower shaded area (light color) retracting hip torque (R > 0) is not necessary for periodic
walking, and walking is feasible even with an extensional torque (R <0). In the darker area,
however, walking is not feasible without a retracting hip torque prior to heel-strike. The
vertical axis is the normalized average walking speed V =V/V,,, where V,, is given by (5.36).
The numerical values of model parameters are taken from Table [5.11

occurs even with an eztensional (opposite to retracting) hip torque. For fast speeds or short

steps, however, walking is not feasible without a retracting hip torque.

Now, let us have a look at what occurs in a physical bipedal system. The velocity of the
swing foot is determined by the velocity of the hip and the angular rate of the swing leg.
For an efficient periodic walk, the hip (CoM) velocity is near-horizontal at the end of the
pre-emptive push-off and prior to heel-strike. Therefore, to move the swing foot downward to
enforce heel-strike the swing leg should be rotating rearward at the end of the step. At slow
walking speeds the swing leg velocity is small, and the braking torque induced on the swing
leg by push-offl might be enough to stop the forward leg-swing or even reverse (retract)
it, especially when taking long steps. However, for fast walks a large-enough retracting hip
torque is required to reverse the leg rotation and ensure heel-strike. The same result is

valid for walking with too-short steps, since the push-off induced torque on the swing leg is

!The push-off force accelerates the hip along the stance leg, inducing an (inertial) torque on the swing
leg. This induced torque tends to push the swing leg back, toward the stance leg.
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too small (shorter steps need less push-off impulse [26] [47]; also the push-off force becomes
almost parallel to the swing leg leading to a small moment arm and induced torque on the

swing leg).

Based on the above results and discussion, the 7" advantage of active swing-leg retraction

is discovered as

swing retracting torque significantly expands the viability region of periodic walking

toward faster walking speeds and shorter steps.

8.3 Does Swing-Leg Retraction Reduce the Net Energetic Cost of Walking?

The approximate analyses in Sections [[. 11 and predict that the optimality of retraction
is highly influenced by the ratio of negative and positive work efficiencies. If the efficiency
of negative work (i.e. 1/c9) is smaller enough than that of positive work (i.e. 1/¢;), then
approximate-cost minimization favors not to use any impulsive retraction torque (i.e. R* = 0)
unless it is required to ensure heel-strike (7@* > ﬁmin). This is an interesting observation and

motivates a more accurate analysis using non-approximate equations.

8.3.1 Energy-Optimal Retraction Impulse

The non-approximate optimal retraction impulse R* can be calculated numerically by solving
the minimization problem stated in (6.73)). Fig.[R.4]shows the contour maps of the resulting
R* in the admissible region and for different values of work efficiencies (= unit positive and
negative work costs ¢; and ¢y). Consistent with the predictions of approximate analysis, R*

can divide the admissible region into three areas. These areas correspond to

e R*=TR; (the cyan (D region); R} is the impulse at which F,/0R =0 and
0?Egtep/OR? >0 (i.e. alocal minimum stationary point). In this region energy

minimization freely chooses to exploit a retracting hip torque;
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® R*=TRuin (the gray ) region); Ry, is the minimum retraction impulse re-
quired to ensure heel-strike, given by (8.2]). In this region, energy minimiza-
tion favors not to apply any retraction torque (R =0). However, ensuring
heel-strike requires the application of at least Ryin;

e R*=0 (the blue @) region). In this region energy-optimal gaits do not include

any retraction torque.

Therefore, only in the cyan (1) area a non-zero retraction impulse is energetically advanta-
geous (retraction is optimal by itself and is not enforced by constraints). The gray (2) area
would have merged with the blue (3) area if the constraint of ensuring heel-strike had been

removed.

Fig.[84al corresponds to the case where negative work (braking and deceleration) is free,
i.e. co =0, and all the energetic cost comes from the positive work. In this case, the swing
retraction torque is energetically optimal in the entire admissible region. In Fig. the
work efficiencies are equal to those of human muscles [26] [73]. Due to the increase in the
cost of negative work (reduced efficiency), it is more energetically advantageous not to apply
any retraction torque at short steps (gray (2 and blue (3 regions) if not enforced. As the
cost of negative work further increases to ¢, = ¢; (Fig.[8.4d), the non-optimality of retraction
torque is extended to a larger area, and energetic benefit of retraction is limited mainly to
very long steps. Note that in all three cases (Fig. B 4al8.4d) the retraction torque is still
applied in the majority of the admissible region (the gray (2) and cyan (1) regions). However,
the application of retraction torque in the gray (2) area is not due to being energetically

advantageous, but just to enforce heel-strike.

Because Ry, is defined based on the heel-strike condition in (8.]), its value is independent
of the energetic cost coefficients ¢; and co. Moreover, Fig.[8.4] shows that the value of R}
does not depend on these coefficients (the contour lines in the cyan (D region do not change

among the three panels). Thus, as predicted by the approximate analysis in Section [[.I1], the
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Figure 8.4: Contour maps of the energy optimal retraction impulse R*, calculated
numerically using the minimization problem stated in (6.73). Each panel corresponds to a
different set of ¢; and ¢y, i.e. the cost of unit positive and negative work: a) ¢; #0 and ¢; =0,
b) ¢; =4 and ¢ =5/6 as for human muscles, and c) ¢; =cy. In all three panels, the vertical
axis is the average walking speed V' normalized with V;, given by (B.30]). The shaded area
is the admissible region, defined in Section [5.4.4l The cyan () area (marked with R* =R7)
corresponds to the set of & and V' combinations for which retraction is energetically optimal
(energy minimization freely chooses to exploit retraction). R} is where the derivative of
the net energetic cost Ege, becomes zero (stationary point). The gray @) region (marked
with R* =R in) is where the energy minimization would prefer not to apply any retraction
torque, but ensuring heel-strike requires the application of at least R, (see Fig.B3]). The
blue 3 region corresponds to the zero optimal retraction impulse, i.e. R* =0.

10
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cost coefficients ¢; and ¢y only determine the switching conditions among R* =0, R* = R,
and R* =R (the borders between the cyan (1), gray 2), and blue (3) regions in Fig. B4,
and not the value of R* in each region. These switching conditions are approximated by the

inequalities (Z73) and (Z75) in the previous chapter.

The calculated optimal retraction impulse R* has discontinuities when varying step length
or speed (at the borders between the cyan (1) and either the gray 2) or the blue (3) regions).
This fact is better shown in Fig.[R.5al In this figure the optimal retraction impulse R*
associated with ¢; =¢, and V=1.6m/s (equivalent to V' =0.5 in Fig.[84d) is plotted at
different step angles. For more clarity, the corresponding R, R, and R =0 are also shown
in this figure (R is the retraction impulse at which 0FExep/OR =0 and 0 Egep/OR? > 0, and
is the optimal retraction impulse in the cyan (D region in Fig.84)). As can be seen, R* has a
discontinuous jump when it changes from R* =0 to R* =R (at the second vertical line). As
mentioned in the previous chapter, these discontinuities are due to the non-smooth positive
value function used to calculate positive and negative work in the energetic cost Egep, given
in (2.I). At the step angles and speeds in which these discontinuities occur, Eg, becomes
minimum at two different retraction impulses, and thus R* has two different solutions; similar
to what was observed with the approximate solution. For example, at the border between

the blue 3) and the gray ) regions in Fig. R4d

min Estep - Estep(RT) - Estep s (83)
R=0

implying that R* =0 and R* =R at that point. This can be clearly seen in Fig.[8.5] or in
its zoomed version, Fig.R6l In Fig.B.5b] the energetic cost Fgp is calculated separately for
different retraction impulses shown in Fig/[85al (introduced at the start of this paragraph). As
it is seen, the minimum cost before the second vertical line is given by EStep‘R:o(the dotted
blue curve), but switches to Egep(R;) (the dashed green curve) after it. Exactly on this
switching line the two energetic cost curves are equal. As the result, the optimal retraction

impulse, shown in Fig.[8.5al has two different solutions at the switching point (marked with
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Figure 8.5: Different retraction impulses and their energetic cost corresponding to
the cost coefficients ¢; = ¢y and average walking speed V' =1.6 m/s (equivalent to V =0.5 in
Fig.84d). The optimal retraction impulse R* and its energetic cost are shown with red dots.
The vertical lines represent the step angles at which R* switches from R, to R=0 and
then to R;. Exactly on each switching line, the two cost curves associated with R* before
and after the transition are equal, and the optimal retraction impulse has two solutions.
Note that although R =0 results in the least energetic cost for step angles before the first
vertical line, ensuring heel-strike in this region results in R* = Ryin.
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Figure 8.6: The zoomed version of Fig.[8.5]
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the red dots on the second vertical line in Fig.B5al and Fig.[86al). The equality of the cost
curves at switching lines implies that the energetic cost surface is always continuous (though

non-smooth) for all v and V', including at the discontinuous transitions of R*.

8.3.2 Energy-Optimal Retraction Rates

Using the optimal retraction impulse R* calculated above, we can calculate the optimal
hip-joint and swing-leg retraction rates, i.e. %’jip and ¢ﬁ3g, defined in (Z.78) and (C79). The
result is consistent with the predictions of the approximate analytic solution in Section [7.12];

That is, in energy optimal gaits

e the hip joint is retracting (@np >0) only when R* =R} (see Fig.R.T).

e the swing leg is retracting (weg > 0) almost only when R* # R (see Fig.RS).

Thus, similar to the retraction impulse R*, and depending on the ratio of work efficiencies
ca/c1, an actively controlled retracting swing leg or hip joint may not always be energetically

advantageous.

Interestingly, some recent experiments with human subjects show that swing retraction
does not exist in all gaits (personal communication with Dr. Maziar Sharbafi in Nov. 2013
discussing a recent study performed in Lauflabor - Locomotion Lab in TU Darmstadt in

Germany). This is completely consistent with my predictions with a simple impulsive model.

8.3.3 Effect of Doing Active Negative Work During Heel-strike

All the energetic analyses performed so far are based on minimizing the total energetic cost

FEgtep defined in (6.2). In that equation, no direct COS‘Q is considered for heel-strike. This is

2In a periodic gait on a level ground each action/event has a direct cost (possibly of zero value) and an
indirect cost. The direct cost is the energetic cost associated with actuator work during that action/event.
The indirect cost is the energetic cost associated with other actions that compensate for the energy change
made by the first action/event. This is because in a level-ground periodic gait the net energy change of
the mechanism in each step should be zero to maintain the same speed. Therefore, any negative work done
during the step should be cancelled by an equal positive work, and wvice versa.
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Figure 8.7: Optimality region of a retracting hip joint at heel-strike, corresponding
to the optimal retraction impulse R* found for Fig.8.4l Each panel corresponds to a different
set of ¢; and ¢y, i.e. the cost of unit positive and negative work: a) ¢; 20 and ¢ =0 (free
negative work), b) ¢; =4 and ¢, =5/6 as for human muscles, and c) ¢; =co. A retracting
hip joint (i.e. zﬁfﬁp >0) is energetically optimal only in the hatched region, which is where
R*=7Rj7. In all three panels, the vertical axis is the average walking speed V' normalized
with V,, given by (5.36]). The shaded area is the admissible region, defined in Section [5.4.4l
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Figure 8.8: Optimality region of a retracting swing leg at heel-strike, corresponding
to the optimal retraction impulse R* found for Fig.8.4l Each panel corresponds to a different
set of ¢; and ¢, i.e. the cost of unit positive and negative work: a) ¢; #0 and ¢, =0 (free
negative work), b) ¢; =4 and ¢, =5/6 as for human muscles, and c¢) ¢; =ce. A retracting
swing leg (i.e. Weg >0) is energetically optimal only in the hatched region, which is where
R*="TR7 and for most of the area corresponding to R* =0. In all three panels, the vertical
axis is the average walking speed V' normalized with V,, given by (5.36]). The shaded area is
the admissible region, defined in Section [5.4.4l
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based on the assumption that all the energy dissipation at heel—strik takes place passively
in the form of loss. However, in reality some portion of that energy dissipation may occur
as negative actuator work. For example, during step-to-step transitions in human walking,
some negative work is done by muscles (actuators), besides the passive energy loss associated
with tissue and surface deformations [48]. In order to address this possibility, I assume that
k fraction (0 <k < 1) of the energy dissipation at heel-strike takes place actively by negative

actuator work. That is to say, if W5 denotes the net energy dissipation at heel-strike, then
W’H = W’H,activo + W’H,passiveu (84)

where

WH,active =k WH (85)

In this case the total energetic cost per step, defined in (62)), should be modified as below

to include the direct cost of heel-strike:

Egep = Es + Ep + Er + E3. (8.6)

To distinguish the original g, with Estep, the latter is called the modified energetic cost
per step. In the above equation, Fy is the energetic cost of active negative work done during

heel-strike. Because heel-strike is all dissipative, Wy, active 15 all negative work and thus
E’H = —C2 WH,active = —C2 kWH (87)

Similar to the work done by other impulsive actions in the gait, W can be calculated using
the work formula in (6.3)). However, there is a simpler way for this, which provides a very
useful insight. In a periodic gait on a level ground, all the losses and performed work must
sum to zero, otherwise the system will gain or lose energy in every step. Thus, we should

have Ws 4+ Wp + Wi + W3, =0. From this equation, the net energy change at heel-strike is

3Due to the dissipative collisional heel-strike, the kinetic energy of the biped decreases through the heel-
strike impact.
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given by:
Wy =—Ws+Wp+Wg). (8.8)

Using the above equations, we can find a simpler form for the modified total energetic cost

per step, defined in (8.6). For this purpose, first substitute for Es, Er, Ep, and Ey from

6.6), ©.22), (6.68), (8.1), and B.H), to get
Estep =C1 Wg_ — C9 WS_
+ W;
(8.9)
+ e Wi —caWg

+ e k (W3+WP+WR).

Because for each action the net work is W =W + W™, the above equation is simplified as
Egep =6 WS + 6 Wy
+ & Wi (8.10)
+ e Wi+ & Wy,
where
& =cy + koo, (8.11)
&= (1—k) c. (8.12)

The coefficients ¢; and ¢, are the modified costs of doing unit positive and negative work,
respectively. Finally, by defining a modified energetic cost equation as

E == él W+ - 62 W_, (813)
the modified total energetic cost per step can be written as
Eyep = Es + Ep + Ex. (8.14)

The modified energetic cost E, defined in (81I3)), has the same form as the original energetic

cost F, defined in (6.]). Similarly, the modified total energetic cost Estep, given by (8.14) has
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the same form as the original total energetic cost Egep, given by (6.2)). The only difference
between the modified and the original versions is that ¢; and ¢y are replaced with their
modified versions ¢; and ¢;. Therefore, all the energetic analyses done so far (approximate
and accurate energy-optimal retraction impulse and rates) are also valid with the inclusion

of active negative work at heel-strike, if we just replace ¢; and co with ¢; and ¢s.

At one extreme, heel-strike is fully passive (k=0), resulting in ¢; = ¢; and ¢é; = ¢5. In this
case, the optimality of swing retraction at any given step angle o and average walking speed
V is determined, as before, by the ratio ¢o/¢; = c3/¢; (Fig.B4l— Fig.B8 do not change). At
the other extreme, heel-strike is fully active (k=1, resulting in ¢, =0, and ¢; =c; + c2 #0.
In this case, the optimality condition for retraction is similar to that of free negative work
shown in Fig.B4al In other words, when heel-strike is fully active swing retraction is always
energetically optimal, independent of the values of ¢; and cy. Therefore, by increasing the
contribution of active negative work in heel-strike dissipations, swing retraction becomes
energetically advantageous in a wider range of step lengths and walking speeds (the cyan
(D area in Fig. B4 grows within the admissible region). This is because increasing k in-
creases the direct cost of heel-strike, so the balance between the energy savings of retraction
(reduced push-off work and heel-strike dissipation) and the extra effort spent by retraction

(decelerating and reaccelerating the leg) is influenced by more energy saving.

8.3.4 Swing Retraction Can Reduce the Net Energetic Cost of Walking

Now, I return to the question asked in the title of Section B.3l Does swing-leg retraction
reduce the net energetic cost of walking? The answer to this question can be given as the

8™ advantage of active swing-leg retraction:

depending on the average walking speed, step length, the ratio of positive and neg-
ative work efficiencies, and the contribution of actuator work in heel-strike energy

dissipation, swing retraction can reduce the net energetic cost of walking.
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The ratio of positive and negative work efficiencies, i.e. ca /¢y, and the contribution of actuator
work in heel-strike energy dissipation, i.e. the quantity & in (8.3]), independently influence
the optimality of swing retraction: as cy/c; increases, the range of step lengths and speeds
for which swing retraction is energetically advantageous decreases, whereas increasing k

increases this range.

Note that in this study I have only considered the level-ground walking. When walking
on a slope or a staircase, gravity can passively provide a significant portion of the posi-
tive/negative work, so the results might be slightly different from what was found here. For
example, the optimization results in Chapter [ suggest that for downhill walking an ezten-
sional retraction torque (R < 0) is energetically optimal in the admissible region (to increase
the heel-strike impact loss as a cost-effective way for dissipating the extra kinetic energy

obtained during the step). This is not the case for level-ground walking, as can be seen in

Fig. Bl (R* #0).

8.4 Summary

Motivated by the predictions of approximate analytic solutions in the previous chapter, I dis-
covered new aspects of swing-leg retraction. I showed that without a retracting hip torque,
heel-strike can be missed at fast speeds or short steps, and therefore periodic walking will
not be possible. In other words, active swing-leg retraction enables walking at fast speeds
or short steps. I also showed that, at any given step length and speed, a retraction torque
can reduce the push-off impulse required for the periodic walk. This reduction facilitates the
production of push-off force and also decreases the energetic cost associated with push-off
work. Although this energy saving comes at an extra effort spent by the hip actuator to
retract the leg, swing-leg retraction can still result in a net energetic saving. My analyses

showed that depending on the step length, walking speed, relative timing of push-off and
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retraction, actuator efficiencies for positive and negative work, and the contribution of actu-
ator work in heel-strike energy dissipation, the energy saving of a reduced push-off force and
hell-strike collision can exceed the extra effort spent for retraction, leading to a net energy

saving.

The above mentioned advantages of active swing-leg retraction were either not known
before (reducing the push-off impulse, and increasing maximum walking speed), or a very
small picture of the entire scenario had been discovered (possible net energetic saving).
The findings of this work, together with the previously discovered advantages reviewed at
the beginning of this chapter, constitute the 8 advantages of swing-leg retraction that can
potentially explain why swing retraction is a common characteristic of biological legged

locomotion. These advantages can be summarized as below:

swing retraction

1. helps biped stability,

2. improves disturbance rejection,

3. improves state estimation,

4. facilitates foot-ground clearance,

5. reduces risk of slippage at heel strike,

6. enables faster walking and shorter steps,
7. makes push-off easier,

8. can reduce the net energetic cost.
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Chapter 9

CONCLUSIONS

In this thesis I probed two simple bipedal models with analytic and numerical techniques
in order to achieve a better understanding of the governing principles of effective legged

locomotion.

The first model, shown in Fig.[2.1] consists of a torso, flat feet, and actuated telescoping
legs, and is equipped with actuated hip and ankle joints. I used this model with numerical
optimization to find the characteristics of energy optimal gaits, and to investigate the effective

strategies for reducing the cost of locomotion in different circumstances.

In the second model, shown in Fig.[5.I] the torso is reduced to a point-mass at the hip.
This reduction in the model is meant to facilitate calculating approximate analytic solutions
for different gait parameters to study the consequences of swing-leg retraction in walking.
The analytic solutions helped to obtain new insights into the influence of different factors in

system behavior.

Energy optimality is the main criterion for most of the analyses in this thesis. I have used
a work-based energetic cost model, given by (2.I)) or in a simpler form by (6.1]), in which
positive and negative mechanical work done by an actuator have individual contributions

via the actuator efficiency associated with each.

9.1 Insights From Energy-Optimal Gaits of a Minimally Constrained Model

In Chapters2Hl dynamic optimization was used to investigate the energy-optimal gaits of the
first model. The corresponding optimal control problem was formulated in Chapter 2l A gait

was considered optimal if its COT, given by (Z2]), was minimum for given gait parameters
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(e.g. desired forward speed). In previous studies with minimalistic models, extra constraints
were required to achieve practical gaits (for instance minimum step length constraint in [25]).
The current work differs from the previous analyses by limiting the imposed constraints to
almost only those required for a physically consistent system; allowing the optimization to
freely define the appropriate gait. The minor increase in the current model complexity over

previous minimalistic ones permitted the removal of unrealistic and artificial constraints.

Although simple, the model provides numerous insights into human locomotion dynamics.

In particular, my minimally constrained model automatically determined that:

Pendular walk and impulsive run are the most efficient gaits (from an energetic

point of view) in, respectively, low and high forward speeds.

Bouncing motion of the CoM is economical at higher speeds even without

having elasticity in the structure.

For work-based energetic costs, the optimal gaits are always collisional (if
allowed), but the impact impulse and its dissipation varies with different pa-

rameters including the slope of terrain.

The optimal gaits for different terrains and speeds are determined by a slope-
dependent balance between heel-strike impact loss and the costs associated
with its avoidance. For level-ground gaits this balance occurs when collision
loss is reduced, but not avoided completely, whereas by increasing or decreasing
the slope (moving on a staircase or a ramp) the balance moves respectively
toward complete collision avoidance or inclusion of substantial collision loss.

e For level-ground or uphill gaits, swing-leg retraction serves as part of the
optimal strategy to increase the efficiency of locomotion by reducing the impact
loss (later in Chapter[®it was shown that this energy saving results in a reduced
push-off impulse and push-off work). For level-ground gaits, leg retraction is

achieved actively by applying hip torque to the swing leg, while in uphill
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gaits swing leg retraction is accomplished largely through the passive action
of gravity. In down-hill gaits retraction is replaced with extension (moving
the swing leg forward) to increase the energy-loss at heel-strike. This is a
cost-effective way of dissipating the extra kinetic energy obtained during the
step.

e Stance-leg push-off just before heel-strike is another important strategy to
reduce the collision loss in gaits that always have a support leg on the ground.

e In gaits with an aerial phase landing on a near vertical leg reduces the mo-
mentum loss in the horizontal direction, and consequently the collision loss.

e Burst activities of swing hip torque limited to both ends of the swing period,
rather than smoothly generated throughout the swing, minimizes swing work
because it allows a greater contribution from passive sources.

e An extended double support phase in walking is not energetically efficient
unless extra constraints are imposed.

e Pre-emptive push-off (to change the linear momentum of the CoM) is the main
contribution of the ankle rather than applying torque to change the angular
momentum. Therefore, if push-off is provided by another means (such as a
telescoping actuator along the axis of the stance leg), then the (revolute) ankle
actuator will have negligible activity in all gaits.

e For uphill or downhill gaits, the stance-hip torque (the torque between the
torso and the support leg) can be large and, potentially, destabilize the torso.
In order to passively stabilize the torso in this case, the upper body should be
properly leaned to take advantage of gravity to compensate for the destabiliz-

ing hip torque.

Some of these observations have been recognized and reported previously based on opti-

mization of minimal models [25] 26]. These previous observations were verified here with a
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slightly more realistic model.

One of the main outcomes of this study is that despite the apparent differences between
walking and running, they share the same determinant factors for effective gait coordina-
tion. The difference between walking and running comes only from the different strategies
available to minimize the energetic cost at different speeds. Based on the results of the gait
optimizations, two energetic cost factors were identified that interplay to determine the most
efficient movement pattern. One is the cost of stance-leg work associated with deflecting the
CoM motion from downward to upward at each step [48, 49]. This cost is influenced by
(i) passive and active energy dissipations in the decelerating (downward) part of redirecting
the CoM motion, and (ii) the generative work of the (trailing) stance-leg to make-up for the
energy dissipations and accelerate the CoM to move upward. The second main energetic
factor involved in the optimization of gait is the cost of swinging the legs, including the
cost of accelerating the leg at the beginning of swing to regulate the step length and step
frequency, and the cost of decelerating and retracting the leg before touch-down to reduce

the collision loss and prepare the leg for support transfer.

These factors are strongly inter-related:

e The dissipations associated with the step-to-step CoM transition from down-
ward to upward (a part of the 1% factor) is reduced by a proper timing of stance
leg push-off (the generative part of the 15 factor) and heel-strike |26, [47].

o Accelerating the swing leg (the 2¢ factor) at the beginning of the swing phase
increases the step frequency beyond the natural frequency of the leg and results
in a shorter step length and less collision loss (the 1% factor) [47].

e The stance-leg push-off work (the 1% factor) and the swing-hip’s declarative
work (negative swing-retraction work; the 2°¢ factor) are reduced by a proper
timing of push-off force and retraction torque (see Section [6.4)).

o Active swing-leg retraction (the 2°d factor) reduces the stance-leg push-off
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impulse (the 15 factor) required for a given periodic gait (see Section B.).
e Swing-leg retraction (the 2°¢ factor) can reduce the relative foot-ground veloc-

ity at touch-down and result in a less heel-strike collision loss (the 1% factor).

Therefore, the effective movement strategy is the one that takes advantage of the interac-
tion among these determinant factors to achieve the minimum energetic cost for different

functional circumstances.

Many of the energetic and kinematic characteristics of the optimization model match
those of human walking and running in different circumstances (Chapters Bl and @). In
particular, the model correctly predicts the changes in human gait energetics in simulated
reduced gravity conditions, measured by Farley and McMahon [87]: the energetic costs of
walking and running decrease with a reduction in effective gravity, but the changes in the
cost of running are substantially larger than those in walking. The consistency between
the model predictions and human gait observations even in these unusual circumstances
(simulated reduced gravity) strongly supports the hypothesis that energy minimization is
the dominant governing principle in human gait coordination [14 26 [72] 73], 02, 03]. It
also indicates that energy minimization in human gait is mainly influenced by the balance
between the same determinant factors (the costs of support and swing leg) responsible for

the model’s optimal gaits.

9.2 Swing-Leg Retraction

Using the second bipedal model introduced in this thesis, I investigated new aspects of
swing-leg retraction in bipedal walking. One of the strengths of this study is that almost all
analyses have been done analytically, and the use of numerical methods have mostly been

limited to verifying the predictions of the approximate analytic solutions.

After simplifying the energy-optimal walking of this model into a sequence of impulsive
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and smooth phases in Chapter B, and calculating the positive and negative work of over-
lapping impulsive forces and torques in Chapter [6] I showed that, for any given push-off
and retraction impulses, the energy-optimal relative timing of the impulsive push-off force
and retraction torque depends on whether the hip torque is retracting (pushing the swing
leg rearward) or extending (pushing the swing leg forward): If it is retracting, the optimal
timing is to apply the impulsive push-off force completely before the impulsive hip torque,
otherwise it is best to apply the impulsive push-off force almost completely after the im-
pulsive hip torque. In the latter, the adverb ‘almost’ refers to the negligible portion of the
push-off impulse that should be applied during the extending hip torque to avoid shortening
the stance leg. These relative timings improve the gait efficiency by reducing the positive and
negative work done by the push-off force and retraction torque, respectively. Interestingly,
the above results are valid for a large range of bipedal systems (including humans) in which
the push-off force causes the swing leg to move rearward (this rearward motion is caused by

the inertial forces induced on the swing leg due the coupling in the system).

Using a series of approximations, I obtained closed-form approximate analytic solutions
for most of the gait parameters, such as the leg angles and velocities throughout the step, the
maximum average walking speed at any possible step length, the energy-optimal retraction
impulse and retraction rates, and the push-off, swing thrust, and minimum and maximum
retraction impulses required for periodic walking. These approximate analytic solutions led

to the following discoveries that were also verified using numerical solutions:

o Active swing-leg retraction can increase the high-speed limit of walking. Al-
though the reduced ground reaction force, caused by the inverted pendulum-
like motion of the CoM, can be a limiting factor in maximum walking speed,
transitioning from one step to other is also important. Without active retrac-
tion, heel-strike can be missed at fast speeds or short steps, and the biped will

switch from walking to running (even at speeds less than those predicted by a
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single inverted pendulum, e.g. [95]).

For a given walking speed and step length, active leg retraction can reduce
the push-off impulse, and thus the actuator /muscle forces needed for push-off.
When the hip actuator applies a retracting torque to the swing leg, a reaction
force is applied on the hip and accelerates it forward. This reduces the push-off
impulse that is required to achieve a desired hip acceleration before heel-strike.
In contrast to push-off, the swing thrust impulse (the early-swing hip torque
that accelerates the swing leg motion) is almost independent of the retraction
impulse, and is mainly determined by the step length and average speed.
Active swing-leg retraction can result in a net energetic saving, but mot in
all cases. My analyses showed that the energetic utility of swing retraction

depends on the
1. step length,
speed,

actuator efficiencies for positive and negative work, and

e e

contribution of active work in heel-strike energy dissipation.

As the ratio of negative work efficiency to positive work efficiency increases
(the ratio co/c¢; decreases, where ¢; and ¢y are the costs of unit positive and
negative work, respectively), or the contribution of actuator (negative) work in
the dissipations of CoM motion redirection increases, swing retraction becomes
energetically beneficial for a larger range of step lengths and speeds. Note:
although a retracting hip torque might be energetically inefficient in some gaits
(increases the net energetic cost), it still might be required to ensure heel-strike.
In other words, the application of a retraction torque in an energy-optimal gait

may not be due to its energetic advantage, but to make the gait feasible.
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9.3 Future Works

9.3.1 Gait Optimization with More Realistic Models:

Although the models used in this thesis are more complex than the minimalistic models
studied by other researchers (e.g. [25, 26, 47, [67]), they still involve many simplifications.
For example, in the first bipedal model (Fig.2.1]) the feet and the lower leg segments are
massless, joints are frictionless, the forces and torques can increase unboundedly at foot-
ground contacts, actuator forces/torques are fully independent of the corresponding joint
velocities, energy supplied to each actuator only depends on its mechanical work, etc. The
second bipedal model (Fig.[5]) involves more simplifications, since it is a simplified version

of the first model.

In reality, none of the above simplifying assumptions is valid. A possible extension of the
current work is to modify these assumptions and consider a more realistic model of either a
robot or humans. For example, the ideal actuator model can be replaced with the model of
a physical actuator, such as a muscle or motor. This will realistically limit the peak force,
speed, and joint power, and will impose force-velocity constraints that are missing in the
current study (in most actuators the maximum torque decreases with speed). Furthermore,
with a more realistic actuator model a more accurate estimation of the energetic cost can be

obtained, since the energy supplied to the actuators can be directly calculated.

9.3.2 Experimental Verification of Model Predictions:

The analysis in this thesis led to a few predictions that need to be examined with human
subjects. For example, an apparatus of the type in Fig.d.I]can be used to evaluate the model
predictions of changes in human gait kinematics under simulated reduced gravity (Chapter

). In fact, this experimental study is a part of my research plan for the near future.

Other possible experimental studies that can be inspired by this work include the explo-
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ration of the range of step length and speed for which swing-leg retraction is not observed
in human walking (Chapter [{), and investigating the relative timing of push-off force and
retraction torque in human walking (Chapter [6]). These experimental studies can be used as
another validation of the hypothesis that energy minimization is the main governing principle

of human gait coordination.

9.3.3 Energy-Efficient Closed-Loop Control:

The actuator forces and torques calculated for different optimal gaits in this thesis are open-
loop policies and most likely do not result in any stable gait. In practice, feedback control
is necessary to achieve a desired steady gait with almost any mechanism. Now, the question

is how to achieve energy efficiency while guaranteeing stability /robustness?

A traditional approach to this problem is to use a given optimization-generated gait as
a reference trajectory and use high bandwidth feedback controllers to stabilize the system
around that trajectory. Although this technique is simple, it usually does not lead to an
energy-efficient gait. Why? Because efficiency in almost all optimal gaits mainly relies on
exploiting the natural dynamics of the system. Normally, the optimal policy is to let different
parts of the system move passively or with minimal force during some portion of the gait
cycle, and to apply the main control actions (actuator forces and torques) only at some
critical intervals (Chapter [B]). However, high-gain controllers do not take advantage of the
natural dynamics of the system and continuously apply control actions (no passive intervals)

to drive any deviation from the reference trajectory to zero.

Another approach that seems more promising is to use a given feedback control scheme,
e.g. state feedback, with gains to be determined by the optimization. The set of the optimal
gains is the one that maximizes a proper performance measure that encodes both efficiency
and stability /robustness. For example, the optimization can search for the gains that result

in a minimum cost of transport with N (sufficiently large) successful steps. Obviously,

197



the resulting efficiency (e.g. cost of transport) in this method depends on the implemented
controller scheme. The open-loop gaits generated using trajectory optimization can be used

as the baselines to evaluate the performance of a given controller in achieving efficient gaits.
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Appendix A

Equations of Motion of the Biped With Torso

A.1 Equations of Motion of the Unpinned Biped

The equations of motion of the unpinned biped are given by (23] and (2Z4]). The details of

the matrices and vectors in those equations are as below.

A.1.1 Inertia Matrix

M1 M2 008(91 — 92) M3 cos(@l — 93)
M = M2 COS(92 — 91) M4 M2 008(92 - 93) ) (Al)
M3 COS(93 — 91) M2 008(93 — 92) M1
where
Ml = ]log/Glcg + Mieg b2 (1 - mleg/mtot)a (AQ)
M2 = Mieg Mirs A b/mt0t7 (A?))
M3 = —m120g b2/mtot, (A4)
M, = ]trs/Gtrs + 2 Mg Mieg a2/mt0t~ (A5)

A.1.2 Coriolis, Centrifugal, and Gravity Vector

Cc=cy+ Cy, (A.6)

where

(Mieg b — Mot €1(t) ) g sin(6; +7)

C1 = —Mys a g sin(y + ) ) (A7)

Mieg b g sin(fs + )
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and

0 Cl sin(91 - 92) 02 sin(Hl — 93)
Cy = Cl Sin(eg — 91) 0 Cl Sin(eg — 93)
Cg sin(93 — 91) Cl sin(93 — 92) 0

with

A.1.3 Jacobian Matrices

Jig =

b Mie
Mot

Cl =ab Mieg mtrs/mtot7

a Miys SIN O

) sin 91

J21€ =

A.1.4 Torque-Influence Matrix

Mtot Mtot
—{1 cost; 0 /5 cosbs
—El sin 91 0 EQ sin 93
1 1 00

A.2 Equations of Motion in Single Support Phase

2 32
CQ - _mleg b /mtot.
b Mieg a Mips COS O b myeg cOs O3
— cos 6, —
Mot Mot Mot

b Myeg sin O3

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)

The equations of motion in single support phase are given by (2I0). The details of the

matrices and vectors in that equation are as below.
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A.2.1 Mass-Inertia Matrix

where

Mssll

Mssl3

| Mssl4

Mssll = Myot,

Mssl3 = Mys A

0 Mssl3
Mss22 Mss23
Mss23 Mss33

Mss24 0

sin(91 — ‘92),

Mssl4 = _mlogb Sin(el - 93)7

Mss22 = ]leg/Gleg + Mot g% + Mieg b (b -2 61),

Mss23 = Myrs a

fl cos(91 — 92),

Mss24 = —Mjeg bgl COS(el - 93)7

2
Mss33 = ]trs/Gtrs + Mirs @ 5

2
Mss44 = ]leg/Gleg + Mieg b”.

A.2.2 Coriolis, Centrifugal, and Gravity Vector

where

Cgss = Cy + Co)

Clys =

Mot g cos(61 + )

—Ms a g sin(fy + )

Mieg b g sin(fs + )
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Mssl4

Mss24

Mss44 |

(Mieg b — Mot £1(t) ) g sin(f1 + )

(A.14)

(A.15)
(A.16)
(A.17)
(A.18)
(A.19)
(A.20)
(A.21)

(A.22)

(A.23)

(A.24)



and

[0 Cun Cas Cau | | 2616, ]

e = —Cs12 0 Gz G 9% ’ (A.25)
—Csa3 —Csa3 0 0 03
| —Cas —Cyps 0 o || 6 |
with

Cs1 = Mieg b — Myt {1, (A-26)
Cy2 = —Mys a cos(fy — 05), (A.27)
Css3 = Mieg b cos(6 — 63), (A.28)
Cssa = My U1 a sin(0; — 05), (A.29)
Csss = —Meg {1 b sin(f; — 6s). (A.30)

A.2.3 Torque-Influence Matrix

B, = (A.31)

A.3 Equations of Motion in Double-Support Phase

The equations of motion in double-support phase are given by (2ZI4]). The details of the

matrices and vectors in that equation are as below.
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A.3.1 Mass-Inertia Matrix

where

Mds21

Mds22 - lleg/Gleg + Mieg b (b -2 gl) + Mot E%a

Mds23

fl COS(91 — 93)

sin 93

)

Mot L1

_tan(é’l — 93)7

Miyrs a l1 sin(fy — 03)

Mdsll Mdsl2 0

sin(91 — 93)

Masz1 = mys a sin(6y — 6s),

Mds2l Mds22 Mds23
MdsSl Mds32 Md533

Mds41 Mds42 Mds43

)

Mszo = My aly 008(91 - 92),

2
Mds33 = [trs/Gtrs + Mys @ 5

Masaz = —1yeg £1 b cos(0; — 03),

Mds43

Mds44 = Ileg/Gleg + Mieg b (b — 62)

Mot Lo — Mieg bsin®(0; — 63)

sin(@l — 93)

Mirs Lo a sin(6y — Os)

sin(91 — 93)
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)

Y

(A.32)

(A.33)
(A.34)
(A.35)
(A.36)

(A.37)

(A.38)

(A.39)
(A.40)

(A.41)
(A.42)

(A.43)

(A.44)

(A.45)



A.3.2 Coriolis, Centrifugal, and Gravity Vector

where

clds =

and

with

Cds = Clds + C2ds’

0

_cos(th +7)
tan(«91 — 93)

—Mys @ g Sin(92 + 7)

Mot 2 g cos(01 + )
sin(91 — 93)

Cdsll Cdsl2 C'dsl3 0

C’ds21 0 C'ds23 C'ds24
c2ds =
Caszi 0 Cgz 0
L C’ds41 0 C'ds43 C'ds44
cos(0; — 63)
Cas —
dstl sin 93
1
C S R
4127 i 05
61 sin(91 — 93)
C. s13 — X
dst3 sin Os

C1d521 = Mot gl — Mieg b,

2 (mtot l — Mieg b)

Cd523 - tan(Ql — 93) ’
o M {1 @ cos(0y — 63)
ds24 — Sin(el . 93) )
_ mleg 61 b
Cd525 B sin(91 — 93)7
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C’ds25
0

C’ds45 |

+ Myeg b g sin(fs + )

20,0,
2 (o 0

Miot L1 9 + (Mieg b — Moy £1) g sin(by + )

(A.46)

(A.47)

(A.48)

(A.49)

(A.50)

(A.51)

(A.52)

(A.53)

(A.54)

(A.55)



Clasz1 = My a cos(ty — b), (A.56)

Caszz = —Mys U1 a sin(by — 603), (A.57)
Cdsa1 = —Myeg b cos(0; — 6s), (A.58)
Coos — Mieg {1 bsin? (6, ;né’(ge)l—_ﬁgg()mtot 01 — Mieg b)7 (A.59)
Casss = — 2 ifna(;l Os_(i)z)_ %) (A.60)
e (A1)
A.3.3 Torque-Influence Matrix
| 0 0 0O 0 0 0 ]
14 14
B, — _tan(é’ll— 0s) _sin(é’ll— 0s) oot (A.62)
0 0 0 -1 -1 0
sin(@fz— 0s) tan(é’ef— 0s) 00 1 i
A.4 Equations of Motion in Flight Phase
A.4.1 Coriolis and Centrifugal Vector
The equations of motion in flight phase are given by (2.13]). In that equation
co = —Miot Jyy g + €, (A.63)

where ¢ and Jyp are given by (A.6) and (A.IIl). Based on (A.6), ¢ = ¢; + c2, where ¢; and
cy are given by (A7) and (A). By inspection, it can be verified that —mge Jfy g+ ¢ =0.
Therefore,

cq = Ca. (A.64)
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A.4.2 Torque-Influence Matrix

A.5 Jacobian Matrices

aI‘A /G
J — 1 tot
160 8(19
ora,/c
J g = 2 tot
? dqg
J216)

Myot

Mot

b myeg cOS 0y

by ) cos 6,

b e ) sin 6,

1 0
= | -1 -1
0 1

a Mps COS O

b Mg COS O3

Mot

a Miys SIN Oy

Myt

b Myeg Sin 03

Mot

a My COS O

Mot

b Myeg sin 6y

(v

Mot

a Miys SIN O

(v

Mot Mot

J B arAl/Gtot _ sin 91
" o —cos 6

J 8rA2/Gtot Sin 93
- 0ty — cos B
O, _ ; —{1 cos b,

oqy 20 — J1g =
—{; sin 6,
8I'A A
Jorg, = 82/ L= —Jy,
1

216

Mot

bme

Mot

_ %) sin s

Mot

0 ¢y cosbs

0 /5 sinfs

(A.65)

(A.66)

(A.67)

(A.68)

(A.69)

(A.70)

(A.71)



h, =

h; =

(000
(v

Mieg

Mieg

Mot

Mot

ml A2
—% pcosh, 07 —

Mot

Mieg

Mot

) sinf; 62 +

— 61) cosb 02 —

bsind, 62 +

Miys

Mot

Myrg

Mot

Myrg

. 12
asinfy 05 —
Mot

Mirs

)2
a costy 05 +
Mot

a sinfy «93 + <€2 —b

a cosly 6’% - <€2 —b

Mheg sinfs 62 — 2 cosfy (1 6,

Myot

Mieg

b coss 9§ — 2sinb, él 91

Mot

Mieg

) sinfs 9§ — 20805 b 05

Mot

Mieg

) cosbls 9§ — 2sinf; ég 6’3

Mot

h21 = h2 - hl
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Appendix B

Simple Bipedal Model Without Torso

B.1 Details of the Dynamics

B.1.1 Equations of Motion in Passive Single Stance

To derive the EoM in passive single stance we can use the angular momentum balance (AMB)
equation of the entire mechanism about the support foot, and of the swing leg about the
hip joint. After normalizing these equations by mye £ and dmyeg b¢, respectively, we can

express them in the standard form of (5.11]) with the following matrix and vectors.

1420 —1—cosp) A (d —cosop) A

M= (B.1)
1—(1/8)coso 1
Ao (20 + ¢) sing sin(¢ + 0) + sinf ) A — sinf
(| poeidme | ] Gt o) i) .
—sing 0%/§ sin(¢ + 6)/0

Here, A =myeg b/ (myor ), and g is the gravitational acceleration.

B.1.2 Velocity Mapping of Impulsive Push-off and Retraction

As mentioned in section [5.3.2] the velocity mapping of the impulsive push-off and retraction
can be derived using the momentum conservation/jump equations. However, to show the
properties of the mapping matrix, it is preferred to derive the mapping equation using the

EoM. Because the mapping is unique, both methods give the same result.

The EoM in (5I1) is not applicable during push-off and retraction, because in that

equation 7=F=0={=0. The extended EoM for the more general case in which the
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stance-leg length ¢ is not necessarily constant and the hip and stance-leg actuators can
apply force/torque can be obtained from (i) linear momentum balance equation of the whole
mechanism along the stance leg, (ii) angular momentum balance (AMB) equation of the
swing leg about the hip joint, and (iii) AMB equation of the whole mechanism about the
stance foot. After rearrangement, these three equations can be written in the following

standard form:
F

Me(qe) (.::[e + Ce(qea qe) - T 5 (BB)

0

where q.(t) =[£(t), ¢(t), 0(t)]*, and M, and c, are the extended versions of M and c in

(511). The extended mass-inertia matrix M, is symmetric and positive definite.

Since the velocities are always bounded, and q.(¢) remains unchanged during the in-

finitesimal period of impulsive push-off and retraction, between ¢ and ¢, integrating both

pr’

sides of (B.3]) over the infinitesimal interval (¢, ¢! ) results in

pro bpr
P
cin (o — o) = | =R | (B.4)
0
where A= =G (toe), Ao i = qe(ty,), and
My Mis Mg
Mo =Me(Qey) = | My My My | (B.5)
Mz My Mss
with
My = myer, (B.6)
M12 = M13 = Mieg b sin 20(, (B?)
M22 = Mieg bﬁd, (B8)
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Moz = myeg b (6 — cos2a), (B.9)

Mss = My 2 + Mieg £ b (25 - 4cosza) ) (B.10)

Rearranging (B.4)) gives the velocity mapping of the impulsive push-off and retraction as

P
G, = Gos T M | —R |- (B.11)
0
Now, given ] ]
Ju Jiz s
e_,tlgr = Ja J2 Ja | (B.12)
I Js1 Jzz Jss |
and considering ¢, =t , we can simplify (B.I) as
ét; 0 Ju —Ji2
ét; = ét;r + J21 _J22 (Bl?))
. , R
L Ht; ] | Ht;r | | J31 _J32 |
The above velocity mapping should be identical to (5.14), so
Ju =iz Jp Iir
Ja —da | T | yp Sym |- (B.14)
I Js1 —Js2 | I Jip Jyr |

The matrix l\/I_tl, inherits the symmetry and positive definiteness properties from the mass-
etpr

inertia matrix M,. In a positive definite matrix all diagonal elements are positive. Also,

based on the Sylvester’s criterion [98], all leading principal minors of a positive definite matrix

are positive. The kth leading principal minor of a matrix is the determinant of its upper-left
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k by k sub-matrix. Therefore, for all walking gaits Ji; >0, Jog >0, and Jyq Joo — Jo1 J12 >0,

or equivalently

Jip > 0, (B.16)
Jé in> — JZ Jq'ﬁ/R > 0. (B.17)

Moreover, the symmetry of M_tl, implies Jio = Jo1, or equivalently,
e,tpr

Jq; = —Ji- (B.18)

The push-off impulse P pushes the hip forward, inducing a clockwise (negative) torque on

the swing leg which tends to decrease ¢. This, together with (BI8) implies

Similar to the above equation, the inequalities (B.I5) and (B.I6) can also be derived intu-
itively by noticing that the push-off impulse increases { and a retracting hip torque (R >0)

tends to decreases ¢.

B.1.3 Heel-Strike Velocity Map

Velocities just before and just after the collisional heel-strike are related to each other by con-
servation of angular momentum of the swing leg about the hip and of the whole mechanism

about the leading foot. These equations can be written in the following form:

6 &
HY | % | =H |4 |, (B.20)
QStI ‘h
Et;
where
H- = [hi by b, (B.21)



H = [h h], (B.22)

and

Mieg b/ ((5 — 1)
hy = , (B.23)

2 Myeg £ b (0—2 cos®ar) 4+ myey, £2 cos 2a

0
hy; = : (B.24)

Mieg b/ (5 — 1)

0
h; = , (B.25)

(Mieg b — Myt £) sin 2a

Mieg bl (6 — cos2ar)
hi = , (B.26)

Mot L2+ 2Myeg b L (6 — 2 cos®a)

—Myeg b L CcOS 200
hy = ) (B.27)

Mot 02 + Mieg L (6 — 2 — cos 2a)

The post-heel-strike angular velocities can be directly related to the velocities at the end of

passive swing using the velocity map in (5.19), where

10

Ay=H")"H |0 1], (B.28)
0 0
1

hp:(H+)‘1H‘M;j;r 01, (B.29)
0
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0
hg = -(HY)'H ML | 1|, (B.30)

€,lpr

0

and M- is given by (B.5)-(B.10).

B.1.4 Swing Thrust Velocity Map

The mapping matrix in (523]) associated with the impulsive swing thrust is

cos2a — 0
s . 0 Myor 02 (A (— cos{2a) + 62 — 20) + 9)
t= =M" = . (B.31)
Jj ! 1+ (26 — 4 cos?a) A
oe 0 Mieg b1
Mieg Mieg £b (A (— cos2a) + 62 —25) +0)

where the mass-inertia matrix M is given by (B.]) evaluated at ¢ = —2a.

B.2 Required Swing-Thrust and Push-Off Impulse for Periodic Walking

Combining equations (5.12), (5.13), (5:19), (5:22)-(2.24) and solving for S and P gives (5.26)
and (5.27)) where

h 1 fi(a, V)

hg f2(a> V)
J -1
R [ Et hy } hp, (B.33)
Jpr

where Ay, hp and hyg are given by (B28)-(B.30), scalar functions f; and f, relate f, and

¢o to o and V and are given by (512) and (5.13), vector t is given by (B.31)), and

E= . (B.34)
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