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Abstract

As urban centers continue to grow and develop, there is an increasing need for institutions to be able to
digitally model and perform relationship analysis on 3-D cadastral boundary data. 3-D boundary analysis
can be performed through visual inspection of survey plan drawings, but this often requires professional
expertise such as a land surveyor or lawyer. Being able to digitally model 3-D cadastral boundaries and the
relationships between them would allow for a more rigorous 3-D boundary analysis approach. The problem
this study addresses is related to the relationship analysis between 3-D cadastral boundaries being stored in

a cadastral database management system.

This study examined the development, testing, and application of methodological processes and algorithms
that were designed to classify various geometrical and topological relationships between the boundary
components of two 3-D cadastral units to solve 3-D cadastral boundary problems. It applied established
mathematical theory using Conformal Geometric Algebra (CGA) objects and operational techniques, in
combination with various 3-D point-point distance evaluations and geometric concepts to the classification
of relationships between 3-D cadastral boundaries. It developed and tested a set of data modelling processes
and algorithms that can be used to identify if 3-D cadastral boundary components are touching, intersecting,
or are disjoint from one another. A literature search suggests that the theory and methodology as it was
applied in this study have not been used to classify topological relationships between 3-D cadastral

boundaries elsewhere.

A literature search related to 3-D cadastres and 3-D property management was used to identify cadastral
objects that can be registered in various jurisdictions and to identify data structures that are commonly used
to represent 3-D property boundaries. The scope of the boundary components considered here was limited
to 3-D points with [X, y, z] coordinates, straight lines bound by two end points, and flat planes bound by
four edge lines that may define the boundary of a volumetric legal space such as a cadastral unit registered
using a strata or condominium survey plan. A literature search related to modelling 3-D boundary
relationships identified topological frameworks that can be used to organize relationships between 3-D
boundary components, as well as identified existing CGA mathematical theory that could be used to
perform topological analysis on 3-D boundaries. The relationships modelled here were limited to 3-D

boundary components touching, intersecting, or being disjoint from each other.



The approach to classifying relationships between two 3-D cadastral units A and B was to first evaluate the
relationships between all boundary components in unit A with all boundary components in unit B. These
relationships were then combined and interpreted together to describe the relationship between the two 3-
D cadastral units A and B. Six sets of data flow processing algorithms were developed to determine the
relationship classifications of the point-point, line-point, line-line, plane-point, plane-line, and plane-plane
boundary component pair sets between the two cadastral units. These algorithms were coded in MATLAB
and interacted with a CGA program GAViewer. CGA objects and operations were utilized to sort boundary
component pairs into a projected relationship category such as components being parallel, collinear,
coplanar, or intersecting at a point or line. A series of 3-D point-point distances and additional Conformal

Geometric Algebra operations were then evaluated to classify the final relationships.

The classification processes were first validated using seven simulated experimental testing datasets, each
consisting of two cube-like units. The classification processes were then applied to a cadastral dataset that
was derived from a 3-D condominium survey plan registered in Alberta, Canada. Relationships for all
datasets were known a priori to running the experiments and relationship classification results were
validated manually through visual inspection to determine if the implementation program had produced the
expected results. Results from the experimental datasets support the methods that were proposed to classify

53 distinct types of topological relationships between 3-D boundary component pair sets.

The methods developed here were not verified as being universally correct with all 3-D cadastral units, but
rather have been validated through the testing of the simple cube-like cadastral experiments chosen. While
this type of boundary relationship analysis can be done through visual inspection of survey plans, the
methods developed here are more mathematically rigorous. These processes could be leveraged by land

surveyors and land administration professionals when analyzing 3-D survey plan boundaries.

The theoretical contribution of this study is that the experimental results tested support how the methods
that were developed using CGA along with 3-D point-point distance evaluations can be applied to classify
topological relationships between cube-like 3-D cadastral boundaries. None of the experimental datasets
tested show the methods developed here to be false. The practical contribution of this study is that it showed
how the methods developed here can be applied to solving a practical 3-D cadastral boundary problem
example in the land surveying field, specifically towards validating a shared boundary between two adjacent

3-D cadastral units as is intended on the plan before survey plan registration.
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Chapter One: Introduction

1.1 Introduction

This study reports on the development and testing of methodological processes that were implemented to
perform topological relationship analysis on 3-D legal boundary components. It applies the established
mathematical theory of Conformal Geometric Algebra (CGA) objects and operations in combination with
various point-point distance evaluations to develop a set of data flow processes and algorithms to achieve
this. Specifically, it investigates topological and geometric relationships between sets of 3-D cadastral units

and how processes could be applied to solve 3-D cadastral boundary problems.

This chapter introduces the reader to key concepts and questions related to the development of data
modelling processes that can be used to classify geometric and topological relationships for 3-D cadastral
purposes. The chapter is structured as follows. Section 1.2 introduces the general problem that this study
focuses on and provides a background on its importance. Section 1.3 defines an operational definition for
a 3-D cadastre as it is used here and presents the main problem statement. Section 1.4 presents the primary
research objective. Section 1.5 and Section 1.6 present the research questions and activities that are relevant
to achieving the primary objective. Section 1.7 discusses the scope of the study and Section 1.8 discusses
the significance of this research and how it contributes to knowledge in the 3-D land management and
professional surveying field. Section 1.9 outlines the organization and structure of the study.

1.2 Background

This section briefly describes why 3-D cadastre development is important. It provides background context
on 3-D cadastre research, identifies the general gap in knowledge this study aims to contribute towards, and
provides the rationale for performing this study. It highlights the functional limitations that can exist when
modelling 3-D legal boundary data with existing 2-D topology models and frames the problem within the
context of common research topics associated with 3-D cadastres. The topics discussed here are built upon

in the literature review on 3-D cadastres presented in Chapter 2.

Traditionally, a cadastre is used to store all legal rights and many interests in land, along with a 2-D parcel
description of the land (Stoter, 2004). As municipalities and other jurisdictions grow and develop, there is
an increased need for mapping and managing complex legal structures that exist above and below the
ground such as rights, restrictions, and responsibilities associated with buildings, underground facilities,



and utilities, among other right spaces such as is shown by El-Mekawy et al. (2015) and Kitsakis et al.
(2016).

Currently, 3-D property can be registered to a title with a supplementary condominium or strata subdivision
survey plan in many jurisdictions. In Alberta, a condominium plan can register group and personal interests
in 2-D and 3-D property while a strata plan can register ownership rights overlapping in 3-D space. In both
plan types, cadastral boundaries are recorded and registered as 2-D drawings, vertical profiles, cross-
sections, and 3-D isometric drawings. An example layout describing an isometric view can be seen in Figure
1.1 below. Boundary analysis can be performed by visual inspection of the survey plan, but this often
requires professional expertise such as a land surveyor or lawyer. In more complex layouts, investigating
these plans becomes more difficult and can be time-consuming.

—_Residential Units
_ Private Property

Figure 1.1: Common 3-D Ownership Schema (Barry, M. — used with Permission)

The introduction of 3-D legal structures into existing 2-D digital storage and mapping schemes results in
restricted object management and boundary analysis capabilities. In this scenario, topological analysis is
limited to the boundary of the underlying 2-D parcel and adjacent 2-D parcel boundaries. Relationships

between the 3-D units contained within the underlying parcel need to be analyzed visually using plans.
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1.2.1 Limitations of a 2-D Cadastral System

The reasons 3-D cadastral models and processes should be further developed can be highlighted by first
discussing the limitations of registering 3-D objects in a 2-D cadastral system. This section highlights areas
in which a 2-D cadastre is becoming increasingly limited or fails to provide unambiguous insight or analysis

about a 3-D legal situation.

The extended use of land, water, and air has resulted in complex legal structures such as ownership and
other rights linked to 3-D property (EI-Mekawy, 2015). Zhang, J. (2016) states that 2-D cadastral systems
are becoming increasingly limited for handling complex 3-D cadastral objects in urban areas. Drobez et al.
(2017) found several studies which showed that 2-D registration of real property no longer meets the
demands of modern society. Stoter (2004) suggests that 2-D projected representations of rights,
responsibilities, and restrictions (RRRs) and other interests cannot accommodate complex, overlapping real
property scenarios when rights of cadastral objects extend above or below the Earth’s surface in 3-D space.
This complexity being managed in a lower-dimensional 2-D system is generally more likely to cause

discrepancies than if it were managed in a 3-D system.

One of the main limitations of traditional 2-D cadastres is the way that 2-D and 3-D boundaries are digitally
stored relative to each other. In many cadastral systems, 3-D property boundary data is registered and stored
as a set of 2-D plan views, cross-sections (side elevations), and 3-D isometric drawings that are included in
the survey plan that was used to register the 3-D property. These drawings can be used together to interpret
the boundary locations of different 3-D cadastral units. An example of 2-D drawings being used to represent

3-D cadastral unit boundaries can be seen in Figure 1.2 below.
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Figure 1.2: Example of 3-D Condominium Boundaries using 2-D Drawings — Alberta, Canada
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Figure 1.2a shows a vertical cross-section of a condominium building. Measurements included in this
drawing can be interpreted to derive the elevations of each floor and the points defining the boundary of
each 3-D cadastral unit. Figure 1.2b shows a horizontal, plan view, cross-section for floors 2-6 of the same
condominium building. Measurements included in this drawing can be interpreted to derive the 2-D

horizontal point locations defining the boundary of each 3-D cadastral unit.

The digital 3-D boundary analysis capabilities using only these drawing representations are limited in the
sense that the boundaries of objects registered in 3-D are not topologically related to one another directly
in a cadastral database. In this scenario, determining relationships between adjacent 3-D cadastral units can

be done indirectly through the inspection of 2-D drawings included in official survey plans.

Another shortfall of using a 2-D cadastral system to model 3-D cadastral units is that 3-D boundaries can
only be visualized by looking at 2-D cross-section perspectives or isometric drawings generated from 3-D
survey plans. It’s not until you retain a copy of the survey plan which defines these 3-D cadastral units that
you can start to get a glimpse of the situation. Even when the 3-D survey plan is acquired, the plan drawings

might not be straightforward or easy to understand for all users of the cadastral system.

Pouliot & Girard (2016) performed a survey on the progress and future directions regarding the
visualization component of a 3-D cadastre. One of the main conclusions of their study was that the “data to
be visualized must be linked not only to physical objects but especially to legal boundaries” (Pouliot &
Girard, 2016). These boundaries should relate to parcels, easements, and any restrictions or changes in
rights. A proposed gap in their research involves the usability and interaction capabilities of visualizing
geometrical and legal relationships in 3-D. There is currently a lack in understanding the varying needs of
individuals that would be using a 3-D cadastre such as the public, city planners, land surveyors, and other
professionals. Pouliot & Girard (2016) claim that understanding these specific needs and meeting them for

all types of users is necessary for such a system to be accepted.

1.2.2 FIG Working Group on 3-D Cadastres Topics of Research

The International Federation of Surveyors (FIG) working group on 3-D cadastres is an international effort
to develop various aspects of a 3-D cadastre through publishing research from multiple legal jurisdictions
around the world. It has proposed different research topics that are related to 3-D cadastre development to

establish best practices moving forward.

One main topic for 3-D cadastre research is related to 3-D cadastral information modelling. This study

reviews the Land Administration Domain Model (LADM), which is a descriptive standard for 3-D cadastral



modelling published by the International Organization for Standardization (ISO). The LADM (ISO
19152:2012) organizes the spatial and non-spatial data related to 3-D property and links the legal
foundations and initial registration of 3-D property for various jurisdictions. While the legal concepts are
organized in detail and can be modified to any jurisdiction, the spatial data component of the model does

not provide details on how to store and analyze relationships between the boundaries of 3-D objects.

Two other topics of 3-D cadastre research are associated with the legal foundations required for realizing
3-D property and research related to the initial registration of 3-D property. Legal foundations refer to the
definition of different types of 3-D property and the variations of 3-D rights, restrictions, and
responsibilities (RRRs) that can be associated with them. The initial registration of 3-D property refers to
approaches for realizing 3-D property units as well as approaches for surveying and storing 3-D property
boundaries into various types of legal documents that can be used to define and register rights in 3-D space.

The 3-D cadastre working group research topic that this study aims to contribute to relates to the
development of 3-D spatial database management systems (DBMS) and processes that can be used for
managing 3-D property boundaries. This topic focuses heavily on the development of 3-D data models used
for storing and managing 3-D boundaries, as well as on approaches used for identifying topological

relationships between 3-D boundaries and solving 3-D cadastral boundary problems.

1.3 Problem Statement

There are many definitions of a 3-D cadastre. | have adopted the following operational definition which
draws extensively on Stoter (2004). For this study, a 3-D cadastre is defined as a land information system
in which the boundaries of both 3-D property and the land it resides on are clearly and indisputably
recorded. It is an implementation of a spatial database management system (DBMS) used to record,
manage, and provide analytical insight on matters related to the legal status of land and 3-D property for a
specified land jurisdiction. The 3-D objects modelled in this study are derived from legal condominium and

strata property boundary concepts that can be registered in the jurisdiction of Alberta, Canada.

The specific 3-D cadastral problem that this study attempts to address is related to relationship analysis
between 3-D cadastral boundaries being stored in a cadastral DBMS. The geometric data associated with a
3-D cadastral unit stored in such a database should be digitally modelled so that spatial relationship queries
can be performed between the boundaries of different 3-D cadastral units. This study develops an

implementation of methodological relationship classification processes that can be used to achieve this.



Such an implementation needs to have a standard for digitally representing, organizing, and storing 3-D
boundary components. It needs to have defined computational data modelling processes that can be
followed to properly classify and describe both geometric and topological relationships between 3-D

cadastral units and their 3-D boundary components.

1.4 Research Objective

This study aimed to design and test methodological modelling processes that can be implemented to classify
geometrical and topological relationships between the boundary components of two 3-D cadastral units.
This was achieved by applying existing CGA mathematical algorithms and operational techniques along

with 3-D point-point distance evaluations.

These computational processes were developed to solve 3-D cadastral boundary problems. Relationship
classification processes should consider the data types that are commonly being used to record and register
3-D legal objects in various jurisdictions and have a digital format for organizing 3-D cadastral unit
boundaries. The processes should be able to identify shared or intersecting boundaries between 3-D units.

Two primary research guestions were examined in achieving this objective:

1. How can topological and geometrical relationship classifications be determined between two 3-D
cadastral units and their boundary components?

2. How can CGA objects and operations be applied to solving question 1?

1.5 Questions to Guide the Research

The following are specific research questions that guided the study. They frame the problem context, as
well as how the investigation was structured. They are split into questions related to research on 3-D
cadastres (Chapter 2) and questions related to 3-D boundary relationship modelling and topology (Chapter
3).



1.5.1 Questions Related to Research on 3-D Cadastres and the 3-D Cadastre in Alberta

What is the purpose of a 3-D cadastral system? (see Section 2.1)
Who would benefit from using a 3-D cadastral system? (see Section 2.1)
What is the Land Administration Domain Model? (see Section 2.2)

What are the main components of a 3-D cadastral data model? (see Section 2.2)

A

What rights, restrictions, and responsibilities can be defined and registered in 3-D?
(see Section 2.3)

o

What types of cadastral spatial units can be registered using 3-D boundaries? (see Section 2.3)

7. What are the approaches to realizing 3-D property units? (see Section 2.3)

8. What are the types of survey plans that can be used to record and register 3-D property in Alberta?
(see Section 2.4)

9. What types of 3-D cadastral property units can be registered in Alberta? (see Section 2.4)

10. How are 3-D cadastral property units structured within the underlying 2-D parcel in Alberta?
(see Section 2.4)

11. What approaches exist for integrating 2-D and 3-D cadastral boundary data into a DBMS?
(see Section 2.5)

12. What data formats can be used to represent 3-D boundaries digitally? (see Section 2.5)

13. What 3-D boundary components should be considered for modelling? (see Section 2.5)

14. What data checks performed on 3-D boundaries would be useful for survey plan validation?

(see Section 2.5)

1.5.2 Questions Related to 3-D Boundary Relationship Modelling & Topology

15. What topological relationships can exist between spatial objects? (see Section 3.1.1)

16. What are the 4-intersection, 9-intersection, dimension extended, and dimension extended 9-
intersection topological model frameworks, and how are they used to describe relationships?
(see Section 3.1.1)

17. What frameworks can be used to describe geometric relationships between 3-D objects?
(see Section 3.1.2)

18. How can the 9-Intersection Model be applied to distinguish relationships between
multidimensional objects in 3-D space? (see Section 3.1.2)

19. What is the Dimensional Model framework as it is used for organizing relationships between

spatial objects? (see Section 3.1.2)



20.

21,

22,

23.

24,

25.

26.

How can geometric relationships be used to distinguish between different types of spatial
relationships in 3-D? (see Section 3.1.3)

What projected relationships can exist between various 3-D boundary components?

(see Section 3.1.3)

What approaches to processing spatial data have been used to implement relationship analysis
between 3-D cadastral objects? (see Section 3.1.3)

What is the Conformal Geometric Algebra (CGA) spatial framework and how is it realized?

(see Section 3.2.1)

How can 3-D boundary components be modelled using Conformal Geometric Algebra?

(see Section 3.2.1)

What geometric and topological operators can be used to analyze relationships between spatial
objects modelled using Conformal Geometric Algebra? (see Section 3.2.1)

What approaches have been used to determine topological relationships between 3-D cadastral

objects using Conformal Geometric Algebra implementations? (see Section 3.2.2)

1.6 Research Activities and Methods

Addressing the following research objective activities was critical to achieving the primary objective.

Objectives 1 through 5 below were achieved through interpreting answers to the guiding research questions

presented in Section 1.5 above. Objectives 6 through 9 were achieved through the development and testing

of processes that can be used to classify relationships between 3-D cadastral objects using CGA theory.

1.

Identify the types of 3-D cadastral objects that can be realized in Alberta, Canada, and in various
legal jurisdictions (Chapter 2)

Identify 3-D data structures that are commonly used to represent 3-D property boundaries
(Chapter 2)

Decide on a data format that will be used for digitally representing 3-D boundaries (Chapter 4)
Identify topological relationships that can exist between 3-D boundary components (Chapter 3)
Identify existing mathematical theory that can be used to perform topological analysis on 3-D
boundaries (Chapter 3)

Propose data flow processes that use existing mathematical algorithms and techniques to classify
topological relationships that can exist between the 3-D boundary components of cadastral units
(Chapter 4)



7. Implement the computational procedures proposed in the theoretical model that use CGA
projected object representations and operations, as well as 3-D point-point distance evaluations
using written MATLAB functions and other software (Chapter 5)

8. Test proposed computational procedures with simulated datasets to show the extent that they can
work under (Chapter 6)

9. Test proposed computation procedures on two 3-D cadastral units derived from a real 3-D
cadastral survey to show how the developed procedures can be applied to a practical 3-D

boundary problem scenario (Chapter 6)

The methods to address the research activities above to achieve the primary objective of developing and

testing the algorithms and data flow processes proposed in this study was as follows:

Research activities 1, 2, and 3 were performed to identify different variations of 3-D cadastral units that
can be registered in various legal jurisdictions and identifying common formats that are used to register and
store their 3-D boundaries. These were done to define a data format that could be used to digitally store the
3-D boundaries modelled for this study using 3-D geometry and point sets. Existing legislation for
registering 3-D property in Alberta, Canada, and previous literature related to managing 3-D property

boundaries in other jurisdictions were reviewed to achieve this.

Research activities 4 and 5 identified formal definitions for the possible relationships that can exist between
different 3-D boundary components and identified mathematical techniques that could be applied to help
distinguish between these relationships. Each of the 6 pairs of 3-D boundary components considered has a
limited number of relationships that can be classified between them. Research related to defining and
organizing relationships between spatial objects using topological frameworks, as well as research related

to mathematical approaches used for analyzing 3-D spatial objects were reviewed to achieve this.

Research activity 6 used the results from research activities 4 and 5 to develop conceptual data flow
processes that could be followed to classify relationships between individual 3-D boundary components
that were defined through research activities 1, 2, and 3. Six sets of classification processes are proposed
using flow chart diagrams that use Conformal Geometric Algebra mathematical operations, point-point

distance checks, and condition-based decisions.

Research activity 7 consisted of generating simulated 3-D cadastral units and parameters for their 3-D
boundary components, writing MATLAB functions that were used to interact with a Conformal Geometric
Algebra program (GAViewer), and writing MATLAB functions that implemented the decision-based
classification processes proposed in research activity 6. Parameters for 3-D boundary components were

stored in EXCEL files and classifications between 3-D boundary components were output to tables.



Research activity 8 included running seven sets of data (each consisting of two simulated 3-D cadastral
units) through the implementation functions developed in research activities 6 and 7 to classify relationships
between their 3-D boundary components. Research activity 9 ran a dataset derived from a condominium
survey plan registered in Alberta, Canada through the relationship classification functions to demonstrate
how the processes developed here could be applied to a real 3-D cadastral scenario. Relationships between
each set of 3-D cadastral units were known a priori to testing so that the proposed processes could be

verified to work as designed.

1.7 Scope of the Research

This study was performed from the perspective of a professional surveying standpoint and not from a
computer science world view. It is interdisciplinary and aimed primarily at land administration
professionals and academics. It provides a methodological approach that can be used for 3-D cadastral plan
validation and plan quality management. This study does not generate new theory related to topological
relationships, but rather applies existing mathematical theory to classify topological and geometric
relationships between modelled 3-D cadastral unit boundary components.

All proposed methods were implemented using a series of MATLAB functions written by the author.
Conformal Geometric Algebra mathematical operations were executed in the open-source program

(GAViewer) where results from these operations were imported and then analyzed in MATLAB.

The format for the datasets used to test the methods put forward in this study was defined to reflect strata
and centerline boundary condominium properties in Alberta, Canada. The cadastral datasets ran through
the written MATLAB programs were all simulated cube-like objects that have closed watertight volumetric
boundaries. Each of these is composed of eight 3-D boundary points with [X, y, z] coordinates, 24 straight
boundary lines with no curves defined by a start point and end point, and six flat piecewise planar boundary
plane surfaces defined by four boundary points and four boundary lines. All planar surfaces are vertical,
horizontal, or inclined at an angle. Digital parameters used to represent 3-D boundary components were
stored using EXCEL file tables.

This model does not attempt to render visualizations of 3-D cadastral units or classified relationships
between cadastral unit sets. Processes for implementing database queries were not developed here. The
scope is limited to creating digital representations for sets of 3-D cadastral units and to classify various
touch, intersection, and disjoint topological and geometric relationships that exist between their 3-D

boundary components.
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1.8 Contribution to Knowledge and Significance of the Research

This study has both methodological and substantive theoretical contributions, as well as practical
contributions to knowledge. The methodological theoretical contribution of this study is that it developed,
tested, and validated procedural data flow processes and algorithms that apply existing CGA theory to
correctly classify relationships between the boundaries of volumetric 3-D cube-like objects using simulated

datasets.

The substantive theoretical contribution of this study is that it applied the developed methodological
processes and algorithms to the context of 3-D cadastral boundary problems by using 3-D boundary units
derived from a condominium survey plan registered in Alberta, Canada. A literature search (Chapters 2 and
3) suggests that the methods developed in this study that use existing CGA and topology theory have
previously not been applied to the classification of relationships between 3-D cadastral boundary

components as they are applied here.

A practical contribution this study has in the 3-D land management and professional surveying field is that
the methods developed here could be applied for validating boundaries in 3-D survey plans before they are
registered as a legal document (i.e. survey plan checking). These validations would help to increase land
tenure security. An example of this would be validating that two adjacent 3-D cadastral units share common
boundary points or line and plane segments and do not intersect in 3-D space before a survey plan is
submitted for registration.

The methods developed here could also increase the boundary analysis potential regarding 3-D cadastral
objects being modelled in a 3-D spatial DBMS. Converting registered 3-D cadastral boundaries into digital
objects and being able to classify and model the relationships between their 3-D boundary components
would enhance the types of digital analysis available for land surveyors or others managing 3-D geospatial
datasets. This could enable 3-D cadastral data to be used as the base dataset for other external applications
related to building information modelling (BIM) or 3-D mapping. However, this is out of the scope of this
study.
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1.9 Thesis Organization

The remaining chapters of the study are structured as follows:

Chapter 2 reviews literature related to 3-D cadastre research and development. Various concepts related to
the organization and management of a 3-D cadastral system are presented and discussed to highlight the
developmental challenges associated with digitally modelling 3-D cadastral data. It compares a few of the
previous modelling approaches that have been implemented while identifying the gap that this study aims
to bridge.

Chapter 3 reviews literature related to 3-D boundary relationship modelling and topological relationships.
It also provides an overview of mathematical concepts and theory related to the conformal model of
geometric algebra. These concepts are applied in Chapters 4 - 6 to both represent cadastral boundary
components and to perform topological operations between them.

Chapter 4 proposes the data flow processes that can be used to classify relationships between the boundary
components of two 3-D cadastral units. It provides formal definitions for the boundary components as they
are modelled in this study and discusses the approach followed to modelling relationships between their
boundary components. Conceptual processes using CGA intersections and other distance checks are
proposed that can be followed to classify the various topological boundary relationships that can exist

between six sets of 3-D boundary component pairs.

Chapter 5 describes the methodology that was followed to implement the processes proposed in Chapter 4
in full detail. It describes how the simulated 3-D cadastral unit boundaries tested in Chapter 6 were
generated and stored using a database table approach. It then describes how the conceptual data flow
processes proposed in Chapter 4 were implemented using written MATLAB functions and GAViewer

scripts while showing how the datasets were processed through the main MATLAB classification function.

Chapter 6 describes the seven simulated datasets that were used and presents the results for testing the
topological relationship classification processes between individual boundary components. All
relationships introduced in Chapter 4 were properly classified at least once between the seven datasets.

Classification results from a real condominium example are presented here as well.

Chapter 7 provides a discussion and analysis on the results presented in Chapter 6 and how this model could
be useful for the surveying profession. It discusses ways in which this model can be expanded to include
other data types and concludes by reviewing the work that has been done and identifying how the methods

presented in this study could be further applied to other areas of 3-D cadastral research.
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Chapter Two: Literature Review related to 3-D Cadastres and 3-D Property Management

This chapter presents previous theory and methods related to 3-D cadastre research and development. It
provides background context towards the need to design and implement the computational modelling
processes presented in Chapter 4. It identifies the gap in existing research that this study aims to contribute
towards that is related to modelling topological relationships between the recorded boundaries of 3-D

cadastral properties. It is structured as follows.

Section 2.1 introduces the reader to the main concepts associated with a 3-D cadastre. It discusses the main
purpose and other proposed uses of a 3-D cadastral system to highlight the importance of researching and

developing processes related to 3-D cadastral object management.

Section 2.2 describes the different components of a 3-D cadastral system using the international data model
ISO standard, the “Land Administration Domain Model” (LADM). This descriptive standard can be used
to conceptually organize a 3-D cadastre into its main spatial and administrative components for a given

land management jurisdiction as they would exist in a spatial database management system (DBMS).

Section 2.3 reviews the legal foundations that are required for realizing, recording, and registering 3-D
property units and their boundaries in multiple jurisdictions globally. It identifies various types of 3-D
property that can exist, as well as the variations of 3-D rights, restrictions, and responsibilities that can be

associated with them.

Section 2.4 reviews different approaches to surveying and representing 3-D property units on official survey
plans, as well as approaches to storing 3-D property boundaries into various types of legal documents in
the jurisdiction of Alberta, Canada. It introduces two types of survey plans from which the datasets used in

Chapter 6 can be derived.

Section 2.5 reviews literature related to the development of 3-D spatial DBMS processes that can be used
for managing 3-D property boundaries. It compares three different approaches to digitally representing 3-
D boundaries in a DBMS. It identifies validation checks that should be considered between 3-D property
boundaries that are contained in the same survey plan. It summarizes different types of topological
relationships that can exist between 3-D units registered to the same survey plan and highlights how

classifying these relationships could be useful to both surveyors and end-users of a 3-D cadastral system.
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2.1 Potential Uses of a 3-D Cadastre

This section introduces the reader to the main purposes and uses of a 3-D cadastre. It covers uses for the
surveying profession overall, uses for those involved in urban planning, and applications that could apply

3-D cadastral datasets to supplement other external datasets for various purposes.

This section provides introductory context as to why 3-D cadastral dataset modelling processes should be
developed. This section addresses research question 1: “What is the purpose of a 3-D cadastral system?”

and research question 2: “Who would benefit from using a 3-D cadastral system?”.

Zhang, J. et al. (2016) state that the main purpose of a 3-D cadastral data model is to organize, store, and
represent spatial representations for 3-D cadastral objects. The economy, science, and administration have
an increasing demand for official three-dimensional spatial information (3-D-geodata) as a base for multiple
applications linked to urban planning and property management. On a more general scale, the spatial data

component of a 3-D Cadastre can be used as the base model for other applications.

Three of the biggest users of a 3-D cadastre are citizens, land developers, and land surveyors. Citizens and
developers (property owners) can use the information from a cadastral system to guarantee the security of
their registered interests in real property. The system can be used to provide information regarding interests
(rights, restrictions, and responsibilities) in 3-D property, information about 3-D parcels, and information
about the people that have interests in them (FIG, 1998). It can be used by developers to provide this
information when acquiring a property for ownership or further development. Land surveyors can use the
information system to access survey plans needed to record new surveys or to help with legal property
boundary dispute resolution (FIG, 1998). A land surveyor could also use data analysis functionalities
associated with a 3-D cadastral system to perform spatial property boundary validations before submitting
a 3-D plan for registration. Data checks that could be useful to a land surveyor for validating 3-D survey

plans are discussed further in Section 2.5.

Aside from its main purpose of securing land/property tenure and security, a 3-D cadastre can provide
geoinformation that can be used as a potential base model for other applications. One of these applications
would be to enrich the functionality of a Building Information Model (BIM) such as that described by
Atazadeh et al. (2016). One of the current drawbacks of BIM is that it only incorporates detailed physical
information about the building being modelled. Adding 3-D cadastral data into a BIM could incorporate a
juridical (legal) aspect to an existing model by linking the detailed physical descriptions of a property with

the RRRs and other interests of the people interacting with the building/property.
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Aien et al. (2013) and Aien et al. (2015) developed a conceptual data model that can be used to integrate
physical BIM models with legal cadastral models to increase the usability of both datasets for various
applications. They showed how the model could be applied to represent physical object records of extended
land use such as buildings, tunnels, and utility networks. Pouliot & Girard (2016) also showed how BIM
can be used for storing the location of sub utility lines and networks while Lee et al. (2018) developed a
BIM framework that could be used for managing the maintenance of utility tunnels. A 3-D cadastral system
integrated with BIM could be used as a tool for city planners if it is structured and presented in a way so

that spatial data can be easily analyzed and visualized.

On a larger scale, all real property in a jurisdiction could be used to create a city model and simulate various
land use planning and management scenarios. Germany created a “multidimensional” land database to
monitor photovoltaic technology, geothermal, and wind energy. The database includes a noise map of areas
to help better plan for future developments (Seifert et al., 2016). Breunig & Zlatanova (2011) showed that
3-D geo databases could be applied to implement early warning systems against natural hazards and to
coordinate emergency response scenarios. To achieve any of the examples presented above, methods to
digitally represent and analyze relationships between the boundaries of 3-D cadastral units need to be

developed and tested.

2.2 Components and Organization of a 3-D Cadastre

This section introduces the reader to the descriptive ISO standard data model that can be used to organize
both 2-D and 3-D cadastral spatial and non-spatial (semantic) datasets. The three main data packages are
discussed to organize the various components of data involved with a cadastral system that includes 3-D

property. It also provides brief descriptions for some of the definitions linked to 3-D property data.

This section is used to organize the multiple components involved in 3-D cadastral datasets into a subset of
less complicated concepts. While most components are related to non-spatial data, this study focuses on the
spatial data component which is introduced last. This section addresses research question 3: “What is the
Land Administration Domain Model?” and research question 4: “What are the main components of a 3-D

cadastral data model?”.

The components of a 3-D cadastral system can be organized by reviewing the standardized model for
organizing 3-D cadastral data. The LADM was created as a descriptive standard to provide “governments

instruments like regulations and administrative procedures to support land tenure security, land markets,
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land use planning and controls, land taxation, and the management of natural resources” (Lemmen et al.,
2015). This standard can be used to describe the legal space covered by the RRRs without describing the
physical space and was presented in 1SO-19152 (ISO, 2012).

The LADM operates under the pretext that the data model behind any land administration system should
be able to function as the core of any land administration system (Lemmen et al., 2015). Since each
jurisdiction has its own legal system, the data model used needs to be flexible and widely applicable. For
this reason, LADM should not be taken as a strict implementation method, but rather a descriptive standard
for organizing spatial and non-spatial data related to 3-D cadastral property. It is important to note that the
principles of the LADM will be used as a reference in this study, but they will not be held as a requirement.
The conceptual data model for the LADM is organized into the party package ‘LA Party’, the
administrative package consisting of ‘LA RRR’ and ‘LA BAUnit’, and the spatial unit package
‘LA_SpatialUnit’. These three main packages can be seen in Figure 2.1 below.

LA_Party LA_RRR LA_BAUnit LA_SpatialUnit

LA_Right LA_Restriction | | LA_Responsibility

Figure 2.1: Basic structure of the LADM packages

Lemmen et al. (2015) say that the party package ‘LA_Party’ can be interpreted as the location in the data
model for holding all information related to the people attached to the definitions of various rights,
restrictions, and responsibilities related to property ownership. A party can be a person or organization that
plays arole inan RRR transaction. Therefore, the party is directly linked to the RRR package. Organizations
can include companies and municipalities, among others. For example, group party’s can be used in cases
of ownership like that of a condominium board in many jurisdictions that has multiple owners of common
property (Lemmen et al., 2015).

The administrative package includes two sub-classes, ‘LA RRR’ and ‘LA BAUnit’. ‘LA RRR’ can be

broken down further into sub-classes used for representing rights ‘LA Right’, restrictions
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‘LA_Restriction’, and responsibilities ‘LA_Responsibility’. Rights can include the right of ownership,
tenancy, or possession, among others. Restrictions can include any example where a party is required to
refrain from doing something related to the property. For example, a mortgage would be a restriction
attached to the ownership of a property. Responsibilities are defined as formal or informal obligations to

do something related to the property (Lemmen et al., 2015).

The spatial package ‘LA SpatialUnit’ includes descriptions of geometric parcels that will be linked to the
boundaries defining the extent of a basic administrative unit. Boundary descriptions can be topological,
polygon, unstructured, point, or text based. The basic administrative unit package, ‘LA BAUnit’ consists
of zero or more spatial units that is linked to one or more of the rights, restrictions, or responsibilities
defined in the ‘LA RRR’ package. The spatial unit can be part of a spatial unit group like how a
condominium unit would be part of a total condominium building (Lemmen et al., 2015).

Localized data models of the LADM have been implemented as a guide to help create a data structure used
to organize legal documents associated with land administration in several jurisdictions. Some of these
include models for Croatia (Vucic et al., 2013), Korea (Lee et al., 2015), Malaysia (Zulkifli et al., 2014),
Poland (Gozdz & van Oosterom, 2016), The Netherlands (Kara, et al., 2019), and Victoria (Australia)
(Kalantari & Kalogianni, 2018), among others. The LADM formalizes terminology that might exist in a
cadastral system registering different types of 2-D and 3-D property. Some of these 3-D property types are
discussed further in Section 2.3.

The literature above suggests that while administrative structures have been described in detail (first 2
packages), less research has been done regarding the analysis of boundaries represented in the
‘LA_SpatialUnit’ package that focuses on the spatial geometry types and topology enforcement
components of the model. This study focuses on aspects of the spatial unit package with an emphasis on
how 3-D boundaries defining spatial units can be represented and relationships between them can be

analyzed digitally using computational processes.

2.3 Legal Foundations for 3-D Property Registration

This section reviews the legal foundations required for registering 3-D property. Firstly, it reviews the
importance and types of rights, restrictions, and responsibilities that can be registered in 3-D. Secondly, it
covers a review of possible solutions for defining and realizing 3-D property in a few different jurisdictions

globally while comparing various degrees of 3-D property registration that are already in place.
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This section gives the reader an idea of the various types of 3-D property that the methods proposed in
Chapter 4 can be applied to and provides context as to why they would be useful when comparing their
boundaries. This section addresses research question 5: “What rights, restrictions, and responsibilities can
be defined and registered in 3-D?”, research question 6: “What types of cadastral spatial units can be
registered using 3-D boundaries?”, and research question 7: “What are the approaches to realizing 3-D
property units?”. This section contributes to research objective 1: “Identify the types of 3-D cadastral

objects that can be realized in various jurisdictions”.

2.3.1 3-D Rights, Restrictions, and Responsibilities

One of the most important purposes of a cadastral system is to unambiguously record the varying RRRs
associated with registered land and property. Any tenure system in which the legal status of property is
ambiguously presented can have negative effects regarding the development or transfer of ownership
opportunities related to that property. With 3-D property becoming more commonplace, a cadastral system
must be able to manage RRRs in three dimensions to increase the robustness of land and property tenure
security in its corresponding jurisdiction.

Stoter (2004) claims that a 3-D cadastre should record the geometries, ownership information, and other
interests related to land and 3-D property. Among these other interests are rights, restrictions, and
responsibilities (RRRs). EI-Mekawy et al. (2015) say that these RRRs will be different depending on the
legal system for land and property registration in a specific country or jurisdiction. Some examples of RRRs
they give include the right to use a road on a property, the restriction not to erect buildings without
permission, and the responsibility to keep your house in good condition. EI-Mekawy et al. (2015) define
four different types of RRRs that can be represented in 2-D or 3-D.

The first type of RRRs are those that are related to the underlying parcel itself. For these, a 3-D
representation is not necessary as it can be linked to the 2-D property boundaries. The second type of RRRs
are those that are affected by the type of property to be constructed on a parcel. For these, a 3-D
representation is necessary as complex scenarios involving overlapping shared spaces are hard to represent
using a 2-D representation. The third type of RRRs are those that are not clearly defined legally or are
delimited. These can concern any objects or activities on the parcel in 3-D. An example of this would be a
maximum building height or maximum digging depth and would usually be represented with a single
elevation parameter. The fourth type of RRRs are those that are based on easements/agreements between

real properties. This occurs whenever a property has the right to use another property for a specific use. In
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a 3-D cadastre, this could include the overhanging of a 3-D legal object into a neighboring parcel or a 3-D

object that crosses over many parcel boundaries such as an underground tunnel (EI-Mekawy et al., 2015).

2.3.2 National Case Studies Regarding 3-D Property

Kitsakis et al. (2016) review how several jurisdictions are already implementing some form of a 3-D
cadastral system. They highlight the legal issues that can arise when realizing 3-D property in various
jurisdictions. They provide a review regarding the legal definition of 3-D objects and the possibilities for
recording them, as well as reviewing what rights can be registered in 3-D in each jurisdiction. They found
that there were varying degrees to which 3-D property was recorded and 3-D rights were able to be officially

registered in the existing cadastral systems (Kitsakis et al., 2016).

Some jurisdictions such as Argentina, Bulgaria, Greece, and Jordan were able to record 3-D objects to some
extent while not formally registering any rights in 3-D. Bulgaria had no 3-D cadastral legislation in place
but recorded utilities under or above the ground and would provide 3-D visualization for certain cadastral
objects. Argentina registered everything in 2-D but defined 3-D objects using various levels such as
basement, floor, or roof. Greece registered 3-D objects using 2-D representations and tags representing
different layers while Jordan registered 3-D objects in 2-D and had a separate register for buildings (Kitsakis
etal., 2016).

Other jurisdictions such as Queensland (Australia), Victoria (Australia), Quebec (Canada), Croatia, and
The Netherlands can register some form of 3-D rights in their cadastral systems. Victoria and Croatia can
register various 3-D rights that are represented using 2-D diagrams. Queensland can register any 3-D right
if the boundary of it can be mathematically defined and represents the boundaries using two variations of
3-D plans. In Quebec, overlapping property is shown on the 2-D cadastre using tags that refer to subdivision
plans that are mainly used to register condominium units. Private and co-ownership rights can be registered
in 3-D even though the concept of 3-D legal objects does not exist. The Netherlands recognizes 3-D
volumetric parcels that can overlap with ground parcels and they use a 3-D PDF to represent the boundaries
that are attached to the deed of the property. Sweden defines 3-D property as a unit that is delimited both
horizontally and vertically and uses a 2-D representation on the cadastral map (Kitsakis et al., 2016).

Through all the case studies examined by Kitsakis et al. (2016), there are some overlaps regarding the types
of 3-D objects that can be realized using 3-D boundaries. 2.5-D boundaries refer to boundaries that are
delimited using a single elevation value to represent them. These include mostly boundaries related to depth

and height such as digging/construction depth and airspace limitations. Full 3-D boundaries usually are
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linked to volumetric parcels and can have more than a single elevation associated with them. Often, these
can represent 3-D construction objects such as underground tunnels and physical buildings and can also
represent volumetric legal units such as those in apartments or condominiums (Kitsakis et al., 2016). Full

3-D cadastral objects with closed boundaries are the objects considered for this study.

2.4 Surveying and Registering 3-D Property Boundaries in Alberta

This section reviews the different technical and legal concepts and standards related to surveying the
different types of real property boundaries for condominium and strata units in the jurisdiction of Alberta,
Canada. It covers two types of survey plans (i.e. Condominium surveys and Strata surveys) used as data
sources for 3-D property boundaries and discusses how these boundaries can be defined and registered in
each of them while reviewing the links between these 3-D unit boundaries and the underlying 2-D land
parcel boundaries.

This section describes the foundations for the 3-D boundary definitions that the 3-D boundary datasets
tested in Chapter 6 are derived from. These datasets were used to test the boundary relationship
classification processes and methods that are proposed in Chapter 4. It also provides some context to the
types of topological boundary validation checks that are discussed further in Section 2.5. This section
addresses research question 8: “What are the types of survey plans that can be used to register 3-D property
in Alberta?”, research question 9: “What types of 3-D cadastral property units can be registered in Alberta?”
and research question 10: “How are 3-D cadastral property units structured within the underlying 2-D parcel
in Alberta?”. This section contributes to research objective 2: “Identify 3-D data structures that are

commonly used to represent 3-D property boundaries”.

In Alberta’s current cadastral system, the survey plan which includes geometric drawings with angles and
distance measurements is what determines the extent of the real property’s boundary that is linked to each
title of ownership. Land surveyors use registered survey plans to find existing lot pin monuments which
can be used to establish new title boundaries or subdivide an existing lot even further (Surveys Act, R.S.A.
2000 Chapter S-26). For this reason, any data model used to store and represent cadastral objects in Alberta
needs to be accurate and secure. Precautions need to be in place to guarantee that boundaries do not overlap

when a new object is added into the system or an existing object is further subdivided.
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In Alberta, a traditional 2-D land parcel follows the heaven to hell concept (also known as the infinite
carrot). Land rights are split into surface rights and subsurface (mineral) rights. In most scenarios, the crown
owns the mineral rights unless otherwise stated. The owner of a land parcel owns the space above the
surface notwithstanding any air space or building restrictions that apply to that specific parcel (Service
Alberta, 2011).

For this study, real property will be defined as including both traditional 2-D land parcels, as well as the
different variations of 3-D property units that can be registered through condominium and strata survey
plans. Both plan types are variations of a subdivision plan and 3-D property units are linked in some way
to the underlying 2-D land parcel. Recording and registering 3-D property in Alberta is influenced by the
Land Titles Act (Land Titles Act, R.S.A. 2000 Chapter L-4), the Condominium Property Act
(Condominium Property Act, R.S.A. 2000 Chapter C-22), and the Law of Property Act (Law of Property
Act, R.S.A. 2000 Chapter L-7). 3-D ownership rights can be registered through strata or condominium

survey plans.

2.4.1 Condominium Title and Registration

A condominium plan is defined as a plan of subdivision. The Condominium Property Act (Condominium
Property Act, R.S.A. 2000 Chapter C-22) governs how condominium spaces can be subdivided, what needs
to be included in a condominium plan, how condominium boundaries are defined, along with other legal

specifications which are related to establishing condominium titles of ownership in Alberta.

A condominium plan subdivides a parcel into at least two units and usually defines common property. The
condominium area is managed by a condominium corporation in which the board members are the owners
of one or more of the individual condominium units. The main purpose of this corporation is to manage the

common spaces shared between all members and manage disputes between members.

When a condominium plan is registered in Alberta, the registrar cancels the certificate of title to the
previously 2-D land parcel and issues a new certificate of title for each unit described in the plan. Any
interests that appeared on the original 2-D parcel title (such as who owns the rights to mines and minerals)
are carried over and shown on each new condominium unit title certificate. Only one unit can be included
in one certificate of title along with the proportional share in common property owned by all unit holders.
This share of the common property is defined by a unit factor ratio corresponding to each title. The land
surveyor assigns these unit factors of common space co-ownership for each title based on the ratio of each

title’s owned square footage to the total square footage of the building.
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Figure 2.2: Condominium Survey Cadastral Object Boundary Types — Alberta, Canada

Figure 2.2 above shows the different 2-D and 3-D cadastral object boundaries that can be registered in
Alberta, Canada using two variations of condominium survey plans. A bare-land condominium plan or a
building condominium plan can be registered. Both plans require all structures, units, and common spaces
to be contained within the 2-D parcel boundary (Condominium Property Act, R.S.A. 2000 Chapter C-22).

A bare-land plan would be like most other 2-D subdivision plans, aside from the definition of common
space that is shared between condominium owners. The boundaries of units in bare-land condominium
plans are georeferenced to the exterior of the building placed within the plan representing a unit. Common
space is everything left after subtracting the individual units from the whole 2-D parcel and can be
designated into various sections having varying RRRs associated with their co-ownership by all
condominium co-owners (Condominium Property Act, R.S.A. 2000 Chapter C-22).

A building condominium plan requires that the exterior boundary of the condominium building is
georeferenced to known ground control points. The 2-D building footprint needs to be contained within the
underlying 2-D parcel. Building condominium plans can have 2-D RRR spaces such as parking stalls on
the ground surface of the 2-D parcel. They can also have 3-D RRR spaces such as a locker or storage room
that is designated to a specific unit. There can be 2-D common space defined on the surface of the 2-D
parcel such as a common garden area or 3-D common space within the building such as utility corridors,
hallways between unit entrances, or elevator shafts (Condominium Property Act, R.S.A. 2000 Chapter C-
22).
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The boundaries of each unit in building condominium plans are normally defined relative to the extent of
the space within the unfinished interior floors, walls, and ceilings of each unit and are given a height and
volume. In this scenario, coordinates cannot be georeferenced as they float somewhere within the structure
of the physical building. Section 9(4) of the Condominium Property Act (Condominium Property Act,
R.S.A. 2000 Chapter C-22) states that the 3-D boundary dimensions can also be defined to the centerline

of the walls between adjacent units. In this scenario, 3-D boundary coordinates can be derived.

2.4.2 Strata Title and Registration

Strata space is defined in the Alberta Land Titles Act (Land Titles Act R.S.A. 2000 Chapter L-4:51) as
volumetric space located above or below the earth’s surface or occupied in whole or in part by any structure.
It is needed whenever a single land parcel needs to be divided into more than one part defined by a change
in rights associated with each part. A corporation does not need to be created to manage group interests and
the strata lots can be owned by a single entity. The locations where a change in rights occurs are used to
define the 3-D boundaries shown in the strata plan (Land Titles Act R.S.A. 2000 Chapter L-4).

An example of where strata registration is appropriate would be for a mixed-use development involving a
parkade and commercial offices. A strata plan can also include a condo plan as part of the development
depending on the situation and would require all condominium units and shared common property to be
contained within the strata unit boundaries. Before construction can begin on the development, the physical
extent of where each area will reside needs to be established. The boundaries of where the spaces meet can

be defined by a plan and are surveyed for confirmation once the structures are built.

2D Subdivision Survey
Plan (Many Types)

RRR Boundary Unit Exterior Boundary Plan/Parcel
(2D) (3D Open/Closed) Boundary (2D)
T 3D Strata T
Survey Plan

Figure 2.3: Strata Survey Cadastral Object Boundary Types — Alberta, Canada
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Figure 2.3 above shows the different 2-D and 3-D cadastral object boundaries that can be registered in
Alberta, Canada using a regular subdivision plan and a strata survey plan. A 2-D subdivision plan includes
the 2-D parcel boundaries and can include additional 2-D RRR boundaries that must be contained within
the parcel boundary. A 3-D strata plan subdivides a parcel into at least two 3-D units which can have open
boundaries extending to infinity in the vertical or can be contained as a volumetric unit with a closed
boundary. Each unit defined gets a separate title of ownership. Strata boundaries are defined by
georeferenced coordinates that are referenced to a known boundary pin and network (Land Titles Act
R.S.A. 2000 Chapter L-4).

This study identifies relationships between modelled 3-D objects that have closed boundaries. This refers
to 3-D objects that do not extend upwards or downwards to infinity such as those that can exist in 3-D strata
plans but rather are limited in height and are contained by a set of closed boundary planes. Some strata units
have boundaries that extend upwards or downwards to infinity. The methods put forward in this study do
not apply to them. The boundaries are assumed to be georeferenced meaning that condominium plans where
unit boundaries are defined relative to interior building walls would not apply. The methods would still

apply to centerline condominium boundary units where boundary coordinates can be derived.

2.5 Approaches to Digitally Representing 3-D Boundaries

This section reviews approaches to representing and analyzing 3-D boundaries in a digital system and is
presented in three sub-sections. Firstly, three modelling approaches are introduced which highlight different
degrees that 3-D boundaries can be referenced in a spatial database with existing 2-D land parcel
boundaries. One of these is chosen as the premise for which the methods presented in Chapter 4 would
work under. Secondly, spatial data formats that can be used to store and index 3-D boundaries in a digital
system are reviewed. The approach used in this study to digitally construct 3-D boundaries is introduced.
Lastly, 3-D boundary relationships that could be implemented between spatial objects in survey plans are
reviewed. This includes validation checks between boundaries that could be completed before survey plan

registration as well as during post-registration analysis.

This section introduces some approaches to modelling 3-D boundary data and provides context into some
of the reasons being able to classify relationships between 3-D boundaries would be useful to those in the
surveying profession. This section addresses research question 11: “What approaches exist for integrating
2-D and 3-D cadastral boundary data into a DBMS?”, research question 12: “What data formats can be used
to represent 3-D boundaries digitally?”, research question 13: “What 3-D boundary components should be

considered for modelling?”, and research question 14: “What data checks performed on 3-D boundaries
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would be useful for survey plan validation?”. This section contributes to research objective 3: “Decide on

a data format that will be used for digitally representing 3-D boundaries”.

2.5.1 Approaches to Modelling 2-D and 3-D Boundaries

Stoter, (2004) has identified three different ways in which 3-D property can be represented with existing 2-
D property data in a cadastral system. Each method has drawbacks regarding varying amounts of analysis
capabilities, storage costs, and implementation costs. They are presented in order from the least to most
functional regarding the information a user can get from the implemented database. The main advantages

and limitations of each are discussed.

The first approach applies 3-D tags representing various 3-D structures and rights to existing 2-D land
parcels. This approach is the easiest to implement in an existing 2-D database schema and requires the least
amount of additional storage. However, it produces the solution with the smallest amount of operability
towards searching and analyzing boundaries within the system. Queries cannot be performed on 3-D objects
crossing multiple 2-D parcels. 3-D boundaries contained within the same 2-D parcel cannot be analyzed
together as it is only 3-D object ID tags that can be searched (Stoter, 2004).

The second approach uses a mixed combination of both 2-D and 3-D parcels. Most implementations of 3-
D cadastral systems to date use some version of this. One of the main advantages of this approach is that
most existing parcels in the system that are 2-D do not need to be altered in any way. Only property with
3-D boundaries are represented in 3-D and these boundaries can have various degrees of complexity. The
main disadvantage to this approach like that of using 3-D tags is that it requires additional methods to
analyze 2-D and 3-D boundaries together as they are in different storage formats. A homogeneous data

format is required to relate and compare the two types of boundaries (Stoter, 2004).

The third approach requires all land and 3-D property in the cadastral system to be fully represented in 3-
D as volumetric parcels. The advantage of this solution is that it will ensure that all boundaries are
represented in the same homogeneous 3-D format. This will produce a solution that allows for the highest
amount of functional operability regarding the analysis of boundaries. The disadvantages of this solution
are that it requires converting existing 2-D parcels into fully 3-D units which can be costly and will require

the most amount of additional storage and processing power while searching the system (Stoter, 2004).

This study runs under the premise that the second approach mentioned above will be used. This means that
3-D property registered in a cadastral system would have 3-D volumetric units that are contained within an

existing 2-D parcel. If a 3-D construction object overlaps an adjacent 2-D parcel it will be registered to that
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adjacent parcel through a right of way or easement. This approach follows the structure of how both
condominium and strata survey plans can be used to register 3-D property in Alberta, Canada. Therefore,
the processes proposed in Chapter 4 that are used for determining relationships between 3-D units will

apply to 3-D cadastral objects that are registered within the same survey plan.

2.5.2 Spatial Data Formats and Representation

While there have been studies related to capturing 3-D physical objects using LIDAR and point clouds,
they have challenges associated with them that make those formats undesirable for representing legal
boundaries. Koeva & Oude Elberink (2016) review some of the challenges associated with updating 3-D
cadastral objects using LiDAR and point clouds. Among these challenges are uncertainties that come from
inaccuracies in the equipment used as well as environmental factors that can alter the data such as areas of
shade or vegetation in the scene. Point clouds can often have missing data points depending on the viewing

angle that the data was collected and there are often outlier points collected.

Ying et al. (2015) proposed an approach that can be used to digitally construct 3-D volumetric objects for
a 3-D cadastral system. The approach describes how to directly generate volumetric objects using
polyhedron plane surfaces with outwards and inwards orientations defined that when combined form the
boundary of the legal object. Their method utilizes the existing surveyed boundaries from plans while
representing volumetric objects with high quality, consistent topology, and produces no accidental
intersections. A simplified description of the main boundary components that are used to form volumetric

cadastral objects in this model is shown in Figure 2.4 below.
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Figure 2.4: General Structure of Constructed 3-D Volumetric Objects (Derived from Ying etal.,
2015)

26



The main geometric primitives (boundary components) that are combined to make volumetric cadastral
objects in this model are node, edge, and face. A node has a 3-D [X, Y, Z] coordinate that can be generated
by searching through survey plan measurements. An edge is defined by 2 nodes and edges only meet other
edges at a common node. A face is a closed polygon defined by a list of 3 or more consecutive edges. The
face has a normal direction vector defining a plane that is used to represent the inside or outside face of the
volumetric boundary. A volumetric boundary is closed by at least 4 boundary faces with indicated normal
plane direction vectors. These primitives are topologically related in a dimensional hierarchy where nodes
form the boundary of edges, edges form the boundary of faces, and faces with normal directions form the
boundary of volumes. This structure ensures topological consistency between the components of the

volumetric object while not relying on a solid definition.

The 3-D objects considered in this study are volumetric objects with closed flat surfaces that do not have
any holes through them. The surveyed objects that this study deals with are derived using vector-based
datasets. The legal boundaries of these objects are surveyed and represented using 3-D point coordinate
data, lines derived from angles and distances, and polylines that are combined to create flat planes. For this
reason, and to reflect the accuracy of cadastral boundaries recorded in condominium and strata survey plans
a vector-based storage method is used like that put forward by Ying et al. (2015). This implementation is
discussed further in Section 4.1.

2.5.3 Relationship Validations between 3-D Boundaries

Shojaei et al. (2017) developed data validation rules to ensure the accuracy of new and updated data within
a 3-D cadastre for the land registry in Victoria, Australia. This was done to expand their ‘eplan validation
service’ from 2-D plans to 3-D plans. This research focused on developing geometrical validation rules,
non-geometric (semantic) validation rules, and on implementing an online service that could validate 3-D
cadastral boundary data. Four main spatial checks were implemented involving volume comparisons,
intersections (clash) between objects, non-flat-face detection of an object, and watertight conditions for

volumes.

Gulliver et al. (2016) reviewed theoretical concepts related to the development of New Zealand’s cadastral
survey system to move towards a 3-D digital cadastre by 2021. Among these considerations were
validations of spatial objects in the system. They claim that validations are needed to ensure that the data

being inputted into the system complies with the rules local to the jurisdiction they are registered in. Out of
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the four rules that were suggested, three directly included data related to 3-D parcels. The first was that the
objects registered are correctly formed in shape and meet the definition of a spatial object. This could
include validation checks such as 3-D units needing to be closed volumes having no holes. The second was
that 3-D objects should be contained within the primary 2-D parcel it is registered to. The third was that the
3-D object should be checked for collisions with other spatial objects. This third recommendation is what

this study aims to contribute towards.

Jaljolie et al. (2018) outlined recommendations for implementing a 3-D land management system in Israel
related to processes that would be required to validate 3-D survey plans. Among the identified processes
was the insertion of a new 3-D object into the system. Some of the functions required for this include
validating if the 3-D object is a valid object similar to that of Gulliver et al. (2016), is it a safe distance from
other objects (buffer), and does the object intersect any other existing 2-D or 3-D object in the database.
These validations would require determining spatial intersection, spatial overlap, and spatial buffer checks

between two objects.

Considerations from the literature presented above suggest that validations for the boundaries of 3-D
cadastral units can be useful for managing 3-D property modelled in a digital system. The main contribution
that this study aims to make is towards classifying relationships that exist between the boundary sub-
components (i.e. point coordinates, line edges, and planar faces) of two 3-D cadastral units. Verifying these
relationships could be used to help a surveyor ensure that there are no intersecting (slices) unit boundaries
or gaps (gores) between units that should be adjacent after surveying and before registering a survey plan.
By considering the distances between various components, a buffer function could be implemented as well.
By comparing the relationship classifications between boundary components belonging to a single 3-D
object, the object could be validated as having the correct format such as forming a closed volumetric solid
with watertight surfaces that do not intersect each other. It could also be useful in determining if point or

line sub-boundary facets are collinear or coplanar with boundary planes as they should be.
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2.6 Chapter Summary

The relevance this chapter has to the primary research objective is that it reviewed literature related to 3-D
cadastre research and development that was required to define 3-D cadastral objects and their boundary
components as they are used here. This chapter addressed guiding research questions 1 — 14. This chapter
was used to perform research activity #1: “Identify the types of 3-D cadastral objects that can be realized
in Alberta, Canada and in various legal jurisdictions” and research activity #2: “Identify 3-D data structures
that are commonly used to represent 3-D property boundaries”. The 3-D cadastral units modelled in this
study were derived from closed boundary 3-D strata units or 3-D centerline condominium units in Alberta,
Canada that could be registered through strata or condominium survey plans, respectively. The data storage
structure used in this study to model 3-D boundaries associated with these 3-D cadastral units uses 3-D

boundary points, boundary lines, and boundary planes.

Section 2.1 described the purposes of a 3-D cadastral system and briefly discussed the users that could
benefit from using a 3-D cadastral system. Developing a 3-D cadastral system would mostly benefit those

working in the 3-D land management and professional surveying field.

Section 2.2 introduced the different components of a 3-D cadastral system with respect to the LADM
descriptive standard. This study focuses on problems associated with the spatial unit component,
specifically on how 3-D boundaries can be modelled, and relationships between 3-D spatial unit boundaries
can be classified.

Section 2.3 reviewed different RRRs that can be defined and registered to 3-D spatial units and discussed
approaches to defining and realizing 3-D cadastral units in various legal jurisdictions. This was presented
to highlight that there are many ways in which 3-D cadastral property can be realized in different

jurisdictions, although many use similar definitions for how 3-D boundaries can be recorded.

Section 2.4 introduced two types of survey plans (condominium and strata) that can be used to register 3-
D spatial units in Alberta, Canada. The definitions regarding 3-D spatial units and how they are structured

with respect to the underlying 2-D parcel were discussed here.

Section 2.5 reviewed approaches for digitally representing 3-D boundaries in a DBMS. Possible boundary
representation definitions and their associated data formats for modelling them, along with potential data

checks that could be useful for performing survey plan validations were reviewed here.
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Chapter Three: Literature Review related to 3-D Boundary Relationships and Mathematical
Theory

This chapter presents existing theory and methods related to topological relationship modelling and
mathematical concepts that were used to design and implement the computational modelling processes
presented in Chapter 4. It is structured as follows:

Section 3.1 reviews literature related to organizing and classifying topological relationships between
geometric objects being modelled in 3-D space. This section introduces the Dimensional Model (DM),
which is the guiding framework used to develop the methodology in Chapter 4. Projected relationship
concepts such as 3-D objects being parallel, collinear, or coplanar, as well as topological descriptors such
as 3-D objects being ‘disjoint’, ‘touching’, and ‘intersecting’ at different dimensionalities are introduced

here. Different approaches to modelling relationships between 3-D boundary data are reviewed here as well.

Section 3.2 introduces important mathematical concepts related to Conformal Geometric Algebra that are
used in the methodology proposed in Chapter 4. The structure of Geometric Algebra and the Conformal
model is presented here. Equations, objects, and topological processes are identified here and previous

research that uses these concepts to model topological relationships between cadastral objects is discussed.

3.1 Literature Review on Topology Frameworks and Relationship Modelling

This section is included for the following purposes. Section 3.1.1 introduces the reader to different types of
topological relationships that can exist between spatial objects. It introduces and compares the 4-
intersection, 9-intersection, dimension extended, and DE+9-intersection topological frameworks that can
be used to differentiate and organize a range of these relationships.

Section 3.1.2 links the relationships from Section 3.1.1 to the geometric objects (points, lines, planes) that
are used to represent 3-D cadastral object boundaries in this study. It shows how the 9-intersection model
has been applied to 3-D objects and introduces the Dimensional Model framework used to distinguish
relationships between objects in 3-D space.

Section 3.1.3 reviews different approaches to implementing topological analysis between 3-D objects.
Projected relationships between 3-D objects are introduced here and an approach to processing 3-D data to

classify “‘Meet” and ‘Overlap’ relationships between 3-D planar polygons is presented.
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3.1.1 Foundations for Describing Topological Relationships Between Spatial Objects

This section introduces the reader to and compares the effectiveness of different frameworks for
distinguishing topological relationships that can exist between spatial objects. Firstly, it introduces the 4-
intersection model (4IM) framework that identifies 8 unique topological relationships that can exist between
spatial objects. Secondly, it introduces the 9-intersection model (9IM) that was developed to expand the
functionality of the 4IM between spatial objects rendered in 2-D space. Thirdly, it introduces the dimension
extended method (DEM) framework which is an extension of the 4IM. Lastly, it introduces the
dimensionally extended 9-intersection model (DE+91M) and highlights the advantages it has compared to
the 9IM.

This section addresses research question 15: “What topological relationships can exist between spatial
objects?”, and research question 16: “What are the 4-intersection, 9-intersection, dimension extended, and
dimension extended 9-intersection topological model frameworks, and how are they used to describe

relationships?”.

Egenhofer (1989) created the 4-Intersection Model (4IM) as an approach for describing relationships
between two spatial objects having the same dimension. According to this model, the relationships
described are characterized as being invariant under topological transformations such as translations,
scaling, and rotations. The model was originally derived from 8 topological relationships that can exist
between closed interval sets in a 1-dimensional space. Closed interval sets are spatial objects such as lines
and planes that have boundary limits. The closed interval sets considered in the 4IM are the spatial object’s
boundary (represented by d) and interior (represented by °). The boundary is defined as the part of the
spatial object that contains the interior. The topological relationships of the 4IM are described in Table 3.1

below using the four intersection results between their boundary (8) and interior (°) sets. Visualizations for

a subset of these can be seen in Figure 3.4 below.
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Table 3.1: Eight Topological Relationships and the 4IM (Derived from Egenhofer, 1989)

Eight Topological Relationships and the 4-Intersection Model
Topological Relationship R(A,B) dANadB A°NnB° dA N B° °ANadB
Disjoint 1) 1) 1) )
Meet 20 1) 1) 0
Overlap ) 0 X0 0
Inside 1) 20 z( @
Contains 1) z @ # 0
Covers z( % @ 0
Covered By X0 20 0 )
Equal X0 20 1) )
d = Boundary @ = Empty Set
where ° = Interior # (@ = Non-Empty Set
N = Intersection

Using the 41M, the eight relationships can be differentiated by evaluating four intersections between the
two boundaries (0A N dB), the two interiors (A° N1 B®), the boundary with the interior (8A 1 B°), and the

interior with the boundary (A° 11 dB) of two spatial objects A and B. The four intersections can result in

empty (@) and non-empty (#@) sets which are interpreted together to distinguish which of the eight
relationships is occurring between the two objects being considered. The relationship description considers
the order of the two objects being evaluated and can produce symmetric relationships such as disjoint, meet,
overlap, and equal, as well as converse relationships such as inside/contains or covers/covered by.
(Egenhofer, 1989).

Egenhofer & Herring (1990) created the 9-intersection model (9IM) by considering intersections between
the exteriors of both spatial objects along with the intersections between interiors and boundaries that are
included in the 4IM. This model extends the functionality of the 4IM to work between point, line, and
region cell complexes in 2-D space. In the 9IM, a point is considered a 0-cell, a line is considered a 1-cell
connecting two 0-cell points, and a region is considered a 2-cell area consisting of at least three non-
intersecting 1-cell lines (Egenhoffer & Herring, 1990:4). To describe the topological relationship between
two cell objects (A and B), the nine intersection results between their interiors (A°, B°), boundaries (A,
&B) and exteriors (A=, B-) are evaluated and interpreted. These nine intersections can be seen in Table 3.2

below.
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Table 3.2: The 9-Intersection Model Matrix (Derived from Egenhofer and Herring, 1990)

The 9-Intersection Model Matrix
A°NB° A° N 8B A°NB-
Topological Relationship R(A,B) dANB° 0A N 8B 8A N B-
A-NB° A-NAoB A-NB-
° =|nterior N = Intersection
where d = Boundary
- = Exterior

Like that of the 4IM, the results for each of the nine intersections result in empty (@) and non-empty (#0)
sets that are interpreted to describe topological relationships between spatial objects. While both the 41M
and the 91M can be used to describe the same eight topological relationships introduced in Table 3.1, the
9IM has the advantage that it can describe relationships between objects that are embedded into a higher
dimensional space (Egenhofer and Herring, 1990:21).

Egenhofer et al. (1993) compared the 4IM and the 91M to highlight the advantages that the 91M has over
the 41M. It was found that when the two objects considered have the same dimension, the 41IM and the 9IM
were both able to distinguish eight relationships for both line-line and region-region sets. However, when
the objects were embedded into a higher-dimensional space, the 4IM was not able to determine the ‘equal’
relationship between two lines. When the objects being considered differed by a single dimension (i.e.
relationships between 1-D lines and 2-D regions), the 4IM was able to distinguish 48 relationships while

the 91M was able to distinguish 74 relationships (Egenhofer et al., 1993).

Clementini et al. (1993) introduced the dimension extended (DE) method, which is a modification of the
41M. When evaluating point, line, and region spatial objects, six groups of binary relationships can be
evaluated being area/area, line/area, point/area, line/line, point/line, and point/point. One of the drawbacks
of the 4IM is that some relationships that are considered different are classified as the same relationship.
Clementini et al. (1993) give the example of two areas that have a point in common versus two areas that
have a line in common that will both produce the same touch relationship (see discussion related to Figure
3.3 below). The dimension extended model fixes this problem by considering the dimension of the
intersections instead of only if they are empty or non-empty. If the common geometry is a point with no
lines or areas the intersection is a 0-D point. If the common geometry is a line with no areas the intersection

is a 1-D line. If the common geometry is an area the intersection is a 2-D plane (Clementini et al., 1993).
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Clementini & Di Felice (1995) applied the dimension extended method to the 9IM (DE+9IM) and compared
it to the three previously mentioned approaches. The DE+91M considers the dimension of the intersections
between interiors, boundaries, and exteriors to increase the number of unique relationships that can be
identified. Table 3.3 below summarizes the results from this comparative study between the 41M, DEM,
91M, and the DE+9IM (Clementini & Di Felice, 1995).

Table 3.3: Comparison of 41M, 91M DEM, and DE+91M (Derived from Clementini & Di Felice,

1995)
A Summary of Topological Cases
Method Area-Area | Line-Area | Point-Area | Line-Line | Point-Line |Point-Point Total
41M 6 11 3 12 3 2 37
SIM 6 19 3 23 3 2 56
DEM 9 17 3 18 3 2 52
DE+9IM 9 31 3 33 3 2 81

Table 3.3 shows that the same number of relationships involving points (i.e. Point/Point, Point/Line, and
Point/Area) can be identified using all four approaches. Both the DEM and the DE+9IM can identify three
additional relationships between two areas than their original counterparts. The DEM modification results
in an additional 15 unique relationships that can be identified when compared to the 41M while the DE+9IM
modification results in an additional 25 unique relationships that can be identified when compared to the
9IM (Clementini and Di Felice, 1995).

To summarize, this section identified topological relationships that this study aims to classify between 3-D
cadastral boundary components using the methods put forward in Chapter 4. It discussed four approaches
to realizing these relationships alternate to the processes implemented here and reviews their benefits and

limitations.

These four approaches show that considering the dimension of both the spatial objects being considered, as
well as the dimension of the intersections between their interiors, boundaries, and exteriors is beneficial to
describing topological relationships between points, lines, and areas. These frameworks were initially
created for identifying relationships in 2-D space and have issues when being applied to objects in 3-D
space. The relationships modelled in this study are limited to 3-D boundary components touching,
intersecting, or being disjoint from each other. This study considers the dimension of the intersection
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occurring, like the DEM and the DE+9IM approaches presented here. Section 3.1.2 considers approaches

to organizing and identifying these relationships in 3-D space.

3.1.2 Organizing Topological Relationships between Geometric Objects in 3-D Space

This section reviews frameworks that can be used to describe topological relationships between objects in
3-D space. Firstly, it identifies standard requirements for identifying topological relationships within 3-D
Geographical Information System (GIS) applications. Secondly, it covers a study that derives possible
relationships that can exist between multidimensional objects by extending the 9-intersection model into 3-
D space. Thirdly, it covers the Dimensional Model framework that can be used as an alternative to the 91M

to organize spatial relationships for 3-D objects and their boundary components.

This section addresses research question 17: “What frameworks can be used to describe geometric
relationships between 3-D objects?”, research question 18: “How can the 9-Intersection Model be applied
to distinguish relationships between multidimensional objects in 3-D space?”, and research question 19:
“What is the Dimensional Model framework as it is used for organizing relationships between spatial

objects?”.

Ellul & Haklay (2006) reviewed several research articles to identify a general list of common requirements
for topology in multiple 3-D GIS applications, cadastral modelling being one of them. Core standard
analysis requirements for 3-D object relationships were grouped into terms of object adjacency,
intersection, connectivity, containment, and disconnectedness analysis (Ellul & Haklay, 2006:165). Each
topological element should also have some form of geometrical representation so that the analysis of results
can be reconstructed and visualized in a front-end system (Ellul & Haklay, 2006). A graphical
representation of the relationships modelled in this study is presented in Figure 6.1 and Figure 6.2 (see
Section 6.1).

Ellul & Haklay (2006) note that while topological frameworks need to be able to examine relationships
between 3-D objects, to be comprehensive they also need to examine topological relationships between
lower-dimensional (0-D, 1-D, and 2-D) components that might be part of a 3-D object (i.e. points, lines,
and planes). They claim that considering the dimension of the common part between two objects allows for
greater differentiation between relationships (Ellul & Haklay, 2006:160). This consideration is like the
approaches followed by the DEM and the DE+9IM frameworks introduced in Section 3.1.1 above and the
Dimensional Model framework discussed below.
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Zlatanova (2000) investigated relationships that could exist between objects in 1-D, 2-D, and 3-D space by
applying the concepts of the 9-intersection model to 0-D points, 1-D lines, 2-D planes, and 3-D volumetric
bodies. They composed a set of negative conditions which limited possibilities using concepts related to
the (0-D, 1-D, or 2-D) dimension of the objects being considered and the difference in dimensions that exist
between them. These negative conditions were used to eliminate relationships that are considered
impossible. This was done to reduce the number of possible relationships that can exist between spatial

objects. The remaining relationships in 3-D space can be seen in Table 3.4 below.

Table 3.4: Relationships in 3-D Space using the 9-Intersection Model (Derived from Zlatanova,

2000)

Possible Relationships in 3-D Space using 9-IM
Point/Point 2
Point/Line 3

Point/Surface 3

Point/Body 3
Line/Line 33
Line/Surface 31
Line/Body 19
Surface/Surface 38
Surface/Body 19

Body/Body 8
Total Relationships 159

Table 3.4 shows that possible relationships between two points in 3-D space were reduced to two, being
‘disjoint’ and ‘equal’. There are three possible relationships each between point/line, point/surface, and
point/body sets, being ‘Disjoint’, ‘Covers’ when the point is on the boundary of the other object, and

‘Contains’ when the point is within the boundary of the other object.

While there are many unique relationships between sets involving lines and surfaces, it is important to note
that complex spatial objects were included in the study. Complex objects are defined as surfaces with
multiple faces and lines with multiple vertexes (i.e. not simple straight lines or flat surfaces). It does not
imply that complex numbers define these. The number of total relationships is reduced to 69 when only

simple spatial objects are considered. There are only eight relationships that can be distinguished between
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two 3-D bodies using this 3-D extension of the 9-intersection model. These are the same as the eight

relationships introduced in Section 3.1.1 above.

The Dimensional Model (DM) is a conceptual topological framework introduced by Billen et al. (2002) to
provide insight on relationships that can exist between spatial objects. Before the model is introduced,
definitions for closed sets and ordered points are described. Billen et al. (2002) state that the 3-D Euclidean
vector space R? is the topological space in which 3-D geometry can be formally studied. Within this space,
there can exist an affine subspace A defined by a distinct x,y,z point belonging to A.

Points, straight lines, planes, and R® are the only affine subspace of R® having the dimensions 0, 1, 2, and
3, respectively (Billen et al., 2002:286). A closed set C in R® consists of points that have an order of one of
these dimensions. A hyperplane in R? is an affine 2-D subspace (plane) that divides the whole space into
two regions. The order of a point x that is part of a closed set C is defined as the dimension of the intersection
of all supporting hyperplanes containing x. A summary of ordered points that can exist on or within the

boundary of a 3-D closed volumetric object consisting of planar surfaces can be seen in Figure 3.1 below.

Order 3

Figure 3.1: Description of Ordered Points with Respect to the DM (Derived from Billen et al., 2002)

Order 0 points refer to points that are on the edge of multiple boundary lines and exist at the 0-D intersection
of three 2-D hyperplanes. Order 1 points refer to points that are within the end points of a boundary line
and exist at the 1-D intersection of two 2-D hyperplanes. Order 2 points refer to points that exist on a planar
surface within the closed boundary line edges and exist at the 2-D intersection of a single 2-D hyperplane.
Order 3 points refer to points that are contained within the boundary of the closed 3-D set and exist at the

3-D intersection of no 2-D hyperplanes in R®.
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The Dimensional Model is presented using the concepts of dimensional elements and dimensional
relationships. Dimensional elements are organized as extensions and limits of dimensionally ordered
boundary elements. Figure 3.2 below shows the dimensional spatial elements used in this study that can
exist in 3-D Euclidean R® as a composition of their extension and boundary limit elements. Extensions are
bolded while boundaries (limits) are not (Billen et al., 2002).

3D Point 3D Line 3D Plane 3D Solid
a) b) C) 1D
oD oD
® P O.D 1D 1D
iD
1D

Figure 3.2: Cadastral Elements with Extensions and Boundaries with Respect to the DM (Derived
from Billen et al., 2002)

Figure 3.2a shows a 3-D point dimensional element with a 0-D order extension. Figure 3.2b shows a 3-D
line dimensional element with a 1-D order extension and two 0-D order boundary points. Figure 3.2c shows
a 3-D plane dimensional element with a 2-D order extension, four 1-D order boundary lines, and four 0-D
order boundary points. Figure 3.2d shows a 3-D solid dimensional element with a 3-D order extension, six
2-D order boundary planes, twelve 1-D order boundary lines, and eight 0-D order boundary points.

The DM classifies the spatial relationship between two 3-D objects by combining the relationships that
exist between their (0D, 1D, 2D, 3D) dimensional elements. Relationships are organized into three possible
categories being total relation, partial relation, and no relation. A total relation exists when the intersection
between their extensions is not empty and is equal to the first element. A partial relation exists when the
intersection between their extensions is not empty and is not equal to the first element. No relation exists
when the intersection between their extensions is empty (Billen et al., 2002:291).

The approach to describing the existing relationship between two spatial objects is to determine the
relationships between each of the dimensional elements of both objects. Each of these dimensional
relationships is represented by R#D#, where R# refers to the dimension of the first element and D# refers
to the dimension on the second element being considered. For the basic relationship format, each of these
relationships can produce a value of 0, 1, or 2 representing no relation, a total relation, or a partial relation
between dimensional elements, respectively. An extended format adds a possible value of 3 to the result if

the intersection between two elements is inferior to the lowest dimension of both elements being considered.
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The example used by Billen et al. (2002) to explain this was if the intersection between a 2-D element and
a 1-D element had an 0-D intersection, the resulting value would be a 3 instead of a 2 that would be used
in the basic format. This distinction allows for a greater number of relationships to be uniquely identified.

Table 3.5: Relationships According to the Dimensional Model (Derived from Billen et al. 2002)

Possible Relationships According to the Dimensional Model

Dimensional | Dimensional Line/ Line/ Line/ |Surface/|Surface/| Body/
Element Relationship Line |Surface| Body |Surface| Body Body
Basic 5 3 3 5 3 5
(n)D
Extended 7 5 3 11 3 5
(n)D & (n-1)D Basic 33 31 19 43 19
Extended 61 ? 43 ? 48 15
(n)D & (n-1)D & Basic ? ? ? ? ?
(n-2)D Extended ? ? ? ? ?
(n)D & (n-1)D & Basic ? ? ?
(n-2)D & (n-3)D | Extended ? ? ?

A summary of basic and extended relationships that can be differentiated between 1-D lines, 2-D surfaces,
and 3-D bodies using the Dimensional Model framework can be seen in Table 3.5 above. The number of
relationships highlighted in grey is the same as the number of relationships that were derived from
Zlatanova (2000) for the 9-intersection model above. It can be seen in row 4 of Table 3.5 that by using the
extended formats, a larger number of relationships can be distinguished using the Dimensional Model
framework than by using the 9-Intersection model. Results with a question mark in the last five rows of
Table 3.5 were not determined in the study by Billen et al. (2002) as this study only considered the highest
and second-highest dimensional elements. It can be interpreted that a larger number of relationships can be

distinguished using the Dimensional Model framework by considering more dimensional elements.

Billen et al. (2002) compare the Dimensional Model to the 9-intersection model that was discussed in
Section 3.1.1. While the 9-intersection model uses intersections between interior, boundary, and exterior
topological primitives, the Dimensional Model uses intersections between multiple dimensional elements.
This allows the Dimensional Model to represent spatial relationships at different levels of complexity based

on the dimensional order of the elements considered.
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R3D3 R3D2|R3D1 | R2D3 |R2D2|R2D1 R1D3|R1D2 R1D1
a) 0 0 0 0 2 2 0 0 0

b) 0 0 0 0 2 2 0 0
c) 0 0 0 0 0 0 0 2
d) 0 0 0 0 0 0 0 0

NN

Figure 3.3: Meet Relationship Distinctions using the Dimensional Model (Derived from Billen et al.
2002)

Billen et al. (2002) note that one area that the Dimensional Model is better at differentiating relationships
is when considering ‘meet’ relationships between two 3-D (body) objects. Figure 3.3 above shows six
variations of the ‘Meet’ relationship between two 3-D body objects. Under the 9-intersection model, they
would all be recognized as the same relationship but under the Dimensional Model framework, they are
organized as six different relationships as can be seen from the differences in results between their
dimensional element relationships. Billen et al. (2002) suggest that elements and relationships could be

computed using algorithms that apply collinearity and coplanarity concepts (Billen et al., 2002).

To summarize, this section linked the fundamental topological concepts from Section 3.1.1 for 2-D space
to how they can be applied to 3-D boundaries as they could exist in a 3-D cadastral system. The literature
shows that while the 9-Intersection model can be applied to 3-D objects, the Dimensional Model framework
can be used to categorize more specialized relationships. This study follows an approach like the
Dimensional Model in that relationships are first classified between point, line, and plane 3-D boundary

components to describe the relationships that are occurring between two 3-D cadastral units.

40



3.1.3 Approaches to Implementing Topological Analysis between 3-D Cadastral Objects

This section reviews approaches to organizing relationships between 3-D cadastral objects focusing more
on geometric concepts than topological concepts. These geometric concepts are linked back to the

topological relationships discussed in previous sections.

Firstly, it presents a study that identifies many ‘Disjoint’ and “Touch’ relationships that can exist between
two 3-D cadastral parcels that differ based on projected relationships between 3-D boundary components
of both parcels. Secondly, it reviews a study that identifies the possible projected relationships between
point, ling, and plane objects in 3-D space, such as objects being collinear, coplanar, intersecting or being
parallel to one another. Lastly, it presents an approach to classifying topological relationships using data
process flows that evaluate projected relationships between sets of planar polygons to simplify the

relationship classification problem.

This section addresses research question 20: “How can geometric relationships be used to distinguish
between different types of spatial relationships in 3-D?”, research question 21: “What projected
relationships can exist between various 3-D boundary components?”, and research question 22: “What
approaches to processing spatial data have been used to perform relationship analysis between 3-D cadastral

objects?”.

Fu et al. (2018) studied the characteristics of topological relationships that can exist between 3-D cadastral
datasets and described an approach to classify them. They used projected relationships such as the boundary
lines and boundary planes between two 3-D cadastral parcels being collinear or coplanar to organize various
types of ‘Disjoint’ and ‘Touch’ relationships that can exist in a 3-D cadastral system. The 3-D cadastral
parcel boundaries in this study were defined similarly to the node, edge, face organization by Ying et al.
(2015) that was presented in Section 2.5.2.

Fu et al. (2018) initially categorized all relationships between 3-D spatial objects as being either ‘Disjoint’
from one another or having an ‘Intersect’ between them. The ‘Intersect’ relationship was broken into 4
refined classifications resulting in the possible relationships between 3-D spatial objects being classified as
having either ‘Disjoint’, ‘Touch’, ‘Overlap’, ‘Contain’, or ‘Equal’ topology. A visual representation of

these can be seen in Figure 3.4 below.
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Disjoint | Touch | Overlap | Contain Equal

A

=

Figure 3.4: Visual Representation of Topological Relationships (Derived from Fu et al., 2018)

The ‘Overlap’ and ‘Contain’ intersect relationships were not included in the study as Fu et al. (2018) claim
that they are not valid relationships between 3-D volumetric solid parcel boundaries in a cadastral system
due to their assumption that 3-D cadastral space is fully partitioned. Therefore, 3-D parcel boundaries could
either be ‘Disjoint’, ‘Touch’, or be ‘Equal’. Two 3-D parcels A and B can share overlapping boundary

points, line segments, or faces which will all result in a “Touch’ relationship classification.

Fu et al. (2018) identified four different types of ‘Disjoint’ relationships that can exist when considering
boundary components of 3-D cadastral objects being projected outwards. These are disjoint objects that
share a line and face (LFD), disjoint objects that only share a line (LNFD), disjoint objects that only share
a face (NLFD), and disjoint objects that have no shared projected elements (NLNFD) (Fu et al., 2018).

Furthermore, Fu et al. (2018) identified seven types of ‘Touch’ relationships that can exist when considering
boundary components of 3-D cadastral objects being projected outwards. These are objects that touch at a
point and share a line and face (PLFT), objects that touch at a point and only share a face (PNLFT), objects
that touch at a point and only share a line (PLNFT), objects that touch at a point with no shared line or face
(PNLNFT), objects that touch at a line and share a face (LFT), objects that touch at a line and don’t share
a face (LNFT), and objects that touch at a face (FT) (Fu et al., 2018).

In total, Fu et al. (2018) identified 30 types of disjoint relationships and 30 types of touch relationships that
can theoretically exist between 3-D cadastral object boundary points, line segments, faces, and solids using
the concepts of these objects having combinations of collinear lines and coplanar planes. For example, in
the physical world, a building may contain several strata units that share the same floor plane. In this
scenario, these boundary planes between units should be coplanar even though the majority, however, will

not share a boundary. These relationship possibilities are shown in Table 3.6 below.
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Table 3.6: Disjoint and Touch Relationships in a Cadastral System (Derived from Fu et al., 2018)

Disjoint and Touch Relationships between 3-D Boundary Components in a Cadastral System

Disjoint

Point

Line Segment

Face

Solid

Relationships

Point

Line Segment

Face

Point D LFD / NLFD LFD / NLFD / NLNFD LFD / NLFD / NLNFD

Line segment LFD / NLFD LFD / NLFD / NLNFD LFD / NLFD / NLNFD LFD / NLFD / NLNFD
Face LFD / NLFD / NLNFD| LFD /NLFD/NLNFD LFD / NLFD / LNFD / NLNFD LFD / NLFD / LNFD / NLNFD
Solid LFD / NLFD / NLNFD| LFD /NLFD/NLNFD LFD / NLFD / LNFD / NLNFD LFD / NLFD / LNFD / NLNFD
Touch

Solid

Relationships

Point

PT

PT

PT

Line segment

PT

PLFT / PNLFT

PLFT / PNLFT / PNLNFT

PLFT / PNLFT / PNLNFT

Face

PT

PLFT / PNLFT / PNLNFT

PLFT / PNLFT / PLNFT / PNLNFT / LFT / LNFT

PLFT / PNLFT / PLNFT / PNLNFT / LFT / LNFT

Solid

PT

PLFT / PNLFT / PNLNFT

PLFT / PNLFT / PLNFT / PNLNFT / LFT / LNFT

PLFT / PNLFT / PLNFT / PNLNFT / LFT / LNFT / FT

Fu et al. (2018) claim that the relationship distinctions from their study can be used to design a

computational framework for classifying topological relationships in 3-D cadastral space. Their study

suggests that computing topological relationships can be approached by first determining if boundary

components between two 3-D cadastral parcels are collinear or coplanar. This study follows a similar

approach in that relationship classifications between point, line, and face boundary components are first

approached by implementing projected collinearity and coplanarity checks. Different relationship

classification processes are followed depending on the results of these initial checks between boundary

components.

Selig (2000) derived relationships that can exist between points, lines, and planes using Clifford Algebra.

Relationships were described for Point-Point, Point-Line, Point-Plane, Line-Line, Line-Plane, and Plane-

Plane sets using concepts of objects being collinear, coplanar, and parallel. A summarized visualization of

these relationship possibilities is presented in Figure 3.5 below.

P-P P-P P-L P-L P-PL P-PL L-L L-L
a) b) c) d) e f) o |9) h)
. . . @ .-0/'.‘ Q O G - G - \:ﬁ/
Equal Disjoint Collinear Coplanar Coplanar Parallel Collinear -&Oplan;r
L-L L-L L-PL L-PL L-PL PL-PL PL-PL PL-PL
i) i) k) 1) m) n) A 0) 2))
--------- IR PL. | "
e NIV | o DA RN (e B K NS RSB e
Parallel Skew Point Intersect Parallel Coplanar Line Intersect Parallel Coplanar

Figure 3.5: Summary of Relationships between Points, Lines, and Planes (Derived from Selig, 2000)
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The relationship between two points (P-P) is that they can either have the same coordinate and are equal
(Figure 3.52) or they are disjoint and separated by a distance and direction between them (Figure 3.5b). The
relationship between a point and a line (P-L) can either be collinear when the point lies within the equation
of the line (Figure 3.5c) or coplanar and parallel when the point exists a defined distance away from the
equation of the line (Figure 3.5d). The relationship between a point and a plane (P-PL) can either be
coplanar when the point lies within the equation of the plane (Figure 3.5e) or not coplanar and parallel when
the point is separated by a distance from the normal of the plane (Figure 3.5f) (Selig, 2000).

The relationship between two lines (L-L) can either be collinear (Figure 3.5g), intersect at a point with an
angle between them and be coplanar (Figure 3.5h), be parallel and never touch (Figure 3.5i), or skew and
never touch (Figure 3.5j). The relationship between a line and a plane (L-PL) can intersect producing an
intersection point (Figure 3.5k), the line can be parallel to the plane with a distance between them (Figure
3.51), or the line can lie within the plane being coplanar (Figure 3.5m). The relationship between two planes
(PL-PL) can intersect producing an intersection line (Figure 3.5n), can be parallel with a distance between
them (Figure 3.50), or can be coplanar (Figure 3.5p) (Selig, 2000).

Xu & Zlatanova (2013) developed an approach to determining 9IM ‘Overlap’ and ‘Meet’ operators between
two 3-D planar polygons by only using existing Oracle Spatial operators and applying rotations and
projections on the polygons. The study was done under the assumption that the 3-D objects being modelled
are composed of multiple planar polygons. Using results from Zlatanova (2000), they identified five
different ‘Meet’ scenarios and eight different ‘Overlap’ scenarios to be determined. Like the categorization
approach of Selig (2000), each of the polygons considered belongs to an infinite plane. These planes can

only produce a non-disjoint relationship when they intersect at a line in 3-D or are coplanar in 2-D.

A processing flow was developed that first checked if the polygons had any interaction using the Oracle
function ANYINTERACT. This function can determine if the polygonal planes are disjoint or not. If it was
determined that there was some form of interaction, they checked to see if both were coplanar. If they were
coplanar, the relationship between the two polygons was evaluated using 2-D projections to determine if
they ‘Meet’ or ‘Overlap’. If they were not coplanar, the projected line of the intersection was constructed
and the relationship between the line and shared part of each polygon was evaluated to determine if they
‘Meet’ or ‘Overlap’ (Xu & Zlatanova, 2013).

To summarize, this section showed how relationships between 3-D spatial objects can be organized using
projected relationship concepts. This study follows an approach similar to Xu & Zlatanova (2013) where

the relationship between 3-D boundary components is determined using data process flows that first identify
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projected relationships between 3-D cadastral boundary components such as objects being coplanar or
parallel. The projected relationship possibilities identified by Selig (2000) were used to organize approaches
to solving topological relationship problems.

3.2 Conformal Geometric Algebra Mathematical Theory and Application

This section is included for the following purposes. Section 3.2.1 introduces the Conformal Geometric
Algebra (CGA) spatial framework for modelling objects in 3-D. It provides a summary of how the algebra
is set up, introduces relevant equations used in the implementation of this study, discusses how it can be
used to model 3-D objects, and shows how it can perform relationship analysis on said objects. Section
3.2.2 reviews previous research approaches and implementations that use Conformal Geometric Algebra to
model cadastral objects in 3-D and perform some level of topological analysis on them.

3.2.1 CGA Spatial Framework

This section provides a background introduction to Conformal Geometric Algebra and introduces the main
equations that create the algebraic 5-D space. It covers multivector k-blades (coordinates) that are used to
distinguish between various geometric objects and provides the equations that can be used to generate point,
ling, and plane spatial objects in CGA space. It reviews metric and topology operators that can be used to

analyze modelled objects.

This section addresses research question 23: “What is the Conformal Geometric Algebra spatial framework
and how is it realized?”, research question 24: “How can 3-D boundary components be modelled using
Conformal Geometric Algebra?”, and research question 25: “What geometric and topological operators can

be used to analyze relationships between spatial objects modelled using Conformal Geometric Algebra?”.

Conformal Geometric Algebra is a mathematical framework that can be used to model objects that exist in
3-D Euclidean space (R®) such as points, lines, and planes using mathematical concepts such as the inner
product (see Equation 2), the outer product (see Equation 3), the geometric product (see Equation 1), and
vector subspaces (Dorst et al., 2007:10). It has been proven to be useful for many applications in engineering
and computer science (see Section 3.2.2). The algorithms used in this study apply CGA theory to assist in
classifying topological relationships between sets of two 3-D boundary components.
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The basic algebraic elements in an n-dimensional Vector Algebra are (e1, €2, €3, ..., en), Or e1 = (X), €2 = (Y),
and es = () in 3-D Vector Algebra. In comparison, Hildenbrand & Oldenburg (2015) say that k-blades are
the basic algebraic elements in an n-dimensional Geometric Algebra. Hildenbrand & Oldenburg (2015)
describe these blades as having grades (k =0, 1, 2, 3, ..., n) that represent the dimensionality of each
subspace. The maximum value for k is the dimension of the embedded space being worked in. A scalar
value is considered a 0-blade (blade of grade k = 0) and the basis vectors (e, €2, es, ..., en) are considered
1-blades. 2-blades are spanned by two 1-blades (e.g. e1e2, where ” is the outer product) and 3-blades are
spanned by three 1-blades (e.g. e1e2"e3). This definition of spanning 1-blades continues until there is one
element of the maximum grade n (e1"e2"es...”en Or In). This blade element is called the pseudoscalar (In)
that represents the entire embedded space (Hildenbrand & Oldenburg, 2015). They describe a vector
containing multiple k-blades of the same grade as a k-vector and a vector containing elements of different
grades as a multivector.

The main product used in Geometric Algebra is called the geometric product (Hildenbrand & Oldenburg,
2015). The geometric product is defined as the summation of the inner (dot) product and the outer (cross)
product, both of which are commonly used in 3-D Vector Algebra for describing geometric relationships
between two vectors. The geometric product is mainly used in CGA to apply orthogonal transformations
and rotations on spatial objects that are represented by multivectors. Applying the geometric product
produces a new multivector that represents the symmetric (inner product) and antisymmetric (cross product)
components between 2 multivectors, a and b (Dorst et al., 2007:143). The definition of the geometric

product is presented in Equation 1 below.

Geometric Product: ab=a-b+a"b [1]

Since the geometric product is defined using the inner and outer products, they can be calculated with
respect to the outer product representation. The definition of the inner product (a - b) and outer product
(a ™ b) derived from the geometric product (ab) presented in Equation 1 are presented below as Equations

2 and 3, respectively.

Inner (dot) Product: a-b= %(ab + ba) [2]
Outer (cross) Product: a“b= %(ab —ba) [3]
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Equations 2 and 3 are presented to show that the inner product is the symmetric component of the geometric
product, while the outer product is the antisymmetric component of the geometric product. The inner
product can be applied to vectors to calculate metric information such as distances or angles (i.e. scalar
values). The outer product can be used to span two vectors to create higher dimensional objects such as

projected lines and projected planes (see Figure 3.6).

The conformal model of geometric algebra embeds 3-D Euclidean (x, y, z) space R® into an orthogonal 5-
D conformal vector space (no, €1, €2, €3, Ni) using an R*! metric where e, ez, and ez are the X, y, and z
vectors, respectively. The two added vectors are the point at the origin (no) and the point at infinity (ni)
(Dorst et al., 2007:9). The point at the origin is the origin of the coordinate system and the point at infinity
is defined by Dorst et al. (2007:356,359) as a point that has an infinite distance to all finite points, is
common to all lines and planes, and is invariant under Euclidean transformations. Dorst et al. (2007:151)
say that multivectors of mixed grade are produced through applying the geometric product. The Conformal
model of Geometric Algebra refers to the 1-blades as vectors, the 2-blades as bivectors, the 3-blades as
trivectors, and the 4-blades as quadvectors. There are 32 k-blades associated with CGA that can be seen in
Table 3.7 below.

Table 3.7: 32 Subspace Blade Parameters of CGA R4,1

Vector Subspace Blade Parameters of CGA (R4,1)
Scalar (0-blades) |Vector (1-blades) |Bivector (2-blades) |Trivector (3-blades) [Quadvector (4-blades) |Pseudoscalar (5-blade)
1 no nofel no’telhe2 noftelfe2”e3 notelfre2”e3Ani
el noe2 no’el”e3 nofelfhe2/ni
e2 nofe3 nofelAfni nofelAe3Ani
e3 no”ni nofe2"e3 note2”re3Mni
ni elhe2 nofe2Ani elre2re3Mni
elnhe3 nofe3Ani
elAni elhe2he3
e2he3 elhe27ni
e2Mni elhe3Ani
e3/ni e2”he3Mni

A variety of geometric objects can be represented using the k-blade multivectors presented in Table 3.7.
Yu et al. (2016) make a distinction between CGA objects as either being rounds, flats, Euclidean blades,
free blades, and tangent blades. Rounds can have finite length, area, or volume while flats include a (ni)
component and can stretch outwards to infinity. Flat objects are the CGA objects that were used to represent
line and plane extensions in this study and are referred to as ‘projected objects’ for the rest of this study. A
summary of the spatial objects used in this study to represent 3-D boundary components can be seen in

Figure 3.6 below.
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Null Vector (Point) Projected Line Projected Plane
|P1 =no + P1 + O.5*|P1|*|P1|*ni| |L1 = P1Apzf~ni| [PL1 = P1"P2"\P3Anil
A
. < > 4-Blades:

[el1”~e2”no™ni,

- el”e3”no”ni,

- . 3-Blades: 92A93A"°A"_i'

fel jézBlea;e:é nil [e1”~no”ni, e2~no”ni, e3~no”ni, : elne2ne3”ni]
P el”e2”ni, el~e3”ni, el~e2”ni] Y

Figure 3.6: CGA Obijects of Interest (with Blade Parameters)

As can be seen in Figure 3.6, the CGA elements of interest for this study are null vectors (points), as well
as projected lines and projected planes. While a null vector (point) is bound in space, projected lines, and
projected planes extent to the point at infinity (ni). Relating this to the Dimensional Model framework (see

Section 3.1.2), projected lines and planes only have extension elements without boundary limits.

The equation used to generate the CGA parameters for a null vector (point) P is presented in Equation 4. A
3-D (X, Y, z) point of R® is embedded into the 5-D conformal space R** by setting the no, €1, e, and es

parameters to 1, X, y, z, respectively, and the ni parameter to 0.5(x? + y2 + z2) (Dorst et al., 2007:360).

Null Vector (Point): P=ny+ ) e+ (y) e, +(2) e3 +%(x2 +y%2+z%)n [4]

The equations used to generate the CGA parameters for a projected line (L) and plane (PL) are presented
in Equations 5 and 6, respectively, as is shown by Yuan et al. (2011) and Zhang, J. et al. (2016). Knowing
the format of these equations and the parameters they produce allows CGA intersections to be interpreted
into the correct geometry type in the methodology (Chapter 4 and Chapter 5) of this study.

Projected Line: L=P;"P,"n; [5]

Equation 5 can be used to generate a projected line L that connects 2 null vector points (P1 and P2). Using
the outer product () of these points with the point at infinity allows this line to continue through the space

in both directions indefinitely. Six 3-blade parameters are used to represent a projected line L in R** that
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all include the ‘ni’ component (see Figure 3.6). These parameters allow for intersections involving projected

lines to be performed.

Projected Plane: PL=P,"P,"P3"n; [6]

Like Equation 5, Equation 6 uses the outer product (*) between a set of three points (P1, P2, and Ps) to
generate a projected plane PL that divides space into 2 half-spaces. This is like that of a hyperplane
described by Billen et al. (2002) when defining point orders in the Dimensional Model and represents the
projection of a flat surface outwards to infinity. Four 4-blade parameters can be used to represent a projected
plane PL in R*' that all include the ‘ni’ component (see Figure 3.6). These parameters allow for

intersections involving projected planes to be performed.

The last few equations in this section can be used to derive geometric and topological information between
CGA objects.

Line & Point Distance D, =norm(L- P) [7]

Equation 7 is used to calculate the distance D.-r between a projected line L and a null vector point P (see
Hildenbrand & Oldenburg, 2015). It is applied in Chapter 4 and Chapter 5 to determine if a boundary point
and a boundary line are collinear. The norm of a multivector is defined as the magnitude of its 0-blade
scalar components.

Dualization: M*=M1I" (Dorst et al., 2007:80) [8]
Intersect/Meet: Meet(A, B) = (Bl 1) 1 A (Dorst et al., 2007:131) [9]
2 =B*lA

Equation 8 and Equation 9 use the left contraction (1) which is a generalization of the inner product for

multivectors. Dorst et al. (2007:75-77) say that the left contraction between two multivectors A and B can
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be described as the subspace of A that can be taken out of B. The dualization M* of a multivector M
(Equation 8) can be viewed as the perpendicular component of a multivector with respect to the space (In)
it resides in (Dorst et al., 2007:80).

Equation 9 is used as a general intersection operation between two multivectors A and B. The meet
operation is applied to sets of projected CGA boundary component representations in Chapter 4 to initially
categorize the type of projected relationship that is occurring between two 3-D boundary components. This
is done by interpreting the format of the return geometry type that the meet produces to distinguish what
object type (point, line, plane, etc.) that it has. The possible relationship types are shown in Figure 3.5

above.

To summarize, this section introduced the mathematical framework and equations that are used to
implement and test some of the methods that are proposed in Chapter 4. CGA Equations 4, 5, and 6 are
used to generate multivector blade parameters for 3-D boundary points, lines, and planes. These parameters
are used with Equations 7, 8, and 9 to determine if 3-D boundary components modelled in this study are
parallel, collinear, coplanar, or intersecting at a point or line when their boundaries are projected outwards.
This distinction between 3-D boundary components breaks the relationship determination process into

small sets of easier to solve problems.

3.2.2 Modelling Cadastral Objects using CGA

This section reviews a few implementations that use Conformal Geometric Algebra to model 3-D cadastral
objects and analyze 3-D boundaries to identify topological relationships that exist between various
boundary components. It covers several studies that use the CAUSTA GIS environment to analyze 3-D
boundaries, as well as a study that applies specific judgement rules to identify topological relationships
using CGA. This section addresses research question 26: “What approaches have been used to determine
topological relationships between 3-D cadastral objects using Conformal Geometric Algebra

implementations?””.

There have been multiple studies in recent years that use CGA to model and perform analysis on cadastral
objects using the CAUSTA geometric algebra environment introduced by Yuan et al. (2010). Yuan et al.
(2011) created a 3-D GIS spatial data model in CAUSTA that was used to represent volumetric objects and
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their boundaries in CGA space. They show how distances and angles between objects can be derived and
how 3-D topological analysis is performed on individual volumetric objects by intersecting their planes and
lines to analyze structure (Yuan et al., 2011).

Yuan et al. (2012) then showed how multidimensional objects can be organized in the same space using
CGA. Yuetal. (2016) created a framework to compute geometry-oriented topological relations between 3-
D objects being rendered using this model. They used the concepts of an object being inside, on, or outside
another object to create a general topology operator for determining eight relationships between
multidimensional round and flat objects. Results were presented between sets of disjoint 3-D objects in the
CAUSTA environment (Yu et al., 2016).

Zhang, J. (2016) proposed a 3-D cadastral data model based on CGA. In this model, a 3-D parcel is stored
as a multivector consisting of a summation of its points, lines, and planes. Boundary lines and planes are
represented as a combination of the object’s projected (flat) component and the set of lines/points that define
its boundary (Zhang, J., 2016).

Zhang, F. (2016) used the intersection (meet) results of CGA projected lines and planes along with various
other CGA operation checks to create specific judgement rules for testing if two 3-D boundary components

intersect or not. The boundary objects considered were 3-D points, straight-line segments, and closed planar

polygons.

Six sets of judgement rules were determined for the point-point, line-point, polygon-point, line-line,
polygon-line, and polygon-polygon boundary object pairs. By first performing intersections between CGA
projected objects, the complexity of the 3-D object intersection problem was reduced to several smaller
problems. These problems were approached differently based on the return geometry type of the projected
CGA intersections. Their model was able to distinguish between 22 different types of intersections between
coplanar boundary components (Zhang, F. 2016).

To summarize, this section presented methods that use the CGA spatial framework to model 3-D cadastral
boundaries and identify relationships between different sets of 3-D boundaries. It identified approaches that
are promising and have been proven to work to some extent. This study uses methods proposed by Zhang,
F. (2016) to categorize and sort boundary component pair relationships into several smaller problem groups
which will all be approached differently. Figure 3.5 shows projected geometric relationships that can exist
for the intersection result between point, projected line, and projected plane CGA object boundary

component pairs in 3-D space.
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3.3 Chapter Summary

The relevance this chapter has to the primary research objective is that it reviewed literature that focused
on mathematical concepts associated to defining and identifying relationships between spatial objects, as
well as approaches that can be used to realize them. This chapter addressed guiding research questions 15
— 26. This chapter was used to perform research activity #4: “Identify topological relationships that can
exist between 3-D boundary components” and research activity #5: “Identify existing mathematical theory

that can be used to perform topological analysis on 3-D boundaries”.

Section 3.1 addressed research questions 15 — 22 that were related to topological relationship modelling.
Firstly, it explored foundations for topological relationships between spatial objects by reviewing the 4-
intersection, 9-intersection, dimension extended, and dimension extended 9-intersection models that can be
used to distinguish different spatial relationships. Secondly, it reviewed how the 9-intersection model has
previously been applied to describe relationships between 3-D spatial objects and introduced the
Dimensional Model framework for organizing relationships between spatial objects. Lastly, it reviewed
approaches used for implementing topological relationship analysis between 3-D cadastral objects.
Approaches that use geometric projected relationships to initially organize relationships, as well as

approaches to processing spatial data to implement relationship analysis were discussed here.

Section 3.2 addressed research questions 23 — 26 that were related to Conformal Geometric Algebra and its
application. Firstly, it reviewed theory related to the Conformal model of Geometric Algebra and how it
can be used to represent and perform topological operations on points, lines, and planes in 3-D space. The
equations applied in this study to initially sort relationships between boundary component pairs were
presented here. Secondly, it reviewed previous approaches that apply Conformal Geometric Algebra to

analyze relationships between 3-D cadastral objects.

The relationships between 3-D boundary components that this study classifies are limited to boundary
components being disjoint from each other, touching at a point, line, or plane, and intersecting at a point or
line. Relationships are evaluated between six types of boundary component pairs, being between point-

point, line-point, line-line, plane-point, plane-ling, and plane-plane sets.

The mathematical theory applied to achieve this is through applying and interpreting geometric and
topological intersection operations between point, line, and plane spatial objects being modelled in a CGA
space. Projected relationship concepts such as spatial objects being collinear, coplanar, parallel, or
intersecting at a line or plane are utilized to initially sort relationships into a subset of projected relationship
categories. Once these are categorized, most classifications can be achieved using a series of 3-D point-

point distance evaluations.
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Chapter Four: Methods and Mathematical Model Design

This chapter presents the proposed mathematical model design that can be used to classify geometric and
topological relationships between the boundary components of two 3-D cadastral units. The general
approach was to start by identifying relevant boundary object components that needed to be modelled, and
then to define methodological data flow processes that would allow for relationships to be determined
between them.

This chapter covers a definition of the data format used to represent 3-D cadastral unit boundaries, an
overview of how these boundary components are evaluated together, and the definition of the specific
algorithms that were developed and tested to classify relationships between 3-D boundary components.
Section 4.1 describes the digital representations for each of the three 3-D boundary components that are
considered in this study. Section 4.2 introduces the six boundary component pair types that are evaluated
in the model. The approach to describing relationships between 3-D boundary component pairs is discussed
in this section. Methods on how boundary component pairs are initially sorted into projected relationship
categories by interpreting return results from CGA projected object intersections are introduced as well.
Sections 4.3 - 4.8 present the various algorithms and methods that can be used to determine the final
relationship classification between the six boundary component pair types. These last six sections include
the bulk of the methodology that was developed in this study to address the primary research objective.

4.1 Defining 3-D Cadastral Object Boundary Components

This section defines the data structures for volumetric cadastral parcels and their 3-D boundary components
as they are considered here. This organizational approach is included as a formal definition for how 3-D
boundaries were represented in this study. This section presents the formal definitions for 3-D boundary
point (BP), 3-D boundary line (BL), and 3-D boundary plane (BPL) objects that are used in this study to
represent the boundary components of 3-D cadastral units that can be registered to a strata subdivision plan
or centerline condominium plan in Alberta, Canada (review Section 2.4 for details on these plans). Figure
4.1 shows examples for 3-D points, lines, and planes with 3-D geometry for points, and point and line set

topology for lines and planes as they relate to 3-D cadastral boundaries.
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3D Boundary| 3D Boundary |[3D Boundary

Point (BP) Line (BL) Plane (BPL)
® [ 4 ®

BP = [X, Y, Z] BL = [Ls, Le] BPL = [L1,.., Ln]

Figure 4.1: Overview of 3-D Boundary Components Modelled in this Study

3-D objects and their boundary components are first introduced by how they would be identified within a
survey plan while discussing the topological characteristics that link them to other 3-D boundary component
types through the object hierarchy. By enforcing topological hierarchy between (0-D, 1-D, and 2-D)
boundary components, the data format ensures that there are no intersecting boundary components or open

gaps in the boundary for each 3-D unit modelled.

The geometry for each boundary object is then described with respect to their extensions and limits as
defined under the Dimensional Model (see Section 3.1.2). Digital table storage parameters consisting of 3-
D point geometry, point-set topology combinations for line and plane orders, and additional CGA
parameters for projected points, lines, and planes are defined here as they are used for the implementation
(Chapter 5) and testing (Chapter 6) sections of this study. Each example presented in Chapter 6 consists of
two 3-D cadastral units A and B.

3-D boundary points are presented in Section 4.1.1, 3-D boundary lines are defined in Section 4.1.2, and 3-
D boundary planes are presented in Section 4.1.3. The processes that were followed to generate and store
simulated digital representations for 3-D objects and their boundary components are presented in Section
5.1.

4.1.1 3-D Boundary Points (BP)

The geometry for each 3-D cadastral unit modelled in this study is defined by a set of georeferenced 3-D
boundary points. Boundary lines and planes in a 3-D strata survey plan in Alberta are defined relative to at
least two monument points of known elevation that are localized into a geographic positioning network
(Surveys Act R.S.A. 2000 Chapter S-26, S.45-3b). Cadastral units and common property in a 3-D centerline

condominium plan are defined relative to the centre of the floor, wall, or ceiling (Condominium Property
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Act R.S.A. 2000 Chapter C-22, S.9-4). Therefore, when generating digital versions of 3-D boundaries in
this study, 3-D point location estimates are first calculated using metric information that is included in the
survey plan drawings. These 3-D boundary points are then used to define the boundary limits of 3-D

boundary lines and 3-D boundary planes that define the 3-D boundary of each cadastral unit.

3-D points are boundary components that have a 0-D interior extension and no limit with respect to the
Dimensional Model. A sample of the table structure including the parameters used to represent 3-D

boundary points in this study can be seen in Table 4.1 below.

Table 4.1: Sample of Parameters for 3-D Boundary Points

3-D Cadastral Object A - Boundary Points

Boundary PointID| | X(el) | Y(e2) | Z(e3) no ni
A1l 2 2 3 1 8.5
A2 3 2 3 1 11

Table 4.1 shows a sample of two boundary points (A_1 and A_2) as they are stored in a table structure. The
ID system for boundary points in this study includes the name of the 3-D cadastral unit it belongs to, as
well as the number of the point (A_#/B_#). Boundary point geometry is defined using 3-D point parameters
consisting of X (easting), Y (Northing), and Z (Elevation) coordinates. Coordinates are calculated by
applying direct (polar) calculations that use distance and angle measurements in a survey plan, which are
common to those in the surveying profession. Five 1-blade multivector CGA parameters (e1, €2, €3, No, Ni)
are used to represent the boundary point extension as it would be loaded into GAViewer for performing
topological operations on it. The e, €2, and es CGA parameters are the same as the X, Y, and Z coordinates,
respectively, while no and ni are the point at the origin and the point at infinity, respectively. These CGA
parameters were introduced in Section 3.2.1.

Each 3-D boundary point has an additional projected ‘CGA null vector’ point representation generated for
it consisting of five 1-blade CGA parameters. The X, Y, and Z vector coordinates are the same as the es,
ez, and es CGA parameters, respectively, as they are shown by Yu et al. (2016: 8) (also see Section 3.2.1
and Equation 4). This CGA representation is used to implement the topological intersection operations
introduced in Section 3.2.1, which are further used in this study to interpret the projected relationship

between each 3-D boundary point and other 3-D boundary components that are described in Section 4.2.2.
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4.1.2 3-D Boundary Lines (BL)

Boundary lines are defined on a strata survey plan by the line that connects two 3-D boundary points using
the angles and distances between two points that are included in the plan (Surveys Act R.S.A. 2000 Chapter
S-26, S.45-3b). In this study, the geometry of each boundary line is indirectly represented through the
calculated start and end 3-D point coordinates that bound it. A closed set of non-intersecting sequential
coplanar boundary lines is used to define a boundary plane (see Section 4.1.3), and all 3-D boundary lines

modelled are straight and have no arc curves.

3-D lines are boundary components that have a 1-D interior extension (i.e. a line) and two 0-D (start and
end) boundary limit points with respect to the Dimensional Model. A sample of the table structure including

the parameters used to represent 3-D boundary lines in this model can be seen in Table 4.2 below.

Table 4.2: Sample of Parameters for 3-D Boundary Lines

3-D Cadastral Object A - Boundary Lines

Boundary Line ID| | Start Point ID|End Point ID| | e1*no”ni |e2*no”ni|e3”*no”ni | e1"e2/ni| e1e3 ni | e2e3 ni
AA_1 1 4 0 -1 0 2 0 -3
AA_2 4 3 -1 0 0 -3 -3 0

Table 4.2 shows a sample of two boundary lines (AA 1 and AA_2) as they are stored in a table structure.
The ID system for boundary lines in this study includes the name of the 3-D cadastral unit it belongs to
twice, as well as the number of the line (AA_#/ BB_#). The topological direction of each boundary line
along with the boundary line limits are defined by indicating a ‘Start Point ID” and an ‘End Point ID’. Six
3-blade multivector CGA parameters (e1*no™*ni, €2”*no"*ni, €3"ne"ni, e ez"ni, e1es™ni, e2"es"ni) are used to
represent the boundary line extension as it would be loaded into GAViewer for performing topological

operations on it. These CGA parameters were introduced in Section 3.2.1.

Each 3-D boundary line has an additional projected ‘CGA line’ representation generated for it consisting
of six 3-blade CGA line and free bivector parameters as they are shown in (Yu et al., 2016:8) (also see
Equation 5). Each CGA line has a 1-D extension through space with no limits. This CGA representation is
used to implement topological intersection operations introduced in Section 3.2.1, which are further used
to interpret the projected relationship between each 3-D boundary line and other 3-D boundary components

that are described in Section 4.2.2.
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4.1.3 3-D Boundary Planes (BPL)

Boundary planes are represented indirectly on a survey plan by identifying a closed set of coplanar points
and straight-drawn lines that define it. In this study, there must be at least 3 sequential boundary lines
defining a boundary plane that start and end at the same point. For this study, all 3-D boundary planes are
flat (i.e. no curved surfaces), and are either horizontal, vertical, or inclined at an angle to the horizontal.
While there are scenarios in which legal boundaries are defined using horizontal or vertical cylindrical

columns, they are not considered here and are a subject for further investigation.

3-D planes are boundary components that have a 2-D interior extension with 1-D boundary line limits and
0-D boundary point limits with respect to the Dimensional Model. A sample of the table structure including

the parameters used to represent 3-D boundary planes in this model can be seen in Table 4.3 below.

Table 4.3: Sample of Parameters for 3-D Boundary Planes

3-D Cadastral Object A - Boundary Planes

Boundary Plane ID | |Oriented Polyline IDs | | e1"e2Mno’ni | e1*e3*no” ni | e2"e3 no’ni | elre2”e3 ni
AAA_1 1234 0 1 0 -2
AAA 2 56738 0 0 -1 -2

Table 4.3 shows a sample of two boundary planes (AAA 1 and AAA 2) as they are stored in a table
structure. The ID system for boundary planes in this study includes the name of the 3-D cadastral unit it
belongs to three times, as well as the number of the plane (AAA_# / BBA_#). The boundary lines defining
a boundary plane represent the boundary plane limits and follow each other in a clockwise oriented direction
(oriented polylines) while viewing the plane from the inside of the 3-D cadastral unit. The normal vector
associated with this direction gives the boundary plane an inward direction (towards the inside of the 3-D
cadastral unit) and an outward direction (towards the outside of the 3-D cadastral unit). This format is like
that of Ying etal. (2015) discussed in Section 2.5.2. Four 4-blade multivector CGA parameters (e1*e2"no"ni,
e1"es™no™ni, e2"es"no™Mni, erezes™ni) are used to represent the boundary plane extension as it would be
loaded into GAViewer for performing topological operations on it. These CGA parameters were introduced
in Section 3.2.1.

Each 3-D boundary plane in this study has an additional ‘CGA plane’ representation generated for it

consisting of four 4-blade CGA plane and free trivector parameters as they are shown by Yu et al. (2016:8)
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(also see Section 3.2.1 and Equation 6). Each CGA plane has a 2-D extension through space with no limits.
This CGA representation is used to implement topological intersection operations introduced in Section
3.2.1, which are further used to interpret the projected relationship between each 3-D boundary plane and

other 3-D boundary components in Section 4.2.2.

4.2 Cadastral Object Relationship Classification Approach and Projected CGA
Relationships

This section discusses the approach followed to model relationships between two 3-D cadastral units.
Section 4.2.1 describes the approach to modelling relationships between two 3-D cadastral parcels using
individual relationships between their sub-boundary components. The six types of 3-D boundary
component pairs that this model evaluates and combines to describe the relationships that exist between

two 3-D volumetric cadastral parcels are presented here.

Section 4.2.2 describes how relationships between each 3-D boundary component pair set are initially
categorized into projected relationship categories using the concepts of two boundary components being
parallel, collinear, coplanar, or intersecting at a point or line when their boundaries are projected outwards
by considering their boundary extensions only without boundary limits (see Section 3.1.3 and Section
3.2.1). It presents the various return geometries from CGA projected object intersections that are interpreted
to determine which of these different projected relationship categories is occurring between the different
boundary component pairs. These interpretations are used in Sections 4.3-4.8 to initially determine which
projected relationship scenario is occurring in the overall model algorithms used to classify relationships

between boundary component pairs.

4.2.1 Relationship Description using Boundary Component Pairs

The legal objects modelled in this study are 3-D volumetric cadastral units. These are defined as having a
3-D extension, as well as 2-D, 1-D, and 0-D boundary limits with respect to the Dimensional Model. 3-D
cadastral units have a boundary that is represented by a set of boundary planes that form a closed surface.

All cadastral units tested in Chapter 6 have closed surfaces with no self intersecting boundaries.

When determining the relationship between two 3-D cadastral parcels, the relationships between their
boundary sub-components are first classified individually. They are then combined to describe the overlap
relationships that are occurring between both parcels if any exist. Relationships between the three boundary

sub-components (points, lines, planes) of two 3-D cadastral units (A and B) are individually classified to
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describe the relationships that are occurring between them. These classifications are grouped into several

boundary component pairs that are presented in Table 4.4 below.

Table 4.4: Boundary Component Pairs between Cadastral Units A and B

Boundary Component Pairs between Units A and B
| | B Points B Lines B Planes
A Points Point,-Point; | Point,-Lineg | Point,-Planeg
A Lines Line,-Pointg Line,-Lineg Line,-Planeg
A Planes Plane,-Pointy =~ Plane,-Lineg  Plane,-Planeg

Table 4.4 shows the nine sets of boundary component pairs that are evaluated between cadastral units A
and B. There are six different classification algorithms (point-point, line-point, line-line, plane-point, plane-
line, plane-plane) that are applied to evaluate all nine sets of boundary component pairs. The five point-
point, line-point, and plane-point boundary component pair sets can only have point geometry overlap. The
three line-line and plane-line boundary component pair sets can only have point and line geometry overlap.

The plane-plane boundary component pair set can have point, line, and plane geometry overlap.

A boundary point can only have an overlap relationship geometry description of (0D) dimensionality
overlapping at its (OD) interior extension. A boundary line can have an overlap relationship geometry
description of (OD) or (1D) dimensionality overlapping at one of its (OD) start or end boundary limits or at
on of its (1D) interior extension points. A boundary plane can have an overlap relationship geometry
description of (0D), (1D), or (2D) dimensionality overlapping at a (OD) boundary vertex point, a (1-D)

boundary line, or a (2D) interior extension point.

Final overlap relationships between boundary component pairs are described using four characteristics that
are additional to the projected relationship category they are placed in. The first and second characteristics
are the dimensionalities of the overlap geometry on boundary components one and two, respectively. The
third characteristic is the geometry type (point, line, or plane) of the overlap between the two boundary
components being considered. The fourth characteristic is the topological relationship description of the
overlap and can be ‘Disjoint’, ‘Touch’ or ‘Intersect’ as is described by Fu et al. (2018) and presented in

Section 3.1.2. Disjoint relationships (see Figure 4.2 below) do not use the first three characteristics.
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4.2.2 CGA Intersections and Projected Relationships

The topological relationships that this study identifies are if two 3-D boundary components ‘Touch’,
‘Overlap/Intersect’, or are ‘Disjoint’ from each other. Relationships between boundary components are
initially categorized using the concepts of projected CGA objects being parallel, collinear, coplanar, or

intersecting (see Figure 4.2). This is similar to the approach of Zhang, F. et al. (2016) (see Section 3.2.2).

For five of the six component pairs introduced above, there are possible projected relationships that can
exist between them. The pointa-points relationship does not require initial CGA intersection interpretation
and can be solved using only 3-D point-point distance calculations and interpretations (see Section 4.3).
The various projected relationship categories that can exist between the five remaining boundary

component pairs can be seen in Figure 4.2 below.

BL-BP BL-BP BL-BL BL-BL BL-BL BL-BL BPL-BP
a) b) BB) d) €) e | 9)
- ) - - - @ == -—0/.‘ -l = - - G - \‘J_:‘./' G e \'-—/' Q

~.

Collinear Coplanar Collinear Coplana Parallel Skew Coplanar

BPL-BP | BPL-BL | BPL-BL | BPL-BL | BPL-BPL | BPL-BPL | BPL-BPL

h) o | i) k) ) m) n)
<05 [ o o [

Parallel Point Intersect Parallel Coplanar Line Intersect Parallel Coplanar

Figure 4.2: Projected CGA Relationship Categories Shown using Disjoint Examples

Each example in Figure 4.2 represents a projected relationship category between boundary component pairs
using disjoint scenarios. These categories are evaluated in Sections 4.4 — 4.8 by calculating and interpreting
geometric and topological CGA intersection operations between boundary component pairs. The methods
that were used to evaluate these projected relationships were developed through running tests on various
sets of boundary components in GAViewer. Point-Point component pairs do not require a projected
relationship evaluation and are determined through interpreting a 3-D Euclidean point-point distance check

between them (see Section 4.3).

Figures 4.2-a and 4.2-b represent disjoint examples of the projected relationships that can exist between the

BL-BP (linea-points and lines-pointa) boundary component pairs. BL and BP are collinear in Figure 4.2-a
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and are not collinear (coplanar) in Figure 4.2-b. The processes developed in this study to determine which

of these two scenarios is occurring are presented in Section 4.4.

Figures 4.2-c - 4.2-f represent disjoint examples of the projected relationships that can exist between the
BL-BL (linea-lines) boundary component pairs. Boundary lines are collinear in Figure 4.2-c, coplanar in
Figure 4.2-d, parallel in Figure 4.2-e, and not collinear or coplanar (skew) in Figure 4.2-f. The processes

developed in this study to determine which of these four scenarios is occurring are presented in Section 4.5.

Figures 4.2-g and 4.2-h represent disjoint examples of the projected relationships that can exist between the
BPL-BP (planea-points and planes-pointa) boundary component pairs. BPL and BP are coplanar in Figure
4.2-g and are not coplanar in Figure 4.2-h. The processes developed in this study to determine which of

these two scenarios is occurring are presented in Section 4.6.

Figures 4.2-i - 4.2k represent disjoint examples of the projected relationships that can exist between the
BPL-BL (planea-lines and planes-linea) boundary component pairs. BPL and BL intersect at a projected
point in Figure 4.2-i, are parallel in Figure 4.2-j, and are coplanar in Figure 4.2-k. The processes developed

in this study to determine which of these three scenarios is occurring are presented in Section 4.7.

Figures 4.2-1 - 4.2-n represent disjoint examples of the projected relationships that can exist between the
BPL-BPL (planea-planes) boundary component pairs. Both planes intersect at a projected line in Figure
4.2-1, are parallel in Figure 4.2-m, and coplanar in Figure 4.2-n. The processes developed in this study to

determine which of these three scenarios is occurring are presented in Section 4.8.

Table 4.5: Projected CGA Intersection Interpretations

CGA Object Intersections and Return Geometries

Boundary CGA Intersection . Intersection Intersection
Component Pair operator Not Parallel Parallel Collinear Coplanar Point Line
Line-Point Equation 7 N/A Scalar (+) Scalar (0) N/A N/A N/A
Plane-Point Equation 9 N/A Scalar (+/-) N/A Point N/A N/A
Line-Line Equation 9 Free Scalar Free Vector Line Flat Point N/A N/A
Plane-Line Equation 9 N/A Free Vector N/A Line Flat Point N/A
Plane-Plane Equation 9 N/A Free Bivector N/A Plane N/A Line

Table 4.5 above summarizes the CGA intersection equations (see Section 3.2.1) and the return geometry
types that were interpreted to initially determine what projected relationship was occurring between
individual boundary component pairs. Definitions for scalar, free scalar, free vector, free bivector, and flat
point are described in detail in Section 5.3.1. Using these return geometry interpretations, each relationship
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classification problem is simplified into a set of smaller problems. The processes followed to interpret these

are discussed in greater detail in Section 5.3.1.

More refined relationships can be derived by determining the extent that the point set representations of
each boundary component overlap the projected CGA object intersection geometry. Computational data
processing methods for determining these refined final relationship classifications are presented in Sections
4.4-4.8. The algorithms presented in the following sections represent the bulk of the original methodology

that was developed in this study to address the primary research objective.

4.3 Point-Point (BP-BP) Relationship Classification Methods

The data process flow algorithm that was proposed to model and classify the relationship R(BP1,BP2)
between two (0D) boundary points BP1 and BP2 can be seen in Figure 4.3 below.

BP-BP Classification Algorithm: --> R(BP1,BP2)

E Calculate 3-D Point-Point Distance: M
[BP1-->BP2] using 'Equation 10'
( L ) R-1 R-2
Disjoint BP1-->BP2 >0 BP1-->BP2=0 —DCOD-OD PT)

Figure 4.3: BP-BP Classification Algorithm

This classification algorithm (Figure 4.3) requires calculating the scalar ‘3-D Point-Point Distance’ (see
Equation 10) between BP1 and BP2 using the following equation where BP1 = (X, y1, z1) and BP2 = (x2,
Y2, Z2).

3-D Point-Point Distance: Dy =Gz —x1)%+ (v —y1)2 + (2, — 21)? [10]

The result of this distance is evaluated to determine if relationship type R-1 or R-2 shown in Figure 4.4

below is occurring between BP1 and BP2.
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Figure 4.4: Final BP-BP Relationship Classifications

classified as having the ‘Disjoint’ relationship.

Figure 4.4a shows an example of scenario R-1 where BP1 and BP2 are separated by a distance and are

Figure 4.4b shows an example of scenario R-2 where BP1 and BP2 have no distance between them (same

location/coincident) and are classified as having the ‘0D-0D Point Touch’ relationship.

4.4 Line-Point (BL-BP) Relationship Classification Methods

The data process flow algorithm that was proposed to model and classify the relationship R(BL,BP)

between a (1D) boundary line BL and a (OD) boundary point BP can be seen in Figure 4.5 below.

BL-BP Classification Algorithm: --> R(BL,BP)

Not Collinear

Disjoint

Calculate CGA Line-Point Distance:
[BL-->BP] using 'Equation 7'

BL-->BP >0

R-1

R-2

BL-->BP =

o

Run through 'Collinear BL-BP Classification Algorithm’

Figure 4.5: BL-BP Classification Algorithm
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This BL-BP classification algorithm (Figure 4.5) requires calculating the scalar ‘Projected CGA Line-Point
Distance’ between BL and BP using Equation 7. The result of this distance is evaluated to determine if R-
1 or R-2 is occurring between BL and BP. Disjoint examples for both R-1 and R-2 categories can be seen
in Figure 4.6 below.

R-1 R-2
a) BP b)

NP S BL _ BP

Not
Collinear Collinear

Figure 4.6: BL-BP Projected Relationship Categories

Figure 4.6a shows an example of the projected relationship category R-1 where BL and BP are not collinear.

Any final classification for this scenario results in the ‘Disjoint’ relationship.

Figure 4.6b shows an example of the projected relationship category R-2 where BL and BP are collinear.
If scenario R-2 is occurring, BL and BP have the collinear projected relationship and are processed through
the ‘Collinear BL-BP Classification Algorithm’ (see Figure 4.7). The final relationship classification for
this scenario depends on the overlap extent between BP and BL and can have the ‘Disjoint’, ‘0D-0D Point

Touch’, or ‘1D-0D Point Touch’ relationships.

4.4.1 Collinear BL-BP Classification Algorithm

The data process flow algorithm that was developed to classify the relationship R_COL(BL,BP) between
a (1D) boundary line BL and a (OD) boundary point BP that have been previously identified as being

collinear (COL) using the algorithm shown in Figure 4.5 can be seen in Figure 4.7 below.
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Collinear BL-BP Classification Algorithm:

> R_COL(BL,BP)

Collinear (COL)

v

Calculate 3-D Point-Point Distances: [BLs-->BLe, BLs-->BP, BLe-->BP] using 'Equation 10°

[ \

lCOLS

iCOL—l lCOL—2 £COL—3 CcOoL-4
BLs-->BP = BLe-->BP = BLs-->BP = BLe-->BP = (BLs-->BP & BLe-->BP)
‘Largest’ ‘Largest' 0 < BLs-->BlLe

0
0D-0D PT

1D-0D PT

Figure 4.7: Collinear (COL) BL-BP Classification Algorithm

It has previously been determined that BL and BP are collinear using ‘BL-BP Classification Algorithm’

(see Figure 4.5). This collinear BL-BP classification algorithm (Figure 4.7) requires calculating three ‘3-D
Point-Point Distances’ between the start and end points of BL (Ls and Le) and BP (P) using Equation 10.
The results of these three scalar distances are interpreted to determine which of the three final relationship
classifications (COL-1, COL-2, and COL-3) is occurring. The COL-3 scenario occurs only if the COL-1
and COL-2 conditions are not met. Visual examples for these three possible collinear BL-BP relationship

classification scenarios can be seen in Figure 4.8 below.

COL-1 COL-2 COL-3 COL-4 COL-5
a) b) c) d) e)
BP |BP BP BP BP
e OO 'éa;"""gfg' Bls Ble Cemear Y
Disjoint Disjoint OD-0D PT | OD-0OD PT | 1D-0D PT

Figure 4.8: Final Collinear (COL) BL-BP Relationship Classifications
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Figures 4.8a and 4.8b show examples of the COL-1 and COL-2 scenarios, respectively, where collinear BL
and BP are separated by a distance and have the ‘Disjoint’ relationship classification. BP is closest to BLe
in COL-1 and closest to BLs in COL-2.

Figure 4.8c shows the COL-3 scenario where collinear (0D) BP is touching the (0D) BLs start boundary
point of BL and has the ‘0D-0D Point Touch’ relationship classification.

Figure 4.8d shows the COL-4 scenario where collinear (OD) BP is touching the (0D) BLe end boundary
point of BL and has the ‘0D-0D Point Touch’ relationship classification.

Figure 4.8e shows an example of the COL-5 scenario where collinear (OD) BP is touching a (1D) point that

is part of the interior line extension of BL and has the ‘1D-0D Point Touch’ relationship classification.

4.5 Line-Line (BL-BL) Relationship Classification Methods

The data process flow algorithm that was developed to classify the relationship R(BL1,BL2) between two

(1D) boundary lines BL1 and BL2 can be seen in Figure 4.9 below.

BL-BL Classification Algorithm: --> R(BL1,BL2)
m Calculate the CGA Intersection: E
Meet(BL1,BL2) using 'Equation 9'

A
l R-1 ¢ R-2 \Jj ‘ R-3 i R-4

Meet(BL1,BL2) = Meet(BL1,BL2) = Meet(BL1,BL2) = Meet(BL1,BL2) =
'Free Scalar' 'Free Vector' 'Line' ‘Intersection Point (IP)'

Not Coplanar Parallel
Run through *Common Collinear || o Common -Csﬁgég?gg_h&

BL-BL Classification Algorithm' Orientation [+]

Classification
Algorithm'

Run through ‘Reverse Collinear Reverse R-3R
BL-BL Classification Algorithm' < Qrientation [-] <

Figure 4.9: BL-BL Classification Algorithm
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This BL-BL classification algorithm (Figure 4.9) requires calculating the ‘Projected CGA
Meet/Intersection’ between BL1 and BL.2 using Equation 9. The geometry of this intersection is interpreted
to initially determine which of the four projected relationship categories (R-1, R-2, R-3, or R-4) is occurring
between BL1 and BL2. Disjoint examples for each of these BL-BL categories can be seen in Figure 4.10

below.

R-1 R-2 R-3 R-4

TP P

Koo SRR L1, 2. | ‘
NOt [ ceeeeeee B [-eReeie | o ag;
Coplanar | Parallel | Collinear | Coplanar

Figure 4.10: BL-BL Projected Relationship Categories

Figure 4.10a shows an example of the projected relationship category R-1 where BL1 and BL2 are not
coplanar or collinear (skew). The CGA intersection in this scenario produces a ‘Free Scalar’ CGA geometry

result (see Section 3.2.1). Any final classification for this scenario results in the ‘Disjoint’ relationship.

Figure 4.10b shows an example of the projected relationship category R-2 where BL1 and BL2 are parallel.
The CGA intersection in this scenario produces a ‘Free Vector’ geometry result. This is because the only
element common between both CGA lines is a direction and a scalar distance (see Section 3.2.1). Similarly,

any final classification for this scenario results in the ‘Disjoint’ relationship.

Figure 4.10c shows an example of the projected relationship category R-3 where BL1 and BL2 are
collinear. The CGA intersection in this scenario produces a CGA ‘Line’ geometry result. These lines can
have a common or reverse orientation with respect to their start and end points (see Section 3.2.1). Collinear
lines with common orientation are facing the same direction while collinear lines with reverse orientation
are facing opposite directions. If scenario R-3 with common orientation is occurring, BL1 and BL2 are
processed through the ‘Common Collinear BL-BL Classification Algorithm’ (see Figure 4.11). If scenario
R-3 with reverse orientation is occurring, BL1 and BL2 are processed through the ‘Reverse Collinear BL-
BL Classification Algorithm’ (see Figure 4.13). The final relationship classification for both scenarios
depends on the extent of line overlap between BL1 and BL2 and can have the ‘Disjoint’, ‘0D-0D Point

Touch’, or ‘1D-1D Line Touch’ relationships.
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Figure 4.10d shows an example of the projected relationship category R-4 where BL1 and BL2 are
coplanar. The CGA intersection in this scenario produces a ‘Flat Point/Intersection Point’ IP geometry
result. If scenario R-4 is occurring, BL and BP have the coplanar projected relationship and are processed
through the ‘Coplanar BL-BL Classification Algorithm’ (see Figure 4.15). The final relationship
classification for this scenario depends on the extent of overlap BL1 and BL2 each have with IP and can
have the ‘Disjoint’, ‘0D-0D Point Touch’, 1D-0D/OD-1D Point Touch’ or ‘1D-1D Point Intersection’

relationships.

4.5.1 Common Collinear BL-BL Classification Algorithm

The data process flow algorithm that was developed to classify the relationship C_COL_R(BL1,BL2)
between two (1D) boundary lines BL1 and BL2 that have previously been identified as being collinear with
common orientation (C-COL) using the algorithm shown in Figure 4.9 can be seen in Figure 4.11 below.

Common Collinear BL-BL Classification Algorithm: --> C COL R(BL1,BL2)

!b{ Common Collinear (C-COL) }1!

| Calculate 3-D Point-Point Distances: [BL1s-->BL1e, BL1s-->BL2s, BL1s-->BL2e, BL1e-->BL2s, BL1e-->BL2e, BL2s-->BL2€] using ‘Equation 10' |

C-COL-3
(BL1s-->BL2e = 'Largest’) & C-COL-1
(BL1s-->BL2s > BL1s-->BL1e) & < \

BLle->BL2s = 0
0D-0D PT
(BL1e-->BL2e > BL2s-->BL2¢) HR -
BL1s->BL2e = 0

(BL1e-->BL2s = 'Largest’) &
C-COL-6 | (BL2s->BL2e > BL1s->BL2S) &
(BL1s-->BLle > BL1le-->BL2e)

N

Disjoint

(BLle-->BL2s = ‘Largest) & C-COL-2
(BL1s-->BL2s > BL2s-->BL2e) &
(BL1le-->BL2e > BL1s-->BL1e)

(BL1s-->BL2e = ‘Largest) & C-COL-5
(BL1s-->BlL1e > BL1s-->BL2s) & C-COL-10 ((BL1e-->BL2s & BL1s-->BL1e) =
(BL2s-->BL2e > BL1e-->BL2e) ‘Largest’) & (BL1s-->BL2s = 0)
((BL1s-->BL2e & BL2s-->BL2e) = C-COL-7 C-COL-11 (BL1s—->BL1le = 'Lar !
. . < - = gest) &
Largest) & (BL1s-->BL2s = 0) (BL1s->BL26 > BL1s-->BL2S) &
(BL1e-->BL2s > BL1e-->BL2e)
(BL2s-->BL2e = "Largest) & C-COL-8
(BL1le-->BL2s > BL1s-->BL2s) & C-COL-12

((BL1s-->BL2e & BL1s-->BL1e) =
‘Largest) & (BL1le-->BL2e = 0)

((BLle-->BL2s & BL2s-->BL2e) = | C-COL-9 C-COL-13
‘Largest) & (BL1le-->BL2e = 0) (BL1s->BL2s & BL1e-->BL2e) =0

| '

<
g D F

(BL1s-->BL2e > BL1e-->BL2e)

Figure 4.11: Common Collinear (C-COL) BL-BL Classification Algorithm
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It has previously been determined that BL1 and BL2 are collinear with common orientation using ‘BL-BL
Classification Algorithm’ (see Figure 4.9). This common collinear BL-BL classification algorithm (Figure
4.11) requires calculating six ‘3-D Point-Point Distances’ between the start and end boundary points of
BL1 (L1sand Lle) and BL2 (L2s and L2e) using Equation 10. These six scalar distances are evaluated to
determine which of the three final relationship classifications is occurring between common collinear lines
BL1 and BL2. Visual examples showing 13 variations of these three common collinear BL-BL relationship

classifications can be seen in Figure 4.12 below.

C-COL-1 | C-COL-2 | C-COL-3 | C-COL-4 | C-COL-5 | C-COL-6 | C-COL-7
a) b) c) d) e) f) g)
Lls Lle _ _ _ _Lis Lle __|_15 Lle . Lls qu.. |__15 Lle 1. Lis ng Lls Lle
L2s L2e| L2s L2e 125 L2e | 125 L7e 12s  Lze|l2s © L2e 25 L2e
Disjoint Disjoint 0D-0D PT | OD-0D PT | 1D-1D LT | 1D-1D LT | 1D-1D LT
C-COL-8 | C-COL-9 |[C-COL-10|C-COL-11|C-COL-12|C-COL-13
h) i) i) k) ) m)
i L1ls Lle 1. L1s Lle. _Lls Lie| Lis Lie|Lis L1el __Lls Lle_.
L2s L2e| L2s L2e | L2s L2e L2s L2e L2s L2e | L2s L2e
1D-1D LT 1D-1D LT 1D-1D LT 1D-1D LT 1D-1D LT 1D-1D LT

Figure 4.12: Final Common Collinear (C-COL) BL-BL Relationship Classifications

Figures 4.12a and 4.12b show examples of the C-COL-1 and C-COL-2 scenarios, respectively, where
common collinear lines BL1 and BL2 are separated by a distance and have the ‘Disjoint’ relationship
classification. BL1 is ordered first in C-COL-1 while BL2 is ordered first in C-COL-2.

Figures 4.12c and 4.12d show examples of the C-COL-3 and C-COL-4 scenarios, respectively, where
common collinear lines BL1 and BL2 touch at a point and have the ‘0D-0D Point Touch’ relationship
classification. BL1 is ordered first in C-COL-3 while BL2 is ordered first in C-COL-4.

Figures 4.12e and 4.12f show examples of the C-COL-5 and C-COL-6 scenarios, respectively, where
common collinear lines BL1 and BL2 both have partial line overlap with the other and have the ‘1D-1D
Line Touch’ relationship classification. BL1 is ordered first in C-COL-5 while BL2 is ordered first in C-
COL-6.

Figures 4.12g, 4.12h, and 4.12i show examples of the C-COL-7, C-COL-8, and C-COL-9 scenarios,
respectively, where common collinear line BL2 overlaps BL1 completely and has the ‘1D-1D Line Touch’
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relationship classification. BL1 and BL2 have the same start point in C-COL-7 and the same end point in
C-COL-9. BL1 is fully contained in the interior of BL2 in C-COL-8.

Figures 4.12j, 4.12k, and 4.12I show examples of the C-COL-10, C-COL-11, and C-COL-12 scenarios,
respectively, where common collinear line BL1 overlaps BL2 completely and has the ‘1D-1D Line Touch’
relationship classification. BL1 and BL2 have the same start point in C-COL-10 and the same end point in
C-COL-12. BL2 is fully contained in the interior of BL1 in C-COL-11.

Figure 4.12m shows an example of the C-COL-13 scenario where common collinear lines BL1 and BL2
have complete overlap with each other and have the ‘1D-1D Line Touch’ relationship classification. BL1

and BL2 have their start and end points in the same locations.

4.5.2 Reverse Collinear BL-BL Classification Algorithm

The data process flow algorithm that was developed to classify the relationship R_COL_R(BL1,BL2)
between two (1D) boundary lines BL1 and BL2 that have previously been identified as being collinear with

reverse orientation (R-COL) using the algorithm shown in Figure 4.9 can be seen in Figure 4.13 below.

Reverse Collinear BL-BL Classification Algorithm: --> R_COL_R(BL1,BL2)

!.” Reverse Collinear (R-COL) ”4!

v

| Calculate 3-D Point-Point Distances: [BL1s-->BL1e, BL1s-->BL2s, BL1s-->BL2e, BL1e-->BL2s, BL1e-->BL2e, BL2s-->BL2e] using 'Equation 10° |

(BL1s-->BL2s = 'Largest’) & R-COL-1 RcoL3
(BL1s->BL26 > BL1s->BL1e) & |q——— B9 T
(BL1e-->BL2s > BL2s-->BL2e) R-COL-4

(BLle-->BL2e = 'Largest) &
(BL1s-->BL2e > BL2s-->BL2e) &
(BL1le-->BL2s > BL1s-->BL1e)

(BL1le-->BL2e = 'Largest) &
(BL2s-->BL2e > BL1s-->BL2e) &
(BL1s->BL1e > BL1e-->BL25)

(BL1s-->BL2s = "Largest’) &
(BL2s-->BL2e > BL1e-->BL2s) &
(BL1s-->BL1e > BL1s-->BL2e)

((BLle->BL2e & BL1s—->BL1e) =

R-COL-10
‘Largest) & (BL1s-->BL2e = 0)

((BL1s-->BL2s & BL2s-->BL2e) = | R-COL-7 . ‘
gt & i neou | ofkisgRkieaavns
(BL1e-->BL2e > BL1e-->BL2s)

(BL2s-->BL2e = 'Largest’) & R-COL-8
(BLle-->BL2e > BL1s-->BL2e) &
(BL1s->BL2s > BL1e-->BL2S) R-COL-12 ((BL1s—->BL2s & BL1s-->BL1e) =
‘Largest) & (BL1e-->BL2s = Q)

R-COL-13 (BL1s—>BL2e & BL1e—->BL2s) = 0

| | 2y '

- |
1D-1DLT |4
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‘Largest)) & (BL1e->BL2s = 0) R-COL-9

ey

Figure 4.13: Reverse Collinear (R-COL) BL-BL Classification Algorithm

70



It has previously been determined that BL1 and BL2 are collinear with reverse orientation using ‘BL-BL
Classification Algorithm’ (see Figure 4.9). This reverse collinear BL-BL classification algorithm (Figure
4.13) requires calculating six ‘3-D Point-Point Distances’ between the start and end boundary points of
BL1 (L1s and L1e) and BL2 (L2s and L2e) using Equation 10. These are the same six distances that are
initially calculated in the ‘Common Collinear BL-BL Classification Algorithm’ (see Figure 4.11). The
results of these six scalar distances are evaluated to determine which of the three final (R-COL) relationship
classifications are occurring between reverse collinear lines BL1 and BL2. Visual examples showing 13

variations of these three reverse collinear BL-BL relationship classifications can be seen in Figure 4.14

below.
R-COL-1 | R-COL-2 | R-COL-3 | R-COL-4 | R-COL-5 | R-COL-6 | R-COL-7
a) b) C) [d) e) f) g)
Lis Lle 1. Lis Liel Lis Lle | L1s L1e |Lis Lle Lis Lie| Lls Lle
[2e L2s|L2e L2s LZe L2s | L2e L2e 2e  Los|l2e © 126 |i2e L2s
Disjoint Disjoint OD-0D PT | OD-0OD PT | 1D-1D LT 1D-1D LT 1D-1D LT
R-COL-8 | R-COL-9 |R-COL-10|R-COL-11|R-COL-12|R-COL-13
h) ) i) k) D) [m)
i L1ls Lle 1. L1s Lle‘ _Lls Lie| Lis Lie|Lis Lle L1s Lle
LZe L2s| L2e L2s | L2e  L2s L2e L2s ’ L2e LZS‘ e LZS-.
1D-1D LT 1D-1D LT 1D-1D LT 1D-1D LT 1D-1D LT 1D-1D LT

Figure 4.14: Final Reverse Collinear (R-COL) BL-BL Relationship Classifications

Figures 4.14a and 4.14b show examples of the R-COL-1 and R-COL-2 scenarios, respectively, where
reverse collinear lines BL1 and BL2 are separated by a distance and have the ‘Disjoint’ relationship
classification. The end points of BL1 and BL2 are closest in R-COL-1 while the start points of BL1 and
BL2 are closest in R-COL-2.

Figures 4.14c and 4.14d show examples of the R-COL-3 and R-COL-4 scenarios, respectively, where
reverse collinear lines BL1 and BL2 touch at a point and have the ‘0D-0D Point Touch’ relationship
classification. The end points of BL1 and BL2 touch in R-COL-3 while the start points of BL1 and BL2
touch in R-COL-4.

Figures 4.14e and 4.14f show examples of the R-COL-5 and R-COL-6 scenarios, respectively, where
reverse collinear lines BL1 and BL2 both have partial line overlap with the other and have the ‘1D-1D Line
Touch’ relationship classification. End points of BL1 and BL2 have overlap in R-COL-5 while start points
of BL1 and BL.2 have overlap R-COL-6.
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Figures 4.14g, 4.14h, and 4.14i show examples of the R-COL-7, R-COL-8, and R-COL-9 scenarios,
respectively, where reverse collinear line BL2 overlaps BL1 completely and has the ‘1D-1D Line Touch’
relationship classification. The BL1 start point has the same location as the BL2 end point in R-COL-7
while the BL1 end point has the same location as the BL2 start point in R-COL-9. BL1 is fully contained
in the interior of BL2 in R-COL-8.

Figures 4.14j, 4.14k, and 4.141 show examples of the R-COL-10, R-COL-11, and R-COL-12 scenarios,
respectively, where reverse collinear line BL1 overlaps BL2 completely and has the ‘1D-1D Line Touch’
relationship classification. The BL1 start point has the same location as the BL2 end point in R-COL-10
while the BL1 end point has the same location as the BL2 start point in R-COL-12. BL2 is fully contained
in the interior of BL1 in R-COL-11.

Figure 4.14m shows an example of the R-COL-13 scenario where reverse collinear lines BL1 and BL2
have complete overlap with each other and have the ‘1D-1D Line Touch’ relationship classification. BL1

and BL2 have their start and end points in the same locations.

4.5.3 Coplanar BL-BL Classification Algorithm

The data process flow algorithm that was developed to classify the relationship R_COP(BL1,BL2)
between two (1D) boundary lines BL1 and BL2 that have previously been identified as being coplanar
(COP) and intersecting at a projected intersection point IP using the algorithm shown in Figure 4.9 can be

seen in Figure 4.15 below.

Coplanar BL-BL Classification Algorithm: --> R_COP(BL1,BL2)

!b Coplanar (COP) and intersect at IP 4!

v

Classify BL-BP Relationships for R1 = R(BL1,IP) & R2 = R(BL2,IP) using 'BL-BP Classification Algorithm’

COP-1 y COP-2 COP-3 COP-4 COP-5
(R1="Disjoint) || || (R1='0D-0DPT)& || (R1='0D-0DPT)& || (R1='1D-0D PT') (R1="1D-0D PT) &
(R2 = 'Disjoint) (R2 ='0D-0D PT" (R2="1D-0D PT) (R2 = '0D-0D PT (R2 ='1D-0D PT

m OD 0D PT 0D-1D PT lD 0D PT 1D 1D PI

Figure 4.15: Coplanar (COP) BL-BL Classification Algorithm
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It has previously been determined that BL1 and BL2 are coplanar and intersect at projected intersection
point IP using ‘BL-BL Classification Algorithm’ (see Figure 4.9). This coplanar BL-BL classification
algorithm (Figure 4.15) requires first classifying the BL-BP relationships between BL1-IP and BL2-IP
using ‘BL-BP Classification Algorithm’ (see Figure 4.5). R(BL1-IP) and R(BL2-1P) are evaluated to
determine which of the five final (COP) relationship classifications is occurring between coplanar lines
BL1 and BL2. Visual examples of these five coplanar BL-BL relationship classifications can be seen in

Figure 4.16 below.

COP-1 COP-2 COP-3 COP-4 COP-5
b) C) e [d) e)

IP
a) s 1P
By Yz BL/NL2 [ ez | el \ez | PéKe2

Disjoint 0D-0D PT | OD-1D PT | 1D-0D PT | 1D-1D PI

Figure 4.16: Final Coplanar (COP) BL-BL Relationship Classifications

Figure 4.16a shows an example of the COP-1 scenario where (0D) IP does not have any overlap with one
or both (1D) lines BL1 or BL2. In this scenario, coplanar (1D) lines BL1 and BL2 have the ‘Disjoint’

relationship classification.

Figure 4.16b shows an example of the COP-2 scenario where (0D) IP touches both (1D) lines BL.1 and
BL2 at one of their (OD) start or end boundary points. In this scenario, coplanar lines BL1 and BL2 have

the ‘OD-0D Point Touch’ relationship classification.

Figure 4.16c shows an example of the COP-3 scenario where (OD) IP touches (1D) line BL1 at one of its
(OD) start or end boundary points and (OD) IP touches (1D) line BL2 at a location within its (1D) line
extension. In this scenario, coplanar lines BL1 and BL2 have the ‘0D-1D Point Touch’ relationship

classification.

Figure 4.16d shows an example of the COP-4 scenario where (0D) IP touches (1D) line BL1 at a location
within its (1D) line extension and (0D) IP touches (1D) line BL2 at one of its (OD) start or end boundary
points. In this scenario, coplanar lines BL1 and BL2 have the ‘1D-0D Point Touch’ relationship

classification.
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Figure 4.16e shows an example of the COP-5 scenario where (0D) IP touches both (1D) lines BL1 and
BL2 at a location within both of their (1D) line extensions. In this scenario, coplanar lines BL1 and BL2

have the ‘1D-1D Point Intersect’ relationship classification.

4.6 Plane-Point (BPL-BP) Relationship Classification Methods

The data process flow algorithm that was developed to classify the relationship R(BPL,BP) between a (2D)
boundary plane BPL and a (0D) boundary point BP can be seen in Figure 4.17 below.

BPL-BP Classification Algorithm: --> R(BPL,BP)

E Calculate the CGA intersection: E
Meet(BPL,BP) using 'Equation 9'
Meet(BPL,BP) = | R-1 R-2 Meet(BPL,BP) = |
'Scalar' ‘Intersection Point (IP)" Coplanar

Run through 'Coplanar BPL-BP Classification Algorithm’

Not Coplanar

Disjoint

Figure 4.17: BPL-BP Classification Algorithm

This BPL-BP classification algorithm (Figure 4.17) requires calculating the ‘Projected CGA Intersection’
between BPL and BP using Equation 9. The geometry of this intersection is interpreted to initially
determine which of the two projected relationship categories (R-1 and R-2) is occurring between BPL and

BP. If Disjoint examples for each of these BPL-BP categories can be seen in Figure 4.18 below.

R-2

b)

".*.J'BP
Coplanar | Coplanar

Figure 4.18: BPL-BP Projected Relationship Categories
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Figure 4.18a shows an example of the projected relationship category R-1 where BPL and BP are not
coplanar. The CGA intersection in this scenario produces a [+/-] ‘scalar’ geometry result representing the
parallel distance between BPL and BP. Any final classification for this scenario results in the ‘Disjoint’

relationship.

Figure 4.18b shows an example of the projected relationship category R-2 where BPL and BP are coplanar.
The CGA intersection in this scenario produces a ‘Point/Intersection Point” IP geometry result. If scenario
R-2 is occurring, BPL and BP are processed through the ‘Coplanar BPL-BP Classification Algorithm’ (see
Figure 4.19). The final relationship classification for this scenario depends on the extent of geometry
overlap between BPL and BP and can have the ‘Disjoint’, ‘0D-0D Point Touch’, 1D-0D Point Touch’, or
‘2D-0D Point Touch’ relationships. This final coplanar BPL-BP classification is determined using the
methods described in Section 4.6.1.

4.6.1 Coplanar BPL-BP Classification Algorithm

The data process flow algorithm that was developed to classify the relationship R_COP(BPL,BP) between
a (2D) BPL and a (OD) BP that have previously been identified as being coplanar (COP) using the algorithm

shown in Figure 4.17 is presented using five steps and can be seen in Figure 4.19 below.
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Coplanar BPL-BP Classification Algorithm: --> R_COP(BPL,BP)

!b Coplanar (COP) 1!

v

Determine (BPL_L-BP) relationships between BP and all lines defining
the boundary of BPL (BPL_L) using 'BL-BP Classification Algorithm'

COP-1 /*\ COP-2

Any BPL_L-BP relationship = '0D-0D PT' & \J"j P Any BPL L-BP relationship = 1D-0D PT'

0D-0D PT All BPL_L-BP relationships = 'Disjoint 1D-0D PT
2+ v

Generate sightlines (SL) between BP and all points defining the boundary of BPL (BPL_P) using 'Equation 5'

. ' |

Determine BL-BL relationships R(SL,BPL_L) ="1D-1D PI Add BPL_P that was
'R(SL,BPL_L)' between each used to generate
SL generated and all lines — . : p| current SL to a 'List {A}'
defining the boundary of BPL e
(BPL_L) using 'BL-BL

Classification Algorithm' R(SL,BPL_L) = 'Other’ »! Ccontinue

.y

Flag all BPL_L that use any BPL_P from 'List A' as a start or end boundary point

l*

5% l COP-3

»{ Al (BLn->BP) = []

2D-0D PT)
Calculate CGA Planeline-Point Distances
(BPL_L-->BP) between BP and all BPL_L that

have not been flagged using 'Equation 11", COP-4
—DC Disjoint )

Only consider BPL_L-->BP that are 'scalar' All (BLn->BP) = [+]

Figure 4.19: Coplanar (COP) BPL-BP Classification Algorithm

It has previously been determined that BPL and BP are coplanar using ‘BPL-BP Classification Algorithm’
(see Figure 4.17). The first step in this coplanar BPL-BP classification algorithm (Figure 4.19) requires
classifying the BL-BP relationships between BP and all lines (BPL_L) that define the boundary of BPL
using ‘BL-BP Classification Algorithm’ (see Figure 4.5). These relationships are evaluated to determine
which of the three initial scenarios is occurring between coplanar BPL and BP. The COP-1 and COP-2
scenarios occur when BP is situated somewhere on the (0D) point boundary or (1D) line boundary of BPL.

COP-1 occurs when two classifications between BP and all BPL_L have the ‘OD-0D PT’ relationship.

76



COP-2 occurs when one classification between BP and all BPL_L have the ‘1D-0D PT’ relationship.
Visual examples for scenarios COP-1 and COP-2 can be seen in Figure 4.20a and 4.20b below.

COP-1_| COP-2 | COP-3 | COP-4

a) 9sr |D) C) d)
BPL - BP Osp oL | %
BPL

0D-0D PT | 1D-0D PT | 2D-0D PT Disjoint

Figure 4.20: Final Coplanar (COP) BPL-BP Relationship Classifications

Steps 2-5 determine if the COP-3 or COP-4 scenario is occurring and are only followed if all classifications
between BP and all BPL_L have the ‘Disjoint’ relationship. In this scenario, BP can be positioned inside
(COP-3) or outside (COP-4) the boundary of BPL. Visual examples for scenarios COP-3 and COP-4 can
be seen in Figures 4.20c and 4.20d, respectively.

Step 2 requires generating sightlines (SL) between BP and each BPL boundary point (BPL_P) using
Equation 5. Step 3 requires classifying the BL-BL relationships between each SL generated and all BPL_L
defining BPL. If any of these BL-BL relationships between all BPL_L and the current SL is ‘1D-1D PI’
or ‘1D-0D PT’, the BPL_P used to generate the current SL is added to a flagged point list {A}. Step 4 is
to flag all BPL_L that use any flagged BPL_P in list {A} as a start or end boundary point. Step 5 requires
calculating and evaluating oriented planeline-point distances (BPL_L->BP) between BP and the remaining
BPL_L that have not been flagged using Equation 11 presented below. Equation 11 was derived through

the testing of different scenarios in GAViewer.

Planeline-Point Distance: Dgpy,-pp = Meet(—M*(M*(BPL,) - M*(BPL)), BP) [11]

Equation 11 calculates the oriented planeline-point distance between BPL_L and BP by evaluating the
Meet (Equation 9) between BP and an intermediate plane that is defined by being perpendicular to BPL
and being coplanar with BPL_L. This intermediate plane is generated using the M* dualization (Equation
8) of the inner product (Equation 1) between the M* dualizations of BPL_L and BPL. Positive scalar

results are interpreted as BP being in the ‘outside’ direction of BPL with respect to the position of the
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current BPL_L. Negative scalar results are interpreted as BP being in the “’inside’ direction of BPL with
respect to the position of the current BPL_L. A CGA multivector with ‘Line’ geometry results mean that
BP and the current BPL_L are collinear. These are interpreted as having 0 distance and are ignored for the

final evaluation.

The final evaluation uses only projected distances from lines that produce a ‘scalar’ result and have not
been flagged to determine if BP is inside (all remaining [-]) or outside (all remaining [+]). BP is outside the
boundary of BPL if all remaining projected distances are positive resulting in the COP-4 ‘Disjoint’
relationship classification between (2D) BPL and (0D) BP. BP is inside the boundary of BPL if all
remaining projected distances are negative resulting in the 2D-0D PT’ relationship classification between
(2D) BPL and (0D) BP.

To help better explain the processes followed in steps 2-5, two conceptual examples representing scenarios
COP-3 (inside) and COP-4 (outside) are presented in Figure 4.21 below.

b-2) c-2)

Figure 4.21: Coplanar (COP) BPL-BP Sightline Determination Example

Figure 4.21a-1 and 4.21a-2 show representations for BP, as well as for the lines (BPL_L) and points
(BPL_P) defining the boundary of BPL.

Figure 4.21b-1 and 4.21b-2 (step 2) show the dotted sightlines (SL) generated from BP to each BPL_P
defining BPL.
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Figure 4.21c-1 and 4.21c-2 (step 3) highlight in red the flagged SL and BPL_P after evaluating their
relationship classifications with all BPL_L defining BPL. In Figure 4.21c-1, P1 and P2 are flagged as
SL(BP>P1) has a ‘1D-1D PI’ relationship classification with L5 and SL(BP>P2) has ‘1D-0D PT’
relationship classifications with L4 and L5. In Figure 4.21c-2, P4 is flagged as SL(BP—>P4) has a ‘1D-1D

PI” relationship classification with L5.

Figure 4.21d-1 and 4.21d-2 show the flagged BPL_P from step 3, as well as the flagged BPL_L lines (step
4) that use any of them as a start or end boundary point in red. In Figure 4.21d-1, L1, L2, and L6 are
flagged. In Figure 4.21d-2, L3 and L4 are flagged.

Figure 4.21e-1 and 4.21e-2 show representations for oriented planeline-point distance results (step 5) along
with the flagged points and lines from previous steps. It can be seen in Figure 4.21e-1 that the oriented
planeline-point distances from the lines that have not been flagged and are scalar (L4 and L5) are both
positive [+]. This results in (2D) BPL and (OD) BP having the ‘Disjoint’ relationship classification. It can
be seen in Figure 4.21e-2 that the oriented planeline-point distances from the lines that have not been
flagged and are scalar (L1, L2, L5, and L6) are all negative [-]. This results in (2D) BPL and (0D) BP
having the 2D-0D PT’ relationship classification.

4.7 Plane-Line (BPL-BL) Relationship Classification Methods

The data process flow algorithm that was developed to classify the relationship R(BPL,BL) between a (2D)
boundary plane BPL and a (1D) boundary line BL can be seen in Figure 4.22 below.

BPL-BL Classification Algorithm: --> R(BPL,BL)

M Calculate the CGA Intersection: n
Meet(BPL,BL) using ‘Equation 9'
R-1 \'\Jg,z R-3

Not Parallel / Meet(BPL,BL) = Meet(BPL,BL) = Meet(BPL,BL) =
Intersecting 'Intersection Point (IP)' 'Free Vector' ‘Line’

Parallel

Figure 4.22: BPL-BL Classification Algorithm

Coplanar

Run through ‘Intersecting
BPL-BL Classification Algorithm'

Run through 'Coplanar BPL-BL
Classification Algorithm'
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This BPL-BL classification algorithm (Figure 4.22) requires calculating the ‘Projected CGA Intersection’
between BPL and BL using Equation 9. The geometry of this intersection is interpreted to initially
determine which of the three projected relationship categories (R-1, R-2, and R-3) is occurring between
BPL and BL. Disjoint examples for each of these BPL-BL projected categories can be seen in Figure 4.23

below.

R-1 R-2 R-3
a)}p(" b) st C)
ML -oio-
Not Parallel
or Coplanar Parallel Coplanar

~

Figure 4.23: BPL-BL Projected Relationship Categories

Figure 4.23a shows an example of the projected relationship category R-1 where BPL and BL are not
parallel or coplanar. The CGA intersection in this scenario produces a ‘Flat Point/Intersection Point’ IP
geometry result. If scenario R-1 is occurring, BPL and BL are processed through the ‘Intersecting BPL-BL
Classification Algorithm’ (see Figure 4.24). The final relationship classification for this scenario depends
on the extent of overlap BPL and BL each have with IP and can result in the ‘Disjoint’, ‘0D-0D Point
Touch’, ‘OD-1D Point Touch’, ‘1D-0D Point Touch’, ‘1D-1D Point Touch’, 2D-0D Point Touch’, or ‘2D-

1D Point Intersection’ relationships.

Figure 4.23b shows an example of the projected relationship category R-2 where BPL and BL are parallel
and are not coplanar. The CGA intersection in this scenario produces a ‘Free Vector’ geometry result. The
common geometry between BPL and BL in this scenario is a ‘free vector’ pointing in their common
direction (see Section 3.2.1). Any final relationship classification for this scenario will result in the

‘Disjoint’ relationship.

Figure 4.23c shows an example of the projected relationship category R-3 where BPL and BL are coplanar.
The CGA intersection in this scenario produces a ‘Line’ geometry result. If scenario R-3 is occurring, BPL
and BL are processed through the ‘Coplanar BPL-BL Classification Algorithm’ (see Figure 4.26 and Figure
4.29). The final relationship classification for this scenario depends on the extent of overlap that exists
between (2D) BPL and the (OD) boundary and (1D) extension of BL. BL start (BLs) and end (BLe)
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boundary point relationships with BPL can be classified as ‘Disjoint’, ‘0D-0D PT’, ‘1D-0D PT’, and ‘2D-
0D PT’ while BL line extension relationships with BPL can be classified as ‘Disjoint’, ‘1D-1D Line
Touch’, and 2D-1D Line Touch’. If it is determined that BL overlaps with the boundary of BPL at a point
or line, BL is separated into ordered line segments using points that have overlap with the boundary of BPL
as intermediate end points (BL_i) separating each line segment. In this scenario, classifications for BL _i
points can result in the ‘Disjoint’, ‘0D-1D Point Touch’, and ‘1D-1D Point Touch’ relationships.

4.7.1 Intersecting BPL-BL Classification Algorithm

The data process flow algorithm that was developed to classify the relationship R_INT(BPL,BL) between
(2D) BPL and (1D) BL that have previously been identified as intersecting (INT) at a projected intersection
point IP using the algorithm shown in Figure 22 can be seen in Figure 4.24 below.

Intersecting BPL-BL Classification Algorithm: --> R_INT(BPL,BL)

> Intersecting (INT) at IP <

Determine relationship between BPL and Determine relationship between BL and IP
IP using 'BPL-BP Classification Algorithm' using 'BL-BP Classification Algorithm'
¢|NT—1 tj # INT-2
(BPL-IP ='0D-0D PT") & (BPL-IP = '0D-0D PT") &
TR (BL-IP ='0D-0D PT') (BL-IP ='1D-0D PT)) TR [T
(BPL-IP ='1D-0D PT") & [INT-3 INT-3| (BpL-IP = '1D-0D PT") &
LRIV (BL-IP = '0D-0D PT') (BL-IP ='1D-0D PT') R
(BPL-IP = '2D-0D PT) & |[INT-5 INT-6| (BPL-IP = '2D-0D PT") &
2b-0D PT (BL-IP ='0D-0D PT)  [® > " (BL-IP ="1D-0D PT) 2D-1D PI
v INT-7

(BPL-IP = ‘Disjoint) || —
(BL-IP = 'Disjoint’) Disjoint

Figure 4.24: Intersecting (INT) BPL-BL Classification Algorithm
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It has previously been determined that BPL and BL intersect at a projected point IP using ‘BPL-BL
Classification Algorithm’ (see Figure 4.22). This intersecting BPL-BL classification algorithm (Figure
4.24) requires classifying the BPL-BP relationship between BPL and IP using ‘BPL-BP Classification
Algorithm” (see Figure 4.17) and classifying the BL-BP relationship between BL and IP using ‘BL-BP
Classification Algorithm’ (see Figure 4.5). (BPL-IP) and (BL-IP) are evaluated to determine which of the
final seven (INT) relationship classifications is occurring between BPL and BL. Visual examples showing

these seven projected intersection BPL-BL relationship classifications can be seen in Figure 4.25 below.

INT-1 INT-2 INT-3 INT-4 INT-5 INT-6 INT-7
7 @ ? ©) BPL d) 1P, €) f) 9) Ip
1p & Sl Ble—{e BL -
BL g BL BL
0D-0D PT | OD-1D PT | 1D-OD PT | 1D-1D PT | 2D-0D PT | 2D-1D PI Disjoint

Figure 4.25: Final Intersecting (INT) BPL-BL Relationship Classifications

Figure 4.25a shows an example of the INT-1 scenario where IP overlaps BPL at an (0D) boundary point
and overlaps BL at an (0D) boundary point. In this scenario, intersecting (2D) plane BPL and (1D) line BL
have the ‘0D-0D Point Touch’ relationship classification.

Figure 4.25b shows an example of the INT-2 scenario where IP overlaps BPL at an (OD) boundary point
and overlaps BL at a (1D) interior extension point. In this scenario, intersecting (2D) plane BPL and (1D)

line BL have the ‘0D-1D Point Touch’ relationship classification.

Figure 4.25¢ shows an example of the INT-3 scenario where IP overlaps BPL at a (1D) boundary line and
overlaps BL at an (0D) boundary point. In this scenario, intersecting (2D) plane BPL and (1D) line BL

have the ‘1D-0D Point Touch’ relationship classification.

Figure 4.25d shows an example of the INT-4 scenario where IP overlaps BPL at a (1D) boundary line and
overlaps BL at a (1D) interior extension point. In this scenario, intersecting (2D) plane BPL and (1D) line

BL have the ‘1D-1D Point Touch’ relationship classification.

Figure 4.25e shows an example of the INT-5 scenario where IP overlaps BPL at a (2D) interior extension
point and overlaps BL at an (OD) boundary point. In this scenario, intersecting (2D) plane BPL and (1D)
line BL have the 2D-0D Point Touch’ relationship classification.
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Figure 4.25f shows an example of the INT-6 scenario where IP overlaps BPL at a (2D) interior extension
point and overlaps BL at a (1D) interior extension point. In this scenario, intersecting (2D) plane BPL and
(1D) line BL have the ‘2D-1D Point Intersect’ relationship classification.

Figure 4.25g shows an example of the INT-7 scenario where (0D) IP does not have any overlap with BPL
or BL. In this scenario, intersecting (2D) plane BPL and (1D) line BL have the ‘Disjoint’ relationship

classification. This classification occurs if either BPL or BL produces the ‘Disjoint’ relationship with IP.

4.7.2 Coplanar BPL-BL Classification Algorithm

The data process flow algorithm that was developed to classify the relationship R_COP(BPL,BL) between
(2D) BPL and (1D) BL that have previously been identified as being coplanar (COP) using the algorithm
shown in Figure 22 is presented in two parts and can be seen in Figure 4.26 and Figure 4.29 below.

Coplanar BPL-BL Classification Algorithm (Part 1 of 2): --> R_COP(BPL,BL)

Coplanar (COP)

1 v
Determine relationships R(BL-BPL_L) between BL and all lines that
define the boundary of BPL (BPL_L) using 'BL-BL Classification’

(BPL-BLI)
Classifications #\
4 1
\L/
COP-1 COP-2 COP-3 COP-4 COP-6 COP-5
R(BL.BPL L) = R(BL,BPL L) = R(BL,BPL L) = R(BL.BPL L) = R(BL,BPL L) = R(BL,BPL L) =
"Disjoint’ '0D-0D PT' '1D-0D PT' ‘0D-1D PT' '1D-1D PI' '1D-1D LT

v

Disjoint ) | OD-0DPT (OD-ID PT) (lD-UD PT) ( 1D-1DLT )

Add 3-D start and end paint
. . i . . L ] coordinates and relationship
Continue Add 3-D paint coordinate and relationship classification to ‘List {A} classifications to 'List {A}'

o v 3+

Add BLs and BLe to 'List {A}". Sort all points Split BL into multiple line segments (BLseg) using the ordered points in
and relationships into ordered 'List {A'} moving [ 'List {A'} as sequential break points (BLs, BLi, BLe). Generate middle
from BLs to BLe using 'Order Points Algorithm’ points (BLmid) for each BLseg using the average between break points

Figure 4.26: Coplanar (COP) BPL-BL Classification Algorithm (Part 1 of 2)
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It has previously been determined that BPL and BL are coplanar using ‘BPL-BL Classification Algorithm’
(see Figure 4.22). The first part of this coplanar BPL-BL classification algorithm (Figure 4.26) determines
if any interior (1D) extension points of BL (BLi) touch or cross the boundary of BPL. When this occurs,
BL is broken down into line segments (BLseg) using these interior BL.i as line break points. This is done
so that multiple relationships between BPL and different parts of BL can be classified separately if they
exist. A three-step process is followed to determine if the relationship between coplanar BPL and BL needs

to be broken down into multiple (BPL-BLseg) relationships.

The first step requires classifying the BL-BL relationships between BL and all lines (BPL_L) that define
the boundary of BPL using ‘BL-BL Classification Algorithm’ (see Figure 4.9). If any (BL-BPL_L)
relationship results in point overlap geometry, the point geometry and relationship classification is added
to ‘List A’. If any (BL-BPL_L) relationship results in line overlap geometry, the start and end point
geometry of the line along with their relationship classifications are added to point ‘List A’. The cardinality
of the relationship is flipped if scenario COP-3 or COP-4 is occurring so that the (BL-BPL_L) classification
has the overlap geometry order (BPL-BL). The point intersection between BL and BPL_L in scenario

COP-5 is interpreted as a point touch between BPL and BL.

The second step is to add the start and end boundary points for BL (BLs and BLe) to ‘List A’. Any point
in ‘List A’ having the same geometry as another point is removed so that no duplicate points exist. ‘3-D
point-point distances’ are calculated between BLSs and all other points in ‘List A’ using Equation 10. These
other points are sorted into interior line segment break points (BL.i) by increasing distance away from BLs

into the order they would exist moving from BLs to BLe.

The third step is to use the ordered points from BLs to BLe to create ordered line segments of BL (BLseg)
that will be classified with BPL individually. There is only a single line segment BL if there are no BLi
points produced between all BPL_L and BL. Middle points (BLmid) that are used to represent the 1D
interior line extensions for each BLseg are generated by calculating the average [x, y, z] coordinates for

each set of points between BLs and BLe.

A conceptual example to help explain this BLseg breakdown process is presented in Figure 4.27 below.
Figure 4.27a shows representations for hypothetical BL and its boundary points (BLs and BLe), as well as
for hypothetical BPL and its boundary lines (BPL_L1, BPL_L2, BPL_L3, BPL_L4) and boundary points
(BPL_P1, BPL_P2, BPL_P3, BPL_P4).
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BPL_P1 BPL_L1 BPL_P2
BLs-->IP1
BLs BL BLe BLs-->IP2
. BLs 1p2 IP1 BlLe BLs BLil1 BLi2 BlLe
BPL_L4 BPL BPL_L2
BLm1 BLm2 BLm3
: I 1 1 ]
: : . ! Blseg2 . .
BLi1 BLi2 BlLsegl BLseg3
a )BPL_P4 BPL_L3 gy _p3 C) d )

Figure 4.27: Coplanar (COP) BPL-BL Example (Part 1 of 2)

Figure 4.27b (step 1) highlights two intersection points (IP1 and IP2) that would be added to ‘List A’ in
red. IP1 results from ‘1D-1D Point Intersect’ overlap between BL and BPL_L2 while 1P2 results from
‘1D-1D Point Intersect’ overlap between BL and BPL_L4. These would both be passed through as having

the ‘1D-1D Point Touch’ relationship classifications.

Figure 4.27c (step 2) shows representations for distances BLs—=>1P1 and BLs—>1P2. The distance from BLs
to IP2 is less than the distance from BLs to IP1. For this reason, P2 is the first interior break point (BLi1)
and IP1 is the second interior break point (BLi2). This process can be followed for any number of interior

points to create multiple line segments (BLseg) of BL where a change in topology exists.

Figure 4.27d (step 3) shows how BL isdivided into line segments (BLsegl, BLseg2, and BLseg3). BLsegl
has BLs and BL.i1 as boundary points and BLmid1 (BLm1) as an interior line extension point. BLseg2 has
BLil and BLi2 as boundary points and BLmid2 (BLm2) as an interior line extension point. BLseg3 has

BLi2 and BLe as boundary points and BLmid3 (BLm3) as an interior line extension point.

The second part of this coplanar BPL-BL classification algorithm (Figure 4.29) is used to determine the
classifications between BPL and the (OD) boundary points of BL, as well as between BPL and the (1D)
line extensions for each BLseg. These are combined with the existing classifications between BPL and BL.i
points to finalize the relationships between BPL and BL. An overview of the relationships that can exist

between BPL and each BLseg can be seen in Figure 4.28 below.
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COP-1 COP-2 COP-3 COP-4 COP-5 COP-6

a) b) c)B d) e) f)

Disjoint 0D-0D PT | OD-1D PT | 1D-0D PT | 1D-1D LT | 2D-1D LT

Figure 4.28: Final Coplanar (COP) BPL-BL Relationship Classifications

Figure 4.28a shows an example of the COP-1 scenario where (2D) plane BPL does not have any overlap

with (1D) line BL. In this scenario, coplanar BPL and BL have the ‘Disjoint’ relationship classification.

Figure 4.28b shows an example of the COP-2 scenario where a (OD) plane point BPL_P touches an (0D)
line boundary point BL_P. In this scenario, coplanar BPL and BL have the ‘0D-0D Point Touch’

relationship classification.

Figure 4.28c shows an example of the COP-3 scenario where a (0D) plane point BPL_P touches a (1D)
line interior point BL.i. In this scenario, coplanar BPL and BL have the ‘0D-1D Point Touch’ relationship

classification.

Figure 4.28d shows an example of the COP-4 scenario where a (1D) plane line BPL_L touches an (OD)
line boundary point BL_P. In this scenario, coplanar BPL and BL have the ‘1D-0D Point Touch’
relationship classification.

Figure 4.28e shows an example of the COP-5 scenario where a (1D) plane line BPL_L touches a (1D) line
extension of BL at a line. In this scenario, coplanar BPL and BL have the ‘1D-1D Line Touch’ relationship

classification.

Figure 4.28f shows an example of the COP-6 scenario where a (2D) plane extension of BPL touches a (1D)
line extension of BL at a line. In this scenario, coplanar BPL and BL have the ‘2D-1D Line Touch’

relationship classification.

The data process flow algorithm that was developed to classify the relationship between (2D) BPL and the
(0D) boundary points of BL (BLs and BLe) is presented in Figure 4.29a below. The algorithm developed
to classify the relationship between (2D) BPL and the (1D) line extensions of BL (BLmid) is presented in
Figure 4.29b below.
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Coplanar BPL-BL Classification Algorithm (Part 2 of 2): --= R_COP(BPL,BL)

a b
) BPL (2D) BPL and (0D) BL end BLp ) BPL (2D) BPL and (1D) line BLmid
point (BLp = BLs and BLe) extension middle point (BLmid)
1| relationship classification relationship classification 1

v v

Determine relationship R1 = R(BPL,BLp) Determine relationship R1 = R(BPL,BLmid)
using 'BPL-BP Classification Algorithm' using ‘BPL-BP Classification Algorithm’
y COP-1 COP-2 lCOP—4 yCOP-6 COP-1 ECOPS COP-6
R1= R1= R1= R1= R1= R1= R1=
'Disjoint’ '0D-0D PT* '1D-0D PT '2D-0D PT 'Disjoint’ '1D-0D PT' '2D-0D PT

v v v v v v v
( Disjoint ) (OD—OD PT) (lD—OD PT) (ZD—DD PT) ( Disjoint ) (1D—1D LT) (ZD—lD LT)

Figure 4.29: Coplanar (COP) BPL-BL Classification Algorithm (Part 2 of 2)

The first step (Figure 4.29a) is used to classify BPL-BP relationships between BPL and BL boundary points
(BLs, BLe) using ‘Coplanar BPL-BP Classification Algorithm’ (see Figure 4.19). Since BLs and BLe are
(OD) boundary points of BL, non-disjoint classifications involving BPL and BL boundary points (BLs,
BLe) are passed through as they exist and can have the ‘Disjoint’, ‘0D-0D Point Touch’, ‘1D-0D Point
Touch’, and ‘2D-0D Point Touch’ relationships.

The second step (Figure 4.29b) is used to classify BPL-BP relationships between BPL and all interior
middle line extension points (BLmid) using ‘BPL-BP Classification Algorithm’ (see Figure 4.17). Since
(OD) BLmid points are used to represent interior (1D) line extensions of each BLseg, non-disjoint
classifications between BPL and any BLmid are modified to reflect this. In addition to modifying (0D) to
(1D) dimensionality for the BLmid relationship description, all point geometry returns are modified into
line geometry returns. Therefore, any initial BPL-BP relationship of ‘1D-0D Point Touch’ and ‘2D-0D
Point Touch’ is modified to ‘1D-1D Line Touch’ and ‘2D-1D Line Touch’, respectively.

To help explain this two-step process, the conceptual example from part one is continued in Figure 4.30
below. Figure 4.30a shows BL broken down into three line segments (BLsegl, BLseg2, BLseg3) using
BLiland BLi2 as intermediate break points. BLi1 and BLi2 have been previously classified as overlapping
the boundary of BPL producing the ‘1D-1D PT’ relationship classification. A BLmid point is used to
represent the 1D line extension of each BLseg.
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Figure 4.30: Coplanar (COP) BPL-BL Example (Part 2 of 2)

It can be seen in Figure 4.30b that both (BPL-BLs) and (BPL-BLe) BPL-BP classifications (step 1) will
produce the ‘Disjoint’ relationship when ran through ‘BPL-BP Classification Algorithm’ (see Figure 4.17).
It can also be seen that the (BPL-BLmidl) and (BPL-BLmid3) classifications (step 2) will produce the
‘Disjoint’ relationship when ran through ‘BPL-BP Classification Algorithm’ (see Figure 4.17) resulting in
the final (BPL-BLsegl) and (BPL-BLseg3) relationships having the ‘Disjoint’ classification. The (BPL-
BLmid2) classification (step 2) will produce the ‘2D-0D Point Touch’ relationship when ran through ‘BPL-
BP Classification Algorithm’ (see Figure 4.17) resulting in the final (BPL-BLseg?2) relationship having the
2D-1D Line Touch’ classification.

Figures 4.30c and 4.30d show the final classifications between BPL and each BLseg of BL. The
classification between BPL and BLseg2 has the ‘2D-1D Line Touch’ relationship with both end points
(BLi1 and BL.i2) classified as overlapping the boundary of BPL with the ‘1D-1D Point Touch’ relationship
shown highlighted in blue. Relationships between BPL and all other components of BL produce the
‘Disjoint’ relationship classification as can be seen in Figure 4.30d. This example is equivalent to the COP-

6 scenario in Figure 4.28f.

88



4.8 Plane-Plane (BPL-BPL) Relationship Classification Methods

The data process flow algorithm that was developed to classify the relationship R(BPL1,BPL2) between
two (2D) boundary planes BPL1 and BPL2 can be seen in Figure 4.31 below.

BPL-BPL Classification Algorithm: --> R(BPL1,BPL2)

M Calculate the CGA Intersection: M
Meet(BPL1,BPL2) using '‘Equation 9'
lR-l VR-Z lR-a
Not Parallel / Meet(BPL1,BPL2) = Meet(BPL1,BPL2) = Meet(BPL1,BPL2) =
Intersecting ‘Intersection Line (IL)' 'Free Bivector' ‘Plane’

Parallel

Figure 4.31: BPL-BPL Classification Algorithm

Coplanar

Run through "Intersecting

Run through 'Coplanar BPL-BPL
BPL-BPL Classification Algarithm'

Classification Algorithm'

This BPL-BPL classification algorithm (Figure 4.31) requires calculating the ‘Projected CGA Intersection’
between BPL1 and BPL2 using Equation 9. The geometry of this intersection is interpreted to initially
determine which of the three projected relationship categories (R-1, R-2, and R-3) is occurring between

BPL1 and BPL2. Disjoint examples for each of these BPL-BPL projected relationship categories can be
seen in Figure 4.32 below.

R-1 R-3
a) “é“ﬁu C)
BPLj;l I ' - BPL2
& 1N BPL1)
Not Parallel

or Coplanar Parallel Coplanar

Figure 4.32: BPL-BPL Projected Relationship Categories
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Figure 4.32a shows an example of the projected relationship category R-1 where BPL1 and BPL2 are not
parallel or coplanar. The CGA intersection in this scenario produces an ‘Intersection Line” (IL) geometry
result. If scenario R-1 is occurring, BPL1 and BPL2 are processed through the ‘Intersecting BPL-BPL
Classification Algorithm’ (see Figure 4.33). The final relationship for this scenario depends on the extent
of geometry overlap between BPL1 and BPL2 and can have the ‘Disjoint’, ‘0D-0D Point Touch’, 1D-
0D/0D-1D Point Touch’, ‘1D-1D Point Touch’, 2D-0D/0D-2D Point Touch’, ‘1D-1D Line Touch’, ‘2D-
1D/1D-2D Line Touch’, or 2D-2D Line Intersect’ relationship classifications.

Figure 4.32b shows an example of the projected relationship category R-2 where BPL1 and BPL2 are
parallel. The CGA intersection in this scenario produces a ‘Free Bivector’ geometry result. Any final

classification for this scenario will result in the ‘Disjoint’ relationship.

Figure 4.32c shows an example of the projected relationship category R-3 where BPL1 and BPL2 are
coplanar. The CGA intersection in this scenario produces a common ‘Plane’ geometry result. If scenario
R-3isoccurring, BPL1 and BPL2 are processed through the ‘Coplanar BPL-BPL Classification Algorithm’
(see Figure 4.36). The final relationship classification for this scenario depends on the extent of geometry
overlap between BPL1 and BPL2 and can have the ‘Disjoint’, ‘0D-0D Point Touch’, ‘0D-1D Point Touch’,
‘1D-0D Point Touch’, ‘1D-1D Line Touch’, or ‘2D-2D Plane Touch/Intersect’ relationship classifications.

4.8.1 Intersecting BPL-BPL Classification Algorithm

The data process flow algorithm that was developed to classify the relationship R_INT(BPL1,BPL2)
between two (2D) boundary planes BPL1 and BPL2 that have previously been identified as intersecting
(INT) at a projected intersection line IL using the algorithm shown in Figure 4.31 can be seen in Figure
4.33 below. Any overlap relationship between BPL1 and BPL2 will exist as a point or line segment

somewhere on projected intersection line IL.
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Figure 4.33: Intersecting (INT) BPL-BPL Classification Algorithm
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It has previously been determined that BPL1 and BPL2 intersect at a projected line IL using ‘BPL-BPL
Classification Algorithm’ (see Figure 4.31). Any relationship between BPL1 and BPL2 that is not disjoint
will exist on IL. This intersecting BPL-BPL classification algorithm (Figure 4.33) first determines if any
(OD or 1D) boundary points of BPL1 overlap BPL2 and if and (OD or 1D) boundary points of BPL2 overlap
BPL1 at break points (ILb) on IL. If multiple ILb break points exist between BPL1 and BPL2, the final
relationship between both planes is described using closed line segments on IL (ILseg) that use these break
points as boundary points. This is done so that multiple relationships between BPL1 and BPL2 can be
classified separately if they exist. An overview of the relationships that can exist between BPL1 and BPL2

can be seen in Figure 4.34 below.
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Figure 4.34: Final Intersecting (INT) BPL-BPL Relationship Classifications

Figure 4.34a shows an example of the INT-1 scenario where BPL1 and BPL2 have no overlap producing

the ‘Disjoint’ relationship classification.

Figure 4.34b shows an example of the INT-2 scenario where an (0D) boundary point of BPL1 touches an

(OD) boundary point of BPL2 producing the ‘0D-0D Point Touch’ relationship classification.

Figure 4.34c shows an example of the INT-3 scenario where a (1D) boundary point of BPL1 touches an

(OD) boundary point of BPL2 producing the ‘1D-0D Point Touch’ relationship classification.

Figure 4.34d shows an example of the INT-4 scenario where an (0D) boundary point of BPL1 touches a

(1D) boundary point of BPL2 producing the ‘0D-1D Point Touch’ relationship classification.

Figure 4.34e shows an example of the INT-5 scenario where a (1D) boundary point of BPL1 touches a
(1D) boundary point of BPL2 producing the ‘1D-1D Point Touch’ relationship classification.

Figure 4.34f shows an example of the INT-6 scenario where a (2D) interior extension point of BPL1 touches

an (0D) boundary point of BPL2 producing the ‘2D-0D Point Touch’ relationship classification.

Figure 4.34g shows an example of the INT-7 scenario where an (OD) boundary point of BPL1 touches a

(2D) interior extension point of BPL2 producing the ‘0D-2D Point Touch’ relationship classification.

Figure 4.34h shows an example of the INT-8 scenario where a (1D) boundary line of BPL1 touches a (1D)
boundary line of BPL2 producing the ‘1D-1D Line Touch’ relationship classification.

Figure 4.34i shows an example of the INT-9 scenario where a (2D) interior extension line of BPL1 touches

a (1D) boundary line of BPL2 producing the ‘2D-1D Line Touch’ relationship classification.
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Figure 4.34j shows an example of the INT-10 scenario where a (1D) boundary line of BPL1 touches a (2D)
interior extension line of BPL2 producing the ‘1D-2D Line Touch’ relationship classification.

Figure 4.34k shows an example of the INT-11 scenario where a (2D) interior extension line of BPL1
touches a (2D) interior extension line of BPL2 producing the 2D-2D Line Intersection’ relationship

classification.

A five-step process is followed to determine which of the 11 INT scenarios is occurring between BPL1 and
BPL2. The first step requires classifying and evaluating the BPL-BL relationships between BPL1 and all
lines (BPL2_L) that define the boundary of BPL2, as well as the relationships between BPL2 and all lines
(BPL1_L) that define the boundary of BPL1 using ‘BPL-BL Classification Algorithm’ (see Figure 4.22).
The dimensional cardinality for all BPL2-BPL1_L relationships are reversed so that the relationship is
consistent with the BPL1-BPL2_L relationships and is described with respect to BPL1 geometry overlap
first. If any of these BPL-BL relationships result in point overlap, the point geometry and relationship

classification is added to ‘List A’.

The second step is to remove duplicate points that have the same location geometry and classification from
‘List {A}’ if any exist and to evaluate ‘List {A}’. The INT-1 scenario that produces the ‘Disjoint’
relationship classification is occurring if ‘List A’ remains empty. If ‘List A’ only has a single point return
in it, the relationship classification associated with this point with respect to BPL1 is the final relationship
classification between BPL1 and BPL2. This can result in the (INT-2, INT-3, INT-4, INT-5, INT-6, INT-
7) relationship classifications.

Steps 3 -5 are only followed if ‘List {A}’ has multiple point returns in it. The third step is to sort the points
in ‘List {A}” into an ordered ‘List {A’}. To do this, the ‘3-D point-point distances’ between all points in
‘List A’ are calculated using Equation 10. The point pair with the largest distance between them will be
used as the start and end points (ILs and ILe) on IL that constrain the relationship between BPL1 and
BPL2. All other points from ‘List A’ are sorted into intermediate line segment break points (ILi) by
increasing distances away from ILs into the order they appear moving from ILs to ILe. This is like the
methods described in Section 4.7.2 above.

The fourth step is to use the ordered points from ILs to ILe to create ordered line segments (ILseg) existing
on IL. Middle points (ILmid) representing the 1D interior line extensions for each ILseg are generated by

calculating the average [X, y, z] coordinates for each set of points between ILs and ILe.
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The fifth step requires classifying and evaluating the relationship between ILmid point and BPL1, as well
as the relationship between ILmid and BPL2 for each ILmid point using ‘BPL-BP Classification
Algorithm’ (see Figure 4.17). These two results for each ILmid point are interpreted to produce the
‘Disjoint’, 1D-1D Line Touch’, 2D-1D Line Touch’, ‘1D-2D Line Touch, or 2D-2D Line Intersection’
relationship classification.

A conceptual example to help explain this process is presented in Figure 4.35 below. Figure 4.35a shows
representations for hypothetical BPL1 (A) and BPL2 (B) that have overlap somewhere on their projected

intersection line IL.

BPL1
p1

BPL2YL1
T
1
ePL2_La) BPL2 L2
1
BPL2IL3

a) BPLZE b) pL2 :

Figure 4.35: Intersecting (INT) BPL-BPL Example

Figure 4.35b shows BPL2 with its set of boundary lines (BPL2_L.) and set of boundary points (BPL2_P).
After evaluating relationships between BPL1 and all BPL2_L (step 1-a in Figure 4.33), the relationship
between BPL1 and BPL2_L1 produces the ‘2D-1D Point Intersection’ classification at point ILpl. The
cardinality of this relationship is preserved. Figure 4.35¢ shows BPL1 with its boundary lines (BPL1 L)
and boundary points (BPL1_P). After evaluating relationships between BPL2 and all BPL1_L (step 1-b
in Figure 4.33), the relationship between BPL2 and BPL1_L3 produces the 2D-1D Point Intersection’
classification. The cardinality of this relationship is reversed so that the final relationship added to ‘List A
is the ‘1D-2D Point Intersect’ classification at point 1Lp2. Steps 2 and 3 can be skipped in this example
since there are only two unique overlap points (ILpl and ILp2). Figure 4.35d shows these as the end points
of a single line segment on IL where overlap is occurring. A middle point (ILmid1) is generated (step 4)
to represent the interior extension of the single line segment that has ILp1 and ILp2 as end points. Both
the R(BPL1,ILmidl) and R(BPL2,ILmid1) BPL-BP relationships produce the ‘2D-0D Point Touch’
relationship classification. This results in the final classification between BPL1 and ILsegl having the ‘2D-
2D Line Intersection’ relationship classification. This relationship can be seen highlighted in red in Figure
4.35e.
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4.8.2 Coplanar BPL-BPL Classification Algorithm

The data process flow algorithm that was developed to classify the relationship R_COP(BPL1,BPL2)
between two (2D) boundary planes BPL1 and BPL 2 that have previously been identified as being coplanar
(COP) using the algorithm shown in Figure 4.31 can be seen in Figure 4.36 below.

Coplanar BPL-BPL Classification Algorithm: --> R_COP(BPL1,BPL2)

Coplanar (COP) ||
1-a* i i ) 1-b* i - i
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Y Y Y Y
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Figure 4.36: Coplanar (COP) BPL-BPL Classification Algorithm
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It has previously been determined that BPL1 and BPL2 are coplanar using ‘BPL-BPL Classification
Algorithm’ (see Figure 4.31). This coplanar BPL-BPL classification algorithm (Figure 4.36) requires first
classifying the BPL-BL relationships between BPL1 and all lines that define the boundary of BPL2, as
well as classifying the relationships between BPL2 and all lines that define the boundary of BPL1 using
‘BPL-BL Classification Algorithm’ (see Figure 4.22). All non-disjoint relationships having point or line
geometry are added to a ‘List {A}’.

Points or lines that have the same geometry and classification as another are removed from ‘List {A}’ so
that there are no duplicates. Lines are combined by identifying common end points between lines to form
closed polygons where possible. The final classification between BPL1 and BPL2 is grouped into
relationships having point, line, or plane geometry types. Visual examples showing six coplanar BPL-BPL
relationship classifications can be seen in Figure 4.37 below.

COP-1 | COP-2 | COP-3 | COP-4 | COP-5 | COP-6
b) f)

a) BPL2 C)BPLl d) sz |€) BoLL '
—4 1:0 BrL1 [BPL2
£oLo |BPLE ——4

Disjoint 0D-0D PT | 1D-0D PT | OD-1D PT | 1D-1D LT |2D-2D PLT

Figure 4.37: Final Coplanar (COP) BPL-BPL Relationship Classifications

Figure 4.37a shows an example of the COP-1 scenario where BPL1 and BPL2 have no overlap producing

the ‘Disjoint’ relationship classification.

Figure 4.37b shows an example of the COP-2 scenario where an (0D) boundary point of BPL1 touches an
(OD) boundary point of BPL2 producing the ‘0D-0D Point Touch’ relationship classification.

Figure 4.37c shows an example of the COP-3 scenario where a (1D) boundary point of BPL1 touches an

(OD) boundary point of BPL2 producing the ‘1D-0D Point Touch’ relationship classification.

Figure 4.37d shows an example of the COP-4 scenario where an (0D) boundary point of BPL1 touches a
(1D) boundary point of BPL2 producing the ‘0D-1D Point Touch’ relationship classification.

Figure 4.37e shows an example of the COP-5 scenario where a (1D) boundary line of BPL 1 touches a (1D)
boundary line of BPL2 producing the ‘1D-1D Line Touch’ relationship classification.
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Figure 4.37f shows an example of the COP-6 scenario where a (2D) interior plane extension of BPL1
touches a (2D) interior plane extension of BPL2 producing the 2D-2D Plane Touch’ relationship
classification.

4.9 Chapter Summary

The relevance this chapter has to the primary research objective is that it presents the processes and
algorithms that were designed to classify geometrical and topological relationships between two 3-D
cadastral units and their boundary components. This chapter was used to perform research activity #3:
“Decide on a data format that will be used for digitally representing 3-D boundaries” and research activity
#6: “Propose data flow processes that use existing mathematical algorithms and techniques to classify

topological relationships that can exist between the 3-D boundary components of cadastral units”.

Section 4.1 defined the table storage format for digitally representing 3-D cadastral unit boundary
components as they are modelled in this study. Boundary points, boundary lines, and boundary planes were
defined using 3-D point geometry, internal point and line set topology combinations, and CGA multivector
blade parameters. Datasets can be created by interpreting measurements in survey plan drawings. A more

detailed explanation of how to generate these parameters is presented in Chapter 5.

Section 4.2 presented the mathematical approach followed to model relationships between 3-D cadastral
units. Relationships between six types of boundary component pairs are interpreted together to describe the
relationship occurring between the two 3-D cadastral units. Relationships are described using the returned
geometry associated with the relationship along with four descriptive characteristics.

Sections 4.3 — 4.8 presented the developed data flow processes and algorithms that were proposed to classify
relationships between 3-D cadastral unit boundary component pairs. Relationship classification algorithms
were put forward for each of the six types of boundary component pairs considered here that include main
and secondary classification functions. The main functions were developed to identify which projected
relationship was occurring between boundary component pair sets (i.e. collinear, coplanar, parallel,
intersecting, etc.). The secondary functions were developed for each projected relationship scenario to
evaluate the final relationship classifications that can exist between boundary component pairs.

The approach followed to implement these algorithms using written MATLAB functions in combination
with GAViewer files is presented next in Chapter 5 of this study. The algorithms presented here are later
validated in Chapter 6 using simulated datasets and applied to a real cadastral dataset derived from a 3-D

condominium survey plan in Alberta, Canada to apply them to a practical 3-D boundary problem.
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Chapter Five: Implementation of Methods

This chapter presents the methods and functions that were used to implement and test the relationship
classification modelling theory and algorithms that were developed and presented in Chapter 4. These
functions are applied in Chapter 6 to evaluate and present relationships that can be classified between the
boundaries of sets of two volumetric 3-D cadastral units by evaluating relationships between their lower-

dimensional (0-D) boundary points, (1-D) boundary lines, and (2-D) boundary planes.

All functions were written in MATLAB. Specific MATLAB functions were written to generate and read
files that were executed in GAViewer. GAViewer is an open-source geometric algebra program that was
used to implement all CGA computational operations on 3-D cadastral boundary components. More
information on GAViewer can be found in the program documentation at (Fontijne, 2010). GAViewer
(.geo) object files are used to store CGA objects that can be loaded into GAViewer and (.g) operations files
are used to store mathematical operations and commands that can be implemented on CGA objects in
GAViewer. MATLAB functions were written to generate and read GAViewer (.geo) object and (.g)
operation files so that data could be indirectly shared between the two programs. This was utilized to
generate CGA parameters for boundary components and to perform spatial analysis between them. The

chapter is structured as follows:

Section 5.1 describes the processes followed and the functions that were written to generate digital
representations for 3-D cadastral object boundary components. In brief, digital parameters for boundary
points, lines, and planes of simulated 3-D cadastral units were stored in tables in EXCEL files. These tables
include 3-D geometric coordinates for boundary points, start and end point numbers for boundary lines, and
lists of ordered line numbers for boundary planes. Additional CGA parameters were generated using
GAViewer that were then used to perform geometric and topological operations between boundary points,

lines, and planes.

Section 5.2 describes the processes followed and the functions that were written to generate and store CGA
geometric and topological intersection results between 3-D boundary component pairs. The CGA
parameters for the boundary points, lines, and planes of two individual 3-D cadastral units were written to
a GAViewer (.geo) object file. A list of GAViewer function commands between all boundary component
pairs was then written to a GAViewer (.g) operation file. The (.geo) object file containing representations
for the boundary components and the (.g) operation file containing function commands were then loaded
into GAViewer and executed. The geometric and topological intersection results (see Table 5.1) were
exported as a new (.geo) object file containing the parameters of the boundary components for both 3-D
cadastral units.
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Section 5.3 describes the processes followed and the functions that were written to interpret the geometric
and topological intersection checks between 3-D cadastral objects boundary components and to finalize the
relationship classifications between boundary component pairs. Intersection results were interpreted
between point-point, line-point, line-line, plane-point, plane-line, and plane-plane component pairs in
MATLAB to determine which projected relationship category (i.e. parallel, collinear, coplanar, point
intersection, line intersection, etc.) was occurring between boundary component pairs. A combination of
point-point distance and additional CGA topological intersection checks are evaluated and interpreted using
MATLAB functions and GAViewer files to reach the final relationship classifications for each of the six
types of boundary component pair sets (point-point, line-point, line-line, plane-point, plane-line, and plane-

plane) that exist between the boundaries of two 3-D cadastral units.

5.1 Creating Parameters for Testing Datasets (Building Objects from Coordinate Sets)

Each testing dataset used in Chapter 6 consists of two volumetric 3-D cadastral units. Each 3-D cadastral
unit is composed of lower-dimensional (point, line, and plane) boundary components as they are defined in
Section 4.1. Before relationships can be classified between the two units, digital parameters for their lower-
dimensional boundary components were first generated and stored in EXCEL file tables for boundary

points, boundary lines, and boundary planes.

For each 3-D cadastral unit boundary tested in Chapter 6, a two-step process was followed to input initial
3-D boundary point [X, y, z] geometry coordinates, to establish point set topology for boundary lines and
boundary planes, and to generate additional CGA parameters for the boundary points, boundary lines, and
boundary planes. The process uses a combination of written MATLAB functions and generated GAViewer
CGA files to generate digital 3-D boundary components and their additional projected CGA parameters, as
well as to add them to the final EXCEL file table storage structure for each 3-D cadastral unit. A general
overview of the parameters used to define each 3-D boundary component and the processes used to generate

them can be seen in Figure 5.1 below.
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Figure 5.1: Boundary Component Limits, Extensions, and CGA Representations

Figure 5.1 shows how each boundary component type is defined with respect to their point set topology
having boundary extensions and boundary limits as they are described with respect to the Dimensional
Model presented in Section 3.1.2. Additional CGA representations for how these objects are modelled in
GAViewer are shown here as well. The relationship between the extensions of any two 3-D boundary
components was initially used to sort the relationship between a boundary component pair into one of the

16 projected categories introduced in Figure 3.5.

Figure 5.1a shows that 3-D boundary points have (X, y, z) parameters that represent their 0-D extensions
with no limits. Five CGA 1-blade multivector parameters (e1, €2, €3, No, ni) are used to model 3-D CGA
point extensions in GAViewer. Figure 5.1b shows that 3-D boundary lines have start and end point ID
parameters (Ls, Le) that represent their 0-D boundary limits. An additional 3-D CGA line is used to
represent their 1-D boundary extensions. Six CGA 3-blade multivector parameters (e:*no"ni, e2"*no"ni,
e3"*no™ni, e1e2n;, exes™n;, e2es™n;) are used to model 3-D CGA line extensions in GAViewer. Figure 5.1¢c
shows that 3-D boundary planes have ordered multi-line ID parameters (L1, ..., Ln) that represent their 0-
D and 1-D boundary limits. An additional 3-D CGA plane is used to represent their 2-D boundary
extensions. Four CGA 4-blade multivector parameters (e:*e2"*no"*ni, €1°€3™no"*ni, e2"*e3no"ni, e1*e2"*es"ni)

are used to model 3-D CGA plane extensions in GAViewer.

The first step in the 3-D cadastral unit generation process was to define the geometry related to 3-D
boundary point locations and to define the point and line topology sets associated with the limits of
boundary lines and planes, respectively. This process is discussed in Section 5.1.1. The second step in the
3-D cadastral unit generation process was to generate the CGA parameters for all null vector CGA points,
projected CGA lines, and projected CGA planes in GAViewer using generated (.geo) object files and (.g)
operation files. Results were exported from GAViewer as an updated (.geo) object file and loaded into
MATLAB where the parameters were parsed, sorted, and stored back into the EXCEL file table storage
structure for each 3-D cadastral unit. This process is discussed in Section 5.1.2.
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5.1.1 Preparing Initial 3-D Cadastral Unit Boundary Storage Tables

All 3-D cadastral units tested in experiments were watertight closed-boundary cube-like objects, each
consisting of 6 boundary planes. Each boundary plane is contained by 4 boundary lines. Each 3-D cadastral
unit has 24 boundary lines, each of which is contained by 2 boundary points. Each 3-D cadastral unit has 8
boundary points, each of which is defined by 3-D (X, y, z) coordinates. An overview of the 3-D cadastral

units matching this description that were tested in experiments can be seen in Figure 6.3 and Figure 6.21.

A template EXCEL file was created that contained three sheets for boundary points, lines, and planes,
respectively. All 3-D cadastral unit datasets were initially created by inserting the 3-D boundary point
coordinates, the point sets representing boundary line topology, and the line sets representing boundary
plane topology into the tables of the EXCEL file template. Preparing these EXCEL tables was executed in

three steps.

The first step was to identify and input the [X, y, z] coordinates for each of the 8 boundary points associated
with the boundary of each 3-D cadastral unit being modelled. In a survey plan, these boundary point
locations can be calculated using direct (polar) calculations involving bearings (angles) and distances in the
plan from a previously known location. If tracing a survey plan, these direct calculations would start from
a known control or reference point. For the 7 simulated datasets used in Chapter 6, boundary points and
their coordinates for each 3-D cadastral unit were established a priori to processing. For the real cadastral
dataset used in Chapter 6 derived from a condominium survey plan registered in Alberta, Canada, the point
coordinates were calculated using measurements included in the survey plan. A table showing a sample of

boundary points with their respective 3-D coordinates was introduced in Table 4.1.

The second step was to identify and input the start and end boundary point sets that describe the topology
for each of the 24 boundary lines associated with the boundary of each 3-D cadastral unit being modelled.
Because the 3-D cadastral units tested here have closed boundaries, each boundary line defined has a
symmetric counterpart. What is meant by this is if a boundary line is defined using boundary point 1 as a
start point and boundary point 2 as an end point, another boundary line will be defined using boundary
point 2 as a start point and boundary point 1 as an end point. Each of the boundary lines in the above
example is used to define two different boundary planes that meet at those lines. A table showing a sample

of boundary lines with their respective start and end point IDs was introduced in Table 4.2.

The third step was to identify the ordered boundary polyline sets, each containing 4 lines that describe the
topology for each of the 6 boundary planes associated with the boundary of each 3-D cadastral unit being

modelled. The order that the boundary lines are stored for each boundary plane describes and enforces

101



clockwise rotation when viewing the boundary plane from inside the 3-D cadastral unit. A table showing a

sample of boundary planes with their respective oriented polyline IDs was introduced in Table 4.3.

5.1.2 Generating CGA Parameters for 3-D Boundary Components using GAViewer

A MATLAB function was written that loads in data from the EXCEL file template and writes GAViewer
(.geo) object and (.g) operation files. These files were then opened and executed in GAViewer to generate
the CGA parameters associated with all boundary components for each 3-D cadastral unit and the
parameters were updated back into the EXCEL file template. Figure 5.2 below shows the five-step process

that was followed to achieve this.

Step 1: Load Initial Parameters from EXCEL Storage Tables

Load in 3-D Load in 3-D Load in 3-D
Boundary Points Boundary Lines Boundary Planes
Step 2: Write Initial (.geo) Object File Step 3: Write (.g) Operations File
Generate Null Vector | Write CGA Point Parameters —™ | Write CGA Line Operations Write CGA Plane Operations
CGA Paint Parameters to a (.geo) Object File to a (.g) Operations File to a (.g) Operations File

Step 4: Execute CGA Operations in GAViewer and Export as new (.geo) Object File

Load (.geo) Object L 5 Load (.g) Operations Export Results into a
File into GAViewer File into GAViewer ® new (.geo) Object File

Step 5: Load GAViewer Results into MATLAB and Update CGA Parameters into EXCEL Storage Tables

Load new (.geo) Object Sort CGA Objects into Update Line and Plane CGA
File into MATLAB > Points, Lines, and Planes > Parameters into EXCEL Table

Figure 5.2: Process Flow for Generating and Storing 3-D Boundary Component CGA Parameters

The first step was for the MATLAB function to load in the point IDs and [X, y, z] coordinates of the eight
boundary points, the line 1Ds and the start point and end point IDs associated with each boundary line, and
the plane IDs and the oriented polyline 1Ds associated with each boundary plane from the EXCEL file

template that was filled in using the methods described in Section 5.1.1 above.
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The second step was for the MATLAB function to generate and store the null vector point extension CGA
1-blade multivector parameters (e1, €2, €3, No, ni) for each of the 8 boundary points, where no = 1 and ni was
calculated using Equation 4 (see Section 3.2.1). These boundary point extension parameters were then
written to a GAViewer (.geo) object file and the no and ni parameters for each point were updated back into

the boundary point table in the EXCEL file template.

The third step was for the MATLAB function to write the GAViewer operations that are used to generate
the projected line extension CGA 3-blade multivector parameters (e:*no™ni, €2"no™*ni, €3No™ni, e1 e,
e1"ean;i, e2es™n;) for each of the 24 boundary lines to a (.g) operation file. This was done using the start
point and end point IDs associated with each boundary line and Equation 5 (see Section 3.2.1). The
GAViewer operations that are used to generate the projected plane extension CGA 4-blade multivector
parameters (e1e2""no™ni, e1*es™No™Ni, e2”*e3"no"ni, e1e2*esni) for each of the 6 boundary planes were then
written to the same (.g) operation file using the first three ordered point IDs associated with each boundary
plane and Equation 6 (see Section 3.2.1).

The fourth step was to load the (.geo) object file containing null vector (point) parameters into GAViewer.
Once this was opened, the (.g) operation file containing the operations that are used to generate the projected
line extension and plane extension CGA multivector parameters was opened and the operations were
executed. The results from these operations were then exported and saved as a new (.geo) object file. This
new (.geo) object file contains the CGA parameters for the eight null vector (points), the 24 projected line
extensions, and the six projected plane extensions associated with the current 3-D cadastral unit boundary

components.

The fifth step was to read the new (.geo) object file using a MATLAB function to sort through the CGA
objects and to update the six projected line extension CGA multivector parameters and the four projected
plane extension CGA multivector parameters into the boundary line and boundary plane EXCEL file tables,
respectively. After this was completed, the current cadastral unit boundary is now represented in an EXCEL
file containing boundary point, boundary line, and boundary plane tables, as well as represented in a (.geo)
object file that contains representations for the null vector CGA point extensions, projected CGA line

extensions, and projected CGA plane extensions.

5.2 Generating and Storing CGA Geometric and Intersection Results

To classify the final relationships between boundary component pairs, each component pair first needs to

be sorted into one of the 16 projected categories introduced in Figure 3.5. These relationship categories use
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the concepts of projected CGA boundary extension components being skew, parallel, collinear, coplanar,
or intersecting at a point or line. To determine which category is occurring for each boundary component
pair, CGA geometric distance and intersection operators were first generated in GAViewer.

To start the projected relationship determination process, the EXCEL files containing the boundary
components of 3-D cadastral units A and B that were generated using the processes described in Section
5.1 above were added to the same folder. A written MATLAB function loaded in the parameters for all
boundary components of both units from these EXCEL files and wrote them to a single (.geo) object file

so that they could be loaded into GAViewer simultaneously.

The MATLAB function then wrote a series of GAViewer commands to a single (.g) operation file so that
they could be opened in GAViewer to be executed. Sets of operations were written for point-point, line-
point, line-line, plane-point, plane-line, and plane-plane boundary component pairs between 3-D cadastral
units A and B. A summary of the operations written for each component pair can be seen in Table 5.1

below.

Table 5.1: Initial CGA Operation Checks Implemented between Boundary Component Pairs

Initial CGA Operation Checks between Boundary Component Pairs

Point-Point (A-B) Line-Point (AA-B / BB-A) Plane-Point (AAA-B / BBB-A)
Distance(A, B) Distance(A, BB) Meet(A, BBB)
Sightline(A, B) --> (A_B_SL) Distance(B, AA) Meet(B, AAA)
Meet(A_B_SL, BB) Planeline_Distance(A, BBB_L)
Meet(A_B_SL, AA) Line-Line (AA-BB) Planeline_Distance(B, AAA_L)
Meet(A_B_SL, BBB) Meet(AA, BB)
Meet(A_B_SL, AAA) Plane-Line (AAA-BB / BBB-AA)
Sightline(B, A) --> (B_A_SL) Meet(AA, BBB)
Meet(B_A_SL, A Lines) Meet(BB, AAA)
Meet(B_A SL, B Lines)
Meet(B_A SL, A Planes) Plane-Plane (AAA-BBB)
Meet(B_A_SL, B Planes) Meet(AAA, BBB)

For point-point boundary component pair sets, operations for calculating the geometric distances between
each boundary point defining the boundary of A and each boundary point defining the boundary of B were
first calculated in MATLAB. Secondly, operations for generating projected sightlines from each boundary

point of A to each boundary point of B, as well as the reciprocal projected sightlines from each boundary
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point of B to each boundary point of A were written using boundary point IDs and Equation 5 (see Section
3.2.1). Lastly, operations for generating the meet intersections between the projected sightlines of Ato B
and the projected sightlines of B to A with the boundary lines and boundary planes of A and B were written
using sightline IDs, boundary line 1Ds, boundary plane IDs, and Equation 9 (see Section 3.2.1).

For line-point boundary component pair sets, operations for calculating the geometric distances between
each boundary point defining the boundary of A and each boundary line defining the boundary of B, as
well as the distances between each boundary point defining the boundary of B and each boundary line
defining the boundary of A were written using boundary point IDs, boundary line IDs, and Equation 7 (see
Section 3.2.1).

For line-line boundary component pair sets, operations for calculating the meet intersections between each
boundary line defining the boundary of A and each boundary line defining the boundary of B were written

using boundary line IDs and Equation 9 (see Section 3.2.1).

For plane-point boundary component pair sets, operations for calculating the meet intersections between
each boundary point defining the boundary of A and each boundary plane defining the boundary of B, as
well as the meet intersections between each boundary point defining the boundary of B and each boundary
plane defining the boundary of A were written first using boundary point IDs, boundary plane IDs, and
Equation 9 (see Section 3.2.1). Secondly, operations for calculating the oriented perpendicular distance
between each boundary point defining the boundary of A and each boundary line defining the boundary of
B with respect to each boundary plane defining B, as well as operations for calculating the oriented
perpendicular distance between each boundary point defining the boundary of B and each boundary line
defining the boundary of A with respect to each boundary plane defining A were written using boundary

point IDs, boundary line IDs, boundary plane IDs, and Equation 11 (see Section 4.6.1).

For plane-line boundary component pair sets, operations for calculating the meet intersections between each
boundary line defining the boundary of A and each boundary plane defining the boundary of B, as well as
the meet intersections between each boundary line defining the boundary of B and each boundary plane
defining the boundary of A were written using boundary line 1Ds, boundary plane 1Ds, and Equation 9 (see
Section 3.2.1).

For plane-plane boundary component pair sets, operations for calculating the meet intersections between
each boundary plane defining the boundary of A and each boundary plane defining the boundary of B were

written using boundary plane IDs and Equation 9 (see Section 3.2.1).
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The (.geo) object file containing the boundary components of cadastral units A and B was loaded into
GAViewer. Once this was opened, the (.g) operation file containing the geometric and topological
intersection operations between boundary component pairs was opened and the operations were executed.
The results from these operations were then exported and saved to a new (.geo) object file. This new (.geo)
object file contains the boundary points, boundary lines, and boundary planes for both 3-D cadastral units

A and B, as well as the results for the geometric and topological intersection checks.

After this was completed, the EXCEL files storing the boundaries of cadastral units A and B, as well as the
new (.geo) object file containing geometric and topological intersection results could be analyzed together

to classify relationships between their boundary points, boundary lines, and boundary planes.

5.3 Interpreting CGA Analysis Results and Classifying Final Relationships

A series of MATLAB functions were written to read in the previously generated EXCEL and GAViewer
files, to interpret which of the projected relationship categories was occurring for each boundary component
pair, and to finalize the relationship classifications of each boundary component pair that exists between 3-

D cadastral units A and B.

This process is explained in two parts. Section 5.3.1 describes how the initial CGA intersection checks
generated in Section 5.2 were interpreted to determine the initial projected relationship categories for each
boundary component pair. Section 5.3.2 describes how the final relationship classification processes were

implemented using MATLAB functions and additional CGA intersection checks.

5.3.1 Determining Projected Relationships from CGA Analysis Results

A written MATLAB function loads in the (.geo) object file that was generated in the previous Section 5.2
and sorts CGA objects into the boundary points, boundary lines, and boundary planes for 3-D cadastral
units A and B, as well as the geometric and topological intersection results that were generated. Six types
of CGA distance and intersection evaluations were performed to categorize each boundary component pair
into the correct projected relationship category. Evaluation conditions for all possible projected
relationships were introduced in Table 4.5 and a summary of the possible outcomes for each component

pair type is shown in Figure 5.3 below.
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MATLAB Projected CGA
Relationship Interpreter

\ 4 A 4 ‘ ¢ A 4
Point-Point Line-Point Line-Line Plane-Point Plane-Line Plane-Plane
Y v Y Y v v
Equal Parallel Skew Parallel Parallel Parallel Coplanar Parallel Coplanar
Disjoint Collinear Collinear Coplanar Coplanar Point Intersect Line Intersect

Figure 5.3: Summary of Projected Relationships between Boundary Component Pair Types

Point-point distances were evaluated to determine the final relationship classification between point-point
boundary component pairs. Any two points are equal if the distance between them is zero. Any two points
are disjoint if there was a non-zero distance between them. This represents the process defined in Figure
4.3.

Line-point distances for each line-point boundary component pair were evaluated to determine if the
projected relationship between them is collinear or not. The current boundary point is collinear with the
current boundary line if the line-point distance between them was equal to zero. The current boundary point
is not collinear with the current boundary line if the line-point distance between them was not equal to zero.

This represents the first step in the process defined in Figure 4.5.

The meet intersection result for each line-line boundary component pair was evaluated to determine if the
projected relationship between them is not parallel (skew), parallel, collinear, or coplanar. The current
boundary lines are not parallel and are categorized into the skew projected relationship category if the line-
line meet intersection between them produces a free scalar (distance without a location) containing the ni
CGA multivector parameter only. The current boundary lines are categorized into the coplanar projected
relationship category if the line-line meet intersection between them produces a flat point containing the
no"e1, No”*e2, No™es3, and no™*ni CGA multivector parameters only. The current boundary lines are categorized
into the collinear projected relationship category if the line-line meet intersection between them produces
a line containing the ei™no™ni, e2"no™ni, es™no™ni, e1exni, eresni, and ex"es™ni CGA multivector
parameters only. The current boundary lines are categorized into the parallel projected relationship category
if the line-line meet intersection between them produces a free vector (line direction without a location)
containing the e:"n;, e2"*ni, and esni CGA multivector parameters only. This represents the first step in the
process defined in Figure 4.9.
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The meet intersection result for each plane-point boundary component pair was evaluated to determine if
the projected relationship between them is coplanar or not. The current boundary point is not coplanar with
the current boundary plane if the plane-point meet intersection between them produces a scalar value. The
current boundary point is coplanar with the current boundary plane if the plane-point meet intersection
between them produces a null vector point containing the no, e1, €2, €3, and ni CGA multivector parameters

only. This represents the first step in the process defined in Figure 4.17.

The meet intersection result for each plane-line boundary component pair was evaluated to determine if the
projected relationship between them is parallel, coplanar, or if they intersect at a point. The current plane-
line boundary component pair is categorized into the coplanar projected relationship category if the plane-
line meet intersection between them produces a line containing the e1no™ni, &2™no™*ni, €3 no™ni, e e2"*ni,
e1”es™ni, and ez"es”ni CGA multivector parameters only. The current plane-line boundary component pair
is categorized into the intersection point projected relationship category if the plane-line meet intersection
between them produces a flat point containing the no"es, no™*ez, no”*es, and no"*ni CGA multivector parameters
only. The current boundary plane-line component pair is categorized into the parallel projected relationship
category if the plane-line meet intersection between them produces a free vector containing the ex"ni, e2*ni,
and es"ni CGA multivector parameters only. This represents the first step in the process defined in Figure
4.22.

The meet intersection result for each plane-plane boundary component pair was evaluated to determine if
the projected relationship between them is parallel, coplanar, or if they intersect at a line. The current plane-
plane boundary component pair is categorized into the coplanar projected relationship category if the plane-
plane meet intersection between them produces a plane containing the e1e2"*no"*ni, e1e3™no™ni, e2”*e3™No™ni,
and e:i"e2"es™ni CGA multivector parameters only. The current plane-plane boundary component pair is
categorized into the line intersection category if the plane-plane meet intersection produces a line containing
the e1™no™ni, e2"no™ni, es™no™ni, er*e2"ni, er*esni, and ees™ni CGA multivector parameters only. The
current plane-plane boundary component pair is categorized into the parallel projected relationship category
if the plane-plane meet produces a free bivector (plane direction without a location) containing the eie2"*ni,
e1”es™ni, and e2"*e3ni CGA multivector parameters only. This represents the first step in the process defined
in Figure 4.31.

The meet intersection result for each sightline-line pair was evaluated to determine if the projected
relationship between them is not parallel (skew), parallel, collinear, or coplanar. The same evaluation
process was used here as it is described between line-line component pairs above. The meet intersection

result for each sightline-plane pair was evaluated to determine if the projected relationship between them
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is parallel, coplanar, or if they intersect at a point. The same evaluation process was used here as it is

described between plane-line component pairs above.

5.3.2 Classifying Final Boundary Component Pair Relationships

Six main MATLAB functions were written to determine the final relationship classifications between point-
point, line-point, line-line, plane-point, plane-line, and plane-plane boundary component pair sets after they
had been categorized into their correct projected relationship categories. An overview of how these six
functions are called from the main MATLAB classification function is shown in Figure 5.4 below.

I
MATLAB Final Classification Functions |

A 4 h 4
BP-BP BL-BP BL-BL BPL-BP BPL-BL BPL-BPL
Classification Classification Classification Classification Classification | — Classification | —
Algorithm Algorithm Algorithm Algorithm Algorithm algorithm
Collinear Common Reverse Coplanar Intersecting Intersecting
BL-BP Collinear Collinear BPL-BP BPL-BL BPL-BPL
Classification BL-BL BL-BL Classification Classification Classification
Algorithm Classification Classification Algorithm Algorithm Algorithm
Algorithm Algorithm
y
Coplanar Coplanar Coplanar
BL-BL BPL-BL BPL-BPL
Classification classification Classification
Algorithm Algorithm Algorithm

Figure 5.4: Organization of Final MATLAB Classification functions

The point-point determination MATLAB function ‘BP-BP Classification Algorithm’ (see Figure 4.3)
loaded in the equal or disjoint relationship categorization result from the previous function for each point-
point boundary component pair. If the relationship was equal, the final relationship was classified as ‘0D-
0D PT’ and the 3-D boundary point coordinate was stored. If the relationship is disjoint, the final

relationship was classified as ‘Disjoint” and a distance between the boundary points was stored.

The line-point determination MATLAB function ‘BL-BP Classification Algorithm’ (see Figure 4.5) loaded
in the collinear or not collinear projected relationship categorization result from the previous function for
each line-point boundary component pair. If the projected relationship was not collinear, the final
relationship was classified as ‘Disjoint’ and the parallel distance between the current boundary line and

boundary point was stored. If the projected relationship was collinear, the start and end boundary points of
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the boundary line, as well as the boundary point being considered were passed into the ‘Collinear BL-BP
Classification Algorithm’ (see Figure 4.7). This function calculated distances between the boundary line
start point, the boundary line end point, and the boundary point, and determined which of the 5 relationship

classification outcomes were occurring that are presented in Figure 4.8.

The line-line determination MATLAB function ‘BL-BL Classification Algorithm’ (see Figure 4.9) loaded
in the not parallel (skew), parallel, collinear, or coplanar projected relationship categorization result from
the previous function for each line-line boundary component pair. If the projected relationship was not
parallel (skew) or parallel, the final relationship was classified as ‘Disjoint’ and no geometry was stored. If
the projected relationship was collinear, the signs in front of the boundary line extension parameters were
compared to determine if the boundary lines had common or reverse orientation. Collinear boundary lines
having common orientation were passed into the ‘Common Collinear BL-BL Classification Algorithm’
(see Figure 4.11) and collinear boundary lines having reverse orientation were passed into the ‘Reverse
Collinear BL-BL Classification Algorithm’ (see Figure 4.13). Coplanar boundary lines and their projected
intersection point were passed into the ‘Coplanar BL-BL Classification Algorithm’ (see Figure 4.15). The
common and reverse collinear line-line determination functions each calculated the six possible 3-D point-
point distances between the start and end boundary points of the two boundary lines and evaluated which
of the 13 relationship classification outcomes were occurring that are presented in Figure 4.12 and Figure
4.14, respectively. The coplanar line-line determination function determined the relationship between the
intersection point and both boundary lines using the ‘BL-BP Classification Algorithm’ (see Figure 4.5) and
determined which of the 5 relationship classifications were occurring that are presented in Figure 4.16.

The plane-point determination MATLAB function ‘BPL-BP Classification Algorithm’ (see Figure 4.17)
loaded in the parallel or coplanar projected relationship categorization result from the previous function for
each plane-point boundary component pair. If the projected relationship was parallel, the final relationship
was classified as ‘Disjoint’ and no geometry was stored. If the projected relationship was coplanar, the
boundary plane and boundary point geometry, the point-line and sightline-line meets associated with the
boundary point and boundary plane, and the perpendicular plane-line distances between the boundary point
and all boundary lines associated with the boundary plane were collected and passed into the ‘Coplanar
BPL-BP Classification Algorithm’ (see Figure 4.19). This function determined which of the 4 relationship

classifications were occurring that are presented in Figure 4.20.

The plane-line determination MATLAB function ‘BPL-BL Classification Algorithm’ (see Figure 4.22)
loaded in the parallel, coplanar, or point intersection projected relationship categorization result from the
previous function for each plane-line boundary component pair. If the projected relationship was parallel,

the final relationship was classified as ‘Disjoint’ and no geometry was stored. If the projected relationship
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was coplanar, the boundary plane and boundary line data were passed into the ‘Coplanar BPL-BL
Classification Algorithm’ (see Figure 4.26 and Figure 4.29). For any point that crosses the boundary of the
plane, a new line segment was created that has a start point, an end point, and a generated middle point.
Additional CGA projected intersection parameters used for plane-point determination were written to a (.g)
operation file for each of these newly generated points and were executed in GAViewer. This coplanar
function determined which of the 6 relationship classifications were occurring that are presented in Figure
4.28.

If the projected relationship was point intersection, the boundary plane and boundary line data was passed
into the ‘Intersecting BPL-BL Classification Algorithm’ (see Figure 4.24) and additional CGA projected
intersection parameters used for plane-point determination between the single intersection point and the
boundary plane were written to a (.g) operation file and were evaluated in GAViewer. The final relationship
between the boundary line and boundary plane was then determined by classifying the relationship between
the intersection point and the boundary line, as well as the relationship between the intersection point and
the boundary plane. This intersecting function determined which of the 7 relationship classifications were

occurring that are presented in Figure 4.25.

The plane-plane determination MATLAB function ‘BPL-BPL Classification Algorithm’ (see Figure 4.31)
loaded in the parallel, coplanar, or line intersection projected relationship categorization result from the
previous function for each plane-plane boundary component pair. If the projected relationship category was
parallel, the final relationship was classified as ‘Disjoint’ and no geometry was stored. If the projected
relationship was coplanar or line intersection, the relationships between each boundary line defining the
boundary of the first boundary plane with each boundary line defining the boundary of the second boundary
plane were collected. If the projected relationship was coplanar, the boundary planes and collected Plane-
line relationships were passed into the ‘Coplanar BPL-BPL Classification Algorithm’ (see Figure 4.36).
This coplanar function determined which of the 6 relationship classifications were occurring that are

presented in Figure 4.37.

If the projected relationship was line intersection, the boundary planes and the collected plane-line
relationships were passed into the ‘Intersecting BPL-BPL Classification Algorithm’ (see Figure 4.33)
where the intersection line was split into multiple line segments and middle points were generated for each
line segment. Relationship classifications between each boundary plane and each mid point were
determined using ‘BPL-BP Classification Algorithm’ (see Figure 4.17) and were further interpreted to
finalize the relationship between both boundary planes. This intersecting function determined which of the

11 relationship classifications were occurring that are presented in Figure 4.34.
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5.4 Chapter Summary

The relevance this chapter has to the primary research objective is that it presents the approach followed to
implement the relationship classification processes that were developed in this study using written
MATLAB functions and GAViewer. This chapter was used to report on research activity #7: “Implement
the computational procedures proposed in the theoretical model that use CGA projected object
representations and operations, as well as 3-D point-point distance evaluations using written MATLAB
functions and other software”. The approach and methods described here were followed to run the

experimental tests presented in Chapter 6.

Section 5.1 provided an overview of the processes that were followed and the MATLAB functions that
were written to generate parameters to digitally represent and store boundary components for each 3-D
cadastral unit modelled in this study. The 3-D geometry for boundary points, point-set topology for
boundary lines, line set topology for boundary planes, and additional CGA multivector blade parameters
for boundary points, boundary lines, and boundary planes were generated using written MATLAB functions
and GAViewer files. These parameters were stored in EXCEL tables before relationship classifications

were implemented.

The EXCEL tables were initially prepared by filling in the 3-D point geometry for each boundary point, the
boundary point IDs defining each boundary line, and the boundary line IDs defining each boundary plane.
A written MATLAB function loaded in these tables, generated no and ni CGA parameters for each point,
wrote the point parameters to a GAViewer object file, and wrote operations to a GAViewer operations file
to generate CGA boundary line and boundary plane extension parameters. Both files were opened and
executed in GAViewer, exported to a new GAViewer object file, imported into a written MATLAB
function, and all parameters were updated back into the EXCEL storage tables so that the 3-D cadastral
units were ready for classification analysis.

Section 5.2 presented the methods that were followed to initially process boundary component pairs
between two 3-D cadastral units and determine which projected relationships were occurring between each
of them. The parameters for the boundary components of both cadastral units were written to a single
GAViewer (.geo) object file. All CGA object geometric and topological intersection operations were then
written to a GAViewer (.g) operations file. Both files were consecutively opened in GAViewer and the
geometric and topological intersection operations associated with all boundary component pairs were

executed in batch. These were then exported as a new GAViewer (.geo) object file.

112



Section 5.3 presented the methods that were followed to evaluate projected relationships and to reach final
relationship classification outcomes between boundary component pairs. The structure of the various main
and secondary classification algorithms for each of the six boundary component pair types was described
here. Geometric and topological CGA operations that were generated using processes in Section 5.2 were
imported into a written MATLAB function where they were evaluated to determine which projected
relationship was occurring between each boundary component pair. This process was repeated when
additional CGA operations were needed, specifically for the plane-line relationship classification functions.
All 3-D point-point distance checks and interpretations of GAViewer geometric and topological
intersection results were evaluated using the various main and secondary written MATLAB functions to

determine the final classifications for each boundary component pair.
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Chapter Six: Results and Applying Methods to 3-D Cadastral Boundaries

This chapter presents the results of the experimental work that was completed. It summarizes the
relationships that can be classified using the processes defined in Chapter 4. It presents the results from
seven datasets that were simulated to show that the algorithms and processes described in Chapter 4 and
the methods used to implement them described in Chapter 5 can classify 15 different types of disjoint
relationships and 38 types of touch/overlap relationships. Lastly, it presents an example of how the

processes developed here were tested in a real 3-D cadastral scenario. This chapter is structured as follows:

Section 6.1 provides an overview of the disjoint and overlap relationships that can be classified between 3-
D boundary components that make up the boundary of a 3-D cadastral unit using the methods described in
Chapters 4 and 5. It also provides an index for the relationships that are classified for each simulated

experimental test that was run through the implementation code.

Section 6.2 presents experimental results from seven testing datasets, each consisting of two simulated 3-
D cadastral units A and B. The datasets were generated using the processes described in Sections 4.1 and
5.1 and the relationships between the boundary components of units A and B were known a priori to testing
each dataset.

Section 6.3 presents experimental results from an example derived from a 3-D centerline boundary
condominium plan registered in Alberta, Canada where the boundaries of each unit are defined relative to
the centerlines of the walls, floors, and ceilings. An overview of condominium boundaries as they are used

here can be found in Section 2.4.

6.1 Summary of Relationship Classifications

There are 38 relationship classifications that describe some form of overlap geometry relationship existing
between the six different types of boundary component pairs being considered. These were presented in
Sections 4.3-4.8 and are summarized in Figure 6.1 below. These overlap classifications can result in

boundary touch or boundary intersect geometries.
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Figure 6.1: Overlap Relationship Classifications between Component Pairs

The single overlap relationship that can be classified between two 3-D boundary points (BP-BP) that were
presented in Section 4.3 is shown in Figure 6.1 scenario 1. There is no projected relationship in overlap
classification 1.

The two overlap relationships that can be classified between a 3-D boundary line and a 3-D boundary point
(BL-BP) that were presented in Section 4.4 are shown in Figure 6.1 scenarios 2 and 3. BL and BP have the

collinear projected relationship for overlap classifications 2 and 3.

The three overlap relationships that can be classified between a 3-D boundary plane and a 3-D boundary
point (BPL-BP) that were presented in Section 4.6 are shown in Figure 6.1 scenarios 4 — 6. BPL and BP
have the coplanar projected relationship for overlap classifications 4, 5, and 6.

The six overlap relationships that can be classified between two 3-D boundary lines (BL-BL) that were
presented in Section 4.5 are shown in Figure 6.1 scenarios 7 — 12. Both lines have the collinear projected
relationship in overlap classifications 7 and 8, and the coplanar projected relationship in overlap
classifications 9, 10, 11, and 12.
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The 11 overlap relationships that can be classified between a 3-D boundary plane and a 3-D boundary line
(BPL-BL) that were presented in Section 4.7 are shown in Figure 6.1 scenarios 13 — 23. BPL and BL have
the point intersection projected relationship in overlap classifications 13 — 18, and the coplanar projected

relationship in overlap classifications 19 — 23.

The 15 overlap relationships that can be classified between two 3-D boundary planes (BPL-BPL) that were
presented in Section 4.8 are shown in Figure 6.1 scenarios 24 — 38. Both planes have the coplanar projected
relationship in overlap classifications 24 — 28, and the line intersection projected relationship in overlap
classifications 29 — 38. For these line intersection scenarios, the projected line at which the overlap

classification occurs is represented as a vertical dotted line.

Table 6.1: Index for Testing Datasets and Overlap Relationship Classifications

Overlap Relationship Classifications and Experimental Data Sets
Overlap Overlap
e . Test1 Test 2 Test3 Test4 Test5 Test 6 e . Test 1 Test 2 Test 3 Test 4 Test5 Test6
Classification Classification
1 v 20 v
2 v 21 v v
3 v v 22 v
4 v 23 v v v
5 v v 24 4
6 v v v 25 v
7 v 26 v
8 v 27 v
9 v 28 v v
10 v v 29 v
11 v v 30 v v
12 v v 31 v v
13 v 32 v
14 v v 33 v
15 v v 34 v
16 v v 35 v
17 v v v 36 v v v
18 v 37 v v v
19 v 38 v

Table 6.1 provides an overview of which overlap relationships are classified in each of the simulated testing
datasets presented in Section 6.2. The first six testing datasets are primarily used to highlight non-disjoint
relationships that can be classified between 3-D boundary components. The overlap classification column
in Table 6.1 refers to those relationships that were presented in Sections 4.3-4.8 and summarized in Figure
6.1 above.

There are 15 relationship classifications (different from Figure 6.1) that describe some form of disjoint
relationship existing between the six different types of boundary component pairs being considered. These

were presented in Sections 4.3-4.8 and are summarized in Figure 6.2 below.
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Figure 6.2: Disjoint Relationship Classifications between Component Pairs

The single disjoint relationship that can be classified between two 3-D boundary points (BP-BP) that were
presented in Section 4.3 is shown in Figure 6.2 scenario 1. There is no projected relationship in disjoint

classification 1.

The two disjoint relationships that can be classified between a 3-D boundary line and a 3-D boundary point
(BL-BP) that were presented in Section 4.4 are shown in Figure 6.2 scenarios 2 and 3. BL and BP have the
coplanar (not collinear) projected relationship in disjoint classification 2 and the collinear projected

relationship in disjoint classification 3.

The four disjoint relationships that can be classified between two 3-D boundary lines (BL-BL) that were
presented in Section 4.5 are shown in Figure 6.2 scenarios 4 — 7. Both lines have the skew (not parallel)
projected relationship in disjoint classification 4, the parallel projected relationship in disjoint classification
5, the collinear projected relationship in disjoint classification 6, and the coplanar projected relationship in

disjoint classification 7.

The two disjoint relationships that can be classified between a 3-D boundary plane and a 3-D boundary
point (BPL-BP) that were presented in Section 4.6 are shown in Figure 6.2 scenarios 8 — 9. BPL and BP
have the parallel projected relationship in disjoint classification 8 and the coplanar projected relationship

in disjoint classification 9.
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The three disjoint relationships that can be classified between a 3-D boundary plane and a 3-D boundary
line (BPL-BL) that were presented in Section 4.7 is shown in Figure 6.2 scenarios 10 — 12. BPL and BL
have the parallel projected relationship in disjoint classification 10, the point intersect projected relationship

in disjoint classification 11, and the coplanar projected relationship in disjoint classification 12.

The three disjoint relationships that can be classified between two 3-D boundary planes (BPL-BPL) that
were presented in Section 4.8 are shown in Figure 6.2 scenarios 13 — 15. Both planes have the parallel
projected relationship in disjoint classification 13, the coplanar projected relationship in disjoint

classification 14, and the line intersect projected relationship in disjoint classification 15.

Table 6.2: Index for Testing Datasets and Disjoint Relationship Classifications

Disjoint Relationship Classifications and Experimental Data Sets
Disjoint
ces  os Test1l Test 2 Test3 Test 4 Test5 Test 6 Test?7
Classification
1 v v v v v v v
2 v v v v v v v
3 v v v
4 v v v v v v v
5 v v v v v v
6 v
7 v v v v v
8 v v v v v v v
9 v v v v v
10 v v v v v v
11 v v v v v v v
12 v v v v v
13 v v v v v v
14 v
15 v v v v v v v

Table 6.2 provides an overview of which disjoint relationships can be found in each of the simulated testing
datasets presented in Section 6.2. While the first six testing datasets have some 3-D boundary component
pairs that represent most of the disjoint relationships, testing dataset seven is used to show all the 15 distinct
types of disjoint relationships that can be classified between boundary component pair sets. The disjoint
classification column in Table 6.2 refers to those relationships that were presented in Sections 4.3-4.8 and

are summarized in Figure 6.2 above.
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6.2 Simulated Experimental Testing Datasets and Classification Results

Seven experimental datasets, each consisting of two 3-D cadastral units A and B were simulated to initially
test and validate the relationship classification processes developed in Chapter 4. The relationships between
3-D boundary components were known a priori to running each dataset through the implementation code
described throughout Chapter 5. An overview of these simulated datasets, along with a list of the a priori

relationships that exist between the two 3-D units can be seen in Figure 6.3 below.

il o 1)

Overlap Relationships: | Overlap Relationships:
1,2,4,7,9,13, 3,5,8,10,11,14,15, |3,5,10,11,14,15,20,21,
19,24,29 21,22,27,30,31,35 23,25,26,30,31,36,37

Test 5 Test 6 Test 7

s EE5

Overlap Relationships: | Overlap Relationships: | Disjoint Relationships:
6,12,16,17,23, 6,12,16,17,18,23, 1,2,3,4,5,6,7,8,9,10,
28,32,36,37 28,36,37,38 11,12,13,14,15

Overlap Relationships: Overlap Relationships:

6,17,33,34

Figure 6.3: Overview of Simulated Testing Datasets and Relationship Classifications

Simulated experimental tests 1 to 6 were used to highlight the different overlap relationship classifications
that are summarized in Figure 6.1 and Table 6.1. Simulated experimental test 7 was used to highlight the
different disjoint relationship classifications that are summarized in Figure 6.2 and Table 6.2. Experiment
7 contains all possible disjoint relationship classifications in a single example, as it can be seen in Table 6.2
that tests 1 — 6 only classify a subset of these relationships. The datasets were designed to highlight the
various relationship that can be classified using the processes described in Sections 4.3-4.8 and each 3-D

cadastral unit boundary was simulated using the processes described in Section 5.1.

Each experimental testing dataset is first introduced using figures and tables representing the boundary

point coordinates (geometry), line topology, and plane topology point sets for each of the two 3-D cadastral
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units A and B. Boundary points are represented using the (A#, B#) writing convention, boundary lines are
represented using the (AA#, BB#) writing convention, and boundary planes are represented using the
(AAA#, BBB#) writing convention. Secondly, the a priori relationships that exist between 3-D cadastral
units A and B are then described in a figure (e.g. see Figure 6.5). Thirdly, the relationship classification

output results from the implementation code are presented using a final table (e.g. see Table 6.6).

6.2.1 Simulated Experimental Test 1

Simulated experimental test 1 consists of 3-D cadastral units A and B that are both (Im*1m*1m) volumetric
cubes in 3-D space. This experiment is used to highlight overlap relationship classifications 1, 2, 4, 7, 9,
13, 19, 24, and 29 (see Figure 6.5). Visualizations of the boundary points, boundary lines, and boundary
planes associated with each 3-D cadastral unit in this experiment can be seen in Figure 6.4 below.

Test 1 Overview Boundary Points (BP)
b) (254)

Figure 6.4: Testing Dataset 1 Visualization
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Figure 6.4a shows an overview of simulated 3-D cadastral units A and B used in test 1. The main overlap
between the two 3-D cadastral units in this experiment can be described by the boundary point A3 touching
the boundary point B5. Figure 6.4b shows the names and 3-D coordinates of all boundary points, Figure
6.4c shows the names and topological directions of all boundary lines, and Figure 6.4d shows the names of
all boundary planes. Unit A’s floor and unit B’s ceiling are coplanar, and they have two sets of coplanar
walls between them (AAA3-BBB1 & AAA4-BBB2). These figures show that all output overlap
classifications will be related to the relationship between boundary points A3 and B5 which should produce

the 3-D point return coordinate [3,3,3].

Tables 6.3 — 6.5 below show the object input storage parameters for the 3-D cadastral units A and B used
to create experimental testing dataset 1. Table 6.3 shows the boundary point storage parameters, Table 6.4
shows the boundary line storage parameters, and Table 6.5 shows the boundary plane storage parameters
used to define the boundaries of 3-D cadastral units A and B. These parameters were generated using the

processes described in Section 5.1.

Table 6.3: Testing Dataset 1 - 3-D Boundary Point Coordinates

A Boundary Points B Boundary Points
P'Ijl':)"t ::::: X(e1)|Y (e2)|Z(e3)| no | ni PT:t :::: X(e1)|Y (e2)|z(e3)| no | ni
1 Al 2 2 3 1 8.5 1 Bl 3 3 2 1 11
2 A2 3 2 3 1 11 2 B2 4 3 2 1 14.5
3 A3 3 3 3 1 13.5 3 B3 4 4 2 1 18
4 Ad 2 3 3 1 11 4 B4 3 4 2 1 14.5
5 A5 2 2 4 1 12 5 B5 3 3 3 1 13.5
=) AB 3 2 4 1 14.5 =] B& 4 3 3 1 17
7 A7 3 3 4 1 17 7 B7 4 4 3 1 20.5
8 A3 2 3 4 1 14.5 3 B8 3 4 3 1 17
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Table 6.4: Testing Dataset 1 - 3-D Boundary Line Storage Parameters

A Boundary Lines B Boundary Lines
tine | tine Stalrl Enld CGA 3-Blade Parameters line| Line St.larl Erl1d CGA 3-Blade Parameters
ID | Name PTI;JM PTI;JM elfnofni |e2tnofni |e34notni | e1re2ni | elre3Mni (e2he3nni ID | Name PTDM PT;“ elfnofni [e2*noMni | e3 notni |elte2 ni [ elfe3rni | e2he3 ni
1 AAL 1 4 0 -1 0 2 0 -3 1 BB1 1 4 0 -1 0 3 0 -2
2 AAZ 4 3 -1 o o -3 -3 o 2 BB2 4 3 -1 o o -4 -2 o
3 AAZ 3 2 o 1 o -3 o 3 3 BB3 3 2 o 1 o -4 o 2
4 AAd 2 1 1 o o 2 3 o 4 BB4 2 1 1 o o 3 2 o
5 AAS 1 5 o o -1 o 2 2 5 BBS 1 5 o o -1 o 3 3
5] AAG 5 8 o -1 o 2 o -4 5] BB6 5 8 o -1 o 3 o -3
7 AAG 8 4 o o 1 o -2 -3 7 BB7 8 4 o o 1 o -3 -4
8 AAT 4 1 0 1 0 -2 0 3 8 BB8 4 1 0 1 0 -3 0 2
9 AAS 4 8 0 0 -1 0 2 3 9 BB 4 8 0 0 -1 0 3 4
10 AALD 8 7 -1 0 0 -3 -4 0 10 | BB1O 8 7 -1 0 0 -4 -3 0
11 AATL 7 3 o o 1 o -3 -3 11 | BB11 7 3 o o 1 o -4 -4
12 AALZ 3 4 1 o o 3 3 o 12 | BB12 3 4 1 o o 4 2 o
13 AALS 3 7 o o -1 o 3 3 13 | BB13 3 7 o o -1 o 4 4
14 AALS 7 5] o 1 o -3 o 4 14 | BB14 7 5] o 1 o -4 o 3
15 AAIS 5] 2 o o 1 o -3 -2 15 | BB1S 5] 2 o o 1 o -4 -3
16 AALE 2 3 o -1 o 3 o -3 16 | BB16 2 3 o -1 o 4 o -2
17 AALT 2 3] 0 0 -1 0 3 2 17 | BB17 2 3] 0 0 -1 0 4 3
18 AALB 3] 5 1 0 0 2 4 0 18 | BB18 3] 5 1 0 0 3 3 0
19 AALS 5 1 0 0 1 0 -2 -2 19 | BB19 5 1 0 0 1 0 -3 -3
20 AAZD 1 2 -1 0 0 -2 -3 0 20 | BB2O 1 2 -1 0 0 -3 -2 0
21 AAZL 8 5 o 1 o -2 o 4 21 | BB21 8 5 o 1 o -3 o 3
22 AAZZ 5 5] -1 o o -2 -4 o 22 | BB22 5 5] -1 o o -3 -3 o
23 AAZ3 5] 7 o -1 o 3 o -4 23 | BB23 5] 7 o -1 o 4 o -3
24 AAZ4 7 8 1 ] ] 3 4 ] 24 | BB24 7 8 1 ] ] 4 3 ]
Table 6.5: Testing Dataset 1 - 3-D Boundary Plane Storage Parameters
A Boundary Planes B Boundary Planes
CGA 4-Blade Parameters CGA 4-Blade Parameters
Plane | Plane Polyline Plane | Plane Polyline
ID | Name Numbers |elfe27no”ni|el”e3*notni (e2fe3rno™ni|elre2ne3 ni ID | Name Numbers |el”e2*no”ni|el”e3"no’ni|e2”e3 o ni|elre2ne3 i
1 | mas1||17.18 19 20 0 1 0 -2 1 | seB1 |17 18 13 20 0 1 0 -3
? |masz|ls 678 0 0 -1 -2 2 |seBz||s6 78 0 0 -1 -3
3 | maa3z ||s 10,11 12 0 1 0 3 3 | seB3 ||s 1011 12 0 1 0 4
4 | anaa 1314 15 16 0 0 1 3 4 | BBB4 | |13 14 1518 0 0 1 4
5 AAAS |1 2 3 4 1 1] 1] -3 5 BBBS 1234 1 1] 1] 2
& | mane | |21.22. 73 24 1 0 0 4 & | BeBs | |21 22 23 24 1 0 0 3

There are nine different types of overlap relationship classifications between 3-D cadastral units A and B
in test 1 that are known to exist a priori to testing. These can be seen in Figure 6.5 below.
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BP-BP | BL-BP | BPL-BP | BL-BL | BL-BL
1 2 4 7 9
° O———o —— A
0D0-0D PT | op-0D PT | 0D-0D PT | 0D-0D PT | 0D-0D PT
BPL-BL | BPL-BL | BPL-BPL | BPL-BPL
13 IQCI 24 20 .
0D-0D PT | op-0D PT | 0D-0D PT | 0D-0D PT

Figure 6.5: Testing Dataset 1 - Existing Overlap Relationship Classifications

Table 6.6 below shows a compiled summary of the program output for experimental testing dataset 1. It is
organized into relationships between the six different component pair sets. Each component pair producing
an overlap relationship classification was manually verified through visual inspection to be one of the a
priori relationships shown in Figure 6.5 above. This was done by comparing the main classification
algorithm program output from Table 6.6 with the experimental test 1 scenario visualizations shown in

Figure 6.4.

123




Table 6.6: Testing Dataset 1 - Program Output

Test 1 - Component Pair Classification Results

BP-BP BL-BL BPL-BL
Component Projected Relationship Overlap Geometry Component Projected Relationship Overlap Geometry Component Projected Relationship Overlap Geometry
Fair Relationship | Description [Classification Pair Relationship | Description | Classification Fair Relationship | Description [Classification
A3-B5 NyA 0D-0D PT 1 3,33 A411-BB18 | Coplanar 0D-0D PT g [3,3.3] BEB31-A411 | Coplanar 0D-0D PT 13 [3,3,3]
B5-A3 N/A 0D-0D PT 1 [3,3,3 A411-8819 | Collinear(C)| 0D-ODPT 7 2,3.3] BEA2-AA11 | Coplanar OD-0DPT 13 [2,3,3]
AA11-BB21 Coplanar 0D-0D PT 9 [3.3.3] BBBE-AAL1 PIntersect 0D-0D PT 13 [3.3.3]
BL-BP AA11-BB22 Coplanar 0D-0D PT 9 [2.2.3] BBB1-AA12 Coplanar 0D-0D PT 19 [3.3.3]
Component | Projected | Relationship Overlap Geometry AA11-BBS | Collinear[R)| 0OD-0DFT 7 [2,3.3] BBB2-AA12 | PIntersect 0D-0D FT 13 [3,3,3]
Fair Relationship | Description |Classification AAL1-BBE Coplanar 0D-0D FT el [3,3,3] BBBE-AALZ Coplanar 0D-0D PT 19 [3,3,3]
AA11-B5 Collinear 00-0D PT 2 2,32 A412-8812 | Collinear(C)| 0D-ODPT 7 2,3.3] BE31-AA13 | Coplanar OD-0DPT 13 [2,3,3]
AA12-B5 Collinear 000D PT 2 3,33 AA12-8B19 | Coplanar 0D-0D PT g [2,3.3] BBA2-AA13 | Coplanar 0D-0DPT 13 [2,3,3]
AA13-B5 Collingar 000D PT 2 3,33 AA12-BB21 Coplanar 0D-0D PT 9 [3.3.3 BBBE-AAL3 PIntersect 0D-0D PT 13 [3.3.3
AA16-B5 Collinear 000D PT 2 (3,33 AA12-BB22 | Collinear(R}| OD-0DFT 7 [3,3.3] BB31-A416 | Plntersect | OD-ODFT 13 [2,3.2]
AA2-BS Collinear 0D-0D PT 2 3,33 AA12-BBS Coplanar 0D-0D PT g [3,3.3] BBB2-AA1E6 | Coplanar 0D-0D PT 13 [3,3,3]
AA3-BS Collinear 0D-0D PT 2 EEE] AA12-BBE Coplanar 0D-0D PT g 2,3.3] BBBE-AALE | Coplanar OD-0DPT 13 [2,3,3]
BB13-A3 Collingar 000D PT 2 [3.3.3 AA13-BB1E Coplanar 0D-0D PT 9 [3.3.3] BBB1-AA2 Coplanar 0D-0D PT 19 [3.3.3]
BB19-A3 Collinear 00-00 PT 2 3,33 AA13-BB19 | Collinear(R)| 0D-0DPT 7 [3.3.31 BBB2-AA2 | Flintersect | OD-ODFT 13 [3,3.3]
BE21-A3 Collinear 000D PT 2 (3,33 A413-BB21 | Coplanar 0D-0D PT 3 [3,3.3] BBBG-AA2 Coplanar 0D-0DPT 13 [3,3,3]
BE22-A3 Collinear 0D-0D PT 2 3,33 A413-8B22 | Coplanar 0D-0D PT g [3,3.3] BBB1-AA3 | Plntersect | OD-ODPT 13 [3,3,3]
BES-AZ Collinear 0D-0D PT 2 EEE] A413-8B5 | Collinear(C)| 0D-ODPT 7 2,3.3] 8BB2-AA3 Coplanar OD-0DPT 13 [2,3,3]
BBE-A3 Collingar 000D PT 2 [3,3.3 AA13-BEE Coplanar 0D-0D PT 9 [3.3.3] BBBG-AA3 Coplanar 0D-0D PT 19 [3.3.3]
A816-BB18 | Coplanar 0D-0D PT 3 [2,2.3] ASA3-BB1E | Coplanar 0D-0D PT 13 [3,3,3]
BPL-BP A416-BB19 | Coplanar 0D-0D PT 3 [3,3.3] ASA4BB1E | Flintersect | OD-ODFT 13 [3,3,3]
Component | Frojected |Relationship | Overlap Geometry AA16-BB21 | Collinear(R}| OD-ODPT 7 [3,3.3] ASAS-BB1S | Coplanar oD-0D PT 12 [3,3,3]
Pair Relationship | Description |Classification AA1E-BB22 | Coplanar 0D-0D PT 3 [2,2.2] AAA3-BB19 | Coplanar 0D-0D PT 12 [2,2,3]
AAA3-BS Coplanar 000D PT 4 [3.3.3 AALlE-BBS Coplanar 0D-0D PT 9 [3.3.3] AAA4-BB1D Coplanar 0D-0D PT 19 [3.3.3]
AAA4-BS Coplanar 00-00 PT 4 3,33 AAlE-BBE | Collinear(C)| 0D-0DPT 7 [3.3.31 AAAS-BBIS | Flintersect | OD-ODFT 13 [3,3.3]
ABAS-B5 Coplanar 000D PT 4 (3,33 AA2-BB18 | Collinear[R}| OD-0DFPT 7 [3,3.3] A8A3-BB21 | Flintersect | OD-ODFT 13 [2,3.2]
BEB1-A3 Coplanar 0D-0D PT 4 3,33 AA2-BB1D Coplanar 0D-0D PT g [3,3.3] AfA4BB21 | Coplanar 0D-0D PT 13 [3,3,3]
BEB2-AZ Coplanar 0D-0D PT 4 EEE] AA2-BB21 Coplanar 0D-0D PT g 2,3.3] AAAS BB21 | Coplanar OD-0DPT 13 [2,3,3]
BBBE-A3 Coplanar 000D PT 4 [3,3.3 AA2-BB22 | Collinear(C)| OD-ODPT 7 [3.3.3] AAA3-BB22 Coplanar 0D-0D PT 19 [3.3.3]
A82-BBS Coplanar 0D-0D PT 3 [2,2.3] ASA4BB22 | Plintersect | OD-ODPT 13 [3,3,3]
BPL-BPL AA2-BBE Coplanar 0D-0D PT 3 [3,3.3] ASAS-BB22 | Coplanar OD-0DPT 13 [3,3,3]
Component | Frojected |Relationship | Overlap Geometry AA3-BB12 Coplanar 00-0D PT 3 [3,3.3] AAA3-BES Coplanar oD-0D PT 12 [3,3,3]
Pair Relationship | Description |Classification AA3-BB1S Coplanar 0D-0D PT 3 [2,2.2] AAAL-BBS Coplanar 0D-0D PT 12 [2,2,3]
AAAS-BRR1 Coplanar O0-00 PT 24 [3.3.3 AA3-BB21 | Collinear(C}| OD-ODPT 7 [3.3.3] AAAL-BBS PIntersect 0D-0D PT 13 [3.3.3]
AAA3-BREZ Lintersect | ©D-0DFT 29 3,33 AAZ-BB22 Coplanar 0D-0D FT 3 [3.3.31 AAA3-BBE | Plntersect | OD-ODFT 13 [3,3,31
AAA3-BREE Lintersect | ODODFPT 23 13,33 AA3-BBS Coplanar 0D-0D PT 3 [2,3.3] AAAG-BEE Coplanar 0D-0DPT 13 [3,3,3]
AAA4-BREL Lintersect | OD-ODPT 29 3,33 A43-BBE | Collinear(R)| OD-0DPT 7 [3,3,3] AAAS-BBE Coplanar 0D-0D PT 13 [3,3,3]
Aand-BRE2 Coplanar 0D-0D FT 24 33,3
AAA4-BREE L Intersect 0000 PT 29 333
AAAG-BEBL L Intersect o000 FT 29 3,33
AAAS-BRE2 Lintersect | ©DODFT 23 33,3
AAAS BRRE Coplanar 0D-0D PT 24 [2,3,3

Table 6.6 shows that there are two BP-BP pairs involving the A3 and BS points that produce the *0D-0D

Point Touch’ relationship (overlap classification 1). 12 BL-BP pairs produce the ’Collinear 0D-0D Point

Touch’ relationship (overlap classification 2). Six BPL-BP pairs produce the ’Coplanar 0D-0D Point

Touch’ relationship (overlap classification 4).

12 BL-BL pairs produce the ’Collinear (C/R) 0D-0D Point Touch’ relationship (overlap classification 7)

and 24 BL-BL pairs produce the *Coplanar 0D-0D Point Touch’ relationship (overlap classification 9).

12 BPL-BL pairs produce the ’Point Intersect 0D-0D Point Touch’ relationship (overlap classification 13)

and 24 BPL-BL pairs produce the *Coplanar 0D-0D Point Touch’ relationship (overlap classification 19).

Three BPL-BPL pairs produce the *Coplanar 0D-0D Point Touch’ relationship (overlap classification 24)

and six BPL-BPL pairs produce the ’Line Intersect 0D-0D Point Touch’ relationship (overlap classification

29).
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6.2.2 Simulated Experimental Test 2

Simulated experimental test 2 consists of 3-D cadastral units A and B that are both volumetric cube-like
objects. Each is defined by two trapezoidal and four rectangular boundary planes in 3-D space. This
experiment is used to highlight overlap relationship classifications 6, 17, 33, and 34 (see Figure 6.7).
Visualizations of the boundary points, boundary lines, and boundary planes associated with each 3-D

cadastral unit in this experiment can be seen in Figure 6.6 below.

Test 2 Overview Boundary Points (BP)
b S AR T
) Fad

a)

< =

(4,4,6)
A7

A2
(4,2,3)

AAL13->

Figure 6.6: Testing Dataset 2 Visualization

Figure 6.6a shows an overview of simulated 3-D cadastral units A and B used in test 2. The main overlap
between the two 3-D cadastral units in this experiment can be described by the boundary point B3 touching
the boundary plane AAAG6. Figure 6.6b shows the names and 3-D coordinates of all boundary points, Figure

6.6¢ shows the names and topological directions of all boundary lines, and Figure 6.6d shows the names of
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all boundary planes. These figures show that all output overlap relationships will be related to the
relationship between boundary point B3 and boundary plane AAA6 which should produce the 3-D point
return coordinate [3,3,5].

Tables 6.7 — 6.9 below show the object input storage parameters for the 3-D cadastral units A and B used
to create experimental testing dataset 2. Table 6.7 shows the boundary point storage parameters, Table 6.8
shows the boundary line storage parameters, and Table 6.9 shows the boundary plane storage parameters
used to define the boundaries of 3-D cadastral units A and B. These parameters were generated using the

processes described in Section 5.1.

Table 6.7: Testing Dataset 2 - 3-D Boundary Point Coordinates

A Boundary Points B Boundary Points

Point | Point . Point | Point .
b | Name X(el) Y (e2) Z(e3)| no ni D | Name X(el)|Y(e2)|Z(e3)| no ni
1 Al 2 2 3 1 85 1 Bl 2 2 6 1 22
2 A2 4 2 3 1 14.5 2 B2 3 2 5 1 19
3 A3 4 4 3 1 20.5 3 B3 3 3 5 1 21.5
4 Ad 2 4 3 1 145 4 B4 2 3 6 1 245
5 A5 2 2 4 1 12 5 B5 2 2 7 1 28.5
6 Ab 4 2 4 1 18 6 B6 3 2 7 1 31
7 A7 4 4 6 1 34 7 B7 3 3 7 1 335
8 A8 2 4 6 1 28 8 B8 2 3 7 1 31
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Table 6.8: Testing Dataset 2 - 3-D Boundary Line Storage Parameters

A Boundary Lines B Boundary Lines
. . Start| End CGA 3-Blade Parameters . . Start| End CGA 3-Blade Parameters
Line Line . ) Line| Line . )
ID | Name PTII;t PTII;t elfnofni ez"no"ni‘es"no/‘ni el"eZ"ni‘el"eS"ni e2he3Mni ID | Name P?:t P?:t elfnotni | @2/noni| e34nofni| elhe2/ni | elMre3Mni| e2/e3 ni
1 AAL 1 4 0 -2 0 4 0 -6 1 BB1 1 4 0 -1 0 2 0 -6
2 AA2 4 3 -2 0 0 -8 -6 0 2 BB2 4 3 -1 0 1 -3 -8 -3
3 AA3 3 2 0 2 0 -8 0 6 3 BB3 3 2 0 1 0 -3 0 5
4 AA4 2 1 2 0 0 4 6 0 4 BB4 2 1 1 0 -1 2 8 2
5 AAS 1 5 0 o] -1 0 2 2 5 BBS 1 5 0 0 -1 0 2 2
6 AAB 5 8 0 -2 -2 4 4 -4 6 BB6 5 8 0 -1 o] 2 0 -7
7 AAB 8 4 0 o] 0 -6 -12 7 BB7 8 4 0 0 1 0 -2 -3
8 AAT 4 1 0 2 0 -4 o] 6 8 BB3 4 1 0 1 o] -2 0 6
9 AA9 4 8 0 o] -3 0 6 12 9 BB9 4 8 0 0 -1 0 2 3
10 | AA10 8 7 -2 o] 0 -8 -12 0 10 | BB1O 8 7 -1 0 o] -3 -7 o]
11 | AAlLL 7 3 0 o] 3 0 -12 -12 11 | BB11 7 3 0 0 2 0 -6 -6
12 | AA12 3 4 2 o] 0 8 6 0 12 | BB12 3 4 1 0 -1 3 8 3
13 | AA13 3 7 0 o] -3 0 12 12 13 | BB13 3 7 0 0 -2 0 6 6
14 | AA14 7 6 0 2 2 -8 -8 4 14 | BB14 7 6 0 1 o] -3 0 7
15 | AA1S 6 2 0 o] 1 0 -4 -2 15 | BB15 6 2 0 0 2 0 -6 -4
16 AALB 2 3 0 -2 0 8 0 -6 16 | BB16 2 3 0 -1 0 3 0 -5
17 AALY 2 6 0 0 -1 0 4 2 17 | BB17 2 6 0 0 -2 0 6 4
18 AA18 6 5 2 0 0 4 8 0 18 | BB18 6 5 1 0 0 2 7 0
19 AA19 5 1 0 0 1 0 -2 -2 19 | BB19 5 1 0 0 1 0 -2 -2
20 | AA20 1 2 -2 0 0 -4 -6 0 20 | BB20 1 2 -1 0 1 -2 -8 -2
21 AA21 8 5 0 2 2 -4 -4 4 21| BB21 8 5 0 1 0 -2 0 7
22 AA22 5 6 -2 0 0 -4 -8 0 22 | BB22 5 5] -1 0 0 -2 -7 0
23 AA23 6 7 0 -2 -2 8 8 -4 23 | BB23 5] 7 0 -1 0 3 0 -7
24 | AA24 7 8 2 0 0 8 12 0 24 | BB24 7 8 1 0 0 3 7 0
Table 6.9: Testing Dataset 2 - 3-D Boundary Plane Storage Parameters
A Boundary Planes B Boundary Planes
CGA 4-Blade Parameters CGA 4-Blade Parameters
Plane | Plane Polyline ID Plane | Plane Polyline ID
ID | Name Numbers | el*e2”no”ni | e1*e3”no”ni | e2e3”no ni | elre2”e3"ni ID | Name Numbers [elre2”no”ni|el”e3*no™ni|e2”e3no’ni|el”e2”e3 ni
1 | aaal | |17 18 19 20 0 2 0 -4 1 BBB1 | 17 18 19 20 0 2 0 -4
2 | am2||s678 0 0 2 4 2 | BBB2|[|5678 0 0 1 2
3 | Aaa3 | |9 10 11 12 0 6 0 24 3 | eBB3 |[9.1011 12 0 -1 0 3
4 | Aaaa | |13 14 15 16 0 0 6 24 4 | pBB4 | |13 14 15 16 0 0 2 6
5 | Aaas [|1.2.3.4 4 0 0 12 5 | BBBS [[1.2.34 1 0 -1 8
6 | AAA6 | |21 22 23 24 q 4 0 3 6 | BBB6 | |21 22 23 24 1 0 0 7

There are four different types of overlap relationship classifications between cadastral units A and B in test

2 that are known to exist a priori to testing. These can be seen in Figure 6.7 below.

BPL-BP

BPL-BL

BPL-BPL

BPL-BPL

6

2D-0D PT

17

2D-0D PT

33 ¢

2D-0D PT

34 L4l

0D-2D PT

Figure 6.7: Testing Dataset 2 - Existing Overlap Relationship Classifications
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Table 6.10 below shows a compiled summary of the program output for experimental testing dataset 2. It
is organized into relationships between the six different component pair sets. Each component pair
producing an overlap relationship classification was manually verified through visual inspection to be one
of the a priori relationships shown in Figure 6.7 above. This was done by comparing the main classification
algorithm program output from Table 6.10 with the experimental test 2 scenario visualizations shown in
Figure 6.6.

Table 6.10: Testing Dataset 2 - Program Output

Test 2 - Component Pair Classification Results

BP-BP BPL-BL
- . . . . Projected Relationship Overlap
All Disjoint Relationship Classifications Component Pair . K o o Geometry
Relationship | Description | Classification
AAA6-BB11 P_Intersect 2D-0D PT 17 [3,3,5]
BL-BP AAAG-BB12 P_Intersect 2D-0D PT 17 [3,3,5]
L . . . AAAG-BB13 P_Intersect 2D-0D PT 17 [3,3,5]
All Disjoint Relationship Classifications
AAA6-BB16 P_Intersect 2D-0D PT 17 [3,3,5]
AAAG-BB2 P_Intersect 2D-0D PT 17 [3,3,5]
BL-BL AAAG-BB3 P_Intersect 2D-0D PT 17 [3,3,5]
All Disjoint Relationship Classifications
BPL-BPL
) Projected Relationship Overlap
Component Pair . i Lo . Geometry
BPL-BP Relationship | Description | Classification
Component Projected Relationship Overlap G " AAAG6-BBB3 L_Intersect 2D-0D PT 33,34 [3,3,5]
eome
Pair Relationship | Description | Classification v AAAG-BBB4 L Intersect 2D-0D PT 33,34 [3,3,5]
AAAG-B3 Coplanar 2D-0D PT 6 [3.3,5] AAAG-BBB5 L Intersect | 2D-0DPT 33,34 [3.3,5]

Table 6.10 shows that all BP-BP, BL-BP, and BL-BL boundary component pairs in test 2 produce disjoint
relationship classifications. There is a single BPL-BP pair that produces the *Coplanar 2D-0D Point Touch’
relationship (overlap classification 6). Six BPL-BL pairs produce the ’Point Intersect 2D-0D Point Touch’
relationship (overlap classification 17). Three BPL-BPL pairs produce the ’Line Intersect 2D-0D/0D-2D

Point Touch’ relationships (symmetric overlap classifications 33 and 34).
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6.2.3 Simulated Experimental Test 3

Simulated experimental test 3 consists of 3-D cadastral units A and B that are both (Lm*1m*1m) volumetric
cubes in 3-D space. This experiment is used to highlight overlap relationship classifications 3, 5, 8, 10, 11,
14, 15, 21, 22, 27, 30, 31, and 35 (see Figure 6.9). Visualizations of the boundary points, boundary lines,
and boundary planes associated with each 3-D cadastral unit in this experiment can be seen in Figure 6.8
below.

Test 3 Overview Boundary Points (BP)

VT k]

Figure 6.8: Testing Dataset 3 Visualization

Figure 6.8a shows an overview of simulated 3-D cadastral units A and B used in test 3. The main overlap
between the two 3-D cadastral units in this experiment can be described by the partial line overlap existing
between them. Unit A’s floor (AAAS) s coplanar with unit B’s ceiling (BBB6) and a wall of unit A (AAA4)

is coplanar with a wall of unit B (BBB2). Figure 6.8b shows the names and 3-D coordinates of all boundary
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points, Figure 6.8c shows the names and topological directions of all boundary lines, and Figure 6.8d shows
the names of all boundary planes. These figures show that all output overlap classifications will be related
to the relationships between the partial line overlap between boundary points A3 and B5 which should

produce the 3-D point return coordinates [3,3,3], [3,2.5,3], or the 3-D line segment connecting them.

Tables 6.11 — 6.13 below show the object input storage parameters for the 3-D cadastral units A and B used
to create experimental testing dataset 3. Table 6.11 shows the boundary point storage parameters, Table
6.12 shows the boundary line storage parameters, and Table 6.13 shows the boundary plane storage
parameters used to define the boundaries of 3-D cadastral units A and B. These parameters were generated

using the processes described in Section 5.1.

Table 6.11: Testing Dataset 3 - 3-D Boundary Point Coordinates

A Boundary Points B Boundary Points
PTI:)nt NP:::: X(el)|Y(e2) Z(e3)| no ni PTI:)nt NP:::: X(el)|Y(e2) Z(e3)| no ni
1 Al 2 2 3 1 8.5 1 B1 3 2.5 2 1 9.625
2 A2 3 2 3 1 11 2 B2 4 2.5 2 1 ]13.125
3 A3 3 3 3 1 13.5 3 B3 4 3.5 2 1 ]16.125
4 Ad 2 3 3 1 11 4 B4 3 3.5 2 1 [12.625
5 A5 2 2 4 1 12 5 B5 3 2.5 3 1 ]12.125
6 A6 3 2 4 1 14.5 6 B6 4 2.5 3 1 |15.625
7 A7 3 3 4 1 17 7 B7 4 3.5 3 1 ]18.625
8 A8 2 3 4 1 14.5 8 B8 3 3.5 3 1 |15.125
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Table 6.12: Testing Dataset 3 - 3-D Boundary Line Storage Parameters

A Boundary Lines B Boundary Lines
. . Start| End CGA 3-Blade Parameters . . Start| End CGA 3-Blade Parameters
Line Line . . Line| Line . .
ID Name P?:Jnt P?:t elfno”ni| e2*no”ni e3"no"ni‘el"ezﬂni‘elﬂesﬂni e2he3 i ID | Name P?:Jnt P?:t elfnoni| e2*no”ni| e3”no ni| elhe2”ni| el re3/ni| e2Me3 ni
1 AA1 1 4 0 -1 0 2 0 -3 1 BB1 1 4 0 -1 0 3 0 -2
2 AA2 4 3 -1 0 0 -3 -3 0 2 BB2 4 3 -1 0 0 -3.5 -2 0
3 AA3 3 2 0 1 0 -3 0 3 3 BB3 3 2 0 1 0 -4 0 2
4 AA4 2 1 1 0 0 2 3 0 4 BB4 2 1 1 0 0 2.5 2 0
5 AAS 1 5 o] o] -1 0 2 2 5 BBS 1 5 o] o] -1 0 3 2.5
6 AAB 5 8 o] -1 o] 2 0 -4 6 BB6 5 8 o] -1 o] 3 0 -3
7 AAG 8 4 0 0 1 0 -2 -3 7 BB7 8 4 0 0 1 0 -3 -3.5
8 AAT7 4 1 0 1 0 -2 0 3 8 BB8 4 1 0 1 0 -3 0 2
9 AA9 4 8 0 0 -1 0 2 3 9 BB9 4 8 0 0 -1 0 3 3.5
10 [ AA1D 8 7 -1 0 0 -3 -4 0 10 | BB1O 8 7 -1 0 0 -3.5 -3 0
11 AA11 7 3 0 0 1 0 -3 -3 11| BB11 7 3 0 0 1 0 -4 -3.5
12 AA12 3 4 1 0 0 3 3 0 12 | BB12 3 4 1 0 0 3.5 2 0
13 AA13 3 7 0 0 -1 0 3 3 13 | BB13 3 7 0 0 -1 0 4 3.5
14 | AA14 7 6 o] 1 o] -3 0 4 14 | BB14 7 6 o] 1 o] -4 0 3
15 | AA1S 6 2 o] o] 1 0 -3 -2 15 | BB15 6 2 o] o] 1 0 -4 -2.5
16 AA16 2 3 0 -1 0 3 0 -3 16 | BB16 2 3 0 -1 0 4 0 -2
17 AA17 2 6 0 0 -1 0 3 2 17 | BB17 2 6 0 0 -1 0 4 2.5
18 AA18 6 5 1 0 0 2 4 0 18 | BB18 6 5 1 0 0 2.5 3 0
19 AA19 5 1 0 0 1 0 -2 -2 19 | BB19 5 1 0 0 1 0 -3 -2.5
20 | AA20 1 2 -1 0 0 -2 -3 0 20 | BB20 1 2 -1 0 0 -2.5 -2 0
21 AA21 8 5 0 1 0 -2 0 4 21 | BB21 8 5 0 1 0 -3 0 3
22 AA22 5 6 -1 0 0 -2 -4 0 22 | BB22 5 6 -1 0 0 -2.5 -3 0
23 | AA23 6 7 o] -1 o] 3 0 -4 23 | BB23 6 7 o] -1 o] 4 0 -3
24 | AA24 7 8 1 o] o] 3 4 0 24 | BB24 7 8 1 o] o] 3.5 3 0
Table 6.13: Testing Dataset 3 - 3-D Boundary Plane Storage Parameters
A Boundary Planes B Boundary Planes
CGA 4-Blade Parameters CGA 4-Blade Parameters
Plane | Plane Polyline ID Plane | Plane Polyline ID
ID Name Numbers [el7e2/4no”ni| el*e3~no”ni | e2/e3/noni |elhe2/e3/ ni ID Name Numbers |elfe2/no”ni| elre3/norni| e24e34no”ni | elre2re3 i
1 | AAAL | |17 18 19 20 0 1 0 2 1 | BBB1 | |17 18 19 20 0 1 0 2.5
2 | aaa2fls678 0 0 1 -2 2 | sBB2 |[5678 0 0 1 3
3 | AAA3 | |9 10 11 12 0 -1 0 3 3 BBB3 | |9 10 11 12 0 -1 0 35
4 | aAA4 [ |13 14 15 16 0 0 1 3 4 | 8BB4 [ |13 14 15 16 0 0 1 4
5 | aAAs 1234 1 0 0 3 5 | 8BB5 [[1234 1 0 0 2
6 | aAn6 [ |21 22 23 24 1 0 0 4 6 | BBB6 |[21 22 23 24 1 0 0 3
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There are 14 different types of overlap relationship classifications between cadastral units A and B in test

3 that are known to exist a priori to testing. These can be seen in Figure 6.9 below.

BL-BP PL-BP BL-BL BL-BL BL-BL BPL-BL BPL-BL
3 5 8 10 11 14 15
1D-0D PT | 1D-0D PT | 1D-1D LT | 0D-1D PT | 1D-0D PT | 0D-1D PT | 1D-0D PT
BPL-BL BPL-BL | BPL-BPL | BPL-BPL | BPL-BPL | BPL-BPL
21 |22 27 |30 4 31, i 35
1D-0D PT | 1D-1D LT | 1D-1D LT | 1D-0D PT | 0OD-1D PT | 1D-1D LT

Figure 6.9: Testing Dataset 3 - Existing Overlap Relationship Classifications

Table 6.14 below shows a compiled summary of the program output for experimental testing dataset 3. It
is organized into relationships between the six different component pair sets. Each component pair
producing an overlap relationship classification was manually verified through visual inspection to be one
of the a priori relationships shown in Figure 6.9 above. This was done by comparing the main classification
algorithm program output from Table 6.14 with the experimental test 3 scenario visualizations shown in
Figure 6.8.
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Table 6.14: Testing Dataset 3 - Program Output

Test 3 - Component Pair Classification Results

BP-BP BPL-BP
All Disjoint Relationship Classifications ComF?acin:ﬂent HZ;E;:EEZ:D Féi:gﬁ;ﬁgf Clagzii:-ulz:zlinn Gearnetry
BEB2-43 Coplanar 1D-0D PT 5 [3.3.3]
BL-BP EEBE-A3 Coplanar D-00 FT ] [3.33]
Cormponent | Projected | Relationship Civerlap Adn4-B5 Coplatiar 0-00 PT [ [2.25.3]
Pair Relationzhip| Description | Clazsification Geometry A4 5-E5 Coplanar 10-00 P T I} [3.2.5.3]
EB21-43 Collirnear D-0D FT 3 [3.3.3]
EBE-53 Collirnear D-0D FT 3 [3.3.3] BPL-BL
AsE-ES Collinear D-0DFPT 3 [3.25.3] Comporent | Projected  [Relationship Overlap =
AR Callinear D-0D PT 3 [3.2.5.3] Pair Relationzhip| Description |Classification Eomeiry
BEBE2-2411 | Coplanar 1D-0D PT | [3.3.3]
BL-BL EBEE-2411 | PlIntersect | 1D-0DFT 15 [3.3.3]
Cornporent | Projected | Relationship Overlap BEBZ-4412 | P Intersect T-0DPT hid] [3.3.3]
Fair Relationzhip| Description | Clazzification Gearmetry BEBE-AATZ | Coplanar 1O-00PT ] 333
AAT-BEZ1 | Coplanar 0D-1D FT 0, 11 3.3.3 BEBZ-4413 | Coplanar 1D-0D PT 21 333
AA11-BEE Coplanar 0D-1D FT 0, 11 3.3.3 EEBE-4413 | Plntersect | 1D-0DPT 15 333
As12-BE21 | Coplanar 0D-1D FT 0, 11 3.3.3 EBEl-A416 | Plntersect | 0D-IDFT 14 [3.25.3]
Anl2-EBE Coplanar 0D-1D FT 0, 11 3.3.3 D-DPT - [3.25.3]
A813-BE21 | Coplanar 0D-1D FT 0, 11 3.3.3 BEB2-AATE | Coplanar T-IDLT 22 [3,2_5,3]| [3.3.3]
An13-EBE Coplanar 0D-1D FT 0, 11 3.3.3 1D-0D PT - [3.3.3]
ASTE-BEIS | Coplanar 1D-00 PT 1. 10 [3.25.3] 0D-1D PT - [3.2.5.3]
ATE-BE1Y | Coplanar 1D-00 PT 110 [3.25.3] BEBE-447E | Coplanar T-1DLT 22 [3,2.5,3]| [3.3.3]
AATE-BEB2 |Collimear [ R 1D-1DLT g [3.3.3] [[2.25.3] 1D-00 PT - 333
AATE-BB22 | Coplanar 1D-00 PT 110 3.2.5,3] BEB2-A4A2 | Plntersect | 1D-0D PT 15 333
AdTE-BES Coplanar 1D-00 PT 110 3.2.5,3] BEBE-AA2 | Coplanar 1D-0D PT ] 333
AATE-BBE [Collimear [C] 1D-DLT g [2.3.3] [[2.25.3) | BEET-243 | Plntersect [ 0D-IDPT 14 [3.2.5.3]
AsZ2-BBA Coplanar 0D-0 PT 0.1 333 D-0D PT - [3.3.3]
As2-BBE Coplanar 0D-0 PT 0.1 333 BEBZ-443 | Coplanar T-1DLT 22 [3.3.3] | [3.25.3]
As3-BE18 Coplanar 1D-00 PT .10 [3.25.3] 0D-1D PT - [3.2.5.3]
An3-BETI Coplanar 1D-0D FT .10 [3.25.73] D-0DPT - [3.3.3]
A83-BE2 [Collinear (] ID-DLT g [3.3.3] [[2.25.3))| BBB6-443 | Coplanar T-IDLT 22 [3.32.3] | [3.2.5.3]
AA3-BB22 | Coplanar 1D-0D FT 11,10 3.253] D-1DPT - [3.25.3]
As3-EES Coplanar 1D-0D FT 11,10 3.253] Ans4-BEIE | Plntersect | 1D-0DPT 1] [3.25.3]
A83-BBE |[Collinear[R) 1D-1DLT i 233 [[2.253 | Aaa5-EB18 | Coplanar D-0DPT 21 [3.2.5.3]
AbA4-BBE19 | Coplanar 1D-0D PT | [3.25.3]
BPL-BPL AAAE-BE1S | Plnterzect | 1D-00PT 15 [3.25.3]
Cormponent | Projected |Felationship| Overlap ALA3-BB21| Plntersect | 0D-1DPT 14 [3.2.3]
Fair Relationship| Description | Claszification Geometry o-10DPT - [3.3.3]
AsAIBEBEZ| Llinterzect | 0D-IDPT .30 [3.3.3] Ans4-BE21 | Coplanar T-1DLT 22 [3.3.3] | [3.25.3]
AL53-BEBE | L Intersect | OD-IDPT 31,30 [3.3.3] 1D-0D PT - [3.25.3]
AA84-BBB1| Llntersect | 1D-0DFT 30,3 [3.25.73] D-DPT - [3.3.3]
D-0DFT - [3.25.73] AAAE-BBE21| Coplanar T-IDLT 22 [3.2.3] | [3.25.3]
Arsd-BEBZ | Coplanar D-DLT 27 [L253] [3.2.3] 1D-0D PT - 3253
0D-1D FT - 3.3.3] Ans4-BEX? | Plntersect | 1D-0DPT 5 3253
0D-1D FT - 3.3.3] AssR-BEX? | Coplanar 1D-0D PT 2 3253
AAMA-BEBE| Llntersect | 1D-IDLT 35 [23.3 [[R253]| 4Aa4-BE5 | Coplanar 1D-0D PT 21 3253
1D-00 PT - 3,253 AAAR-BES | Plntersect | 1D-00 PT 15 3.2.5.3
AAAR-BEBT| L Interzect | 1D-0DPT 30,31 3,253 AAAS-BEE | Plntersect | 0D-1D PT 4 [3.3.3]
1D-00 PT - 3,253 D-0D PT - [3.2.5.3]
AnsR-BEEZ| Llintersect | 1D-1DLT 35 [3.25.3] [3.3.9] AAA4-BEE | Coplanar T-1DLT 22 [3,2.5,3]| [3.3.3]
00-10 PT - 3.3.7] 0o-IDPT - [3.3.3]
0D-0 PT - 3.3.3] D-0D PT - [3.2.5.3]
AsAR-BEBE| Coplanar D-DLT 27 [2.3.3] [[2.25.3)| AAA5-BB6 | Coplanar T-1DLT 22 [3,2.5,3]| [3.3.3]
1D-00 PT - [3,2.5.3] 1D-1D PT - [3.3.3]
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Table 6.14 shows that all BP-BP boundary component pairs in test 3 produce a disjoint relationship
classification. Four BL-BP pairs produce the ’Collinear 1D-0D Point Touch’ relationship (overlap
classification 3).

Four BL-BL pairs produce the *Collinear (C/R) 1D-1D Line Touch’ relationship (overlap classification 8),
eight BL-BL pairs produce the ’Coplanar 0D-1D Point Touch’ relationship (overlap classification 10), eight
BL-BL pairs produce the ’Coplanar 1D-0D Point Touch’ relationship (overlap classification 11), and four
BPL-BP pairs produce the *Coplanar 1D-0D Point Touch’ relationship (overlap classification 5).

Four BPL-BL pairs produce the "Point Intersect 0D-1D Point Touch’ relationship (overlap classification
14), eight BPL-BL pairs produce the ’Point Intersect 1D-0D Point Touch’ relationship (overlap
classification 15), eight BPL-BL pairs produce the ’Coplanar 1D-0D Point Touch’ relationship (overlap
classification 21), and eight BPL-BL pairs produce the ’Coplanar 1D-1D Line Touch’ relationship (overlap
classification 22).

Two BPL-BPL pairs produce the ’Line Intersect 1D-0D Point Touch’ relationship (overlap classification
30), two BPL-BPL pairs produce the ’Line Intersect OD-1D Point Touch’ relationship (overlap
classification 30), two BPL-BPL pairs produce the ’Coplanar 1D-1D Line Touch’ relationship (overlap
classification 27), and two BPL-BPL pairs produce the ’Line Intersect 1D-1D Line Touch’ relationship
(overlap classification 35).

6.2.4 Simulated Experimental Test 4

Simulated experimental test 4 consists of 3-D cadastral units A and B in 3-D space. A is a (Im*1m*1m)
volumetric cube while B has two diamond-shaped boundary planes and four rectangular boundary planes.
This experiment is used to highlight overlap relationship classifications 3, 5, 10, 11, 14, 15, 20, 21, 23, 25,
26, 30, 31, 36, and 37 (see Figure 6.11). Visualizations of the boundary points, boundary lines, and
boundary planes associated with each 3-D cadastral unit in this experiment can be seen in Figure 6.10

below.
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Figure 6.10: Testing Dataset 4 Visualization

Figure 6.10a shows an overview of simulated 3-D cadastral units A and B used in test 4. The main overlap
between the two 3-D cadastral units in this experiment can be described by the line touch existing between
them. A boundary plane of Unit A (AAA4) touches two boundary planes of unit B (BBB1 and BBB2) at a
line segment. Figure 6.10b shows the names and 3-D coordinates of all boundary points, Figure 6.10c shows
the names and topological directions of all boundary lines, and Figure 6.10d shows the names of all
boundary planes. Unit A’s floor and ceiling are coplanar with that of unit B. These figures show that all
output overlap classifications will be related to the relationship between boundary lines BB5 and BB19 and
boundary planes AAA4, AAA5, and AAA6 which should produce the 3-D point return coordinates B1
[3,2.5,3] or B5 [3,2.5,4], or the 3-D line segment connecting them.
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Tables 6.15 — 6.17 below show the object input storage parameters for the 3-D cadastral units A and B used
to create experimental testing dataset 4. Table 6.15 shows the boundary point storage parameters, Table
6.16 shows the boundary line storage parameters, and Table 6.17 shows the boundary plane storage
parameters used to define the boundaries of 3-D cadastral units A and B. These parameters were generated

using the processes described in Section 5.1.

Table 6.15: Testing Dataset 4 - 3-D Boundary Point Coordinates

A Boundary Points B Boundary Points
Point | Point . Point | Point .
X (el)|Y(e2)|Z(e3)| no ni X(el)|Y (e2)|Z(e3)| no ni
ID Name ID Name
1 Al 2 2 3 1 85 1 B1 3 2.5 3 1 |12.125
2 A2 3 2 3 1 11 2 B2 4 2 3 1 14.5
3 A3 3 3 3 1 13.5 3 B3 5 2.5 3 1 |20.125
4 Ad 2 3 3 1 11 4 B4 4 3 3 1 17
5 A5 2 2 4 1 12 5 B5 3 2.5 4 1 |15.625
6 A6 3 2 4 1 14.5 6 B6 4 P 4 1 18
7 A7 3 3 4 1 17 7 B7 5 2.5 4 1 |23.625
8 A8 2 3 4 1 14.5 8 B8 4 3 4 1 20.5
Table 6.16: Testing Dataset 4 - 3-D Boundary Line Storage Parameters
A Boundary Lines B Boundary Lines
. . Start| End CGA 3-Blade Parameters . . Start| End CGA 3-Blade Parameters
Line Line Point|Point| Line|  Line Point|Point|
ID Name E;II: D elfnorni| e2Ano’ni | e3*noMni | elhe2fni| elre3/ni | e2he3 ni ID | Name D D elfnorni| e2Ano’ni | e3/notni | elhe2ni| elfre3/ni | e2he3 ni
1 AAL 1] 4 0 -1 0 2 0 3 1| BBl 1] 4 -1 0.5 0 -1 3 -1.5
2 AA2 4 | 3 -1 0 0 -3 -3 0 2 | BB2 4 | 3 -1 0.5 0 5 3 15
3 AA3 3|2 0 1 0 -3 0 3 3 | BB3 3|2 1 0.5 0 0 3 15
4 | AAg 2 |1 1 0 0 2 3 0 4 | BB4 2 |1 1 0.5 0 4 3 -1.5
5 AAS 15 0 0 -1 0 2 2 5 | BBS 15 0 0 -1 0 3 2.5
6 AAG 5 | 8 0 -1 0 2 0 -4 6 | BB6 5 | 8 -1 0.5 0 -1 -4 2
7 AAG 8 | 4 0 0 1 0 2 3 7 | BB7 8 | 4 0 0 1 0 -4 3
8 AAT 4 |1 0 1 0 2 0 3 8 | BB8 4 |1 1 0.5 0 1 3 15
9 AA9 4 | 8 0 0 -1 0 2 3 9 | BB9 4 | 8 0 0 -1 0 4 3
10 | AA1D 8 | 7 -1 0 0 3 -4 0 10 | BB1O 8 | 7 -1 0.5 0 5 -4 2
11 | AA11 7] 3 0 0 1 0 3 3 11 | BBI11 7] 3 0 0 1 0 5 2.5
12 | AA12 3 | 4 1 0 0 3 3 0 12 | BBI12 3 | 4 1 0.5 0 5 3 -1.5
13 | AA13 3 |7 0 0 -1 0 3 3 13 | BB13 3 |7 0 0 -1 0 5 2.5
14 | AA14 71 6 0 1 0 -3 0 [ 14 | BB14 71 6 1 0.5 0 0 [ 2
15 | AA1S 6 | 2 0 0 1 0 -3 2 15 | BB1S 6 | 2 0 0 1 0 -4 2
16 | AAl6 2 | 3 0 -1 0 3 0 3 16 | BB16 2 | 3 -1 0.5 0 0 3 -1.5
17 | AA17 2 | 6 0 0 -1 0 3 2 17 | BB17 2 | 6 0 0 -1 0 4 2
18 | Aa18 6 | 5 1 0 0 2 4 0 18 | BB13 6 | 5 1 0.5 0 4 4 2
19 | Aa19 5 |1 0 0 1 0 2 2 19 | BB19 5 |1 0 0 1 0 3 2.5
20 | AA20 12 -1 0 0 2 -3 0 20 | BB20 12 -1 0.5 0 -4 3 15
21 | AA21 8 | 5 0 1 0 2 0 4 21| BB21 8 | 5 1 0.5 0 1 4 2
22 | AA22 5 | 6 -1 0 0 2 -4 0 22 | BB22 5 | 6 -1 0.5 0 -4 -4 2
23 | AA23 6 | 7 0 -1 0 3 0 -4 23 | BB23 6 | 7 -1 0.5 0 0 -4 2
24 | AA24 7 | 8 1 0 0 3 4 0 24 | BB24 7 | 8 1 0.5 0 5 4 2
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Table 6.17: Testing Dataset 4 - 3-D Boundary Plane Storage Parameters

A Boundary Planes B Boundary Planes
CGA 4-Blade Parameters CGA 4-Blade Parameters
Plane | Plane Polyline ID Plane | Plane Polyline ID
ID | Name Numbers | el%e2/no”ni| el*e3*no*ni| e2Ae3 no’ni |elre2/e3ni ID | Name Numbers |el/e2/no”ni| el*e3Ano”ni| e2Ae3/no”ni| elfe2/e3 i
1 | AAAL | |17 18 19 20 0 1 0 2 1 | BBB1 | |17 18 19 20 0 1 0.5 -4
2 | aaa2fls678 0 0 1 -2 2 | sBB2 |[5678 0 1 05 1
3 | AAA3 | |9 10 11 12 0 -1 0 3 3 BBB3 | |9 10 11 12 0 -1 0.5 5
4 | aAA4 [ |13 14 15 16 0 0 1 3 4 | 8BB4 [ |13 14 15 16 0 1 0.5 0
5 | aAAs 1234 1 0 0 3 5 | 8BB5 [[1234 1 0 0 3
6 | aAn6 [ |21 22 23 24 1 0 0 4 6 | BBB6 |[21 22 23 24 1 0 0 4

There are 15 different types of overlap relationship classifications between cadastral units A and B in test

4 that are known to exist a priori to testing. These can be seen in Figure 6.11 below.

BL-BP BPL-BP BL-BL BL-BL BPL-BL
3 5 10 11 14
D EI N e
1D-0D PT 1D-0D PT | OD-1D PT 1D-0D PT | OD-1D PT
BPL-BL BPL-BL BPL-BL BPL-BL | BPL-BPL
15 20 2]£I 23 E 25
1D-0D PT | OD-1D PT | 1D-0D PT 2D-1D LT 1D-0D PT
BPL-BPL | BPL-BPL |BPL-BPL | BPL-BPL | BPL-BPL
26: 30 g 31 : : 36 o 37 :
OD-1D PT lD-O-D PT OD-IED PT 2D-1!D LT lD-Zb LT

Figure 6.11: Testing Dataset 4 - Existing Overlap Relationship Classifications

Table 6.18 below shows a compiled summary of the program output for experimental testing dataset 4. It
is organized into relationships between the six different component pair sets. Each component pair
producing an overlap relationship classification was manually verified through visual inspection to be one
of the a priori relationships shown in Figure 6.11 above. This was done by comparing the main
classification algorithm program output from Table 6.18 with the experimental test 4 scenario visualizations

shown in Figure 6.10.
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Table 6.18: Testing Dataset 4 - Program Output

Test 4 - Component Pair Classification Results

BP-BP BPL-BL
All Digjoint Relationship Classifications Compcﬁnent Prn|§-cten:! Flelatu:tns.hlp DU_EfrlaFf Geometry
Plair Belationship | Dezcription | Claszification
BEE1-A414| Plrtersect | O0-10PT 14 [3.2.54]
BL-BP BBEZ2-A814| Plntersect | 00-10PT 14 [3.2.5.4]
Compaonent| Projected | Belationzhip Owerlap Geometry BEEE-AATY| Coplanar Q0-10PFT 20 [3.2.54]
Flair Belationship | Description | Classification BEE1-AA16| Plntersect | 00-10PT 14 [3.2.5.3]
A416-B1 Collinear 10-00PT 3 [3.2.5.3]1| |EBEZ-AA1E| Plrtersect | OD-10FPT 14 [3.2.5.3]
An3-E1 Collinear 10-00PT 3 [3.2.5.3]1] |BEBS-AAT6| Coplanar oo-10PT 20 [3.2.5.3]
A014-BS Collinear 10-00PT 3 [3.2.54]1| |EBE1-AA23| Plrtersect | OD-10PT 14 [3.2.5.4]
A023-B5 Collinear 10-00 PT 3 [3.2.54]1] |EBE2-A423] Plrtersect | OD-10FPT 14 [3.2.5.4]
BBEE-AA23) Coplanar oo-10PT 20 [3.2.5.4]
BL-BL BBE1-AAZ | Plrtersect | 00-10PT 14 [3.2.5.3]
Component| Projected | Relationship Owerlap Geometry EEBEZ-A43 | Plntersect | 00-1DPT 14 [3.2.5.3]
P air Belationship | Description | Classification EEBES-AA3 | Coplanar oo-10PT 20 [3.2.5.3]
A814-BE1S| Coplanar 10-00PT 10,1 [3.2.54]1| | AdAd-BEIE| Plrtersect | 10-00PT 15 [3.2.5.4]
A814-BE13| Coplanar 10-00PT 10,1 [53.2.54]1 ] | AAAE-BETS| Coplanar 10-00PT 21 [3.2.5.4]
A814-BE21| Coplanar 10-00PT 10,1 [3.2.5.4] 10-00PT -- [3.2.5.4]
A814-BE22| Coplanar 10-00PT 10,1 [53.2.54]1 || AdAd-BE13| Coplanar 20-10LT 23 [3,2.5,4]| [3.2.5.3]
A8414-BB5 | Coplanar 10-00PT 10,1 [3.2.5.4] 10-00PT -- [3.2.5.3]
A414-BB6 | Coplanar 10-00PT 10,1 [3.2.5.4] | | AAAS-BE13| Plntersect | 10-00FT 15 [3.2.5.3]
A416-BE1 | Coplanar 10-00PT 10,1 [3.2.5.3]1 | | AAAE-BE1T| Plntersect | 10-00FT 15 [3.2.5.4]
A816-BE13| Coplanar 10-00PT 10,1 [53.2.5.31 ] A8dd-BE1| Plntersect | 10-00FT 15 [3.2.5.3]
A816-BE20 Coplanar 10-00PT 10,1 [53.2.5.31]| A8R5-BE1| Coplanar 10-00PT 21 [3.2.5.3]
A416-BB4 | Coplanar 10-00PT 10,1 [3.2.5.3]1 | |4444-EB20| Plntersect | 10-00PT 15 [3.2.5.3]
A816-BBS | Coplanar 10-00PT 10,1 [3.2.5.3]1 ] |A&A5-BE20| Coplanar 10-00PT 21 [3.2.5.3]
A816-BES | Coplanar 10-00PT 10,1 [3.2.5.3]1| | A8Ad-BE21| Plntersect | 10-00FPT 15 [3.2.5.4]
A023-BE15| Coplanar 10-00PT 10,1 [53.2.54]1 | | AAAE-BE21| Coplanar 10-00PT 21 [3.2.5.4]
A023-BB13] Coplanar 10-00PT 10,1 [3.2.5.4] | |A484-EBB22| Plntersect | 10-00PT 15 [3.2.5.4]
A023-B621 Coplanar 10-00PT 10,1 [53.2.54] | |AAAE6-BE2Z| Coplanar 10-00PT 21 [3.2.5.4]
A023-BE22| Coplanar 10-00PT 10,1 [53.2.54]1 || AdAd-BE4 | Plntersect | 10-00PT 15 [3.2.5.3]
A423-BES | Coplanar 10-00PT 10,1 [5.2.54]1 ]| A8AS-BE4 | Coplanar 10-00PT 21 [5.2.5.3]
A423-BEE | Coplanar 10-00PT 10,1 [5.2.5.4] 10-00PT -- [5.2.5.3]
A43-561 | Coplanar 10-00PT 10,1 [5.2.5.31] | A8&d-BES | Coplanar Z0-10LT 23 [3,2.5,3]| [3.2.5.4]
A83-E613 | Coplanar 10-00PT 10,1 [5.2.5.3] 10-00PT -- [5.2.5.4]
A83-EB20 | Coplanar 10-00PT 10,1 [5.2.5.31| | ARAS-BES | Plrtersect | 10-00PT 15 [5.2.5.3]
A43-E684 | Coplanar 10-00PT 10,1 [5.2.5.31| | ARAE-BES | Plrtersect | 10-00PT 15 [5.2.5.4]
A43-EBS | Coplanar 10-00PT 10,1 [5.2.5.3]1 || ARAd4-BEG | Plrtersect | 10-00PT 15 [5.2.5.4]
A43-565 [ Coplanar 10-00 PT 10, 11 [5.2.5,31] | ARAG-BEE | Coplanar 10-00PT 21 [5.2.5.4]
anAd-BE65 | Plrtersect | 10-00PT 15 [5.2.5.3]
BPL-BP AnA5-B65 | Coplanar 10-00 PT 21 [3.2.5.3]
Component| Projected | Relationzhip Owerlap Geometry
P air Relationzhip | Dezcription | Classzification BPL-BPL
anfd-B1 | Coplanar 10-00PT 5 [3.2.53] || Comporent| Projected | Pelationship|  Owerlap Geometry
A8A5-B1 | Coplanar | 1D-00PT 5 [3.2.53] Pir Pelationzhip | Description | Classification
A884-B5 | Coplanar 10-00PT 5 [53.2.5.4] 0-00PT -- [3.2.5.4]
A0A6-B5 [ Coplanar 10-00FPT 5 [5.2.5.4]1] | A8Ad-BEET Lintersect | 20-10LT 36,37 [3,2.5,4]| [3.2.5.3]
10-00PT -- [3.2.5.3]
0-00PT -- [3.2.5.3]
AfAd-BEES Lintersect | 20-10LT 36,37 [3,2.5,3]| [3.2.5.4]
10-00PT -- [53.2.5.4]
anad-BEES Lintersect | 10-00PT 30,31 [3.2.5.3]
Anad-BEBA Lintersect | 10-00PT 30,31 [3.2.5.4]
4845-BBE1 Llntersect | 10-00PT 30,3 [3.2.5.3]
A885-BB62 Lintersect | 1D-00PT 30,3 [3.2.5.3]
4845-BBEY Coplanar 10-00PT 25, 26 [3.2.5.3]
A8486-BBE1 Lintersect | 10-00PT 30,3 [53.2.5.4]
A886-BB6Z] Lintersect | 1D-00PT 30,3 [53.2.5.4]
AnaE-BEER  Coplanar 10-00 FT 259, 26 [3.2.5.4]
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Table 6.18 shows that all BP-BP boundary component pairs in test 4 produce a disjoint relationship
classification. Four BL-BP pairs produce the ’Collinear 1D-0D Point Touch’ relationship (overlap
classification 3).

24 BL-BL pairs produce the ’Coplanar 1D-0D/OD-1D Point Touch’ relationship (symmetric overlap
classifications 10 and 11). Four BPL-BP pairs produce the ’Coplanar 1D-0D Point Touch’ relationship

(overlap classification 5).

Eight BPL-BL pairs produce the "Point Intersect 0D-1D Point Touch’ relationship (overlap classification
14), 12 BPL-BL pairs produce the ’Point Intersect 1D-0D Point Touch’ relationship (overlap classification
15), four BPL-BL pairs produce the *’Coplanar 0D-1D Point Touch’ relationship (overlap classification 20),
eight BPL-BL pairs produce the *Coplanar 1D-0D Point Touch’ relationship (overlap classification 21),
and two BPL-BL pairs produce the *Coplanar 2D-1D Line Touch’ relationship (overlap classification 23).

Two BPL-BPL pairs produce the *Coplanar 1D-0D/0D-1D Point Touch’ relationship (symmetric overlap
classifications 25 and 26), six BPL-BPL pairs produce the ’Line Intersect 1D-0D/0D-1D Point Touch’
relationship (symmetric overlap classifications 30 and 31), and two BPL-BPL pairs produce the ’Line

Intersect 2D-1D Line Touch’ relationship (symmetric overlap classifications 36 and 37).

6.2.5 Simulated Experimental Test 5

Simulated experimental test 5 consists of 3-D cadastral units A and B that are both (2m*2m*2m) volumetric
cubes in 3-D space. This experiment is used to highlight overlap relationship classifications 6, 12, 16, 17,
23, 28, 32, 36, and 37 (see Figure 6.13). Visualizations of the boundary points, boundary lines, and
boundary planes associated with each 3-D cadastral unit in this experiment can be seen in Figure 6.12

below.
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Test 5 Overview Boundary Points (BP)

Figure 6.12: Testing Dataset 5 Visualization

Figure 6.12a shows an overview of simulated 3-D cadastral units A and B used in test 5. The main overlap
between the two 3-D cadastral units in this experiment can be described by the partial plane touch existing
between them. A boundary plane of Unit A (AAAA4) partially touches a boundary plane of unit B (BBB2)
at a plane segment. Figure 6.12b shows the names and 3-D coordinates of all boundary points, Figure 6.12c
shows the names and topological directions of all boundary lines, and Figure 6.12d shows the names of all

boundary planes.

Tables 6.19 — 6.21 below show the object input storage parameters for the 3-D cadastral units A and B used
to create experimental testing dataset 5. Table 6.19 shows the boundary point storage parameters, Table
6.20 shows the boundary line storage parameters, and Table 6.21 shows the boundary plane storage
parameters used to define the boundaries of 3-D cadastral units A and B. These parameters were generated

using the processes described in Section 5.1.
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Table 6.19: Testing Dataset 5 - 3-D Boundary Point Coordinates

A Boundary Points B Boundary Points
Point | Point Point | Point
X(el)|Y(e2)|Z(e3)| no ni X(el)|Y(e2)|Z(e3)| no ni
ID Name ID Name
1 Al 2 2 3 1 85 B1 4 3 2 1 14.5
2 A2 4 2 3 1 | 145 2 B2 6 3 2 1 | 245
3 A3 4 4 3 1 20.5 3 B3 6 5 2 1 325
4 A4 2 4 3 1 14.5 4 B4 4 5 2 1 22.5
5 A5 2 2 5 1 16.5 5 B5 4 3 4 1 20.5
6 A6 4 2 5 1 | 225 6 B6 6 3 4 1 | 305
7 A7 4 4 5 1 28.5 7 B7 6 5 4 1 38.5
8 A8 2 4 5 1 | 225 8 B8 4 5 4 1 | 285
Table 6.20: Testing Dataset 5 - 3-D Boundary Line Storage Parameters
A Boundary Lines B Boundary Lines
. . Start| End CGA 3-Blade Parameters . . Start| End CGA 3-Blade Parameters
Line Line Point| Point| Line| Line Point|Point|
ID | Name D D elfnofni| e2fnofni e3"no"ni‘el"eZ"ni‘ei"eS"ni e2he3Mni ID | Name D D el?rnofni| e2Anotni| e34notni| elre2/ni | elre3”ni| e2he34ni
1 AA1 1 4 0 -2 0 4 0 -6 1 BB1 1 4 0 -2 0 8 0 -4
2 AA2 4 3 -2 0 0 -8 -6 0 2 BB2 4 3 -2 0 0 -10 -4 0
3 AA3 3 2 0 2 o] -8 0 6 3 BB3 3 2 0 2 0 -12 0 4
4 AA4 2 1 2 0 0 4 6 0 4 BB4 2 1 2 0 0 6 4 0
5 AAS 1 5 0 0 -2 0 4 4 5 BBS 1 5 0 0 -2 0 8 6
6 AAG 5 8 0 -2 0 4 0 -10 6 BB6 5 8 0 -2 0 8 0 -8
7 AAB 8 4 0 0 2 0 -4 -8 7 BB7 8 4 0 0 2 0 -8 -10
8 AAT7 4 1 0 2 0 -4 0 6 8 BB8 4 1 0 2 0 -8 0 4
9 AA9 4 8 0 0 -2 0 4 8 9 BB9 4 8 0 0 -2 0 8 10
10 | AALD 8 7 -2 0 0 -8 -10 0 10 | BB1O 8 7 -2 0 0 -10 -8 0
11 AA11 7 3 0 0 2 0 -8 -8 11 | BB11 7 3 0 0 2 0 -12 -10
12 | AA12 3 4 2 o] o] 8 6 0 12 | BB12 3 4 2 0 0 10 4 o]
13 | AA13 3 7 0 0 -2 0 8 8 13 | BB13 3 7 0 0 -2 0 12 10
14 | AA14 7 6 0 2 0 -8 0 10 14 | BB14 7 6 0 2 0 -12 0 8
15 AA1S 6 2 0 0 2 0 -8 -4 15 | BB15 6 2 0 0 2 0 -12 -6
16 AA16 2 3 0 -2 0 8 0 -6 16 | BB16 2 3 0 -2 0 12 0 -4
17 AA1T 2 6 0 0 -2 0 8 4 17 | BB17 2 6 0 0 -2 0 12 6
18 AA18 6 5 2 0 0 4 10 0 18 | BB18 6 5 2 0 0 6 8 0
19 AA19 5 1 0 0 2 0 -4 -4 19 | BB19 5 1 0 0 2 0 -8 -6
20 | AA20 1 2 -2 0 0 -4 - 0 20 | BB20 1 2 -2 0 0 -6 -4 0
21 AA21 8 5 0 2 0 -4 0 10 21 | BB21 8 5 0 2 0 -8 0 8
22 | AA22 5 6 -2 0 0 -4 -10 0 22 | BB22 5 6 -2 0 0 -6 -8 0
23 AA23 6 7 0 -2 0 8 0 -10 23 | BB23 6 7 0 -2 0 12 0 -8
24 | AA24 7 8 2 0 0 8 10 0 24 | BB24 7 8 2 0 0 10 8 0
Table 6.21: Testing Dataset 5 - 3-D Boundary Plane Storage Parameters
A Boundary Planes B Boundary Planes
CGA 4-Blade Parameters CGA 4-Blade Parameters
Plane | Plane Polyline ID Plane | Plane Polyline ID
ID Name Numbers | elfe2”no”ni| el*e3”no”ni | e2e3/no”ni | elre2/e3/ni ID Name Numbers |el/re2/no”ni | e1re3/4no”ni| e24e3/no”ni | elhe2Me3Mni
1 | aaa1 | [17 18 19 20 0 4 0 -8 1 | BBB1|[17 18 19 20 0 4 0 12
2 | ana2|[s678 0 0 -4 -8 2 [BBB2|[5678 0 0 4 .16
3 | aaa3 | [9 10 11 12 0 -4 0 16 3 | 8BB3|[91011 12 0 -4 0 20
4 | AAA4 | |13 14 15 16 0 0 4 16 4 | 8BB4 | |13 14 15 16 0 0 4 24
5 | amas | (1234 -4 0 0 12 5 |BBB5|[1234 -4 0 0 3
6 | AAA6 | |21 22 23 24 4 0 0 20 6 | BBB6 | |21 22 23 24 4 0 0 16
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There are nine different types of overlap relationship classifications between cadastral units A and B in test

5 that are known to exist a priori to testing. These can be seen in Figure 6.13 below.

BPL-BP BL-BL BPL-BL | BPL-BL | BPL-BL
6 IZI IZ.X 16 17 23 E
2D-0D PT | 1D-1D PI | 1D-1D PT | 2D-0D PT | 2D-1D LT
BPL-BPL | BPL-BPL | BPL-BPL | BPL-BPL
28 32 36 ¢ 37 S

2D-2D PLT | 1D-1D PT 2D—1!D LT | 1D-2D LT

Figure 6.13: Testing Dataset 5 - Existing Overlap Relationship Classifications

Table 6.22 below shows a compiled summary of the program output for experimental testing dataset 5. It
is organized into relationships between the six different component pair sets. Each component pair
producing an overlap relationship classification was manually verified through visual inspection to be one
of the a priori relationships shown in Figure 6.13 above. This was done by comparing the main
classification algorithm program output from Table 6.22 with the experimental test 5 scenario visualizations

shown in Figure 6.12.
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Table 6.22: Testing Dataset 5 - Program Output

Test 5 - Component Pair Classification Results
BP-BP BL-BP
All Disjoint Relationship Classifications All Disjoint Relationship Classifications
BL-BL BPL-BL
Compc_ment Pro?ected_ Relatic_rns_h'lp D\r_e_rlap_ Geometry Compc_rnent Proj:ected_ RE|Et‘I?n5-h-Ip D\r_e_rlap_ Geometry
Pair Relationship| Description | Classification Pair Relationship | Description | Classification
AA11-BB21 | Coplanar | 1D-1DPI 12 [44.4] 1D-1D PT - [4,4,4]
AM11-BB6 | Coplanar | 1D-1DPI 12 [4,4.4] BBB2-AAL1 | Coplanar 2D-1D LT 33 [4,4,4] | [4,4,3]
AA13-BB21 | Coplanar 1D-1D PI 12 [4,4,4] 2D-0D PT - [4,4,3]
AA13-BBE Coplanar 1D-10 Pl 12 [4,4.4] BBBE-AALL | P Intersect 10-10 PT 16 [4,4,4]
AM1G-BB19 | Coplanar | 1D-1DPI 12 [4,3,3] BBB2-AA12 | Plintersect | 2D-0DPT 17 [4,43]
AM16-BBS | Coplanar 1D-10 PI 12 [4,3,3] 2D-0D PT - [4,4,3]
AAZ-BB19 Coplanar 10-1D Pl 12 [4,3,3] BBB2-AALS Coplanar 20-10 LT 23 [4,4,3] | [4,4.4]
AA3-BBS Coplanar | 1D-1DPI 12 [4,3,3] 1D-1D PT - [4,4,4]
BBBE-AALS | P intersect 10-10PT 16 [4,4.4]
EPL-BP BBB1-AAlGE | P Intersect 10-10PT 16 [4,3,3]
Component | Projected |Relationship Cverlap Geometry 10-10 PT - [4,3,3]

Fair Relationship| Description | Classification BBEBZ-AALG Coplanar 2D-1D LT 23 [4,3,3] | [4,4,5]
BBB2-A3 Coplanar 2D-0D PT = [4,4,3] 20-00 PT - [4,4,3]
AAAL-BS Coplanar 20-00 PT B [4.3.4] BBBZ-AAZ P Intersect 20-0D0 PT 17 [4,4,3]

BBBL-AAS P Intersect 10-10PT 16 [4,3,3]
EPL-BPL 2D-0D PT - [4,4,3]
Component | Prejected |Relationship Cverlap Geometry BBB2-AA3 Coplanar 20-1DLT 23 [4,4,3] | [4,3,3]
Pair Relationship| Description | Classification 1D-1DPT - [4,3,3]
10-10 PT - [4,4.4] AAA4-BB1S | P Intersect 20-00 PT 17 [4,3,4]
AAA3-BBB2 | Lintersect | 2D-1DLT 36,37 [44,4] | [4,43] 2D-0D PT - [4,3,4]
10-0D PT — [4,4,3] AAA4-BB19 | Coplanar 2D-1D LT 23 [4,3.4] | [4,3,3]
AAAZ-BBBE | Lintersect | 1D-1DPT 32 [44.4] 1D-1D PT - [4,53]
2000 PT - [4,3,4] AAAS-BB1S | P Intersect 10-10 PT 16 [4,3,3]
AAMAL-BBBL L Intersect 2D-1D LT 36, 37 [4,3.4] | [4,3,3] AAAS-BBZ1 | P Intersect 10-10 PT 16 [4,4,4]
1D-1D PT - [4,3,3] 10-10 PT - [4,4.4]
10-1D PT - [433] AAAG-BB21 | Coplanar | 20-1D1T 23 [2,44] | [434]
2D-1D LT 23 (28) [4,3,3] | [4,3,4] 2D-0D PT - [4,3.4]
20-00 PT - [4,3.4] AAAL-BB22 | P Intersect 20-00 PT 17 [4,3,4]
Anna-gggp | CoPlanar | 2D-1DLT 23 (28) [43,4] | [444] 1D-1D PT - [433]
(2D-2D PLT) | 1D-1DPT - [4.4.4] AAML-BBS Coplanar 2D-1DLT 23 [4,3,3] | [4,3,4]
2D-1D LT 23 (28) [44,4] | [443] 2D-0D PT - [434]
2000 PT - [4.4.3] AAAS-BBS P Intersect 10-10 PT 16 [4,3,3]
20-1D LT 23(28) [4,43] | [4,3.3] AAAS-BBE P Intersect 10-10 PT 16 [4,4,4]
1D-1D PT - [4,4,4] 20-00 PT - [4,3,4]
AMAL-BBBE L Intersect 20-1D LT 36, 37 [4.4.4] | [4,3.4] AAAL-BBE Coplanar 20-1D LT 23 [4,3,4] | [4,4.4]
20-0D PT - [4,3,4] 1D-1D PT - [4,4,4]
AAAS-BBB1 L Intersect 10-1D0 PT 32 [4,3,3]
20-0D PT - [4,4,3]
AMAS-BBB2 | Lintersect | 2D-1DLT 36, 37 [4,4,3] | [4,3,3]
10-10 PT - [4,3,3]

Table 6.22 shows that all BP-BP and BL-BP boundary component pairs in test 5 produce a disjoint
relationship classification. Eight BL-BL pairs produce the ’Coplanar 1D-1D Point Intersection’ relationship
(overlap classification 12) and two BPL-BP pairs produce the *Coplanar 2D-0D Point Touch’ relationship

(overlap classification 6).
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Eight BPL-BL pairs produce the "Point Intersect 1D-1D Point Touch’ relationship (overlap classification
16), four BPL-BL pairs produce the "Point Intersect 2D-0D Point Touch’ relationship (overlap classification
17), and eight BPL-BL pairs produce the *’Coplanar 2D-1D Line Touch’ relationship (overlap classification
23).

One BPL-BPL pair (AAA4-BBB2) produces the ’Coplanar 2D-2D Plane Touch’ relationship (overlap
classification 28) consisting of four ‘Coplanar 2D-1D Line Touch’ segments. Two BPL-BPL pairs produce
the "Line Intersect 1D-1D Point Touch’ relationship (overlap classification 32), and four BPL-BPL pairs
produce the ’Line Intersect 2D-1D/1D-2D Line Touch’ relationship (symmetric overlap classifications 36

and 37).

6.2.6 Simulated Experimental Test 6

Simulated experimental test 6 consists of 3-D cadastral units Aand B in 3-D space. Unit Aisa (2m*2m*2m)
volumetric cube and unit B is a (2m*2m*3m) volumetric rectangular prism. This experiment is used to
highlight overlap relationship classifications 6, 12, 16, 17, 18, 23, 28, 36, 37, and 38 (see Figure 6.15).
Visualizations of the boundary points, boundary lines, and boundary planes associated with each 3-D

cadastral unit in this experiment can be seen in Figure 6.14 below.
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Test 6 Overview Boundary Points (BP)
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Figure 6.14: Testing Dataset 6 Visualization

Figure 6.14a shows an overview of simulated 3-D cadastral units A and B used in test 6. The main overlap
between the two 3-D cadastral units in this experiment can be described by the partial intersection of
multiple boundary planes between them. BBB1 intersects with AAA4 and AAAS5 while BBB2 intersects
with AAA3 and AAADS. Figure 6.14b shows the names and 3-D coordinates of all boundary points, Figure
6.14c shows the names and topological directions of all boundary lines, and Figure 6.14d shows the names

of all boundary planes.

Tables 6.23 — 6.25 below show the object input storage parameters for the 3-D cadastral units A and B used
to create experimental testing dataset 6. Table 6.23 shows the boundary point storage parameters, Table
6.24 shows the boundary line storage parameters, and Table 6.25 shows the boundary plane storage
parameters used to define the boundaries of 3-D cadastral units A and B. These parameters were generated

using the processes described in Section 5.1.
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Table 6.23: Testing Dataset 6 - 3-D Boundary Point Coordinates

A Boundary Points B Boundary Points
Point | Point Point | Point
X(el)|Y(e2)|Z(e3)| no ni X(el)|Y(e2)|Z(e3)| no ni
ID Name ID Name
1 Al 2 2 3 1 8.5 B1 3 3 2 1 11
2 A2 4 2 3 1 14.5 2 B2 5 3 2 1 19
3 A3 4 4 3 1 20.5 3 B3 5 5 2 1 27
4 A4 2 4 3 1 | 145 4 B4 3 5 2 1 19
5 A5 2 2 5 1 16.5 5 B5 3 3 5 1 215
6 A6 4 2 5 1 22.5 6 B6 5 3 5 1 29.5
7 A7 4 4 5 1 28.5 7 B7 5 5 5 1 375
8 A8 2 4 5 1 | 225 8 B8 3 5 5 1 | 295
Table 6.24: Testing Dataset 6 - 3-D Boundary Line Storage Parameters
A Boundary Lines B Boundary Lines
. . Start| End CGA 3-Blade Parameters . . Start| End CGA 3-Blade Parameters
Line Line Point| Point| tine| Line Point|Point|
ID | Name T|I:)n D elfnotni| e2fne”ni| e3notni el"eZ"ni‘el"eS"ni e2Me3 ni ID | Name D D el%no™ni| e2*nofni| e3”notni| elhe2/ni | elte3”ni| e2he3 ni
1 AAL 1 4 0 -2 0 4 0 -6 1 BB1 1 4 0 -2 0 6 0 -4
2 AA2 4 3 -2 0 0 -8 -6 0 2 BB2 4 3 -2 0 0 -10 -4 0
3 AA3 3 2 0 2 0 -8 0 6 3 BB3 3 2 0 2 0 -10 0 4
4 AAd 2 1 2 0 0 4 © 0 4 BB4 2 1 2 0 0 6 4 0
5 AAS 1 5 0 o] -2 0 4 4 5 BB5 1 5 0 0 -3 0 9 9
6 AAB 5 8 0 -2 0 4 0 -10 6 BB6 5 8 0 -2 0 6 0 -10
7 AAB 8 4 0 0 2 0 -4 -8 7 BB7 8 4 0 0 3 0 -9 -15
8 AAT 4 1 0 2 0 -4 0 6 8 BB8 4 1 0 2 0 -6 0 4
9 AA9 4 8 0 0 -2 0 4 8 9 BB9 4 8 0 0 3 0 9 15
10 | AAIO 8 7 -2 0 0 -8 -10 0 10 | BB1O 8 7 -2 0 0 -10 -10 0
11 | AALL 7 3 0 0 2 0 -8 -8 11 | BB11 7 3 0 0 3 0 -15 -15
12 | AAL2 3 4 2 0 0 8 6 0 12 | BB12 3 4 2 0 0 10 4 0
13 | AA13 3 7 0 0 -2 0 8 8 13 | BB13 3 7 0 0 -3 0 15 15
14 | AA14 7 6 0 2 0 -8 0 10 14 | BB14 7 6 0 2 0 -10 0 10
15 | AA1S 6 2 0 0 2 0 -8 -4 15 | BB15 6 2 0 0 3 0 -15 -9
16 | AAlG 2 3 0 -2 0 8 0 -6 16 | BB16 2 3 0 2 0 10 0 -4
17 | AAL7 2 6 0 0 -2 0 8 4 17 | BB17 2 6 0 0 3 0 15 9
18 | AALS 6 =l 2 0 0 4 10 0 18 | BB18 6 5 2 0 0 6 10 0
19 | AAl9 5 1 0 0 2 0 -4 -4 19 | BB19 5 1 0 0 3 0 -9 -9
20 | AA20 1 2 -2 0 0 -4 -6 0 20 | BB20 1 2 -2 0 0 -6 -4 0
21 | AA21 8 5 0 2 0 -4 0 10 21| BB21 8 5 0 2 0 -6 0 10
22 | AA22 5 6 2 0 0 -4 -10 0 22 | BB22 5 6 -2 0 0 -6 -10 0
23 | AA23 6 7 0 -2 0 8 0 -10 23 | BB23 6 7 0 -2 0 10 0 -10
24 | AA24 7 8 2 0 0 8 10 0 24 | BB24 7 8 2 0 0 10 10 0
Table 6.25: Testing Dataset 6 - 3-D Boundary Plane Storage Parameters
A Boundary Planes B Boundary Planes
CGA 4-Blade Parameters CGA 4-Blade Parameters
Plane | Plane Polyline ID Plane | Plane Polyline ID
ID | Name Numbers | el*e2”no”ni | e14e3/no”ni | e2*e3 no”ni | elre2re3ni ID | Name Numbers | el*e2”no”ni | el*e3*no”ni | e22e3*no”ni| elre2”e3”ni
1 | aaa1 [ [17 18 19 20 0 4 0 -8 1 | BBB1 | [17 18 19 20 0 6 0 -18
2 | amm2|[s678 0 0 -4 -8 2 |BBB2|[5678 0 0 6 -18
3 | AaA3 | {9 10 11 12 0 -4 0 16 3 | 8BB3 | {9 10 11 12 0 6 0 30
a4 | Anag | |13 14 15 16 0 0 4 16 4 | 8BB4 ||13 14 15 16 0 0 6 30
5 | amas | (1234 -4 0 0 12 5 |BBB5|[1234 -4 0 0 8
6 | AAA6 | |21 22 23 24 4 0 0 20 6 | BBBG | |21 22 23 24 4 0 0 20
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There are 10 different types of overlap relationship classifications between cadastral units A and B in test

6 that are known to exist a priori to testing. These can be seen in Figure 6.15 below.

BPL-BP BL-BL BPL-BL | BPL-BL BPL-BL
6 E[ 12.x 16 17 18

2D-0D PT | 1D-1D PI | 1D-1D PT | 2D-0D PT | 2D-1D PI
BPL-BL | BPL-BPL | BPL-BPL | BPL-BPL | BPL-BPL
23 E 28 36 o 37 5 38 N
2D-1D LT | 2D-2D PLT | 2D-1D LT 1D-2i3 LT | 2D-2D LI

Figure 6.15: Testing Dataset 6 - Existing Overlap Relationship Classifications

Table 6.26 below shows a compiled summary of the program output for experimental testing dataset 6. It
is organized into relationships between the six different component pair sets. Each component pair
producing an overlap relationship classification was manually verified through visual inspection to be one
of the a priori relationships shown in Figure 6.15 above. This was done by comparing the main
classification algorithm program output from Table 6.26 with the experimental test 6 scenario visualizations

shown in Figure 6.14.
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Table 6.26: Testing Dataset 6 - Program Output

Test 6 - Component Pair Classification Results
BP-BP BL-BP
All Digjoint Relationship Clazszifications All Digjoint Relationship Clazzifications
BPL-BP BPL-BL
Comporent | Projected  |Relationship|  Owverlap Comporent | Projected  |Relationship|  Owerlap
Fair Relationship | Description | Claszification Geometry Pair Relationship| Dezcription |Claszification Geomnstry
BEBE-A7 | Coplanar | 2D-00PT f [4.4.5] BEBZ-4410[ Pintersect | 1D-IDPT B [3.4.5]
AAnsE-B5 | Coplanar | 2D-0DFT 5 [2.3.5] D-10PT - [2.4.5]
BEBE-2410( Coplanar 20-1DLT 23 [3.4.5] | [4.4.5]
BL-BL 2D-IDFT - [4.4.5]
Cornpornent | Projected  |Relationship]  Chwverlap 5 EEBE-2AT1| P Intersect | 2D-0DPT 7 [4.4.5]
Fair Felationship | Description | Clazsification eametry EEEZ-A012] P lrterzect 20-10 Pl i 343
AAID-BBE21|  Coplanar o-10 R 12 [3.4.5] BEBE-AAT3| P lntersect | 2D-00PT 7 445
AAD-BEE | Coplanar D-1D Pl 12 345 EBE1-4414 | Plntersect | 1D-IDPT & 435
AAM-BES | Coplanar o-10 P 12 435 20-0DPT - 445
Af14-BB22 | Coplanar D-1D P 12 435 BEBE-241| Coplanar 2D-DLT 23 [4.4.8] | [4.2.5]
AAZ3-BE18 | Coplanar D-1D R 12 435 D-1DPT - 4,35
AAZI-BB22|  Coplanar o-10 R 12 435 BEB1-A416 | P Intersect 20-1D R 18 4,33
AsZ4-BE21| Coplanar D-1D Pl 12 345 BEE1-4423| Plinterzect | 1ID-IDPT & 435
As824-BB6 | Coplanar 10-10 FI 12 [3.4.5] D-1DPT - [4.2.5]
EBBE-A423] Coplanar 20-1DLT 23 [4.2.8] | [4.4.5]
BPL-BPL 2D-0D PT - [4.4.5]
Compornent | Projected  |Relationship|  Owverlap C BEBZ-4424] P lntersect 1T-1TPT 16 [2.4.8]
Pair | Relationship| Description | Classification Bametry 2D-IDFPT - [4.45]
D-DPT | 16(BFL-EL) [3.4.5] EBBE-AA24 Coplanar 2D-DLT 23 [4.4.5] | [3.4.5]
AfAI-BBBZ| L Intersect | 2D-2D LI 38 [3.4.5] | [3.4.3] D-1DFPT - 345
20-10 P | 18 [BFL-BL) [3.4.3] BEB2-A42 | P Intersect 20-1D P 18 343
D-1DPT - [3.4.5] BEE1-A43 | P Intersect 2D-IDF 18 433
AAA3-BBEE| Llntersect | 2D-DLT 36,37 [2.4.5] | [4.4.5] || 2aA4-BER| Plntersect [ 1D-IDPT & 435
2D-0D PT -- [4.4.5] D-10PT - 435
D-DPT | E(BFL-EL) [4.3.5] A8AB-BEB1B| Coplanar 2D-1DLT 23 [4.2.5] | [3.2.5]
Ass4-BBEY Llntersect | 2D-2D LI 38 [4.3.5] | [4.3.3] 20-00 PT - 3358
20-1I0 P | 18 [BFL-BL) [4.3.3] AALR-BBE1A| P Intersect 2D-IDF 18 333
20-0DPT -- [4.4.5] AALE-BE1| Plnterzect | 2D-0DPT 7 335
A0a4-BEEE Llntersect | 2D-DLT 36, 37 [4.4.5] | [4.3.5] || 2AA3-BBE2| Plntersect | 1D-IDPT B 345
D-1DPT -- [4.3.5] D-1DPT - 345
20-10 P | 18 [BFL-BL) [3.3.3] AALE-BB21 Coplanar 20-DLT 23 [3.4.5] | [3.3.5]
ALL5-BEE1 Llntersect | 2D-2D LI 38 [3.3.3] | [4.3.3] 2D-0DPT - 335
20-1I0F | 18 [BFL-BL) [4.3.3] Absd-BEZ2Z| Plnterzect | D-1DPT & 435
20-1D0F | 16 [BFL-BL) [2.3.3] 2D-0DPT - 3358
AAhAR-BBEZ L lntersect | 2D-2D LI 38 [3.3.3] |[3,4,3] AfrAB-BBE2Z[ Coplanar 2D-1DLT 23 [3.2.8] | [4.2.5]
20-10 P | 18 [BFL-BL) [3.4.3] 1D-10 PT - 4,358
D-1DPT - [4.3.5] A8AR-BER | P Intersect 2D-IDF 18 333
A8ME-BBEN Llntersect | 2D-1DLT 36,37 [4.2.5] | [3.3.5] || A4AE-BES | Plntersect | 2D-0DPT 7 3.35
2D-0D PT -- [2.3.5] AAAI-BEE | Plntersect | 1D-IDPT B 345
2D-0DPT -- [3.3.5] 2D-0DPT - 335
A8AR-BBEZ Llntersect | 2D-DLT 36,37 [3.3.5] | [3.458] || A58586-BBE | Coplanar 2D-1DLT 23 [3.3.5] | [3.4.5]
D-1DPT - [3.4.5] D-1DPT - [3.4.5]
D-1DPT -- [3.4.5]
2D-10LT 23 (28] [3.4.5] | [3.3.5]
2D-0DPT -- [3,|3,5]
Coplanar 2D-10LT 23[28) [3.3.8] | [4.3.5]
AMAE-BEBE o020 PLT)| DD PT - [4.35]
2D-1DLT 23 (28] [4.2.5] | [4.4.5]
2D-0DPT -- [4.4.5]
2D-1DLT 23 (28] 4.45] | [2.4.5]

Table 6.26 shows that all BP-BP and BL-BP boundary component pairs in test 6 produce a disjoint
relationship classification. Eight BL-BL pairs produce the ’Coplanar 1D-1D Point Intersection’ relationship
(overlap classification 12). Two BPL-BP pairs produce the *Coplanar 2D-0D Point Touch’ relationship

(overlap classification 6).
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Eight BPL-BL pairs produce the "Point Intersect 1D-1D Point Touch’ relationship (overlap classification
16), four BPL-BL pairs produce the "Point Intersect 2D-0D Point Touch’ relationship (overlap classification
17), six BPL-BL pairs produce the ’Point Intersect 2D-1D Point Intersection’ relationship (overlap
classification 18), and eight BPL-BL pairs produce the ’Coplanar 2D-1D Line Touch’ relationship (overlap

classification 23).

One BPL-BPL pair (AAA6-BBB6) produces the ’Coplanar 2D-2D Plane Touch’ relationship (overlap
classification 28) consisting of four ‘Coplanar 2D-1D Line Touch’ segments. Four BPL-BPL pairs produce
the ’Line Intersect 2D-1D/1D-2D Line Touch’ relationship (symmetric overlap classifications 36 and 37)
and four BPL-BPL pairs produce the ’Line Intersect 2D-2D Line Intersection’ relationship (overlap
classification 38). Overlap classifications 38 (in bold) were manually derived from the implementation
results whenever one of the BPL-BL point classifications (not in bold) associated with each BPL-BPL pair

resulted in the ‘2D-1D Point Intersection’ relationship (overlap classification 18).

6.2.7 Simulated Experimental Test 7

Simulated experimental test 7 consists of 3-D cadastral units A and B that are both (Im*1m*1m) volumetric
cubes in 3-D space. This experiment is used to highlight all 15 disjoint relationship classifications (see
Figure 6.17). Visualizations of the boundary points, boundary lines, and boundary planes associated with

each 3-D cadastral unit in this experiment can be seen in Figure 6.16 below.
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Test 7 Overview Boundary Points (BP)

Figure 6.16: Testing Dataset 7 Visualization

Figure 6.16a shows an overview of simulated 3-D cadastral units A and B used in test 7. While both 3-D
cadastral units in this experiment have coplanar boundary planes between them, they run parallel to each
other and do not have any overlap relationships between them. Figure 6.16b shows the names and 3-D
coordinates of all boundary points, Figure 6.16¢ shows the names and topological directions of all boundary
lines, and Figure 6.16d shows the names of all boundary planes. These figures show that all output
relationships will produce one of the 15 disjoint classifications. There is no common geometry between

them, and only projected relationships exist.

Tables 6.27 — 6.29 below show the object input storage parameters for the 3-D cadastral units A and B used
to create experimental testing dataset 7. Table 6.27 shows the boundary point storage parameters, Table

6.28 shows the boundary line storage parameters, and Table 6.29 shows the boundary plane storage
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parameters used to define the boundaries of 3-D cadastral units A and B. These parameters were generated

using the processes described in Section 5.1.

Table 6.27: Testing Dataset 7 - 3-D Boundary Point Coordinates

A Boundary Points B Boundary Points
Point | Point ) Point | Point .
X(e1)|Y(e2)|Z(e3)| no ni X(el)|Y (e2)|Z(e3)| no ni
ID Name ID Name
1 Al 2 2 3 1 8.5 1 Bl 4 2 3 1 14.5
2 A2 3 2 3 1 11 2 B2 5 2 3 1 19
3 A3 3 3 3 1 135 3 B3 5 3 3 1 21.5
4 A4 2 3 3 1 11 4 B4 4 3 3 1 17
5 A5 2 2 4 1 12 5 B5 4 2 4 1 18
6 A6 3 2 4 1 14.5 6 B6 5 2 4 1 22.5
7 A7 3 3 4 1 17 7 B7 5 3 4 1 25
8 A8 2 3 4 1 14.5 8 B8 4 3 4 1 20.5
Table 6.28: Testing Dataset 7 - 3-D Boundary Line Storage Parameters
A Boundary Lines B Boundary Lines
. . Start| End CGA 3-Blade Parameters ) ; Start| End CGA 3-Blade Parameters
Line Line Point|Point]| Line| Line Point|Point]|
1D Name TII; D elAnohni| e2Anofni e3"nn"ni‘e‘l’\e2’\ni‘E‘l"ESAni e2he3Ani ID | Name D D el7nohni| e2Anofni eS"nnﬂni‘all\EZ"ni elfe3Ani|e2ha3ini
1 | AAL 1] 4 0 -1 0 2 0 3 1| BBl 1| 4 0 -1 0 4 0 -3
2 | AA2 4| 3 -1 0 0 -3 3 0 2 | BB2 4| 3 -1 0 0 3 3 0
3 | AA3 EE 0 1 0 3 0 E] 3 | B2 3 | 2 0 1 0 5 0 3
4 | AAd 2 |1 1 0 0 2 3 0 4 | BB4 2 |1 1 0 0 2 3 0
5 | AAS 1|5 0 0 1 0 2 2 5 | BBS 1|5 0 0 1 0 4 2
6 | AAB 5 | 8 0 1 0 2 0 4 6 | BBG 5 | 8 0 1 0 4 0 4
7 | Ane 8 | 4 0 0 1 0 2 3 7 | BB7 8 | 4 0 0 1 0 -4 -3
8 | AAT 4 |1 0 1 0 -2 0 3 8 | BBS 4 |1 0 1 0 -4 0 3
9 | AA9 4| 8 0 0 -1 0 2 3 9 | BB9 4 | 8 0 0 -1 0 4 3
10 | AA1D 3| 7 1 0 0 -3 -4 0 10 | BB10 g | 7 -1 0 0 3 -4 0
11 | AALL 7| 3 0 0 1 0 3 3 11 | BB11 7|3 0 0 1 0 5 3
12 | AAL2 3| 4 1 0 0 3 ] 0 12 | BB12 3 | 4 1 0 0 E] 3 0
13 | AA13 3| 7 0 0 1 0 3 3 13 | BB13 3 | 7 0 0 1 0 5 3
14 | AAl4 7 | e 0 1 0 3 0 4 14 | BB14 7 | s 0 1 0 5 0 4
15 | AALS 6 | 2 0 0 1 0 3 2 15 | BB1S 6 | 2 0 0 1 0 5 -2
16 | AALG 2 | 3 0 -1 0 3 0 3 16 | BB16 2 | 3 0 -1 0 5 0 -3
17 | AA1T 2 | 6 0 0 -1 0 3 2 17 | BB17 2 | 6 0 0 -1 0 5 2
18 | AA1B 6 | 5 1 0 0 2 4 0 18 | BB18 6 | 5 1 0 0 2 4 0
19 | AA19 5 |1 0 0 1 0 2 2 19 | BB19 5 |1 0 0 1 0 4 2
20 | AA20 1] 2 1 0 0 2 3 0 20 | BB20 1|2 1 0 0 2 3 0
21 | AA21 g8 | 5 0 1 0 2 0 4 21 | BB21 I 0 1 0 4 0 4
22 | AA22 s | 6 -1 0 0 -2 -4 0 22 | BB22 s | e -1 0 0 2 -4 0
23 | AA23 6 | 7 0 -1 0 3 0 -4 23 | BB23 6 | 7 0 -1 0 5 0 -4
24 | AA24 7| 8 1 0 0 3 4 0 24 | BB24 7| 8 1 0 0 3 4 0
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Table 6.29: Testing Dataset 7 - 3-D Boundary Plane Storage Parameters

A Boundary Planes B Boundary Planes
CGA 4-Blade Parameters CGA 4-Blade Parameters
Plane | Plane Polyline ID Plane | Plane Polyline ID
ID | Name Numbers | elAe2”no”ni | e1*e3/no”ni | e2re32no”ni | elre2/2e3 ni ID | Name Numbers | el*e2*no”ni | el*e3*no”ni | e2*e3*no”ni| elre2”e3”ni
1 | aaa1 [ [17 18 19 20 0 1 0 2 1 | BBB1 | [17 18 19 20 0 1 0 2
2 | AAA2 |[5678 0 0 -1 2 2 |BBB2|[|56738 0 0 -1 -4
3 | AaA3 | {9 10 11 12 0 1 0 3 3 | 8BB3 | {9 10 11 12 0 1 0 3
4 | AAA4 | |13 14 15 16 0 0 1 3 4 | BBB4 [[13 14 15 16 0 0 1 5
5 | amas | {1234 -1 0 0 3 5 |BBB5|[1234 -1 0 0 3
6 | AAA6 | |21 22 23 24 1 0 0 4 6 | BBB6 | |21 22 23 24 1 0 0 4

There are 15 different types of disjoint relationship classifications between cadastral units A and B in test

7 that are known to exist a priori to testing. These were presented in this chapter in Figure 6.2 and are

shown again in Figure 6.17 below.

BP-BP BL-BP BL-BP BL-BL BL-BL
1 2 - 3 4‘ " 5 ......... P -
o o | | ST
Not Collinear Collinear Not Parallel Parallel
(Disjoint) (Disjoint) (Disjoint) (Disjoint) (Disjoint)
BL-BL BL-BL BPL-BP | BPL-BP | BPL-BL
6 7" 8 \
N = PN
------ T )
Collinear Coplanar Parallel Coplanar Parallel
(Disjoint) (Disjoint) (Disjoint) (Disjoint) (Disjoint)
BPL-BL | BPL-BL |BPL-BPL | BPL-BPL | BPL-BPL
11, 12 13 14 I:I 15 4
I - G— - : ’ " )
= (AN
Point Intersect Coplanar Parallel Coplanar Line Intersect
(Disjoint) (Disjoint) (Disjoint) (Disjoint) (Disjoint)

Figure 6.17: Testing Dataset 7 - Existing Disjoint Relationship Classifications

Since there are numerous occurrences of each disjoint relationship type existing in testing dataset 7, only
four of each relationship type are included in the program output table to link the relationship classifications
to experimental testing dataset 7. Table 6.30 below shows a compiled sub-sample of the main classification

algorithm program output for experimental testing dataset 7.
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Table 6.30: Testing Dataset 7 — Sample of Program Output

Test 7 - Component Pair Classification Results
EP-BP BL-BL
o . . L Component Projected Relationship Disjoint
All Disjoint Relationship Classifications . . ) o L Geometry
Pair Relationship | Description |Classification
AALD-BBL Mot Parallel Disjoint NfA
BL-BP AA1B-BB13 | NotParallel Disjoint 4 N/A
Component Projected Relationship Disjoint Geometry AA1-BB24 Mot Parallel Disjoint 4 NSA
Pair Relationship | Description | Classification AAS-BB1S Mot Parallel Disjoint 4 NSA
BB10-Al Mot Collinear Disjoint 2 MiA AA1D0-BB12 Parallel Disjoint 5 MNSA
BB14-AR Mot Collinear Disjoint 2 M/A AA17-BB19 Parallel Disjoint 5 NSA
AALS-B1 Mot Collinear Disjoint 2 M/A AAZ4-BB12 Parallel Disjoint 5 MNSA
AAZ4-BS Mot Collinear Disjoint 2 M/A AAG-BBS Parallel Disjoint 5 NSA
BB20-A1 Collinear Disjoint 3 M/A AAL0-BB10O | Collinear (C) Disjoint 6 MNSA
BB10-A7 Collinear Disjoint 3 M/A AA1B-BB18 | Collinear (C) Disjoint B NSA
AAd-BL Collinear Disjoint 3 M/A AAZ24-BB10 | Collinear (R) Disjoint [ N/A
AA12-Bd Collinear Disjoint 3 M/A AAL-BB20 | Collinear (R ) Disjoint 5 MNSA
AA10-BB11 Coplanar Disjoint 7 NfA
BEPL-BP AA1D-BB1E Coplanar Disjoint 7 NfA
Component Projected Relationship Disjoint Geometry AA24-BBY Coplanar Disjoint 7 MNSA
Pair Relationship | Description | Classification AAG-BB2 Coplanar Disjoint 7 N/A
BBB2-AL Parallel Disjoint 8 M/A
BBBS-AR Parallel Disjoint 2 M/A BPL-BL
AAA3-B2 Parallel Disjoint ] M/A Component Projected Relationship Disjoint Geometry
AAAAL-BT Parallel Disjoint 3 NfA Pair Relationship | Description |Classification
BBB1-AL Coplanar Disjoint 9 M/A BBB1-AALD Parallel Disjoint 10 MNSA
BBBE-AS Coplanar Disjoint g9 M/A BBBG-AAZ Parallel Disjoint 10 NSA
AAAS-B2 Coplanar Disjoint 9 M/A AAAZ-BBLE Parallel Disjoint 10 N/A
AAAG-BS Coplanar Disjoint 9 MJA AAAL-BBY Parallel Disjoint 10 MNSA
BBB2-AALD P Intersect Disjoint 11 NfA
BPL-BPL BBB4-AAZ P Intersect Disjoint 11 NfA
Component Projected Relationship Disjoint Geometry AAAS-BB1E P Intersect Disjoint 11 MNSA
Pair Relationship | Description | Classification AAAS-BBO P Intersect Disjoint 11 N/A
AAAL-BBB3 Parallel Disjoint i3 MiA BBB3-AALD Coplanar Disjoint 12 NfA
AAAZ-BBB4 Parallel Disjoint 13 M/A BBBS-AAZ Coplanar Disjoint 12 NSA
AAAS-BBBE Parallel Disjoint i3 MiA AAAL-BB17 Coplanar Disjoint 12 NfA
AAAG-BBBS Parallel Disjoint i3 MiA AAAS-BBD Coplanar Disjoint 12 N/A
AAAL-BBBL Coplanar Disjoint 14 M/A
AMAS-BBB3 Coplanar Disjoint 14 MiA
AAAS-BBBS Coplanar Disjoint 14 M/A
AAAG-BBBE Coplanar Disjoint 14 MiA
AAAL-BBBZ L Intersect Disjoint 15 M/A
AAAZ-BBBS L Intersect Disjoint 15 NjA
AAAL-BBBL L Intersect Disjoint 15 MJA
AAAG-BBB3S L Intersect Disjoint 15 LT

Table 6.30 is organized into disjoint relationships between the six different component pair sets. Each
component pair producing a disjoint relationship classification was manually verified through visual
inspection to be one of the a priori relationships shown in Figure 6.17 above by comparing the main
classification algorithm program output from Table 6.30 with the experimental test 7 scenario visualizations

shown in Figure 6.16.
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6.3 Cadastral Condominium Experimental Test

A final experiment using two 3-D cadastral units derived from a registered condominium survey plan in
Alberta, Canada is presented in this section to show how the methods developed and tested here can be
applied to a practical 3-D cadastral scenario. Figure 6.18 below shows the survey site plan outlining the
footprint of the building used in relation to the 2-D parcel boundary. This drawing is mainly used to confirm
that the building is situated properly within the 2-D parcel that it is registered to. Figure 6.18 shows that the
footprint of the condominium building fits within lots 39 — 42.
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Figure 6.18: Condominium Experiment Survey Site Layout
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Figure 6.19 below includes two legal survey plan drawings that were used to calculate 3-D boundary

coordinates for the two cadastral units considered here.
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Figure 6.19: Condominium Building Cross Section and Typical Floor Plan

Figure 6.19a shows the side view of section A-A from the site plan (Figure 6.18). This was used to derive
(z) elevations for boundary point coordinates. Figure 6.19b shows the layout for floors 2 — 6 of the
condominium building. Measurements on this layout were used to calculate the (x, y) horizontal boundary
point coordinates. Adjacent 3-D cadastral units 5 and 6 were chosen for this experiment from the second
floor of the condominium building. Relevant horizontal survey plan measurements and derived 3-D
boundary point coordinates are shown in Figure 6.20 below.
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Figure 6.20: Calculated Floor and Ceiling Boundary Point (X, y, X) Coordinates

The first step in generating parameters for the boundary components of these units was to calculate the 3-
D boundary points associated with each unit. A local coordinate system was used here, where (0,0,0) was
the x, y, z coordinate of the southwest corner of the 1°** floor of the building. Figure 6.20 shows how the
boundary point coordinates associated with the floor and ceiling of each 3-D cadastral unit were calculated
using measurements included in the survey plan. Point heights were calculated using the elevation

measurements seen in Figure 6.19a above.

Boundary lines and planes were generated like the previous experiments run through the code so that plane
lines had clockwise rotation when looking at each plane from the inside of each unit. Unit 6 was run through
the code as 3-D cadastral object A and unit 5 was ran through the code as 3-D cadastral object B.
Visualizations for the boundary points, lines, and planes of each unit can be seen in Figure 6.21 below.
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Figure 6.21: Condominium Testing Dataset Visualization

The visualization drawings in Figure 6.21 are not drawn to scale. Figure 6.21a shows an overview of 3-D

cadastral units A and B used in the condominium experimental test. The main overlap between the two 3-

D cadastral units in this experiment can be defined by the full plane touch existing between them. A

boundary plane of Unit A (AAA2) fully touches a boundary plane of unit B (BBB4) at a plane segment.

There are no intersecting boundary planes in this experiment. Figure 6.21b shows the names and 3-D

coordinates of all boundary points, Figure 6.21c shows the names and topological directions of all boundary

lines, and Figure 6.21d shows the names of all boundary planes.

Tables 6.31 — 6.33 below show the object input storage parameters for the 3-D cadastral units A and B used

to create the condominium experimental testing dataset. Table 6.31 shows the boundary point storage

parameters, Table 6.32 shows the boundary line storage parameters, and Table 6.33 shows the boundary
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plane storage parameters used to define the boundaries of 3-D cadastral units 6 (A) and 5 (B). These

parameters were generated using the processes described in Section 5.1.

Table 6.31: Condominium Testing Dataset - 3-D Boundary Point Coordinates

Unit 6 (A) Boundary Points Unit 5 (B) Boundary Points
Point | Point X (e1)| Y (e2) |z (e3) . Point | Point X (e1) Y (e2) | Z (¢3) .
e e e no ni e e e no ni
ID | Name ID Name
1 Al 345 | 305 9 1 1100.75 1 B 1 69 305 9 1 2886.125
2 A2 345 0 9 1 635.625 2 B 2 69 0 9 1 2421
3 A3 0 0 9 1 40.5 3 B 3 34.5 0 9 1 635.625
4 A4 0 30.5 9 1 505.625 4 B 4 345 | 305 9 1 1100.75
5 A5 345 | 305 18 1 1222.25 5 B 5 69 30.5 18 1 3007.625
6 A6 345 0 18 1 757.125 6 B 6 69 0 18 1 25425
7 A7 0 0 18 1 162 7 B 7 345 0 18 1 757.125
8 A8 0 30.5 18 1 627.125 8 B 8 345 | 305 18 1 1222.25
Table 6.32: Condominium Testing Dataset - 3-D Boundary Line Storage Parameters
Unit 6 (A) Boundary Lines Unit 5 (B) Boundary Lines
N Start| End CGA 3-Blade Parameters R B Start| End CGA 3-Blade Parameters
B Line Line| Line
Line ID Point |Point R R R R R R Point |Point B . . R N N
Name D D el*no”ni|e2”no”ni (e3*no™ni elﬁez"nl‘el"ea"m e2”e3ni ID | Name D D el”no™ni|e2”no”ni e3"no"n|‘el"ez"m‘el“e?‘m e27e3"ni
1 AA_1 1 2 0 30.5 0 -1052.25 0 274.5 1 BB_1 1 2 0 30.5 0 -2104.5 0 274.5
2 AA_2 2 3 34.5 0 0 0 310.5 2 BB_2 2 3 34.5 0 0 0 310.5 0
3 AA_3 3 | 4 0 -30.5 0 0 0 -274.5 3 | BB_3 3 | 4 0 -30.5 0 1052.25 0 2745
4 AA_4 4 1 -34.5 0 0 -1052.25| -310.5 4 BB_4 4 1 -34.5 0 0 -1052.25| -310.5 0
5 AA_S 1] 5 0 0 9 0 3105 | 2745 5 | BBS 1] 5 0 0 -9 0 621 274.5
6 AA_G 5 6 0 30.5 0 -1052.25 0 549 6 BB_6 5 6 0 30.5 0 -2104.5 0 549
7 AA_7 6 | 2 0 0 9 0 310.5 7 | BB_7 6 | 2 0 0 9 0 621 0
8 AA_8 2 |1 0 -30.5 0 1052.25 0 -274.5 8 | BB.S 2 |1 0 -30.5 0 2104.5 0 274.5
9 AA_9 2 6 0 0 -9 0 310.5 9 BB_9 2 6 0 0 -9 0 621 0
10 AA_10 6 | 7 34.5 0 0 0 621 10 | BB_10 6 | 7 34.5 0 0 0 621 0
11 AA_11 7 3 0 0 9 0 0 11 | BB_11 7 3 0 0 9 0 -310.5 0
12 AA_12 3 | 2 345 0 0 0 310.5 12 | BB_12 3 | 2 345 0 0 0 -310.5 0
13 AA_13 3| 7 0 0 9 0 0 13 | BB_13 3 | 7 0 0 -9 0 310.5 0
14 AA_14 7 8 0 -30.5 0 0 0 -549 14 | BB_14 7 8 0 -30.5 0 1052.25 0 -549
15 AA_15 8 | 4 0 0 9 0 0 274.5 15 | BB_15 8 | 4 0 0 9 0 3105 | 2745
16 AA_16 4 3 0 30.5 0 0 0 274.5 16 | BB_16 4 3 0 30.5 0 -1052.25 0 274.5
17 AA_17 4 | 8 0 0 9 0 0 274.5 17 | BB_17 4 | 8 0 0 -9 0 3105 | 2745
18 AA_18 8 5 -34.5 0 0 -1052.25| -621 18 | BB_18 8 5 -34.5 0 0 -1052.25| -621 0
19 AA_19 5 1 0 0 9 0 310.5 274.5 19 | BB_19 5 1 0 0 9 0 -621 -274.5
20 AA_20 1] 4 34.5 0 0 1052.25 | 310.5 20 | BB_20 1| 4 34.5 0 0 1052.25 | 310.5 0
21 AA_21 8 7 0 30.5 0 0 0 549 21 | BB_21 8 7 0 30.5 0 -1052.25 0 549
22 AA_22 7] 6 -34.5 0 0 0 621 22 | BB.22 7|6 345 0 0 0 621 0
23 AA_23 6 5 0 -30.5 0 1052.25 0 -549 23 | BB_23 6 5 0 -30.5 0 2104.5 0 -549
24 AA_24 5 8 34.5 0 0 1052.25 621 24 | BB 24 5 8 34.5 0 0 1052.25 621 0
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Table 6.33: Condominium Testing Dataset - 3-D Boundary Plane Storage Parameters

Unit 6 (A) Boundary Planes Unit 5 (B) Boundary Planes
CGA 4-Blade Parameters CGA 4-Blade Parameters
Plane | Plane Polyline ID Plane | Plane Polyline ID

ID | Name Numbers | el”e2/no”ni | el*e3*no”ni| e2he3 no’ni |elre2/e3 i ID | Name Numbers |el/e2/no”ni| el*e3*no”ni| e2Ae3*no”ni| elfe2/e3 i
1 AAA_1] (1.2 3 4 -1052.25 0 0 -9470.25 1 BBB_1| |12 3 4 -1052.25 0 0 -9470.25
2 AAA 2| |56 78 0 0 274.5 9470.25 2 BBB 2| |56 7 8 0 0 2745 18940.5

3 |aaa_3| |9 1011 12 0 3105 0 0.00 3 |eBB 3| |9 1011 12 0 310.5 0 0

4 | aAA 4|13 14 15 16 0 0 274.5 0.00 4 |BBB 4|[13 14 15 16 0 0 2745 9470.25
5 | aaa 5| [17_18 19 20 0 3105 0 9470.25 5 |BBBS|[17_18 19 20 0 -310.5 0 9470.25

6 AAA_6| |21 22 23 24 1052.25 0 0 18940.50 6 BBB_6 | |21_22_23_24 1052.25 0 0 18940.5

There are 13 different types of overlap relationship classifications between 3-D cadastral units A and B in
this condominium experimental test that are known to exist a priori to testing. These can be seen in Figure
6.22 below.

BP-BP BL-BP BPL-BP BL-BL BL-BL BL-BL BPL-BL
1 2 4 T 7 8 9 13
0 e r—)—e | o—@—@—e A
0D-0D PT | OD-0D PT | OD-0OD PT | OD-0D PT | 1D-1D LT | OD-0D PT | OD-0D PT
BPL-BL | BPL-BL | BPL-BPL | BPL-BPL | BPL-BPL | BPL-BPL
19£:. 22 D 27Eﬂ 28@- 29 [’ 35 I’
0D-0D P 1D-1D LT | 1D-1D LT | 2D-2D PLT OD-OED PT 1D-1!D LT

Figure 6.22: Condominium Testing Dataset - Existing Overlap Relationship Classifications

This condominium experiment results in numerous occurrences of each of the relationship classifications
shown in Figure 6.22 above. Table 6.34 below shows a compiled sample of the program output for the
condominium experimental testing dataset. It is organized into relationships between the six different
component pair sets. Each component pair producing an overlap relationship classification was manually
verified through visual inspection to be one of the a priori relationships shown in Figure 6.22 above. This
was done by comparing the main classification algorithm program output from Table 6.34 with the

condominium experimental test scenario visualizations shown in Figure 6.21.
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Table 6.34: Condominium Testing Dataset — Sample of Program Output

Condominium Test - Component Pair Overlap Classification Results
BP-BP BL-BL
Component Projected Relationship Overlap Geometry Component Projected Relationship Cverlap Geometry
Fair Relationship | Description | Classification Pair Relationship [ Description | Classification
A1-B4 WA 00-00 PT 1 [34.5,30.5,9] A410-BB10 |Collinear(C)| o0D-0DPT 7 [34.5,0,18]
AZ-B3 N/A 000D PT 1 [34.5,0,8] AALD-BE11 Coplanar 0D-00 PT 9 [34.5,0,18]
AS-BE M/A 0000 PT 1 [34.5,30.5,18] AA12-BB11 Coplanar 0D-00 PT 9 [34.5,0,5]
AB-B7 N/A 0D-00 FT 1 [34.5,0,18] A212-BB12 | Collinear(C)| ©D-0DPT 7 [34.5,0,5]
A413-BB14 | Coplanar 0D-0D PT g [34.5,30.5,18]
BL-BP AA1B-BBIB | Collinear (C) 0D-00 PT 7 [34.5,30.5,18]
Component | Projected Relationship Overlap Geometry AA19-BB1S | Collinear (C) 10-1DLT 3 [34.5,30.5,18] | [34.5,20.5,8]
Pair Relationship | Description | Classification AA1S-BB1G Coplanar 00-00 PT s [24.5,30.5,9]
BB15-A1 Collinear 000D PT 2 [34.5,30.5,5] A81-BB1E | Collinear (C) 10-10LT g [34.5,30.5,8] | [34.5,0,8]
BB11-A2 Collinear oD-0D PT 2 [34.5,0,5] AA20-BB20 | Collinear [C) 0D-00 PT 7 [34.5,30.5,9]
AA10-B7 Collinear OoD-0D PT 2 [34.5,0,18] AAZ3-BB14 | Collinear (C) 1D-1D LT = [24.5,0,18] |[34.5,30.5,18]
AALE-BE Collingar 000D FT 2 [34.5,30.5,18] AAS-BB1S | Collingar (R ) 1D-1DLT g [34.5,30.5,9] [[34.5,30.5,18]
AAG-BB14 | Collinear (R 10-10LT 3 [34.5,30.5,18]| [34.5,0,18]
BPL-BP AAT-BB11 |Collinear(C)| 10-1DLT 8 [34.5,0,18] [34.5,0,3]
Component | Projected Relationship Cverlap Geometry AAB-BB1E | Collinear (R} 10-10LT ] [34.5,-3,5; [34.5,30.5 EI
Fair Relationship | Description | Classification AAS-BB11 | Collinear (R} 10-10 LT 2 [34.5,0,9] [34.5,0,18]
A1-BBB1 Coplanar 00-00 PT a [34.5,30.5,9]
AG-BBB4 Coplanar 000D PT 4 [34.5,30.5,18] BPL-BPL
B3-AAA1 Coplanar 000D PT 4 [34.5,0,5] Component Projected Relationship Overlap Geometry
B7-AAA2 Coplanar 0D-0D FT 4 [24.5,0,18] Pair Relationzhip | Description | Clazsification
0D-0D PT - [34.5,0,9]
BPL-BL AAAL-BBB1 Coplanar 10-10 LT 27 [34.5,0,5] | [34.5,30.5,9]
Component | Projected Relationzhip Overlap Geometry 0D-0D PT — [24.5,320.5,8]

Pair Relationship | Description | Classification AAAL-BEB3 L Intersect QD00 PT 29 [34.5,0,9]
AA10-BBB3 Coplanar 0000 PT 15 [34.5,0,18] 0000 PT - [34.5,30.5,3]
AA10-BBB4 | Pintersect 0D-00 FT 13 [34.5,0,18] AAA1-BBB4 | Lintersect 1D-10 LT 35 [34.5,30.5,5] | [34.5,0,5]
AA12-BBB1 | Coplanar 0000 PT 19 [24.5,0,9] 0D-0D PT - [34.5,0,9]
AA12-BBB4 | Plntersect 000D PT 12 [34.5,0,8] 0D-00 PT - [34.5,0,9]

0000 PT - [34.5,30.5,18] 10-10LT 22(28) [34.5,0,5] | [34.5,0,18]
AA1S-BBE4 | Coplanar 1D-10LT 22 [34.5,3-9.5,13j| [34.5,30.5,5] 0D-0D PT - [34.5,0,18]

0000 PT - [34.5,30.5,9] 10-1DLT 22 (28) [34.5,0,18] |[34.5,3-:-.5,13j

. ARA2-BBBS Coplanar .

0000 PT - [34.5,0,18] 0000 PT - [34.5,30.5,18]
AA23-BBB4 | Coplanar 10-10 LT 22 [34.5,0,18] |[34.5,3-:).5,13j 1D-10 LT 22 (28) [34.5,3-9.5,13j| [34.5,30.5,3]

0000 PT - [34.5,30.5,18] 0D-0D PT - [34.5,30.5,3]

000D PT - [34.5,0,18] 1D-1DLT 2228} [34.5,30.5,8] | [34.5,0,8]
BB11-AAAZ Coplanar 10-10 LT 22 [34.5,0,18] | [34.5,0,5] 0000 PT - [34.5,30.5,18]

0000 PT - [34.5,0,8] ASAD-BBBE | Lintersect 10-1DLT 5 [34.5,30.5,18] | [34.5,0,18]
BB14-8845 | Pintersect 0000 PT 13 [34.5,30.5,18] 0D-0D PT - [34.5,0,18]
BB15-A%41 | Plntersect 000D PT 13 [34.5,30.5,5] AAAS-BEBI L Intersect 0D-00 PT 29 [34.5,30.5,3]
BB15-A245 | Coplanar 0D-00 FT 15 [34.5,30.5,18] 0D-00 PT - [34.5,30.5,9]
BR20-4441 | Coplanar 00-00 PT 18 [34.5,30.5,9] ASAS-BBES | Coplanar 10-1DLT 27 [34.5,30.5,9] |[34.5,3-:-.5,13;

000D PT - [34.5,30.5,18] 0000 PT — [34.5,30.5,18]
BB21-AAA2 Coplanar 10-10 LT 22 [34.5,3-9.5,13:' [34.5,0,18]

00-00 PT - [34.5,0,18]

Table 6.34 shows how the program outputs 4 BP-BP sets that produce the ‘0D-0D Point Touch’ relationship

(overlap classification 1).

The main classification algorithm program output a total of 48 BL-BP sets that produced the ‘Collinear 0D-

0D Point Touch’ relationship (overlap classification 2). A sample of four of these is presented.

The main classification algorithm program output a total of 24 BPL-BP sets that produced the ‘Coplanar

0D-0D Point Touch’ relationship (overlap classification 4). These all occurred on boundary plancs BBB4

and AAAL and a sample of 4 of these is presented.
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The main classification algorithm program output a total of 16 BL-BL sets that produced the ‘Collinear 0D-
0D Point Touch’ relationship (overlap classification 7), 16 BL-BL sets that produced the ‘Collinear 1D-1D
Line Touch’ relationship (overlap classification 8), and 96 BL-BL sets that produced the ‘Coplanar 0D-0D
Point Touch’ relationship (overlap classification 9). A sample of four, eight, and four of these relationships

are presented, respectively.

The main classification algorithm program output a total of 48 BPL-BL sets that produced the ‘Point
Intersect 0D-0D Point Touch’ relationship (overlap classification 13), 32 BPL-BL sets that produced the
‘Coplanar 0D-0D Point Touch’ relationship (overlap classification 19), and 32 BPL-BL sets that produced
the ‘Coplanar 1D-1D Line Touch’ relationship (overlap classification 22). A sample of four of each of these
relationships is presented.

The main classification algorithm program output a total of four BPL-BPL sets that produced the ‘Coplanar
1D-1D Line Touch’ relationship (overlap classification 27) and one BPL-BPL set that produced the ‘2D-
2D Plane Touch’ relationship (overlap classification 28) consisting of four ‘Coplanar 1D-1D Line Touch’
segments. These are all presented in the table. The program output a total of eight BPL-BPL sets that
produced the ‘Line Intersect 0D-0D Point Touch’ relationship (overlap classification 29) and eight BPL-
BPL sets that produced the ‘Line Intersect 1D-1D Line Touch’ relationship (overlap classification 35). A
sample of two of each of these relationships is presented.

The relationship classification results from this experimental test that was derived from a 3-D condominium
survey in Alberta, Canada show how the methods developed in this study can be applied to a real cadastral
scenario. These methods can be applied for validating defined legal boundaries before a survey plan is

registered, or during the registration process.

6.4 Chapter Summary

The relevance this chapter has to the primary research objective is that it tests and validates the modelling
processes developed in this study using experimental datasets, each consisting of two 3-D cadastral units.
This chapter describes the results that were generated from performing research activity #8: “Test proposed
computational procedures with simulated datasets to show the extent that they can work under” and research
activity #9: “Test proposed computation procedures on two 3-D cadastral units derived from a real 3-D
cadastral survey to show how the developed procedures can be applied to a practical 3-D boundary problem

scenario”.
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Section 6.1 presented a summary of the relationships that can be classified using the methods developed in
Chapter 4 and Chapter 5 of this study. There is a total of 53 distinct relationships that can be classified
between the six types of boundary component pairs. 38 of these classifications are non-disjoint (touch and
intersect) relationships and 15 of these classifications are disjoint relationships. Two relationships can be
classified between point-point boundary component pairs, four relationships can be classified between line-
point boundary component pairs, five relationships can be classified between plane-point boundary
component pairs, 10 relationships can be classified between line-line boundary component pairs, 14
relationships can be classified between plane-line boundary component pairs, and 18 relationships can be
classified between plane-plane boundary component pairs. In total, this chapter presented 8 sets of
experiments that were used to validate the data modelling processes developed in this study. All datasets
consisted of two cube-like 3-D cadastral units that were each represented by their point, line, and plane
boundary components. The relationships between all sets of 3-D cadastral units were known a priori to
running the experiments and the classification results were validated manually to check if the program was

producing the correct results.

Section 6.2 presented the first seven experiments consisting of simulated datasets that were created
specifically so that each of the 53 distinct relationships could be classified at least once to show that the
model could properly classify them. Simulated datasets 1-6 were used to show how the developed
classification algorithms could be effective in properly classifying the 38 distinct ‘Touch’ and
‘Intersection/Overlap’ relationships while simulated dataset 7 was used to show how the developed

classification algorithms could be effective in properly classifying the 15 distinct ‘Disjoint’ relationships.

Section 6.3 presented experimental results from a dataset consisting of two adjacent 3-D cadastral units that
were derived from a centerline boundary condominium survey registered in Alberta, Canada. This
experiment was included to show how the developed classification algorithms could be applied to real 3-D
boundary data for a practical example in the surveying field. Two adjacent units were chosen from the
second floor of the condominium building and boundary point coordinates were derived using a local
coordinate system to the condominium building. The main implementation program output the correct
relationship classifications for each of the six boundary component pair sets and was able to identify the

shared wall existing between the two units.

All relationships for the experiments chosen were correctly identified and each of the 53 relationship
classification types that were described in Chapter 4 and summarized in Figure 6.1 and Figure 6.2 above
was classified at least once throughout the experimental tests. The results presented in this chapter suggest
that classification processes that apply CGA algorithms can be used effectively in classifying relationships

between the boundary components associated with 3-D cadastral units.
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Chapter Seven: Discussion and Conclusions

This chapter summarizes the work that was performed, concludes on how the work completed here
contributes to knowledge associated with 3-D cadastre development and the professional surveying and
land administration fields, and analyzes how the work done in this study compares to previous research and

discusses how it can be expanded upon further in future research. It is presented in four sections.

Section 7.1 briefly summarizes the work that was completed in each chapter of this study while linking it
to different aspects of the primary research objective. Section 7.2 presents the conclusions that were
deduced through completing this study. It discusses how this study contributes to knowledge, both
theoretically and practically in applications related to 3-D land management and the professional land
surveying profession. Section 7.3 presents a discussion on how the methods developed and applied in this
study relate and compare to the existing theory and relationship modelling approaches that were presented
in Chapter 2 and Chapter 3. Section 7.4 discusses some limitations of the methods developed here and
provides recommendations for future work related to aspects of this study that can be expanded upon and

explored further.

7.1 Research Summary

The cadastral literature search performed in Chapter 2 defined important concepts related to different
research topics of 3-D cadastre development and was used to create a definition for 3-D cadastral boundaries
and their boundary components. The 3-D cadastral units modelled in this study were derived from closed
boundary volumetric 3-D units that could be registered through strata or condominium survey plans in
Alberta, Canada. The data storage structure defines 3-D boundaries as the collection of their lower-

dimensional 3-D point, line, and plane boundary components.

The mathematical literature search performed in Chapter 3 identified existing frameworks for defining and
organizing relationships between spatial objects and discussed a few approaches to distinguish these
relationships in practice. The relationships modelled in this study between 3-D boundary component pairs
were limited to boundary components touching, intersecting, or being disjoint from each other. Formal
theory regarding Conformal Geometric Algebra was included in this chapter along with the equations that

were used in this study to implement topological checks between 3-D boundary components.

Data flow processing algorithms were developed and presented in Chapter 4 that can be used to classify
various relationships between the 3-D boundary components considered in this study. The data formats that

were used to define and digitally model 3-D cadastral boundaries were presented in this chapter as well.
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The overall relationship classification approach that involved classifying the relationships between six sets

of 3-D boundary component pairs were presented in this chapter and described in detail.

The approach that was followed to implement these classification algorithms using written MATLAB
functions in combination with GAViewer files was described in Chapter 5. Methods for creating the 3-D
cadastral boundary datasets were described, along with the methods that were applied to implement the

main and secondary relationship classification functions that were presented in Chapter 4.

Results from the datasets in Chapter 6 showed that by applying the proposed processes for each of the six
sets of boundary component pairs, a total of 53 distinctive relationships could be classified properly
between the boundaries of two 3-D cadastral units. Thirty-eight of these were associated with overlap (touch
or intersect) relationships while 15 were associated with disjoint relationships. The experiments showed
that the methodological processes developed for the six types of boundary component pairs that apply a
combination of CGA operations and 3-D point-point distance evaluations can be used to correctly evaluate

geometric and topological relationships between six sets of boundary component pairs.

7.2 Conclusions and Contribution to Knowledge

The study developed and tested computational data modelling processes that applied CGA theory, objects,
and operations, as well as 3-D point-point distance evaluations, to classify geometrical and topological
relationships that exist between the (point, line, and plane) components defining the boundaries of two 3-
D cadastral units. Data flow classification algorithms were developed to correctly classify various types of
disjoint, touch, and intersect relationships between six sets of 3-D boundary component pairs. The six
classification algorithms were validated by testing them on seven simulated experimental datasets and on
an experimental dataset that was derived from a condominium cadastral survey registered in Alberta,

Canada.

The initial hypothesis was that CGA theory and operations alone could be applied to classify all the
topological relationships between 3-D cadastral boundary components. This was influenced by previous
research presented in Section 3.2.2 that showed different ways of how CGA theory could be applied to
model 3-D cadastral objects and to analyze relationships between their 3D boundaries. While it may be
possible to reach similar results using CGA alone, additional techniques were applied in this study in

combination with CGA operations to develop a solution that addressed the primary objective of this study.
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The developed solution that was implemented to address the primary objective of this study used a
combination of CGA operations and additional 3-D point-point distance evaluations to classify
relationships between 3-D boundary components. This is not to say that it isn't possible to reach similar
results by using CGA operations only, rather that additional operations were required to reach them using
the methodology developed in Chapter 4. CGA allows for many other techniques that could possibly be
applied to reach similar results, and these should be explored further with respect to classifying topological

relationships between 3D cadastral units and their 3-D boundary components.

The CGA theory and methods as they were applied were used to correctly identify which projected
relationship was occurring between 3-D boundary component pairs. Projected relationships could result in
two boundary components being parallel, skew, collinear, coplanar, or intersecting at a point or line.
Additional operational techniques that mainly calculated and evaluated various 3-D point-point distances
were leveraged to both distinguish which of the final relationship classifications were occurring for each of
the projected relationship scenarios and to gather geometric point coordinate sets which described the extent
of any relationship classification that had some form of overlap between the two boundary components

being considered.

This study has both theoretical and practical contributions to research associated with 3-D cadastres and 3-
D land management. The theoretical contribution is that data flow processes and algorithms were developed
and tested to classify 53 distinct relationship types between six sets of 3-D boundary component pairs.
Simulated experimental datasets were set up so that each of the 53 relationships could be classified correctly
at least once to validate the methodological theory that was developed and implemented to classify it. The
experimental results from the datasets that were tested support how the methods that were developed using
CGA along with 3-D point-point distance evaluations can be applied to correctly classify topological

relationships between 3-D cadastral boundaries.

The practical contribution is that it showed how the methods developed here can be applied to solving a
practical 3-D cadastral boundary problem example in the land surveying field, specifically towards
validating a shared boundary between two adjacent 3-D cadastral units as intended on the survey plan prior
to registering it. An experiment using a real cadastral example was derived using measurements included
in a 3-D condominium survey plan registered in Alberta, Canada to validate the shared plane boundary
between two adjacent 3-D cadastral units. While this type of relationship analysis can be done through

visual inspection of survey plans, the methods developed here are more mathematically rigorous.
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None of the experimental results from the datasets tested show the methods developed here to be false
(falsification). Experimental results still needed to be validated through visual inspection as an independent
method to verify that the results were correct. The methods developed here were not verified as being
universally correct with all 3-D cadastral units, but rather have been validated with the simple cube-like

cadastral experiments chosen.

7.3 Discussion on Methodological Approach

The primary objective of this study addressed how 3-D boundaries that are registered using survey plans
could be digitally represented in a spatial DBMS using 3-D boundary point, line, and plane storage tables.
The primary objective also addressed how various topological relationships could be organized and
classified between the boundaries of two 3-D cadastral units.

This section discusses the data format that was chosen to represent 3-D boundaries. It discusses how the
relationships classified here compare with that of the 9IM in 3-D space and discusses the limitations and
advantages of the approach followed. Lastly, it discusses the advantage of outputting a geometrical

description associated with each overlap relationship classified.

7.3.1 Discussion on Data Format Chosen

Even though the legal foundations and property definitions are not uniform among different cadastral
jurisdictions, the processes developed and tested in this study that were used to organize and classify
relationships between 3-D boundary components could be applied to 3-D cadastral data models that are

being developed in jurisdictions that use a similar data format.

The data format used here to represent the boundary of a 3-D cadastral unit like that of Ying et al. (2015)
was chosen to best reflect how cadastral boundaries can be registered using a strata or condominium survey
plan in Alberta, Canada. This format could apply to other jurisdictions that use boundary points, lines, and

planes to register 3-D cadastral boundaries as well.

While other data formats such as LiDAR point clouds have been considered to record 3-D cadastral
boundaries in other studies, there are often challenges associated with them such as uncertainties with data
quality and missing data (Koeva & Oude Elberink, 2016). The advantage of the point, line, plane format
used here is that the parameters can be derived through relatively simple calculations using recorded

distances and angles that are included in a survey plan. The experimental test involving two 3-D cadastral
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units derived from a condominium survey plan (see Section 6.3) showed how real cadastral datasets could
be digitized. This was done by first calculating 3-D point coordinates for all vertex points in the plan,
followed by creating a topological structure for lines using two end point references and planes using at

least three boundary line references.

Recalling the three different ways that 3-D property can be represented with 2-D data in a cadastral system
(see Section 2.5.1), this study assumed a mixed combination of both 2-D and 3-D parcels in a cadastral
database. The limitation of this approach is that 3-D parcels cannot be compared directly with adjacent 2-
D parcels. The advantage of this approach is that 2-D parcels do not need to be converted into 3-D parcels.
Condominium surveys in Alberta, Canada must include a drawing that shows how any condominium
buildings included on the plan are within the limits of the 2-D parcel that they are registered to. This can
be done using existing 2-D relationship analysis approaches between the parcel boundary and the
condominium building footprint. An advantage to using this approach is that 3-D analysis only needs to be
performed between 3-D cadastral units that are registered to the same 3-D survey plan and are contained
within the same building. This allows for a local building coordinate system to be used which can simplify

the boundary coordinate calculation process significantly, as was shown in Section 6.3.

7.3.2 Relationship Classifications Compared to the 91M in 3-D Space

When comparing the relationships that can be classified using the methods proposed in this study with that
of the theoretical models reviewed in Section 3.1.1, there are some key differences worth mentioning. One
of these differences is that this approach generalizes relationships between boundary components into pairs
that are ‘Disjoint’ from each other, ‘Touching/Meeting’ at one or more of their exterior boundary limits, or
‘Intersecting’ at both of their interior boundary extensions. Other topological classification distinctions
associated with overlap such as ‘Inside/Contains’, ‘Covers/Covered by’, and ‘Equal’ were generalized into
one of these groupings. These overlap relationships have minor distinctions between them such as the

exteriors of objects touching or not and were not considered here.

This generalization was applied here because the expanded classifications were assumed to have limited
additional advantages to analyzing relationships between 3-D cadastral boundaries, especially when the
geometry of the overlap is returned with the classification. Applying this generalization results in a smaller
number of relationships that can be distinguished in some cases using this approach than what is
theoretically conceptualized using the 9IM in 3-D space (see Table 3.4). Examples of this are explained

using the line-line and plane-line component pair relationship outcomes discussed below.
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This approach can classify the same two distinct relationships between point-point boundary component
pairs as all other models that were discussed in Section 3.1.1 and Section 3.1.2, being the ‘Disjoint’ and

‘0D-0D Point Touch’ classifications.

This approach can classify four distinct relationships between line-point boundary component pairs,
compared to three distinct relationships that are conceptualized using the 91IM framework in 3-D space (see
Zlatanova (2000) and Table 3.4). Thisapproach can classify the same three relationships between line-point
pairs, being ‘Disjoint’, ‘0D-0D Point Touch’ at a (0D) line end limit point, and ‘1D-0D Point Touch’ at a
(1D) line interior extension point. The approach followed here makes an additional distinction for line-

point disjoint relationships as a point can be ‘Disjoint’ and collinear or ‘Disjoint” and not collinear.

This approach can classify 10 distinct relationships between line-line boundary component pairs (13 when
distinguishing between common or reverse collinear), compared to 33 distinct relationships that are
conceptualized using the 9IM framework in 3-D space (see Zlatanova (2000) and Table 3.4). This lower
number is partially due to the generalization of topological descriptors described above that classifies the
‘Inside/Contains’, ‘Covers/Covered by’, and ‘Equal’ topological classifications as the same touch
relationship. Another reason for this lower number of relationships is that Zlatanova (2000) could be

considering relationships between lines that can have multiple segments.

This approach can classify five distinct relationships between plane-point boundary component pairs,
compared to three distinct relationships that are conceptualized using all other models that were discussed
in Section 3.1.1 and Section 3.1.2. This approach can classify four distinct relationships between plane-
point boundary component pairs that are coplanar, being the ‘Disjoint’, ‘0D-0D Point Touch’ at a (0D)
plane vertex point, ‘1D-0D Point Touch’ at a (1D) plane edge line, and ‘2D-0D Point Touch’ at a (2D)
plane interior extension point. The approach followed here makes an additional distinction for plane-point

disjoint relationships as a point can be ‘Disjoint’ and coplanar or ‘Disjoint’ and not coplanar.

This approach can classify 14 distinct relationships between plane-line boundary component pairs,
compared to 31 distinct relationships that are conceptualized using the 91IM framework in 3-D space (see
Zlatanova (2000) and Table 3.4). Zlatanova (2000) considers topological plane-line scenarios where the
line being considered can have a single segment or multiple segments. When the examples with multiple
line segments are removed there are a total of 10 distinct relationships that can be conceptualized. Part of
the reason for the higher number of relationships resulting from the approach followed here comes from
making a distinction of a plane-line pair having a coplanar, parallel, or intersection projected relationship.

For example, there can be a ‘0D-0D Point Touch’ classification that has the coplanar projected relationship
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or the intersecting at a point projected relationship. These would both be considered the same relationship

under the 91M framework.

This approach can classify 18 distinct relationships between plane-plane boundary component pairs,
compared to 38 distinct relationships that are conceptualized using the 9IM framework in 3-D space (see
Zlatanova (2000) and Table 3.4). Zlatanova (2000) considers topological scenarios where the surfaces
(planes) being considered can have a single plane segment or complex surfaces with multiple plane
segments. When the examples of surfaces with multiple plane segments are removed there are a total of 14
distinct relationships that can be conceptualized. Similar to that of the plane-line relationships discussed
above, part of the reason for the higher number of relationships resulting from the approach followed here
come from making a distinction of a plane-plane pair having a coplanar, parallel, or intersection projected
relationship. For example, there can be a ‘1D-1D Line Touch’ classification that has the coplanar projected
relationship or the intersecting at a line projected relationship. These would both be considered the same

relationship under the 9IM framework.

7.3.3 Geometrical Representations for Relationship Classifications

Looking back to Section 3.1.2, one of the main requirements for topology in 3-D GIS applications identified
by Ellul & Hacklay (2006) was that each topological element should also have some form of geometric
representation so that the topological analysis between objects can be reconstructed and visualized in a

front-end system.

One benefit of the approach developed in this study is that topological classifications that result in some
form of overlap (touch or intersection) relationship between 3-D boundary component pairs are
accompanied by a geometric description of the relationship. If the boundary components being considered
touch or intersect at a point, a 3-D [x, y, z] point coordinate is returned with the topological classification.
If the boundary components being considered touch or intersect at a line, two 3-D point coordinates are
returned with the topological classification to represent the associated line overlap geometry. If the
boundary components being considered touch at a plane, a set of 3-D point coordinates are returned with
the topological classification to represent the associated plane overlap geometry. While this study did not
visualize the output classifications for the experimental datasets, the output results could be loaded into a
spatial DBMS using the point set geometry included with each topological classification for visualization
purposes.
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7.4 Recommendations for Future Research

This section discusses areas where the current methodology presented in this study could be expanded upon
in future research. Section 7.4.1 discusses how the methods developed here could be expanded to
incorporate additional topological descriptors to increase the number of relationships that could be
classified between 3-D boundary components. Section 7.4.2 discusses how the approach followed here
could be expanded to include solid 3-D bodies as boundary component types. This distinction would allow
for additional topological relationships such as containment to be classified between two 3-D cadastral
units. Section 7.4.3 discusses how the approach followed here could be expanded to consider additional 3-
D cadastral boundary definitions and additional data types. Section 7.4.4 discusses how Vector Algebra
could potentially be used as an alternate approach to the CGA methods applied here to determine projected
relationships between 3-D boundary component pairs. Section 7.4.5 discusses the limitations of how the
code used to implement the methods was written and suggests how it could be optimized.

7.4.1 Expanding Topological Descriptors

As mentioned in Section 7.3.2 above, topological classifications between 3-D cadastral units were
generalized into their boundary components either being ‘Disjoint’ from each other, ‘Touching/Meeting’
at one or more of their exterior boundary limits, or ‘Intersecting’ at both of their interior boundary
extensions. By expanding the classification processes developed here to include distinctions for
‘Inside/Contains’, ‘Covers/Covered by’, and ‘Equal’ topological descriptors, a larger number of distinct
relationship classifications could be distinguished between 3-D cadastral boundaries. Two examples of how
the methods developed here could be expanded to achieve this are described below using relationships

between line-line and plane-line boundary component pair scenarios.

All classifications for common and reverse collinear line-line boundary component pairs (see Figure 4.11
and Figure 4.13) were classified as either ‘Disjoint’, 0D-0D Point Touch’, or ‘1D-1D Line Touch’ even
though there were 13 different conditions evaluated. Out of these conditions, four could be otherwise
classified as ‘Covers/Covered by’, two could be otherwise classified as ‘Inside/Contains’, and one could
otherwise be classified as ‘Equal’. If these additional distinctions were considered along with the common
and reverse collinear projected relationship distinctions, the processes developed here could be used to
evaluate 33 distinct relationship classifications between two boundary lines instead of the 10 that are

described in section 4.5.
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Relating to plane-line boundary component pairs, overlap relationships 22 and 23 (see Figure 6.1) are
classified when there isa 1D-1D line touch and a 2D-1D line touch, respectively. While both relationships
are generalized as line touch classifications, they could be further expanded to increase the number of
relationships that can be classified. The 1D-1D line touch (overlap relationship 22) could be expanded to
have a meet or a covers/covered by relationship classification if the line did not extend past the boundary
of the plane. The 2D-1D line touch (overlap relationship 23) could be expanded to have an overlap,
covers/covered by, or contains/inside relationship classification. Both examples could be implemented by
adding additional evaluations between the boundary line end points and the boundary plane. If these
distinctions were taken into consideration, the methods developed and tested here would be able to classify

17 distinct relationships instead of the 14 that are described in section 4.7.

7.4.2 Expand Methods to Include Solid Bodies as Boundary Components

A limitation of the relationship classification approach as it is currently implemented is that the relationship
classifications evaluated are not between the 3-D cadastral objects in whole, but rather between their lower-
dimensional 3-D point, line, and plane boundary components. Relationships between all boundary
component pairs need to be interpreted together to describe the relationship that is occurring between two

3-D cadastral units.

This limitation can result in cases where even though there is no relationship occurring between the
boundary components (i.e. their boundary surfaces are not interacting), there could still be a relationship
occurring between two 3-D cadastral units in whole. An example of this contradiction would be if a unit A
was completely contained within a unit B and their boundaries were not overlapping. All boundary
component pair relationships would result in the ‘Disjoint’ relationship classification individually even

though unit A is completely contained within unit B.

While the methods put forward in this study have been proven to be effective for describing many
relationships between two 3-D cadastral units effectively, there are still possible situations where additional
information is required. To fix potential ambiguities and to increase the number of relationships that can be
classified between 3-D cadastral units and their boundary components, future research should expand the
classification algorithms proposed here to include additional processes for evaluating relationships between
body-point, body-line, body-plane, and body-body boundary component pairs. Additional evaluations
between CGA planes and various point and line sets could be applied to determine if boundary components

were inside or outside the surface of a 3-D cadastral unit.
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7.4.3 Applying Methodology to Different Data Formats

This research could be expanded to include classification processes that could be used to identify
relationships between different types of 3-D cadastral unit boundary definitions, such as boundaries defined

by cylindrical surfaces and boundaries defined using open surfaces that can exist in strata units.

Aside from flat boundary planes that were modelled in this study, 3-D boundaries in Alberta, Canada can
also be defined using curved cylindrical faces to represent the surface of a legal boundary. This study did
not consider cadastral units with these curved boundary surfaces and future research should consider

developing additional processes that can incorporate them.

All cadastral objects modelled in this study have closed boundaries. However, strata survey plans in
Alberta, Canada can register 3-D units that have open surface boundaries. This type of boundary definition
is usually applied when physical structures that overlap in 3-D space are owned by separate entities, or
where there is some other change in RRR use. In these scenarios, boundaries are defined by the surfaces
where these changes in rights occur and can result in boundary planes that extend upwards or downwards

to infinity but are constrained in a horizontal direction.

The methodological processes developed in this study were designed while only considering closed
boundaries that are defined by a set of flat planar surfaces. Future research should consider 3-D cadastral
objects that are defined using the types of open boundaries that can be included in strata survey plans and

should develop relationship classification processes that can analyze them.

7.4.4 Alternate Approach for Determining Projected Relationships

The general approach to classifying topological relationships between 3-D boundary component pair sets
was to first determine the projected relationship that was occurring between the two boundary components
being considered, and then to use various 3-D point-point distance evaluations to reach the final relationship
classifications.

Even though this study used CGA theory and operations to determine which projected relationship was
occurring between 3-D boundary component pairs, it should be possible for other methods to be used to
achieve this. One of the alternative methods that would be worth considering for future research is Vector
Algebra mathematics. Vector Algebra is commonly used to represent points, equations for lines, and
equations for planes in 3-D space. Vector Algebra can also be applied to determine intersections between

these points, equations for lines, and equations for planes. For these reasons, future research should try to
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implement the general approach followed here using Vector Algebra operations and procedures. A potential
benefit of using other mathematical methods such as Vector Algebra to achieve similar results would be
that there are more mathematical packages available for coding when compared to that of CGA which might
be useful in optimizing the classification algorithms or applying the methods to work in a spatial DBMS

environment.

An example of how Vector Algebra could be applied to achieve this is presented using the line-line
boundary component pair. When trying to determine the projected relationship between a line-line
boundary component pair, equations could be generated for both lines in 3-D space. If the equations were
the same, or the same with opposite signs, the lines being considered could be determined to have the
common or reverse collinear projected relationships, respectively. If the intersection between two lines
resulted in a unique point solution, the lines being considered could be determined to have the coplanar
projected relationship. If the intersection between the two lines had no solution, the lines being considered
could be determined to have the parallel or skew projected relationship. Similar derivations using Vector
Algebra should be possible for determining the projected relationships between the other boundary
component pair types considered. Vector Algebra was not considered here as CGA was the area of inquiry

for this study.

7.4.5 Optimizing Implementation Code

The implementation programs that were written to test and validate the classification processes developed
in this study were written to perform all calculations in batches (see Chapter 5). It also required data to be
passed back and forth between MATLAB and GAViewer. This process required the manual opening of
files into GAViewer and saving them back into a specific folder so that the updated files could be opened
using MATLAB. This implementation approach resulted in the need to parse and sort through large text
files that contained CGA operation results which took longer to process than if the calculations could be

processed in real-time on an individual relationship calculation basis.

To speed up the classification processes, it would be ideal if any future implementation of these processes
was written using code that could integrate the CGA operations utilized using GAViewer with the various
3-D point-point distance calculations and evaluations that were followed to classify topological

relationships.
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7.5 Concluding Remarks

This study showed how CGA and other mathematical methods could be used to classify geometrical and
topological relationships between sets of 3-D boundary components. The results from experiments
presented here suggest that the methods that were proposed and tested in this study can be useful for
describing relationships between the boundaries of two 3-D cadastral units. These methods could be applied
by professional land surveyors and land titles officials to assist with quality control checks associated with
3-D boundaries before submitting and registering 3-D survey plans While there are limitations to this
approach associated with data formats and topological descriptors, the methods developed in this study are

promising for future research related to classifying relationships between 3-D cadastral boundaries.
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