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Abstract

Antenna arrays are increasingly being used in radio telescopes that operate with large band-
width and demand very-low-noise performance. Designing the receivers for these tele-
scopes involves the use of equations that were developed for narrowband receivers. One of
the impeding factors in receiver design is array mutual coupling that degrades system noise
performance. The effects of mutual coupling can be mitigated completely, provided the
receiver is designed to noise match the active array for a single scan direction. This type of
matching was developed for narrow band receivers where signal delays between antennas
can be safely ignored.

This work develops equations and techniques for matching wideband active arrays to
the receiver while taking into consideration the propagation delays in the array that become
relevant with large bandwidth. Matching the receiver to the active array requires match-
ing the individual LNA separately to the active array, which is not ideal. For this reason,
matching the active array to identical LNAs while minimizing receiver noise is also ex-
plored. The equations developed are verified using simulation of antenna arrays designed
for radio astronomy use. Finally, minimizing array noise for multiple scan directions while

using identical LNA in the receiver is discussed.
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Chapter 1

Introduction
1.1 Background and Motivation

Antenna arrays see ever-expanding application in communications (e.g., emerging 5SG and
6G systems, massive and holographic MIMO systems), radar, radio astronomy, magnetic
resonance imaging, remote sensing, signal intelligence, and spectrum sensing [[1-11]. In
commercial applications, antenna arrays are used in MIMO (multiple-input-multiple-output)
systems used in cellular communication (5G cellular network), while in military applica-
tions, antenna arrays are used in AESA (active electronically scanned array) radars, com-
munication systems, synthetic aperture synthesis, etc. In most applications, there is a need
to improve the SNR (signal-to-noise ratio) of arrays. For AESA radars, improved SNR
means increased detection range. In commercial communication systems, increased SNR
means faster link speeds for wireless devices. And in radio astronomy, improving the SNR
of a telescope receiver reduces observation times or improves observation quality. In radio
astronomy, wider band arrays and receivers are required for the SKA (Square Kilometer
Array) [12]. However, contemporary noise analyses of antenna arrays are not accurate for
wideband systems. Therefore, designing these receivers involves use of techniques devel-
oped for narrowband arrays and receivers. Wideband analysis of arrays with frequency
varying antenna and low-noise amplifiers (LNA) S-parameters had not been discussed in
literature. This work aims to generalize the narrowband equations and techniques for an-
tenna arrays to the wideband case. In a recent article, it was shown that noise delays and
bandwidth have an effect on the LNA noise output [[13]], and in this work, special empha-
sis is placed on studying the effects of noise delays and bandwidth on antenna array noise
equations and discover their impact on antenna array matching.

Past research showed that minimizing the noise of a receiving antenna array requires

the optimum reflection coefficient for minimum noise, I'op; € C, of the receiver front-end



LNA to equal the “active” reflection coefficient, ['y; € C, of the antenna array [14-17].
The determination of [y requires the knowledge of beamforming coefficients and the
electrical parameters, e.g., S-parameters, of the antenna array. However, typically focusing
on narrow-band applications, prior analyses did not consider the effects of noise bandwidth
on I'y(. As such, a typical noise analysis was performed at a single frequency for a 1-
Hz bandwidth and simply extended to wideband by multiplying the noise by the desired
bandwidth.

For each frequency of array operation, the conventional noise analysis proceeds as fol-
lows: a) S-parameters of an antenna array and the LNA are simulated or measured in a 1-Hz
bandwidth, fgg; b) noise parameters (NPs) of the LNA are simulated in a 1-Hz bandwidth
or measured over a ~1-MHz bandwidth, fgnp, and the NPs are assumed to be invariant
of fgnps €) noise power at the array output, beam-equivalent receiver noise temperature,
Tiec, and I'y¢; are calculated in a 1-Hz bandwidth based on the results in a) and b) and the
knowledge of the beamformer coefficients [14-17]; and, if needed, d) Tiec and 'y are as-
sumed unchanged over operating noise bandwidth fg, and the output noise power for fp is
calculated by multiplying the result in ¢) by f5.

Three observations are made: a) measured S-parameters manifest any propagation de-
lays through the array as phases at each frequency; b) while wide fg np increases the LNA
output noise power and accelerates measurements, the assumption of LNA NP invariance
on fpnp is not accurate as it ignores bandwidth-dependent decorrelation of LNA noise
sources [13]]; and c) the linear scaling of the output noise power by fp may also be inac-
curate due to noise decorrelation problem akin discussions in [13]]. This last observation
has not been investigated in the past for compact arrays, while for physically large antenna
arrays, such as single-pixel aperture-synthesis radio telescopes, it is well-known that even
bandwidths of a few kHz result in noise decorrelation [|18]]. Therefore, this thesis investi-
gates fp impact of noise decorrelation on Tie. and I, of wideband compact arrays, with

the particular focus on ultra-sensitive system, such as those for radio astronomy, where



even small increases in Tr.. are considered as highly undesirable. Note that as fg is the
noise bandwidth, it may be much narrower than the RF system bandwidth; therefore, in

this thesis “wideband” refers to wide noise bandwidths.

1.2 Contribution

The main contributions of this work are as follows:

1. Presentation of frequency varying equation for determining antenna array noise

2. Development of a new optimal matching scheme for wideband arrays with noise

delays taken into consideration

3. Development of multi-beam optimal noise matching scheme for wideband arrays

with noise delays taken into consideration

4. Development of a method for allocating importance to particular scan directions

when minimizing array noise for multiple scan directions

The first and second contributions in the list above have resulted in the following publica-

tion:

* Ali, Roshaan et al., “Impact of bandwidth on antenna array noise matching,” Elec-

tronics Letters, vol. 57, 4, pp. 158-160, Feb. 2021,

url: https://onlinelibrary.wiley.com/do1/10.1049/el12.12018

1.3 Thesis Organization

The thesis is comprised of the following chapters:

1. Introduction

2. Electronic Noise


https://onlinelibrary.wiley.com/doi/10.1049/ell2.12018

3. Antenna Arrays

4. Noise Delays in Antenna Arrays

5. Discussion

6. Conclusion

Introduction presents the background and motivation for this thesis. The second chapter
explores electronic noise in detail, and discusses the concept of noise waves as function of
time and frequency. The third chapter details prerequisite concepts in antenna array theory.
In particular, the chapter discusses modern methods of calculating array receiver noise. In
the fourth chapter, noise delays in antenna arrays and their impact on array noise matching
is discussed. This is accomplished by developing array equations that include bandwidth
and delay effects including verification of these equations via numerical simulations. The

final two chapters are dedicated to discussion and conclusion of findings of this work.



Chapter 2

Electronic Noise

2.1 Introduction

Noise is one of most important performance constraint of electronic circuits design. It sets
the boundaries for what can and cannot be achieved with devices available to a designer.
A common design goal encountered in electronics and system design is to obtain the best
noise performance possible. Signal-to-noise ratio (SNR) and many of its derivatives, such
as noise temperature, noise figure, etc., are simply different ways of expressing the noise
performance of a circuit. In order to understand SNR, two fundamental quantities must be
defined and characterized: signal and noise. An electrical signal can be described as de-
sirable information encoded in the electromagnetic field. Electrical noise can be described
as the undesired disturbance of the electromagnetic field and this disturbance obscures the
signal of interest. In some applications, the signal can be buried in noise, for example in
GPS (global positioning system), but can be recovered because part of the signal is known
and can be correlated out of the noise. In all applications, improving the SNR is desirable.
In radio astronomy, it is important to maximize the SNR in order to speed up the acquisi-
tion of signal and distinguish it from system noise. Consider the radiometer equation, as

applied to a radio telescope,

S TSVC\/’L’-B, (2.1)

N~ Ty
where 1§v is the SNR, T, is the noise temperature of the signal source, Ty, is the system
(telescope) noise temperature, 7 is the observation time, and B is the bandwidth of observa-
tion. It is clear from Equation [2.1] that in order to improve the SNR for a given Ty, 7, and
B, the system temperature must go down. Herein lies the need to understand and minimize

electronic noise in radio astronomy.



2.2 Historical Perspective

Figure 2.1: Noisy-resistor power-transfer circuit.

Electronic noise was first reported by Dr. Johnson of Bell labs in 1928 as spontaneous
voltage fluctuations present in conductors. Johnson found that the mean squared value of
the voltage fluctuation, V_nz, was in proportion to the resistance of the conductor and its ab-
solute temperature [19]. Johnson shared his measurement results with Nyquist at Bell labs
who mathematically quantified it using thermodynamics and statistical mechanics [20].
Nyquist’s argument, which is now well known and illustrated in many classical textbooks
in electronics, is as follows: consider two resistors Ry and R, with resistance R at tempera-
ture 7' connected in series in absence of any sources (Figure [2.1). At temperature 7', there
is an electromotive force due to the thermal agitation of electrons in resistor R that causes
a current in this circuit of total resistance 2 - R. This current, /, causes the thermal heating
of R, and is found by dividing the electromotive force V by 2R, V /(2R) = I. Similarly, the
thermal agitation of electrons in R, causes a current /, which is absorbed by R;. Because
both resistors are at temperature 7', the net power flow should equal zero in accordance
with the second law of thermodynamics. Since P = I’R, the noise power from R is
, V2

Pi=R-(V/2R)’ = . (2.2)

where P, is the noise power.



Figure 2.2: Noisy-resistor power-transfer circuit with transmission line.

Nyquist related the thermal noise power with Boltzmann’s constant and temperature by
thinking of a circuit in Figure 2.2 with two resistors separated by a lossless transmission
line of length L with propagation velocity of v and a characteristic impedance of R. He
then imagined short circuiting both of the resistors once thermal equilibrium was reached.
In this scenario, assuming no radiative losses, noise voltage generated by two resistors
would be trapped and reflect back and forth within the transmission line. This allowed
Nyquist to show that the energy transferred from the resistors to the transmission line is
related to Boltzmann’s constant and temperature through the equipartition law. Equiparti-
tion law states that, on average, the energy in an oscillator, such as the voltage oscillation
in the transmission line, is k,T per degree of freedom, where k;, is the Boltzmann’s con-
stant and T is temperature. In the case of the transmission line, the degree of freedoms
correspond to the modes of vibration with wavelength 0.54,14,1.54,2A ... corresponding
to frequencies of 0.5 fy, 1o, 1.5 fy... In a sufficiently large transmission line, the number of
modes of vibration that can exists in a frequency bandwidth of B starting at frequency fj is
2B/ fo = 2B(L/v). The average energy in the transmission line can then be derived using
Equipartition law as E = 2(L/v) - Bk, T, because each mode of vibration corresponds to one
degree of freedom. Finally, the average power delivered to the transmission line by each

resistor is arrived at by assuming a time interval of L/v in which the energy is transferred



as

P = BkyT. (2.3)

Combining[2.2] and [2.3] yields
V2 = 4k, TBR, (2.4)

which is a well-known equation for finding average noise voltage in a resistor within a
frequency band.

One important point to note from Nyquist’s paper is that the reactive parts of the circuit
do no contribute to this type of noise, and neither do they distort it in any way. Therefore,
an inductor with series resistance of Ry will generate a mean squared voltage of 4k, T BR;.

The noise voltage of R; is thought to be in parallel with the series resistor R;.

2.2.1 Maximum Thermal Noise Power of a Resistor

Maximum noise power that can be delivered by a resistor occurs when it is connected to
a matched load. Consider the circuit in Figure [2.1) with Ry = R,. Noise from R; travels
through the transmission line to R, where all of the noise power is absorbed. Starting with
V2= 4k, T BR1, the current through the circuit is restricted by both resistors, I = (2_‘/71). The

total power delivered by Ry is P = I? - R,. Combining the 3 equations yields

I?-4.R5 =4kTBR;. (2.5)

Since R; = R, and I’R, =k, TB,

P =k, TB. (2.6)

In other words, the maximum noise power available from the resistor is independent
of its resistance and is only a function of bandwidth and temperature. In a sense, this is

a favorable outcome because if it were that the available noise power from a resistor was



dependent on its resistance, then achieving lowest noise for a given circuit would involve
tweaking each resistor to produce least amount of noise while preserving the performance

of the circuit.

2.3 Other Sources of Electronic Noise

According to Nyquist’s Equation [2.4] there should be an infinite noise voltage in any re-
sistor because there are infinite frequencies in the frequency domain. This indeed is not
true because infinite noise bandwidth would mean infinite noise power. Thermal noise
power spectrum must therefore disappear at very high frequencies. There are however other
sources of noise at very high frequencies such as shot noise. On the other hand, flicker noise
dominates the low end of the noise spectrum and this becomes important when designing

very low frequency (VLF) systems.

2.3.1 Shot Noise

Shot noise is result of random fluctuations of charge carriers within a device. It was first
described by Walter H. Schottky and has mean squared value of 2= 21gB [21]]. This type
of noise is related to bandwidth B, DC current /, and the charge of an electron g. It is
evident from the 7 in the expression that this type of noise relies heavily of the number of

charges flowing through a device, and it is not perturbed by the temperature of the device.

2.3.2 Flicker Noise (1/f)

Flicker noise or (1/f) noise appears in frequencies near DC. It appears in all circuits and
device types. There is a general consensus in literature that this noise is due to some
fundamental physical effects [22-24]. Flicker noise has a power spectral density of the

form:

S(f) =1/1%,



where 0 < o < 2 and « 1s usually close to 1. o = 1 is called pink noise. Pink noise power
spectral density (PSD) is negligible beyond a few kHz range for bipolar circuits and MHz
for FET based circuits.

In this work, circuits with frequency of operation in the excess of 10 MHz and up to
tens of GHz are considered. Therefore, flicker noise is not important and is not considered

any further.

2.4 Noise in Antennas

>
ZIN Zself RRAD

Figure 2.3: Antenna modeled as a circuit.

The main source of noise from antenna elements in a circuit, excluding the noise from
outside the circuit that the antenna tunes into, is thermal noise. Generally, antennas can
be modeled as a series circuit with self-impedance Zg,;r = Rgeir + jXserr and a radiation
resistance R,,; at each frequency as shown in Figure 2.3 [25]. The radiation resistance
is the loss in the antenna attributed to the radiating nature of the antenna, and the self-
impedance is the impedance of the antenna that contributes to the thermal noise. Note
that only the self-impedance of the antenna contributes noise to the circuit it is driven by
because the radiation resistance is not related to a physical resistor in the antenna. The
thermal noise voltage of the antenna depends on the temperature, bandwidth, Boltzmann’s

constant, and the real part of antennas self-impedance as follows [25]

V2, =4kyTB-R (Zsers) = 4kpTB - Ryery (2.7)

10



2.5 Mathematical Modeling of Noise

Thermal noise is mostly white because at very high frequencies the PSD of thermal noise
diminishes completely due to quantum effects [20]. For the frequency ranges considered in
this work, thermal noise will be considered white. This means that it has a constant PSD.
Mathematically speaking, white noise is a zero mean wide-sense-stationary continuous-
time random process with Gaussian distribution.

Thermal noise is a continuous-time random process X; with the following properties:

» Zero mean: implies that the noise does not have a DC offset

* Gaussian distribution: X; ~ N(u, o), where N is the normal function. At any point in

time 7, the sample X; = x(¢) can be thought of as a random variable with zero mean,

p =0, and a constant standard deviation, () = 6,06 > 0

* Wide Sense Stationary (WSS): means that it has a constant mean and the auto-

correlation (or auto co-variance) depends only on the different in time, AutoCorr(N;) ~
F (l 1— 12)

The WSS property of thermal noise will prove useful later when auto-correlation of noise

in antenna arrays is considered. Electronic noise signal can be written as

x(t) =X, (2.8)
X ~N(u,0) (2.9)

with
AutoCorr(X;) ~ f(t1 — ). (2.10)

Noise signals that are uncorrelated always mix in terms of power in an additive manner.

For example, when noise signals x;(¢) and x;(2) are combined, the power of each signal is

simply added as (x;(f) +x2(f))* = x2(f) +x3(f).

11



2.5.1 Noise in Frequency Domain

Noise signals can be transferred to the frequency domain via the Fourier transform. The
resultant expression is a function of frequency and has two components, the amplitude A

and phase ¢ in the polar coordinate system
n() Sn(f) =A(f)- e, 2.11)
or the real and imaginary component in the rectangular coordinate system,

n(f) =B(f)+JiC(f). (2.12)

In the polar coordinate system, the amplitude and phase are both random variables with the
expected value of amplitude being 6> = Var[n,], while the expected value of the phase is
zero. In the rectangular coordinate system, the expected value of both the real and imag-
inary component is v/2 - 62, where again, 62 is the variance of the noise signal in time

domain.

2.6 Signal-to-Noise Ratio

An important performance metric for electronic devices and circuits is the signal to noise
ratio. It comes in many flavors but the fundamental concept remains the same. It is a way

of quantifying noise performance of a circuit. Traditionally, it is defined as

P
SNR = FS’ (2.13)

n

where P is the average signal power and P, is the average noise power.

12



2.7 Noise Temperature

An equivalent formulation of noise power can be derived using noise temperature. The

available noise power for a component is described as

P, =k,TB. (2.14)

This equation can be rearranged to find the equivalent noise temperature of a compo-

nent, given the available noise power, as

I
kB

~ T, (2.15)

Noise temperature is a useful means of comparing different arrays and receiver chains
particularly in radio astronomy where the signal source (matter in outer space) emits black
body radiation. This radiation has a brightness temperature, which in some conditions is
equivalent to the actual temperature of the radiating body [26]. The radiation power that
arrives at the radio telescope from the source has a spectral flux density measured in jansky
(Jy). A telescope with an effective collecting area of A, detects this radiation power as
having an equivalent noise temperature of

Ssre - Ae

Tsre = Ta (2.16)

where Sy, is the power spectral flux density of the source in W/m?/Hz, and assuming that
radio telescope has no losses. T, and the telescope system temperature can then be used
to calculate how long an astronomical observation has to last to produce a signal with a
particular SNR using the radiometer Equation 2.1

Generally speaking, radio telescopes with lower system noise temperatures are able to
make faster observations. Or, given an observation time frame, a radio telescope with lower

system temperature can produce an observation with a better SNR.

13



2.8 Friis’s Formula

2.8.1 Noise Factor

Noise Factor (F) is a measure of deterioration of SNR as signal and noise go into a circuit

block and emerge at its output
_ SNR,
~ SNR;’

(2.17)

where SNR; is the input SNR, and SNR, is the output SNR. Noise Factor must be greater
than 1 for any realizable circuit because noise factor less than 1 means that noise was
removed from the signal rather than added to it. For that to occur, the circuit must have

prior knowledge of the noise in the input signal, which is not physically possible.

2.8.2 Noise Figure

Noise Factor is commonly expressed as Noise Figure (VF) in dB
NF = 10log(F). (2.18)

2.8.3 Friis’s Formula

Electronic systems are often configured as a cascaded blocks of circuits that signals flow
through. If the circuits in the system are linear and time independent, then each of the
blocks can be thought of as a gain stage, which has its own noise performance. Friis’s
formula is a way to express the overall noise performance of the circuit provided that the
noise and gain performance of each block is known. Noise factor is used in one of the more

common definition of Friis’s formula

FE-1 FB-1 F-1 E,—1

F =F A T
ol = G T GG, T 616Gy T GiGh -Gy

(2.19)

Looking at this formula, the noise of the overall system is largely determined by 2 vari-
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ables: the noise factor of the first component in the chain (F}), and the gain of the first
component (G). In wireless receiver architectures, the first stage is usually the LNA. The
main objective of an LNA in a receiver chain is to provide maximum gain with minimum
added noise. With these two conditions, the noise and the gain of the subsequent stages
have negligible effect provided those stages do not have extremely poor noise or gain per-

formance.

2.8.4 Friis’s Formula for Noise Temperature

Friis formula can be expressed in terms of noise temperature. It is a way to describe how

each component adds to the overall noise temperature of a system

Lh—-1 Tz—-1 Ty —1 T, —1
Tg=Ti+ 2 LB 4 n

TIPS . — 2.20
Gy GGy  G1G2G3 GGy Gy (220

Again, the noise temperature of the system is determined mainly by the first component in

the system.

2.9 Power Spectral Density and Einstein-Wiener-Khinchin Theorem

Power spectral density is defined as the power per unit frequency over the entire frequency
domain. In terms of noise power of a resistor, PSD is 4k,TR. The PSD of a resistor is
constant over frequency and depends only on temperature and the resistor.

The PSD of a signal can be found using Einstein-Wiener-Khinchin theorem, which

states that the PSD of a signal is the Fourier transform of the auto-correlation of the signal:

S=.Z(fxf)=F"-F=|FJ (2.21)

where F is the Fourier transform of the function f. The total power of a signal can be

obtained by integrating the PSD over the frequency domain
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P [s-ar. (222)

In the case of a resistor, this is simply P = 4k, TR (f> — f1) = 4k, TRB, where B = (f> — f1)

is the bandwidth of the circuit.

2.10 Multi-port Noise and Bosma’s Theorem

I, Be
0
—OVI i1 Vl
L —DC
= éz
Noisy M-port V2 Noiseless M- Y
Network : port Network 2
Y-Parameter I
&M
It
— 2
e I'm VM
—OVM C
(a) (b)
I1 aj
0% —=>
Vi Vl C1+b]
Noiseless M- 42 az
Q-\_J-_:
port Network V2 O v Noiseless M- [ s
Z-Parameter 2 port Network C2+b32
S-Parameter | -
. AM an
—{—o ey
v, Va S
——————0 Cm+bM
(c) (d)

Figure 2.4: Multi-port noise representation.

Figure 2.4 describes a noisy M-port circuit. Much like noisy single ports, such as resistors,
multi-port noisy components are described as having a noiseless multi-port network and

noise sources in parallel or series of each of the port of the network. For a network with
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Z-parameters, the noise sources are voltage source at each port (Figure[2.4f), and the noisy
multi-port can be described as

V=TZ+V,, (2.23)

where \7),1 is the vector of noise voltage sources in parallel with each port, 7 is a vector
of voltages at each port, T) is a vector of currents going into the ports, and Z is the Z-
parameter matrix. The noise voltages are added to the regular Ohm’s law, V =S ?Z, in
matrix form, which captures the noise as an additive quantity as a natural consequence of
representing noise sources separate from the noiseless network.

These noise voltage sources, vi,Vva,V3,V4,...,Vy € \7),1, can be correlated with a noise
correlation matrix:

Cz =V.,V;. (2.24)

For a 2-port network the expanded equation is

ViVs
Cz = T2l (2.25)

2
vl v

Bosma showed that the noise emanating from multi-port network is correlated and this
correlation can be derived from the network S-parameters [27]. While Bosma used ther-
modynamic equilibrium and net zero power flow as main arguments for his derivations,
Wedge and Rutledge used directional couplers to derive the same results [28]. The fol-
lowing equation for the noise correlation of a passive multi-port is now known as Bosma’s

theorem:

Cs =k, T (I-SS7), (2.26)

where H denotes Hermitian conjugate and S is a passive multi-port-network S-parameter

matrix.

17



2.11 Noise Waves

Scattering parameters are the most popular method for describing a multi-port network at
RF frequencies. This is because it is easier to measure S-parameters at RF frequencies than
Z or Y parameters. S-parameters inherently capture reflection, transmission, and cross
coupling of signals incident to the multi-port network, and so provide a straight forward
way to model signal propagation in antenna arrays. However, S-parameters necessitate the
conversion of voltage and current signals to traveling power waves using the systems char-
acteristic impedance Zy. The equivalent formulation for noise that works with S-parameters
are the traveling noise waves [29]. These traveling noise waves are identical to the travel-
ing waves used in S-parameter formulation; however, they are generated by the multi-port
noisy components and are distinguished from the reflected wave b as an additive quantity

(Figure [2.4d)

b=S-a+c, 2.27)

where c¢ is a vector of noise waves that is added to the return signal from the multi-port.
Noise waves are the random signals generated by the multi-port network. It is evident
from Equation that in the absence of an incident wave a, a noise wave vector ¢ is
always present. ¢ is a vector of complex random variables whose values are determined by
the noisy components inside the multi-port. Mathematically, it is modeled as a vector with
each component being a continuous time Gaussian random variable. Each component can
be correlated to others depending on the circuit components and topology. This correlation

is captured by the noise correlation matrix
C, = ccl, (2.28)

where the over bar denotes the mean value .

T
In the case of a 2-port network, ¢ = { Cl ¢ } , with ¢; and ¢, correlated as de-
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scribed by the correlation matrix

2 c1c;

C=| . (2.29)

2
2]
The diagonal terms in Cg are the auto-correlation of ¢ and c;, respectively, and the off-
diagonal terms are the cross correlation of ¢; and c;. It is possible to determine this noise
correlation matrix as described by Wedge and Rutledge [28]]. It requires the knowledge
of the network S-parameters (or other parameters such as Z-parameters that can be readily

converted to S-parameters) [28]]
C, = k, T(I—SS™). (2.30)

2-port networks are often encountered in LNA or power amplifier (PA) design where the
circuit biasing has been determined and the LNA/PA can be described as having only the in-
put and output port. Since Equation[2.30|can only be used for passive networks, a different

method is required to find the noise correlation matrix for active 2-port networks.

2.12 Noise Waves and LNAs

LNAs are 2-port networks that provide large gain and add minimal noise to input signals.
One of the main design goals for LNA designers is to keep the noise factor of this circuit

as low as possible.

Figure 2.5: LNA noise waves.
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A 2-port LNA, such as one in Figure has a 2x2 S-parameter matrix, and a two-
component noise-wave vector ¢ = { c1 ¢ } , with ¢ emanating from the input port and
¢ emanating from the output port. ¢ is known as the forward noise wave and ¢, is known
as the reverse noise wave. Consider the case when reverse gain and output reflection are
both zero, s;» = s9p = 0, and LNA is terminated at the load end with I';, = 0. In this
scenario, noise waves emanating from the input port get reflected back from the source
with reflection coefficient I'y. In most LNAs, there is a correlation between ¢; and ¢, that
LNA designers take advantage of to reduce the overall noise factor of the circuit. This is
accomplished by reflecting the right amount of ¢ off of the source by carefully choosing
the value of source impedance [30]. The correlation of forward and reverse noise waves

can be expressed in terms of LNA S-parameters and noise parameters. From [28]]:

2
I 1—S I T,‘
12 = ky ToB aylLosn "”’2| = (s ) 2.31)
1= [Top| To
2
Tmin I
2] = kpToB|s21|* T +4N—‘ ot > (2.32)
0 1= |Topr|
S5 I Si1—>
1 - 5| = —ak, TpBN—222 1 21102, (2.33)

2
1—|Cop|” S21
where T, (minimum noise temperature), N (Lange invariant), and I',,, (signal-source
reflection coefficient for minimum noise) are LNA noise parameters, and 7y is reference

temperature.

2.13 Noise Parameters

The noise performance of any 2-port network, such as an LNA, can be described by their
noise parameters [31]. There are several flavors of the noise parameters, but the most
commonly known ones are Fy;, (minimum noise factor), I',, or ¥,,,, and R,,, where R, is

the equivalent noise resistance and Y, is the signal-source admittance for minimum noise.
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Noise factor of any 2-port can be calculated by

4R, |Ts—Top|?

F = Fyin + > 77
20(1—\rs| )\1+rop,|

(2.34)

where Iy is the signal-source reflection coefficient.

To LNA designers, the F;,;, and I',,; of amplifying devices are of particular importance
because a lower F;,, means lower noise factor can be achieved and a reasonable I',,, means
less effort in designing matching network to achieve noise factor near F,;,. It can be seen

from Equation [2.34]that F' = F,;y, is achieved when T’y = Iy .

Lossless
Transforming LNA
Network I —>

7.

Figure 2.6: LNA with lossless transforming network at the input.

Equation has a minor inconvenience built into it. R,, unlike Fy,;, and I',, is not
invariant under lossless transformation at the input [|32]]. Consider the following case: when
an LNA is attached to a matching network at the input side (Figure [2.6), the noise factor
of the combined circuit is changed because the LNA is described using R,, which itself is
dependent on I', ;. When I, changes as the lossless matching network changes, R, also

changes, which causes the noise factor of the circuit to change.

2.13.1 The Lange Invariant Noise Parameter

Matching networks are employed to transform the signal-source impedance I’y to I, in
order to obtain lowest noise factor. F,;, and I',,, are both invariant under lossless trans-
formation; however, R, is not. Lange introduced a new noise parameter in place of R, that

does remain invariant under lossless transformation [32]:
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N=R, R{Yop}, (2.35)

or

N =Ry Gop (2.36)

where Y, 0 = Gopr + jBop:-

Since N is invariant under lossless transformation, N is a more fundamental noise pa-
rameter than R, [30]. N is known in literature as the Lange Invariant. This work uses N
instead of R, as the LNA noise parameter along with Fy;;, or Tyin, opr 01 Yy, It allows for
changing I',; by using a lossless transforming network at the LNA input while preserving
the values of F;,;, and N.

The equation for noise factor using N, Y, s, Fin 1s [33]]

N 2
F=F,; — Y, — Y, 2.37
min 1 G()pth ‘ opt s| ) ( )

where G, = R{Y;}, Y, is the optimal source admittance, and Y; is the signal-source ad-
mittance.

Equation [2.37|can be transformed from noise factor to equivalent noise temperature

NTy 2
T =Tnin+ m ‘Yopl - YY| . (2.38)
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2.14 Input and Output Referred Noise

orgponent 1 L.Component 3
vn,l Vn,z vn,S
Component Component Component
_®_ 1 2 3
vn,inpuf

Figure 2.7: Input-referred noise in multi-component system.

System designers are often concerned with comparing their system noise performance with
other systems of similar kind. Each component in the system can be noisy and these noise
sources are independent of each other. Therefore, a comparison between systems that are
not identical in architecture and components requires a way to isolate noise sources gen-
erated internally to the system and represent them as being independent and external to
the system itself. This is done by referring the noise sources in each of the components to
the input or output port such that the resulting noise source would produce identical noise

performance to that of the original system (Figure [2.§).

© Noisy ° —0 Noiseless °
2-port Vzn, input 2-p0rt
Network o o | Network
(b)

(a)

Figure 2.8: Input referred noise in 2-port network.

Consider a simple cascaded system such as one shown in Figure The system con-

sists of an amplifier at the input and output stage with a resistor in the middle and a noise-
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less load at the output. Assume that the amplifiers are matched at the input and output.
The noise generated in the resistor v, g can be input referred by dividing v, g by the input
amplifier voltage gain A

Vn,input = Vn,R/Ala (239)

similarly, v, g can be output referred by moving the noise source through the output ampli-

fier

Vn,output = Vn,R Az, (2.40)

in both cases the overall system noise performance remains unchanged. Input-referred and
output-referred noise allows for comparing different systems with different architectures in

terms of how much noise they contribute to the system.

Antenna

(b)

Figure 2.9: Antenna with LNA and matched load

A more complicated scenario, and one directly related to this work, is that of an LNA
with an antenna as a source and a matched load at the output (Figure [2.9h). In this case, the
LNA noise has to be referred to the input of the antenna such that it appears to be part of
the signal picked up by the antenna itself.

Antennas can be modeled as signal source vy;, and antenna self-impedance Z,; or Iy,
looking towards the antenna port. LNA has noise waves ¢ and ¢, emanating from the
input and output respectively, and these noise waves have to be input referred. Unlike
the previous example, this LNA is not power matched at the input so the noise has to be

referred to the input by means of signal flow graph (Figure [2.9b). This is accomplished by
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first referring c; to the input of the LNA

1—T s 11
Coimput = €2+ (2.41)
521

Similarly, ¢; can be input referred using the signal flow graph

Cl,input = C1 Lant, (2.42)
and the total input-referred noise is
1—T s 11

Ctotal input — C1° Lane +c2- —S:lm . (2.43)

To verify that the output noise of the system with input referred noise remains the same,
the output noise wave of the original system has to be determined. For that, the signal-flow

graph can again be used to take c; to the output

Lanes21

_ (2.44)
I —Tanss11

Cl,output = C1°

Since the LNA is power matched to the output and the output reflection coefficient s, = 0,
the output noise wave remains unchanged at the output, ¢2 ourpur = 2. Therefore, the total

noise waves at the output is

Lanes21
Ctotal ,output = C1° m +c2. (2.45)
— tant

Then, the input and output referred noise waves of the system should be related to each

other by the gain of the system

Ctotal ,output — ALNAcmtal,inpul ) (2.46)
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where
$21

A = 2.47
INA = T T (2.47)
Therefore,
521
Ctotal ,out put = mctoml,in[)ut (2.43)
$21 1 —T st
Crotal ,out put = W (Cl Lane +c2- %) ) (2.49)
- ant
and finally,
so1I
Ctotal ,out put = (Cl : ﬁ +02> ) (2.50)
- ant

verifying that input referred noise from the LNA ports produces the same noise at the output
of the system.

Referring noise to the input of a system is of particular importance in radio telescope
design because beam equivalent noise directly affects how fast an astronomical observation

can be made by the radio telescope (see the radiometer Equation [2.).

2.14.1 Input Referred Noise Temperature

Input referred noise can be expressed in terms of noise temperature by using Nyquist’s
Equation [2.4] If the input referred noise temperature of each component in the receiver
chain is known, and each component is power matched at the output, the beam equivalent
system noise temperature can be found by using the Friis formula for noise temperature.
Alternatively, if the beam equivalent noise temperature of each component in the receiver
chain is known, the beam equivalent system noise temperature can be found by summing

all the individual beam equivalent noise temperatures.

2.15 Traveling Noise Wave Delays in Transmission Lines

A noise wave n (t) experiences time delay as it travel through a transmission line. Here,

noise wave n(z) is the same noise wave as in Equation however, the noise wave is
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now a function of time. The signal n () travels through the transmission line at velocity v,

which is the velocity factor v, v, < 1, times the speed of light

V=2C-Vp. (2.51)

As the signal travels through the transmission line, it is delayed by an amount proportional

to the distance x traveled along the transmission line

ne(t)=n(t)*6(t—14) =n(t—14) (2.52)
where
T = (2.53)
C'Vp

denotes the time a signal takes to travel a distance of x and d (¢) is the Dirac delta function.
Note that 7 (¢) is convolved with the Dirac delta function to model the delay. This results
in

ne(f) =n(f)-e 2", (2.54)

in the frequency domain where each frequency component is phase shifted by —2x f7,.

It is important to note that the auto-correlation of the original noise n(¢) and the de-

layed noise n(t — 1;) is no longer simply n2. Recall that noise is assumed to be WSS,

which means that its correlation depends only on the difference in time. Thereby, the cor-
relation of n(¢) and n (t — 7;) is now a function of 7;. An interesting observation here is
that higher frequency components should go out of correlation faster than the low frequency

components as T, is increased.

2.16 Conclusion

This chapter discusses electronic noise in detail. In particular, electronic noise as traveling

noise waves is discussed as it will be used in later chapters to study the effects of delays on
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antenna array noise. Important concepts related to noise in radiometers are also discussed.
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Chapter 3

Antenna Array
3.1 Modeling Antennas as Circuit Elements

Circuit models of antennas tend to be simplistic regardless of antenna shape or operat-
ing frequency [25]. When an antenna is modeled as a transmitting antenna, it has a self-
impedance Z,;r and a radiation resistance R,,q in series (Figure @}a). The radiation re-
sistance represents the losses attributed to the signals radiated away from the circuit and
into free space. In the receiving antenna case, the received signal source is modeled as a
voltage source in series with the antenna self-impedance [25]]. The antenna self-impedance
generally varies with frequency and sometimes quite drastically depending on antenna de-
sign (See Figure 4.4). The frequency varying antenna self-impedance can be viewed as a
filter block when considering wideband design. This will become important when antenna

arrays are discussed.
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3.1.1 Antenna Losses, Matching, and Radiation Efficiency

I'une= | Transmitting Receivingr «T

Antenna Antenna
Zsource Zload
Vsource
Fant -> -« ram
Zsource ZIself Rmd Zant Zload
Vsig
(a) (b)

Figure 3.1: Circuit model of receiving and transmitting antennas with Zy,y = Zge; ¢ + Ryaq.

The transmitting antennas have an impedance that needs to be matched to the driving source
in order to deliver maximum power to the radiation element, R,,;, of the antenna. The
radiation efficiency, 1, of the antenna is the ratio of power radiated out to the sum of
radiation power and power loss attributed to self-impedance. Radiation efficiency is most

commonly expressed as

Ryaa
n=————-, 3.1
Rrad +Rself

where Ry is the real part of the antenna self-impedance , Ry r = R (Zsel f) [25]].
In order to obtain maximum radiation strength in both receiving and transmitting anten-

nas, the antenna has to be power matched to the load using the conjugate matching method
Lo =T (3.2)
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In many practical cases, antenna designers aim to match the antenna to the characteristic
impedance of the system, which tends to be 50Q. Designers who are more concerned with
achieving low noise performance tend to transform the antenna impedance to the optimal
impedance (Z,,; = YO;,;) of the LNA that is used as a load to the antenna. Matching antenna
to the load can be achieved by passive lumped elements or transmission line transformers
of which there are several kind. An advantage of using lumped elements over transmission
line transformers is that lumped elements take less space to implement.

This work focuses mainly on receiving antenna arrays, and as such all antennas will be

modeled as signal voltage source in series with the antenna self-impedance as illustrated in

Figure [3.1p.
3.2 Antenna Array

Arrays of antennas can be used to form a more sensitive antenna system if the received
signal from each antenna is combined in phase. Antenna arrays increase the sensitivity of
the receiver and allow for electronic steering of the main lobe of the antenna system without

having to physically move the antenna or its reflector.

a2

+

M2

Figure 3.2: 3/2A dipole antenna represented as a composite of 3 1/2A dipoles.

In order to develop an intuitive understanding of antenna arrays, consider the 3/24

dipole antenna in Figure The 3/2A dipole antenna can be thought of as a composite

31



of three half-wave dipole antennas spaced 1/2A apart. Assuming that the electromagnetic
wave incident on the antenna is a plane wave with direction of propagation (Poynting vec-
tor) orthogonal to the antenna, then the current induced within the three half-wave antennas
will be the same but with the phase offset corresponding to the half wavelength separation.
The current from these 3 half-wave antennas is summed at the output port of the antenna

(Figure [3.2))

Loupur = Io + Ioe 7™ + Ipe /™. (3.3)

For a general antenna of this type with 2 - K + 1 half-wave dipoles, the output current

due to an orthogonal incident plane wave is

K
I=1I [2 (Z eJ”k) +1
k=1

The directivity of the antenna also increases by adding more half-wave dipoles. The

) (3.4)

individual elements have the directivity of 2.15 dBi, and the directivity of 3/2A dipole is
3.5 dBi [34].

Dipole antennas have E-field pattern characterized by the equation

e‘jﬁrl cos(BL/2—cos(60)) —cos(BL/2)
2nr " sin (0) ’

E¢ = jn (3.5)
where 1 = ou /B is the impedance of free space, B =27 /A, I, is the maximum current at
feed point, r is distance from origin, and L is the length of dipole [34].

For a half-wave dipole antenna, L = 1/2A, the E-field is

e’jﬁrl cos (1/2-cos(0))

2nr " sin (0) (36)

Eg = jn

And for L = 3/2A the E-field is
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e‘jﬁrl cos(37m/2-cos(0))

2nr " sin (0) -7)

Eg = Jjn
If the L =3/2A antenna is modeled as a composite of 3 half-wavelength dipoles (Figure
[3.2), the final E-field is the superposition of the individual E-field patterns of the three half-

wave dipoles:

Eg =Eg1+Eg>r+Eg3, (3.8)

| e B cos(m/2-cos(0)) , e’jﬁ(”’l/z'cos(e))’jﬂl cos (/2 -cos (0))
o= VM o T in () n 2 " sin (8)
e IBUr+A/2eos(0)—im o5 (/2 cos (0))
U 27 (o) (39)

where the —jf (r—A/2-cos(0)) in the exponential of adjacent elements describes the
phase change due to spatial distribution of the half-wave antennas, and —j& models the
phase shift of the signals as they travel from adjacent elements to the feed point of the
middle antenna.

Further simplification of the above equation yields

e‘jﬁrl cos(m/2-cos(0))

Eq =
o 2nr " sin ()

Jn

: [1 4+ g IB(A/2-cos(8))—jm e+jﬁ(l/2'008(9))*jﬂ]
(3.10)
In Equation the E-field expression of half-wave dipole antenna,

(Eg = [ in e;:ir - cos(’i{jgis(e))} ) , can be distinguished from the array factor, which is

AF — [1+e—jﬁ(l/2~cos(6))fj7r_‘_e*jﬁ(*/l/z'cos(e))*jﬂ _ (3.11)

Equations 3.7 and are equivalent models of a 3/2A4 dipole antenna, ignoring the

impedance of the two circuits. Figure [3.3] shows a polar plot of normalized E-field from

equations [3.7)and [3.10] The two equations produce the same E-field patterns.
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Normalized |E-field| of Dipole Antenna vs #
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270 80
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—* 3 element array of 1/2. dipole

Figure 3.3: Plot of normalized E-field from equations and

Conventionally, antenna arrays incorporate LNAs, phase shifters, filters and signal sum-
mers. There are a few different architectures of antenna arrays, such as active phased array,
passive phased array, and hybrid arrays. Another class of antenna array is the interferome-
ter. In interferometers, signals from each array element, separated by a maximum distance
d, are correlated rather than added at the output. In radio telescopes, the angular resolu-
tion obtained using this method is equal to that obtained using a single element telescope
with aperture diameter of d [35]. Effectively, the array has the same angular resolution as
a much larger telescope without having to physically construct it, where angular resolu-
tion 6, is obtained using 0 = 1.224 /d. Interferometers, although similar to active phased

arrays, are outside the scope of this work and are not considered further.

34



3.2.1 Active Antenna Arrays
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Figure 3.4: Simple receiving phased array

Active phased arrays, or active electronically scanned arrays, are gaining in popularity
in radio telescope design [36] due to their beamforming ability. In an active phased ar-
ray architecture, the signal from each antenna is amplified, phase shifted individually, and
summed before the output (Figure [3.4). The phase shift and amplification at the output is
referred to as the weight of the beamformer, w;, = Are /% where Ay is the gain and ¢y, is
the phase shift introduced by the k' weight. The beamformer is the part of the array that is
typically located after the receivers as seen in Figure[3.4]

The output of the array can be expressed as

K
Vour = 0.5 Z 8 ViWk, (3.12)
k=1

where v,,; is the output voltage of the array, v is the open circuit voltage of k¥ antenna,

wy is the k" beamformer weight, and g is the voltage gain of the receiver chain. This is
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assuming that the receiver input impedance, Zg, and the antenna impedance matrix, Za,
are equal to the identity matrix, Zy = Zgr = L.

It is possible to alter the incoming signal from any one of the antenna elements to
dampen out interference from that element or to increase the gain from others that might
have better SNR. An important quality of active phased arrays is their ability to form and
electronically steer a beam that is more directive than the maximum directivity of the in-
dividual elements. In more complex implementations, such as fire control radars, several
beams can be independent steered simultaneously, or nulls (directions where gain is min-
imal) can be steered towards sources of deliberate interference such as jammers in order
reject the jamming signal.

The standard equation for voltage output of the array is [37]

Vour = 8 - WIZR (Zr+Zp) v, (3.13)

T
where w= | w, wy, --- wg | 1s the beamformer weight vector and v is a vector of

open circuit voltages at the antenna outputs. In subsequent sections, the array in Figure

will be described using traveling power waves and S-parameters.
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3.2.2 Beam Steering

Vout

Figure 3.5: Receiving array with incident wave at an angle of 6.

One of the main advantages of phased antenna arrays is the ability to steer the main lobe of
radiation pattern in different directions without having to physically move the array. This
is accomplished by changing the phases from individual elements so that signals coming
from a particular direction are constructively added and signals from other directions are
destructively added creating direction of maximum directivity (lobes) and minimum direc-
tivity (nulls). Consider the array in Figure A signal incident upon the array at angle 6
arrives at the first element at time 0. The wave front arrives at the second element at a later
time and with a phase shift corresponding to the extra path the signal takes. The phase shift
is Bdcos(60), where d is the distance of first element to the second element. In order to
maximize the signal coming from the direction 0, the phase shifter has to shift the phases

of each element such that signals from that direction add constructively at the output.
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Figure 3.6: Plot of array factor pattern with array operating at 45°.

One way of achieving this is by setting the /" beamformer phase of an equally spaced
linear array (ESLA) to n- Bdcos(0) (assuming all feed lines are of equal length). The
resulting pattern would look like the one in Figure [3.6] given that the antenna elements
are isotropic. Notice that the field pattern of the active array is completely different from
the individual isotropic antennas. There are numerous and more effective algorithms for
beam steering and beamforming that have been developed since arrays were first invented;

however, these methods are outside the scope of this work.

3.2.3 Noise in Antenna Arrays

In the field of radio astronomy, beam equivalent noise temperature is one of the primary
ways of expressing noise performance of antenna arrays. Beam equivalent noise temper-

ature is the noise output of the array referred to the output of the antenna ports per unit
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bandwidth expressed as noise temperature under isotropic environment temperature [37]

Py

s — isoP )
t,iso

T, (3.14)

where Py represents the power of noise sources in the active array, F; jg, is the isotropic
thermal noise power of the array under thermal equilibrium, and Tjy, the isotropic environ-
ment temperature of the array. Py is comprised of noise due to ohmic losses, the receiver
noise, and the noise external to the array. Noise sources that are external to the array are
referenced to the outside of the array; that is, before the self-impedance of the array and

outside the array itself [[15]].

3.3 Array Factor

Antenna arrays can be constructed with any antenna type provided the signals are combined
in the end. The underlying geometry of the array and electronic architecture of the beam-
former can be separated from the antenna elements themselves and analyzed separately.
As discussed in Section [3.2] the E-field pattern of half-wave dipole array is composed of
two terms multiplied together. One of the terms, Equation is the E-field of the origi-
nal 1/2A dipole and the other term, Equation is the array factor. This quantity is a
multiplicative factor that describes the array pattern with isotropic antenna elements. Ar-
ray factor allows for the analysis and description of an array architecture without having to
complicate the analysis with complex field patterns of constituent antenna type. The final
field pattern of the array can then be determined by multiplying the array factor by the field
pattern of constituent antennas provided all the elements are identical. The array factor

equation of ESLA spaced apart by d and with feed line delay of « is

N
AF =Y Agwy, - e~ In(Pdcos(O)an) (3.15)
n=0
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where w,, is the n' complex beamformer weight and A, is the complex gain of n'" LNA.
Array factor of 2 dimensional arrays can be constructed by first making an array factor

of elements in one direction and multiplying it by the array factor of the other direction.

The antennas in each row and column of the 2D array must be equally spaced apart and

each row and column must have the same number of elements.

3.4 Antenna S-parameters
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Figure 3.7: Antenna modeled with free space port.

An antenna can be thought of as a 2-port network with the feed point being one of the
ports and free space (or other medium the antenna is designed for) being the other port. An
antenna driven by a signal can be modeled as the 2-port network driven by a source at the
feed port and free space impedance at the output port (Figure [38]]. In this model, s is
the reflection coefficient of the of the antenna also known as I'y,;;, and s is the transmission
coefficient of the fed signal to free space, which is related to the antenna operating in the
transmitting mode. 517 is that transmission coefficient from free space to the antenna feed,
which is related to the antenna operating in the receiving mode. And s7; is the reflection

coefficient of the free space port, which is related to the antenna radar cross section.
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3.5 Antenna-Array Mutual Impedance and Mutual Coupling

Antenna arrays are naturally multi-port devices. An array with M elements can be de-
scribed as an M-port network. Antenna arrays are mostly described using the Z, Y, and
S-parameters; however, S-parameters are most suitable for high frequency antennas ow-
ing to the difficulty of measuring Z or Y parameters at high frequencies. The antenna
S-parameter matrix is an M x M matrix. The diagonal entries of the matrix, describe the
reflection coefficient of each antenna port and the off diagonal entries, s,,,n # m, quantify
mutual coupling from the n'* element to the m” element.

Mutual impedance or mutual coupling is a well-known phenomenon in antenna arrays,
whose analysis is dating back to the 1960’s [39,40]. Antenna elements in many arrays
are spaced close together, which causes signals to couple from one antenna to another via
the near field and far field. Antenna arrays must have element spacing less than A /2 in
order to avoid grating lobes (secondary main lobes) [34]. Mutual impedance decreases as
element spacing increases [41]]. In most applications, mutual impedance is also considered
to be an undesired side effect of closely spaced antenna elements. Large mutual impedance
also reduces the overall efficiency of the array in transmitting mode and by reciprocity in
receiving mode [39]. One of the first efforts to decouple the array elements from each other
was by Andersen et al. [42]. They described a simple 2M port lossless network inserted
between the array and the receiver that decoupled the array. However, the method required
that the mutual coupling of the array to be purely reactive and worked in very narrowband
cases. This method, although insightful, did not describe a practical means of decoupling
an array. In more recent works, it is shown that it is possible, at least theoretically, to
decouple the antenna array using a lossless matching network between antenna ports and
receiver inputs [43,44]]. The central focus of these methods is to design a matching network
for the array that “diagonalizes™ the array in such a way that it presents I', /I array to the

LNAs, where I, is the optimal reflection coefficient for LNAs that minimizes LNA noise.
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Such matching networks are complex to compute and even more complex to construct for
large arrays. Again, such a network would only work in narrowband case. Another problem
with this decoupling method is that when a different beam angle is used, the decoupling
network can no longer be used to obtain optimal noise match for the array.

An array scattering matrix that is diagonal implies that the radiation pattern of each el-
ement is orthogonal to the others [40]. Conversely, an array scattering matrix with mutual
coupling has elemental radiation pattern that are not orthogonal to the other elements. This
implies that a matching network that “diagonalizes” the array is in effect changing the over-
all active radiation pattern of each element in order to add the non-orthogonal components

of the radiation pattern in a destructive manner in order to cancel them out [43].
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Figure 3.8: N-element array modeled as 2M-port network.

Much like a single antenna, an antenna array with M elements can be modeled using
a 2M port network [38]]. In this model, mutual coupling is described by a coupling matrix
Sy existing in the free space between the antennas (Figure [3.9). The free space port of
each antenna in the M antenna array is terminated with Zy; (impedance of free space)
and it is connected to the mutual coupling matrix. The 2M-port antenna-array network is

constructed from the antenna S-parameters and the mutual coupling matrix Sys,. Half of
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the ports, ports 1 to M, are antenna feed points, and the rest, ports M + 1 to 2M, represent
free space ports. In transmitting mode, the array is fed from sources at each of the M feed
ports of the array, and ideally, the M free space ports are terminated with Z,. In receiving
mode, the free space ports are driven by the signal source via Zy, and the feed ports of the

antennas are terminated in load impedance (Figure [3.9).
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Figure 3.9: 2-element array model with free-space mutual-coupling matrix.

One advantage of modeling antenna arrays using the 2M ports method is that it allows
for describing signal coupling from one antenna to another via free space, which includes
the far field and also the near field effects. Consider an antenna array with two elements,
M =2 (Figure [3.9). The array is a 4 port network with two of the ports dedicated to free
space. With this array operating in receiving mode with reflection-less terminations at the
feed ports, consider now a signal incident upon the free space port n = M + 1 = 3. This
signal can take a few paths. It can be reflected back to free space via s33, transmitted to
either of the antenna feed ports via s13 or sp3, or be coupled to the second antenna and
radiated out to free space again via s43. The last two cases occur when the signal couples
from one antenna to another due to mutual coupling matrix Syz,.

Although this method of modeling antenna arrays provides a way to characterize the

mutual coupling, the coupling of signals to free space can be safely ignored when analyzing
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signals within the array, for example, the LNA noise signal that is generated internally to
the receiver. It is not of concern if these noise signals radiate out to free space and do not

return.

3.6 Effects of Mutual Coupling on Array Noise

Figure 3.10: 2-element array with forward noise-wave coupling to the output via mutual
impedance path in the array.

Mutual coupling is an inevitable consequence of constructing antenna arrays with dense
spacing. It is important to understand how noise propagates within the array in the presence
of mutual coupling. Consider a 2-element array of the kind shown in Figure [3.10, with
non-negligible mutual coupling, operating in the absence of incident radiation. The LNAs
generate partially correlated noise waves at their input and output ports. If the output port of
the LNA is terminated properly, Z;,.q = Zo, then in order to obtain minimum noise for each
LNAs the input port must see I',,, looking towards the array. This allows the right amount
of noise wave ¢ with the proper phase to be reflected back towards the LNA in order to
cancel some of the correlation between ¢; and ¢; out and minimize the overall LNA noise
[30]. However, due of mutual coupling, ¢ gets added to the output of array via beamformer,
which increases the overall noise temperature of the system. This scenario shows that
matching the LNA to the self-impedance of the array is not the optimal noise matching
condition for arrays with significant mutual coupling. Arrays with mutual coupling present

a more complex flow of noise signals that require a more detailed analysis.
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For a receiving phased array, the standard equation for determining beam equivalent

receiver noise temperature is [37]

wh RiecWw

Tré'C - ESU—
wiRw ’

(3.16)

where Ry, is the receiver noise correlation matrix, 7, is the isotropic environment tem-

perature, and R; is the array thermal noise correlation matrix defined as
R, = k,TisoB- G(I—SASH)GY, (3.17)
where Sy is the array S-parameter matrix, and B is bandwidth, and

G =g\/Zo(I+Sr) (I-SaSr) ™", (3.18)

where g is voltage gain of receiver, and Sg = I- Sz 11 is the receiver S-parameter matrix
(Figure[3.4). Notice the presence of Sp term in R; and G as the off-diagonal terms of S that

quantify mutual coupling play a significant role in determining receiver noise temperature.

3.6.1 Mutual Coupling and Antenna Separation Distance

There is a reciprocal relationship between mutual coupling and array element separation
distance. Ivashina et al. discuss this adverse relationship between separation and mutual
coupling in [45]. Of particular importance in that paper is the result that the array system
temperature, Ty, increases drastically when element separation falls below 0.54. This
is attributed to an increase in the array self-impedance and array active impedance. The
system temperature levels off as the distance between elements increases to more than
~ 0.7A. Interestingly, Ivashina et al. focused on the effects of separation on s1; and active
reflection coefficient for a 2 and 3 element dipole array. They chose not to discuss sp; of

the array as the separation is decreased its effect on array noise temperature. Although
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active reflection coefficient includes s, it also includes quantities such as LNA s; and
beamformer weights. This obscures the reason behind the increase of Tjy;. As will be
shown in Chapter [] in Figure 4.5b] the separation between 2-dipole elements decreases,
the magnitude of array s, increases very fast below 0.5A4. The curve in Figure is
similar to the system temperature curve in [45] suggesting the primary mechanism of Ty

increase maybe due to the increase of s, of the array.

3.7 Active Array Impedance

Much like mutual coupling, active impedance and its effect on array noise had been well-
known for some time [39,40]. One of the reasons why setting the LNA T, to the array s,
does not minimize array noise is that the m’" LNA does not see the passive array impedance
Znm looking towards the array. Rather, it sees the entire active array, which includes the mu-
tual impedance, LNA input impedance, and the beamformer weights. Therefore, in order
to minimize overall array noise, each LNA must be matched to the active array impedance
rather than the passive array impedance. Active array impedance, and active reflection coef-
ficient I'y¢s m, 1s difficult to measure directly and can only be calculated based on measured
values of array and receiver network parameters because introducing measurement appa-
ratus into an active array changes the active array and it no longer represents the original
system.

There have been recent attempts at measuring I',.; with the use of directional couplers
[46,47]. However, these methods also change the underlying system and cannot directly
measure [, accurately due to the non ideal nature of directional couplers. There are

several definitions in literature for I',.; with the common theme of defining I',.; as

bn (6,9)

Lactm = m, (3.19)

where b,, and a,, are both dependent on the beam angles 0 and ¢ [48]. Although this def-
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inition for I',.; is for a transmitting array, due to reciprocity it can also be used to describe

the I'y; for receiving array.

3.7.1 Active Reflection Coefficient Matching

Y

LNA 1 W

I'Ac
\Vel Actl output

LNA 2 W)

él 1_‘Act,Z
LNA Sll = Szz= 0

Figure 3.11: 2-element array with identical LNAs having 51 = 52 = 0.

Active array impedance and active reflection coefficient had been well-known for a long
time; however, matching to it was not concretely described in literature until Maaskant and
Woestenberg described it using traveling noise waves [[14]. The analysis was done using a
simple 2-element array, similar to one in Figure [3.11] with LNA s1; = s> = 0 and phase

th antenna as

shifter that change the weights of the beamformer. They described I, of m
the sum of passive antenna reflection coefficient, s,,,, and the forward transmissions sy,
phase shifted by the beamformer. Then, they matched the LNAs to these I'4¢ , 1n order to
minimize the overall system noise temperature to lower than what is possible with matching

to Syum.

Maaskant et al. described I',,; as follows [14]

1 M
1—‘acl,m — Z Skm ’ W; . (3.20)
Wi \k=1

This definition assumes that the LNA’s 511 = 0, so it is not a general definition for I',.

Nevertheless, Maaskant et al. showed through mathematics and simulation that it is in fact
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possible to noise match the LNAs to the active reflection coefficient and obtain an array
noise performance near the absolute minimum possible for the receiver and the array.

A problem in this matching scheme, and one that was immediately recognized by
Maaskant, is that minimum noise is only attainable for a particular scan direction corre-
sponding to single set of beamformer weights. Maaskant et al. acknowledged that match-
ing to the passive reflection coefficient produces a lower overall receiver noise temperature
for a larger scan volume [14].

Another problem, which has more to do with practicality, is that the active reflection
coefficients are different for each array element. The array designer will have to design
as many LNAs as there are antenna elements in the array. Although this problem is not
insurmountable given adequate resources, most designers tend to use identical LNAs in
receivers and such a drastic departure from established design methods is unlikely to be
widely adopted.

Since Maaskant’s original work, there have been attempts to use the active reflection
coefficient to obtain a lower receiver noise temperature [|16,/17,49]]. An attempt that stands
out in literature is by Warnick et al. who tried to optimize the receiver noise over several
scan directions [16]. More on this method in Chapter 4 Warnick also presented a novel
way of calculating the I',; that was more general than Maaskant’s definition in the fact that
it included LNAs that had s1; # 0. The definition relied heavily on Warnick’s convention of
using matrix transformations that transform various quantities to the output of the receiver,

for example

v = Qv,e, (3.21)

where Q transforms open circuit voltages (v,.) at the array ports to voltages at the output

of the receiver (v). Warnick et al. definition, which is similar to Maaskant’s, is [16]]

1 (& i
1—‘act,m = X Z Skm : Wf,k 5 (322)
Wf,m k=1
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where wy ,,, are the beamformer weights referred to the input of LNAs via the transforma-

tion matrix G:

Wy = Glw

A more detailed description of both Q and G can be found in Chapter {4
There are other definitions in literature that describe I, but arrive at it using different
approaches. Belostotski et al. used mutual coupling parameters (M-parameters) to derive

I',: [117] and arrived at the same results.

3.8 Conclusion

Antenna arrays are versatile devices that provide electronic beam steering and increased
directivity. Antenna arrays have an active impedance that must be taken into consideration
when designing receivers in order to optimize array noise. This chapter discusses prereq-

uisite concepts in antenna array theory that will be used in the next chapter.
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Chapter 4

Propagation Delays in Antenna Array

The analysis of delays in antenna array and their impact on array noise and noise matching
had not been discussed in literature prior to [S0] (a publication resulting from this work).
Delays in antenna arrays are an intrinsic part of the array S-parameters provided that they
are measured correctly. Conventionally, array S-parameters are measured by assuming the
passive array as an M-port network using vectored network analyzer (VNA). The array S-
parameters can be used to calculate the theoretical noise power at the output due to the array
thermal noise. They are also used to design LNAs with I, that minimizes the receiver
noise. In this chapter, propagation delays are incorporated in the analysis of array noise,
and a study of impact of noise delays on I'y; and T}, is performed. And finally, a method
is developed for matching the active array to identical LNAs that optimize the overall noise

of the active array.

4.1 Modeling Propagation Delays in Antenna Array

S-parameters of an array with M elements can be described as an M x M matrix with com-
plex entries s;; that have an amplitude S;; and a phase 0, s;; = S;; - /%, The quantity s j
is the ratio of traveling power wave emanating from port i to the traveling power wave
incident on port j given all other ports are terminated properly with reflection-less termi-
nations and the array is not excited by an external source [51]]. Using this definition, s;;
naturally contain the delays a narrowband signal experiences while traveling from port j
(pj) to port i (p;). Observing Figure @ there are two cases to consider while following

signal propagation. First is when i = j and the second is when i # j.
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Figure 4.1: Antenna array with transmission line, antenna feed, and inter antenna delay.

Consider the i = j case where the s;; represents the reflection coefficient of port i. In
this case, the delay a noise signal experiences is comprised of transmission line delay and
the delay between antenna port and feed of the antenna. The delay term and the intrinsic

reflection coefficient can be expressed separately in the antenna S-parameters

sii =S - /O — Sii€j¢” ,e*ﬂﬂffdezay, 4.1)

where ¢;; is the phase shift of the reflected signal excluding the delay phase shift. Note
that ¢;; — j27 foT4e1ay €quals 6;; because s; has to be correct at the frequency, fo, it was

measured at.
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Figure 4.2: Simplified diagram of thick dipole antenna with long feed line.

So far, aresult like this can be derived from a well-known equation for transmission line
S-parameters found in popular microwave design texts such as [51]. However, to further
demonstrate that signal delays are indeed present within antenna elements, consider Figure
It shows a simplified diagram of thick dipole antenna found in [49]. The antenna
port is at the bottom and dipole feed point at the top in the diagram. The antenna port
cannot physically be at the antenna feed point. It is usually some distance away from it
for reasons of practicality. The distance d between the port and the feed, translates to a
signal delay of 7; = % with v, being the propagation velocity of the antenna feed line.
It is noteworthy to recognize the feed line delay as distinct from transmission line delay
because the propagation velocities in these areas can be different causing different delay
times for the same length of propagation medium. A noise signal injected into the antenna
port experiences delay twice within the feed line. First, while propagating towards the
antenna feed point, and second, while propagating back to the port after being reflected at
the antenna if the signal is not transmitted completely into free space.

Now consider the i # j case. In this case a noise signal injected into the j”* port is
observed as it appears at the i/ port. As a shown in Figure the signal propagates along
the transmission line to the antenna feed and experiences the delay 7; + 7;. It then enters
the antenna, and this time, it propagates to the i antenna. Antenna i is placed at some
distance d;; away from the j antenna. The signal leaves antenna j and arrives at antenna

i after some time 7;;, which is calculated by assuming speed of light (c) as propagation
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velocity, T;; = % Because the signal propagates in air, assuming the speed of light as
propagation velocity is reasonable. As with the feed line propagation delay derived earlier,

the inter-element delay 7;; can be separated from the narrowband S-parameter of the array
Sij = S[j€j¢ij ce 2T 2T o i2Tf i p— J2R 2T (4.2)

sij = Sijej¢ij o 2mf (20T 2T) (4.3)

Again, the intrinsic transmission coefficient S; jef¢if' is assumed to be constant over the
frequency band under consideration. This assumption is reasonable because it can used for

a frequency range where the antenna intrinsic transmission coefficient is relatively constant.

Figure 4.3: CAD model of 1/2A dipole 1-GHz antenna array in CST.

It is not clear whether the overall effect of delays is as simple as e*ﬂ”fo(zfdﬂiﬂrmm)’
that is, it depends primarily on the distance between the array elements and propagation
velocity. To verify this assumption, an experiment was setup in CST electromagnetic sim-
ulation software. In this experiment, a simple two-element half-wave dipole array was
setup operating at 1-GHz with each antenna fed with a separate port (Figure 4.3). Next, the
S-parameters of the array were extracted using CST built-in functions. Figure 4.4] shows
the phase of s,; of this setup with antennas separated by 0.94. Observe that the expected

—27f (7;) curve is embedded in the phase curve that would otherwise not exist in the
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absence of the delay caused by the 0.9 separation (Figure {4.4)).
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Figure 4.4: CST simulation results for 0.94 separation of 2-element dipole array showing
phase of s, of the array as a function of frequency.

In order to discern the delay phase curve from intrinsic phase curve of the s, another
simulation was conducted using CST. In this simulation, the second antenna was moved
from 0.1A to 2.5A4 in increments of 0.05A steps, and the phase of sp; was simulated and
recorded. Figure [d.54illustrates the result of this CST simulation and theoretical phase of
51 as calculated using Equation 4.3 As expected, the phase of s»; changed almost exactly
as predicted due to the delay caused by the separation (Figure {.5a). Therefore, it was
verified that the downwards sloping of s, phase curve was due, in part, to the propagation
delay.

Although this simulation was conducted using half wave dipole antennas, it can be
readily extended to other antenna types. Nevertheless, the propagation velocity and the
propagation paths may not be as simple for other antenna types. For example, an array
of patch antennas on the same PCB with element separation of less than A may be more

complex to analyze. Electromagnetic waves radiate from the patch antenna from its fringes.
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Further, the PCB material, Rogers RO5240 for example, which has an &, = 2, will slow
down the propagation of electromagnetic waves from one patch antenna to another. Due
to the complexity of such scenarios, this work will instead focus on the inter-element time
delay 7;; while ignoring the details of signal propagation path and propagation velocity that
depends primarily on the array geometry and the materials used in the construction of the

array.
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Figure 4.5: Dipole array delay simulation.
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4.2 Effects of Delays on Noise Output of Beamforming Arrays

With propagation delay 7;; established, it is now possible to observe its effects on the array,
and, to explore how the delays effect noise propagation in the array. In this section, the array
model used in derivation and analysis will be a receiving array typically found in radio
telescopes with the following components: the antenna array, the feed and transmission
lines, LNAs, receiver, phase shifters or beamformers, and a band-pass filter at the output of
the array (Figure[d.6). An array of this type has become the standard receiving array model
in literature. Most real receiving arrays will deviate from this model; however, this model

can be readily used for most receiving arrays with minor modifications.

Antenna Array LNAs Receiver Phase shifter / Beamformer
_—- === ===== L A

Band-pass "
Filter out

Figure 4.6: Simplified model of receiving array with band-pass filter at the output.

Because the noise from antenna array, LNAs, and the receiver are assumed to be un-
correlated, the PSD contribution from each of the components can be added to arrive at the
total PSD

PSDtotal = PSDAntenna + PSDyna + PSDyec + PSDbeamformer- (44)

There are 2 main sources of noise in this system. First is the noise generated by the

array, and second is the noise generated by the LNAs. The receiver is assumed to not
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contribute significantly to the overall noise PSD of the system because it appears in the
receiver chain after the LNAs, which provide large gain and minimize the noise contribu-
tion from the receiver and beamformer in accordance with Friis’s formula. Beamformers
or phase shifters also contribute noise but are assumed to be insignificant for the purpose
of this analysis. The receiver S-parameter matrix is set to identity, S, = I. The LNAs are
assumed to be terminated at the output with I'; = 0 and the output reflection coefficient
of each LNA is zero, sop = 0. The LNAs also have a non-zero input reflection coefficient,
s11 # 0, and the forward transmission is greater than zero, |sp;| > 0. All LNAs are assumed

to be identical for simplicity.

4.2.1 Noise Due to LNAs

The LNA noise is a dependent on noise parameters N, Ty, and I',;, where N is invariant
under lossless transformation at the input of LNA [32]. Traveling noise waves are used
in this analysis with ¢; denoting forward noise waves emanating from LNA input and c;
denoting reverse noise waves emanating from the LNA output. The noise wa;/es c1 and
¢y are correlated with the correlation matrix Cg = Q, where ¢ = [ 1 ¢ } ,and T is
the hermitian conjugate. It is noteworthy that noise waves from different LNAs are not
correlated, i.e. cle2f = 0, where ¢! and ¢? are the noise wave vector of LNA #1 and LNA
#2, respectively. Due to close proximity of the LNAs in a realizable array, it is possible that
the noise waves from different LNAs are slightly correlated. However, this correlation is
expected to be very weak and can be safely ignored.

In ordinary analysis of problem of this kind, a signal flow graphs is constructed and the
vector of noise waves is simply transformed by using the rules of signal flow graph analysis.
Another approach is to use algebraic manipulation to convert outgoing noise waves at the
input of LNA to the output of LNA. However, to fully grasp the nature of noise delays, it
is insightful to track the noise waves as they propagate through the array and appear at the

output.
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Consider a scenario where only one of the LNAs in Figure §.6| is noisy and the rest
are noiseless. Forward noise wave emanating from the input of this LNA travels along the
transmission line and is delayed during propagation as cy (t) * 6 (t — 7). For brevity, cs
is equivalent to ¢; and cj[i ; denotes the forward noise wave of K™ LNA as it appears at
the j' LNA input. The delayed wave now arrives at the array port and is delayed by the
antenna feed d (r — 7). It then arrives at the point of intrinsic array S-parameters and is
partially reflected back towards the input and is partially transmitted to other antennas an
onward via the transmission line to the input of other LNAs. As it does so, it experiences
delays o (t — T j) for each inter-element path it takes in addition to a second delay by the
transmission line and the antenna feed 0 (r — 77 — Tyx).

Combining all the delays and intrinsic S-parameters yields
M .
cfj = Zc? ()6 (t— T — Tx) *S,-jef¢"f * 0 (t — ‘L','j) x0 (1 — Ty — Tix) s 4.5)

where K is the index of the noisy LNA and cf is the original forward noise wave due to
K" LNA.

The noise waves now have two paths to take. First path is via the s, of the LNA to
the output, and the other is back towards the array via LNA s11. The noise waves that are
reflected again undergo a delay and coupling via the transmission line and the array. How-
ever this time they also interfere with the incoming noise signals from the array because
these signals are correlated. This process is mathematically repeated an infinite number
of times, and the resulting transformed, delayed, reflected, and interfered noise wave that
originated at the input of K’ LNA finally appears at the output where it combines and
interferes with the reverse noise wave cX that originates from the output of K’ LNA. How-
ever, at the output of the noisy LNA, only some instances of multiple transformed copies
of the original forward noise wave interfere with the reverse noise wave. The other copies

of noise wave that coupled to different LNAs combine with the reverse noise wave at the
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output of the beamformer where all signals are combined. At this point, the total power of
the very complicated signal is arrived at by integrating the signal over time.

Noise waves can be analyzed in time domain; however, the resulting calculations will
be riddled with convolution operators (x). Because the convolution of two time domain
functions is the same as multiplication of the two functions in frequency domain, fj () *
f () Z, Fi (f)-F2(f), the derivation of PSD can be done in the frequency domain for ease
of computation.

Before the full derivation of noise PSD can be done, the antenna array S-parameters
have to be slightly modified in order to embed the delay terms in them. Each term in the
antenna S-parameters now has the antenna feed line delay 7,, inter-element delay 7;;, and

transmission line delay 7;, embedded in them. And, these are functions of frequency
51 (f) = Syl - =2 (s 2525) (4.6)

where 7;; + 27, + 27, is the delay a signal experiences as it travels from the input of i
LNA to the input of i LNA, which includes the transmission lines.
The PSD derivation begins by expressing the forward and reverse noise waves of all

LNAs as vectors

o | e
;= 7 @2 o= | @2 @7
_Cf(f)M_ _Cr(f)M_

In this convention, the bold style lower case letter denote a vector of length M.

The forward noise waves emanate from the LNA inputs and are coupled to other LNAs
via the array S-parameter matrix Sxcy. Some of the signal is transferred to LNA output
via the LNA s,; and some of it is reflected back via sy;. The n'" reflection off the LNAs is

denoted by subscript 7 in ¢f ,. The output transmitted portion of the first reflection can be
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expressed as S»;Sacy, while the reflected portion is described as
cr.1 =S118a¢r = S118a¢y 0, (4.8)

where S11 = 511 2n54 -1 'and S = 521 1v4 - 1. Note that ¢ 9 = ¢ and it has not yet reflected
off the LNAs.
The reflected waves experience antenna array S-parameters again. Therefore, the sec-

ond reflection is

Cf72 = SHSACﬁ] (4-9)
cr2 =S115a¢r1 = S11SAS11SACs - (4.10)

A pattern to be noted here is that the n'" reflection can always be described as
Ctn :S’flSZCf, (4.11)

while the n*" transmission to the outputs can always be written as

Tramnsmission, = S—zlc fon 4.12)
11

where the superscript in S’} denotes the n'" power of SA. Recall that each element of Sy is a
function of frequency, see Equation which contains the delay terms e ~/2/0 (7j 427+ 2%),
Therefore, each reflection is delayed successively for each time it reflects from the LNA. It
is not evident at this point how the delayed reflections play a part in the output PSD of the
LNAs. For that, it is required to sum up all the transmissions of the noise waves across the
LNAs to obtain

oo Sy &

S oo
Z Transmission, = - Z Crn=o— Z STiSAcr. (4.13)
n=1 Sll n=1 Sll n=1
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And at this point, the forward noise waves of LNAs mix with the reverse noise waves ¢,

S21 +
Cout put = _Sll Z Srlll ’j‘cf+c,. 4.14)
n=1

Since I'r, = s9p = 0, all the noise power is transferred to the beamformer represented
T
by weight vector, w = { Wi Wy e Wy } . The output is summed in the process of

beamforming to result in

Si1 .5

Note that the row vector w’ and the column vector g—ﬂ Y1 S],S%¢s+c;, are multiplied
using matrix multiplication, which sums the output implicitly.

In order to deal with the sum in Equation 4.15]it is assumed that the array is passive,
i.e. the array does not amplify signals that are incident upon it. For example, if the array is
excited by a signal source with signal power psource at one of the array ports, the resulting
reflected signals should not have a combined power of greater than pyg,c.. Mathematically,

this can be described as

M
Y |saii| <1, (4.16)
i=1

for all j. Intuitively, it is possible to conclude that the expression };” | ST,8\ ¢ is bounded
assuming that |s11| < 1. Next, using the following identity for the sum of a matrix geometric

series

n
. n_ -l
r}grolok;)T =(1I-T)", (4.17)

where T? = I, the sum in Equation can be simplified to

Cout put =wl <821SA (I—SllsA)ilcf—f—Cr) . (4.18)
This result is not unforeseen, and it could have been arrived at using signal flow graph.
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However, doing so would have hidden the physical reality of signals reflecting inside the
array and summing at the output.

Finally, the Einstein-Wiener-Khinchin theorem can be used to get the PSD of the LNAs
at the output. Recall that the PSD of a signal is the Fourier transform of the auto-correlation
of the signal

PSD = 7 (fxf) =F*-F = |F)?, (4.19)

Because Equation [4.18]is already in frequency domain, the only step left is to find the

auto-correlation of the expression, which is
R = Cout pusCout put (4.20)
that yields
Routpur = W [(szlsA (I—S1:Sa) 'es +c,> (cf (x-St Sy)~'sisy, +cf’)} w, (4.21)

where R traditionally denotes the auto-correlation of functions and Ry pu 1s the auto-

correlation of Coyur pus-

4.2.2 Total Noise Power of Receiver with Delays

The total power of the LNA noise Py can be found by integrating Equation {.21] over the

bandwidth B = fy — f1.

PN rec = /fjH wh [(SzlsA (I—S11Sa)~" cf-l-Cr> (cf (1—stis{)~"'si{sh +C£{)} w-df
(4.22)
Comparing Equation 4.22]to the usual way of computing total output noise of the array
due to LNAs, which is to simply multiply by the bandwidth, it can be seen that Equation

M.22] captures the frequency dependence of the noise delays by using integration.
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Rouwpur can be reorganized to deal with the correlation between ¢y and ¢, and can be

rewritten as

Routpur = W | 521> NiSA(T—81184) ' (1 SE SH)~18H + (4.23)

p*\/NlNz(I— SII{ISQI)_ISQISIZLII +va1N2821SA(I— S]]SA)_1 —I—NQI] W,

. . . 2. T2
where Nj is the auto-correlation of forward noise wave |c 7| ie. e |2 of LNAs, N,

the auto-correlation of reverse noise wave |c,|*, i.e. |c2|*of the LNAs, and p+/Ni N is the
cross correlation between forward and reverse noise waves ¢ c;.

The total power output can be expressed as

fu
Pusee = [ 7w [lsaPMiSa(=8180) " (- fisf) s+ (424
L

p*VNINy (I ST SH) 1SHSY, + pv/NIN2S21SA(T—S11Sa) ' + NoI| w-df

The closed-form integral in Equation 4.24] could not be found due to the inverse matrix

term (I—S1;S4) !, and, it will be left in the integral form.

4.2.3 Total Noise Power of Array with Delays

For the array noise, a similar approach can be used to refer the array noise at the array ports
to the output of the receiver. There are however a couple differences. First is that the noise
waves emanating from the array are incident upon the LNAs, whereas the LNA forward
noise waves are incident upon the array. This difference is accounted for by the exclusion

of the S term from the noise wave output equation when compared to Equation as in
Courpur = W' (S21(I—S11S4) ' ea), (4.25)

where ¢4 is the vector of noise waves emanating from the array ports.
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The second difference is that the individual noise components of the noise vector ¢4 are

correlated, and the correlation matrix C; 4 is found using Bosma’s theorem [27]]
Cou = kpTo(T—SASH). (4.26)
The auto-correlation of array output noise vector is
Rourpur = |521)> W [(T—=811Sa) ' Csa(X—SHSH) ] w, (4.27)
and the noise PSD due to array is then

Su
Pz=|S21!2kao/ W [(I=811Sa) " (I=SaSY)(I—-STiSY) ' w-df,  (4.28)

JL

while acknowledging that the array S-parameters are functions of frequency and delay.

4.2.4 Receiver Noise Temperature with Delays

The beam equivalent receiver noise temperature can be expressed in terms of auto-correlation

of traveling noise waves. Starting with

Prec

)
Pz,iso

(4.29)

Trec = Liso

from [[15], where P, j, is the array noise under thermal equilibrium with temperature T;5, =
To, and substituting the Equations and into Equation 4.29] the beam equivalent

receiver noise temperature with delays can be expressed as

1w sz (V1S (1= 118 (1 SE, ) 181+

(4.30)

rec —

|S21|2kb><
p*V/NiN, (1— SH SE)YTISHSE + p/NiN2S21SA(T—S11Sa) ' + Mol w-df
I wWH [(1—8118a) "1 (I—SASK) (I—SH )~ w-df
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Note that this equation differs from [15] by a factor of k;, because kj, is assumed to be part

of N1 and N, and as such cannot explicitly cancel with k;, in the denominator.

4.2.5 Verification Using Simulation

In order to verify Equation [4.30] a numerical simulation in MATLAB was conducted with
identical LNAs. The array was taken from [49]. An LNA from [52] with the follow-
ing noise parameters and scattering matrix was chosen: Z,, = (71.2+4 j15.7) Q, Tyin =
6.29 K, R, =0.706Q, s11 = 0.2, so1 = 10, and 51 = sp2 = 0. The array was a 19 element
thick dipole array with array pattern as illustrated in Figure A cable of length A at fj of
1GHz was inserted between the array ports and LNAs in order to simulate transmission line
delays. The transmission line was chosen to be of length A so that the antenna s-parameters
would be the same as seen from the LNAs at the operating frequency. In order to focus on
the effects of delays on output noise, all beamformer weights were set to 1. The array
S-parameters were modified with the delay terms by calculating the inter-element delay
using the separation distance of each element described in Figure The simulation was
setup such that the narrowband S-parameters of the array were same as the ones measured
for the array. Then, for each LNA, a set of forward and reverse noise waves samples were
generated for each frequency component. A total of 20000 non-correlated independent
Gaussian distributed samples were generated. Then, using the MATLAB Cholsky matrix-
decomposition function, the signals were correlated using correlation matrix generated us-
ing the LNA noise parameters and Bosma’s theorem. The signals were propagated through
the array and reflected back and forth, by using matrix multiplication, from the array and
the LNAs for a total of 10 times. This was done to ascertain good convergence. Using a
maximum of 20000 samples ensured that the simulation time was kept reasonable while
maintaining low simulation noise. The simulated beam equivalent receiver noise temper-
ature, T}, of this array was calculated and plotted. The simulation result was compared

against Equation 4.30] and narrowband equation from [|16].
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Figure shows the simulation results. There is a good agreement between the de-
rived equation and the simulation. More importantly, the simulated 7;.. is not flat and the
total noise power cannot be determined simply be multiplying the 1-Hz bandwidth result
of Equation by the bandwidth. Moreover, for this particular array under the simulated
beamformer weights, if a bandwidth of greater than 750MHz is considered, the noise tem-
perature is as much as 13.6% higher than what would be calculated using the equations
from [[15]].

Cryo PAF dipole array pattern
200 f x x X
150
100 | x x X x

501

400+ * ® * ®

=150 1

—ZDD L x x =

-250 -200 -150 -100 -50 O 50 100 150 200 250
¥(mm)

Figure 4.7: Antenna displacement pattern of the 19 element array.

This simulation confirms that there is a non linear relationship between array thermal
and receiver noise and the bandwidth of the array. And, the relationship is due to the delays
present within the receiving array. The relationship is significant enough that over a large
bandwidth, the narrowband formula for 7,,.. diverges quickly from this simulation. The
relationship is significant even in the absence of long feed lines (greater than 11) that its
contribution cannot be ignored in wideband array design. See Appendix [A] for simulation

code.
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Figure 4.8: Wideband 19-element array simulation
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4.3 I',; with Delays and I',.; Matching

The active reflection coefficient I';.; is understood to be a function of beam angle. Due
to delays, I',; also becomes a function of frequency. Many receiving arrays are designed
to target specific operating frequencies with a configurable bandwidth. As discussed in
Section matching to the active reflection coefficient is used to match the LNAs of the
receiver to the array when it is operating at a particular beam angle. This section contains
a discussion of how delays and bandwidths affect I';.; matching including verification of
this 'y, matching using simulation.

In Section [.1] it was discussed that the phases of antenna S-parameters exhibit fre-
quency dependency consistent with what is expected due to time delays. This frequency
dependence of the antenna S-parameters can be readily incorporated in the conventional

equations for I',.,. Starting with [16]

1 (& .
l—‘act,m i <Z SA,km 'Wf7k> ’ (4.31)

Wim \k=1
where wy ,,, are the beamformer weights referred to the input of LNAs via the transforma-
tion matrix G

wr=G"w. (4.32)
For a receiving array of the type shown in Figure 4.6}

G =g\/Zy(1+Sg) (I-SrSa) ', (4.33)

where g is voltage gain of the receiver and Sg is the receiver S-parameter matrix [16],
Sr = s11I. It is apparent from the above equations that I, is dependent on the signal

delays in the array. Substituting the S in Equation[d.31|with Sy with delays and expressing
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the equation as a function of frequency yields

1 M
Coctm (f) = ———— () - wh , 4.34
m(f) Wi (f) (l;lSA,k (f) Wf,k(f)) (4.34)
and
wr(f)=G"(f)w (4.35)
G (f) = gv/Zo (1+Sr) (I—SrSa ()", (4.36)

where Sp (f) represents the antenna S-parameters as a function of delay and frequency
SAij (f) — Sijej¢ije‘jZﬂf(Tij-i—ZTd-i‘ZTtx) , (4.37)

with S; jej % being independent of frequency.

It is difficult to see how the delay dependence of Iy, (f) can affect the active reflection
coefficient matching. However, what is clear is that the notion of matching a wideband
array to the narrowband I';,; may not be ideal. And, in some cases where the LNA noise is
very sensitive to the source reflection coefficient, matching to narrowband I',; may produce
much higher than expected noise output.

In order to further understand how the delays change I';.;, a numerical simulation in
MATLAB was conducted with a fictitious array of 2 elements with element spacing of A
and a 1 /2A transmission line (at fy of 1GHz) connecting to the LNAs. A 1/2A transmission
line was chosen so that the array S-parameters at f remain the same as for no delay case.
The array S-parameters were s;; = 0.5048 — j0.2436, s; = —0.1516 + j0.2177, 501 =
—0.1516+ j0.2177, and 522 = 0.5030 — j0.2338. In this simulation, and unlike the previous
simulation, the I',,; of both LNAs were swept to find the I, as bandwidth is slowly
increased. This was possible because N is invariant under lossless transformation unlike
R, [32]. The beamformer weights were set to w = { 1 e~ IT/4 } T. The LNAs had noise

parameters as follows: T,;,;, = 15 and N = 0.024, and the following S-parameters: s1; = 0.1,
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sp1 = 10, and s12 = s9p = 0. Under these conditions, the narrowband I, is calculated to
be T'ye,1 = 0.2337 — j0.2013 and [y p = —0.5539 + j0.0176 using Equation [4.31} The
bandwidth was increased in small steps from 5 MHz to 1 GHz and the I',; was found by
observing where in the space of I',, the noise is the lowest. Since lowest noise in an active
array occurs when I'y ;s = I'yer m, finding I, that minimize the array noise is equivalent
to finding I';;.

A Smith chart of simulated I',; is shown in Figure as the bandwidth is increased.
The wideband I',;.; shows deviation from the narrowband case as the bandwidth increases.
As bandwidth is increased, both I',.; fall towards the center of the Smith chart. Both I';;

reach the middle of Smith chart at about 500 MHz which is a moderately large bandwidth.
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(a) Smith chart with simulated I',.; plotted as bandwidth is increased from SMHz to
1 GHz, Iy occurs where the array obtains the least noise as I'y, of both LNAs are
swept through the entire I',.; space.
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(b) Plot of |T's| with vs bandwidth. Both |I',| fall to 0 as bandwidth is increased.

Figure 4.9: Results of 2-element dipole array simulations with varied bandwidth

The search for wideband I';.; in this manner is computationally intensive because for
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an array of size M there are 2 - M variables that need to be resolved to search the entire
I',e: space. If the search space is divided into 100 steps for each variable, i.e, the real
and imaginary components are swept at an interval of 0.02 step size from -1j to 1j and -1
to 1, the total number of simulations required would be 100* or a hundred million. To
complicate matters further, because the simulation is a wideband noise simulation, which
requires discrete noise signals with up to a 10* noise samples for each LNA, and, each
noise sample needs to be propagated up to 10 times between the LNAs and the array, the
final number of computations required is enormous. Roughly speaking, for an antenna
array of M elements, a search step size of 0.02, simulation bandwidth of 50 MHz, and
for reflection count of 10, the total number of matrix multiplications required would be in
excess of 10*M+3_ Even for an array of 2 elements, a modest search for I',; for just 1 of the
element spacing would take a long time. Therefore, to speed up simulation, a windowed
search method was employed. In this method, the search space consisted of 4 variables: the
amplitudes and phases of I'y; 1 and I';¢ 5. Starting from the known values of narrowband
I'yer,1 and Iy 2, a small window of search space was created around them that was a mere
0.001% of the entire search space. The starting I',.; was found for the 1 Hz case using
Equation 4.31} Then, the bandwidth of the array was changed by a slight amount and a
new search window was created around the old I';.;. Then, the window was searched to
find the new I',; by searching for lowest array noise output. This method allowed relatively
fast simulation of the array under various scenarios without having to wait many days for a

single simulation. See Appendix |B|for simulation code.

4.4 Impact of Noise Bandwidth on Antenna Array Matching

It was discussed in Section {.3] that matching a wideband array to the LNAs using the
narrowband I';; (a vector quantity) may not always produce the lowest receiver noise tem-
perature for a given beam angle. Also, designing each LNA differently for each antenna

element is impractical, especially because it restricts the array to perform at lowest noise
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level only for one scan direction. In most practical arrays, identical LNAs for each antenna
are used instead. In this section, a method for matching identical LNAs to the active array
is discussed, including the incorporation of delays and bandwidth in the derivation. This
scalar Iy, is referred to as the “optimal I',.,” as it attempts to accomplish the same goal
as matching to narrowband I';;, which is to produce the lowest 7}, for a given bandwidth
and element separation distance using identical LNAs while remaining frequency invariant
in the bandwidth. Afterwards, a method for finding I',.; for multiple scan directions, which
was first discussed in [16], is modified to include the delays and bandwidth effect. Next,
optimal I',.; for multiple scan directions is derived. Finally, a method to give precedence
to certain scan directions while finding multi-beam optimal I';.; is presented.

In the literature, the standard way of representing receiving array system noise temper-

ature is by expressing it as beam equivalent noise temperature [[15,/16}37]]

P .
Tsys = Tiso Pnozse7 (4.38)
t,iso

where P,,ise 1S comprised of noise from external source, receiver noise and noise due to
ohmic losses in the system. Noise due to external sources is ignored in this analysis;
however, they can be readily incorporated into the analysis due to the additive nature of

uncorrelated noise. The beam equivalent receiver noise temperature is defined as

PN,rec

c — Liso P )
t,iso

Tye

(4.39)

where Py . 1s the receiver noise power and F, ;5 is the array thermal noise power under
thermal equilibrium in isotropic noise environment at temperature Tjg,.

Expanding Equation [4.39|produces

WHIRcW

Trec = Liso™ g
wHRw ’

(4.40)
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where R is antenna thermal noise correlation matrix at the receiver output [15].

The array thermal noise correlation matrix can be written as
H
Rt,f — kaisoB (I - SASA) ;

using Bosma’s theorem [27], where R denotes correlation of forward noise waves at the
array ports.
Forward noise waves correlation matrix R at the LNA input can be transformed to

noise wave correlation matrix at the output of the receiver, Ry, by using G [16]
R; = GRG", (4.41)

where G = \/Zo (I+Sgr) (I—SgSa) " for the array type under consideration. The output

noise power due to thermal array noise is then
P, iso = kpTisoB - WG (1-S5SH) G"'w. (4.42)

Note that transformation matrix G described from hereon differs from G in [[16]], which
1s a matrix that transforms forward noise wave amplitudes at the amplifier inputs to voltages
at the receiver output. While G hereon transforms forward noise waves at the LNA inputs
to noise waves at the output of the receiver. Using noise waves instead of noise voltages has
notional benefits as working with voltages necessitates carrying around factors such as v/Z

or having the cumbersomeness of converting scatter waves to voltages via the equations

g— tzoh) o (V-ZoD)
2VZy 2Vzy

thereby negating the need to use voltages and currents in the analysis in the first place.

. Ultimately, these factors cancel out in the final steps of analysis

Therefore, the following definition is used in this thesis

G = (I+Sg)(I—SgSA) ', (4.43)
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where G transforms forward noise waves at the LNA inputs to the output of receiver.

By expanding the denominator of Equation[4.39]and using the new G,
P, iso = kpTisoB - WG (1—S5SH) GH'w. (4.44)

It can be seen that Equation [4.44] is similar to Equation 4.28]in Section [4.2.4] but the
integral is simplified by using B instead. This equation assumes that all quantities are
frequency independent.

Substituting Equation [4.44]into [4.39] yields

Troe = P rec (4.45)
" kpB-wHG (I-SASY) GHw' '
Next, expanding the numerator of Equation 4.45| gives
PN,rec = WHRrecW (4.46)
Py rec = W' GRyec.(G"'W, (4.47)

where Ry ¢ is the noise wave correlation matrix of the LNA at the input of LNAs. Ex-

pressing Ry r using traveling wave noise parameters yields
Py rec = kpB- WG | To+SATpSY +T,Sa+T;/Sh | GMw, (4.48)

where Tq = E{ay-a,} /kpB, Tg = E{b, - by} /kyB, Ty = E{ay b} /kpB from [16].

The three noise parameter correlation matrices are

2
Ty =Thnin+ T 1-— ROYopt (4.49)

Gopt 0
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2
Tp = —Tnin+To |1+ RoYop| (4.50)

optRO

(14+RoYop) (1=RoY,,) - (4.51)
Gopt 0

Inserting the matrices into Equation §.45] yields [16]

WG | Tq+SATgSY +TySp + TS} | 6w
wHG (I-SaSH) GHw

Troe = (4.52)

Note that in this equation, k;B in the numerator cancels out the k;,B in the denomina-
tor. This equation is accurate for narrowband case where the frequency response of array,
LNAs, and beamformer weights are constant. An assumption hidden in this equation is that
the bandwidth under consideration is B = 1Hz [[15]]. Despite this assumption, the equation
applies to all cases where the antenna S-parameters and LNA noise parameters are constant
over the bandwidth under consideration.

Equation 4.52] is now fully expanded to explicitly show all terms with Sy and G that
can be converted to frequency dependent terms by embedding delays in them. As described

in Section4.2.1] the antenna array S-parameters can be written as a function of frequency

slleijﬂ:f(Tll“Fsz"’ZTtx) e Slmesznf(rlm+2'fd+2rfx)

SA(f) = : : , (4.53)

snle_jZEf(Tn1+2Td+2Ttx) e Snme_jznf(fmn+2Td+27tx)

where the lower case s;; denote the complex intrinsic frequency invariant component of
array S-parameters. It is assumed that the self delay of each antenna element is zero,
7; = 0. The antenna feeds are assumed to be the same for each element, therefore the feed
line delay 7, is the same. And, the transmission line from LNA inputs to antenna ports are

the same, so the transmission line delay 7, is the same for all elements as well.
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Next, the modified S-parameters (Equation are inserted into Equation to get

[ [WHG (f) [Ta+Sa (£) TSI (£) + T84 (/) + TSH ()] G# (1) w) df

Tree =
JIH [WHG (f) (1—Sa (f)SH (£)) GH (f)w] df

(4.54)

Equation 4.54 replaces the constant B with integral [ J{H (--+)df in both numerator and

denominator to capture the frequency dependence of Sa (f) and G (f). Equation uses
the function notation with matrices, S (f) and G (f), to denote that the matrix entries are
frequency dependent quantities. This notation will be dropped from hereon until the end of
this section for convenience. The definite bounds of the integral, f; and fy, are the lower
and upper frequencies respectively of the band-pass filter at the output. Again, such an

integral does not have a closed-form solution and will be left in the following form

[ |WHG T+ SATySH +T,85+ TS| G'w| df
JIH WHG (1—-S,81) GHw] df

Tree = (4.55)

With Equation it is now possible to find an optimal I';.; for the scan direction
associated w. When all the LNAs are matched to this optimal I',., the array produces the
lowest noise output for bandwidth of B = fy — f;, and beamformer weight vector w. The
derivation begins by representing optimal I',.; in admittance form and breaking it down to

its real and imaginary components

Yact - Gact + jBact- (456)

The lowest receiver noise occurs when

9 (Trec)
aGdC[

=0 (4.57)
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and

9 (Trec)
8B act

=0.

(4.58)

The 3 correlation matrices, T, T[;, and Ty can be expressed in terms of the noise

parameters Gop; + jBopr, N, and Tpyjn, when Guer + jBoe 1s substituted for G, + jBopr,

T(x - Tmin+TO ‘1 _RO (Gact _jBact)‘z
actNQ
T/} == _Tmin‘|’TO |1‘|‘RO (Gact+jBact)|2
act\Q
T}/: TOG (1+RO (Gacl+jBact))(1 _RO (Gact _jBact))
act\0
First, aa(;;i) = 0 1s found to occur when

_owH [ [l G3{8a}GMd f} W
Bact -

Row! | [77G [T+ 8,87 + 2R {S2}] GHds| w.
and the resulting expression for B, is used to find G,

—2w! | [ G [(1+ R3BL) (1+SaSH) — (1+2)Z0Bop — 2382,

G2

act —

wh [ S G 148,85 + 2% {SA}] GHd f} WX
— (1+2)Z0Bop — Z3B2,,) " SH| GHdf | w
Rj

Finally, Equations 4.62] and 4.63] are combined to get Y.,

Yact - Gact + jBact-

For detailed derivation, see Appendix [C|
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Equations and are fairly complex and made even more complex due to the
integral and chl term. Nonetheless, they do provide a way to find a single I',,, for all

LNAs that minimizes the array noise as opposed to finding individual I',; for each LNA.

4.4.1 Simulation of 71 Element Array with Optimal I,

In order to verify optimal I',.; derived previously and to determine its usefulness, a nu-
merical simulation in MATLAB was conducted using the 71-element dual polarized Vi-
valdi focal-plane array for a Square Kilometer Array receiver demonstrator as described
in [53]. The model was described for several operating frequencies, and, the 1.4GHz
model was chosen as it would allow for a large simulation bandwidth. A suitable LNA with
Tnin = 15K, and N = 0.024 was chosen from [54]]. The Lange noise parameter N = R,,G,
which, like 7,,y, is invariant under lossless transformation, allowed for generating of a large
number of nearly identical LNAs that have different I',,, but the same noise performance.
These LNAs can be simulated with the array in search for the lowest 7, without changing
the overall power of the noise sources present in the array.

The Vivaldi array has 71 elements: 36 are vertically polarized and 35 are horizontally
polarized. Each polarization has its own beamformer network. The beamformer weights
associated with the 35 horizontally polarized elements were set to 0, while the weights
associated with the vertically polarized array elements were set to 1. The scan direction
to be simulated was therefore the one associated with unity gain beamformer weights for
the vertically polarized elements of the array. The delay between the array elements was
calculated based on separation distance and assuming speed of light as signal propaga-
tion velocity. The phase shifts caused by delays in the array were removed from each
S-parameter of the array. This was done to ensure that all S-parameters of the array were
kept the same at the operating frequency when phase shifts due to delays were introduced
back into the S-parameters during simulation.

Due to tight spacing of antennas in the array, it is possible that the propagation velocity
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of signals between elements is much slower than c¢. This could be because of coupling
between elements that are closely spaced together. For the vertically polarized antennas
separated by a horizontally polarized antenna, there is much conductive material in the
way for signal propagation to happen at c. The antenna distances were calculated by using
the center of one antenna to the center of another antenna; however, it is possible that
propagation path for signals is not this simple. For example, the coupling observed in the
array S-parameters may happen near the feed of the antenna rather than at the point of
radiation. Despite these concerns, and in order to narrow the focus of the simulation to the
impact of noise bandwidth and delays on 7, and I',;, propagation velocity was assumed to
be ¢, and antenna centers were used to calculated propagation distances between antennas
in order to find inter-element delays 7;;.

The LNAs in receiver were fed from the antenna ports using transmission lines. In order
keep the array S-parameters invariant as seen by the LNAs at fj, the identical transmission
line lengths were restricted to {n% |ne N}. For a transmission line of length d = n%, the

S-parameters at the operating frequency remains the same.

A ni n
T=—d=n—=..T==—,T= — 4.65
4T 2¢ " 2f (4.65)
where 7 is one way transmission line delay.
The effect of {n% lneN } transmission line on S-parameters is
—j — D2 .
S (o) =5 (fo) - € 202 = s (fo) - PN =5 (fo) - e PP =5(fy),  (4.66)

where the factor of 2 with 7 signifies that time of flight for the signal is twice the one way
propagation delay. Then, s (fy) = s-e /270" =5 if n € N.
All LNAs in the simulation were generated using N and 7},;,, so all LNAs are realizable

due to the bounding equation 2%’“ > 4N 2 T%O’" from [55].
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x Ty theory
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(a) Smith chart of simulated and theoretical optimal I',.; with no transmission line as bandwidth is in-
creased from 1Hz to 300MHz.

x Ty theory
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act

(b) Smith chart of simulated and theoretical optimzﬁ%‘m with 2.5A transmission line as bandwidth is
increased from 1Hz to 300MHz.

Figure 4.10: Search of optimal I',.; using simulation.
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Figure 4.11: Plot of || vs bandwidth for various transmission line lengths.
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Figure 4.12: Plot of 7., vs bandwidth for various transmission line lengths.

The optimal I',.; was found by sweeping the entire I',; space and finding where in the
space of Iy, the T,,. was lowest. After optimal I',., was found using simulation, it was

compared to the theoretical optimal I',,.; calculated using Equations .62} [4.63] and[4.64] by

converting Y, to I';;. Figure shows the comparison of theoretical optimal I to
the simulated optimal I',; as bandwidth is increased from 1Hz to 1GHz. The narrowband
I";: agrees with both the simulated and derived optimal I';.; in the 1-Hz case. Then, as the
bandwidth increases, both the simulated and theoretical optimal I',.; diverge from narrow-
band I',; as predicted and settle to the middle of Smith chart. As the bandwidth approaches
300MHz, I',; approaches the point of Zy on the Smith chart. Figure .10b|shows the same
simulation except with a transmission line of 2.5A. In this case, the trajectory of I';; on
Smith chart is the same but it approaches the center much faster than the first case with no

transmission line. Figure 4.12]shows the effects of bandwidth on T, for different lengths
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of transmission line. Observe that in all cases, T}, is the same for B = 1 Hz case. In all
cases, as the bandwidth is increased, 7,.. goes up and settles to about 45% higher than 7,,,,.
For longer transmission lines, 7}, approaches the highest temperature much faster than the
smaller transmission lines.

The simulation validates the derived equation for optimal I',.; and that it indeed min-
imizes T, in the active array case when matching the array to identical LNAs. The rise
in 7,.. can be attributed to the decorrelation of forward and reverse noise waves of LNAs
when larger delays in the system are introduced or bandwidth is increased. This result also
strengthens the simulation results obtained in Sectiond.3|because the I';, in that simulation
also fall to the center of Smith chart as bandwidth is increased.

This simulation was conducted in frequency domain because it is not computationally
possible to search through the entire I',; space for lowest array noise in time domain. The
frequency space was split into many smaller intervals. These intervals were small enough
that the array S-parameters did not vary significantly in them. For each frequency interval,
the narrowband Equation[#.40] was used to produce the receiver noise temperature. And, for
each interval, Sy was re-calculated for the center frequency in the interval. The resulting
receiver temperatures were summed to produce the overall beam equivalent receiver noise
temperature for the original bandwidth. This process is the same as numerical integration
using the midpoint rule when the narrowband Equation 4.52]is used and B is replaced with

integration over frequency. See Appendix [D]for simulation code.

4.5 Optimizing For Multiple Scan Directions

Warnick et al. presented a method for minimizing the array noise over multiple scan direc-
tions in [[16]. The method involved summing the output noise of the array operating under
different scan directions, and finding Y, 5, that minimize average receiver noise temper-

ature of the array. They defined the multi-beam average receiver noise temperature 7,

85



as

1 P
To =3 Y 12, (4.67)
p=1

where T,%. is the receiver noise temperature when array is operating with p' beamformer
weight vector. Next, they found the Y, ,, for the multi-beam average temperature 7;, as

follows:
d 1uy
aY*

opt,m

=0. (4.68)

This type of optimization has the benefit of lowering the array noise temperature over
several operating modes of the array. However, much like the narrowband I'y¢ . this
method requires matching individual LNAs to each antenna in the array, which is not prac-
tical. For this reason, an optimal I',.; needs to be derived that can minimize the multi-beam
average receiver noise temperature. The derivation or multi-beam optimal I, starts in

much the same way as [16]

Tav =

=0 (4.69)

However, this time 7,2, is given as

s WG | To+ SATES! + Ty85 + TSY| 6w, | df
B i WHG (1—Ss8) GHw,] df

4
rec

, (4.70)

where w,, are now the beamformer weights associated with the p'" scan direction. Next,

substituting Equation into[4.69]yields

I [W?G [Ta +SATESH +T,84 +T1;sg] GHw,,] df
3 WHG (1-8aS%) Glw, ] df

: 4.71)

Equation is the multi-beam average beam referred receiver noise temperature that
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includes the frequency varying nature of Sp. Equation can be used to find the multi-

beam optimal I';; by using Y,; = G, + jBacr and finding the derivatives Iw) _ 0 and

aGaCT
%(BT““’) = 0. Because of the distributive nature of derivative operator, multi-beam optimal

B, 1s found to be

P { —2owl [/H G3{Sx}G"dfw, ]

p=1 LW [T G(1-8,8)GHd fw,

f |:R0wg s G[I+SAS§+29{{SA}]Gdew,,}
wh [TH G (1-8,8 ) GHd fw,

Bact =

4.72)

p=1

and

P
>
p=l1

act — ~
P {ngg I} G158 +2%{82}]GHd pr}

IE 1 wh _;;H G(I-SxS8t)GHdfw,

—2wi [ [ G[(14R3BZ, ) (1+8ASH ) ~2R{ (1+2/Z0Bop— Z3 B2 )Sa } G d f | W)
wh [1H G (1-8,8)GHd fw,

4.73)

See Appendix [E] for complete derivation. Equations and are fairly complex and
cannot be simplified easily. Because of the complexity of these equations, it is postulated
that the multi-beam optimal I',.; will fall to the center of Smith chart faster as B increases,

much like optimal I, falls to the center of Smith chart.

4.6 Weighted Average Multi-beam Optimization

Many arrays are designed to operate with beam steering capabilities. If all the possible scan
directions are known at the time of the receiver design, and the bandwidth of operation is
known, then it is possible to produce a receiver with identical LNAs that minimizes the
overall noise of the array using Equations and This approach can be taken
further to include the fact that some beam angles may be more important and more used,
so more preference is given to that particular beam when calculating optimal I';;.

If a beam angle associated with a p’ beamformer weight vector is used more often,
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then, it can be weighted more in the averaging Equation Define a weight vector z as

z= 21,22, ,2p| (4.74)

{zp>0]z, eR},|lz] =1, (4.75)

where z,, corresponds to the importance given to the p'" beam. The higher the weight z » the
more the beam direction associated with it is expected be used or is of importance. Then,

the average multi-beam receiver noise temperature 7y, is

Ty = Trecz (4.76)

Trec = [Trlzcv Trim T Trle)c] (4'77)

where T, is not a true average receiver temperature as the scaling of each T%. term is
different. This Ty, can then be used in Equation . 71| to arrive at a multi-beam optimal I';

that is better suited for some scan directions than others.

4.7 Conclusion

This chapters discusses the effects of delays on antenna array and receiver noise. Equation
for T}, is developed that incorporate the delays and bandwidths, which had not previously
been discussed in literature. Optimal I, is presented as a new method of array noise
optimization, and multi-beam optimal I, is also presented. The developed methods and

equations are verified using simulation.
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Chapter 5

Discussion

Analyzing noise delays in antenna arrays in the manner discussed in Chapter [4] illustrates
the breaking down of traditional equations found in [[1637] when wideband antenna arrays
with frequency varying S-parameters are considered. In Section .4.1] it is shown that for
an array with modest bandwidth of 300MHz, 7;.. can increase of up to 45% more than 7,,;,
of LNA when delays are not ignored. In [49]], the measured output noise of the array is
higher than calculated; this difference is not properly explained. It is possible that some
of the discrepancy in measured and calculated array output noise can be accounted for by
including bandwidth and delay effects in the analysis and by using frequency dependent
S-parameters.

The simulation in Section 4.4 was done using the array developed in [54]. For other
arrays, it is entirely possible that the effects of bandwidth and delays on 7,,, may be more
or less adverse. Therefore, the 45% increase in 7., over T,,;, for the simulated array may
not be representative of majority of the arrays. Although the focus of the simulation in
Section[4.4] was strictly on the effects of bandwidth and delays on 7;,. and I, array noise
is inexorably linked to the array and LNA S-parameters which are obviously different for
different types of arrays. Nonetheless, it is clear that generally noise delays have an adverse
effect on array noise temperature.

There is a dual effect of delay and bandwidth on noise in antenna arrays. Intuitively,
increasing the bandwidth or increasing the element spacing has an effect on the phase of
antenna S-parameters. Changing of element separation creates an obvious effect on phase
of Sa (f) by compressing or expanding the delay phase curve along the frequency do-
main. Changing the bandwidth includes or excludes more of the delay curve on either side
of operating frequency fy. Theoretically, either increasing bandwidth or increasing sepa-

ration distance should have the same effect, however in real systems, where the antenna
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S-parameters are not constant over the bandwidth of interest, increasing bandwidth means
including more of the frequency varying nature of antenna and LNA S-parameters that are
attributed to physical effects other than delays. Therefore, care must be taken in interpret-
ing these results. Most LNAs do not exhibit constant gain or phase distortion over large
bandwidth and the same is true of other components.

For some applications, such as MIMO communications systems, 7}, 1s a small compo-
nent of the overall system noise and the effects of delays and bandwidth on the increase of
T,. may not be significant. The increase of T, is only of concern in applications where
T, forms a significant component of the overall system noise temperature, such as highly
sensitive radiometers and receivers.

The concept of matching the LNAs in the receiver to I'y¢; ,, which has been developed
and discussed in literature for some time, is also discovered to be less effective when it
comes to wideband matching or for arrays with large delays. Matching to I'y » to obtain
lowest receiver noise temperature seems promising at first, but is impractical. When band-
width and delays are taken into account, I'y¢; ,, shift closer to the center of Smith chart.
When bandwidth dependence of array and LNA (and other components in receiver chain)
S-parameters is considered, I';¢s,» moves even closer to the center of Smith chart. This
suggests that the frequency dependence of S-parameters decorrelates ¢y and ¢; of LNAs,
and this decorrelation is exacerbated with increasing bandwidth or increasing delays in the
array. The movement of Iy, to the center of Smith chart signifies that for wideband
arrays a good strategy for minimizing 7. is to use identical LNAs with I',,, = 0. This
may seem counter intuitive at first, but recall that LNA noise matching occurs when part
of c; is optimally reflected back towards the LNA so that it can cancel out with some of
correlated portion of ¢;. In arrays with significant delays and large bandwidth, ¢y and c;
are highly decorrelated, and having as little part of c¢; as possible reflect back is good for
noise optimization. Some portion of ¢ will get radiated out and some portion will couple

back to other LNAs via mutual coupling. However, this type of coupling is always present
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in tightly spaced arrays and the only option is to not have c; reflect back directly from the

array and add to the total noise at the beamformer output as discovered in this work.
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Chapter 6

Conclusion

This thesis presented a method of incorporating bandwidth and delays in antenna array
matching and array noise analysis, which had not been discussed in literature prior to this
work. It expands the analysis of receiving arrays to include frequency varying nature of an-
tenna S-parameters due to delays. It is shown through derivation and simulation that array
output noise in broadband arrays will be higher than that calculated using traditional nar-
rowband equations, and this is due to the frequency varying nature of array S-parameters.
This analysis naturally required the extension of narrowband equations for 7. and Iy
to frequency dependent terms presented in this work. It is shown that including the fre-
quency varying nature of antenna S-parameters moves I, to the center of Smith chart.
The method of finding I',.; for multiple beam angles found in [16] is extended to include
frequency varying terms and a new method for finding a single I';; for multiple beam an-
gles while including frequency dependent S-parameters is also presented. Finally, a method
is developed that weights certain scan directions more in the aforementioned multi-beam
averaging method in order to give more priority to those scan directions when designing

the receiver.
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Appendix A

19 element array simulation code

The following program listing is MATLAB code for simulating noise signals as they prop-
agate in the 19 element array. The code generates noise signals for both the array and the
LNAs. The noise signals are then propagated through out the array by means of matrix
multiplication in frequency domain. Next the signals are combined at the output of the
beam former in order to calculate the receiver and array noise power. Finally, the array and

receiver noise are used to calculate the beam equivalent receiver noise temperature.

Listing A.1: 19 Element array simulation MATLAB code

clf;
clear all;
Nel = 19;

load cryo_paf_kite_2010_data

ZA = ZA(1:Nel,1:Nel);

weight = w_boresight_cryo_model(1:Nel);

weight = weight(1:Nel);

Jweight = ones(Nel,1);

% Constants

Z0 = 50;
TO = 290;
kb = 1.38064852e-23;

I = eye(lNel);




c = 3e8; ' speed of light in vacuum
Er = 2.4; % relative dielectric constant of PTFE for measurement cable
j = sqrt(-1);

fc = 1.6e9;

% sim parameters
nSmp = 20000; % Number of noise samples to generate.
numReflections = 10; % Number of times the signal reflects off the

< antenna.

% Amplifier noise parameters (Weinreb, cryo LNA)

Tmin = 6.29;
Rn = 0.706;
Zopt = 71.2+j%15.7;

GammaOpt = z2s(Zopt,Z0);

% maaskant
%Tmin = 100;

%Rn = 25;

hZopt = 25+j*25;

%GammaOpt = (Zopt - Z0)/(Zopt + Z0);

%y array s parameters
%#SA = IxGammaOpt;
SA = z2s(ZA,Z0);

%SR = (Z0*I + ZR)\(ZR - ZOxI);
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% S Parameters of Measured LNA
hsll = 1e-12+0.266%exp(1j*(pi/180)*75.87); ) Reflection coefficient

<~ for LNA input.

si1 = 0.1;
s21 = 10;
s12 = 0;
s22 = 0;

% gain = abs(s21)°2; % Amplifier gain

Jmaaskant
hsll = 0;
hs21 = 10;
hs12 = 0;
%hs22 = 0;
SLNA = [s11 s12;
s21 s22];
ZLNA = s2z(SLNA, Z0);

SR = Ixsll;

% antenna delays
antenna_standoff_height = (69.37 + 20.6)/1000;
hGenerate array index and positions

y_diff = sqrt(112-2 - (112/2)"2);

array_pos_vec(1l,:) = [-2x112 0];
array_pos_vec(2,:) = [-112 0];
array_pos_vec(3,:) = [0 0];
array_pos_vec(4,:) = [112 0];
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~
1}

array_pos_vec(5,: [2x112 0];

array_pos_vec (6, :) [-1.5%112 y_diff];

~
1}

array_pos_vec(7,: [-0.5%112 y_diff];

array_pos_vec(8,:) [0.56%112 y_diff];

array_pos_vec(9,:) [1.56%112 y_diff];
array_pos_vec(10,:) = [-1.5%112 -y_diff];
array_pos_vec(11,:) = [-0.5%112 -y_diff];
array_pos_vec(12,:) = [0.5%112 -y_diff];
array_pos_vec(13,:) = [1.5%112 -y_diff];
array_pos_vec(14,:) = [-112 2xy_diff];
array_pos_vec(15,:) = [0 2*y_diff];
array_pos_vec(16,:) = [112 2xy_diff];
array_pos_vec(17,:) = [-112 -2*xy_diff];
array_pos_vec(18,:) = [0 -2xy_diff];
array_pos_vec(19,:) = [112 -2xy_diff];

array_pos_vec = array_pos_vec / 1000;

% make delay matrix
for n = 1:Nel
for m = 1:Nel
tau_ij(n,m) = sqrt((array_pos_vec(n,1) - array_pos_vec(m,1))"2
— + (array_pos_vec(n,2) - array_pos_vec(m,2))"2)/c;
end

end
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/» Constants to calculate the cable delay

hcablel = 1.8288; 7 length of cable at the front end of the LNA in
— meters

tau_d = antenna_standoff_height/c; ’%0One way propagation delay (sec) so
— round trip is 2\tau. (1.36ns/ft*6 ft) %(sqrt(Er)/c)*cableL

— *x100;

%tau_t [0 taux0.1; taux0.1 0];

tau_tx 0;
% remove phase shift due to delays from measured s paramters
for n = 1:Nel
for m = 1:Nel
SA_no_delay(n,m) = SA(n,m)/exp(-2xj*pi*fc*(tau_ij(n,m)+2xtau_d)
— )
end

end

% Noise wave power and correlation coefficient from calculated from

%» measured data

c1Psd = (kb*Tmin*(abs(s11l)~2-1)+(4*xkb*TO*Rn/Z0)*abs(1-s11*GammalOpt) 2/
— abs(1+GammaOpt)~2); % Power spectral density of input noise (W/
— Hz)

c2Psd = (abs(s21)~2*(kb*Tmin+(4*xkb*T0*Rn/Z0) *abs (GammaOpt) ~2/abs (1+
— GammaOpt)~2)); % Power spectral density of output noise (W/Hz)

rho = (-conj(s21)*conj(GammaOpt) * (4*kb*TO*Rn/Z0) /abs (1+Gammalpt) ~2+(
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— s811/821)*c2Psd) /sqrt(c1Psd*c2Psd) ; % Cross correlation of the

<~ input and output noise.

BW_arr = [le-6 50:50:1500]*1e6;
for b = 1:length(BW_arr)

b

W = BW_arr(b);

BW_arr (b)

tic

freq_space = fftshift(linspace(-BW_arr(b)/2,BW_arr(b)/2,nSmp));

%%’k generate random samples LNA noise
mixingWeights = chol(...
[ c1Psd (rho)*sqrt(c1Psd*c2Psd);

conj(rho)*sqrt(c1Psd*c2Psd) c2Psd ]);

for ant = 1:Nel

wi (randn (nSmp, 1) +j*randn(nSmp,1)) /sqrt(2);

w2

(randn(nSmp, 1) +j*randn(nSmp, 1)) /sqrt(2);

w_v = [ wl w2 ] * conj(mixingWeights);

cl(:,ant) fft(w_v(:,1));

c2(:,ant) = fft(w_v(:,2));

end;

%h% generate random samples array noise
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for ant = 1:Nel
w_ant(:,ant) = fft((randn(nSmp,1)+j*randn(nSmp,1))/sqrt(2));
end;
parfor (s = 1:nSmp,8)
SA_f = SA_no_delay.*exp(-j*2*pi*(fc+tfreq_space(s))*(tau_ij + 2%
< tau_d));
Cant = kb*TO*(I - SA_fxSA_f’);
mixingWeightsAnt = chol(Cant);
c_ant(s,:) = w_ant(s,:) * conj(mixingWeightsAnt);
reflection_ant(s,:) = (exp(-j*2xpix(fc+freq_space(s))*(tau_tx))
< xc_ant(s,:).?) . *s11;
hfor ant = 1:Nel
% c_ant(s,ant) = w_v_ant(s,ant);
%end;

end;

a = zeros(size(cl));
reflection = ci;
%reflection_ant = (c_ant);

%b_ant = reflection_ant*s21;

b_ant zeros (size(cl));

for r 1:numReflections
b_ant = b_ant + reflection_ant*s21/s11;
parfor (s = 1:nSmp, 8);

SA_f = SA_no_delay.*exp(-j*2*pi*(fc+freq_space(s))*(tau_ij
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< + 2%tau_d + 2*tau_tx));
reflection(s,:) = (SA_fx(reflection(s,:)).’).’x*sll;
reflection_ant(s,:) = (SA_fx(reflection_ant(s,:)).’).%*sll;
end;

a = a + reflection;

end;

a = axs21/s11;

X (a + c2)+*weight;

x_ant = b_ant*weight;
ac_y = (X7*x)*W,;
ac_y_ant = (x_ant’*x_ant)*W;

pwrSim(b) = (ac_y);

pwrSim_ant (b) = (ac_y_ant);

1
o

Tnumerical_narrow_num

1
o

Tnumerical_narrow_den

df = W/300;
powerClosedForm_S11zero_numerical _LNA(b) = 0;
powerClosedForm_S1lizero_numerical ANT(b) = O;

daf

for W_ = (fc-W/2):df: (fc+tW/2)

SA_f = SA_no_delay.*exp(-2*pi*j*(W_)*(tau_ij + 2*tau_d + 2%

— tau_tx));
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G = inv(I - SR*SA_f);

auto_forward = c1Psd*(Gx(SA_f*SA_f’)*G’)*abs(s821)"2;
forward_reverse = (rho)*sqrt(c2Psd*c1Psd) *(G*xSA_f*xs21);
auto_reverse = c2Psd*I;

auto_ant = kb*G* (I-SA_f*SA_f’)*G’*abs(s21)"2;

% narrow band
[Tin, num, den] = simple_array_lna_model_Function_(Zopt, s2z(

< s11), Rn, Tmin, 1, s2z(SA_f), weight, SA_f);

Tnumerical_narrow_num = Tnumerical_narrow_num + num * df;

Tnumerical_narrow_den = Tnumerical_narrow_den + den * df;

powerClosedForm_Sl1lzero_numerical LNA(b) =
— powerClosedForm_S1lzero_numerical _LNA(b) + weight’*(
— auto_forward + 2*real(forward_reverse) + auto_reverse)x*
— weight*df;

powerClosedForm_S11zero_numerical_ANT(b) =
— powerClosedForm_S11zero_numerical ANT(b) + weight’*(

— auto_ant)*weight*df;

end;

Tnumerical_narrow(b) = real(Tnumerical_narrow_num/
< Tnumerical_narrow_den);

TSim(b) = TO* pwrSim(b)/pwrSim_ant(b);

Tclosed_S11_zero_numerical(b) =

— powerClosedForm_S1lzero_numerical_LNA(b)/
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— powerClosedForm_S11lzero_numerical_ANT(b);

[T_standard(b), num, den] = simple_array_lna_model_Function_(Zopt,
< s2z(s11), Rn, Tmin, 1, s2z(SA), weight, SA);

toc

end;

close all

fig = figure(1)

plot (BW_arr/1e6,abs(TSim), ’-d4’)

hold on;

hplot ((BW_arr)/1e6,abs(Tclosed_S11_zero_numerical),’-o0’)

plot ((BW_arr)/1e6,abs(Tnumerical_narrow),’--x’)

stitle(’Numerical simulation of a 19 element array with delays’);

xlabel (’Bandwidth (MHz)’);

ylabel(’Noise Temperature (K)’);

plot ((BW_arr)/le6,abs(T_standard),’--’)

y1lim([min(TSim)-0.3 max(TSim)+0.3])

legend(’Simulation’,’Theory’, ’1Hz Bandwidth’)

yyaxis right

ylim(real ([((min(TSim)-0.3) - T_standard(1))*100/T_standard(1l) ((max(
< TSim)+0.3) - T_standard(1))*100/T_standard(1)1))

ylabel(’T_r_e_c increase over minimum temperature (%)’)

hsaveas(fig,’../../Figures/19-crayo-sim_no_tx.png’);

saveas(fig,’../../Figures/19-crayo-sim.png’);

figure(2)
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x = array_pos_vec(:,1)*1000; y = array_pos_vec(:,2)*1000; scatter(x,y
= %)

a = [1:Nell’; b_ = num2str(a); c_ = cellstr(b_);

dx = 0.001; dy = 0.001; % displacement so the text does not overlay
— the data points

htext (x+dx, y+dy, c);

xlabel (°’x(mm)’) ;

ylabel(’y(mm)’) ;

title(’Cryo PAF dipole array pattern’);

ylim([-220 220]);

x1im([-220 220]);

axis equal;
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Appendix B

I',.; search simulation code

The following program listing is MATLAB code for simulating I',.; as bandwidth is slowly
increased. The code generates noise signals for both the array and the LNAs. The noise
is then propagated through the array and beam equivalent receiver noise temperature is
found. This is done for the entire I',; space. Iy is found to occur where the receiver

noise is lowest for each bandwidth.

clear all;
close all;

beep off;

% create files and folders for sim

dirname = sprintf(’C:/Users/Roshaan/SkyDrive/Grad School Work/Research
— /matlab sim/gamma_opt_sim_2_ant_%s/’,datestr(now,’yyyy-mm-dd_HH
— -MM’));

mkdir (dirname) ;

filename = [dirname ’sim results.csv’];

FID = fopen(filename,’a+’);

/» save current script snapshot
snapshot_path = sprintf(’Y%s/sim_script_snapshot.m’,dirname);
copyfile(matlab.desktop.editor.getActiveFilename,snapshot_path);

tic

Nel = 2;

I = eye(lel);




fc = 1e9;
Z0 = 50;

TO

290;

nSmp = 2000; % Number of noise samples to generate.

Ts = le-11; % Sampling period of this simulation (sec)
kb = 1.38064852e-23; % Boltzmann’s constant (W/(Hz*K))
BW = 1e6;

c = 3e8; J speed of light in vacuum
Er = 2.4; % relative dielectric constant of PTFE for measurement cable
tau = (1/fc)/2;

tau_t = [0 taux2; taux2 0];

/» generate gamma opt sweep parameters
numReflections = 5;

gammOpt_r_len = 5;

theta_len = 5

real_len = 20;

im_len = 20;

t_sweep_len = 10;

window = 0.015;

j = sqrt(-1);

% for weight [1 exp(lj*pi/4)]

%SA

[-0.2338 - 0.4204j 0.272+0.219j;0.272+0.219j -0.5438 - 0.0353j];

hSA [0.5048-0.24361 -0.1516+0.21771i;

%-0.1516+0.21771 0.5030+0.23381]
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SA = [0.5048-0.24361i -0.1516+0.21771;
-0.1516+0.21771 0.5030-0.23381i]
weight = [1;exp(1j*pi/4)];

w = weight;

% S Parameters of Measured LNA

sl1 = 0.1;
s21 = 10;
s12 = 0;
s22 = 0;

hgain = abs(s21)°2; % Amplifier gain

% Noise Parameters of LNA
Tmin = 15;

N = 0.024;

%%% generate uncorrelated random samples for LNAs

for ant = 1:Nel
wl(:,ant) = (randn(nSmp,1)+j*randn(nSmp,1))/sqrt(2);
w2(:,ant) = (randn(nSmp,1)+j*randn(nSmp,1))/sqrt(2);

end;

% generate correlated antenna noise
Cant = kb*TO*(I - SA*SA’);
JmixingWeightsAnt = chol(Cant);
for ant = 1:Nel
w_ant(:,ant) = fft((randn(nSmp,1)+j*randn(nSmp,1))/sqrt(2));

end;
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Jw_v_ant = w_ant * conj(mixingWeightsAnt);

%for ant 1:Nel
% c_ant(ant,1,:) = fft(w_v_ant(:,ant));

%end;

%y start with 1Hz gamma act

% gammaAct calculator

SR = Ixsll;
% for ant = 1:Nel
h G = sqrt(Z0)*(I+I*s11)/(I - SAxsll);
% wf = G’*weight;
% gamma_sum = O;
% for ant2 = 1:Nel
% gamma_sum = gamma_sum + wf(ant2)’+*SA(ant2,ant);
% end;
% gammaAct (ant) = gamma_sum/wf (ant)’;
% end;
% gammaAct calculator
for ant = 1:Nel
Sllarr = Ix*sli;
Silarr(ant,ant) = 0;

gammaSvec = (I-SAxSllarr)~-1*SA(:,ant);

gammaS = gammaSvec (ant) ;

selVec [0 0]7;

selVec(ant) = 1;
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b = SA*(I-SA*s11)~-1x*selVec;

km = conj(b’)*(weight)/(b(ant)*(weight(ant))) - 1;
zetam = (1+km)/(1l+gammaS*km*sil);

gammActArr (ant) = zetam*gammas;

end;

gammaActSim_init = gammActArr;
halgorithm:
gammaActSim = gammaActSim_init

[-0.2183 - 0.11861i -0.2073 + 0.0186i];

counter = 0;

n_b = 400;

for b =1:1:n_b
tic
b
Ts = 200e-9/b;
BW(b) = (1/(Ts))/2;
W = BW(b);
BW (b)

freq_space = fftshift(linspace (-BW(b) ,BW(b) ,nSmp));

counter = counter + 1

minTsim inf;
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r_1 = linspace(-1, 1, gammOpt_r_len)*window+real(gammaActSim(1));
theta_1 = linspace(-1, 1, theta_len)*window+imag(gammaActSim(1));
r_2 = linspace(-1, 1, gammOpt_r_len)*window+real (gammaActSim(2));
theta_2 = linspace(-1, 1, theta_len)*window+imag(gammaActSim(2));
for i_Goptl = 1:gammOpt_r_len
for j_Goptl = 1l:theta_len
for i_Gopt2 = 1:gammOpt_r_len
for j_Gopt2 = 1:theta_len
hgamma_opt_var (i_Gopt, j_Gopt) = r_(i_Gopt)*exp(1j*

< theta_(j_Gopt));

gamma_opt_varl(i_Goptl,j_Goptl) = r_1(i_Goptl)+1j*

< theta_1(j_Gopt1l);

gamma_opt_var2(i_Gopt2,j_Gopt2) = r_2(i_Gopt2)+1j*
— theta_2(j_Gopt2);
end;
end;

end;

end;

for i_Goptl = 1:gammOpt_r_len
%hi_Goptl
for j_Goptl = l:theta_len
for i_Gopt2 = 1:gammOpt_r_len

for j_Gopt2 = 1:theta_len

gamma_arr = [gamma_opt_varl(i_Goptl, j_Goptl)

— gamma_opt_var2(i_Gopt2, j_Gopt2)];
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Rn_arr = [N/real(l/s2z(gamma_arr(1))) N/real(1/s2z(

— gamma_arr(2)))];

for ant = 1:Nel

GammaOpt = gamma_arr(ant);

Rn = Rn_arr(ant);

% Noise wave power and correlation coefficient

c1Psd(ant) = (kb*Tmin*(abs(s11)~2-1)+(4xkb*xTO0*Rn
— /Z0)*abs (1-s11*GammaOpt) ~2/abs (1+Gammalpt)
— ~2); 7% Power spectral density of input
— noise (W/Hz)

c2Psd(ant) = (abs(s21) 2 (kb*Tmin+ (4*kb*TO*Rn/Z0
— )*abs (GammaOpt) ~2/abs (1+Gammalpt) ~2)); %
— Power spectral density of output noise (W/
— Hz)

rho(ant) = (-conj(s21)*conj(GammaOpt)* (4*xkb*xTO*
— Rn/Z0) /abs (1+GammaOpt) ~2+(s11/s21) *c2Psd(
— ant))/sqrt(ciPsd(ant)*c2Psd(ant)); % Cross

<~ correlation of the input and output noise

— .

mixingWeights = chol(...
[ c1Psd(ant) (rho(ant))*sqrt(clPsd(ant)*c2Psd(
<> ant));

conj(rho(ant))*sqrt(c1Psd(ant)*c2Psd(ant)) c2Psd

— (ant) 1);

117




w_v = [ wi(:,ant) w2(:,ant) ] * conj(
— mixingWeights);
cl(ant,1,:) = fft(w_v(:,1));
c2(ant,1,:) = fft(w_v(:,2));
end;
% G = inv(I - SR*SA);

% auto_forward = (G*(SA*diag(c1Psd)*SA’)*G’)*abs(s21)"2;

% forward_reverse = (GxSA*s21)*diag(rho).*(diag(c2Psd) .*diag(c1Psd))
— .70.5;

% auto_reverse = diag(c2Psd)*I;

% auto_ant = kox*Gx(I-SA*SA’)*G’*abs(s21)"2;

b

% Trec = (w’*x(auto_forward + 2+real(forward_reverse) + auto_reverse)*w

< )/ (w’*auto_ant*w) ;

hs_pi_ = SAx(exp(-j*2*xpixfreq_space*(tau_t + 2xI*tau
—)));

for s = 1:nSmp
SA_f(:,:,s) = (SA.*x(exp(-j*2*pi*(freq_space(s))

— *(tau_t + tau))));

Cant = kb*TOx(I - SA_f(:,:,s)*SA_f(:,:,8)?);
mixingWeightsAnt = chol(Cant);
c_ant(:,1,s8) = w_ant(s,:) * conj(

— mixingWeightsAnt) ;
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end;

a = zeros(size(cl));
reflection = ci;

reflection_ant = (c_ant);

b_ant reflection_ant*s21;

for r 1:numReflections
%for s = 1:nSmp
%hs_pi_ = SA.x(exp(-j*2*pix(freq_space(s))x*(
< tau_t + 2xI*tau)));
hreflection(s,:) = (s_pi_*(reflection(s,:))
— .7).’%xs11;
%reflection_ant(s,:) = (s_pi_*(reflection_ant

— (8,:)).7).7*xs11;

%end;

reflection = pagemtimes(SA_fxsll, reflection);
reflection_ant = pagemtimes (SA_fx*sii,

< reflection_ant);
a = a + reflection;

b_ant = b_ant + reflection_ant*s21;

end;
a = axs21/s11;
x = pagemtimes(w.’,a + c2);

x_ant = pagemtimes(w.’,b_ant);
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==

h
b
to
h

end;
end;

end;

minTsim
figure(5);

hold on;

x = reshape(x,nSmp,1);

x_ant = reshape(x_ant,nSmp,1);
ac_y = (x7*x);

ac_y_ant = (x_ant’#*x_ant);
pwrSim = (ac_y);

pwrSim_ant = (ac_y_ant);

TSim = TO*pwrSim/pwrSim_ant;

if (minTsim > TSim)
gamma_arr;
TSim;
gamma_opt_d(counter,:) = gamma_arr;
minTsim = TSim;

end;

end;

surf (theta_x180/pi, r_, TSim);

xlabel (’theta’) ;

ylabel(’r’)
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sfigname = sprintf(’%s/%d.fig’, dirname, tauxt_sweep);
hsavefig(figname)
%close;

gammaActSim = gamma_opt_d(counter,:);

toc

end;

gamma_opt_d

clf;

figure(1);

smithplot (gamma_opt_d(:,1));

hold on;

smithplot (gamma_opt_d(:,2));

legend (’GammaAct 1’, ’GammaAct 2°);

saveas(gcf, ’../../Figures/milti_gamma_sim_BW_sweep_5_1000.png’);

figure(2)

plot (BW/1e6,abs (gamma_opt_d(:,1)))

hold on

plot (BW/1e6,abs (gamma_opt_d(:,2)))

htitle(’ |\Gamma_a_c_t| vs bandwidth with \lambda/2 transmission line’)
legend(’ |\Gamma_a_c_t 1]’, ’|\Gamma_a_c_t 2[’)

xlabel (’Bandwidth (MHz)’)

ylabel(’ |\Gamma_a_c_t|’)
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saveas(gcf,’..\..\Figures\milti_gamma_sim_abs_gamma_BW_sweep_5_1000.

— png’);

fprintf (FID, ’sim start\n’);

fprintf (FID, ’Dual Antenna weights [1 %gl\n’, weight(2));

fprintf (FID, ’center frequency, %g num samples ’%d, Sampling period %g,
< bandwidth %g\n’,fc, nSmp, BW);

fprintf (FID, °LNA si11 %+gl+gi, s12 Y+gh+tgi, s21 J+ghtgi, s22 %tghtgi\n
— ’,real(s1l), imag(sil), real(s12), imag(s12), real(s21), imag(
— s821), real(s22), imag(s22));

fprintf (FID, °LNA Tmin %g, Rn %g, ZO %g, TO %g, GammaOpt %+glh+tgi, BW %
< g\n’, Tmin, Rn, Z0, TO, real(GammaOpt), imag(GammaOpt), BW);

fprintf (FID, ’LNA c2PSD %+ghtgi, c2PSD %t+gl+tgi, rho %+glh+tgi\n’,real(
— c¢1Psd), imag(c1Psd), real(c2Psd), imag(c2Psd), real(rho), imag(
< rho));

fprintf (FID, ’tau line delay : %g, tau inter element delay : not
— applied\n’, tau);

fprintf (FID, ’num reflections %d\n’, numReflections);

fprintf (FID, ’Sim time : %f hours\n\nStart of smith plot output\n’,
— toc/3600) ;

fclose(FID);

outputM = [linspace(0,1,t_sweep_len) ’*tau gamma_opt_d(:,1) gamma_opt_d
— (:,2)1;

dlmwrite(filename, outputM,’-append’);
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Appendix C

Optimal I',; derivation

Starting with Equation 4.55]

[11W1G (T + SATySH —S,Ty — SITY ) Gw-df
[ wh G (1-8,8%) GHwdf
A

TVEC

and substituting Equations [4.49] .50} and [4.51

N N N
To+ Thin — To—Y, Tt Y*
RO Gopt 0+ Lmin 0 Gapt opt — 40~ G opt

To = + TO |Y0pt‘ Ro

N N N
Tg =To——5 — Tnin+ToYopi + To—— Yop, +Tos— |Y(,,,t\ Ro
GoptRO Gopt G

T,=Ty Ty, +TNY* D
vy — 10 Gopt Ro 0 G()pt opt 0 G opt 0 Gopt opt 0,

into Ty = Tl Tlg = TlgI, and Ty = 71, yields

AT _ [l wH G (Tq) Gwdf )
dB,pr ot

T LU WG (18,81 Gl wdf
[I1WHG (S,TgSH) GHwdf
fwaHG(I—SASf)Gdef] o
[/ WHG (AT, + STl ) G wdf
JIWHG (1—S4SH) GHwdf

+d

+d /dBops.

Next expanding the above equation gives

(C.1)

(C.2)

(C.3)

(C4)

(C.5)



dTrec

dBopt

Next,

—d| Tyt Ty — Ty, TNY + T \Y|R/dB
= ROG()I)[’ 0 min 0 Gopt opt — 10 G opt O opt 0 opt

(C.6)
JiwHGIGH wdf
J11wHG (1-S,81) GHwdf

N N .
+d|Tp —Tnin+Tos—Yom +Toz—¥, ,+To !Yopt} Ro| /dBop

opt\Q opt G)
JH1wWHG (S,18% ) GHwdf
JITWHG (1-8,8H) GHwdf
N N N
—d|T, Ty Y+ To
|: OGOPtR() OGopt opt OGopt
J1HWHG (S4T) Gl wd f
S WHG (1—8,8H) GHwdf
N N N
—d |7, — Ty—Yopt + To——Y
[ GopRo " Gopr ' 0Gy

J1wHG (SHT) GHwdf

N 2
Y()pt - TOG_ ‘Y()pt| RO:| /dBnpt
opt

N
G_pl ‘Yopt {2R0:| /dBopt

[ WHG (1—S48}) GHwdf

find ( ’e‘) = 0 to find B,,, for minimum noise
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dTrec
dB opt

N N N
= [—J Ty Gomr + 1o Gom + Toapt (2Bopl>RO]
[ wHGIGH wd f
i wHG (1—S4SH) GHwdf
+ [ iTo G]:[p, — Ty G]:;l +Th G]Zpt (230,,,)R0} (C.7)
JIWHG (S,18%) GHwd f
i wWHG (1—S4SH) GHwdf
- {jTo G]:,pl + jTy G]:,pl - To%pt (ZBOPI>RO]
J1HWHG (S4T) Gl wd f
[HwWHG (1—S4SH) GHwd f
N N N

—JjTo — Ty
G, pt G, pt G, pt

- {—jTo
JiwiG (SHY) Gl wdf
[l wiG (1-8,8%) GHwdf

(2Bopr) RO}

The following steps simplify the above equation.

N Su
To =— (2Bopi) Ro / wl GIGH wd f
opt

N
+ Ty

opt
N N fu
— [2]'70 —To—(2Bop,)Ro] / wiG (SuI) GPlwdf
Gopt opt

N N
—To—— (2Bopr) RO} / w’G (SFT) G'wdf =0 (C.8)
Gopt Gopt

(2Bop) Ro / wlG (S418%) GHwdf

- {—2 T
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i
BopRo ¥ WHGIGH W+ BypRo / WG (S418%) GHwdf
f=fo
iy H T " H
_ i [ WG (SA) G wdf—i—B(,ptRo/ WG (SAT) GHwdf
L fL

f
+J HWHG(S 1) G"wdf + B,y Ro / w’G (S{T)Gwdf=0  (C9)
fi

fu fu
BoprRo / W GIGTwdf + BypiRo / wlG (SI8%) GHwdf

+ BoRo / wh (SAI)GdeerB(,,,,RO / wiG (SH1) GHwdf (C.10)
fH

=j [ wWIG(SAI)GHwdf —j wHG(sfl)Gdef
fL fL

fH fH
BoprRo / W GIGHwdf + BopiRy / wlG (S418%) GHwdf

+ BopRo / WG (S41) GHwdf + BoprRo / wiG (SHT) GHwdf (C.11)

JL

fu fu
BoprRo / W GIGH W f + By Ry / wiG (SI8Y) GHwdf

+ BopRo / WG (S41) GHwdf + BoprRo / wG (SHT) G wdf (C.12)
L
f
= [ WG (Sy— S G wdf
fr
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fu fu
BopeRo / w GIGH wdf + By Ry / wG (S,48) GHwdf

+ BopRo / WG (S4) GHWAf + BopRo / wiG (s1) GHwdf (C.13)
L L
fu
=j | w'G(Ss—S§)G"wdf
fL

Collecting the B, terms yields

optRo/ wG[I+SASA+SA+SA]Gdef—]/ wiG (S, — 1) GHwd.

(C.14)
Finally, solving for Bye; = B, gives Equation [4.62]
HwHG (S, —SH) GHwd
Bopi = —— 1 W16 ($4—84) / (C.15)
0S5 WHG [I+S,8H +8, +Si| GHwdf
—owh [111 G (3S4) GHdfw
Bacr = H (fu H H] GH (C.16)
Row! [ G [T+ 8aSY +84 +SH] GHd fw

For G,;, find (T"”‘) much like B, but substitute B,,; with B, from Equation4.62,

Gopr
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dTrec

dGap[

N N N _.
=d ROGopt TO + Tmin - TO @Yopt TO G Yopt + TO ‘Yopt| RO /dGopt

i wHGIGH wd f

JITWHG (1—8,8) GHwdf

N N
+d [ {To — Tnin+To—Yopr + To~— Y(,pt + To ’Yapz} Ro] ] /dGop

GoptRO Gopl G
(C.17)
S WG (S,18%) GHwdf

JITWHG (1—8,8) GHwdf
d { {T N T; N Y, + T N
0 GoptRO 0 Gopt ot OGopt Gopt

JHwWHG (SAT) GHwd f

N 2
Yopt - TOG_ ‘Yopt| RO:| :| /dG()pt
opt

JHWHG (1 8,8%) GHwd f
N N N N )
—d] T —To——Yop + To Y Xy, I*Rl | /aG
{[ OGoptRo OGOpt opt T OG opt — Gopl ‘ 0pl| O}} / opt

[HwH G (SHT) GHwdf

[ WHG (1—8,8) GHwdf
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dTreC

dGopr
Yop — G Y, —G 262, — (G2, +B
i ) TO_FTONM"‘TONM—I—T()NRO opt ( 2Pf Opt)
RO G()pt opt G()[)t G(th
i wHGIG  wdf
JIHWHG (1—S,8Y) GHwdf
N Yy — G Y: —G 262, — (G2, +B
- 3 TO_TONM_TONM—FTONR opt ( 21” Opt)
RoGg opt opt G2,
[ WG (SAISY) G wdf
ffH whG (1-S,48Y) Glwdf
(C.18)
Yo —G Yo — G 2G2, — (G?, +B
- _R 2 TO"’TONM—T()NM_TONR opt ( 201” Opl)
0 Go pt G(, pt opt G(th
1 wHG (S41) GHwd f
JIHWHG (1—S,8Y) GHwdf
— TO+T0NM _ M —T()NROZG%M (Gzpt+BoPt)

RoG2,, ot ot G2,
[ WHG (SHT) GHwd f

ffH whG (I—-S,S%) GHwdf

Set (Tr“) to 0, which cancels out the denominator terms,
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Su
[—1 4 RoYopr — RoGopt + RoYsp — RoGop +2R3G , — RG (Gop + By )| /f wiGGHwdf
L

+ [~1 = RoYop + RoGopr — Ry + RoGopr + 2REGZ , — RS (G2, + B2

— |:—1 +R0Y0pt ROG()pl - ROYOPZ +ROG0[)Z 2ROG0pt +RO (Gzpt +Bopl
L

()pz

SfH
_[_1+ROY0p,—RoG0p,—ROK,"p,+ROG0,,, 2R0G0pt+R0(GUp, B )] /f
L

Collect the G, terms and simplify in the next few steps.

Sr
(—1+R3G2, — 3B, / wiGGHwdf
+[~1+R3G2, — R3B2,] / W GS, 871G wdf
— [—1— j2RoBop — R3G2, + R3B2,,] /f W GSAG  wd f
L

fu
— [~142jRoBop — R§G, + RGB ] / wlGSHGwdf =0
f

L

G2, / wlGGHwdf + R2G2,, / W GSASH GH wdf

fL

— [-R3G2,] / wHGS\Gw — [~R3G2,] / wHGSH GHwdf
fL

Su
+[~1-R3B2,] / wiGGHw+ [~1—R3B2 ] / W GSASH GH wdf
JL /i

L

fi H
— [—1 = j2RoBop + KB, /f wGS,GHwdf

L

fu
— [~ 142jRoBop + R3B2,] / wHGSH GHwdf =0
Jr
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2 / " W GSAST GH wdf
JL

(C.19)

fH
wlGS,GHwdf

wiGSHGHwdf =0.

(C.20)

(C.21)



Su
RG2, /f WG 145,84 +8, + 8] GHwdf
L

Su
- [—1—R(2)B§pt]/ w/GGwdf
fr

opt

fu
+[-1-RIB2,] [ wilGS, S G waf
I

JH
— [~1— j2RoBop + R3B2,,] / wGS,AGHwdf
y

opt
L

Sr
— [~142jRoBop + RIB2,,] /f wHGSH GHwdf =0
L

;
R%Gﬁpt/f " WHG [1+8,48H + 8, + 87 GHwdf =
L

fu
—[-1-R3B2] / w/GGHwdf
JL

fu
—[-1-R2B2,] /j " WG, SH G wd f
L
JH
+ [~1— j2RoB,p: + R3B; ] / w’GS,G wdf
Ji

opt

fH
+ [~ 1+2jRoBop + RGB; ]/ w’GS{G"wdf =0
f

opt
L

Su
R%Gﬁp,/f WG [1+8S4SY +Sa+SY] G wdf =
L

fH
—wiG
fr

([-1—RGB3,| — [-1—R§B3,;] SaSH — [1+ j2RoBop — RGBS, | Sa — [1 —2jRoBop — RGB

opt opt opt

Glwdf
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opt
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Next, collect all the G, terms to get

ROGop,/ WG [I+84SY +Sa +S{] Gwdf =
L

y
i WG ([14+ R3B2,,] (1+S48) — [1 + /2RoBop — R3BZ,] (Sa+8%)) G™wdy.
L

(C.25)

_owH [f]{LHG[@ +R3B2,) (L+SaSH) — (142jZ0Bop — Z2B2,,) Sa o

act —

RwH [ S G (148284 + 2% {Sa}] GHd f} w

— (142jZoBop — Z3B2,

)'sfi| G"af| war

R3wH | [ G [1+SASY + 2R {Sa}] GHdf | wdf

And simplify to arrive at Equation 4.6

—owh ffH G (1 +R235ct) (I—|— SASH> 2R { (1 +2jZoBop — ZO 0pt) SA} G"dfw

G2
R2wH [ 1 G [1+SASY +2%{Sx}] GHd f] W

act —

(C.27)
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Appendix D

71 element Vivaldi array simulation code

clear all
close all

% constants

Nel = 78;

I = eye(Nel);

Z0 = b0;

TO = 290;

kb = 1.38064852e-23; % Boltzmann’s constant (W/(HzxK))

c = 3e8; ' speed of light in vacuum

GHz = 1e9;
mm = le-3;
fc = 1.4xGHz;

lambda = c/fc;

nSmp = 100;

BW_arr = [le-6 10 20 50 100 150 250 300:100:1000]*1e6;
%BW_arr = [1]*GHz;
TX_line_arr = [0 0.5 1 1.5 2 2.5]*lambda;

%TX_line_arr = [0];

i read array data
%y Array S-parameters
[Data,freq,Coeff_array,Nant] = ReadInArrayData();

freq = freq * GHz;




idx = find(freq == 1.4%GHz);
SA = Data(idx).S; % original array data

Coeff = Coeff_array(idx,:).’;

%LNA

Tmin = 15.1208;

GammaOpt = 0.2271 + 0.0881%13j;%0.2+1j%0.1; %0.1885 + 1j*0.1051;%-0.6-1
— j*0.5;

N = 0.0242;%Tmin/T0/2%0.9;

Zopt = Z0*(1+GammaOpt)/(1-GammaOpt) ;

Rn = N/real(1/Zopt);

% S Parameters of Measured LNA
sl1 = 0.3827 - O.2475*1j;%O.266*exp(1j*(pi/180)*75.87); % Reflection

— coefficient for LNA input.

$21 = 1+0%2.992*exp(1j*(pi/180)*(-166.12));
s12 = 0x0.016xexp(1j*(pi/180)*(160.89));
$22 = 0%0.361%exp(1j*(pi/180)*(-96.42));

hantenna feed length

ant_feed_length = 183*mm;

% create coordinates of each element in array
counter = 0
for m = 1:13

for n = 1:6

counter = counter + 1;
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ant_coord(counter).x = 100*mm * (m); % antennas are located on
— grid lines of 100mm
ant_coord(counter).y = 100*mm * (n); % antennas are located on
< grid lines of 100mm
end

end

% generate inter element delay
for k = 1:length(ant_coord)
for 1 = 1:length(ant_coord)
tau_ij(k,1) = sqrt((ant_coord(k).x - ant_coord(l).x)"~2 + (
— ant_coord(k).y - ant_coord(l).y)"2)/c;
end

end

%feed line delay

tau_d = ant_feed_length/c;

% total delay

tau = 2xtau_d + tau_ij;

%» remove delay phase from antenna s parameter at 1.4GHz
for m = 1:Nel
for n = 1:Nel
delay_phase = exp(-j*2*pixfc*tau(m,n));
if (isnan(SA(m,n)))

SA_wo_delay(m,n) = 0;

135




SA(m,n) = 0;
else
SA_wo_delay(m,n) = SA(m,n) / delay_phase;
end
end

end

/» generate Gamma_opt space

counter 0

for rho = 0:0.01:0.4
for phi = 20:60
counter = counter + 1;
gamma_opt (counter) = rhoxexp(j*phi/180%pi);

end

end

%y array constant matrices
% beamformer weights to remove vertically polarized elements

w = zeros(size(Coeff));

w(26:49) = 1;
w(66:71) = 1;
w(b5:60) = 1;
SR = Ixsli;

for t = 1:length(TX_line_arr)
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TX_delay = TX_line_arr(t)/c;
for b = 1:length(BW_arr)
BW = BW_arr(b)
freq_space = linspace(-BW/2,BW/2,nSmp);

Trec_arr = zeros(length(gamma_opt),1);

tic
parfor (g = 1:length(gamma_opt),16)
hfor g = 1:length(gamma_opt)
Yopt = 1/s2z(gamma_opt(g));
Gopt = real(Yopt);
Bopt = imag(Yopt) ;
RO = real(Z0);

Rn = N/Gopt;

Tmin + TO*Rn/RO*abs(1-RO*Yopt) ~2;

Tam

Tbm

-Tmin + TO*Rn/RO*abs(1+RO*Yopt)~2;

TO*Rn/RO* (1+RO*Yopt) * (1-RO*Yopt’) ;

Tgm

Trec_num 0;

Trec_den 0;
for s = 1:nSmp
SA_f = SA_wo_delay.*exp(-2xj*pi*(fc+freq_space(s))*(tau
< +2xTX_delay));
SA_ = SA.xexp(-2xj*pi*(fc+freq_space(s))*(tau));
G = sqrt(Z0)*(I+SR)/(I-SA_f*SR);

wf = G’*w;
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Trec_num = Trec_num + wf’*(IxTam + (SA_f*(IxTbm)*SA_f’)
< - 2%real (Tgm*SA_f))x*wf;
Trec_den = Trec_den + wf’*(I - (SA_*SA_’))*wf;
end
Trec_arr(g) = Trec_num/Trec_den;

end

% find minimum Trec
[Trec(t,b) min_idx] = min(abs(Trec_arr));
Gamma_act(t,b) = gamma_opt(min_idx);
toc
end

end

% theory
for t = 1:length(TX_line_arr)
TX_delay = TX_line_arr(t)/c;
for b = 1:length(BW_arr)
BW = BW_arr(b);

freq_space = linspace(-BW/2,BW/2,nSmp);

Gact_theory_num = 0;
Gact_theory_den = 0O;
Bact_theory_num = O;
Bact_theory_den = 0;

for s = 1:nSmp

138




SA_f = SA_wo_delay.*exp(-2*j*pi*(fc+freq_space(s))*(tau +
< 2xTX_delay));
G = sqrt(Z0)*(I+SR)/(I-SA_f*SR);

wf = G’*w;

Bact_theory_num = Bact_theory_num + (wf’>*(j*SA_f - j*SA_f’)

— *xyf);

Bact_theory_den = Bact_theory_den + (ZO*wf’*(I+SA_f*SA_f’> +
— SA_f + SA_f’)xwf);

end

Bact_theory = Bact_theory_num/Bact_theory_den;

for s = 1:nSmp

SA_f = SA_wo_delay.*exp(-2*j*pi*(fc+freq_space(s))*(taut+2+*
— TX_delay));

G = sqrt(Z0)*(I+SR)/(I-SA_f*SR);

wf = G?*w;

Gact_theory_num = Gact_theory_num + (wf’*((1+Z0"2%
— Bact_theory~2)*(I+SA_f*SA_f’) - (1+2j*Z0*Bact_theory-
< Z0~2xBact_theory~2)*SA_f - (1+2j*Z0*Bact_theory-Z0~2%
— Bact_theory~2) ’*SA_f’ )#*wf);

Gact_theory_den = Gact_theory_den + (Z0~2*wf’*(I+SA_f*SA_f°’
> + SA_f + SA_f’)*wf);

end

Gact_theory = sqrt(Gact_theory_num) / sqrt(Gact_theory_den);
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Gamma_act_theory(t,b) = z2s(1 / (Gact_theory + j*Bact_theory));

end

end

close all

figure(1);

smithplot (Gamma_act_theory(1,:),’x’);

hold on

smithplot (Gamma_act(1,:),’0);

legend (’\Gamma_a_c_t theory’, ’\Gamma_a_c_t simulated’);
title(’\Gamma_o_p_t simulation with no transmission line’);
saveas(gcf,’../../Figures/Vivaldi_no_TX_smith.png’);
figure(2);

smithplot (Gamma_act_theory(6,:),’x);

hold on

smithplot (Gamma_act(6,:),%0%);

legend (’\Gamma_a_c_t theory’, ’\Gamma_a_c_t simulated’);
title(’\Gamma_o_p_t simulation with 2.5\lambda transmission line’);

saveas(gcf,’../../Figures/Vivaldi_2_5_lambda_TX_smith.png’);

fig = figure(3)

plot (BW_arr/1e6,Trec(1,:), ’-d’)
hold on

plot (BW_arr/1e6,Trec(2,:), ’-x’)
plot (BW_arr/1e6,Trec(3,:), ’-0’)

plot(BW_arr/1e6,Trec(4,:), ’-+’)
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plot (BW_arr/1e6,Trec(5,:), ’-*7)

plot (BW_arr/1e6,Trec(6,:), ’-v’)

title(’T_r_e_c vs Bandwidth for different transmission lines’);

xlabel (’Bandwidth (MHz)’);

ylabel(’Noise Temperature (K)?’);

ylim([min(min(Trec))-0.3 max(max((Trec)))+0.3]1)

legend(’No TX line’, ’0.5\lambda TX line’, ’1.0\lambda TX line’,

’1 .5\1lambda TX line’, ’2.0\lambda TX line’, ’2.5\lambda TX line’);

yyaxis right

ylim(real ([((min(min(Trec))-0.3)-Tmin)*100/Tmin (((max(max(Trec)))
< +0.3)-Tmin)*100/Tmin]))

ylabel (*T_r_e_c increase over T_m_i_n (%))

saveas(gcf,’../../Figures/Vivaldi_Trec.png’);

figure(4)

plot (BW_arr/1e6,20%x1ogl10 (abs (Gamma_act_theory(1,:))), ’-d’)

hold on

plot (BW_arr/1e6,20*1ogl0(abs (Gamma_act_theory(2,:))), ’-x’)

plot (BW_arr/1e6,20*1logl0(abs(Gamma_act_theory(3,:))), ’-0’)

plot (BW_arr/1e6,20*1ogl0(abs (Gamma_act_theory(4,:))), ’-+’)

plot (BW_arr/1e6,20*1ogl0(abs (Gamma_act_theory(5,:))), ’-%*’)

plot (BW_arr/1e6,20*1ogl0(abs (Gamma_act_theory(6,:))), ’-v’)
title(’|\Gamma_a_c_t| vs Bandwidth’)

legend(’No TX line’, ’0.5\lambda TX line’, ’1.0\lambda TX line’,
’1.5\1ambda TX line’, ’2.0\lambda TX line’, ’2.5\lambda TX line’);
xlabel (’Bandwidth (MHz)’)

ylabel(’ |\Gamma_a_c_t| (dB)’)
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saveas(gcf,’../../Figures/Vivaldi__abs_Gamma_act.png’);
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Appendix E

Multi-beam average optimal I',.; derivation

To find multi-beam optimal I',,.;, start with the average multi-beam receiver temperature

P
Z rec»

(E.T1)

and expand by substituting Equation[4.55|for each beam angle associated with the index

s [ng [T(x +SATESH +T)Sa + TI;S‘Z} GHw,,} df
[[F [WHG (1-8,8) GHw,] df '

rec —

Next, substitute in Ty = Ty 1, TI3 = TBI, and Ty=T)1

Ty = =Tyt Ty — Ty, TNY*+T |Y\R
a— Ro Gopt 0 min 0 Gopt opt — 10 G opt 0 opt 0
N N _,
Tg =Tp = Tnin+ To Yo + To o Yop +To |Yopt\ Ry
optQ Gopt G
N N N N 2
T, =T —T; Yopr + 1 Y* — \Yopt| R
Y 0 Gopt RO 0 Gopt opt 0~ G opt — G o ‘ 0pt| 0
from Equations 4.49] .50 and [4.51

Then, find C?BT_S; = 0 to find a B, that minimizes Ty,

Bopr-
dBopt [ Z r“] JdBope

Since the derivative operator is distributive,

(E.2)

(E.3)

(E4)

(E.5)

(E.6)



h

dB E.7
dBOpt Z c/ Opl ( )

Next, expand the equation in the next few steps.

T, 13, I WHG (To) GHwydf
dBopr P [HWHG (1—84S) GHw,df
1 f . [ [l WG (SATgSH) G w,df
Pz | whG (1-8,48H) GHw,df
[ WG (SAT; +S;T;) 6w, df

] B,y

] /dBoy (E.8)

1 P
—— d /dBop;
P El WG (1-8,8]) G w,df
P 71 wH GIGH w,,d
Mo _ 1y y . I pdf JdBopy
dBopt szl fHWHG (I—SAS£I> GHWpdf
! id JIHWHG (S418!) GHw,d f . o
L oot .
= fwaHG(I—sAsg?) GHw,df | "
1 i p i WHG (SA1) G w,df 1B
R !
P T [l wHG (1-8,8) GHwydf |
1 id . ffH HG(S* )GHWpdf /dB
— t
P 7wl (1-8,8H) GHwydf |
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dTaV o 1 P d|: N N N
1 ROG"[’Z Gopt G

= To + Tnin — To=—Yopr — To— Y:p, +To— |Yopt\ Ro| /dB,py

i wH GIGH wyd f
S} WG (1-8,8f) GHw,df

N N N

— Y d|T — Thin + To—=—Y, Tq Y, +Ti Y, Ro| /dB

+ P Z |: OGoptRO min 1 OGopt opt + OGop [‘|‘ 0 | opt‘ ():| / opt
I i wHG (S4ISH) GHw,df

ffH WHG (I _ SASE) GHWpdf

1 & [ N N N N )
“pLd|h ~To Yo +To Yo —To |V, Ro] dB

P pz::l GoptR() Gopt opt Gopt opt G()pt ’ Opt} / opt

(E.10)
[ WG (Sa) GH'w,df
I wHG (1 SASH) Gw,df

N N N )
P ~Tog—Yom +To ¥, *  To—— Y, |*Ro| /dB
Z |: GoptRO 0~ Gopt opt T 10— G opt OGopt ‘ opt} 0:| / opt

J f" WG (Si1) GHw,df
S wHG (1-848Y]) Gw,df

S Wl GIGH w,d f

li[]T +jTN+TN(2B)]
=5 0 0 0~
dBopt P p=1 opt Gopt Gopt o ffH WHG (I — SASIIZ) GHWpdf
+{ N o )R} I WG (SaIS]) G w,df
0——
Gopr - Gopr ) [JF WG (1-848H) GHw,df
(E.11)
N N N JiwHG (8,1) GHw ,df
— JTo +JTo —To—— (ZBOpt) 7 H
Gopt Gopt Gopt f 1 WHG (I — SAS ) GHWpdf
N _ N N JE Wil G (S5D) G w,df
- _]TO _]TO —Ty (2Bopt)R 17 % =
Gopt Gopt opt f HWHG (I—SASA ) GHWpdf
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Next, set dT‘” =

= 0 to minimize Ty,

[ wWHGIGH w,df
JIHWHG (1—848) GHw,df
1w G (S,18% ) GHw ,df
[ WHG (1—S4S}) GHw,df
J1WHG (SAT) G w,df
Ji" WG (1-848Y) GHw,df
(E.12)

" f

{ N N N
=1

—JjTo + jTy + T 2B,pt) R ]
Gopt Gopt opt ( Opt)

S

N N N
JjTo — jTy +To—— (2Bypt )R ]
[ Gopt Gopt  Gopr (2Bop)

M~

+

Il
_

p

0 G 0 G 0 G p 0
J opt J opt opt Pt

Mw

=
I
_

L N N [ whG (1) GHw,df
-Y { JTo —ihe——Tg (2Bopt)R0:| HfLH L o 11; =0,
p=1 opt opt opt ffL WPG(I—SASA) G Wpdf

And simplify in the next few steps.

. i S wWHGIGH w,df
o 0
P IS [ WG (1 S48H) GHw pd f
JHWHG (S,ISY) GHw,d f
| [11WHG (1—S4Sl) GHw,df
o R]i JHHWHG (SAT) G w,df
— |J — Doptir0
i T wHG (1 S4SH) GHw,df
p
P [ wHG(SK) GHw,d
e T
17 WHG (1-S,8Y) Gw,df

+ BoptRO Z

(E.13)
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P i wHGIGH w,df P [ wiG (SAISH) GHw,df
o= T WHG (1 8,48) GHw,df oo [ WHG (1-848H) GHw,df
P [ wHG (S, GPw,df P [ wHG (S, G w,df

+BoptRO
o= [IEWHG (1—848) GHw,df ,,; [HWHG (1—S4Sl) GHw,df

BoptRO optIQ

(E.14)

2o [l WHG (SD) G w,df P [l wlG (ST G w,df

+J +BoptRO =
,,Zl [ WHG (1—8,81) GHw,df ,,Zl [JWHG (1—8,8%) GHw,df

.- [1 Wi GIGH w,d f P [ wi G (SAISY) GHw,df
optrQ

2SI WHG (1-8,48H) GHw,df o=t [T WHG (1-8,8H) GHw,df
P [ WG (84D GHwydf 2o WRG(SID) G w,df
+Bapko ) JIEWHG (1= 8,85) GHw,df " 2 [ WG (1—8,8%) GHw,df
p=1Jg Wp ADA p p=lJg Wp AD A p

(E.15)

BoptRO

P [ wHG (S, G w,df ; i JIWHG (SaT) G w,df

WG (T-8u8H) GHwydf 2 [J WHG (1 8,487) GHw,df

=J

P [ wWHGIGH w,df
=1 [HWHG (1= S4SH) GHw,df

- i fJ{H WG (S,18) GHw,df
op
=1 [HWHG (1= S4Sl) GHw,df

P [ wHG (S, G w,df
+BopiRo Y — o
p=1 [ WHG (1—S48Y) Gw,df

P WG (S Gw,df
+ngtRO Z f]—] H H H

f
iy i JHwWHG (S4—S) GHw,df
o=t [ITWHG (1—SaSH) GHw,df

BoptRO

(E.16)

147



P S wWHGIGH w,df
o= [ WHG (1—S4Sl) GHw,df

=1 J7 WHG (1= S,48Y) Gw,df

p=1 J5 WHG (I-S,48Y) Gw,df
By i : S WG (SiD) Gl w,df

p=1 J5" WHG (1-S,48Y) Gw,df

P [T wHGS (S} GHw,df

:_22 fu'p

o=t [ WHG (1= SaS!) GHw,df

BoptRO

(E.17)

BopiRo i i f]{H ngIGI;WPdF{
=1 J7 WHG (1= S,48Y) Gw,df
p=1 J5" WHG (1-S48Y) G w,df

By i i JIWHG (SaT) Gl w,df
p=1 J5" WHG (1-S,48Y) Gw,df

S
p=1 [ WHG (1= S48%) G w,df

P [l wHGS {84} Gw,df

:_22

o=t [ITWHG (1—S4SH) GHw,df

(E.18)

Collect all the B, terms on the left hand side, and set Bye; = By
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Jo (H H H
iy o S VG LSS+ 2R (81)) 6wy
=t S wHG (1-8,8Y) GHw,df

P [P wlGS (S} Glw,df

=— 11 T , (E.19)
=1 J7 WG (1-8,8Y) GHw,df
and arrive at Equation[4.72]
oy ffL” wHGS{S4)1GHw,df
5 P I WG (1-8,8] ) GHw d f (£.20)
t — .
“ Ry JIH WG 148,85 +2R(8,)] Gl w,df
P=l G (1-8,8] ) GHwydf

d(Tyy)

For G, find 5 Gopr

much like B, but substitute B,,, with B, from Equation (4.72,

Starting with

Ty _ 11 i 7P| /dG (E21)
i opts .
dG Pp:1 rec
and bringing the derivative inside the sum
o _ 1 i [TL./dG ] (E.22)
dGop P = !0 '

and expanding gives
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d7;,

dGope

= R()Gopt 0 min OGopt opt — OG opt opt O Opt 0 opt

i ffH HGIGHWpdf
ffH WHG (I _ SASIIZI) GHWpdf

+d {Tg

N
— Tonin +To——Yopt + To—

GoleO Gopt

N
Gop th+T0 ‘Yopt| Ro] /dGopt

(E.23)
Z WG (8418} ) GHw,df
L[} WHG (1-84SY) GHw,df
N N N
—d|T —To——Yo + T
|:0G0szO OG(,pt opt OGopl
P ffH HG (SAI) GHWpdf
ffHWHG (I—SASg) GHWpdf
—d |1 —~To—Yopr + To Y, Xy, I*R,| /dG
[ OGoptRO OGopt opt + OG opt — Goptl opt’ 0}/ opt
f S WG (Si1) GH w,df
| [17 WHG (1-8481) GHw,df

N 2
Yopt - TOG_ |Y0pt‘ RO} /dGopt
opt
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Next, expand the terms to get

dT, Yoot — G i, —G 2G> G2, +B
dGav —d _R T0+TON opt 5 opt —|—T()N opt > opt —|—T()NRO opt (Gz pt opt) /dGopt
opt 0Yopr opt opt opt
P S wWHGIGH w,df
o=t [ITWHG (1—S4SH) GHw,df
Y,,—G Y —G 2G? G2, +B?
td |~ =Ty — TyN-2 2P N2 TyNRy—22" ml o o) /dGop
0 opt opt Gopt GOPt
Z JIWHG (S,1S%) GHw,df
fwaHG (1—8485) GHw,df
Y —G Y, —G 2G? G2, +
—dl= T()—I—T()N(W—(W—T()NM—TONRO opt (2 Pt Opt) /dGop
ROGopt Gopt Gopt Gopt
(E.24)

P [ wHG (S, G w,df
o=t [ITWHG (1—84Sl) GHw,df

2 2 2
—a|--Y _py T()N—Y opt —Gopr _ g Yom ~ Gorr ToNRy 227"~ (o + Bop) JdGop
ROGOPt Opt G%pt G%pt

i JHWHG (S5D) Gl w,df
| [ WHG (1—S,8H) GHw,df

Next, set g "V = 0 to minimize T,
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[—14RoYop — RoGopi + RoY,
P S Wi GIGH w,df

)}

=1 [HWHG (1= S4Sl) GHw,df

2 ~2 2 2 2
— RoGop +2R3G; , — R (Gap + B ) |

+ [—1 —R()ngt +ROG0pt _ROY:pt

P [l wiG (SAISH) GHw,df

)}

o=t [ITWHG (1—S4SH) GHw,df

+ RoGopr + ZR%G(ZW — R} (G?,p, +B(2,p,)]

— [~ 14+ RoY;,, — RoGopr — RoYop: + RoGopr — 2R3G§m +R3 (G?)p, +B§p,)}

opt
P [ wHG (S GPw,df

)}

o=t [HWHG (1= S4Sl) GHw,df

— [=1+ RoYops — RoGopr — RoY,)y + RoGopr — 2R3G§pt +R} (Ggp, +B§,p,)}
P [ wlG (S G w,df

)}

S WHG (1-8,8Y) GHw,df

Simplify the equation in the next few steps.

P Jo WwH GIGH
[_1 —|—R%Ggpt —R%B%p[} Z . ffL WPG GHWpdf
p=1 J7 WHG (1 S,48Y) Gw,df

P Ju wH ISH) GH
b1 R, — 182, Y i GO G/
p=1 [ Wi G (1= 84S) G'w,df

L
P [ wHG(S,0)GHw,df
- [_1_jZR()Bapt_R(z)G{zlpt—FR(z)B(z}pJ Z fofLH » G (Sa )H ;
p=1 Jj Wi G (1=S48]) G"w,df
P [l wHG (S Gw,df

— [—1 + 2jROBopt - R(Z)Ggpl‘ +R(2)ngl:| Z
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o=t [HWHG (1= S4S!) GHw,df

(E.25)

(E.26)



P f}{;” ngIGHWpdf

R}G>
opt pZ] f]{H whHG (I-S,SY) GHw,df

fr o H HyGH
PO N AL L
p=1 1 WHG (1= 848) GHw,df
P I WHG (SAD) GHw,df

— [-R}G?
RGEn) X i s 1 8,8 o

P WG (ST GHw,df

— [-R}G?
[ 0 pt] p;l ff]:HW[[;IG ([_SAS/I;I) GHWpdf

P i Wi GIGH w,d f

+[~1-R3B}
=1 = RoBop p; S WHG (1-8,8]]) GHw,df

P J{H ng (SAISI{;I) GHWpdf

+[~1-R3B;
[ 0 Pl} [;1 ff];HWgG (I—SASQI> GHdef

1_ i 2o 1t S WG (SaD) GHwdf
— [=1—j2RoBop +RiB, | Y. JHWwHG (I—S4SH) GHw ,d
p=1 [ Wy (1—=SaS}{) GHwydf

P f]{:”' wHG (S;T) GHw,df

— [=142jRoByy + R2B> N
[ JR0Bopt + RoBjp | pzﬁ f}ZHWZIG (I—S48%) Gw,df

R, Y it ngG [T+ SaSy +8a+83] G"wpdf
pmt [ wH G (1=8a8Y) GHw,df
BB, Y ] Lovi oo e

p=1 [ Wi G (1= 84S}) Gw,df
R JfffLH Wy G (SaIS)) G™w,df

p=1 [5 Wi G (1= 848) Gfw,df
L 2R+ R i fo ;Z; WG (S41) SHw;df
p=1 I Wy G (1= 84S}) G"w,df
2o wHG (S G w,df

4 [—142jRoBop: + R2B
[ JRoBop: + Ry (PJ[;f}é”ng(I—SASzI)GHWpdf
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Collect the G, terms on the left hand side to get

oy f S WG [T+ 8,48 + 84 +83] Gl w,df
S WG (1-8,8Y) Glw,df
Pl wHG ([1+R3B2,,] (T+S4SH) — 2R { [1+ j2RoBop — R3B2,/] Sa}) GHw,df

Z ) opt opt

=i JHHWHG (1—S4S) GHw,df

Y

(E.29)

and simplify to arrive at Equation .73

p S WHG[LS, S +8,+81]G w,df

G2 p=1 J"J{LH WII;IG(IfsAS/iI)GHWpdf (E 30)

P op I HG([1+R3B (1 SaSY) 2R{ (1 2RoB o ~R3BE ]S }) G wpdf |
G S ST
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