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ABSTRACT 

The dissolution of a single CO2 bubble into Athabasca bitumen 

was modelled for the cases of static and rising bubbles. The 

models developed for the dissolution of the static bubble 

included the more rigorous quasi-stationary model and the 

simpler molecular diffusion model. For the case of the rising 

bubble, the models developed were based upon Brian-

Hales'/Levich's correlations and Higbie's penetration theory. 

Molecular diffusion of the static bubble is shown to be 

enhanced by low temperatures and high pressures due to the 

higher CO2 solubility and mass diffusivity at these 

conditions. Dissolution of the rising bubble is influenced by 

both molecular and convective diffusion effects. The numerical 

results show that, as a result of the combination of the 

diffusion effects, there exists a minimum in the bubble 

dissolution time with respect to temperature. 
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NOMENCLATURE 

A = bubble area, m2 

a = bubble radius, m 

c = molar concentration, kmol/m3 

CD = drag coefficient 

DAB = mass diffusivity, m2/s 

d = bubble diameter, m 

Fb = buoyant force, N 

Fd = drag force, N 

Fq = gravitational force, N 

g = acceleration due to gravity, rn/s2 

H = Henrys Law constant, kmol/m•N 

ki = H•R•T 

k2 = 2cT/(a0p0) 

ke = convective mass transfer coefficient, m/s 

Mb = bubble mass, kg 

mw = molar mass, kg/kmol 

N = molar flux, kmol/s cm2 

Na = time dependent parameter in Equation 3.1.13 

Nb = time dependent parameter in Equation 3.1.14 

P = pressure, Pa 

R = universal gas constant, 8314 J/kmol K 

r = radius, m 

sol = solubility, m3(@N.T.P.)/rn3 



T = temperature, K or °C 

t = time, s 

V = partial specific volume, m3/m3 

V = velocity, m/s 

X = undersaturation parameter in Equation 3.1.15 

x = mole fraction 

z = height, m 

zg- = compressibility factor 

a1,a2,a3,a4 = empirical constants for viscosity correlation 

Equation 2.7.1 

b1,b2,b3,b4 = empirical constants for solubility correlation 

Equation 2.5.1 

c1,c2,c3 = constants for error function approximation - 

Equation 4.1.1 

Subscripts 

A = component A (typically gas) 

avg = average 

B = component B (typically liquid) 

b = bubble (gas phase) 

C = convection 

D =drag 

d = value at point of dissolution 

exp = exposure (time) 
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g = gas phase (CO2) 

i = value at interphase 

1 = liquid phase (bitumen) 

r = reduced value 

s = system value 

0 =value att=0 

Greek letters 

00 = infinity 

P = density, kg/ni3 

a = surface tension, mN/ni 

= dynamic viscosity of saturated bitumen, Pa-s 

Dimensionless Parameters 

NuAB  = Mass transfer Nusselt number, kcd/DAB 

PeAB  = Mass transfer Peclet number Re Sc, vd/DAB 

Re = Reynolds number, pvd/j 

Sc = Schmidt number, AlpDAB 



Traits formations 

C = reduced concentration, C = (c—co)/(c—c0) 

= reduced bubble radius, g,. = a/a0 

gin,. = reduced bubble mass, gin,. = inb/nb,o 

tr = reduced time, tr = Dt/a02 

y = reduced radius, y = na0 

= reduced delta radius, y1 = y -  gr 

0 = transformation 0 = (y/g,.)C4 
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CHAPTER 1 

INTRODUCTION 

Bitumen is a viscous, dense fluid which is composed of a 

multitude of hydrocarbons. It is contained in extensive oil 

sand reserves in Alberta, principally in the Lloydminister, 

Cold Lake and Athabasca regions. 

Knowledge of the processes involved in the diffusion of gases 

into bitumen is of interest, as it has application to the 

modelling and implementation of both in-situ enhanced oil 

recovery techniques, such as fire-flooding and CO2 miscible 

flooding, and surface viscosity reduction treatments, 

including CO2 injection/mixing. 

Limited discussion of the diffusional process of gas into 

bitumen is available in the literature. In light of this, and 

the difficulty in performing actual experimental work due to 

logistical difficulties (including the potential for extremely 

long dissolution times) there is a need to provide both 

quantitative and qualitative insights into the diffusional 

process through a theoretical investigation. 

As a first step in providing these insights, it was decided to 

look at the dissolution of a single bubble of CO2 gas into a 
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surrounding mass of bitumen. Different modelling approaches 

were used, simulating both static bubble and rising bubble 

dissolution. 

Modelling the dissolution of a static bubble was performed 

using the more rigorous quasi-stationary differential 

approach, following the work performed by several authors 

involved in analyzing the dissolution of gas bubbles (CO2 and 

2) in glass melts. Additionally, a less rigorous lumped 

approach for modelling the dissolution of a static bubble was 

performed, where the mass-transfer Nusselt number for mass 

transfer from a single sphere was set to a value of 2.0 (a 

theoretical value for purely molecular diffusion) thereby 

ignoring convective effects. 

Modelling the dissolution of a rising bubble considered the 

system where the rising bubble (described by Stokes' law) is 

assumed to be at terminal velocity conditions, while mass 

transfer from the single sphere is described by either 

Higbie's penetration theory or by Brian-Hales' or Levich's 

correlation (dependent upon Peclet number). 

In addition to assessing the effect of translatory motion on 

bubble dissolution, the following parameters were also varied 

in order to consider their impact upon CO2 dissolution into 

bitumen: 
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- temperature, 

- pressure, 

- initial bubble radius/bubble mass, and 

- initial gas concentration in the bitumen. 

Properties of the CO2-bitumen system incorporated into the 

models include: 

- surface tension, 

- mass diffusivity, 

- bitumen density, 

- gas solubility, and 

- gas saturated bitumen viscosity. 

As system properties were readily available in the literature 

for the CO2-Athabasca bitumen system, this system was taken as 

a representative gas-bitumen system. The Peng-Robinson 

equation of state was used to calculate the gas phase PVT 

properties. Empirical or semi-empirical methods, available in 

the' literature, were used for other physical and transport 

properties. 
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CHAPTER 2 

LITERATURE REVIEW 

In this Chapter, details regarding selected dissolution 

models, applicable to both static and rising bubble cases, are 

introduced and some of the relevant work is discussed. 

Additionally, a review of literature concerning physical and 

transport properties of the CO2-Athabasca bitumen system is 

given. 

2.1 Quasi-Stationary Model 

The quasi-stationary approximation has been used extensively 

by a number of workers, including Epstein and Plesset (1950), 

Weinberg et al. (1980) and Weinberg (1981), in analyzing the 

dissolution of isolated gas bubbles, consisting of 02 and CO2, 

into glass melts. 

The quasi-stationary model assumes the following: 

- bubble boundary motion ignored, 

- bubble motion due to gravitational effects (Stokes' law) 

ignored, 

- time dependent solute concentration field calculated for 
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fixed radius, 

- negligible viscous effects influencing bubble shrinkage, 

- solute diffusivity independent of solute concentration, 

and 

- negligible partial specific volume of solute. 

Epstein and Plesset (1950) noted that inclusion of bubble 

boundary motion into the diffusion equation complicated the 

analysis, precluding a simple analytical solution. They argued 

that the size of the bubble had little effect on the gas 

concentration in the solution and therefore their development 

of the quasi-stationary approximation was valid if: 

- the diffusion field in the solution is very much larger 

than the bubble radius, and 

- the concentration of gas in the liquid is much smaller 

than the gas density in the bubble. 

Epstein and Plesset (1950) noted that ignoring translatory 

motion of the gas bubble could significantly affect the 

results from the quasi-stationary analysis. 

For glass melts under specific conditions Weinberg et al. 

(1980) extended the Epstein and Plesset (1950) approach 

through the inclusion of surface tension effects. 

Additionally, Weinberg et al. (1980) compared the results of 
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the complete set of partial differential equations for mass 

transfer with the results from the relatively simple quasi-

stationary approximation. 

Weinberg et al. (1980) agreed with Epstein and Plesset's 

(1950) conditions regarding the appropriateness of the quasi-

stationary model, and further noted that the approximation was 

valid where the diffusional flow and bubble boundary motion 

occur on diverse time scales. They concluded that over the 

majority of the time domain of bubble dissolution, the quasi-

stationary method provides comparable results to the more 

complex complete set of partial differential equations. 

As would be anticipated, Weinberg et al. (1980) found that 

surface tension played a significant role in the dissolution 

process where the melt was close to saturation and where the 

bubble radius was very small. Additionally, they concluded 

that °2 bubbles dissolve much more rapidly than CO2 bubbles due 

to two factors: 

- The diffusivity of °2 in glass melts is much larger than 

that of CO2, and 

The solubility of 02 in glass melts is much larger than 

the solubility of CO2, thereby increasing the degree of 

undersaturation in any given model. 
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Weinberg (1981) reviewed the effects of surface tension on the 

dissolution of 02 and CO2 bubbles and concluded that, 

mathematically, the primary reason the inclusion of surface 

tension affected the dissolution model was the modification of 

the time-dependent parameter Na. Accordingly, it was concluded 

that the model should be characterized by the undersaturation 

parameter, X, rather than by the value of Na0. 

The ordinary differential equation describing the quasi-

stationary dissolution is developed in the literature as: 

- -Na -  1  •1-• 1  1  + 1 1 
dtr [ 31+( aOPs)g )] 1vE rj 

2a 

IC: = 1.0 

(2.1.1) 

where, g,, is the reduced radius, tr is reduced time, and Na is 

a time-dependent parameter (as a result of surface tension 

effects) which reflects the degree of undersaturation of the 

solution. 
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2.2 Molecular Diffusion Model (Lumped Approach) 

As given in Welty et al. (1983), assuming purely molecular 

diffusion, the mass-transfer Nusselt number (Nu) for a sphere 

diffusing into a large volume of stagnant fluid theoretically 

approaches a value of 2.0. Utilizing a lumped approach, upon 

relating NUAB to the mass flux (NA), and multiplying mass flux 

and the bubble surface area, the following ordinary 

differential equation is obtained for the bubble dissolution: 

dMb 
- 2 . 0 it db J- AB (CA, i - CA,..) mWg 

dt 

2.3  Brian-Hales'/Levich' s Correlations 

(2.2.].) 

Correlations for the mass-transfer Nusselt number for a single 

sphere include terms for both mass transfer by purely 

molecular diffusion and by convective effects (Welty et al., 

1983). The mass-transfer Nusselt number theoretically 

approaches a value of 2.0 when convective effects'are ignored, 

and the generalized equation for Nusselt number becomes: 
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Nu = 2.0 + CRe tm Sc 113 (2.3.1) 

where, C and in are correlating constants for the convective 

term. 

For mass transfer into liquid streams where the mass-transfer 

Peclet number, Pe, is less than 10000, Brian and Hales (1969) 

proposed the following correlation: 

Nu = (4.0 + 1.21 Pe j/3)112 (2.3.2) 

When Pe, is greater than 10000, Levich (1962) proposed the 

following correlation: 

NuAD  = 1.01 

2.4 Higbie's Penetration Theory Model 

(2.3.2) 

Higbie proposed the theoretically derived penetration theory 

model to explain the mass transfer of a gas into a liquid 

phase where the gas penetrates only a short distance into the 

solvent due to a slow rate of diffusion and/or because the 
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time of contact between phases is relatively short (Welty et 

al., 1983). The model considers the mass transfer occurring 

from the gas phase into a liquid phase via unsteady state 

molecular transport. The model envisions mass transfer 

occurring as an infinitely deep liquid packet slides along the 

surface of the gas bubble. 

The mass flux at the interface between the phases is given as: 

NA 1A8 (CA—CA) 

exp 

(2.4.1) 

Integrating over the exposure time, and subsequently dividing 

through by the exposure time, provides the average mass flux 

at the interface during the time of exposure: 

NA = 2 
avg 

,exp i t 
H 
N 
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2.5 Gas Solubility Correlation for CO2 Saturated Athabasca 

Bitumen 

The solubility of CO2 in bitumen was found by Svrcek and 

Mehrotra (1982) to vary inversely with absolute temperature 

and directly with pressure up to 6.0 MPa. Mehrotra and Svrcek 

(1982), using non-linear regression techniques for a least-

square minimization, developed the following correlation: 

sol = b1 + b2P +b,-f  + b4() 2 

sol = solubility (m3 @ NTP I M) 

T = temperature (K) 

P = pressure (MPa) 

b1,b2,b3,b4 = empirical correlation constants 

(2.5.1) 

The correlation gave a satisfactory fit between experimental 

data (Svrcek and Mehrotra, 1982) and predicted values of CO2 

solubility, providing an average deviation of 63%. The 

correlation was developed from data over a temperature range 

of 296 to 369 K and a pressure range of 1.7 to 6.4 MPa. 

When comparing solubility data of CO2 with N2 and CH4, it was 

determined that, within the range of conditions studied, the 

solubility of CO2 was significantly higher than that of N2 or 

CH4. It was further noted that while the solubility of all 
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gases exhibited a strong dependency upon pressure, the 

solubility of CO2 showed a much stronger inverse relationship 

to temperature than did the other gases. 

Figure 2.5.1, taken from Mehrotra and Svrcek (1982), provides 

iso-solubility contours as a function of pressure and 

temperature. 

2.6 Mass Diffusivity of CO2 in Athabasca Bitumen 

Predictions for mass diffusivity, DAB, of CO2 into Athabasca 

bitumen were obtained from Mehrotra et al. (1987). In this 

study, the infinite dilution and the mutual diffusion 

coefficients for the CO2-bitumen system were predicted using 

the Uniesi-Danner correlation and Teja's corresponding states 

method, respectively. 

The Umesi-Danner correlation was selected on the basis that it 

gave the best match with experimental data for five gas-liquid 

systems. The correlation was combined with Teja's method for 

the prediction of the mutual diffusion coefficient for the 

CO2-bitumen system. The results were compared with the 

predicted mutual diffusion coefficient using the best 

correlation for a liquid-liquid system, the Sridhar-Potter 

correlation for prediction of infinite dilution. 
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Figure 2.5.1 Iso-solubility contours for CO2-saturated 
bitumen. (Solubility units: in3 of CO2 at N.T.P. per in3 of 
bitumen). Taken from Mehrotra and Svrcek (1982) 
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When compared to experimental results of the mutual diffusion 

coefficient for the CO2-Athabasca bitumen system (Schmidt et 

al., 1982), the Uxnesi-Danner correlation provided more 

satisfactory results, confirming that the CO2-bitumen system 

behaves like a gas-liquid system over the range of pressures 

and temperatures considered in this study. 

The value of the CO2-Athabasca bitumen diffusion coefficient 

using the Umesi-Danner correlation is predicted to slightly 

increase with increasing temperature (due to an inverse 

relationship with bitumen viscosity) and increasing mole 

fraction of CO2. Experimental values of Schmidt et al. (1982) 

showed little correlation between mass diffusivity and CO2 

mole fraction, a variance from the predictions using the 

Umesi-Danner correlation, especially at CO2 mole fractions 

less than 0.05. 

A plot taken from Mehrotra et al. (1987), relating predicted 

mass diffusivity to temperature and mole fraction of CO2, is 

included as Figure 2.6.1. 

2.7 Solution Dynamic Viscosity Correlation for CO2 saturated 

Athabasca Bitumen 

Using graphical techniques, Mehrotra and Svrcek (1982) 
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utilized the Walther equation to develop a viscosity 

correlation for Athabasca bitumen saturated with various 

gases, including CO2. The following equation was utilized: 

log log I 1 =a •a2T + a3P + a4 
(273.16+T) 

P 

= dynamic viscosity (mPa s) 

T = temperature (°C) 

P = pressure (NPa) 

a1,a2,a3,a4 = empirical correlation constants 

(2.7.1) 

The correlation provided a satisfactory fit between 

experimental data (Svrcek and Mehrotra, 1982) and predicted 

values of CO2 saturated bitumen viscosity, with an average 

deviation of 6.5%. The correlation was developed from data 

over a temperature range of 303 to 369 K and a pressure range 

of 1.7 to 6.4 MPa. 

It was noted that, in addition to temperature, the viscosity 

of CO2 saturated Athabasca bitumen has a strong dependency on 

pressure, a result somewhat different than the other gases for 

which viscosity correlations were developed, CH4 and N2. 

Additionally, while the viscosity of dead (gas-free) bitumen 

is dependent upon temperature, of note is that conversely, the 

viscosity of dead bitumen is relatively unaffected by 

pressure, thereby demonstrating the relationship between the 
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amount of dissolved CO2 and the viscosity reduction of the 

bitumen. 

The results presented in Figure 2.7.1 (taken from Mehrotra and 

Svrcek, 1982) provide predicted iso-viscosity contours for CO2 

saturated bitumen as a function of pressure and temperature. 

2.8 Solution Density of CO2 Saturated Athabasca Bitumen 

As concluded by Mehrotra and Svrcek (1982), the effect of 

pressure, and therefore mole fraction of gas, on the density 

of bitumen saturated with co2 is insignificant. There is, 

however, a strong correlation between density and the inverse 

of absolute temperature. 

Experimental values (Svrcek and Mehrotra, 1982) for bitumen 

density (averaged over a range of sample pressures) versus 

temperature were input into the ACSL Table command in order to 

generate a function for density. Values between breakpoints in 

the table are interpolated linearly. 

Figure 2.8.1, plots data provided by Svreck and Mehrotra 

(1982), providing the relationship between bitumen density and 

temperature. 
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Figure 2.7.1 Iso-viscosity contours for CO2-saturated 
bitumen. (Viscosity units: Pa.$). Taken from Mehrotra and 
Svrcek (1982). 
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2.9 Surface Tension of Athabasca Bitumen 

Mehrotra et al. (1985) investigated several approaches for the 

prediction of bitumen surface tension. They determined that 

surface tension predictions by use of the principle of 

corresponding states were in general agreement with limited 

published experimental data by Bowman (1967) and Isaacs and 

Smolek (1983). 

The predicted values for surface tension versus temperature 

were input into the ACSL Table command in order to generate a 

function for surface tension. Surface tension showed a slight 

increase with decreasing temperature in the range of 

temperature reviewed (337 to 385 K). 

Experimental work performed by Bowman (1967) reported that 

below 333 K the surface tension increases significantly with 

decreasing temperature. 

Figure 2.9.1, provides Mehrotra et al.'s (1985) predictions 

for surface tension of Athabasca bitumen as a function of 

temperature, as well as smoothed curves of experimental data 

provided by Bowman (1967) and Isaacs and Smolek (1983). 
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CHAPTER 3 

MODEL DEVELOPMENT 

3.1 Quasi-Stationary Model (Differential Approach) 

Starting with the equation of continuity in spherical 

coordinates, assuming constant p and DAB, allowing for the 

effects of the partial specific volume of the solute and 

ignoring terms involving 0 and c, the differential equation of 

diffusivity becomes (Ready and Cooper, 1966): 

aCA - 1 a (Dr 2) + .-4 aCA (vcA b-1) aa aCA at ar (3.1.1) 

Assuming time dependent concentration profiles for a fixed 

bubble radius, Equation 3.1.1 modifies to: 

aCA - 1 a (D  r2 aCA)ar (3.1.2) 

Assuming constant diffusivity, Equation 3.1.2 is equivalent 

to: 
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aCA - D ffCA + 2D  8CA 
at AB ar 2 r ar 

(3.1.3) 

The concentration gradient at the interface is calculated and 

substituted into a form of Fick's Law, representing the 

conservation of mass in the system. Equation boundary 

conditions are of the first kind and include: 

- solute concentration at an infinite radius is assumed to 

remain at the initial melt concentration throughout the 

entire dissolution period, and 

- gas concentration at the bubble interface is assumed to 

be at its equilibrium value (via Henry's law) at all 

times. (If surface tension effects are ignored, 

interfacial boundary concentration is assumed constant 

throughout the bubble dissolution.) 

da D AB  ( 8 CA ) 

cA(lcA,iVA) ar dt 

IC: 

BC I: 

BC II: 

cA(O,r) 

CA(t,) 

cA(t,a) 

= CA,O 

= CAO 

= c I 

(3.1.4) 

The following transformations are applied in, order to enable 
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an analytic solution to the modified differential equation of 

diffusivity, thereby enabling the simplification of the 

conservation of mass problem from one requiring the solution 

of a partial differential equation to one requiring the 

solution of an ordinary differential equation: 

CA 
- CACA,O 

CA jCAo 

DAB AB  
r 2 

a0 

y1=y - gr 

° (tr,y) = 
i—C 

Equation 3.1.3 transforms to: 

c3CA - a2 CA + 

; 3y2 yay 

IC: CA(O,y) = 0 

BC I: C4(tri) = 0 

BC II: CA(tT,a) = 1 

(3.1.5) 

(3.1.6) 

(3.1.7) 

(3.1.8) 

(3.1.9) 

(3.1.10) 
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Equation 3.1.4 transforms to: 

-NaNb (acA) 

dt r aY (t1,yg) 
(3.1.12) 

Assuming that the concentration of gas at the bubble 

interface, throughout the dissolution process, is at its 

equilibrium value given by Henry's law: 

a = - HRT{ (1-X)+  2a  N 1 I a0Pj 

Pb  2 Cr 
[r+ a] 

For simplicity of display we let: 

Nb=1 

(1+ aP 3(  OS)g 

(3.1.13) 

(3.1.14) 

The undersaturation parameter, X, is defined as the ratio of 

the initial solution molar concentration of gas to the molar 

concentration of gas in a saturated solution, i.e. 

Co 

HP0 
(3.1.15) 
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Equation 3.1.11 transforms to: 

ao -  a2o  

at1 ay12 

IC: O(O,y1) = 0 

BC I: O(tr ) = 0 

BC II: O(triO) = 1 

(3.1. 16) 

The analytical solution for Equation 3.1.16 is given by 

(Carsiaw and Jaeger, 1959): 

o = erfc(  Y, ) = f( yg1) 
2jE 2j 

(3.1.17) 

Therefore by definition (Equation 3.1.10) the concentration 

profile becomes: 

CA 

As: 

= -.2!'  Yl) 
Y 2fE 

a C A ao - CA 

ay (y=gr) ay y 

(3.1.18) 

(3.1.19) 
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Following from Equations 3.1.12 and 3.1.19: 

dg - -Na Nb  1  + 1 1 (3.1.20) 

d1 Lv'E rj 

IC: = 1 

Equation 3.1.20 is a time-dependent, non-linear ordinary 

differential equation; solvable in a straightforward manner 

through use of a continuous system simulator such as ACSL - 

Advanced Continuous Simulation Language. 

Epstein and Plesset (1950) further simplified Equation 3.1.20 

by dropping the time dependent term in the brackets, an 

approach which has been used by Chen and Wang (1989). While 

this approach simplifies the mathematics, enabling an analytic 

solution to the dissolution problem and provides results 

reasonably similar to the quasi-stationary results (within 10% 

for air bubbles dissolving in water), the use of a simulator 

such as ACSL precludes the need to further simplify the 

problem. 
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3.2 Molecular Diffusion Model (Lumped Approach) 

As discussed in Section 2.2, assuming purely molecular 

diffusion, experimental work has determined that the mass-

transfer Nusselt number, NuAfi, for a sphere diffusing into a 

large volume of stagnant fluid approaches the theoretical 

value of 2.0. 

Given: 

k - 'VUAB AB 
C 

db 

NA = k (cA,j - cA,..) 

Ab = 2 it 

(3.2.1) 

The rate of mass transfer is determined by multiplying the 

mass flux times the bubble surface area. Hence, the resultant 

ordinary differential equation for mass transfer from the 

bubble is: 

drab 
2.0 t Ub -AB (cA 1-cA j mwg 

dt 
(3.2.4) 



29 

3.3  Brian-Hales' /Levich' s Correlations 

As given in Section 2.3, both Brian and Hales' and Levich's 

correlations for Nu, reflect the contributions to diffusion 

by both molecular and convective forces. The correlations and 

the appropriate conditions, are respectively: 

Nu = (4.0 + 1.21 Pe 2/3) AB 

PeAB < 10000 

NuAB  = 1.01 Pe"' 

PeAs > 10000 

(3.3.1) 

(3.3.2) 

Similar to the development of Equation 3.2.4 , the equation 

for mass transfer from the bubble becomes: 

_ n db -DAB (c1 - CA,..) Nu mwg (3.3.3) 

Equation 3.3.3 is solved using the appropriate expression for 

the mass-transfer Nusselt number, determined by the Peclet 

number. 
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3.4 Higbie's Penetration Theory Model 

As discussed in Section 2.4, the average molar flux (with 

respect to time) due to convective effects from a rising 

bubble, is described by Higbie's penetration theory model as: 

NA vg = 2  texp (cA,j-CA,.) 

The exposure time (t,,) is assumed to be: 

(3.4.2.) 

(3.4.2) 

Accordingly the differential equation describing mass transfer 

from the bubble becomes: 

dMb - - -2 mw (cA,j - CA,..) dI, (D it Vb dI,) h/2 
dt g 

(3.4.3) 

An important point to note is that Higbie's penetration theory 

model assumes the mass flux varies with the square root of 

diffusivity. This dependence is opposed to both the molecular 

diffusion model presented in Section 3.2 (where mass flux is 

proportional to diffusivity) and Brian-Hales' /Levich' s 
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mass flux upon 

proportional to 

dependent upon 
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(where the dependence of 

diffusivity varies between being directly 

varying to the 2/3 power of diffusivity, 

the influence of convective effects as 

indicated by the Peclet number). 

3.5 Other Considerations 

3.5.1 Rising Bubble Velocity Model Development 

The initial approach in the development of a velocity model 

assumed a simple force balance on the bubble. It was assumed 

that the rising bubble is spherical and that the Stokes' 

is applicable. 

A force balance on the rising bubble gives: 

mbd  -Fb - Fg - Fd 

Fb = Mb g 

Fg = Mb g 

Fd = 0.5 CD Vb2 Ab Pi 

Pi 

Pb 

law 

(3.5.1) 

Equation 3.5.1 leads to the differential equation for velocity 

being: 
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- (- 0.5 p1 CD v Ab 
-l) 

dt g Pb Mb 
(3.5.2) 

When solving this ordinary differential equation for bubble 

velocity in conjunction with the appropriate ordinary 

differential equation describing bubble dissolution, it was 

determined that the equations were extremely tightly coupled, 

severely limiting computational speed. 

Model runs were performed and, as shown in Figure 3.5.1, it 

was determined that the bubble reached terminal velocity 

conditions in the viscous bitumen mixture extremely rapidly. 

Accordingly the assumption of terminal bubble velocity at all 

times in the dissolution process has a minimal impact upon the 

bubble dissolution model results. 

At the terminal velocity the derivative of velocity with 

respect to time is zero; hence, the equation for bubble 

velocity becomes: 

g Mb  
0.5 

Vb (term) = 1) ( 0.5 p CD Ab) 
Pb 1  

(3.5.3) 
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Solving the equation for terminal bubble velocity enables the 

calculation of the rise of the bubble through integration of: 

dz 
dt 

3.5.2 Bubble Pressure 

(3.5.4) 

Including both hydrostatic and surface tension effects, the 

bubble pressure can be written as: 

Pb = P. - p1 g z + 2a- 

a 

3.5.3 Bubble Density and Mass 

Equations for gas density and bubble mass are: 

b mwg 
Pb zgRT 

(3.5.5) 

(3.5.6) 
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Mb = 4 7ra 3Pb 

3.5.4 Drag Coefficient 

(3.5.7) 

Bird et al. (1960) showed the drag coefficient around a sphere 

to be dependent upon Reynolds number as follows: 

For o<Re<2 CD 24Re 
- 

For 2<Re<500 CD 18.5  
Re°6 

(3.5.8) 

For Reynolds number less than 2, flow is assumed to be in the 

creeping flow regime. Flows around spheres with Reynolds 

numbers between 2 and 500 are deemed to be in the intermediate 

regime. 

3.6 ACSL Software 

The Advanced Continuous Simulation Language, ACSL, allows the 

modelling and solution of continuous systems described by time 

dependent, non-linear ordinary differential equations. Program 
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coding structure includes: 

- an initial section where variable values are assigned 

prior to running the program. 

- a dynamic/ derivative section where the fortran based 

dynamic model is executed at every communications 

interval. The model limits (for example maximum model run 

time, minimum bubble diameter or mass) are tested at 

every communications interval and if the limits are not 

exceeded, the integration is initiated again according to 

the code in the derivative block in order to evaluate the 

state variable derivatives. 

- a terminal section which is reached upon exiting from the 

dynamic section. From this section, data collected can be 

displayed in tabular or graphical format, or the model 

can be re-run with modified variables. 

A flowsheet detailing the ACSL program, taken from the 

vendor's reference manual (Mitchell and Gauthier, 1986), is 

included as Figure 3.6.1. Level 9C of ACSL was used which is 

suitable for running on personal computers. Microsoft Fortran, 

Version 5.1, was used in conjunction with the ACSL program. 

Integration algorithms available in ACSL include, both the 

Runge-Kutta algorithm (first, second or 'fourth order) and 

Gear's Stiff algorithm which is a variable step, variable 
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Figure 3.6.1 Main Program Loop of ACSL Model. From Mitchell 
and Gauthier Associates (1986) 
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order algorithm. 

The second order Runge-Kutta algorithm was used to evaluate 

the static bubble dissolution models, as it provided good 

accuracy .along with acceptable speed of computation. 

The Gear's Stiff algorithm was chosen for evaluating the early 

time response of the rising bubble models (for confirmation of 

acceptability of the assumption of terminal velocity), as it 

is an efficient algorithm for stiff systems where model time 

constants differ significantly. 
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CHAPTER 4 

DISCUSSION OF RESULTS 

4.1 Verification of Model and Solution Algorithm 

To confirm the correct interpretation of the referenced works 

and the proper functioning of the model, the calculations of 

Weinberg et al. (1980) on the dissolution of °2 and CO2 bubbles 

in a glass melt were reproduced. Physical constants used in 

the simulations (for the conditions of T = 1673 K, P = 101.3 

kPa and X = 0.9349) are given in Table 4.1.1. 

The listing for the ACSL model simulating the quasi-stationary 

dissolution of a oxygen bubble in a glass melt, DIFFUSl, is 

included as Appendix A. 

The approximation for the complementary error function 

required for the reduced concentration profile is given by 

Hastings (1955): 

erfc(x) = (c1t + c2t2 + c3t3) e 2 

(4.1.1) 
1 

1 + 0.47047x 
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Table 4.1.1. 

Physical Constants of a CO2-Glass Melt System 
(Weinberg et al., 1980) 

Model Conditions - T = 1673 K, P = .101.3 kPa, X = 0.9349 

Gas Solubility, 
sol 

(xn3/1n3) 

Diffusivity, 
DAB Constant, 

(1rt2/s) 

Henry's Law 
H 

(kinol/Pa m3) 

Surface 
Tension, a 

(inN/ni) 

0, 5.01 x 10-1 5.00 x 10-10 2.21 X 10 300 

Co2 2.55 X 10 5.00 x 10-11 1.12 x 10-9 300 
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4.1.1 Dissolution of 02 Into a Glass Melt 

Weinberg et al. 's' (1980) results and the results of the ACSL 

model for the quasi-stationary approximation for the 

dissolution of a 1.0 mm radius oxygen bubble, both with and 

without surface tension, are included as Table 4.1.2. 

Comparison of the results shows good agreement between 

Weinberg et al. '5 (1980) published results and the ACSL model, 

lending credibility to the latter. 

The S shape of the reduced bubble radius, g,., versus reduced 

time, tn and real time, t, as evident in Figures 4.1.1 and 

4.1.2 respectively, is characteristic of quasi-stationary 

dissolution. The characteristic response is explained as 

follows: 

- Initially, at small values of tn a large concentration 

gradient exists at the bubble interface, resulting in a 

rapid early dissolution of the bubble. The reduced 

concentration profiles for the solute at various points 

in the dissolution process are given in Figure 4.1.3. 

Inspection of the early time concentration profiles (t,. 

= 0.0, 0.05) confirms the steep concentration gradients. 

Additionally, of note is the limited distance which the 

solute has diffused into the melt at early times. 
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Table 4.1.2. 

Comparison of the ACSL Model and Weinberg et al.'s (1980) Results 
for the Quasi-Stationary Dissolution of a Static Oxygen Bubble Into a 
Sub-Saturated Glass Melt 

Model Conditions - a0 = 1.0 nun, T = 1673 K, 
P = 101.3 kPa, X = 0.9349 

t r q, 

Weinberg 

0=0 mN/rn 

9r 

ACSL Model 

0=0 InN/rn 

9r 

Weinberg 

0=300 InN/rn 

9r 

ACSL Model 

0=300 rnN/rn 

0.011 0.974 0.975 0.972 0.973 

0.038 0.948 0.949 0.944 0.945 

0.125 0.893 0.895 0.883 0.885 

0.250 0.831 0.832 0.814 0.816 

0.400 0.764 0.765 0.739 0.740 

0.575 0.687 0.688 0.648 0.651 

0.770 0.600 0.601 0.543 0.546 

0.985 0.495 0.496 0.406 0.408 

1.225 0.356 0.358 0.131 0.146 

1.500 0.063 0.069 Dissolved Dissolved 
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At intermediate times, the rate of bubble dissolution 

slows from the initial rapid dissolution to a relatively 

steady rate as the concentration gradient at the bubble 

interface is reduced due to the increasing concentration 

of solute in the glass melt. Inspection of the 

intermediate time curves of Figure 4.1.3 (tr = 0.6, 0.9) 

reveals both the reduced concentration gradients and the 

increased distance into the melt which the gas has 

diffused at intermediate times. 

Mathematically, an inspection of Equation 3.1.20 shows 

that the rate of dissolution is approximately 

proportional to t;½ during short to intermediate times 

when the second term in the brackets, (g;'), is less 

significant than the first, (t;½), term. Figure 4.1.3 

confirms this relationship. 

--NaNb  1  
dt. 'E g 

IC: r'O = 1.0 

(3.1.20) 

- At later times when the bubble radius and surface area is 

small the rate of dissolution again increases. Again, 

inspection of Equation 3.1.20 shows that, as the 

dissolution progresses, the second bracketed term (g;') 
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dominates the first term (t,.") and the rate of change of 

bubble radius becomes significantly larger. 

Physically, the increase in dissolution at longer times 

is due to: 

- the mass flux being increased by the relative 

increase in the volume of the diffusional zone to 

the area of the bubble surface (an effect which 

results in steeper concentration gradients at the 

bubble interface as evidenced in the tr = 1.2 curve 

in Figure 4.1.3) and; 

surface tension effects increasing the 

concentration gradient at the bubble interface. 

Surface tension increases bubble pressure above the system 

pressure, as per Equation 3.5.5, and therefore the gas 

solubility in the solute via Henry's law. Surface tension 

effects are significant over the entire time of dissolution in 

the modelled case as can be seen through inspection of the 

curves (with and without surface tension effects) in Figures 

4.1.1 and 4.1.2. Surface tension effects are significant as: 

- the undersaturation of the gas in the melt is low, 

(X = 0.9349), 

- the system pressure is low, (P = 101.3 kPa), and 
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- the initial bubble radius is small, (a0 = 1..0 mm) 

The importance of surface tension in the dissolution of 02 in 

solutions close to saturation is evident through consideration 

of the dimensionless parameter Na, described by Equation 

3.1.13. In Equation 3.1.20, Na affects the rate of bubble 

dissolution linearly. If surface tension is ignored, as the 

undersatuation parameter X (Equation 3.1.15) approaches 1.0 (a 

saturated solution), Na approaches a value of 0. 0, and the 

bubble remains in a stable, non-dissolving state. Inclusion of 

surface tension however (Equation 3.1.13), in the case of a 

saturated solution (X = 1.0), results in a positive value for 

Na, and the bubble is driven towards dissolution. 

4.1.2 Dissolution of CO. Into a Glass Melt 

Quasi-stationary dissolution of a CO2 bubble in a glass melt 

was modelled in order to compare the results with the case of 

the °2 bubble dissolution in a glass melt and to provide a 

reference case for comparison of the quasi-stationary 

dissolution of a CO2 bubble in bitumen. Dissolution time 

results, for the dissolution of °2 and CO2 bubble cases are 

provided in Table 4.1.3. 



49 

Table 4.1.3. 

Quasi-Stationary Dissolution of Static Bubbles (CO2 and 02) Into a 
Sub-Saturated Glass Melt 

Model Conditions - a0 = 1.0 raIn, X = 0.9349 
T = 1673 K, P = 101.3 kPa 

x tr,d 

inN/rn 

td 

(s) 

a=O 
mN/rn 

tr,d 

cr=300 
mN/rn 

td 

(s) 

a=300 
raN/rn 

02 0.9349 1.51 3023 1.2 2500 

CO2 0.9349 475 9.5 x 106 409 8.2 x 106 

CO2 0.0 27.5 5.6 x 1O5 27.6 5.5 x 
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As is evident through comparison of Figures 4.1.2 and 4.1.4, 

the dissolution of an °2 bubble in a glass melt is 

significantly faster (by a factor of approximately 3300) than 

the dissolution of a CO2 bubble. The slower dissolution of the 

CO2 bubble is attributable to: 

- the solubility, and hence Henry's law coefficient, of CO2 

in the glass melt is less than one-hundredth of 02; and 

- the mass diffusivity of CO2 in the glass melt is one-

tenth of 02 

In order to assess the effect of solvent under-saturation, the 

dissolution of a 1.0 mm CO2 bubble in a completely sub-

saturated glass melt solution was studied. The results are 

presented in Figure 4.1.5 and Table 4.1.3. While the reduction 

of the undersaturation parameter, X, from 0.9349 (Figure 

4.2.1) to 0.0, reduces the dissolution time of the bubble 

significantly (by a factor of approximately 15 - from 8.2 x 

106 s to 5.5 x105 s), of note is the extremely limited 

tendency of the CO2 bubble to dissolve in the glass melt, even 

in completely sub-saturated conditions. 
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4.2 Considerations in the Modelling of the Dissolution of CO2 

into Bitumen 

With confidence obtained in the ACSL quasi-stationary model, 

based upon a good reproduction for the results of the 

dissolution of bubbles into glass melts, the work was extended 

and alternative models were developed to address the 

dissolution of both static and rising CO2 bubbles into CO2-

Athabasca bitumen solutions. The source code for the models 

are provided in Appendix B through E respectively, and include 

the programs: 

- DIFFUS2 - Static Bubble - Quasi-Stationary (Differential) 

Model, 

- DIFFUS3 - Static Bubble - Molecular Dissolution (Lumped) 

Model, NUAB = 2.0 

- DIFFUS4 - Rising Bubble - Dissolution assuming NUAB 

determined via Brian and Hales' or Levich's 

correlation, dependent upon PeAE. 

- DIFFUS5 - Rising Bubble - Higbie's Penetration Theory 

As required, the models include ACSL table statements, 

utilizing data provided in the literature, for the following 

properties of the CO2-Athabasca bitumen system: 

- the mass diffusivity, 



54 

- the gas-saturated bitumen density, and 

- the surface tension. 

Similarly as necessary, the models use correlations provided 

in the literature to describe the following system properties: 

- the dynamic viscosity of saturated bitumen, and 

- the solubility of CO2. 

The Peng-Robinson equation of state, an appropriate EQS for 

the PVT properties of CO2 over the ranges of pressure and 

temperature conditions of interest to this work, was used for 

estimating gas compressibility values. This cubic equation of 

state (Walas, 1985) was solved directly using a method given 

in Perry's Handbook (1984). 

4.3 Quasi-Stationary Dissolution 

4.3.1 Fixed Initial Radius 

The dissolution of a 1.0 mm radius bubble of CO2 in a 

completely sub-saturated solution of Athabasca bitumen was the 

first system to be modelled. Representative of conditions 

which might be encountered in practical applications, while 

also working within the temperature and pressure ranges for 
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which correlations and/or data are available for system 

properties, temperature was considered over the range of 300 

to 400 K, while pressure was varied from 1.0 to 6.0 NPa. 

Values of system properties, including solubility (and the 

associated interfacial molar gas concentration), mass 

diffusivity, dynamic viscosity, surface tension and liquid 

density, over the temperature and pressure ranges evaluated, 

are provided in Table 4.3.1. Sources for the system physical 

and transport property data and correlations used were 

discussed in Sections 2.5 through 2.9. 

Graphical examples of the results from a typical model run, 

(T = 350 K, P = 1.0 MPa), providing: 

- reduced mass and bubble radius vs reduqed time, 

- reduced mass and bubble radius vs time, and 

- bubble mass vs time; 

are presented as Figures 4.3.1 through 4.3.3, respectively. 

Inspection of the reduced radius versus time curve in Figure 

4.3.1 shows the anticipated S shape plot (typical of quasi-

stationary dissolution - as discussed in Section 4.1.1). In 

contrast with the decline in reduced radius, the reduced mass 

follows a rapid, smooth decline as shown in Figure 4.3.3 (due 

to the cubic relationship between bubble radius and bubble 



Table 4.3.1. 

Values of Selected Properties of the CO2-Athabasca Bitumen System 
(Mehrotra et al., 1985; Mehrotra et al., 1987; Mehrotra and Svrcek, 1982) 

T 
(K) 

P 
(MPa) 

sol 
(1n3/1u3) 

xg DAB 

(ml/ S) 
IL 

(inPa•s) 
a 

(mN/rn) 
Pi 

(kg/m3) 

300 1.0 6.68 0.148 .2.06 x 10 35380 0.028 1037 

350 1.0 3.61 0.088 1.31 x 10-1 677 0.025 997 

400 1.0 1.30 0.035 7.66 x 10'° 56 0.023 964 

300 2.0 13.48 0.261 3.56 x 10 14580 0.028 1037 

350 2.0 7.30 0.164 2.38 x 10 491 0.025 997 

400 2.0 2.67 0.069 1.25 x i0 51 0.023 964 

300 4.0 27.41 0.425 5.57 x 10 3070 0.028 1037 

350 4.0 14.93 0.271 4.06 x 10-9 270 0.025 997 

400 4.0 5.60 0.135 2.16 x 10 43 0.023 964 

300 6.0 41.79 0.537 6.93 x 10 837 0.028 1037 

350 6.0 22.90 0.390 5.30 x 10-' 157 0.025 997 

400 6.0 8.77 0.197 3.01 x 10 36 0.023 964 
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volume or mass). 

Results of the reduced and actual dissolution times, over the 

temperature and pressure ranges evaluated, for the quasi-

stationary dissolution of the fixed initial radius bubble, are 

given in Table 4.3.2. 

Over the range of conditions evaluated, the most rapid 

dissolution was achieved at the lowest temperature and highest 

pressure considered (td = 37 s, T = 300 K, P = 6.0 MPa). 

Conversely, the slowest dissolution was achieved at the 

highest temperature and lowest pressure considered 

(t,, = 2036 s, T = 400 K, P = 1.0 MPa). The difference in 

dissolution times was achieved even though the bubble's 

initial mass in the fastest dissolution case (7.8 x 104 kg) 

was greater by a factor of fourteen than the slowest 

dissolution case (5.7 x l0 kg). 

The conditions favouring dissolution of a static bubble (high 

pressure and low temperature) are easily anticipated through 

inspection of Fick's rate equation, knowledge of the 

solubility and diffusivity properties of CO2 in Athabasca 

bitumen, and understanding of the model assumptions. 

Inspection of Equation 3.1.4, a form of Fick's law, shows the 

rate of mass transfer from the bubble is related to the 
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Table 4.3.2 

Quasi-Stationary Dissolution of a Static CO2 Bubble Into a Completely 
Sub-Saturated CO2-Athabasca Bitumen Solution, Considering Constant 
Initial Bubble Radius 

Model Conditions - a0 = 1.0 mm, X = 0.0 

T 
(K) 

P., 
(MPa) 

tr,d td 

(s) 
1111,0 

(kg x 107) 

300 1.0 0.275 133.2 0.78 

350 1.0 0.510 388.2 0.66 

400 1.0 1.560 2036.1 0.57 

300 2.0 0.272 76.3 1.67 

350 2.0 0.504 211.8 1.36 

400 2.0 1.520 1215.3 1.16 

300 4.0 0.266 47.7 3.93 

350 4.0 0.490 120.6 2.93 

400 4.0 1.443 666.7 2.41 

300 6.0 0.260 37.5 7.84 

350 6.0 0.476 89.8 4.79 

400 6.0 1.367 453.9 3.77 
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magnitude of the diffusivity and concentration gradient at the 

bubble surface. 

da 
dt 

= D AB  ( aCA ) 

3.r 
(3.1.4) 

Svrcek and Mehrotra (1982) determined that CO2 solubility in 

Athabasca bitumen increases with increasing pressure and 

decreasing temperature (Section 2.5). Additionally, as 

discussed in Section 2.6, Mehrotra et al. (1987) predicted 

that the mass diffusivity of CO2 into bitumen (DAB) has a 

strong dependence upon the gas mole fraction (xe) in the 

solution (Figure 2.6.1), especially at lower values of x8, and 

only a slight direct dependence upon temperature (at constant 

mole fractions of gas). However, as the models used in 

analyzing bubble dissolution assume equilibrium gas 

concentration at the bubble interface (interface gas 

concentration determined via Henry's law), both pressure and 

temperature through their relationships with Henry's law 

constant/gas solubility (direct and inverse relationships 

respectively), have significant effect upon mass diffusivity. 

Graphical examples showing the effect of temperature on 

dissolution times are included as Figures 4.3.4 and 4.3.5. As 

shown in Figure 4.3.5 (the early time response of the bubble 
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dissolution), the bubbles reach a common mass extremely early 

in the dissolution process, indicating the strong difference 

in tendency towards dissolution over the temperature range 

considered. 

At pressure of 1.0 MPa, increasing the temperature from 300 to 

400 K, changes the dissolution time of a 1.0 mm radius CO2 

bubble in a completely sub-saturated solution, from 133 s to 

2036 s (Figure 4.3.4). The longer bubble dissolution time 

occurs despite a decrease in initial bubble mass, (from 7.8 x 

10.8 kg to 5.7 x 108 kg). Increasing the temperature from 300 

.to 400 K, decreased solubility from 6.68 to 1.3 m3/m3, with 

accompanying mass diffusivity reduced from 2.06 x 10 to 7.66 

X 10.10 m2/s. 

At a temperature of 350 K, increasing the pressure from 1.0 to 

6.0 MPa reduces the dissolution time of a 1.0 mm radius CO2 

bubble in a completely sub-saturated solution, from 388 s to 

90 s (Figure 4.3.6), even though the initial bubble mass 

increased from 0.66 x 104 kg to 4.79 x 104 kg. Increasing the 

pressure from 1.0 to 6.0 MPa increases the solubility from 3.6 

to 22.9 m3/m3, while mass diffusivity increased by a factor of 

approximately four, from 1.3 x i0 to 5.3 x i0 m2/s. 
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In addition to the assumption of equilibrium conditions at the 

bubble interface, other assumptions pertaining to mass 

diffusivity in the model include: 

- solution diffusivity is based upon interface gas 

concentration, and 

- constant diffusivity throughout the solution (bitumen) 

phase. 

It is emphasized that the assumption of constant diffusivity 

in the solution is a reasonable simplification. Inspection of 

Table 4.3.1 shows that, for the majority of cases considered, 

the gas mole fraction at the interface (x 1) is well into the 

range (X8 > 0.05) where diffusivity shows only moderate 

dependence upon x. Additionally the diffusional process 

occurring at the interface has the greatest influence upon the 

dissolution process as: 

- the concentration gradients are the highest at the 

interface, and 

- the shell through which diffusion occurs is the smallest 

in the system, 

Both considerations result in the largest molar fluxes in the 

system being at the interface. It is probable that over-

estimating the diffusivity further out in the solution (gas 

molar concentrations being lower than at the interface), where 
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the diffusional shell is much larger, will not significantly 

impact the validity of the results. 

It is interesting to note that, for a given temperature, 

increasing the system pressure has a minimal effect upon the 

reduced time to dissolution, trd, while there is a significant 

decrease in the actual time of dissolution, td. Physically, as 

discussed, the decrease in time for bubble dissolution with 

increased system pressure is attributable to the increase in 

mass solubility and diffusivity. Mathematically, however, the 

decrease in actual time to dissolution, while reduced time 

remains relatively constant, is attributable to the inverse 

relationship between the actual time and mass diffusivity 

contained within the transformation from reduced time to 

actual time (Equation 3.1.6). 

The CO2 bubble diffuses much faster into bitumen than the 

glass melt for the pressure and temperature conditions 

considered in each instance. The reason for the vastly 

different dissolution rates can be seen through comparison of 

typical mass diffusivity and solubility values, given in 

Tables 4.1.1 and 4.3.1. Inspection shows that, for the 

conditions considered, the diffusivity and solubility values 

for the CO2-bitumen system are significantly higher than the 

values for the CO2-glass melt system. 
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4.3.2 Constant Initial Bubble Mass 

Quasi-stationary dissolution of a CO2 bubble with a fixed 

initial mass (5.0 x i0 kg) in a completely sub-saturated 

bitumen solution was studied. System temperature and pressure 

were again varied from 300 to 400 K and from 1.0 to 6.0 MPa 

respectively. Obviously, the bubble diameter will be governed 

by the PVT relationship for the constant mass of CO2. 

Model results are summarized in Table 4.3.3. Typical bubble 

dissolution curves, over a pressure range of 1.0 to 6.0 MPa, 

at a temperature of 350 K are shown as Figure 4.3.7. 

As anticipated, bubble dissolution is promoted by higher 

pressures and lower temperatures. Dissolution times varied 

over the cases from a low of 28 s, (at conditions of T = 300 

K and P = 6.0 MPa), to a high of 8795 s, (at conditions of T 

= 400 K and P = 1.0 MPa). 

The effect of pressure and temperature variations upon bubble 

dissolution times is shown in Figures 4.3.8 and 4.3.9 

respectively. As shown there consistently are dramatic 

increases in dissolution time at the upper end of the 

temperature range considered and similarly at the lower end of 

the pressure range considered, reflecting solubility and mass 

diffusivity relationships. 
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Table 4.3.3. 

Quasi-Stationary Dissolution of a Static CO2 Bubble Into a Completely 
Sub-Saturated CO2-Athabasca Bitumen Solution, Considering Constant 
Initial Bubble Mass 

Model Conditions - = 5.0 x 104 kg, X = 0.0 

T 
(K) 

PS 
(NPa) 

tr,d td 

(s) 
a0 

(mm) 

300 1.0 0.275 459.1 1.85 

350 1.0 0.513 1512.8 1.96 

400 1.0 1.578 8795.0 2.07 

300 2.0 0.272 158.7 1.44 

350 2.0 0.504 505.1 1.54 

400 2.0 1.520 3226.0 1.63 

300 4.0 0.266 56.0 1:08 

350 4.0 0.490 172.1 1.19 

400 4.0 1.443 1084.0 1.27 

300 6.0 0.260 27.8 0.86 

350 6.0 0.476 91.3 1.01 

400 6.0 1.367 547.0 1.10 
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Review of the results from the cases where initial bubble 

radius was held constant (Table 4.3.2), with the results of 

the constant initial mass case (Table 4.3.3), shows that for 

specified temperature and pressure conditions, the reduced 

time to dissolution for different initial bubble radius/mass 

cases does not change, while the actual time to dissolution 

does vary. Inspection of the quasi-stationary dissolution 

equations (Equations 3.1.13, 3.1.14 and 3.1.20) shows that the 

same reduced times to dissolution would be anticipated where 

the surface tension effects are minimal. Mathematically, the 

difference in actual times to dissolution between cases of 

different initial bubble radius or mass at the same system 

conditions is attributable to the transformation from reduced 

time to actual time, Equation 3.1.6, in which actual time is 

proportional to the square of initial bubble radius. 

The elationship between results of quasi-stationary 

dissolution models at the same system conditions of 

temperature and pressure but with different initial parameters 

(i.e. bubble radius or mass) makes the prediction of the 

results of alternative cases a relatively simple matter. 
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4.3.3 Concentration Profile and Mass Flux 

Theprofiles for reduced molar concentration of CO2 at various 

times in the dissolution process, for the conditions of T = 

350 K, P = 1.0 MPa, and rn,, 0 = 5.0 x i0 kg, are included as 

Figure 4.3.10. The explanation for the shape of the 

concentration profiles at the various points of the bubble 

dissolution is consistent with the discussion on concentration 

profiles for the dissolution of the 02 bubble into the glass 

melt (Section 4.1.1). 

The semi-log plot of mass transfer rate from the bubble versus 

time, at the given conditions, is shown as Figure 4.3.11. 

Inspection shows a high rate of mass transfer during the early 

stages of the bubble dissolution. This would be anticipated 

from previous discussions of the early time bubble behaviour 

in glass melts (Section 4.1.1); that is the rapid early 

dissolution is attributable to the large concentration 

gradient at the bubble surface. 

During intermediate times the mass transfer rate declines 

exponentially (straight line relationship on the semi-log 

plot). The long term behaviour of the rate of change of bubble 

mass is somewhat surprising, however, as the mass transfer 

rate tends to decrease dramatically as the bubble approaches 

complete dissolution and finally disappears. 
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The semi-log plot of mass flux from the bubble (NA) versus 

time is shown as Figure 4.3.12. As seen previously, at early 

times the high mass flux, coupled with the relatively large 

surface area results in rapid early dissolution. At 

intermediate times the mass flux is relatively constant, 

indicative of a trade-off between declining mass transfer rate 

and the shrinking bubble surface area. 

At longer times, the mass flux increases once again. In 

comparing Figures 4.3.12 and 4.3.13, it is apparent that the 

increase in the mass flux corresponds with the rapid reduction 

of bubble radius. The effect upon bubble radius is enhanced by 

the cubic relationship between radius and bubble mass or 

volume. 

As discussed previously, the increase in mass flux or 

dissolution rate at longer times Is attributable to: 

- increased area (relative to the diminishing bubble 

surface area) available for diffusion, and in lesser part 

due to, 

- increased bubble pressure (due to surface tension) acting 

to increase the gas concentration at the bubble interface 

and thereby increasing the concentration gradient across 

the solution phase. 
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Surface Tension Effects 

Surface tension effects were considered for a number of cases, 

and these provided a range of dissolution times (Table 4.3.4). 

As compared to the glass melt system previously reviewed, the 

CO2-Athabasca bitumen system under consideration has 

relatively low values of surface tension and, at the same 

time, relatively high system pressures. Accordingly, as would 

be anticipated, surface tension effects are minimal in the 

CO2-Athabasca bitumen system. 

For the system modelled (P = 1.0 NPa, T varied from 300 to 400 

K), inclusion of the surface tension effects decreased the 

dissolution time by only approximately 0.1 %. Although the 

surface tension effects are minimal (and therefore have not 

been shown graphically), the results indicate: 

- surface tension plays a more significant role where 

bubble dissolution is slower (simply from being in 

effect longer), 

- although higher system temperatures result in longer 

bubble dissolution times, the increased effect of 

surface tension in this case is offset by a reduction 

in the value of surface tension with temperature, and 
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Table 4.3.4. 

Quasi-Stationary Dissolution of a Static CO2 Bubble Into a Completely 
Sub-Saturated CO2-Athabasca Bitumen Solution, Considering the 
Effects of Surface Tension 

Model Conditions - mbO = 5.0 x 104 kg, P3 = 1.0 MPa, X = 0.0 

T 
(K) 

Pb 
(MPa) 

trd td 

(s) 

Surface tension effects not included 

300 1.0 0.275 459.5 

350 1.0 0.513 1514.9 

400 1.0 1.578 8804.2 

Surface tension effects included (Mehrotra et al., 1985) 

300 1.0009 0.275 459.1 

350 1.0015 0.513 1512.8 

400 1.0015 1.578 8795.0 

Surface tension effects included (Bowman, 1967) 

300 1.0010 0.275 459.0 

350 1.0014 0.513 1513.0 

400 1.0011 1.578 8797.0 
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- over the range of conditions studied, the use of Bowman's 

(1967) data for surface tension, as opposed to using 

predictions provided by Mehrotra et al. (1985), produced 

little change in the results. 

4.3.5 Sub-Saturated CO2-Bitumen Solution 

As shown by the typical results displayed in Table 4.3.5 (T = 

350 K, P varied between 1.0 to 6.0 NPa) increasing the initial 

Co2 concentration in a sub-saturated CO2 bitumen solution 

(thereby reducing the molar concentration gradient between the 

bubble interface and the solution) decreases the rate of 

dissolution of the bubble/increases bubble dissolution time. 

In an actual dissolution situation, the effect of the reduced 

concentration gradient would be partially offset by the 

increased mass diffusivity in the solution (mass diffusivity 

increasing with the degree of saturation - Section 2.6). 

However, that effect is not considered significant nor is it 

addressed in the quasi-stationary model developed in Chapter 

3. 

Inspection of Equations 3.1.13 and 3.1.15 shows that 

increasing 

parameter, X. (A value of X = 1.0 indicates a saturated CO2 

CA,0 increases the value of the undersaturation 
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Table 4.3.5. 

Quasi-Stationary Model Dissolution of a Static CO2 Bubble Into a Sub-
Saturated CO2-Athabasca Bitumen Solution, Considering the Effects. 
of Variation of CA,O 

Model Conditions - rn 0 =5.0x10 7 kg, T=350K 

X PS 
(NPa) 

tr,d td 

(s) 

CAO = 0.0 kg/M3 

0.000 1.0 0.51 1513 

0.000 2.0 0.50 505 

0.000 4.0 0.49 172 

0.000 6.0 0.48 91 

CAO = 0.03218 kg/M' 

0.200 1.0 0.68 2007 

0.099 2.0 0.57 576 

0.048 4.0 0.52 183 

0.032 6.0 0.49 96 

= 0.06436 kg/M' 

0.400 1.0 0.99 2888 

0.198 2.0 0.67 671 

0.097 4.0 0.56 195 

0.063 6.0 0.52 100 

= 0.12872 kg/M' 

0.800 1.0 3.74 10993 

0.395 2.0 0.97 971 

0.193 4.0 0.65 227 

0.126 6.0 0.57 109 

c 0 = 0.150 kg/M' 

0.932 1.0 12.72 37419 

0.460 2.0 1.11 1070 

0.225 4.0 0.68 238 

0.147 6.0 0.59 114 
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-bitumen solution, while X = 0.0 is indicative of a completely 

sub-saturated solution). Increasing the value of X decreases 

the magnitude of Na, thereby reducing the rate of dissolution, 

as given by Equation 3.1.20. 

As X approaches 1.0, dissolution times get extremely long. For 

example for the conditions of T = 350 K, P = 1.0 MPa and 

mb,O = 5.0 x 104 kg, increasing c40 from 0.0 to 0.15 kg/m3 (i.e., 

changing X from 0.0 to 0.932) increases the bubble dissolution 

time by a factor of 25 from 1500 to 37500 s. 

The results (for the conditions P = 1.0, T = 350 K) of bubble 

radius versus time for varying initial concentrations are 

shown in Figure 4.3.14. The plot shows the significant 

increase in dissolution times as the initial gas concentration 

in the solution approaches saturation. 

As discussed in Section 4.1.1, in a completely saturated 

solution (X = 1.0) the additional bubble pressure resulting 

from surface tension promotes the dissolution process: The 

early time response for the completely saturated case, where 

only surface tension provides the driving force for the 

dissolution of the CO2 bubble, is shown in Figure 4.3.15. The 

very slow rate of dissolution supports the previous conclusion 

that surface tension has a minimal effect upon the CO2 bubble 

dissolution process. 
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4.4 Molecular Diffusion of a Static CO2 Bubble; Lumped 

Approach 

The second model to be applied to study the dissolution of a 

static gas bubble was the rather simple molecular diffusion 

model. As discussed previously in Section 2.2, this lumped 

model assumes that diffusion occurs by molecular means only, 

with the mass-transfer Nusselt number, NUAB, set to the 

theoretical value of 2.0. 

The results for the constant initial mass case (mbQ = 5.0 x i0 

kg) over a range of temperature and pressure conditions, are 

given in Table 4.4.1. 

Trends in dissolution time for the lumped molecular diffusion 

model are similar to the quasi-stationary models; that is, 

lower temperatures and higher pressures promote faster 

dissolution. Trends for the lumped model temperature and 

pressure effects are shown in Figures 4.4.1 and 4.4.2. Similar 

to the quasi-stationary model trends (included in the 

figures), dissolution time dramatically increases at both the 

upper end of the temperature range and lower end of the 

pressure range under consideration. 

When compared with the results from the analytically 

formulated quasi-stationary model, the predicted dissolution 
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Table 4.4.1. 

Molecular Diffusion Model (NUAB = 2.0) Dissolution of a Static CO2 
Bubble Into a Completely Sub-Saturated CO2-Athabasca Bitumen 
Solution, Considering Constant Initial Bubble Mass 

Model Conditions - 111b0 = 5.0 x 10 kg, X = 0.0 

T 
(K) (MPa) 

td 

(s) 

300 1.0 1171 

350 1.0 3259 

400 1.0 14753 

300 2.0 430 

350 2.0 1131 

400 2.0 5500 

300 4.0 180 

350 4.0 410 

400 4.0 1951 

300 6.0 120 

350 6.0 245 

400 6.0 1045 
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times of the lumped model are significantly slower (by a 

factor of 1.7 to 4.3) as shown graphically in Figures 4.4.3 

and 4.4.4. 

The shape of the lumped model dissolution curves are rather 

monotonous and smooth, with the most significant difference in 

the dissolution profiles of the two methods being the lumped 

model's lack of early time effects and resultant S shaped 

bubble radius decline curve, typical of the quasi-stationary 

approach (which assumes a high early time concentration 

gradient at the bubbles surface). 

Mass flux results from the bubble for both the lumped and 

quasi-stationary models are shown as Figure 4.4.5. The mass 

flux values reflect the more rapid dissolution predicted by 

the quasi-stationary analytic model. In contrast with the 

quasi-stationary dissolution model, the lumped model does not 

provide high early-time rates of dissolution or mass flux. The 

lumped model predicts mass flux to increase gradually until 

the bubble approaches the point of dissolution, whereupon mass 

flux increases dramatically. 

The rationale for the increase in mass flux as the bubble 

approaches dissolution under lumped model assumptions is the 

same as discussed for the quasi-stationary model, i.e.: 
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- increased area (relative to the diminishing bubble 

surface area) available for diffusion, and to a lesser 

extent: 

- increased bubble pressure (due to surface tension) 

acting to increase the gas concentration at the bubble 

interface and thereby increasing the concentration 

gradient across the solution. 
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4.5 Brian-Hales' /Levich' s Correlations 

As it is probable that convective effects would have a 

significant bearing upon bubble dissolution, the understanding 

of system dynamics gained through the analysis of static 

bubble dissolution was extended to study the dissolution of a 

rising bubble. The first model selected for the analysis was 

the mass transfer Nusselt number (NUAB) correlations provided 

by Brian and Hales (1969) and Levich (1962). Both correlations 

are dependent upon PeAB. As discussed in Section 2.3, the 

correlations take into account convective effects, in addition 

to the purely molecular diffusional forces which were modeled 

in Section 4.4 with the lumped approach towards modelling the 

static bubble dissolution. Accordingly, it would be 

anticipated that the Brian-Hales and Levich correlations for 

the rising bubble would result in more rapid bubble 

dissolution than for the lumped analysis of the static bubble 

dissolution. 

Results of dissolution time and bubble height for the 

dissolution of a rising CO2 bubble (mbO = 5.0 x 10 kg) into a 

completely sub-saturated CO2-Athabasca bitumen solution, over 

the same range of system properties (T and P) considered in 

the analysis of the static bubble, are included as Table 

4.5.1. Dissolution times varied over the cases from a low of 

47 s, (at conditions of T = 300 K and P = 6.0 MPa), to a high 
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Table 4.5.1. 

Brian-Hales' / Levich's Correlations for the Dissolution of a Rising 
CO2 Bubble Into a Completely Sub-Saturated CO2-Athabasca Bitumen 
Solution, Considering Constant Initial Bubble Mass 

Model Conditions - mbO = 5.0 x 104 kg, X = 0.0 

T 
(K) 

Pg 
(MPa) 

td 

(s) 
Z d 
(in) 

300 1.0 462.0 0.040 

350 1.0 352.8 1.560 

400 1.0 761.0 34.780 

300 2.0 190.5 0.024 

350 2.0 162.9 0.600 

400 2.0 337.8 11.530 

300 4.0 75.3 0.024 

350 4.0 74.9 0.290 

400 4.0 162.9 4.280 

300 6.0 46.8 0.031 

350 6.0 47.8 0.210 

400 6.0 105.0 2.400 
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of 462 s, (at conditions of T = 300 K and P = 1.0 MPa). 

Typical dissolution curves, showing bubble radius and mass 

declines, are shown as Figures 4.5.1 and 4.5.2 respectively. 

Both sets of curves exhibit smooth, monotonous early and 

middle time declines with a rapid decline in bubble radius 

experienced at very late times in the process. 

At a given temperature (Figure 4.5.3) increasing the pressure 

decreases the dissolution time. From previous discussions in 

Section 4.3, this result would be anticipated through 

understanding of pressure effects upon solubility and mass 

diffusivity. However, the extent of the relative change in the 

reduction of dissolution time, as compared to the static 

bubble models (Figure 4.5.4), is moderated by: 

- the Brian-Hales/Levich models having slightly less 

dependence upon diffusivity (rate of mass transfer varies 

between directly proportional at low PeAB to varying to 

the 2/3 power at higher PeAB) than the static models 

(rate of mass transfer directly proportional to 

diffusivity - Section 3.1 - Equation 3.1.4, Section 3.2 - 

Equation 3.2.4), and 

- convective effects. 

For a given initial mass of bubble, as the system pressure 
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increases the bubble radius decreases. At a given system 

temperature, Stokes' law dictates that the smaller bubble will 

have a slower rise velocity, with associated decrease in 

convective diffusion effects. For example, when only molecular 

diffusion is considered in the case of the static bubble 

modeled by the lumped approach, increasing the system pressure 

from 1.0 MPa to 4.0 MPa (T = 350 K) reduces the dissolution 

time by 87 % (3259 s to 410 s). While the absolute dissolution 

times for the rising bubble are much shorter than for the 

static bubble, the relative reduction in dissolution time when 

system pressure is increased from 1.0 to 4.0 MPa is 78 % (353 

s to 75 s). 

At a given pressure (Figure 4.5.5), bubble dissolution time 

moderately increases at both ends bf the temperature range 

under consideration. Hence, a mid-range temperature which 

corresponds to a minimum dissolution time is seen. The 

curvature demonstrating the mid-range minimum is much more 

pronounced at lower system pressures. 

The mid-range temperature minimum dissolution time predicted 

by use of Brian_Halest/Levichts correlations contrasts with 

the static bubble dissolution (Figure 4.5.6), where increased 

temperature consistently resulted in significantly longer 

dissolution times. For example, at conditions of mbO = 5.0 x 

10 kg and P = 4.0 MPa, increasing the system temperature from 
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350 to 400 K in the case of the static bubble modeled by the 

lumped approach increases the dissolution time by 375 % (410 

s to 1951 s), while the dissolution time for the rising bubble 

modeled utilizing Brian_Halest /Levichts correlations increased 

over the same temperature range by only 117 % (75 s to 163 s). 

Reduced CO2 solubility/diffusivity at elevated temperatures is 

responsible for reducing the effect of molecular diffusivity 

and hence extending the dissolution time of the static bubble. 

In the case of the rising bubble, however, the lower bitumen 

viscosity at the increased temperatures (Section 2.7) results 

in increased bubble velocities/convective diffusion effects, 

partially offsetting the reduction in molecular diffusivity. 

Of note, however, is where convective effects are minimal (at 

lower temperatures where high bitumen viscosity results in a 

relatively static bubble) the quasi-stationary approximation 

results for dissolution time are extremely close to the 

results obtained from the Brian-Hales/Levich correlations. 

The rise height (zd) for complete bubble dissolution as a 

function of temperature is shown graphically as Figure 4.5.7. 

The bubble height increases gradually up to approximately 350 

K, as convective effects compensate for reduced diffusivity. 

Above 350 K, however, the bubble height increases 

significantly, corresponding to the dramatic increase in time 

to diffusion and associated reduced bitumen viscosity at 
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elevated temperatures discussed above. 

The semi-log plot of the rate of mass transfer from the bubble 

(Figure 4.5.8) shows a smooth decline corresponding to the 

reduction of the bubble radius (Figure 4.5.9). The rate of 

mass transfer shows only a significant decrease when the 

bubble approaches complete dissolution. Accordingly, the mass 

flux from the bubble is almost constant throughout the entire 

dissolution, only increasing dramatically when the bubble 

radius becomes very small (Figure 4.5.10). The rationale for 

the end effects has been given previously in Section 4.1.1 and 

will not be repeated here. 
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4.6 Higbie's Penetration Theory 

The second model to be applied to the study of the dissolution 

of a rising bubble was Higbie's penetration theory. As 

discussed in Section 2.4, this model assumes that the CO2 will 

penetrate only a short distance into a deep packet of liquid 

bitumen which is sliding along the bubble surface. Higbie's 

penetration theory assumes the rate of mass transfer to have 

less dependence upon diffusivity (mass transfer rate varies 

with the square root of diffusivity - Equation 3.4.3) than the 

static models (mass transfer rate proportional to diffusivity 

- Equations 3.1.4 and 3.2.4) or Brian-Hales'/Levich's 

correlations for the rising bubble (mass transfer rate ranges 

between proportional to diffusivity to varying with 2/3 power 

dependent upon PeAR - Equation 3.3.3). Accordingly, it would 

be anticipated that the results from the penetration theory 

would be less influenced by system temperature and pressure 

related variations in mass solubility and D411 than the other 

dissolution models. 

Results of dissolution time and bubble height for the 

dissolution of a rising CO2 bubble (mb0 = 5.0 x 1O kg) into a 

completely sub-saturated CO2-Athabasca bitumen solution, over 

the same range of system properties (T and P) considered in 

the analysis of the static bubble, are included as Table 

4.6.1. Dissolution times varied from a low of 23 s (at 
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Table 4.6.1. 

Higbie's Penetration Theory Model Dissolution of a Rising CO2 Bubble 
Into a Completely Sub-Saturated CO2-Athabasca Bitumen Solution, 
Considering Constant Initial Bubble Mass 

Model Conditions - mb,O = 5.0 x i0 kg, X = 0.0 

T 
(K) 

PS 
(NPa) 

td 

(s) 
Zd 
(in) 

300 1.0 372.6 0.018 

350 1.0 104.4 0.300 

400 1.0 106.2 3.280 

300 2.0 173.8 0.012 

350 2.0 62.8 0.140 

400 2.0 68.5 1.530 

300 4.0 67.0 0.011 

350 4.0 33.8 0.080 

400 4.0 42.2 0.700 

300 6.0 38.5 0.014 

350 6.0 22.7 0.063 

400 6.0 31.0 0.440 
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conditions of T = 350 K and P = 6.0 MPa) to a high of 373 S 

(at conditions of T = 300 K and P = 1.0 MPa). 

Typical dissolution curves (T = 350 K, P = 4.0 MPa), showing 

bubble radius and mass declines for both rising bubble models, 

are shown as Figures 4.6.1 and 4.6.2 respectively. The bubble 

radius predicted from Higbie's penetration theory shows an 

extremely smooth, constantly decreasing rate of decline 

throughout all phases of the bubble life, contrasting with the 

Brian-Hales/Levich model which predicts a constantly 

increasing rate of decline of the bubble radius, with a 

significant reduction in radius as the bubble approaches the 

point of complete dissolution. 

Bubble radius decline curves for both static and rising models 

are given as Figure 4.6.3. Of note is the significant 

difference in predicted bubble dissolution times depending 

upon the model selected. 

It is probable that a realistic estimate for bubble 

dissolution is bounded between the Brian-Hales/Levich 

correlations based model predictions (rising bubble) and the 

Quasi-stationary model predictions (static bubble). While it 

is apparent that the dissolution time predictions from the 

static models will be somewhat conservative, primarily due to 

convective effects not being considered, it is probable that 
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the rising bubble models provide somewhat optimistic 

dissolution times due to certain model assumptions. Those 

model assumptions which lead to the prediction of more rapid 

bubble dissolution include: 

equilibrium conditions at the bubble interface (resulting 

in higher assumed gas concentration gradients at the 

bubble surface), 

- solution mass diffusivity based upon interface conditions 

and assumed constant throughout the solution (as 

discussed in Section 4.3.1, these assumptions result in 

an over-estimate of diffusivity in the solution, where x. 

is lower than at the bubble interface), and 

solution viscosity based upon interface conditions and 

assumed constant throughout the solution (these 

assumptions result in an under-estimate of viscosity away 

from the bubble interface, resulting in an over-estimate 

of convective diffusion effects). 

The Quasi-Stationary model is suggested as the upper bound on 

the basis of providing comparable results to the more complex 

complete set of partial differential equations (Section 2.1). 

The Brian-Hales/Levich correlations based model is suggested 

as the lower bound, rather than Higbie's penetration theory 

model, as of the two, the Brian-Hales/Levich model provides 

the more conservative (slower) estimate of bubble dissolution. 
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Higbie's model predicts that, at a given temperature (Figure 

4.6.4), increasing the system pressure decreases the bubble 

dissolution time. The effect of pressure upon the dissolution 

of the CO2 bubble, for both rising bubble models, is displayed 

graphically as Figure 4.6.5. In part due to mass diffusivity 

effects, it is not surprising that the penetration theory is 

less affected by variations in system pressure than the Brian-

Hales/Levich correlations. 

Interpretation of the equations describing mass transfer from 

the rising bubble as predicted by the Brian-Hales/Levich 

correlations and Higbie's penetration theory model (Equations 

3.3.3 and 3.4.3 respectively) shows that in addition to having 

a reduced dependence upon mass diffusivity, comparatively the 

penetration model has a relatively increased dependence upon 

bubble velocity. The rate of mass transfer of the Brian-

Hales/Levich correlations varies approximately with the 1/3 

power of velocity, while in the penetration theory it varies 

with the 1/2 power. 

As discussed in Section 2.7 and shown in Table 4.3.1, 

accompanying an increase in system pressure and mass 

solubility is a reduction of bitumen viscosity. While the 

effect of system pressure upon solution viscosity is not as 

dramatic as temperature effects, it is still significant and 

in part explains the faster bubble dissolutions predicted by 
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the penetration theory as compared to Brian-Hales/Levich 

correlations. 

The effect of system pressure upon both static and rising 

bubbles is presented in Figure 4.6.6. As discussed previously, 

sensitivity to mass diffusivity (molecular diffusion) and the 

influence of convective diffusion effects explain the 

differences in dissolution times shown between static and 

rising bubbles. 

In a similar manner to the model results using the Brian-

Hales'/Levich correlations, Higbie's model predicts that, for 

a given system pressure, a minimum bubble dissolution time is 

realized at a mid-range temperature (Figure 4.6.7). 

Dissolution times predicted by Higbie's penetration theory are 

strongly influenced by temperature at the lower end of the 

temperature range under consideration, especially at lower 

system pressures. Conversely dissolution times predicted by 

Brian-Hales'/Levich's correlations are more influenced by 

changes in temperature at the upper end of the temperature 

range under consideration (Figure 4.6.8). This difference 

suggests that Higbie's penetration theory has a greater 

dependence upon convective diffusion effects, while 

dissolution predictions by Brian-Hales '/Levich's correlations 

are more dependent upon molecular diffusion. 
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For the cases under consideration (completely sub-saturated 

bitumen, pressure varied between 1.0 to 6.0 MPa), the minimum 

dissolution time ranged between T = 350 K (at P = 6.0 MPa) to 

T = 380 K (at P = 1.0 MPa). At temperatures away from the 

temperature for the minimum dissolution time, the decrease in 

the combined influence of molecular diffusion effects and 

convective diffusion effects results in an increased 

bubbledissolution time. 

The effect of system temperature upon both static and rising 

bubbles is presented in Figure 4.6.9. Where convective 

influences are minimal (at low system temperatures where 

solution viscosities are high/bubble velocities low) the 

difference between predicted dissolution times between the 

rising bubble models (Brian and Hales' correlations and 

Higbie's penetration theory) and the quasi-stationary model 

for a static bubble are minimal. 

The final bubble height (zd) as a function of temperature, for 

both Brian-Hales/Levich correlation models and Higbie's 

penetration theory model, are presented in Figure 4.6.10. The 

greater bubble heights at dissolution predicted by the Brian-

Hales/Levich correlations reflect the predicted slower 

dissolution times. 
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The semi-log plots showing the rate of change of bubble mass 

and mass flux versus time (Figures 4.6.11 through 4.6.14) 

confirm the observations that, as compared to the quasi-

stationary and lumped models for a static bubble and the 

Brian-Hales/Levich correlations for a rising bubble, the 

penetration model predicts a more rapid, smooth bubble 

dissolution process with no significant early-time or end-

point effects. 
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CONCLUSIONS AND RECOMMENDATIONS 

Models for the dissolution of static and rising bubbles are 

presented. The models are applied" to the problem of 

dissolution of a single bubble of CO2 into a solution of 

Athabasca bitumen. The effects of variation in system 

conditions (including temperature and pressure) upon model 

results are evaluated. 

Models applied to the dissolution of a static bubble included 

the more rigorous, analytically based, guasi-stationary model 

(an approach used successfully in the modelling of the 

dissolution of °2 and CO2 bubbles into glass melts) and the 

simpler, lumped approach, molecular diffusion model. It was 

determined that, over the range of temperature and pressures 

considered, the dissolution times predicted by the quasi-

stationary model were lower than the dissolution times 

predicted by the molecular diffusion model, typically by a 

factor of approximately 2. 

The solubility and mass diffusivity of CO2 in bitumen are 

higher at low temperatures and high pressures. As would be 

anticipated by application of Fick's law, both the quasi-

stationary and lumped molecular diffusion models predicted 

that the dissolution of a static bubble is enhanced by low 

system temperatures and high system pressures. 
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It was found that under the conditions considered, surface 

tension had minimal influence upon dissolution results. 

Additionally, it was demonstrated that under given CO2-bitumen 

solution conditions, the reduced time to bubble dissolution 

predicted by the quasi-stationary model was constant for 

bubbles of different initial radius/mass, simplifying the 

predictions of results of other bubble dissolution cases. 

The models based upon Brian-Hales t/Levichts correlations and 

Higbie's penetration theory were applied to the dissolution of 

a rising bubble of CO2 into Athabasca bitumen. The dissolution 

of the rising bubble reflects the influence of both molecular 

and convective diffusion effects. 

Where convective effects are insignificant (i.e. at low system 

temperatures), it was found that both of the rising bubble 

models predicted dissolution times lower than the molecular 

diffusion model and dissolution times comparable to the quasi-

stationary model. Where convective effects are significant, 

both rising bubble models predicted smaller dissolution times 

than the static bubble models. 

It is probable that a realistic estimate for bubble 

dissolution is bounded between the Brian-Hales/Levich 

correlations based model predictions (rising bubble) and the 

Quasi-stationary model predictions (static bubble). While it 
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is apparent that the dissolution time predictions from the 

static models will be somewhat conservative, primarily due to 

convective effects not being considered, it is probable that 

the rising bubble models provide optimistic dissolution times 

due to model assumptions pertaining to both solution mass 

diffusivity and solution viscosity. Further investigation / 

experimental work into the dissolution of CO2 bubbles into 

bitumen would be beneficial in providing guidance as to which 

model provides the most appropriate predictions of bubble 

dissolution. 

Since increases in system temperature and pressure cause a 

reduction in bitumen viscosity, their overall effect is to 

enhance convective diffusion. Additionally, an increase in 

system temperature reduces CO2 solubility and mass 

diffusivity, thereby decreasing molecular diffusion. It was 

demonstrated that the combination of both molecular and 

convective diffusion effects resulted in the minimum 

dissolution times being achieved at a temperature which falls 

in the middle of the temperature range under consideration. 

That is, there exists a minimum in the dissolution time with 

respect to temperature. 

The relative importance of convective and molecular diffusion 

effects to each of the rising bubble models, resulted in 

differences between the model predictions of both the 
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relationship between system temperature and bubble dissolution 

time and also the associated minimum dissolution temperatures. 

It was shown that the model based upon Higbie 1s Penetration 

theory has a greater dependence upon convective diffusion 

effects and a lesser dependence upon molecular diffusion 

effects than the model based upon the Brian_Halest/Levichts 

correlations. 
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program DIFFUS1 
11 Quasi-stationary dissolution of gas bubbles into a glass melt. 
The equation to be integrated drawn from Weinberg pp 138 eqn 12... 
Results will be compared to Weinbergs results for x=0.9349" 

Description of variables which are a function of time 
at — actual bubble radius (m)" 
t - actual time (s)" 
cr — reduced concentration - (c-csi)/(cgi-csi) (dimensionless)" 
y — reduced radius - r/ao (dimensionless)" 

initial 

integer ct 
constant ct = 1 
constant k1 = 3.074 
constant k2 = 5.923e-3 
constant x = 0.9349 
constant diffc = 5.0e-10 
constant stc = 0.3 
constant g = 1.0 
variable tr = i.0e-05 
constant pi = 3.14159 
constant gic = 1.0 
constant tstop = 1.5 
constant gmin = 0.01 
constant a0 = 1.00e-3 
constant rg = 8314 
constant te = 1673 
constant p0 = 101.3e3 
constant ci = 0.3480242 
constant c2 = -0.0958798 
constant c3 = 0.7478556 

array cr(20) 
constant cr=20*0.0 

end $"initial" 

dynamic 

derivative diffu4 

algorithm ialg=4 
cinterval cint = 0.001 

$"kl = K*Rg*T" 
$"k2 = (2*st)/(PO*aic)" 
$ "undersaturat ion parameter" 
$"oxygen m**2/s" 
$"surface tension (N/m) = 300 dynes/cm" 
$"starting reduced bubble radius" 
$"reduced time" 

$"initial reduced bubble radius 
$"maximum reduced time" 
$"minimum reduced bubble radius" 
$"initial actual bubble radius (rn)" 
$"univ gas const — (kg*m**2/s**2*kmol*K)" 
$"temperature (K)" 
$"system pressure (Pa — 

$"erf c constnts for reduced concentration" 

It 

11 

$"Runge Kutta Method - second order" 

k5 = 1./(1. — (1./ ( 3• * (1. + g/k2)))) 
g=integ(((..kl*(g*(1.0_x)+k2))/(g+k2))*k5*(i/sqrt(pi*tr)+1/g),gic) 

t = tr * (aO**2.) / diffc 
at = g * a0 
pb = p0 + 2*stc/at $"bubble pressure (Pa)" 

procedural ( or = g) $"concentration profile" 
do 12 ct = 1,20 
y = ct/5.0 
if (y.lt.g) goto 11 
U = (y-g) / (2*sqrt(tr)) 
k4 = 1 I (1 + 0.47047*k3) 
cr(ct) = (g/y) * (cl*k4 + 02*k4**2 + c3*k4**3) * exp(_(k3**2)) 
goto 12 
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11. .cr(ct) = 1.0 
12. .continue 

end $ "procedural" 

end $ "derivative" 
termt (tr.gt.tstop.or.g.lt.gmin) 

end $"dynamic" 
terminal 
end $"terminal" 

end $"program" 
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Appendix B 

Quasi-Stationary Dissolution Model of a Static CO2 Bubble 

Into Athabasca Bitumen - ACSL Source Code - Diffus2. 



146 

program DIFFUS2 
It Models the quasi-stationary dissolution of a static CO2 bubble... 

into Athabasca bitumen... 
Description of variables which are a function of time... 
at — actual bubble radius (m)... 
t — actual time (s)... 
cr - reduced concentration - (c-csic)/(cgi-csic) (dimensionless)... 
y — reduced radius - r/aic (dimensionless)... 
The user specifies intial bubble mass rather than radius" 

initial 
integer ct 
constant ct=l 
constant 
constant 
constant 
constant 
constant 
variable 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 

tc = 304.2 
pc = 7.37646e6 
ac = 0.225 
g = 1.0 
csic = 0.0 
tr, = 1.0e-06 
mwg = 44.01 
mwb = 594.6 
pi = 3.14159 
gic = 1.0 
tstop = 1.5 
gmin = 0.01 
mbic = 5.00e-7 
rg = 8314. 
te = 350. 
ps = i.e6 
bi =.-0.0073508 
b2 = -14.794 
b3 = 6428.5 
b4 = 4971.39 
ci = 0.3480242 
c2 = -0.0958798 
c3 = 0.7478556 

$" CO2 critical temperature (K)" 
$" CO2 critical pressure (Pa)" 
$" CO2 accentric factor" 
$"starting reduced bubble size" 
$"initial gas concentration in soin — mi/rn" 
$"initial non zero reduced time" 
$"molecular wgt gas — CO2 (kg/kmol)" 

$"molecular wgt Athabasca bitumen (kg/kmol)" 

$"initial reduced bubble size 
$"maximum reduced time" 
$"minirnum reduced bubble size" 
$"initial actual bubble mass (kg)" 
$"univ gas const — (kg*m**2/s**2*kmol*K)" 
$"temperature (K)" 
$"system pressure (Pa — 

$"constants for solubility correlation" 

'I 

$"erfc constants for reduced concentration" 

table diff, 2, 6, 9 / 
296, 300, 323, 373, 423, 473, 
0.0, 0.001, 0.005, 0.01, 0.05, 0.1, 0.2, 0.3, 0.4,... 
2.3e-14, 4.65e-14, 1.08e-12, 6.25e-11, 4.43e-10, 7.92e-10,... 
1.42e-11, 1.45e-11, 1.58e-11, 7.73e-11, 4.57e-10, 8.50e-10,... 
7.07e-11, 7.22e-11, 7.48e-11, 1.36e-10, 5.14e-10, 9.97e-10,... 
1.41e-10, 1.44e-10, 1.48e-10, 2.l0e-10, 5.84e-10, 1.21e-9,... 
7.0le-10, 7.15e-10, 7.32e-10, 7.95e-10, 1.].5e-9, 1.48e-9,... 
1.39e-9, 1.42e-9, 1.45e-9, 1.51e-9, 1.84e-9, 2.11e-9,... 
2.72e-9, 2.77e-9, 2.83e-9, 2.90e-9, 3.17e-9, 3.58e-9,... 
3.98e-9, 4.06e-9, 4.15e-9, 4.22e-9, 4.43e-9, 4.81e-9,... 
5.17e-9, 5.27e-9, 5.39e-9, 5.46e-9, 5.62e-9, 6.27e-9 / 

"diffusivity (m**2/s) Mehrotra et al — Can.J.Ch.E. 87-09 pp 831 
"Prediction of Mass Diffusivity of CO2 into Bitumen 
"Athabasca bitumen used in study" 
"Correlating diffusivity to temperature and xg  

table denl, 1, 4 / 
297.6, 314.9, 335.9, 369.7, 
1041.1, 1015.3, 1005.9, 984.1 / 

"Average gas saturated liquid densities (kg/m3) 
"Svrcek and Mehrotra — Gas solubility, viscosity and density " 

"measurements for Athabasca bitumen — JCPT 82-07 11 
"Correlating gas saturated liquid density to temperature" 

of 

to 
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table st, 1, 4 / 
337.1,348.1,377.1,385.1,... 
26.le-3,25.5e-3,24.13e-3,23.8e-3 I 

"surface tension ( N/rn - Pa m - dyne*e_3/cm 
"Prediction of Surface Tension of Athabasca 
"Mehrotra, Yee and Svrcek - CJChE 1985-04" 
"Correlating liquid surface tension to temperature" 

) U  

Bitumen" 

pbic = ps 

a = O.45724*(rg*tc)**2/pc 
b = O.07780*rg*tc/pc 
al = (1.+(0.37464+1.54226*ac_0.26992*ac**2)*(1._(te/tc)**0.5))**2 
aa = a*al*pbic/(rg*te)**2 
bb = b*pbic/(rg*te) 
zO = _(aa*bb_bb**2_bb**3) 
zi = aa_3.*bb**2_2.*bb 
z2 = -(1.-bb) 
pp = ((3.*z1)_(Z2**2))/3. 
q = ((27.*z0)_(9.*z2*z1)+(2.*Z2**3))/27. 
rr = (pp/3.)**3 + (q/2.)**2 
aaa = ((-q/2. )+(rr**0.5))**(1./3.) 
bbb = ((_q/2.)_(rr**0.5))**(1./3.) 
yl = aaa + bbb 
zgic = yl -z2/3. 

"As per Walas - Phase Equilibria in Chemical Engineering pp 58... 
and Perrys Handbook of Chemical Engineering pp 2-15" 

•dengic = mwg*pbic/(rg*te*zgic) 
aic = (mbic*0.75/(pi*dengic))**(l./3.) 
array cr(20) 
constant cr=20*0 .0 

end $"initial" 

dynamic 
derivative diffu2 
algorithm ialg=4 $"2'nd order Runge Kutta Method" 
cinterval cint = 0.001 

kl = k*rg*te $"constnt for diffusion equatn to be integrated" 
k2 = (2.*st(te))/(ps*aic) $"const for diffn equatn to be integrated" 

sol = bi + b2*pb/1.e6 + b3*pb/(1.e6*te) + b4*(pb/(l.e6*te))**2 
"solubility of gas in liquid - (m3/m3)" 
"Correlations for Properties of Bitumen Saturated with CO2," 
"CH4, and N2, and Experiments With Combustion Gas Mixtures" 
"Mebrotra and Svrcek - JCPT 1982-11 
"Athabasca bitumen data correlated" 

cgi = sol / 22.414 $"molar concentration of gas (kmol/m3)" 
dngi = cgi * mwg $"gas density at interface (kg/m3)" 
dnbi = denl(te) - dngi $"bitumen density at interface (kg/m3)" 
cbi = dnbi / mwb $"molar conc. of bitumen (kmol/m3)" 
cti = cbi + cgi $"molar concentration total (kmol/m3)" 
xg = cgi / cti $"mole fraction gas at interface" 
xb = cbi / cti $"mole fraction bitumen at interface" 
k = cgi / pb $"Henrys Law coefficient 
x = csic/(k*ps) $"undersaturation parameter" 

"Surface Tension Effects in Gas Bubble Dissolution and Growth" 
"Weinberg -Chemical Eng Sci v36 1981 pp 138" 

procedural ( zg = a,b,al,rg,te,pb) 
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aa = a*al*pb/(rg*te)**2 
bb = b*pb/(r*te) 
zO = _(aa*bb_bb**2.-bb**3) 
zl = aa_3.*bb**2_2.*bb 
z2 = -(1.-bb) 
pp = ((3.*zl)_(z2**2))/3. 
q = ((27.*z0)_(9.*z2*zl)+(2.*z2**3))/27. 
rr = (pp/3.)**3 + (q/2.)**2 
aaa = ((_q/2.)+(rr**0.5) )**(1./3.) 
bbb = ((-q/2. )_(rr**O.5) )**(1./3.) 
yl = aaa + bbb 
zg = yl -z2/3. 
end $"procedural" 

"As per Walas - Phase Equilibria in Chemical Engineering 
and Perrys Handbook of Chemical Engineering pp 2-15" 

pp 58... 

pb = ps + 2.*st(te)/at $"bubble pressure (Pa)" 
deng = pb*mwg/(zg*rg*te) $"gas density (kg/m3)" 

k5 = 

g=integ(((_kl*(g*(1.0_x)+k2))/(g+k2))*k5*(l./sqrt(pi*tr)+l./g),gic) 
t = tr * (aic**2) I diff(te,xg) 
at = g * aic 
mb = (4./3.)*pi*(at**3)*cleng 
gm = mb / mbic 

dmbdt = 4.*pi*(at**2)*deng*((diff(te,xg)/aic)*... 
((_kl*( g *(1.0_x )+k2))/( g+k2))*k5*(1./sqrt(pi*tr)+1./g)) 

fix = abs(dmbdt/(4.*pi*at**2)) 
drnbdto = abs(dmbdt) 

procedural ( cr = g) 
do 12 ct = 1,20 
y = ct/5.O 
if (y.lt.g) goto 11 
U = (y-g) I (2.*sqrt(tr)) 
k4 = 1. / (1. + 0.47047*k3) 
cr(ct) = (g/y) * (cl*k4 + c2*k4**2 + c3*k4**3) * exp(_(k3**2)) 
goto 12 

11. .cr(ct) = 1.0 
12. .continue 

end $"procedural" 
end $ "derivative" 
termt (tr.gt.tstop.or.g.lt gmin) 

end $"dynamic" 

terminal 
end $"terminal" 

end $"program" 
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Appendix C 

Molecular Diffusion (Lumped) Model Dissolution of a 

Static CO2 Bubble Into Athabasca Bitumen - ACSL Source 

Code - Diffus3. 
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program DIFFUS3 
11 This program models the mass transfer from a static bubble assuming" 

If molecular diffusion only, ie Nu = 2.0. Reference WWW pp 651 
it Description of variables which are a function of time 

at - actual bubble radius (m)" 
It tr - reduced time (dimensionless)" 

I, 

initial 
constant 
variable 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 

csic = 0.0 
t = 0.0 
ac = 0.225 
tc = 304.2 
pc = 7.37646e6 
gr = 9.80665 
mwg = 44.01 
mwb = 594.6 
pi = 3.14159 
tstop = 150.0 
gmin = 0.01 
gmmin = 1.0e-6 
mbic = 5.0e-07 
rg = 8314. 
te = 350.0 
p5 = 1.0e6 
bl = -0.0073508 
b2 = -14.794 
b3 = 6428.5 
b4 = 4971.39 
kc = 2. 

$"gas concentration at infinity (kmol/m3)" 
$"initial time" 
$"CO2 accentric factor" 
$"CO2 critical temperature (K)" 
$"CO2 critical pressure (Pa)" 
$"gravitational constant (m/s**2)" 
$"molecular wgt gas - CO2 (kg/kmol)" 

$"molecular wgt Athabasca bitumen (kg/kmol)" 

$"maximum time" 
$"minimum reduced bubble radius" 
$"minimum reduced bubble mass" 
$"initial bubble mass (kg)" 
$"univ gas const - (kg*m**2/s**2*kmol*K)" 
$"temperature (K)" 
$"system pressure (Pa - 

$"constants for solubility correlation" 

at = aic $"actual bubble radius (m)" 
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"surface tension ( N/rn - Pa m - dyne*e_3/cm )... 
Prediction of Surface Tension of Athabasca Bitumen... 
Mehrotra, Yee and Svrcek - CJChE 1985-04 
Range of values ; te - 337 to 385 K" 

pbic = PS 

a = 0.45724*(rg*tc)**2/pc 
b = 0.07780*rg*tc/pc 
ap = (1.+(0.37464+1.54226*ac_0.26992*ac**2)*(1._(te/tc)**0.5))**2 
aa = a*ap*pbic/(rg*te)**2 
bb = b*pbic/(rg*te) 
zO = _(aa*bb_bb**2_bb**3) 
zl = aa_3.*bb**22.*bb 
z2 = -(1.-bb) 
PP = ((3.*zl)_(z2**2))/3. 
q = ((27.*z0)_(9.*z2*zl)+(2.*z2**3) )/27. 
rr = (pp/3..)**3 + (q/2.)**2 
aaa = ((-q/2. )+(rr**0.5) )**(1./3.) 
bbb = ((-q/2. )_(rr**0.5))**(1./3.) 
yl = aaa + bbb 
zgic = yl - z2/3. 

"As per Walas - Phase Equilibria in Chemical Engineering pp 58... 
and Perrys Handbook of Chemical Engineering pp 2-15" 

dengic = mwg*pbic/(rg*te*zgic) 
aic=(mbic*0.75/(pi*dengiC))**(i./3.) 

algorithm ialg=4 
nsteps nstp = 1 
cint = 0.1 

end $'initial' 

$" Runge Kutta Method - second order" 

dynamic 
gm = mb /mbic 
tr = t * diff(te,xg) / (aic**2) 
at = (0.75*mb/(pi*derlg))**(1./3.) 
g = at / aic 
fix = abs(dmbdt/(4.*pi*at**2)) 
dmbdto = abs (dmbdt) 

derivative mass 

sol = bl + b2*pb/1.e6 + b3*pb/(1.e6*te) + b4*(pb/(1.e6*te))**2 
"solubility of gas in liquid - (m3/m3)... 
Correlations for Properties of Bitumen Saturated with CO2,. 
CH4, and N2, and Experiments With Combustion Gas Mixtures.. 
Mehrotra and Svrcek - JCPT 1982-11 
Athabasca bitumen data correlated... 
Range of values ; te - 298 to 369 K, pb - 1.7 to 6 MPa" 

procedural (zg = a,b,ap,rg,te,pb) 
aa = a*ap*pb/(rg*te)**2 
bb = b*pb/(rg*te) 
zO = _(aa*bb_bb**2_bb**3) 
zi = aa_3.*bb**2_2.*bb 
z2 = -(1.-bb) 
pp = ((3.*zl)_(z2**2))/3. 
q = ((27.*z0)_(9.*z2*zl)+(2.*Z2**3))/27. 
rr = (pp/3.)**3 + (q/2.)**2 
aaa = ((_q/2.)+(rr**0.5))**(1./3.) 
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bbb = ((-q/2. )_(rr**O.5) )**(1./3.) 
yl. =aaa+bbb 
zg = yl - z2/3. 

end $"procedural" 
per Walas - Phase Equilibria in Chemical Engineering pp 58... 
Perrys Handbook of Chemical Engineering pp 2-15" 

"As 
and 

cgi 
dngi 
dnbi 
cbi 
cti 
xg = 
pb = 
deng 

= sol / 22.414 
= cgi * mwg 
= denl(te) - dngi 
= dnbi / mwb 
= cbi + cgi 
cgi / cti 
ps + 2.*st(te)/at 
= pb*mwg/ (zg*rg*te) 

$"molar concentration of gas (kmol/m3)" 
$"gas density at interface (kg/m3)" 
$"bitumen density at interface (kg/m3)" 
$"molar conc. of bitumen (kmol/m3)" 
$"molar concentration total (kmol/m3)" 
$"mole fraction gas at interface" 
$"bubble pressure (Pa)" 
$"gas density (kg/m3)" 

dmbdt = _2.O*pi*at*diff(te,xg)*(cgi_csic)*mwg*kc 
mb = integ(dmbdt,mbic) 
11 Single sphere models for mass transfer kg/s" 

end $'derivative mass' 

termt (t.gt.tstop.or.g. lt.gmin.or.gm. lt.gmmin) 
end $'dynamic' 
terminal 
end $'terminal' 

end $'program' 
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Appendix D 

Brian-Hales'/Levich's Correlation Model Dissolution of a 

Rising CO2 Bubble Into Athabasca Bitumen - ACSL Source 

Code - Diffus4. 
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program DIFFtJS4 
This program models the mass transfer from a rising bubble using" 
Brian and Hales correlation ( Pe < 10000 ) or Levichs correlation" 

Pe > 10000 ). Terminal velocity utilized 11 

initial 
constant 
constant 
constant 
constant 
constant 
constant 
variable 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 

zic = 0.0 
gm = 1.0 
g = 1.0 
vt = 0.0 
flx = 0.0 
csic = 0.0 
t = 1.0e-06 
ac = 0.225 
tc = 304.2 
pc = 7.37646e6 
gr = 9.80665 
mwg = 44.01 
mwb = 594.6 
pi = 3.14159 
tstop = 1000.0 
mbic = 5.0e-07 
gmin = 0.01 
gmmin = 1.0e-6 
rg = 8314. 
te = 300.0 
ps = 1.0e6 
reic = 5.e-09 
al = 0.815991 
a2 = -0.0044495 
a3 = 0.076639 
a4 = -34.5133 
bl = -0.0073508 
b2 = -14.794 
b3 = 6428.5 
b4 = 4971.39 

$"initial bubble height (m)" 
$"iriitial reduced mass" 
$"initial reduced radius" 
$"initial terminal velocity (m/s)" 
$"initial mass flux(kg/m2s)" 
$"gas concentration at infinity (kmol/m3)" 
$"initial non zero time" 
$"CO2 accentric factor" 
$"CO2 critical temperature (K)" 
$"CO2 critical pressure (Pa)" 
$"gravitational constant (m/s**2)" 
$"molecular wgt gas - CO2 (kg/kmol)" 
$"molar wgt Athabasca bitumen (kg/kmol)" 

$"maximum time (5)" 

$"initial bubble mass (kg)" 
$"minimum reduced bubble radius" 
$"minimum reduced bubble mass" 
$"univ gas const - (kg*m**2/s**2*kmol*K)" 
$"temperature (K)" 
$"systern pressure (Pa - 

$"minimum Reynolds number" 
$"constants for viscosity correlation" 

$"constants for solubility correlation" 

table diff, 2, 6, 9/ 
296., 300., 323., 373., 423., 473., 
0.0, 0.001, 0.005, 0.01, 0.05, 0.1, 0.2, 0.3, 0.4,... 
2.3e-14, 4.65e-14, 1.08e-12, 6.25e-11, 4.43e-10, 7.92e-10,... 
1.42e-11, 1.45e-ll, 1.58e-11, 7.73e-11, 4.57e-lo, 8.50e-10,... 
7.07e-ll, 7.22e-11, 7.48e-1]., 1.36e-10, 5.14e-10, 9.97e-10,... 
l.41e-10, 1.44e-10, 1.48e-10, 2.l0e-10, 5.84e-lo, 1.21e-9,... 
7.0le-10, 7.15e-10, 7.32e-10, 7.95e-10, 1.15e-9, 1.48e-9,... 
1.39e-9, 1.42e-9, 1.45e-9, 1.51e-9, 1.84e-9, 2.11e-9,... 
2.72e-9, 2.77e-9, 2.83e-9, 2.90e-9, 3.17e-9, 3.58e-9,... 
3.98e-9, 4.06e-9, 4.15e-9, 4.22e-9, 4.43e-9, 4.81e-9,... 
5.17e-9, 5.27e-9, 5.39e-9, 5.46e-9, 5.62e-9, 6.27e-9/ 

"diffusivity (m**2/s) Mehrotra et al - Can.J.Ch.E. 87-09 pp 831 
Prediction of Mass Diffusivity of CO2 into Bitumen 
Athabasca bitumen used in study 
Correlation of diffusivity to temperature and xg 
Range of values ; te - 296 to 473 K, xg - 0.0 to 0.4" 

table deni, 1, 4/ 
297.6, 314.9, 335.9, 369.7, 
1041.1, 1015.3, 1005.9, 984.1 / 

"Average gas saturated liquid densities (kg/m3) 
Svrcek and Mehrotra'- Gas solubility, viscosity and density 
measurements for Athabasca bitumen - JCPT 82-07 
Correlation of solubility to temperature 
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Range of values ; te - 297 to 369 K't 

table st, 1, 4 / 
337.1, 348.1, 377.1, 385.1, 
26.le-3, 25.5e-3, 24.13e-3, 23.8e-3 / 

"surface tension ( N/rn - Pa m - dyne*e_3/crn 
Prediction of Surface Tension of Athabasca Bitumen... 
Mehrotra, Yee and Svrcek - CJChE 1985-04 
Range of values ; te - 337 to 385 K" 

pbic = ps 
a = 0.45724*(rg*tc)**2/pc 
b = 0.07780*rg*tc/pc 
ap = (1.+(0.37464+1.54226*ac_0.26992*ac**2)*(1._(te/tc)**O.5))**2 
aa = a*ap*pbic/(rg*te)**2 
bb = b*pbic/(rg*te) 
zO = _(aa*bb_bb**2_bb**3) 
zl = aa_3*bb**22.*bb 
z2 = -(1.-bb) 
pp = ((3.*zl)_(z2**2))/3. 
q = ((27.*zo)_(9.*z2*zl)+(2.*z2**3))/27. 
rr = (pp/3.)**3 + (q/2.)**2 
aaa = ((-q/2. )+(rr**0.5) )**(1./3.) 
bbb = ((-q/2. )_(rr**0.5))**(1./3.) 
yl = aaa + bbb 
zgic = yl - z2/3. 

"As per Walas - Phase Equilibria in Chemical Engineering pp 58... 
and Perrys Handbook of Chemical Engineering pp 2-15" 

dengic = mwg*pbic/(rg*te*zgic) 
aic = (rnbic*0.75/(pi*dengic))**(1./3.) 
at=aic $"initial bubble radius (rn)" 
clerig=dengic 
zg = zgic 

end $'initial' 

dynamic 

algorithm ialg=4 $" Second order Runge-Kutta method" 
cinterval cint = 0.01 

gm = mb / mbic 
g = at / aic 
deng = pb*mwg/(zg*rg*te) $"gas density (kg/m3)" 
vt = (abs(gr*(denl(te)/deng_1.)*(at*deng)/(0.375*cd*denl(te))))**0.5 
flx = abs(dmbdt/(4.*pi*at**2)) 
dmbdto = abs(dmbdt) 

procedural (zg = a,b,ap,rg,te,pb) 
aa = a*ap*pb/(rg*te)**2 
bb = b*pb/(rg*te) 
zO = _(aa*bb_bb**2_bb**3) 
zi = aa_3.*bb**2_2.*bb 
z2 = -(1.-bb) 
pp = ((3.*zl)_(z2**2))/3. 
q = ((27.*z0)_(9.*z2*zl)+(2.*z2**3))/27. 
rr = (pp/3.)**3 + (q/2.)**2 
aaa = ((-q/2. )+(rr**0.5))**(1./3.) 
bbb = ((-q/2. )_(rr**0.5))**(1./3.) 
yl = aaa + bbb 
zg = yl - z2/3. 
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end $ "procedural" 
"As per Walas - Phase Equilibria in Chemical Engineering pp 58... 
and Perrys Handbook of Chemical Engineering pp 2-15" 

derivative vel 

sol = bi + b2*pb/l.e6 + b3*pb/(l.e6*te) + b4*(pb/(l.e6*te))**2 
"solubility of gas in liquid - (m3/m3)... 
Correlations for Properties of Bitumen Saturated with CO2,... 
CH4, and N2, and Experiments With Combustion Gas Mixtures... 
Mehrotra and Svrcek - JCPT 1982-11 
Athabasca bitumen data correlated... 
Range of values ; te - 298 to 369 K, pb - 1.7 to 6 MPa" 

cgi = sol / 22.414 $"molar concentration of gas (kmol/m3)" 
dngi = cgi * mwg $"gas density at interface (kg/m3)" 
dnbi = denl(te) - dngi $"bitumen density at interface (kg/m3)" 
cbi = dnbi / mwb $"molar conc. of bitumen (kmol/m3)" 
cti = cbi + cgi $"molar concentration total (kmol/m3)" 
xg = cgi / cti $"mole fraction gas at interface" 
pb = PS - denl(te)*gr*z + 2.*st(te)/at $"bubble pressure (Pa)" 
re = max(denl(te)*vt*2.*at/visc,reic) $"Reynolds number" 
so = viSc / (denl(te)*diff(te,xg)) $"Schmidt number" 
pe = re * sc $" Peclet number" 

visc=J.O.**(1O.**(al + a2*(te_273.1) + a3*pb*1.e_6 + a4*pb*... 
1.e_6/te))* 1.e-3 

"dynamic viscosity (Pa*s) of gas saturated bitumen... 
Correlations for Properties of Bitumen Saturated with CO2... 
CH4, and N2, and Experiments with Combustion Gas Mixtures... 
Mehrotra and Svrcek - JCPT 1982-11... 
Range of values; te - 298 to 369 K, pb - 1.7 to 6 MPa" 

z = integ(vt,zic) 

procedural ( cd = re 
if (re.lt.O.9) cd = 24./re 
if (re.ge.O.9) cd = 18.5/(re**O.6) 

end $'procedural' 

procedural ( kc = pe 
if (pe.lt.1.0e4) kc = sqrt(4. + 1.21*(pe**(2./3.))) 
if (pe.ge.1.0e4) kc = 1.O1*(pe**(1./3.)) 

end $'procedural' 

dmbdt = _2.O*pi*at*diff(te,xg)*(cgi_csic)*mwg*kc 
mb = integ(dmbdt,mbic) 
11 Single sphere models for mass transfer kg/s" 
at= (O.75*mb/(pi*deng))**(1./3.) 

end $'cIerivative 

termt (t.gt.tstop.or.g.lt.gmin.or.gm.lt.gmmin) 
end $'dyriamic' 
terminal 
end $'terminal' 

end $'program' 
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Appendix E 

Higbie's Penetration Theory Model Dissolution of a Rising 

CO2 Bubble Into Athabasca Bitumen - ACSL Source Code - 

Diffus5. 
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program DIFFUS5 
This program models the mass transfer from a rising bubble using 
Higbies penetration theory. Reference WWW pp 616... 

Description of variables which are a function of time 
at — actual bubble radius (m) 
tr — reduced time (dimensionless)" 

initial 

constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
variable 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 
constant 

gm = 1.0 
g = 1.0 
vt = 0.0 
flx = 0.0 
vic = 0.0 
zic = 0.0 
csi = 0.0 
ac = 0.225 
tc = 304.2 
pc = 7.37646e6 
gr = 9.80665 
t = 0.0 
mwg = 44.01 
mwb = 594.6 
pi = 3.14159 
tstop = 100 
gmin = 0.01 
gmmin = 1.0e-6 
mbic = 5.0e-7 
rg = 8314. 
te = 300.0 
PS = 

reic 
al = 

a2 = 

a3 = 

a4 = 

bi = 

b2 = 

b3 = 

b4 = 

1.0e6 
= 5.e-09 
0.815991 
-0.0044495 
0.076639 
-34.5133 
-0.0073508 
-14.794 
6428.5 
4971.39 

$"initial reduced mass" 
$"initial reduced radius" 
$"initial terminal velocity (m/s)" 
$"initial mass flux(kg/m25)" 
$"initial bubble velocity (m/s)" 
$"initial bubble height (m)" 
$"gas concentration at infinity (kmol/m3)" 
$"CO2 accentric factor" 
$"CO2 critical temperature (K)" 
$"CO2 critical pressure (Pa)" 
$"gravitational constant (m/s**2)'1 
$"time (sec)" 
$"molecular wgt gas — CO2 (kg/kmol)" 
$"molecular wgt Athabasca bitmn (kg/kmol)" 

$"maximum time" 
$"minimum reduced bubble radius" 
$"minimum reduced bubble mass" 
$"initial bubble mass (kg)" 
$"univ gas const — (kg*m**2/s**2*kmol*K)" 
$"temperature (K)" 
$"system pressure (Pa — 

$"minimum Reynolds number" 
$"constants for viscosity correlation" 

$"constants for solubility correlation" 

table diff, 2, 6, 9 I 
296, 300, 323, 373, 423, 473, 
0.0, 0.001, 0.005, 0.01, 0.05, 0.1, 0.2, 0.3, 0.4,... 
2.3e-14, 4.65e-14, 1.08e-12, 6.25e-11, 4.43e-10, 7.92e-10,.. 
1.42e-11, 1.45e-11, 1.58e-11, 7.73e-11, 4.57e-10, 8.50e-10,. 
7.07e-11, 7.22e-11, 7.48e-11, 1.36e-10, 5.14e-10, 9.97e-10,. 
1.41e-10, 1.44e-10, 1.48e-10, 2.l0e-10, 5.84e-10, 1.21e-9, 
7.0le-10, 7.15e-10, 7.32e-10, 7.95e-10, 1.15e-9, 1.48e-9,... 
1.39e-9, 1.42e-9, 1.45e-9, 1.51e-9, 1.84e-9, 2.11e-9,... 
2.72e-9, 2.77e-9, 2.83e-9, 2.90e-9, 3.17e-9, 3.58e-9,... 
3.98e-9, 4.06e-9, 4.15e-9, 4.22e-9, 4.43e-9, 4.81e-9,... 
5.17e-9, 5.27e-9, 5.39e-9, 5.46e-9, 5.62e-9, 6.27e-9 / 

"diffusivity (m**2/s). Mehrotra et al — Can.J.Ch.E. 87-09 pp 831 
"Prediction of Mass Diffusivity of CO2 into Bitumen 
"Athabasca bitumen used in study" 
"Correlation of diffusivity to temperature and xg" 

table deni, 1, 4 / 

of 
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297.6, 314.9, 335.9, 369.7, 
1041.1, 1015.3, 1005.9, 984.1 / 

"Average gas saturated liquid densities (kg/m3) 
"Svrcek and Mehrotra — Gas solubility, viscosity and density 
"measurements for Athabasca bitumen — JCPT 82-07 
"Correlation of solubility to temperature" 

table st, 1, 4 / 
337.1, 348.1, 377.1, 385.1, 
26.1e-3, 25.5e-3, 24.13e-3, 23.8e-3 

"surface tension ( N/m — Pa m - dyne*e_3/cm 
"Prediction of Surface Tension of Athabasca 
"Mehrotra, Yee and Svrcek - CJChE 1985-04" 

pbic = Ps 

/ 

Bitumen" 

of 

a = 0.45724*(rg*tc)**2/pc 
b = 0.07780*rg*tc/pc 
ap = (l.+(0.37464+1.54226*ac_0.26992*ac**2)*(l._(te/tc)**0.5))**2 
aa = a*ap*pbic/(rg*te)**2 
bb = b*pbic/(rg*te) 
zO = _(aa*bb_bb**2_bb**3) 
zi = aa_3*bb**2_2.*bb 
z2 = -(l.-bb) 
PP = ((3.*zl)_(z2**2))/3. 
q = ((27.*z0)_(9.*z2*zl)+(2.*z2**3) )/27. 
rr = (pp/3.)**3 + (q/2.)**2 
aaa = ((-q/2. )+(rr**0.5) )**(l./3,) 
bbb = ( (-q/2. )_(rr**0,5) )**(l./3.) 
y]. = aaa + bbb 
zgic = yl — z2/3. 

"As per Walas — Phase Equilibria in Chemical Engineering pp 58. 
and Perrys Handbook of Chemical Engineering pp 2-15" 

dengic = mwg*pbic/(rg*te*zgic) 
aic = (mbic*0.75/(pi*dengic))**(1./3.) 
at=aic $"initial bubble radius (rn)" 
deng=dengic 
zg = zgic 

end $"initial" 

dynamic 
gm = mb / mbic 
g = at / aic 
deng = pb*mwg/(zg*rg*te) $"gas density (kg/m3)" 
vt = (abs(gr*(denl(te)/deng-1.)*(at*deng)/(0.375*cd*denl(te))))**0.5 
fix = abs(dmbdt/(4.*pi*at**2)) 
dmbdto = abs(dmbdt) 

procedural (zg = a,b,ap,rg,te,pb) 
aa = a*ap*pb/(rg*te)**2 
bb = b*pb/(rg*te) 
zO = _(aa*bb_bb**2_bb**3) 
zl = aa_3.*bb**2_2.*bb 
z2 = -(l.-bb) 
pp = ((3.*zl)_(z2**2))/3. 
q = ((27.*zo)_(9.*z2*zl)+(2.*z2**3))/27. 
rr = (pp/3.)**3 - (q/2.)**2 
aaa = ((-q/2. )+(rr**0.5))**(l./3.) 
bbb = ((-q/2. )_(rr**0.5))**(1./3.) 
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yl = aaa + bbb 
zg = yl - z2/3. 

end $"procedural" 
"As per Walas - Phase Equilibria in Chemical Engineering pp 58... 
and Perrys Handbook of Chemical Engineering pp 2-15" 

cinterval cint = 1.0e-02 
algorithm ialg = 4 $"Runge Kutta Method - second order" 

derivative vel 

sol = bi + b2*pb/l.e6 + b3*pb/(]..e6*te) + b4*(pb/(l.e6*te))**2 
"solubility of gas in liquid - (m3/m3)" 
"Correlations for Properties of Bitumen Saturated with CO2," 
"CH4, and N2, and Experiments With Combustion Gas Mixtures" 
"Mehrotra and Svrcek - JCPT 1982-11 
"Athabasca bitumen data correlated" 

cgi 
dngi 
dnbi 
cbi 
cti 
xg = 
pb = 
re = 

= sol / 22.414 $"molar concentration of gas (kmol/m3)" 
= cgi * mwg $"gas density at interface (kg/m3)" 
= denl(te) - dngi $"bitumen density at interface (kg/m3)" 
= dnbi / mwb $"molar conc. of bitumen (kmol/m3)" 
= cbi + cgi $"molar concentration total (kmol/m3)" 
cgi / cti $"mole fraction gas at interface" 
ps - denl(te)*gr*z + 2.*st(te)/at $"bubble pressure (Pa)" 
max(denl(te)*vt*2.*at/visc,reic) $"Reynolds number" 

visc=1O.**(lO.**(al + a2*(te_273.1) + a3*pb*l.e_6 + a4*pb*l.e_6/te... 
))*1.e_3 

"dynamic viscosity (Pa*s) of gas saturated bitumen 
"Correlations for Properties of Bitumen Saturated with CO2" 
"CH4, and N2, and Experiments with Combustion Gas Mixtures" 
"Mehrotra and Svrcek - JCPT 1982-li" 

z = integ(vt,zic) 

procedural ( cd = re ) $"drag coefficient" 
if (re.lt.0.9) cd = 24./re 
if (re.ge.0.9) cd = 18.5/(re**0.6) 
end $"procedural" 

dmbdt = _4.*mwg*(cgi_csi)*at*sqrt(pi*diff(te,xg)*vt*2.*at) 
mb = integ(dmbdt,mbic) 
11 Penetration model for mass transfer kg/s" 

at = (Q.75*mb/(pi*deng))**(1./3.) 

end $ "derivative" 
termt (t.gt.tstop.or.g.lt.gmin.or.gm.lt.gmmin) 

end $"dynamic" 
terminal 
end $"terminal" 

end $"program" 


