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For dynamic equations on time scales with positive variable coefficients and several delays, we
prove that nonoscillation is equivalent to the existence of a positive solution for the generalized
characteristic inequality and to the positivity of the fundamental function. Based on this result,
comparison tests are developed. The nonoscillation criterion is illustrated by examples which are
neither delay-differential nor classical difference equations.

1. Introduction

Oscillation of first-order delay-difference and differential equations has been extensively
studied in the last two decades. As is well known, most results for delay differential equations
have their analogues for delay difference equations. In [1], Hilger revealed this interesting
connection, and initiated studies on a new time-scale theory. With this new theory, it is now
possible to unify most of the results in the discrete and the continuous calculus; for instance,
some results obtained separately for delay difference equations and delay-differential
equations can be incorporated in the general type of equations called dynamic equations.

The objective of this paper is to unify some results obtained in [2, 3] for the delay
difference equation

Ax(t) + iA,-(t)x(ai(t)) =0 forte{tyty+1,...}, (1.1)
i=1

where A is the forward difference operator defined by Ax(t) := x(t + 1) — x(t), and the delay
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differential equation

x'(t) + iAi(t)x(ai(t)) =0 fort e [ty o0). (1.2)
i=1

Although we further assume familiarity of readers with the notion of time scales, we
would like to mention that any nonempty, closed subset T of R is called a time scale, and
that the forward jump operator o : T — T is defined by o(t) := (¢, o) for t € T, where the
interval with a subscript T is used to denote the intersection of the real interval with the set T.
Similarly, the backward jump operator p : T — T is defined to be p(t) := sup (-oo, ) fort € T,
and the graininess y : T — R; is given by p(t) := o(t) -t for t € T. The readers are referred to
[4] for an introduction to the time-scale calculus.

Let us now present some oscillation and nonoscillation results on delay dynamic
equations, and from now on, we will without further more mentioning suppose that the time
scale T is unbounded from above because of the definition of oscillation. The object of the
present paper is to study nonoscillation of the following delay dynamic equation:

XA+ D, Ai(D)x(ai(t) =0 for t € [ty, ), (13)

ie[1,n]y

wheren € N, ty € T, for all i € [1,n]y, Ai € Cia([to, o)1, R), a; is a delay function satisfying
a; € Crg([to, 00)p, T), lim;—, o xi () = 0o, and a;(t) < t for all t € ¢y, o0) . Let us denote

Amin (t) = nl1in {ai(t)} forte[ty,00)p, toi:= inf {amin(t)}, (1.4)

i€[Ln]y te[to,00)

then t_; is finite, since amin asymptotically tends to infinity. By a solution of (1.3), we mean
a function x : [f-1,00)7 — R such that x € C:d([to,oo)T,IR{) and (1.3) is satisfied on [ty, 00)y
identically. For a given function ¢ € C.q([t-1, o], R), (1.3) admits a unique solution satisfying
x = @ on [t,t]p (see [5, Theorem 3.1]). As usual, a solution of (1.3) is called eventually
positive if there exists s € [tp,o0)p such that x > 0 on [s,o0)p, and if —x is eventually
positive, then x is called eventually negative. A solution, which is neither eventually positive
nor eventually negative, is called oscillatory, and (1.3) is said to be oscillatory provided that
every solution of (1.3) is oscillatory.

In the papers [6, 7], the authors studied oscillation of (1.3) and proved the following
oscillation criterion.

Theorem A (see [6, Theorem 1] and [7, Theorem 1]). Suppose that A € C,q([to, o0)1, R). If

. . ec-aa(t, a(h))
hr?eTmf—AAewl(ﬁf(t),t)T,R){ A > 1, (1.5)
t— o0 AeR*
then every solution of the equation
x2(t) + A(t)x(a(t)) =0 fort € [ty, )y (1.6)

is oscillatory.
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Theorem A is the generalization of the well-known oscillation results stated for T = Z
and T = R in the literature (see [8, Theorems 2.3.1 and 7.5.1]). In [9], Bohner et al. used an
iterative method to advance the sufficiency condition in Theorem A, and in [10, Theorem
3.2] Agwo extended Theorem A to (1.3). Further, in [11], Sahiner and Stavroulakis gave the
generalization of a well-known oscillation criterion, which is stated below.

Theorem B (see [11, Theorem 2.4]). Suppose that A € Cr4([to, o0)1, R{) and

o(t)
lim sup A(n)An > 1. (1.7)

teT a(t)
t— o0

Then every solution of (1.6) is oscillatory.

The present paper is mainly concerned with the existence of nonoscillatory solutions.
So far, only few sufficient nonoscillation conditions have been known for dynamic equations
on time scales. In particular, the following theorem, which is a sufficient condition for the
existence of a nonoscillatory solution of (1.3), was proven in [7].

Theorem C (see [7, Theorem 2]). Suppose that A € C,4([to, 20)1, R})) and there exist a constant
A € R* and a point t € [ty, oo)q such that

“MA € R*([t1,00)1,R), A>eon(t,a(t)) Yte [t o)y, (1.8)

where ty € [t1,00)y satisfies a(t) > t1 for all t € [ty, 00). Then, (1.6) has a nonoscillatory solution.
In [10, Theorem 3.1, and Corollary 3.3], Agwo extended Theorem C to (1.3).

Theorem D (see [10, Corollary 3.3]). Suppose that A; € Ca([to, 00)r,R) for all i € [1,n]y
and there exist a constant A € R* and t; € [to, 0o)p such that —AA € R*([t1, 00)y,R) and for all
te [tl, OO)T

12— 3 Ahecalt a(t))

z A(t) . i o-1A\L, (4 s (19)

where A := ey uy,, Ai 01 [to, 00)r. Then, (1.3) has a nonoscillatory solution.

As was mentioned above, there are presently only few results on nonoscillation of
(1.3); the aim of the present paper is to partially fill up this gap. To this end, we present a
nonoscillation criterion; based on it, comparison theorems on oscillation and nonoscillation
of solutions to (1.3) are obtained. Thus, solutions of two different equations and/or two
different solutions of the same equation are compared, which allows to deduce oscillation
and nonoscillation results.

The paper is organized as follows. In Section 2, some important auxiliary results,
definitions and lemmas which will be needed in the sequel are introduced. Section 3 contains
a nonoscillation criterion which is the main result of the present paper. Section 4 presents
comparison theorems. All results are illustrated by examples on “nonstandard” time scales
(which lead to neither differential nor classical difference equations).
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2. Definitions and Preliminaries

Consider now the following delay dynamic initial value problem:

XA+ D Ail)x(ai(t) = f(t) for t € [ty,00)1
ie[1,n]y (21)

x(to) =xo, x(t) =¢(t) forte€ [t_1,to)y,

where n € N, ty € T is the initial point, xo € R is the initial value, ¢ € Cyq([t-1,t0)7, R) is the
initial function such that ¢ has a finite left-sided limit at the initial point provided that it is
left-dense, f € Cq([to, o)1, R) is the forcing term, and A; € Ciq([to, 00)¢, R) is the coefficient
corresponding to the delay function a; for all i € [1, n]y. We assume that for all i € [1,n]y,
Ai € Ca([to, )1, R), a; is a delay function satisfying a; € Cq([to, o0)p, T), lim;—, i (t) = oo
and a;(t) < tforallt € [ty, o0)r. We recall that t_y := minje[1,,),, {infreft,,00), @i (t) } is finite, since
lim;_, i (t) = oo for alli € [1,n]y.

For convenience in the notation and simplicity in the proofs, we suppose that functions
vanish out of their specified domains, that is, let f : D — R be defined for some D C R, then
it is always understood that f(t) = yp(t) f(t) for t € R, where yp is the characteristic function
of D defined by yp(t) =1fort € Dand yp(t) =0fort¢D.

Definition 2.1. Let s € T, and s_; := infie[s c0), { @min (t) }. The solution X = X(-,s) : [s_1,00)p —
R of the initial value problem

B+ D, Ai)x(ai(t) =0 fort € [s,00);
ie[1,n]y (22)
x(t) = x5y (t) for t € [s_1,5],

which satisfies A(:,s) € C}d([s, )7, R), is called the fundamental solution of (2.1).

The following lemma (see [5, Lemma 3.1]) is extensively used in the sequel; it gives a
solution representation formula for (2.1) in terms of the fundamental solution.

Lemma 2.2. Let x be a solution of (2.1), then x can be written in the following form:

x(t) = xoX(t, o) + L X(t,o(n))f(n)An
o 2.3)
- 3 [ Ko Ame(i)an fort el 0o

i€[1,n]y 7 to

As functions are assumed to vanish out of their domains, ¢(a;(t)) = 0 if a;(t) > to for t €
[tO/ OO)T'
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Proof. As the uniqueness for the solution of (2.1) was proven in [5], it suffices to show that

(o (t,10) + j K (0 () f (m)An

y(t) = | ‘J‘i%(fﬂ(ﬂ)) >, Aim)y(ai(n)An, te [to, @),

i€[1,n]y

(2.4)

X0, t= tO/

p(t), t e [toi, to)r

defined by the right hand side in (2.3) solves (2.1). For t € [tp, 00)g, set I(t) = {j € [1,n]y :

Xltooo)e (@j(t)) =1} and J(t) == {j € [1,n]y : X[t10), (i (t)) = 1}. Considering the definition of
the fundamental solution X, we have

t
YA (1) = 30X (1 to) + f KA (o (n)) £ () B+ X(0(t), 0 (D) £ (1)

t
[ 220m) 3 At m)An-Kow,at) 3, AGp®)

i€[1,n]y ie[1n]y

eIt

=- 3 A [xox(aj(t),to) + L K(aj(t),0(n))f(n)An

—f: K(aj(t),0(n) 3, Ai(’l)‘P(“i(’Z))A’Z] = 2 Ao () + £(1)

(Tl jert)
(2.5)

for all t € [ty, oo). After making some arrangements, we get

a;(t)
0=- 3 a0 00+ [ o0 00t

jel )

_fjj(t)-x(aj(f),G(ﬂ>) > Af(’”“’(“"(")m]

ie[1,n]y

(2.6)

- D> AiMp(a;(t) + f(b)
JEJ(t)

== Ay (1) = D Ay (D) + f(),

jel(t) jeJ)

which proves that y satisfies (2.1) forall t € [t, o0) since I(#)NJ (t) = @and I(H)U](t) = [1,n]y
for each t € [ty, oo). The proof is therefore completed. O
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Example 2.3. Consider the following first-order dynamic equation:
x2(t) + A()x(t) =0 fort € [ty, o0)p, (2.7)

then the fundamental solution of (2.7) can be easily computed as X(t,s) = e_a(t,s) for s,t €
[to, o0) provided that —A € R([ty, o), R) (see [4, Theorem 2.71]). Thus, the general solution
of the initial value problem for the nonhomogeneous equation

xA(t) + A(t)x(t) = f(t) for t € [ty, )y

(2.8)
x(to) =Xy
can be written in the form
t
x(t) = xpe_a(t, ty) + I e_a(t,o(n))f(n)An fort € [ty, )y, (2.9)
to
see [4, Theorem 2.77].
Next, we will apply the following result (see [6, page 2]).
Lemma 2.4 (see [6]). If the delay dynamic inequality
xB(t) + A(t)x(a(t)) <0 for t € [ty, ), (2.10)

where A € Cq([to, o)1, R) and a is a delay function, has a solution x which satisfies x(t) > 0 for
all t € [t1, o0) for some fixed t1 € [ty, o0), then the coefficient satisfies —A € R*([t2, o0)¢, R), where
ty € [t1, 0o)y satisfies a(t) >ty for all t € [ty, 00)7.

The following lemma plays a crucial role in our proofs.

Lemma 2.5. Let n € Nand ty € T, and assume that a;, p; € Cra([to, 0)1, T), ai(t), Bi(t) < t for
all t € [ty, )y, Ki € Coq(T x T,RY) for all i € [1,n]y, and two functions f, g € Crq([to, o0), R)
satisfy

t
fo=3 fmKi(t,n)f(ﬂi(n))Amg(t) Vi€ [to, o). (211)

ie[Ln]y @

Then, nonnegativity of g on [ty, oo) implies the same for f.

Proof. Assume for the sake of contradiction that g is nonnegative but f becomes negative at
some points in [tg, o0)7. Set

t1 == sup{t € [to,0)r : (1) 20V n € [to,t]1}. (212)

We first prove that f; cannot be right scattered. Suppose the contrary that t; is right scattered;
that is, o(t1) > t1, then we must have f(t) > 0 for all t € [to,t;]7 and f9(t1) < O; otherwise,
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this contradicts the fact that t; is maximal. It follows from (2.11) that after we have applied
the formula for A-integrals, we have

t
fetn = 3 [ Kol (o)A
ie[1,n]y ¥ @i(o(f))

(2.13)
+ D0 ut)Ki(o(h), h) f(Bi(t)) + g(o(tr)) > 0.

i€[1,n]y

This is a contradiction, and therefore t; is right-dense. Note that every right-neighborhood of
t; contains some points for which f becomes negative; therefore, infyet, ). { f(17)} < 0 for all
t € (t;,00)7. It is well known that rd-continuous functions (more truly regulated functions)
are bounded on compact subsets of time scales. Pick t3 € (t1, 00), then for each i € [0, n]y, we
may find M; € R* such that K;(t,s) < M; for all t € [t,t3]y and all s € [a;(t), t]y. Set M =
Dieli,n), Mi- Moreover, since t is right-dense and f is rd-continuous, we have lim;_; f(t) =
f(t1); hence, we may find t, € (1, t3]1 with t, —t; <1/(3M) such that inf,e(s, 1,). f (17) > 2f (t2)
and f(t2) < 0. Note that infye(s, 1,), f (1) = infye(s, 1,), f (17) since f >0 on [tg, t1]r. Then, we get

l’z t2
HHOEEDY Ki(f/ﬂ)f(ﬁi(ﬂ))A’l+8(t2)2< > MiAn> inf {f(n)}
ie[ln]y” b1 ie[Ln], 7 b nEltot2)r

(2.14)

€[to,t2) 1

> Mt -t) inf f()2 3£,

which yields the contradiction 1 < 2/3 by canceling the negative terms f(f,) on both sides of
the inequality. This completes the proof. O

The following lemma will be applied in the sequel.

Lemma 2.6 (see [6, Lemma 2]). Assume that A € C.q(T,R) satisfies ~A € R*(T,R), then one
has

t t
1 —f A(n)An<e_a(t,s) < exp{—f A(U)Aq} Vs, t €T with t > s. (2.15)
S S

3. Main Nonoscillation Results

Consider the delay dynamic equation

B+ D Aib)x(ai(t) =0 for t € [to, )y (3.1)

i€[1,n]y
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and the corresponding inequalities

B+ D Aib)x(ai(t) <0 for t € [ty,00)p,

ie[Lnly (3.2)
XA (t) + ie[lz;l] Ai(t)x(ai(t)) >0 for t € [ty, o0)p (3.3)

under the same assumptions which were formulated for (2.1). We now prove the following
result, which plays a major role throughout the paper.

Theorem 3.1. Suppose that for all i € [1,n]y, a;i € Cia([to, 00)r, T) is a delay function and A; €
Cra([to, o0)q, R*). Then, the following conditions are equivalent.

(i) Equation (3.1) has an eventually positive solution.

(ii) Inequality (3.2) has an eventually positive solution and/or (3.3) has an eventually negative
solution.

(iii) There exist a sufficiently large t; € [ty, o0)p and A € Crq([t1, 0)p, R]) such that —A €
R*([t1,00)1, R) and for all t € [t1, 00)

Alt)> D> Ait)es alt, ai(t)). (3.4)

ie[1,n]y

(iv) The fundamental solution X is eventually positive; that is, there exists a sufficiently large
ty € [to, o0) such that X(-,s) > 0 holds on [s, 00) for any s € [t1, 00); moreover, if (3.4)
holds for all t € [t1, 00) for some fixed t € [ty, o0), then X (-, s) > 0 holds on [s, o) for
any s € [t,00)g.

Proof. Let us prove the implications as follows: (i)=(ii)=(iii))=({1v)=(i).

(i)=(ii) This part is trivial, since any eventually positive solution of (3.1) satisfies (3.2)
too, which indicates that its negative satisfies (3.3).

(ii)=(iii) Let x be an eventually positive solution of (3.2), the case where x is an
eventually negative solution to (3.3) is equivalent, and thus we omit it. Let us assume that
there exists t; € [tp, o0) such that x(f) > 0 and x(a;(t)) > O for all t € [t1,00)y and all
i € [1,n]y. It follows from (3.2) that x2 < 0 holds on [t;, %)y, that is, x is nonincreasing on
[tl , OO)T. Set

X2 ()

A(t) :=— 0]

for t € [t1,00). (3.5)

Evidently A € Cyq([t1, ), R]). From (3.5), we see that A satisfies the ordinary dynamic
equation

x2(t) + A()x(t) =0 Yt E [ty 00)g. (3.6)
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From Lemma 2.4, we deduce that —A € R*([t1, o)y, R). Since x* = —~Ax on [t;, o)y, then by
[4, Theorem 2.35] and (3.6), we have

x(t) = x(t1)e-a(t,t1) Vt€ [t 00)p. (3.7)
Hence, using (3.7) in (3.2), for all t € [t;, 00), we obtain

~AB)x(t)e-a(t, ) + Do Ait)x(t)e-a(ai(t), tr) <O. (3.8)

ie[1,n]y
Since x(t1) > 0, then by [4, Theorem 2.36] we have

ep(ai(t), t) _

A= DL A e )

ie[1,n]y

> Ait)es alt, ai(t)). (3.9)

i€[1,n]y

=(iv) Let A € Cu([to, o0)1, Ry)) satisfy —A € R*([t1,0),R) and (3.4) on [t, o0)y, where
t1 € [tp,0) is such that amin(f) > ty for all t € [t1,00);. Now, consider the initial value
problem

XA+ D, Ai)x(ai(t)) = f(t) for t € [t,00)p
i€l nly (3.10)
x(t)=0 fort € [to, t1]p-

Let x be a solution of (3.10), and set g(t) := x*(t) + A(t)x(t) for t € [t;,o0), then we see that
x also satisfies the following auxiliary equation

xA(t) + A(t)x(t) = g(t) for t € [ty, 00)p

(3.11)
x(t1) =0,
which has the unique solution
t
x(t) = J en(t,o(n))g(n)An for t € [t, 00)p (3.12)
3]
(see Example 2.3). Substituting (3.12) in (3.10), for all t € [t;, o0)1, we obtain
t
£0 =-A0) [ e-nttatn)g(man +e-(o(0),0)30
t
(3.13)

a;(t)
+ Z Ai(t)ee—A(tlai(t))Jt e-a(t,o(n))g(n)An,

i€[1,n]y
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which can be rewritten as

t
() = ~A®) j e(ba(n)gln) an+ g0

o 5 Ate sttt [ ertolnsman an
- ie%]NAi(t)ee—A(t/ a;i(t)) f;(t) e-n(t,o(n))g(n)An.
Hence, we get
5= 3 T [ entomstmansso (3.15)

forall t € [t1, 00)y, where ay(t) :=t; for t € [t1,0)r,

Yi(t) := Ai(t)eo-n(t, ai(t)) 20 fort e [t;,00)p, i€ [l,n]y

Yo(t) == A(f) - Z Ai(t)eo-n(t, ai(t)) >0 for t € [t1, 00)p. (3.16)

i€[1,n]y

Applying Lemma 2.5 to (3.15), we learn that nonnegativity of f on [t;,c0); implies
nonnegativity of g on [ti, o), and nonnegativity of g on [t;,00) implies the same for x
on [t1,00)7 by (3.12). On the other hand, by Lemma 2.2, x has the following representation:

t
x(t) = L X(t,o(n))f(n)An forte [t,00)g. (3.17)

Since x is eventually nonnegative for any eventually nonnegative function f, we infer that
the kernel X of the integral on the right-hand side of (3.17) is eventually nonnegative.
Indeed, assume the contrary that x > 0 on [t;,00)p but X is not nonnegative, then we
may pick f, € [t;,00)p and find s € [t,t2)7 such that X(f;,0(s)) < 0. Then, letting
f(t) = —min{X(t,,0(t)),0} > 0 for t € [t;,00)y, we are led to the contradiction x(t;) < 0,
where x is defined by (3.17). To prove eventual positivity of X, set

{ A(t,s) —e_n(t,s) forte [t,o0)q,
x(t) = (3.18)

fort e [to, tl]'JI‘r

where s € [t1,00) is an arbitrarily fixed number, and substitute (3.18) into (3.10), to see that
x satisfies (3.10) with a nonnegative forcing term f. Hence, as is proven previously, we infer
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that x is nonnegative on [s, o). Consequently, we have X(:,s) > e_(:,5) > 0 on [s, o) for
any s € [t1,00)p (see [4, Theorem 2.48]).

(iv)=(i) Clearly, X(-,t9) is an eventually positive solution of (3.1).

The proof is therefore completed. O

Remark 3.2. Note that Theorem 3.1 for (1.6) includes Theorem C, by letting A(t) = LA(t)
for t € [t;,00)p, where A € R* satisfies —AA € R*([t1, ), R). And Theorem 3.1 reduces
to Theorem D, by letting A(t) = A X;cpy , Ai(t) for t € [t,00)p, where A € R* satisfies
=\ ey, Ai € R*([t1, 00) 1, R).

Corollary 3.3. If A € Cuy([t-1,00)1,Rj), —A € R*([to, o)1, R) satisfies (3.4) on [to, o0)y and
xo > 0, then

() = {xoe_A(t, to) for t € [ty, )T, (3.19)

X0 fOT’ te [t t()]r]r

is a positive solution of (3.2), and —x is a negative solution to (3.3).

The following three examples are special cases of the above result, and the first two of
them are corollaries for the cases T = R and T = hZ, which are well known in literature, and
the third one, for T = g% with g > 1, has not been stated thus far yet.

Example 3.4 (see [2, Theorem 1] and [8, Section 3]). Let T = R, and suppose that there exist
A € Rj and t; € [to, o0) such that

A> D At ) Vie [t ). (3.20)
i€[1,n]y ’
Then, the delay-differential equation (1.2) has an eventually positive solution, and the
fundamental solution A satisfies X(:,s) > 0 on [s, o)y for any s € [t1, o0) because we may
let A(t) := A for t € [ty, o0).

Example 3.5 (see [3, Theorem 2.1] and [8, Section 7.8]). Let h € (0,00), T = hZ, and suppose
that there exist A € (0,1] and #; € [t, o), such that

1-A>h D AN TED) Vie[t,00),. (3.21)

ie[1,n]y
Then, the following delay h-difference equation:

Apx(t)+ > Ai(t)x(ai(t)) =0 for t € [ty, 00),,z, (3.22)

ie[1,n]y

where Ay, is defined by

x(t + h) — x(t)

Apx(t) := 7

for t € [ty, 0) .z, (3.23)
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has an eventually positive solution, and the fundamental solution X satisfies X(-,s) > 0 on
[s,00)4z C [t1,00),7 because we may let A(t) := (1 —X)/h for t € [ty, o). Notice that if for
allt € [t1,0),; and all i € [1,n]y, Ai(t) and t — a;(t) are constants, then (3.21) reduces to an
algebraic inequality.

Example 3.6. LetT = q_Z for g € (1, 00), and suppose that there exist A € (0,1] and t; € [to, °°)q7'
where t) € g%, such that

-4z (g-1t 3, A vie[h,0) (3.24)

ie[1,n]y
Then, the following delay g-difference equation:

Dgx(t)+ D, Ai(Dx(ai(t)) =0 for t € [to, 00) 7,

e (3.25)
where the g-difference operator D, is defined by
t) —x(t
—x(q) x()’ t>0,
Dox(t) = (9= Lt 0 (3.26)
q : lim M, t = 0 '
seq’ S
s—0"

has an eventually positive solution, and the fundamental solution X satisfies X(-,s) > 0 on
[s, °°)q7 C [#, °°)q7 because we may let A(t) := (1-1)/((q—1)t) fort € [t, OO)qj. Notice that
if for all t € [t1,0);,; and all i € [1,n]y, tA;(t) and t/a;(t) are constants, then (3.24) becomes
an algebraic inequality.

4. Comparison Theorems

In this section, we state comparison results on oscillation and nonoscillation of delay dynamic
equations. To this end, consider (3.1) together with the following equation:

x2(t)+ D Bi(t)x(fi(t)) =0 for t € [ty, o0)p, (1)

ie[1,n]y

where n € N, B; € Cq([to, ), R) and pi € Crq([to, o0)7, T) is a delay function for all i €
[1,n]y. Let Y be the fundamental solution of (4.1).

Theorem 4.1. Suppose that B; € Ciq([to, )1, R)), Ai > B; and a; < p; on [t;,00)y for all i €
[1, n]y and some fixed t € [to, 0o)r. If the fundamental solution X of (3.1) is eventually positive,
then the fundamental solution Y of (4.1) is also eventually positive.

Proof. By Theorem 3.1, there exist a sufficiently large t; € [to, c0)r and A € Cy([t1, o0)1, R})
with —A € R*([t1, o), R) such that (3.4) holds on [t;, o0)7. Note that A € Ciq([t1, 00)T, R})
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and —A € R*([t;,00)1, R) imply that e_A (¢, s) is nondecreasing in s, hence es_p = 1/e_x(t, s)
is nonincreasing in s (see [4, Theorem 2.36]). Without loss of generality, we may suppose that
A; > B;and a; < f hold on [t1,00) for all i € [1,n]y. Then, we have

Aty > > Ailesa(t,ai(t)) 2 D, Bi(tee-a(t, fi(t)) (4.2)

ie[1,n]y ie[1,n]y

for all t € [t,00)7. Thus, by Theorem 3.1 we have Y(:,s) > 0 on [s, o)y for any s € [t1,00)r,
and equivalently, (4.1) has an eventually positive solution, which completes the proof. O

The following result is an immediate consequence of Theorem 4.1.

Corollary 4.2. Assume that all the conditions of Theorem 4.1 hold. If (4.1) is oscillatory, then so is
(3.1).

For the following result, we do not need the coefficient B; to be nonnegative for all
i € [1,n]y; consider (3.1) together with the following equation:

x®(H)+ D Bi(t)x(ai(t) =0 for t € [tg, ), 43)

i€[1,n]y

where for all i € [1,n]y, B; € Cia([to, o0)1, R) and a; is the same delay function as in (3.1). Let
X and Y be the fundamental solutions of (3.1) and (4.3), respectively.

Theorem 4.3. Suppose that A; € Crq([to, )1, RY), Ai > B; on [t1, o)y for all i € [1,n]y and some
fixed t1 € [tg, 00), and that X(-,s) > 0on [s,c0) forany s € [t1,00). Then, Y(-,s) > X(-,s) holds
on [s,o0)y for any s € [t1, 00) .

Proof. From (4.3), any fixed s € [t;,00)p and all t € [s, o0), we obtain

Yot,s)+ D, AiY(ai(t),s) = > [Ai() - Bi(t)]Y(ai(t), s). (4.4)

i€[1,n]y ie[1,n]y

It follows from the solution representation formula (2.3) that

V=205 5 [ KEot) At -BY @I @)

i€[ln]y” s

for all t € [s,o0)r. Lemma 2.5 implies nonnegativity of Y(.,s) since X(-,s) > 0 on
[s,00)7 C [t1,00) and the kernels of the integrals in (4.5) are nonnegative. Then dropping the
nonnegative integrals on the right-hand side of (4.5), we get Y(t,s) > X(t, s) forallt € [s, o).
The proof is hence completed. O
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Corollary 4.4. Suppose that the delay differential inequality

XAt + 3 ATBx(@i(t) <0 for t € [t, o), (4.6)

i€[1,n]y

where A} (t) := max{A;(t),0} for t € [to, o) and A;, a; are same as in (3.1) for all i € [1,n]y, has
an eventually positive solution, then so does (3.1).

Proof. By Theorem 3.1, we know that the fundamental solution of the corresponding
differential equation

xA(t)+'Z Aj(t)x(ai(t)) =0 for t € [tg, o0)p @.7)

ie[1,n]y

is eventually positive, applying Theorem 4.3, we learn that the fundamental solution of (3.1)
is also eventually positive since A] > A; holds on [tg, o) for alli € [1,n]y. The proof is hence
completed. O

We now compare two solutions of (2.1) and the following initial value problem:

x2()+ D Bi(t)x(ai(t)) = g(t) for t € [ty, 00)y
i€[1,n]y (48)

x(to) = Xo, x(t) = ()O(t) fOI' te [t—l/tO)Tr

where n € N, xo, ¢ and a; for all i € [1, n]y are the same as in (2.1) and B;, g € C4([to, o0), R)
foralli € [1,n]y.

Theorem 4.5. Suppose that A; > B; for all i € [1,n]y and g > f on [t, 00), and X(-,s) > 0 on
[s, 00)y for any s € [ty, o0)y. Let x be a solution of (2.1) with x > 0 on [ty, o0)y, then y > x holds on
[to, 00), where y is a solution of (4.8).

Proof. By Theorems 3.1 and 4.3, we have Y(-,s) > X(-,s) > 0 on [s, o) for any s € [ty, o).
Rearranging (2.1), we have

() + 3 Bihx(@(®) = f() - X [Ai(t) - Bit)]x(ai(h)) (4.9)

i€[1,n]y i€[1,n]y

for all t € [tg, o0)7. In view of the solution representation formula (2.3), for all t € [tg, o0),
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we have

x(t) = x0Y (t,to) + Lt Y(t,o(m) [f ()= 25 [Ai(n) = Bi(m)] Xtwo e, (i () x (@i (m)) | An

€[1n]y

=3 [ o) A an

i€[1,n]y 7 to

< xoY(t to) + f: Yt,o(n))g(man- >, _[: Y(t,o(n))Bi(n)p(ai(n))An = y(t),

ie[1,n]y

(4.10)

which implies y > x on [ty, o). Therefore, the proof is completed. O

As an application of Theorem 4.5, we give a simple example on a nonstandard time
scale below.

Example 4.6. Let T = v/N := {y/n : n € N}, and consider the following initial value problems:

XA () + t%x(\/3 3 —2) = Zi for t € [\3@, oo)

3 3
t Vi (4.11)
x(t)y=1 forte [1,\@]\3@,
where
x<3t3+1> —x(t)
x2(t) = for t € VN (4.12)
® VB+1-t
and
1 3
A - 3 3 _ _ > 3
yo(t) + tSy(\/t 2) =5 fort e [\@,00)\3@, W

y(t)=1 forte [1,\3@] o

Denoting by x and y the solutions of (4.11) and (4.13), respectively. Then, y > x on [v/3, o) IN
by Theorem 4.5. For the graph of 30 iterates, see Figure 1.

Corollary 4.7. Suppose that A; € Cq([to, 00)1, R() foralli € [1,n]y and X(-,s) > 0on [s, o)y for
any s € [ty, o0)p. Let x,y, z be solutions of (3.1), (3.2) and (3.3), respectively. If y > 0 on [tg, o)
and x = y = z on [t_y,to]r, then one has y < x < z on [ty, o0)r.
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Figure 1: The graph of 30 iterates for the solutions of (4.11) and (4.13) illustrates the result of Theorem 4.5,
here y(t) > x(t) for all t € (v/3, ) 35

Corollary 4.8. Let x be a solution of (3.1), and Y(-,s) > 0 on [s, o0)y for any s € [ty, oo) be the
fundamental solution of

xA(t)fZ Af (H)x(ai(t)) =0 for t € [ty, 00)r, (4.14)

ie[1,n]y

and y > 0 on [ty, oo)q be a solution of this equation. If x = y holds on [t_1,ty] g, then x > y holds on
[tOI OO)T'

Theorem 4.9. Suppose that there exist t; € [ty,00)y and A € Cq([t1, 00)1, R]) such that -A €
R*([t1,00)7,R) and for all t € [t;,00)

t
> A;(t)gA(t)<1-f A(q)Aq). (4.15)

ie[1,n]y Amin ()

Then, (3.1) has an eventually positive solution.

Proof. By Corollary 4.4, it suffices to prove that (4.6) has an eventually positive solution. For
this purpose, by Theorem 3.1, it is enough to demonstrate that A satisfies

At) > D) Af(Deon(tai(t)) Vte [t,00)r. (4.16)

i€[1,n]y

Note that A € Crq([t1, o), R)) and —A € R*([t1, o0)1, R) imply that e_A(t, 5) is nondecreasing
in s, hence es_p = 1/e_x(t, s) is nonincreasing in s (see [4, Theorem 2.36]). From (4.15) and
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Lemma 2.6, for all t € [t1, 00), we have

Af(t Af(t
A 3 A0 oy AW
ieltale 1= fo 0 A AT ic(ta), e-A(t amin(t))

(4.17)
= > Al(Deon(t,amn() > D Af(Deca(t, ai(t)),
ie[1,n]y ie[1,n]y
which implies that (4.16) holds. The proof is therefore completed. O

Corollary 4.10. Suppose that there exist M, A € Rf with A(1-MA) > 1 and t, € [ty, o)y such that
-A Zie[l,n]N A1+ ER" ( [tll Oo)’]I‘/ R) and

t
f Z Af(n)An <M VYte [ty o0)g, (4.18)

amin () i€[1,n]y
where t, € [t1, 00)y satisfies amin(t) >t for all t € [tr, 00). Then, (3.1) has an eventually positive
solution.

Proof. In this present case, we may let A(t) := A 3;c1 ;A (t) for t € [t1, 00) ¢ to obtain (4.15).
O

Remark 4.11. Particularly, letting A = 2 and M = 1/4 in Corollary 4.10, we learn that (3.1)
admits a nonoscillatory solution if =2 3;c1 1 A € R*([t1, o)1, R) and

t
f >, Al(n)An S% Vt € [ty 00)r. (4.19)

amin () ie[1,n]y

It is a well-known fact that the constant 1/4 above is the best possible for difference equations
since the difference equation

Ax(t)+ax(t—-1)=0 forteN, (4.20)

where a € R*, is nonoscillatory if and only if a < 1/4 (see [3, 12]).

The following example illustrates Corollary 4.10 for the nonstandard time scale T = q_Z.

Example 4.12. Let a; € R*, p; € Nfori € [1,n]y and g € (1, o0). We consider the following
g-difference equation

a; t
Dgx(t) + > Tlx<%> =0 forte(l, o)z (4.21)
i€[1,n]y
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where the g-difference operator D, is defined by (3.26). For simplicity of notation, we let

= max {p;} >1, a:= a; > 0.
pi= max pi) Py “2)
Then, we have
t a; + t 1
f > [—] An = af —An=ap(q-1) Vte [1, 00)z- (4.23)
t/q iciLn), L1 t/gp M

Letting A = 1/(2ap(q - 1)), we can compute that

a1t a(g-1) 2p-1
1_(q_1)tj\ 2 =1- = >0 Vte[l, o), 4.24
ie[lgl]N[ t ] Zap(q - 1) 2p i ( :

which implies that the regressivity condition in Corollary 4.10 holds. So that (4.21) has an
eventually positive solution if

A(1-M)) = 1, (4.25)

- - >
daa(q-1) ~

where M = ap(q — 1), or equivalently aa(q—1) <1/4.

Theorem 4.13. Suppose that A; € Cq([to, o0)1, R) foralli € [1,n]y and (4.15) is true on [to, o).
If xo > 0and xo > ¢ > 0 on [t_1, to)y, then for the solution x of

B+ D Ail)x(ai(t)) =0 for t € [to, 00)p

el nly (4.26)
x(to) =x0, x(t) =(t) forte [ty to)y,

we have x > 0 on [ty, 00)g.

Proof. As in the proof of Theorem 4.9, we deduce that there exists A satisfying (3.4). Hence,
X(-,s) > 0on [s,00)r for any s € [ty, oo). By the solution representation formula (2.3), we
get

w0 =kt~ 3 [ Kool ametan)sn 42)

ic[1,n]y 7 to

forall t € [ty, o0)y. Let

(4.28)

er_A(t, to) fort e [to, OO)T,
y(t) =
X0 fort e [t_l, tO]’]I‘-
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By Corollary 3.3, we have g(t) := y*(t) + e, Ai(D)y(ai(t)) < 0forall t € [ty, 00)p. Then, y
solves

xB () + Z Ai(t)x(ai(t)) = g(t) fort € [ty, o0)p
i€[1,n]y (429)
x(t)=x¢ fort € [t_1,to]q.

By Corollary 4.7, we know that y given by

v = () + [ Xomga-x0 3 [ Kot A0, @@)an

ic[1,n]y 7 to

(4.30)

cannot exceed the solution x of (4.26) which has representation (4.27). Thus, x > y > 0 on
[to, o0) because of xo > ¢ on [t_1,ty)y, and g < 0 on [ty, o0), which completes the proof. [

Theorem 4.14. Suppose that A; € Ciq([to, o0)1,Ry) for all i € [1,n]y, X(-,s) > 0on [s, o)y for
any s € [to, oo0)q, and the solution y of the initial value problem

vih+ D At)y(ai(t)) =0 for t € [ty,00)y
i€l (4.31)

y(t) =yo fort €[t to]p

is positive. If xo > yo > 0 and yo > ¢ > 0 on [t_1,to)r, then the solution x of (4.26) is positive on
[tO/ OO)T'

Proof. Solution representation formula (2.3) implies for a solution of (4.31) that

y(t) = yo [%(tr to) - f: K(to(n) D, A1) Xt (ai(1)) Ay

i€[1,n]y

(4.32)
<x () - | Za() 3 Adme(a()an = x0)

i€[1,n]y

for all t € [ty, 00)p since x9 > yo and xo > ¢ > 0 on [t_1, ). Hence, x > vy > 0 holds on
[to, 00) 1. Thus, the proof is completed. O
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Theorem 4.15. Suppose that A; € Ciq([to, ), R]), i € [1,n]y, (3.4) has a solution A €
Cra([to, o0)1, Ry) with —A € R*([to, o0)1, R), x is a solution of (4.26) and y is a positive solution of
the following initial value problem

v+ D, Ai(hy(ai(t)) =0 fort € [ty,00)p
et (4.33)

y(to) =yo, x(t) =¢(t) fort€ [t to)y.

Ifxo > yo>0and ¢ > ¢ >0o0n [t_y,ty)y, then we have x > y on [ty, o0)y.
Proof. The proof is similar to that of Theorem 4.13. ]
We give the following example as an application of Theorem 4.15.

Example 4.16. Let T = N° := {n® : n € N}, and consider the following initial value problems:

xB () + %x((xV— 3>3> =0 forte [64,00)y

(4.34)
x(t) = 34180 for t € [1,64]s,
where
x((% + 1)3) - x(t)
XA (t) = for t € N° (4.35)
3
<\3/Z + 1) —t
and

YA () + %y(({f— 3>3> = forte [64,0)p, (436)

y(t) =1-2780 " fort € [1,64].

If x and y are the unique solutions of (4.34) and (4.36), respectively, then we have the graph
of 7 iterates, see Figure 2, where x > y by Theorem 4.15.

5. Discussion

In this paper, we have extended to equations on time scales most results obtained in
[2, 3]: nonoscillation criteria, comparison theorems, and efficient nonoscillation conditions.
However, there are some relevant problems that have not been considered.
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Figure 2: The graph of 7 iterates for the solutions of (4.34) and (4.36) illustrates the result of Theorem 4.15,
here x(t) > y(t) for all t € [64, 00)s.

(P1) In [2], it was demonstrated that equations with positive coefficients has slowly
oscillating solutions only if it is oscillatory. The notion of slowly oscillating solutions can be
easily extended to equations on time scales in such a way that it generalizes the one discussed
in [2].

Definition 5.1. A solution x of (3.1) is said to be slowly oscillating if it is oscillating and for
every f € [ty, o0)p there exist ty,t3 € [t1, 00) with f3 > t, and amin(t) > £, for all t € [t3,00)p
such that x > 0 on (t,, t3)7 and x(t1) < 0 for some t4 € (t3, 00) .

Is the following proposition valid?

Proposition 5.2. Suppose that for all i € [1,n]y, a; € Cra([to, 00)1, T) is a delay function and A; €
Cra([to, o0) 1, R*). If (3.1) is nonoscillatory, then the equation has no slowly oscillating solutions.

(P2) In Section 4, oscillation properties of equations with different coefficients, delays
and initial functions were compared, as well as two solutions of equations with the same
delays and initial conditions. Can any relation be deduced between nonoscillation properties
of the same equation on different time scales?

(P3) The results of the present paper involve nonoscillation conditions for equations
with positive and negative coefficients: if the relevant equation with positive coefficients only
is nonoscillatory, so is the equation with coefficients of both signs. Is it possible to obtain
efficient nonoscillation conditions for equations with positive and negative coefficients when
the relevant equation with positive coefficients only is oscillatory?

We will only comment affirmatively on the proof of the proposition in Problem (P1).
Really, let us assume the contrary that (3.1) is nonoscillatory but x is a slowly oscillating
solution of this equation. By Theorem 3.1, the fundamental solution X (-, s) of (3.1) is positive
on (s, )y C [t1,00) for some t; € [ty, o0). There exist t, € [t1,00) and t3 € (t2, 00)p With
Amin (t) > to for all £ € [t3, 00) such that x > 0 on (¢, t3) and x 20 on (t3, 00). Therefore, we
have

Ai(t) X[to,t5), (@i (£)) x (i (t)) >0, Ai(8) X1ta,t3), (i (8)) x (i (£)) £0 (5.1)
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forall t € [t3,00) and all i € [1, n]y. It follows from Lemma 2.2 that

) = ()0, - [ X(0()) 3 ACn) . () (e () &

i€[1,n]y

(5.2)

<[ Xol0) 3 A, b)) an

ie[1,n]y

for all t € [t3,00)7. Since the integrand is nonnegative and not identically zero by (5.1), we
learn that the right-hand side of (5.2) is negative on (3, o0); that is, x < 0 on (3, o0)7. Hence,
x is nonoscillatory, which is the contradiction justifying the proposition.

Thus, under the assumptions of Proposition 5.2 existence of a slowly oscillating
solution of (3.1) implies oscillation of all solutions.
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