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ABSTRACT

A general simulation methodology for analyzing two-
dimensional (planar) multi body systems with variable topology
has been proposed. A computer model capable of analyzing the
systems with one-sided constraints has been created. The
rigid bodies are approximated by disks or rigid conglomerates
of disks, thus providing an ease in the determination of the
system's topology. Line segments are used to define the
system boundaries (wall) and the inter-boundary obstructions,
which allows for creation (or approximation) of even very
complex boundaries.

The potential flow theory is used to determine fluid flow
velocity field within the system. The panel method is used
for this purpose, which is directly compatible with 1line
segment boundary description.

The rigid bodies present in the syétem, can be either
predefined or generated. The rigid bodies can be generated at
random with respect to their size, shape, position, and the
frequency of appearances. Any type of probability density
function for any of the above variables associated with the
rigid bodies can be randomly sampled. Henceforth, a wide
array of stochastic processes involving multi body systems can
be modeled. !

'The mathematical description of the system's behaviour is

iii



based on the Lagrangian dynamics. The Lagrangian equations of
the second type together with a set of constraint equations
are used to describe the motion of the system. The
topological analysis is used to reduce the number of the
differential equations of motion and the number of algebraic
constraint equations.

The minimization of the number of the motion and
constraint equations necessitated that one-sided constraints
are treated as double-sided constraints until the
corresponding contact (constraint) forces become tensile, at
which point they are broken. It is for this purpose that an
alternate (not based on Lagrangian approach) method of contacﬁ
force computation ﬁas been developed. The method is based on
both the dynamic and static (D'Alambert principle) analyéis.
This method also allows for explicit treatment of friction
among the system's elements.

Collisions among the rigid bodies are detected and
handled, and the corresponding impact loads calculated.
Classical (Newtonian) theory of collisions is used.

The appropriate computer routines were programmed and the
number of numericaltexperiments, some of which are presented

in this report, were performed.
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CHAPTER 1

INTRODUCTION AND OBJECTIVES

1.1 PROLOGUE

A system which consists of a number of independent and
identifiable rigid bodies is termed a multi-body system. A
system of rigid bodiés in which the individual bodies can move
freely relative to one another, is called here a multi-body
system with variable topology. The notion of wvariable
topology is introduced to indicate the variability of
geometrical arrangements (inter-connectivity) between ﬁhe
bodies. This is a distinctive feature of the multi-body
systems treated hefe. Examples of such systems include a
conglomeration of rocks, a sediment accumulated by a river, or
broken ice in a channel. Multi-body systems can also be
characterized by fixed inter-connectivity, in which the
individual components are constrained relative to one another.
Such systems are termed as multi-body systems with fixed
topology. A clock mechanism or a robot are examples of such

systems.

One could propose an endless number of examples of multi-

body systems, and an infinite array of the processes that



involve such systems. The importance of the ability to

analyze their behaviour, becomes apparent.

Multi-body systems subjected to external loads, move and
deform. In general, the behaviour of such systems, although,
just like for any other entity, subject to certain universal
laws, as for example Newton's laws of motion, conservation of
energy, or Hooke's law of elasticity, is mostly governed by
the system parameters and the character of the external loads
- applied. The external loads acting on the system are
dependent on the environment to which the system is exposed,
- and therefore can uéually be established. The governing
universal laws can also be readily identified. However, the
mathematical formulation, i.e. the implementation of the
universal laws to the given system, and the subsequent set up
and the solution of the resulting équations describing the
system's behaviour, constitute the major problem, and are an

art in themselves.

The complexity of the behaviour of many multi-body
systems, is perpetuated by the interactions that occur among
the individual bodies. The larger the number of component
bodies, the more interactions occur, and hence, the more
complex the behaviour. The interactions among the individual
bodies which, among other things, include friction, adhesion,

crushing, etc., may, in turn, be dependent on the environment



to which the system is subjected. Moreover, there also are
the interactions between the bodies and the environment itselk
to consider. Consequently, the mathematical formulation of
the process, which the given system is undergoing, becomes

immensely complicated, and very difficult to implenment.

The implementation of the mathematical description almost
always requires a number of simplifying assumptions to be
imposed. Consequently, the description is not a . true
representation of the process, but it can usually be
considered as close enough for all practical purposes. Hence,
the formulation is often referred to as a mathematical model,
and the process of analyzing the behaviour of the system as

modelling.

Keeping in mind the complexity inherent in many systems
it is not surprising that no serious efforts to model them
were made until recently, with the developments in digital
computers. In general the best that can be hoped for is to
develop a model represented by a set of equations in such a
way that it reflects the process (which a given system is
undérgoing) as closely as possible, and with as few

assumptions as possible. -

The purpose of the.present research is the development of

a computer model that can be used in analyzing a variety of



" the multi-body systems. In this chapter the types of systems
which can be analyzed by the present method will be
identified. The mathematical model and its computer

implementation will be presented in the subsequent chapters.



1.2 GENERAL

Multi—ﬁody systems encompass a large variety of different
systems. The systems can represent a bridge structure
composed of truss, beam, and plate rigid bodies, or a
conglomeration of gravel in a river bed, with pieces of debris
as separate rigid bodies, or perhaps, collections of ice floes
in the sea being pushed against an off-shore drilling
platform. All these systems, although different in character),
have one thing in common, namely that all the component bodies
can be considered rigid. By rigid, it is understood that the
deformations of the individual bodies are negligible with
respect to their overall dimensions. Thé above statement
constitutes a fundamental assumption that will be used
throughout the present thesis. Therefore, any change in the
geometry, or the topology of the system is attributed only to
the movement of the individual bodies, and not to their

deformations.
The multi-rigid body systems can be classified as:

Rigid systems. A system is rigid when the component bodies
within the system have zero degrees of freedom. This
implies, that since the motion of the bodies within the

éystem is restricted, the overall geometry of the system



remains unchanged. The individual rigid bodies can
deform under external loads, however, a position of any
given body with respect to all other bodies in the systeh
does not change. An example of such system would be a

bridge structure.

Flexible systems. g system is flexible if it is not rigid.
For this class of systems relative motion among the
individual rigid bodies may occur. Consequently, the
topology of such a system may change as it is undergoing
a given process. An example of a flexible system would

be a link chain.

Figure 1.1 below shows simple examples of a rigid and a

flexible multi-body systems.

O,

o 0

(o) b>
Figure 1.1. An example of rigid (a), and
flexible (b) systems.



The systems can also be classified according to the
constraints among the bodies making wup the systen.

Consequently, we can identify:

Coupled System. In this system all the component rigid bodies
are connected (coupled) to one another. In other words
a coupled system has no bodies which are not connected to

any other bodies in the system.
Separated System. A separated system is defined as one, in
which none of the component bodies are connected to any

other bodies in the system.

Figure 1.2 shows examples of coupled and separated multi-rigid

body systems.

(b)

Figure 1.2. An example of coupled (a)
and separated (b) systems.



From the above definitions it becomes clear that a rigid
system must be coupled, whereas a flexible system may be
either coupled or separated. Also an important characteristic
of flexible systems is the presence of one-sided constraints,
wherein a motion of a body along a certain orientation is

restricted in only one direction.

Any multi-body system can be represented as a combination
of different type sub-systems listed above. Let us conside;
an example of an automobile. The frame and the body comprise
a rigid sub-systemn, wheréas the wheels and tﬁe components of
the drive train can be considered a flexible coupled sub-
system. The passengers in the vehicle, if they are not

wearing the seat belts, would then be represented by the

separated sub-systen.

Another example that can be considered is that of a
granular material which moves through a chute. If the
material is assumed to be cohesionless then clearly such a
system will always remain separated. If on the other hand;
the material possesses cohesion then some particles or debris
may adhere to others, and consequently, coupled flexible and

rigid sub-systems may form.

The ability to identify and classify different sub-

systems in a given multi-body system is very important and can



lead to great simplifications in the mathematical model
describing the system. To demonstrate this point we will
consider the number of equations needed to describe the motion
of a body. In two dimensions every body in a separated sub-
system has three degrees of freedom, two translational and one
rotational. Consequently, for every body in the sub-system
there are three corresponding equations of motion. ILet us now
suppose that two of the bodies are connected (coupled). The
number of degrees of freedom for two coupled bodies is four,
instead of six for two separated bodies. Hence, the number of
equations of motion is reduced by two. If the given sub-
system is rigid, then regardless of the number of the bodies
comprising it, the number of the degrees of freedom for it is
three, and hence, only three equations are needed to describe
its motion. The advantage of being able to identify different
sub-systems becomes apparent, especially when dealing with

large systems.
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1.3 OBJECTIVES

The objective of the present study is the development of
a computer model to simulate the movement of‘planar multi-body
systems with variable topology under the action of specified

external forces.

There are no restrictions placed on the character of the
system itself, which suggests that the system can be composed
of any types of sub-systems. In the following chapters a
multi-body system with variable topology will be, for the sake

of simplicity, referred to as a multi-body system (MBS).

It is also intended that the modelling can be done for

systems which are submerged in a fluid medium.

There is, however, a restriction placed on the shapes of
rigid bodies. Namely, that the rigid bodies can be
approximated by disks. This restriction effectively suggests
that the model is most suitable for analyzing systems which
involve rigid bodies with comparable dimensions. The types of
processes that the present model is most suitable for include:
a motion of granular material (cohesionless or not), a flow of
solid-fluid mixtures, ice transportation in open seas or

rivers and channels, etc..
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The subject of modelling of systems of this type will be
introduced in detail in Chapter 2. Also in this chapter the
methodological foundations of the present model will be
established. The subsequent chapters will deal with
presentation of the theory and its implementation on a digital

computer.



CHAPTER 2
MODELLING OF THE MOVEMENT OF MULTI-BODY SYSTEMS

SUBJECT REVIEW

2.1 INTRODUCTION

As was stated in Chapter 1, the present research is
directed towards the modelling of the flexible multi-body
systems, which.could be both coupled and separated, and in
which the individual rigid bodies can be approximated by

spheres in three dimensions or disks in two dimensions.

Most of the research on modelling of such multi-bod&
systems has been concentrated in the areas of the mechanics of
granularmaterials[2],[5],[19],[20],[22],[54],[26],[30],soil
mechanics [9],[29],[33], and more recently in ice mechanicé
(1],[32],[35],[36], where processes such as ice transportation
in rivers and channels, ice jams, or ice off-shore structure

interaction, became of great interest.

In the bodies of water near the polar regions, ice floes
driven by the forces of wind and current, cah exert

]
significant forces on such offshore structures as drilling

12
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platforms and lighthouses. In the rivers and channels in
freezing temperature zones, ice floes moving with the current
may accumulate around the bridge piers, thus imparting loads
on themn. In such instances, the ability to estimate ice
loads on the in-water structures, and to determine the regions
of ice accumulation, becomes imperative for any design work.

in geotechnical engineering, for example, the designers
may ‘be faced with the problem of predicting the soil

resistance to the movement of anchors and foundations.

A design of a' chute-conveyer system for transporting
gravel, may require a knowledge of the expecteé transporting
capacity of the equipment. Or perhaps, the critical transport
rate, at which the jam-up in the equipment occurs, needs to be

evaluated.

The above are some examples of the processes ang
instances in which the analysis of the motion of flexible
multi-body systems is of great importance. Due to the high
cost and relatively low availability of both full and small
scale experimental modelling, there seems to be an increased

interest in the mathematical modelling of such systems.

Moreover, 1in regent years with the considerable

improvements in the speed and the capacity of digital
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computers, and their increased ability to handle large
systems, there is a strong tendency to incorporate the
mathematical models into a numerical simulation. The purpose
of such simulation is to provide the required information
about the behaviour' of the system, from the initial set of

data and process conditions.

In this chapter various existing mathematical models will
be discussed. Subsequently, the methodology of the present
model will be introduced. The following chapters will deal
with detailed presentation of the mathematical model and its

incorporation into numerical simulations.
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2.2 TECHNIQUES OF MODELLING MULTI-BODY SYSTEMS

A REVIEW OF VARIOUS EXISTING MODELS

Perhaps the first attempt to analyze the motion of the
solid system in a fluid was made by Einstein in 1906.
Einstein studied the effect of dispersion of solid grains on
the shear resistance of fluids. His analysis was limited to
the process involving small spheres with concentrations small
enough to neglect the effects of one grain on another.
Einstein concluded that such liquid-solid mixture can be
treated as a liquid with its viscosity modified to account for
the presence of the solid particles. Namely, he anticipated
that viscosity increases due to increased viscous dissipation

in the presence of solids, that is,
Berr = K(1+2.5C)

where p is the viscosity of the fluid and C the concentration

of solids.

The simple approach of considering the solid-liquid
mixture as a continuous medium with modified parameters, which
was initiated by Einstein, became the basis for the majority
of the models of the granular type systems. It was not,

however, until the 70's when the full use of the continuup
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theory was made with the improved power of digital computers,
which themselves provided the only hope of obtaining a

solution to the continuum equations.

In 1954, Bangold [5] investigated a one-dimensional flow
of uniformly dispersed granular material in fluid under shear.
This was perhaps the first attempt in analyzing granular
systems in which the effect of particle interaction was
considered. Bangold, besides a constant shear strain rate,
also assumed a constant kinetic energy density (uniform
dispersion of solids), and no relative velocity of fluid with
respect to the solid particles. He identified two basic flow
regimes. The first regime for which the effects of grain
inertia are negligible compared to the effects of fluid
viscosity, would correspond to the flow with low shear rates
and low solid concentrations. He céncluded that in such
instances the solid-liquid system could be treated as a liquid
medium, and hence the theory postulated by Einstein could be
applied. The second flow regime (identified by Bangold)
corresponded to the rapidly sheared flow in which the effects
of the grain inertia dominated. He proposed that in this flow
regime the momentum transfer between colliding solids
dominates the stress producing mechanism. He analyzed the
particle collisions' in a scheme of rigid wall reflection,
wherein particles from one layer reflect off the particles in

the adjacent layer in the same way that they would reflect off
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the solid wall. He argued that because both £he momentum
exchanged in the collisions and the frequency of collisions
are proportional to the mean shear rate, the shear stress must
be proportional to the square of the mean shear rate. He then
proceeded to determine the constants of proportionality

experimentally.

The above model for granular materials assumes that there
is no relative velocity between the solids and the surrounding
fluid. Consequently, the effect of interstitial fluid is
neglected. Inevitably, there appears to be some doubt
-regarding the proposed mechanism for collisions among the
particles on which the entire model is based. Nevertheless,

Bangold's work created a basis for many recent models.

In the seventies, there appeared two basic approaches to
the modelling of the mechanical behaviour of granular
materials. The first approach was based on the so-called
microscopic or particulate theory. This approach considers an
ensemble of particles of finite size (typically idealized as
rigid spheres of uniform size), and attempts to deduce the
laws governing the mechanical behaviour of the entire ensemble
[5]. It cannot, however, be well adapted to obtaining the
quantitative results as it depends greatly - on the

configuration of the particles.
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The second method is referred to as the macroscopié
approach [18] and is based on considering the granular
material as continuous medium. Such an approach can more
readily provide the quantitative results; however, it loses
the concept of individual solid particles, and fails to
incorporate the inter-particle interactions. This approach
can also be applied only to systems which are at, or near to

the closely packed state.

Numerous researchers combined the two approaches into a
so-called mixed approach [2],[22],[26],[30], which involves
obtaining quantitative continuum equations based on the

microscopic properties of constituent particles.

Kanatani [22] proposed a micropolar continuum theory for
the flow of closely packed granular materials. He set up
quantitative equations based on conservation of mass, linear
momentum, angular momentum, and energy. He then proceeded to
determine the rate of energy dissipation due to the inter-
particle friction by assuming constant material deformation
rates on the inter-particle distances, and accordingly, by
calculating the relative tangential Velbcity components at the

particle interfaces.

By analogy to turbulent flow, Ogava et al. [26] noted the

importance of the fluctuation velocities of the particles,
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which inevitably result from the collisions among them. They
introduced a term of fluctuation energy and attempted to
determine it from the inter-particle collisions. They adapted
Bangold's wall reflection scheme to a three-dimensional
sphere. The radius of the sphere was equal to the mean free
particle path which was determined by the particle density.
The points on the sphere which correspond to the neighbouring
particles, were assumed to instantaneously move with the mean
flow velocity. The particle inside the sphere moved, of
course, with the fluctuation velocity relative to the sphere.
Ogava et al. assumed that during the collisions, a fraction of
the particles adhered to the spheres with the remainder
reflecting off them, with a loss of energy. They then
proceeded to determine the total rate of change of fluctuation
energy by averaging over all possible collisions, assuming

equal reflection probability in all orientations.

Ackermann and Shen [2],[30j, came up with a similar model
additionally includiné the effect of the interstitial fluid
and the mechanical properties of the solid particles on the
rate of change of fluctuation energy. They suggeéted that thé
rate of dissipation of fluctuation energy depends on the
frequency of inter-particle collisions which, in turn, depends
on the physical properties of the solid particles and the

interstitial fluid.
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In the early 80's new models appeared in which the
problem of flow of granular material was put in the context of

3

the kinetic theory of gasses [19],[24].

In ice mechanics, Ackermann and Shen, [1], proposed a
continuum method of modelling the process of broken ice
transportation in rivers and channels. They considered the
case of closely packed ice floes moving on the water surface.
Ackermann and Shen treated the ice floe ensemble as a
continuous medium and derived the momentum equation in the
direction of therriver flow, in terms of the stresses in the
ice. They then used Bangold's.[S] stress creation mechanism
to set up the equations of motion. The numerical solutions to
~the equations were obtained over large range of variables and
parameters which were later correlated through experimental
observations. The model, however, failed to include other
stress forming mechanisms, like inter-floe friction, adhesion,
or crushing. Moreover, the model cannot accommodate the
variability in the ghapes and sizes of the ice floes as well
as the presence of voids within the ice cover, the attributes
which would commonly be present. Consequently, it is doubtful
whether, without constant experimental verification, the model
could be used to obtain quantitative results for a general

case.

Several models based on the continuum theory have been
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discussed. The nuﬁber of different models is probably as
large as the number of researchers involved with the subject.
The models vary in complexity, and in the number and the
character of simplifying assumptions. All the models,
however, originate from the same point. They carry the
assumption that the granular material can be treated as
continuous medium. Thereafter, the continuum equations of the
conservation of mass, momentum (linear and angular), and
energy are set up. The physical properties of the solid
particles and interstitial fluid are then incorporated into
the continuum equations through the assumed microscopic
mechanisms of particie interactions. The continuum models can
therefore be applied to the systems in which the solid bodies,
represented by spheres and disks, are closely packed. These
models also relate only to the processes involving high shear
rate flows, as the inter-particle interactions are assumed to

be the dominant mechanism in stress creation.

The continuum models are not suitable for analyzing the
loosely packed systems with large voids (containing no solid
particles) present, or systems with non-homogenous dispersion
of solid bodies, as can often be the case with many processes.
Moreover, such models cannot account for the variations in
particle sizes and in their phyéical properties. Also the
inter-particle adhesion and the resulting particle clustering

cannot be accounted for.



22

The continuum models are, also, written using Eulerian
description. This means that the focus is put on certain
fixed points in spade through which different solid particles
pass at different times, rather than on certain particles or
ensembles of particles. Consequently, these models cannot be
used to analyze processes in which the identification of the
critical areas of solid bodies accumulation, or the

predictions of the regions of jam-up, are vital.

Considering the difficulties with the application of
continuum models to various processes involving the multi-body
systems, it is not surprising that during the past decade, a
new approach to the modelling of such systems, based on
discrete analysis, appeared [9],[29],[31],[33],[35]. With the
increasing power of digital computers, it becéme feasible to
model the granular type multi-body systems as a particulate
rather then continuous material. In such an approach, each
solid particle (rigid body) in the system is looked at as an
individual entity whose motion is followed throughout the
process (Lagrangian description). The interactions among the
. particles are derived from their particular positions and
velocities, and their physical properties, rather then by
averaging procedures, as is the case in continuum models.
Consequently, the motion of each particle is established at
any time during the process, and hence, the behaviour of the

entire system determined.
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The first attempts at discrete modelling of granular
assemblies were done by Cundall and Strack [2]. The model was
directéd at problems in geoteéhnical engineering, and in
particular, soil mechanics. Various simulation programs were
developed based on this model [29],[33]. The interest in
discrete modelling of soils was bolstered by the fact that it
provided the researchers with a possible tool for handling the
problems which present a major difficulty for conventional
continuum models, such as a considerable soil non-homogeneity,

non-linear soil response, or non-linear soil-structure

interaction.

The Discrete Element Method (DEM) utilized in [91,[33],
is a two-dimensional model in which solid bodies are
represented by disks. The model is based on setting up the
equations of motion from Newton's Second Law, for each
individual disk. The forces and moments acting on each disk
include both the external and the interaction loads. The
interaction between the individual disks is modelled using a
spring and damper system. Therein, the shear and normal
contact forces are determined from the amount of overlap that
appears among the disks -during the simulation, and the rate of
change of the overlap. Once all the loads (external and
contact) acting on each individual disk, are evaluated, the

linear and angular acceleration terms are computed from the

equations of motion, and subsequently integrated over a small
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time interval to yield new positions and velocities of the

particles.

This model was applied, with some success, to certain
segregation and anchor pull-out problems. It can handle
Coulomb friction and non-homogeneity of the material as
different spring-damper systems can be applied at different
contact points. It can also accommodate the non-linear
behaviour of the material through nonlinear springs and
dampers. The model, however, seems very sensitive with regard
to the time step, and the spring and damper constants, since
during the simulation the overlap among the particles is a
determining factor in the computation of forces. For larger
time steps and stiff;r spring-damper systems, unrealistically
high contact forces may result, while smaller time steps and

softer springs may not allow for the proper accommodation of

the impact forces among the solid bodies.

A similar approach was applied in ice mechanics in [17].
In this model the ice floes and ice sheets were represented by
finite elements. The formulation was based on the solution of
the dynamic equilibrium equations with a set of decoupled
orthogonal nodal equations for each element. In the model the

element interaction occurred through the boundary forces.
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A different approach to discrete analysis was postulated
in [35],[38] and further developed in [31]. The mathematicail
formulation in this approach is based on the Lagrangian
dynamics. The rigid bodies are approximated by disks. Here,
rather then setting up the dynamic equilibrium equations for
each disk individually, the equations of motion are derived
for the entire disk conglomeration in terms of generalized
coo;dinates. The interactions among the figid bodies are
identified through the so-called constraint equations. The
system of differential equations of motion together with the
algebraic constraint equations, is solved for the generalized
coordinates and the unknown constrain forces. Consequently,
the new positions of all the bodies in the system are

determined.

The advantage of such a model is in the fact that the
momentum transfer among the rigid bodies during collisions caﬂ
be readily included." Also, the friction among the bodies can
be handled without much difficulty, since the frictional
forces depend on the constraint fbrces, which, as stated

above, are computed.

The method has a disadvantage however, which is the
system of differential algebraic equations (DAE). Obtaining
a solution to a large system of DAE's presents a significant

numerical difficulty [11],([12],[13]. In fact, not much is
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known about the general methods of solution, and problems with

numerical instability can be frequently encountered.

The numerical model for analyzing the behaviour of
granular type multi-body systems developed in the present
research work is based on the Lagrangian approach. As will bg
seen in the following chapteré, certain ideas and
simplifications are incorporated into the model to reduce thet

number of DAE's, and to improve the stability of the solution.
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2.3 PROPOSED TECHNIQUE OF MODELLING

The present research is directed at the development of a
two-dimensional computer model for analyzing the behaviour of
flexible multi~body systems, in which the individual rigid
bodies can be approximated by disks. Although, in principle,
any type of flexible system can be modelled by this technique,
particular attention is paid to the modelling of separated
systems (Figure 1.2b). Analyzing the behaviour of such

systems is difficult, and no general methodologies exist.
Since the present analysis is directed specifically
towards the flexible multi-body systems, in this thesis we

will refer to such systems as simply multi-body systems (MBS) .

A MBS is a specific type of system. The individual rigid
bodies cannot overlap onto, or penetrate one another, and
hence the motion of the bodies is constrained in the direction
towards one another. On the other hand, the rigid bodies can
separate from other bodies, if some appropriate conditions are
met, and thus their motion away from one another is
unconstrained. This type of system is characterized as having

the so-called one sided constraints.

It is due to the presence of one sided constraints that
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the topology of MBS constantly changes with time, as the
connections disappear and new connections are formed.
Moreover, the moments in time when the topology of the system
changes are unknown and cannot be predicted, since it ik
unknown for how long certain bodies will remain in contact, or
how soon a given body will attach to any other body in the
system. Consequently, the governing equations of motion for
~the system cannot be written in advance. It, therefore,
becomes clear that the only feasible approach to the analysis

of MBS is through computer simulations.

In this section a general methodology of the proposed
numerical simulation of multi-body systems with one sided

constraints will be discussed.
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2.3.1 General Approach

The computer simulation takes place in a designated
space, or a control volume, and a designated time frame. The
control volume is conveniently chosen by the program user, and
represents the area in which the simulation is to be carried

out.

All the solid boundaries and obstacles inside the control
volume, with which the rigid bodies may interact, are
represented by their contours. The contours are discretized
into a set of straight line segments, in which form they are
entered into the simulation program. The solid boundary is
assumed to be impregnable to the rigid bodies. In order to
avoid a singularity at the solid boundary, smali arcs are
created at the points where the two adjacént line segments

(describing the boundary) meet.

Inside the control volume there are also boundaries at
which the rigid bodies enter the system, and at which they
leave it. These are referred to as the generation and the
exit boundaries, and are discussed in more detail in Chapter

4.

The rigid bodies are represented in the model by disks or
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rigid sets of disks. The sizes of the rigid bodies are either
predetermined or randomly picked by the program according to
a specified distribution function, which is supplied as an
input. Similarly, the rigid bodies can be placed inside the
control area in spegified positions, or generated at the
generation boundary at random time intervals and random
locations. The methodology of the generation of rigid bodies

is discussed in detail in Chapter 4.

A typical representation of the physical domain in which
the simulation of the motion of MBS is to be carried out, as

used by the model is shown in Figure 2.1.

All the disks present in the control volume are acted
upon by the external forces. The éharacter of the forces
present in the system must be identified prior to the start of
the simulation procedure. The external forces can be, for
example, drag forces if the given MBS is moving in a fluid -
medium, or gravity forces if the MBS represents a conglomerate

of dry granular material sliding down a chute.

In a typical simulation procedure the disks (rigid
bodies), which are either placed or generated, move through
the control volume due to the action of the external forces.
The disks interact with other disks and with the obstruction

line segments. The motion of the disks is modelled with the
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CONTROL RIGID BODIES
VOLUME ENTERING THE
CONTROL VOL.

__2 _
O RIGID BODIES
LEAVING THE

CONTROL VOL.
a) b)

Figure 2.1. A typical example of a phy-
sical domain (a) and its model represen-
tation (b).

equations of motion which are derived from the principles 6f
Lagrangian dynamics of rigid bodies. The mathematical
formulation of the equations of motion was developed in [319
and is briefly presented in Chapter 3. At each time step
during the simulation, the equations of motion for the entire
disk ensemble are established. These equations are then
integrated over a specified time interval, and the new
positions for the disks, at the néw time step, are obtained.
At this time, again, the external forces are determined and a
new set of equations of motion is set up, and the procedure

repeated.
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At each time step the equations of motionlare set up
according to the topology of the MBS. During the simulation
process the topology of the system will undergo constant
changes. Some disks will collide with one another, while
others may adhere to the solid boundary or other disks.
Consequently, the topology at each time step must be
determined. The topological analyses of MBSs were proposed in
[35] and [38], and developed in [31]. This will be briefly

discussed in the next section.
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2.3.2 Topological Analysis

The system under consideration consists of so-called base
elements. These are disks representing the rigid bodies, and
the line segment, denoting the solid boundary. Each disk is
assigned a radius and a mass. A position of a disk is
described by the coordinates of its center. Such a base
element-is mopile which means that its position may change in
time. A line segment is a base element which is considered
fixed in space. The position of the element is given by the

coordinates of its endpoints.

In the present simulation program, it is assumed that the
base elements cannot overlap. This implies that any two given
line segments cannot cross, a disk cannot penetrate into a
line segment (solid boundary), and two disks cannot o?erlap at
any time during the simulation. The base elements can,
however, become attached, which means that they have a point
of contact. From the definition of the base elements, it
becomes clear that ahy two elements can have at most one point

of contact.

A group of disks, such that each disk in that group has
at least one point of contact, is termed a cluster. Hence,

any MBS is a combination of clusters and single bodies.
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A disk which is in contact with a line segment is termed
a root disk. A root disk can belong to a cluster, in which

case the cluster is said to be rooted.

A single disk is referred to as a simple rigid body.
A complex rigid body is a cluster of disks arranged in such a
way that it will not change its shape provided that the
connectivities among the disks are maintained. Using the
analogy to a two-dimensional truss system, we can write the

following conditions.

1) A cluster of disks is not rigid if and only if

where nI; is a number of disks in the cluster, and n, is

a number of points of contact.

2) A cluster of disks is rigid if and only if

and a) there are no disks with one point of contact,
b) any disk having two points of contact cannot
be touching any other disk with two points of

contact.
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Figure 2.2, below, exemplifies the above conditions for

the rigidity of the clusters of disks.

c) d)

Figure 2.2. Sample clusters for the identification
of rigid bodies.

In Figure 2.2 for cluster (a) ng=5, n,=6, and thus
condition 1) is satisfied. Hence, the cluster is not rigid.

This can also be verified by inspection.

For cluster (b) nz=6, n,=9, and evidently condition



36

2) is satisfied which indicates that the given cluster can be
rigid. However, there is one disk which has only one point of
contact. Consequently, condition 2a) is not satisfied, and
thus, as can be verified by inspeétion, the cluster is not
rigid.

For cluster (c) in the figure n;=7 , n,=11. cCondition
2) is satisfied. Part b) of the condition is not satisfied,
as there exist two disks in the cluster, having two points of
contact, which are also in contact with another disk haviné
only two points of contact. Hence, cluster c) is not rigid.

For cluster (d) nz;=7 , n,=11. This cluster is rigid.
Condition 2) is satisfied together with additional conditions
a) and b). There are no disks with one point of contact, and
the disks with two points of contact are not touching any

other disks with two points of contact. The rigidity of this

cluster can be easily verified by inspection.

The present simulation program is capable of generating
both the simple and the complex rigid bodies. Chapter 4

discusses the generation of the rigid bodies in detail.

It is assumed that the simple rigid bodies (disks) have
only two degrees of freedom. In other words, the rotation of
a disk with respect to its center is neglected, as it does not

affect the geometry of the entire system.
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The complex bodies (rigid clusters) possess three degrees
of freedon, two translational and one rotational.
Consequently, three coordinates are needed to describe the
position of a complex body, for example, two cartesian
coordinates of the center of gravity, and the angle of
rotation between an axis fixed with the cluster and the X-
axis. This, of course, holds true regardless of the number of

disks composing the cluster.

The observation that a rigid cluster has only three
degrees of freedom is an important one. The number of
equations needed to describe the motion of a MBS is equal to
the number of degrees of freedom. Consequently, the
identification of all the clusters which during a given time
step can be considered rigid, can greatly reduce the number of
equations of motion required. This brings us to the concept
of rigid multi-body subsystems (RMBS). This concept was

postulated in [37] and developed in [31].

RMBS are the bodies of the same type as the complex rigid
bodies (CRB) in the sense that provided that all the
connections are maintained the entire configuration will
remain unchanged. Unlike +the CRB's in which the
connectivities among the disks are maintained throughout the
simulation process, the connections among the disks composing

a given RMBS may be deleted during the simulation, if a
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certain condition is met. Namely, that the contact force is
tensile. Also, during the simulation new disks may join the
RMBS, once the appropriate connections are created. A
condition for a new disk to be added to a RMBS is that it
forms a connection with any two disks already present in the

RMBS.

To summarize the above definitions, we can say that rigid
multi-body sub-systems are rigid clusters whose respective
topologies, .although unchanged over some time interval, may
change during the simulation process, while complex rigid
bodies are rigid clusters whose topology remains constant
throughout the simulation. Incidently, an RMBS can be

composed of several CRBs and a number of single disks.

Having identified all the different bodies and elements,
we can proceed with the description of the topological
analysis on which the mathematical formulation of our model is

based.

As mentioned above any MBS is composed of individual
disks and clusters of disks. A cluster as an object is
characterized by the number of disks, the coordinates of their
centers, and the coordinates of the points of contact. This
data describes the topology of the system. 'If the pairs of

contacting disks are represented by the line segments joining
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their centers, then a cluster can be uniquely represented by
a graph. Figure 2.3 shows a cluster with a corresponding

graph defining its topology.

O~
Q{ -
‘1

a) b)

Figure 2.3. A cluster of dlsks (a), and
the corresponding graph (b).

The centers of the disks composing the cluster are
referred to as the nodes, while the line segments joining the
respective centers as the edges. A base node is identified
for each cluster, with respect to which all other nodes
(centers of disks) can be defined. 1In the case of a cluster
adhering to the boundary line segment, a root node (root disk)
becomes a base node. A graph of a cluster of disks is

conveniently stored in an incidence array [I]. The entries of
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this array are either one or zero. An entry of 1 indicates
that a connection exists betwéen the two respective disks.
Zero is equivalent to no connection. Hence, if I;; =1, then
connection exists between disk i and disk j. For the example

in Figure 2.3 the incidence matrix would be as follows:

+1 0 0 0 0 0]
1+ 1 1 1 0 0
01 + 1 0 0 0
[I] = |0 1 1 1 0 0
01 0 1 -+ 1 1
00 0 0 1 -+ 1
oo 0o 0 1 1 -

The diagonal elements in the above matrix are not indicated as

they are used to store a number of different parameters.

A path is defined as the shortest route along the edges
of the graph from the base node to the given node. A set of
paths constitutes what is referred to as the topological tree.
The edges spanning the respective nodes in the topological

tree are described as branches.

For the cluster of Figure 2.3, the correqunding

topological tree is shown in Figure 2.4.

A topological tree can be represented numerically in

terms of a two-dimensional array [T]. This array, unlike the
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b)

Figure 2.4. An example of a cluster (a)
and the corresponding topological tree
(b) . '

incidence array [I], is not symmetric. Its entries can be
either zero or one. Each row of array [T] represents a path
to the corresponding disk. The entries in any given row,
equal to one indicate that the corresponding node (disk) is on
the path from the base node to the given node. For example,
if T;; =1, then this means that node j is along the path from
the base node to node i. For the situation shown in Figure

2.4 the topological tree array would be as follows:
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The two arrays [I], [T] are sufficient to define the
connectivities in, and the topological tree of, any cluster of
disks. From these two arrays the positional vector of any
disk with respect to the base disk (base node) can be defined,

and hence, the equations of motion can be set up.

The length of each branch on the topological tree is
equal to the length of the vector spanning the respective
nodes (centers of the disks). Consequently, if the positional
vector of the base node of the cluster is known along with the
topological tree, then the positional vector of any other node
(disk) can be determined by "vectorially following" an
appropriate path. For example, from Figure 2.4 a positional

vector for disk (7) would be‘given by

The above equation can also be written in terms of the two
arrays, in the form that it can be implemented numerically.

Namely, in a general case,
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Nyl [ N
Iy = Io + 2: (Lik Tij* Tix' Ty, &)
F=1 k=7+1

where I, represents a positional vector of the root node of
the given cluster and N, is the number of disks comprising the

cluster.

A positional vector representing a branch of the tree
(such as I, ;) is defined by its length, which is known and
equal to the sum of respective radii (for disk 2 and 5), and
by its orientation, which is given by the angle between it and
the x-axis. These angles are referred to as the generalized
coordinates for the cluster. Evidently, a positional vector
of the center of any disk in the given cluster can be defined
in terms of the positional vector for the base disk and the
generalized coordinates corresponding to the branches of the
topological tree. The equations of motion for a cluster, and
the entire MBS are, as we shall see in Chapter 3, derived in

terms of the generalized coordinates.

In the above examples the topological analysis was
performed on a cluster composed of disks. In a similar way,
the topology of a cluster in which complex rigid bodies (CLB),
or rigid multi-body sub-systems (RMBS) are present, can be
analyzed. Here, every xigid body would be treated in the same

way as an individual disk.
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The detailed topological analysis of MBS's used by this
model, utilizing the concept of rigid multi-body sub-systens,

was numerically implemented in [31].
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2.3.3 Events

During the simulation, evefyroccurrence at which the
topology of the system changes, is referred to as an event.
A new disk entering a control volume represents an event, as
does a collision. between two disks or between a diék and the
obstruction. A disk separating from, or joining a cluster of

disks is also considered an event.

Since an event corresponds to a change in topology, it
follows that the generated equatioﬁs of motion are valid only
between the events (i.e. the time intervals over which the
topology of the system remains constant). Consequently, all
the events must be detected and the times of their occurrence
determined. The fopology of the system must then be

reanalysed and the new set of equations of motion generated.

There are three primary types of events: a disk event, a
distance event, and a force event. The latter two, in terms
of numerical simulation, correspond to a change in constraint
conditions of the system, while the first type of event (disk

event) represents an addition of a new body to the system.

A disk event is relatively easy to handle. The

simulation model in the process of generating the rigid
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bodies, generates the time increments between the consecutive
disk events (Chapter 4). Therefore, the times of disk events
are always known. Consequently, the simulation time step is
adjusted in such a way that the disk event coincides with the
incremented simulation time, at which point the topology of

the system can be reanalysed to include a new disk.

Handling of the distance and force events is not as
straight forward as that for a disk event. These events
correspond to the interactions among the different elements in
the system, such as collisions between disks, separation of a
disk from, or adherence of a disk to a cluster, etc.. The
times when such events take place during the simulation can
not be predicted beforehand. They must be determined during

the course of the simulation. .

Typically, a force or distance event would take place at
some point between two consecutive time steps at which a
detection of an event can be carried out. If an event is
detected over the given time interval, then the simulation is
stepped back over this time interval until the instance, at
which the event occurred, is determined. The simulation clock
is then set back to that point in‘time, the topology of thé
new system analyzed, and the new set of equations of motion

generated.
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As was stated in the previous section, .during the
simulation the topology of the system, on which the equations
of motion are based, is considered constant during short time
intervals over which the equations of motion are integrated.
In other words, it is assumed that during the time increments
the constraints (connections) among the disks and the
obstruction line segments are unchanged. A constraint is
maintained until the corresponding contact force between the
two elements becomes tensile and exceeds a certain predefined
limit. If such a situation arises, then it is said that a
force event occurred, and the corresponding constraint is
eliminated. This, of course, is equivalent to breaking the
appropriate connection. If one-sided constraints are modeled
then the limit for the contact force is zero, which indicates
that the elements are unrestrained in the direction away from
one another. This would be the case if a system involving
cohesionless solid bodies, was modelled. If, on the other
hand, complex rigid bodies are involved, or if cohesion needs
to be accounted for, then this 1limit could represent the
tensile strength of the given connection. To determiné
whether a force event occurred, all the contact forces among
the elements present in the system (disks and obstruction line
segments) are calculated at the beginning of each time step.

The computation of contact forces is discussed in Chapter 7.

The final type of event is a distance event. This event
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occurs when a disk collides with another disk or an
obstruction 1line segment. Ih terms of the numerical
simulation, this takes place if during the simulation an
overlap develops between any two elements in the system. An
overlap between two disks occurs if the distance between their
centers is smaller then the sum of the respective radii. An
overlap between a disk and an obstruction line segment occurs
if the distance from the center of the disk to the line

segment is shorter then the radius of the disk.

A presence of an overlap between a disk and another
element, at a given time during the simulation suggests that
at some point during the preceding time interval, the disk
involved must have come in contact with that element.
Consequently, the motion of the disk, which was assumed
unconstrained in the particular direction at the beginning of
the time step, became constrained at that point in time.
Henceforth, the equations of motion, which were originally
assumed valid over the entire time interval, were only valid
up until the time of collision. After that time, a different
set of equations described the motion of the system, as its
topology changed. Moreover, if a disk collides with a
cluster, then the impact produced by the collision results in
impulsive loading at all connections in the cluster involved;
As a consequence, other, connections can be broken or created.

It is therefore evident that the time, at which the collision,
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represented by the distance event, takes place, must be

determined.

To detect'a distance gvent, the coordinates of the center
of every disk present in the system, in the inertial frame of
reference, are determined at all times during simulation.
From these locations a distance from the center of any given
disk to another element in the system can be computed. Thé
event is detected if that distance is shorter then the radius

of the disk. Figure 2.5 illustrates a distance event between

two disks.

I d | 1 d 1
= - ]
2| 2| '
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Figure 2.5. An illustration of a distance event.
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An overlap is defined in terms of variable z,
z = R, +R,-d

A negative value of the variable z indicates no overlap,
whereas a positive one corresponds to an overlap.

Once a distance event is detected over some time step
At, the exact point in time at which the event occurred, must
be determined. This is done by dividing the time interval

into two sub-intervals At,, At,, such that:

At, = (t, t+At)) , At,

(t+At, , t+AL)

The distance event must occur during either of the two

subintervals.

First, sub-interval At, in considered. The simulation
clock is set back to the beginning of this time step (t), an&
subsequently, the simulation is carried out over At,. If an
overlap is detected at time ¢t + At,, then the given distance
event occurred during this time step. If such is not the
case, then clearly ?he distance event mﬁst occur during sub-

interval At,.

Having identified the time sub-interval over which the
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distance event occurs, we repeat the above procedure thus
narrowing the event's time frame. The whole process is
carried out until the size of the final sub-interval is equal
to the assumed tolerance for the time of the event. The mid
point of the final sub-interval is the determined time of the

distance event.

There are two methods for the division of a given timg
interval into two sub-intervals, that were considered for the
present simulation model. The first one is based on the
bisection method. Here, the interval is always divided into

two equal sub-intervals (divided in half). Hence,

At, = At, = Azt_

The second method is based on the linear interpolation.
Here, use is made of the amount of separation at time ¢ and
the amount of overlap at the time at which the event was
detected (t + At). It is assumed that the formation of the
overlap is 1linear with time, and hence the sub-intervals
should be in the same proportion relative to each other, as
are the amounts of the separation and the overlap. From this
condition the sizes of the sub-intervals can be determined.
Using the example of Figure 2.5 the interpolation method is

illustrated in Figure 2.6.
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Figure 2.6. A diagram for the division
of an interval using interpolation.

From the diagram we have

At, At, At
| Z4] Z, | 24] + 2,

Consequently, the sizes of subintervals are determined,

At, = At.__lil_l__

|21] + 22
and

___jiL___
|21| + Z,

At, = At-
At the present time the bisection method for dividing the

time interval is used. It is however believed that the linear

interpolation method would in the majority of instances yield
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results faster.

The methodology of event determination and handling
discussed in this section, was numerically implemented in [31]
and the detailed analysis of this can be found in the

reference.
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2.4 CONCLUSIONS

In this chapter, the subject of modelling of multi-body
systems with one-sided constraints was introduced. Two basic
approaches to the modelling of such systems were identified:
a continuum approach, and a discrete approach. The continuum
approach can, at best, be used in modelling the systems in
which solid bodies are closely packed, or can be assumed fully
fluidized, since the motion of a system is described by one
set of equations which are assumed applicable at any point in
time. Consequently, the interactions among the rigid bodies
can only be considered in a statistical sense, through the
averaging procedures. It is evident that such a methodology
can provide a good physical representation for systems which
are characterized by a loose and non—uniforﬁ distribution of
solid bodies. The difficulty in analyzing such systems lies
in the fact that their behaviour is greatly influenced by
relative positions of the solid bodies and the interactions
among them. These, however, undergo constant changes, and
thus cannot be predicted beforehand. Bearing this in mind, it
becomes clear that a discrete approach combined with a time-
based numerical simulation is the only viable alternative to
modelling of multi-body systems. The present thesis deals
with the development of simulation methodology based on the

discrete approach.
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During the simulation, the motion of each solid body is
traced throughout the entire process, and the body's
interactions with other objects in the system established.
The equations of motion governing the behaviour of the system
are not permanent throughout the simulation, but afg
constantly regenerated to accommodate the changing topology
and the constraint conditions of the system. The topology of
the.system changes due to the changing interactions among the
system's elements. The changes in interactions and their
character were classified as events. Three fundamental types
of events were identified: a force event which results in the
breaking of a constraint, a distance event which creates an
additional constraint, and a disk event which adds a new rigid
body to the system. During the simulation the events are
determined and the topology of the system modified

accordingly.

It is believed that the present model can be used to
analyze a large variety of multi-body systems with one-sided
constraints. Although at the present stage the model is only
two-dimensional and. a number of simplifying assumptions is
made, the mathematical formulation of the problem is exact.
Consequently, the validity of the analysis and the results
that it yields, is only limited by our ability to physically
identify and interpret all the interactions present in the

actual systen.



CHAPTER 3

. MATHEMATICAL MODEL

3.1 INTRODUCTION

The mathematical model incorporated into the present
numerical simulation of MBSs is based on Lagrangian principles
of solid body dynamics. The Lagrangian dynamics provides ué
witﬁ a set of motion and constraint equations which describe
the behaviour of the system. A given set of equations is only
valid over the time interQal during which the topology of the
system remains constant. Consequently, the constraint and
motion equations are constantly adjusted and reset to
accommodate the changes in the topology. The topological
analysis which was discussed in Section 2.3.2 pfovides us with

the means of conveniently generating these equations.

In this chapter a mathematical formulation of the
equations of motion together with the constraint equationé
will be discussed. The equations of motion are given by the
second order non-linear differential equations, which are
commonly referred to as the Lagrangian equations of the second
type. The constraint equations repreéént a set of algebraié

equations. Together, the motion and constraint equations

56
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comprise what is known as the set of differential algebraic

equations (DAE).

It is assumed that the 'multi-body systems under
consideration can only have geometrical constraints imposed
upon them. 'Such systems are referred to as holonomic. In the
following analysis we will 1limit ourselves +to the

considération of only such systems.
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3.2 LAGRANGIAN DYNAMICS

In this section a derivation of the Lagrangian equations
of motion is briefly presented. This is done for the
convenience of the reader and the completeness of the thesis.
A detailed derivation of the equations can be found in any

textbook on Lagrangian dynamics (see, for example [39]).

D'Alambert's principle states that any position of a
system during its motion can be analyzed as a position of
equilibrium by adding the inertia forces to the active forées
acting on the system at that instant. The principle thus

allows the application of static methods to dynamic problems.

Let us consider a system containing N particles. Using
D'Alambert's principle, the equilibrium condition for each

particle can be written as: .

- m;a; = —RJ ’ (j=11“.1N)

where R, are the reaction forces resulting from the

J
constraints imposed’ on the system. Since the system is in
equilibrium then the application of the principle of virtual

work yields:
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ﬁi('}-m-éﬁ)~6fi = 0 (3.1)
where 81, represents a set of virtual displacements. In the
above equation the term Elﬁfbfy represents the virtual work
done by the active forces of the system, while term ijé‘j‘éf’j,
represents the virtual work of the inertia forces. These will
be denoted as 6W? 0Z respectively. We could therefore write
Equation (3.1) as

dw = 8z

Let us also assume that the given system poséesses n degrees
of freedom (the number of particle coordinates minus the
number of geometrical constraints). We can thus select a set
of n independent variables gq;, referred to as generalizea
coordinates, such that tﬁe position of any particle in the
system can be uniquely represented as a function of these
coordinates and time. We write,

- —

IJ = r_-](tl qll‘..l qn) ’ (j=ll°°‘1N)

Since the virtual displacements 8f; represent the virtual
differentials (fixed in time) of the positional vectors L; we

have

" 9F,
§7. = i §q, (3.2)
g; dqg; * :
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Substituting Equation (3.2) into Equation (3.1) we can write

the former as

N

Y

J=1

— af'
FB‘Z: aqﬂ dq;

1=1 1

1]
™M=
3
(N
o
bﬂa
I
.
On
Q

Since the order of summation in the above expression is not
important, we can perform the summation over j first. We may

therefore write

ﬁézn ;- 9F;
&~ "% Jg;

!

Yo 3f.
Y Byt

1

dq; (3.3)

n
bg; = ),

I=1

Q

1

In the above equation the term on the LHS represents the
virtual work done by the active forces, while the term on the
RHS corresponds to the virtual work of inertia forces. We

will write Equation (3.3) as

ks n
i=1 i=1
where: .
Yo, 9F, ar.
Q. = F, e J . L. = m.a.- J
1 JZJ_ J aql 1 JZ; 7 7 aql

Coefficients @Q; are referred to as generalized forces.
Coefficients L; which represent generalized inertia forces can

be expressed in terms of the kinetic energy of the system T,
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(see Appendix A), as

aT oT

L, = _
94g; aqi

_da_
B dt

Equation (3.4) 1is satisfied for any arbitrary set of
generalized virtual displacements 8g;. It therefore follows,

that the corresponding terms must be equal. We write,

Substituting the expressions for L;, Q; into +the above

equation we obtain:

d ar _ ar

at o, 3, = 0, . (i=1,°,n) (3.5)

+

Equations (3.5) are known as the Lagrangian equations of
motion of the second type. The kinetic energy of the system
T, present in Equation (3.5), can be determined in terms of

the generalized coordinates and time. Namely,

N N e —
_ 1 e 1 dr; dr;
R DRI DI B
Jj=1 J=1
but
dr; or I of
dt ot ~ 9gq;

and therefore
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t

N = n = = n =
T = 3 2 R 121 aq; Y ac £ g, Y

()
[}
ey

After the dot product of the two vectors in the brackets is
calculated and the resulting terms are grouped, we can obtain

the following expression for the kinetic energy:

n n
1 . .
r = > Y, ajed;de + Y a;d; + a, (3.6)
ilk=1 i=1

1

where coefficients a;,, a;, a, are the functions of

generalized coordinates and time, given by the following

relations:

N df, Of,
a. = m. J . J (3.78.)
ik -721 J aqi aqk
N or; OJf,
a., = m. I . J (3.7b)
* g; 7 dq; Odt
5o a7, oF,
= . . 3.7
a, j;lmj T (3.7c)

For the scleronomic type systems, such as essentially all
multi-body systems with one-sided constraints, the time does

not enter explicitly into the relations for the positional

vectors f;. Henceforth,.
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u
|
ol

(j=ll.‘.lN)

and thus the terms in Equation (3.7b) and Equation (3.7c) will
vanish. The kinetic energy for such systems will therefore be

given by:

n
1 . s
r = Y 2: Qix d; 9x (3.8)
i,k=1 v

which in matrix form could be written as
1 T
T = Z[q)""[4]'[q] (3.9)

It is evident from Equation (3.7a) that matrix [A] is

symmetric. Hence,

aT = . T =
aq = 1Z=;. Ay di ’ = E

3 aqa i,k=1

da;, . .
3o 91 %

o«

Substituting the above expressions into Equation (3.5) and

remembering that for scleronomic systems,

d _ w~ 9 .
dt_iZ;;aqiqi

we can obtain the equation of motion for the system in terms

of generalized coordinates:
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n n
E Quk dk + E bc;k C'[k = Qa (3°10)
k=1 k=1
where:
2 [ da 1 Oda;
b _ ak . ik .
“ 2| % 4 T g, @

In matrix form Equation (3.10) can be written as

[A]-(d4] + [B]'[d] = [Q] (3.11)

The above system of equations represents the Lagrangian
equations of motion for a scleronomic system of N particles in

terms of the generalized coordinates.

It was assumed that {g;} is a set of independent
coordinates. If such is the case than it can be shown that
matrix [A] in Equation (3.11) achieves a full rank, i.e., is
non-singular, and the equations can be solved for the
generalized coordinates uniquely. If, however, the
generalized coordinétes are dependent then the matrix [A] will
not achieve the full rank, and will become singular. This can
occur if, for example, four or more generalized coordinates
are used to describe the three Cartesian coordinates of the

position of one of the particles.

A situation may arise such that the number of the

generalized coordinates chosen is higher then the number of
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degrees of freedom of the system. This may not necessarily
result in the singularity of the matrix, and the system of
equations may be solvable. In such a case the solution does
not reflect all the constraints that the system was originally

subjected to.

On the other hand, during the motion additional
congtraints may suddenly be imposed upon the system. These
may frequently occur in systems for which the topology does
not remain constant. Each additional constraint reduces the
number of degrees of freedom of the system and creates a
dependence among the generalized coordinates. Consequently,
there are more generalized coordinates than are needed to
describe the system, and hence some of them become redundant.
Clearly, the coordinate dependencies resulting from these
constraints, have to be included in the system analysis,
otherwise the solution of the equations of motion will not
represent the motion of a constrained system. This can be
achieved through what is known as the constraint.equations,

which are discussed next.
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3.3 CONSTRAINT EQUATIONS

The constraint equations are equations indicating the
geometrical and kinetic dependencies among the particles
comprising a given system. In the present analysis only the
geometrical constraints are considered, as only such will be

encountered in systems for which our model is designed.

The geometrical constraints establish the spatial
dependencies among the system's particles, and, for
scleronomic systems, can be described by the following
equation:

f¢<f) = 0 ’ (a=1l.“/ d)

where d indicates +the number of dependent (redundant)
coordinates in the chosen system of coordinates. As an
example let us consider a geometrical constraint defining a
fixed distance L between two particles i and j in the systemn.

The corresponding constraint equation would be given by:

(fl_fj).(fl—f]) - Lz = 0

The constraint equations can be written in terms of the

generalized coordinates,
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fa(qlr dy ettty q,,) = 0 7 (3.12)

There are two basic methods to handle the constraints.
The first method, which suggests itself naturally, is based on
solving the additional constraint equapions (which are her;
assumed to be holonomic or integrable) for the redundant
coordinates explicitly in terms of the remaining coordinates
(now independent), and then substituting them into the
equations of motion (Equation (3.11)). This approach is not
very feasible especially for large systems as it will greatly
increase the complexity of already complicated equations of
motion. The second method makes use of Lagrange multipliers,
and provides -much more convenient means of handling the

constraint equations.

In a moving system of particles, constraints result in
reaction forces. We recall that the equations of motion which
were derived from the virtual work principle, Equation (3.1),
carried the assumption that the virtual work of the system's
reaction forces was zero. This is of course true, since in
the properly defined (in terms of géneralized coordinates)
system the relative virtual displacements are possible only in
the directions normal to the corresponding reaqtién
(constraint) forces. However, if the chosen system of
coordinates contains the redundant coordinates then the

virtual displacements will not be in conformity with the
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constraints. Hence, the virtual work by the reaction forces
in the constraints will not be =zero, and thus must be

included.

In terms of the generalized coordinates, the virtual

displacement in a constraint, by Equation (3.12), is:

df,
. 3.13
aq.6q1 ( )

)

n
87, = Y
i=1

The virtual work by the constraint forces would then be:

2, Of,
{lazg——_ﬁqi (3.14)

1

‘ d d
dw, = glxaafa = Z; )

where A, are constraint forces in a generalized sense, called

Lagrange multipliers. Similarly to Equation (3.3), we can

change the order of summation and write Equation (3.14) as

& d = df
5W} = E:Aﬁaqﬁ ’ A = Aa 3 -
i=1 q'

1
a=1 1

(3.15)

The above expression represents the virtual work done by the
unknown constraint forces and thus must be added to the LHS of
‘Equation (3.4). Hence, the equations of motion (Equation

(3.5)) take on the following form:
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d or _ ar _ , f o1 e .
dt 9, 3a, 0; + A; , (i =1, , ) (3.16)

By the analogy to Equation (3.11), the equations of motion can

L3

be written in a matrix form. Namely,

[A]:[4] + [B]l'[dg] = [Q] + [A] (3.17)
where:
df,
[A] =.[G]T[A] , Fui = 3.

Equation (3.17) represents a system of n differential
equations in n+d unknowns {a;}+ {A;}, which together with the
set of d algebraic constraint equations (Equation (3.12))
comprise a system of differential algebraic equations (DAE) of

motion of the system.

Instead of solving the constraint equations for the
redundant coordinates, the above system of DAEs can be solved.
The solution of these equations for the generalized

coordinates will reflect the constrained motion of the systen.
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3.4 TREATMENT OF RIGID BODIES

The equations of motion dérived in the previous two
sections can be readily applied to a system containing rigid
bodies instead of particles. Indeed, the virtual work
principle, Equation (3.1), will now contain the rotational

terms, in addition to the linear terms. We write:

N .
E[(_'J - m;&;)+85; + (M} —Ij&j)-aéj] 0 (3.18)
where E@ is the moment about a certain point in the body from
all the external loads applied, I; is the body's moment of
inertia about the instantaneous axis of rotation passing
through that point, @&; is angular acceleration vector, 66j is
the vector of virtual angular displacements, and,
fj = f:.,(ql, ey, qn)

6_7 = 6J(q':l_l ey, qn)

Repeating the procedure of Section 3.2 we can write the
equations of motion for a system of rigid bodies, similarly to

Equation (3.16),

d ar _ ar

N F o0
LA = F7 05 . B (310
dtdg;, Ba; - QMo Q= ) |Fyrat v My
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where T is the kinetic energy of the system and A; is given

by Equation (3.15).

In general, the kinetic energy of a rigid body is given

by (see Appendix B),

- 2 - g 2 B
T, = _IILZ droj + m. droj . drC'G'j + _l_-l déj (3.20)
J 2 dt 7 dt dt 2 dt

where f@ is the positional vector of some chosen point within
rigid body j in the inertial frame of reference, Tc.e., is the
vector from that po;nt to the body's center of gravity in the
local frame of reference (fixed to the body), and éj is the
angular position vector of the local reference frame. The

kinetic energy of the system is now given by:

N
T =T, = T, + T, + T, (3.21)
j=1

where T,, T,, T correspond to the first, second, and third
terms in Equation (3.20). By the analogy to Section 3.2 terms
T, ., T3, can be evaluated according to Equation (3.6) in terms

of generalized coordinates,

n N or, OF
1 1 . 1 0 0
T = = z: as , , ai,. = Z:m__lO 3 3.22a)
1 2 i k=1 1k ql qk 1k j=1 J aql aqk (
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n N
) d;dx ajx = Y, I; . (3.22b)
2 i,k=1 lk 1=k ik j=1 J aql aqk

Evaluation of term T, is more complicated as it involves a

triple product. We have, for a single body,

df, dfa... drf do.
T2 - m. 0_1 . C-G-J = m‘ Oj . J x f.c G
3 J dt dt J dt dt <

which in terms of the generalized coordinates can be written

as:

aroj ae’ e

n
sz mjlgﬂ(pz €prs aq aqk Iéay ql qk

where superscripts p, r, s denote the cartesian coordinates
of the respective vectors and €,,, is the permutation
constant. Summing over all the rigid bodies we obtain the

following relation:

1 .
T, = < E anikqi dy (3.22¢)
i,k=1
where
- 9ry, 963
2 0y p
a = 2 m
ik F=1 J plzr;s prs aqi aqk C.G.
Finally,
1« 1 2 3
T = E' Z aikq.-j_ dk ’ aik = Qi t aijp + aig (3.230)

i,k=1
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The generalized forces Q; and the kinetic energy T of the
system were thus determined in terms of the generalized
coordinates g;. The final form of the differential algebraic
equations (DAEs) of motion for a system of N rigid bodies can

be written as:

[A]:[d] + [B]'[¢g] = [Q] + [GIT'[A]
(3.24)

£, = 0 , (¢ =1, -+, d)

where the coefficients a;, of matrix [A] are defined by
Equation (3.23), coefficients b;, of matrix [B] are related to
a;, through Equation (3.10), the generalized forces 0, are
given by Equation (3.19), and the coefficients g.; of matrix[G]
are established in Equation (3.17). Provided that the
positional and oriehtational vectors 7, Gj for every rigid
body in the system are known, these coefficients can always be

evaluated and the system of equations (3.24) set up.

The generation of the system of DAEs of Equation (3.24)
on a digital computer for an arbitrary system of rigid bodies
was developed in [31], and the appropriate algorithms can be
found in that reference. As a final note to the presentation
of the mathematical model, a proposed system of coordinates
used in the present‘moéel should be discussed. This will be

done briefly in the next section.
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3.5 PROPOSED SYSTEM OF GENERALIZED COORDINATES

In the previous section the Lagrangian equations of
motion for a general three-dimensional case were established.
In this section we will present our choice of generalized
coordinates. Herein we shall limit ourselves only to a two-
dimensional case, since at the present our model is only two-

dimensional.

We recall that rigid bodies are approximated by disks.
Simple rigid bodies, which are represented by single disks,
are treated like particles, and thus can have a maximum of two
degrees of freedom, that is their rotational motion is
neglected. On the other hand, the complex rigid bodies, which
are represented by rigid configurations of disks will have a
maximum of three degrees of freedom (one rotational and two

translational).

For a single isolated disk the chosen generalized
coordinates represent the cartesian coordinates of the center

of the disk. Hence,

qQ = Xj
- rj = qli + qgj
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A single disk being in contact with angther object in the
system has only one degree of freedom. Consequently, its
position is represented by only one generalized coordinate;
provided that the object's location in the system is known.
Figure 3.1 shows the choices of the generalized coordinates in
cases when the disk is contacting an obstruction line segment

(a), or another disk (b).

y‘(Cl)

Ri
(1)
// .
g t n-
yb"'_ "l_—_qi"' (b)
Xb X !

(a)

Figure 3.1. Definition of chosen genera-
lized coordinates for a disk in contact
with a line segment (a) and a disk (b).

For a disk in contact with an obstruction line segment, the
generalized coordinate is chosen as the distance from one of
the ends of the line segment to the point of contact. We thus

have:

]

Ty = (Xp+aty+Ryn)d + (y,+qt,+Rn)J
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where n,, n,, t,, t, are cartesian components of the normal
and tangential vectors for the given line segment, as shown in

the figure.

For a single disk contacting another disk, the
generalized coordinate is chosen as the angle that the line
connecting the centers of the two disks makes with the X-axis,

Figure 3.1b. We therefore have:

Ny
I

f (X, + (R; + Ry) cos(q,)) 4 + (¥ + (R; + Ry) sin(q,) ) J

where x,, y, are the components of the known positional vector

of the other disk.

Figure 3.2 shows the definition of the generalized

coordinates for a complex rigid body.

REFERENCE LINE

BASE DISK
)4
oy | e -, l
2 0 \~/\\\//}
i !
A Z
0 | REFERENCE DISK
i —
xo.=q1 . X

Figure 3.2. Definition of generalized
coordinates for a complex rigid body.
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The chosen generalized coordinates represent the ﬁwo cartesian
components of the positional vector of the base disk, and the
angle that the reference line makes with the x-axis. The
reference line is defined as a line connecting the centers of
the base disk and some other disk selected within the body.
This line defines the angular position of the entire body.

The positional and angular vectors can be defined as:

dl=x0,, 2 = Yo, @ = B
!

1o, = qlvqd 0, = q,k

If the given complex body is in contact with another
object in the system then the contacting disk is always chosen
as the base disk for that body. Thereafter, the generalized
coordinates describing the positional vector for this disk
(ﬁ%) are chosen in the same way as for a single disk in

+

contact.

This concludes the mathematical formulation of the
present model. The positional and angular vectors for every
body in the system are defined. The kinetic energy as well as
the generalized forces can be determined in terms of the

proposed generalized coordinates.
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3.6 CONCLUSIONS

In this chaptgr the mathematical formulation for the
model was presented. The moéion of the system was described
in terms of a set of simultaneous differential algebraic
equations (DAE). Equation (3.24) shows the final form of the
equations of motion. It should be pointed out here that the
mathematical formulation of the problem was exact, as no
simplifying assumptions were made during the formulation. Any
such assumptions that are later imposed, are done so for the
purpose of reducing the difficulty in obtaining a numerical
solution and increasing the computational speed, or for the
purpose of reducing the number of géneralized coordinates.
Treating a single disk as a particle is an example of the
latter. Also, inadvertently, for many systems some
simplifications will have to be made in the determination of
the character of the external loads écting on the system which
"will lead to inherent errors in the generalized forces.
Nevertheless, the mathematical formulation for the model is

exact.



CHAPTER 4

GENERATION OF RIGID BODIES

4.1 INTRODUCTION

The processes involving the systems of a large number of
rigid bodies nearly always possess a certain degree of
randomness. This randomness is associated with a large
variety‘of shapes and sizes of'the rigid bodies as well as
their varying concentrations and spatial distributions
throughout the system. In computer simulations of processes
such as these it is useful to be able to generate the rigia
bodies at random, thus avoiding a biases associated with
systems for which the rigid bodies are predefined. For this
purpose a random number generator was incorporated into the
computer model. This generator provides our model with a
uniformly distributed sequence of random numbers which are,
consequently, sampled to randomly generate the sizes of rigid
bodies and their spatial positions according to -specified
distributions. The last statement seems at first sight to be
contradictory. However, as we shall see in Section 4.3, it is
possible to generate a given variable associated with a rigid
body (such as its size, for example) completely at random in
such a way that globally, this variable will Be distributed

according to some specified function.

79
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Before presenting the methodology of rigid bodies
generation and its numerical implementation, several basic
ideas need to be discussed. Let us consider the example shown

in Figure 4.1.

Figure 4.1. A schematic diagram for the
rigid body generation.

The broken line in the figure represents a conveniently
chosen boundary of the control area or the domain in which the
simulation is carried out. The three main types of boundaries:
that can be identified are:

a) Solid Boundary, indicated by the line (P, P,) as well as by
the closed curve S. This type of boundary typically

represents physical structures such as the walls of a channel
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or an obstruction.

b) Generation Boundary, represented in the figure by the liné
segment (P, P;) . This boundary is chosen by the user and is
used for the rigid body generation.

c) Exit Boundary, indicated by the segment (P, P,). Once a
rigid body generated on the generation boundary crosses the

exit boundary it is automatically deleted from the simulation

procedure.

In our simulation program the disks are generated at the
generation boundary one at a time. They move towards the
solid bouﬁdary being acted on by the external forces of the
system. Consequently, as the simulation progresses, more and
more disks are present in the system. Every disk generation
is considered as a random event, characterised by three random
variables associated with it. Those are the size of a disk
represented by its radius R, its position along the generation
boundary x, and the‘ time interval At after which the next
generation is taking place. The disk generation procedure
thus 1is reduced to generating the above three random
variables. These variables are assumed to be continuous over
fheir respective domains, for example, the radius of a disk
can vary continuously from some minimum to some maximum value.
Each of the random variables has a certain probability
distribution function. If X denotes a random variable and x

is its value then, the cumulative distribution function F(x)
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is defined as the probability that a random selection of X

gives a value less than x. We write
Fy(x) = PlX<x)} (4.1)
From the definition'of the distribution function it is evident

that 0 < Fy(x) <1. If a given random variable X has all

values fall within some interval, x,;, < x < x_,., then

Fy(Xyn) = 0, Fy(Xpay) =1
We can also identify the probability that the value of a
random variable X falls within a specified interval (x;,x,).
Namely, if (X,,X,) € (X, Xu..) then

Plx, <Xsx,} = Fy(x,) - Fy(x,) (4.2)

In the specific case when the size of the interval is (dx) we

may write Equation (4.2) as
PlXedx} = Fy(x+dx) - Fy(x) = f,(x)dx (4.3)

where fy (x) = dFy(x) /dx is known as the probability density

function of a randon} variable X.

Conversely, if a probability density function for a given



83

random variable is known then the cumulative distribution can
be calculated:

X
Fe(x) = ffx(n)dn (4.4)
Xnin !

The above result suggests that the cumulative distribution of
a random variable is equal to the area under the probability

density function, as shown in Figure 4.2.

b —Fy(x)
fy (%)

I
Xmin X Xmax X

Figure 4.2. Correlation between F(x) and
f(x).

Each of the three random variables associated with the
generation of a rigid body has a probability density function
associated with it as well as a uniformly distributed random
number sequence. The sequence is used to randomly sample the

given variable according to its distribution.

The methods of obtaining uniformly distributed random

numbers on the (0,1) interval are presented in Section 4.2 and
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the sampling techniques are discussed in Section 4.3.

For the purpose ofrthis model it is assumed that the
radii of the disks are distributed according to a Gaussian
distribution, their positions along the generation boundary
are described by a uniform distribution, and the time
increments are Poissonian inputs. The methodology of sampling
of these random variables is presented in detail in Section

4.4.
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4.2 RANDOM NUMBER GENERATORS

With the recent evolution in digital computers and their
improved capabilities there is an increased interest in
computational methods (such as Monte Carlo methods or
stochastic simulation), in which certain phenomena or
processes are studied by carrying out the computations for a
large number of sets of randomly chosen parameters of the
processes. Such methods make use of random numbers in
modelling the process or computing an outcome of an event
which is stochastic in nature. By stochastic process it is
meant a process described by a sequence of states whose
evolution is determined‘ by random events. During the
computation such random events are prescribed by the random

numbers used.

Many physical devices have been constructed for the
purpose of generating random numbers. Those are based on
physical processes which are statistically considered random.
There are also random number tables available on disks and
magnetic tapes, which were generated by the physical processes
and subjected to a number of statistical tests (references to
the rand tables can be found in [15]). These tables are often
considered a standard input for the computer programs which

rely on the randomness in the strictest sense.
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Often in practice an extremely high degree of randomness
of the numbers may not be required for simulation of a
particular phenomenon. In such instances it is convenient to
generate the numbers one at a time, as they are needed, by a
specified rule. The rule can be devised in such a way that
the generated ' sequence of numbers will have desired
statistical properties and no significant deviation from
randomness will be detected when the sequence is subjected to
statistical tests. Such a sequence of numbers is called
pseudo-random and, although, not genuinely random, it can be
close enough to randomness for practical applications. The
advantage of using computer generated random numbers in the
simulation of stochastic processes is that any given sequence
of numbers can be readily reproduced if, for example, a
verification of results is required or a comparison of
different methodologies is made.

Most of the pseudo-random number (PRN) generators are
based on recurrence formulas where the next number in the
sequence is obtained from its predecessor. Different types of

PRN generators are discussed in Appendix C.

For the purpose of our model a mixed congruential
generator (Equation (C.8)) is chosen, based on [21].

X = Ax, +b (mod P)

n+l
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At the present time the simulation is carried out on a
32-bit binary machine. Therefore, 23? is selected as the base
of number representétion P. The parameter A is chosen so it
satisfies the conditions necessary for the generator to attain
a maximum period of 7., = 2°? (see Appendix C). Reference [21]
suggests 1812433253 as the value for the parameter. The
increment b should not have a common divisor with P and hence,
for our choice of P any odd integer can be used. Parameter b

is selected to be equal to the prime number 317.

In summary the PRN generator used for obtaining the PRN

sequences &; on (0,1) interval, is in our model as follows,

¢

Xpa = AXx, +b (mod P)
X (4.5)
En*-:l. = P

with P = 232

1812433253 [ = 1 (mod P) ]
b = 317

X, a large odd number.

Our computer model requires three separate PRN sequences.
Those are obtained by starting the generaﬁor of Equation (4.5)
with three different initial numbers or seeds, X,. Also,
these numbers are used by the program only at the time of the
rigid body generation. There is, consequently, no need to

store the entire sequence. The routine for generating random
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numbers is thus designed in such a way that the new number is
stored in place of its predecessor. Such a generator

automatically reseeds itself. Logically this is written as
X « Ax + b (mod P) (4.6)

If numbers &; are drawn at random from the (0,1)
interval, then their distribution should be uniform over the
interval. This is evident since "randomness" implies that the
probability of choosing any particular number from this
interval is the same. A good PRN generator will supply a
sequence of numbers with a uniform distribution. Hence, we
write

1

£ (E) = 1 (4.7)

and the cumulative distribution by Equation (4.4) becomes,

Fe(8) = £,  Ee€(0,1) (4.8)

Now, by Equation (4.2) the probability that a chosen random

number falls within a specified interval, & € (§,,&,), is

P{E € (61162)} = &2 - 61 (4‘9)

The selected PRN generator can also be used for the

1]

generation of pairs of.random numbers (&,1n) with a uniform

distribution over a .square with a unit side. A uniform



distribution of pairs of numbers implies that

P{(E,n) € AA} = AA

where AA € R® is some area within the square.

89

(4.10)
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4.3 SAMPLING TECHNIQUES

In the computer simulation of stochastic processes, as is
the case in the present study, it is often required that
certain variables be drawn randomly from a specified
distribution, in other words, that randomly chosen variables
be distributed according to a given distribution function.

Such selection of random variables is called sampling.

To define sampling mathematically, let us consider some
space I'y which can be either discrete or continuous. We
denote the elements of this space as x, x€l';. We assume
that there exists a continuous or discrete probability density

function, f(x) such that:

ff(X) dx = 1 (4.11)
Ly

Sampling is now defined as a procedure of producing a sequence
of random variables Xx,, X,, . . X;, . . . , such that for

any sub-space I'cT,

Plx, €T} = ff(x)dx < 1. (4.12)
y

We note that the proper rules of integration should be obeyed
when a discrete space or a discrete distribution function is

used, although the above equations are written for both cases.
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If a given space is one-dimensional, such as an interval

(Xpin + Xmax) € R then,

b
P{x; € (a,b)} = [£(x)dx (4.13)

for any sub-interval (a,b) € (X, Xpy) . In the limiting
case when the given interval becomes an infinitesimal

neighbourhood &x of point x then we may write
Plx; e dx} = Ff(x)|6x| (4.14)

The present analysis will be limited to sampling one-
dimensional distributions as only such are used in the model.
One can, however, develop similar sampling techniques for

multi-dimensional distributions.

We start with a set of random numbers, & ir uniformly
distributed on (0,1). It is assumed that the numbers are
provided by the generator of Equation (4.5) and have the
cumulative distribution given by Equation (4.8). Sampling of
a random variable X € (Xpin » Xpax) with the corresponding
probability density function f (x) can consequently be reduced
to finding a transformation function & which maps (one to

one) the (0,1) interval onto the (X,;,, Xp.,) interval,

FiE-x Lefomr (4.15)
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so that a set of uniformly distributed numbers {£,! produces
a set of random variables {x;} which are distributed according
to £(x). If we also require that the transformation function

be non-decreasing then:
PlE, <&} = PLF(E)) <F ()} (4.16)

and by Equation (4.15)

plg; <&} = Plx; < x} (4.17)
Hence, from Equatiog (4.1), we have
F (§) = Fy(x) (4.18)

and finally with the application of Equation (4.4) and
Equation (4.8) we may write,

E = Fo(x) = ff(n)dn (4.19)
Xmin

The desired transformation function & can now be defined by
solving the integral equation (4.19) in terms of x. This is
equivalent to finding an inverse of the cunulative -
distribution functién, denoted here as Fy . In short we can

write:

x = F(&) = Fy (&) (4.20)
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One could anticipate the result of Equation (4.19). A
similarity between £ and F(x) suggests itself since both have
their values between 0 and 1. If we again consider a small
interval &§x, then from Equation (4.3), the LHS of Equation
(4.14) is éimply dF,(x) . 8 Fy(x) represents a probability
that the value of the random variable x falls within §&x.
Now, if for any such interval 8x we choose a corresponding
infinitesimal interval 3% = 8 Fy(x) and, moreover, if we assume
that for any random number &; € 8% we seiect a random variable

such that x; € 6x, then
Plxedx} = PlE€dE} = 88 = Ff(x)dx (4.21)

The above result is analogous to Equation (4.14). Hence, the
random variable x is distributed according to f(x). Such a
mapping of infinitesimal intervals is equivalent to the
transformation function of Equation (4.15) since
df = f(x) dx represents relation (4.19). This concludes our
argument. Figure 4.3 shows the graphical representation of

the mapping which defines the sampling procedure.

The sampling procedure described above is often referred
to as sampling by a. variable transformation. We generate a
sequence of random numbers {Ei} € (0,1), and then apply a
transformation of Equation (4.20) to obtain the desired

sequence of random variables {X;} € (Xy,, Xp.) . Often one may
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Xmin

Figure 4.3. A graphical representation
of the mapping of (0,1) onto x-domain.

not be able to find an analytical expression for the
transformation function (Fx'), and a numerical solution of the
integral equation (4.19) may not be economical. If such is
the case, sampling can be performed by what is known as

discretization of the probabilitv density function.

Let us consider a one-dimensional domain (Xmin s Xmax) With
a continuous probability density function, f (x), prescribed
on it, as shown in Figure 4.4. We divide the interval
(Xmin+ Xmax) 1into a series of small finite rather than
infinitesimal intervals Ax,, Ax,, , , Ax, over which the

probability density function (PDF) can be assumed constant.

If f£f,, £, ., ., £, are the values of PDF over the respective
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#(x)l A =f1 Ax;

Figure 4.4. Discretization of the
probability density function £(x).

intervals, then

n
Y f;Ax; = 1 (4.22)
im1 ‘
and
P(x€Ax;} = £;Ax; (4.23)

The above result suggests that selecting a random Variablg
x € Ax; can be thought of as a random event the probability
of which is equal to f;*AX;. We have n such intervals, and
hence, sampling process reduces to randomly choosing one of
the n random events E,, , , E, with respective probabilities

being P{El} = fi.AXi=I (i=1,12) .
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We now divide (0,1) into n discrete subintervals

Ag,, A%, , , A, and we say that if a generated random number
falls within sub-interval i, i.e. § € A{; € (0,1), then we
select event E;. From Equation (4.9) it can be seen that the

probability that a random number on (0,1) falls within a
specified interval is simply equal to the length of thils
interval, i.e. P{§ € AE;} = Af;. cConsequently, if we require
that event E; have a specified probability then the length of
the corresponding interval Ag§; must be equal to this
probability. We can write this condition as

Since event E; represents selecting random variable x from

interval Ax; then,

and therefore:

Ag;, = f;'Ax

i i

(4.24)

The result of Equati.on (4.24) .represents a mapping of discrete
intervals in {-domain onto discrete intervals in x-domain, and
since f(x) = const on each interval, such mapping is
described by a linear transformation function. We write this

as £€: & -x, E€li;, xeAlAx,. If we use superscripts 1
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and 2 to denote the end points of the respective intervals

then similarly to Equation (4.15) we may write

£ e (&%, &%)

1 2
x € (x;,x3)

L:E-x {

and by Equation (4.19) we have

£ -8F = f;(x- xi)

Whence, the selected random variable x is given by
- = 1 1 1
x = L(E) = xi + —f—i(z - £3) (4.25)

It is evident from Equation (4.24) that ge(&ﬁ) = x?. Also,

1

Y Ag, = 1.
i=1

The above method of "allocation and selection" will,
thus, produce a set of random variables (x} distributed
according to f (x) from a sequence of uniformly distributed
random numbers {{}. These are, of course, provided by the PRN

generator, Section 4.2.

Perhaps the easiest way of discretizing the two domains
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is by selecting n-1 points x', x2, .., x2% ywithin the given

interval (Xpi,, Xpx) such that
Kpin < X1 < X2 <000 <xPx

Now, if we denote x,;, = x° , x

max = X7, then we can define the

sub-intervals Ax; as

Ax; a (xi1, x?) , (i=1,n) (4.26)

1
and
Ax, = xi - xi1
Constants f; are taken as the values of PDF at the mid-points

of the respective intervals. Thus,

i i-1
£, = (X,

Using the definition of (4.26) we define intervals A£; in such
a way that relation (4.24) is satisfied. Namely, we set

£° = 0, and we let

§; = Y f:Ax, , (i=1,n) (4.27)
. J=1 .
and if
AT, a (B, 1Y) (4.28)

~then
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1 i-1
ALy = B2 -0 = 3 (£58xy) - M (£;Axy) = £Ax

5=1 7=

This satisfies condition (4.24) and hence, &-domain is
discretized properly. ' Now the sampling methodology can be
summarized as fol}ows. We generate a random number
£ € (0,1) and 1locate the sub-interval within which +that
number falls (A§; as defined by Equation (4.28)). This
establishes the corresponding sub-interval Ax; from which the

random variable x is drawn according to relation (4.25).

As a final note we will now consider what is known as
rejection sampling method. This is often, in terms of the
computer time involved, the quickest and the most efficient
sampling technique. It is a very general method and it can be
used to sample virtually any probability distribution
function. It is particularly useful for sampling
distributions for which the variable transformation method
cannot be easily applied, and offers advantages over the
discretization technique where considerable computer time can
be lost on searching through the intervals and allocating the
variables. However, this method requires a good square PRN
genefator, i.e., a generator which is capable of generating
uniformly distributed pairs of random numbers. As before we
will again confine ourselves to one-dimensional distributions

only. Let us consider a situation shown in Figure 4.5.
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1L Fmax
771 —-—-—f1 ——
Ny —L—fz —4
TNy —+—f2 —-
Ny —f-Fa — 4
0

Figure 4.5. Sampling of the PDF by a
rejection technique.

We wish to choose variables x at random from(Xnin + Xpax)
in such a way that the vériable is distributed according to
f(x). The sampling technique presented here relies on
generating a pair of random numbers (£,n) , 0<&,m <1 .
These two numbers correspond to coordinates of some point

P(x,f) in the x-f plane respectively, i.e.

E€(0,1) o« X€ (Xpyjpns Xpax)
(4.29)
M€(0,1) « fe (0, £_(x))

The linear correspondences in Equation (4.29) are given by,
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E = X — Xnin
- X, X = Xy & (x.. - x.
Xmax ~ Xmin - min * & max min ) (4.30)
n = —————f £ = n‘fmax(x)
fmax(x)
where f,, (x) = f,,, denotes the maximum value of the PDF on the

given interval (Xpin: Xmyx). The probability density function

consists of a set of points in x-f plane for which f = £ (x).

Equations (4.30) define a one-to-one transformation of
£-n domain (a square with a unit side) into x-f domain
represented by a rectangle with sides being (X, Xpx) and
(0, fu) - Since the transformation is one-to-one, it is
evident that every point (¢,1n) will have one, and only one,

point (x, f) corresponding to it.

Sampling of x is now performed in the following way. We
generate a pair of random numbers £,7n. From Equation (4.30)
we determine the corresponding point (x, f). If this point
falls below the PDF curve f (x) (i.e., falls within the shaded
area in the diagram in Fig.(4.5) ) then we select variable x,
otherwise we reject it and generate another pair of random
numbers which, again, are tested, and so on. In the end we
have a sequeﬁce of random variables {x} which were accepted.

The condition for accepting a variable x given a pair of

random numbers §,n is that:
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= Xnin t E“ (Xmax T “nmin

X
f < f(x) { (4.31)
£

N° Lax

Lastly, we need to verify that the generated sequence of
random variables has, indeed, a desired distribution £ (x).
Let us consider an infinitesimal interval BX'G(A%unI-Xmm), as
shown in Figure 4.5. We are interested in finding the
probability that a selected random variable x falls within
that interval. This 1is equivalent to estimating the
probability that a generated point (x, f) belongs to the
incremental area under the PDF curve 8A provided that only

successful points are considered. We can write this as:
P{x € 8x| success} = P{(x, f) € 8A | success}
which can be written as
P{x € dx| success} = P(x€dx| f s F(x)}

Since the variables x, f are obtained from a linear
transformation of random numbers £,7n, they are independent
and uniformly distributed over their respective domains.
Hence, the conditional probability on the LHS of the above
equation is simply equal to the product of the probabilities

of the components. We write:
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P{x € x| success} = 8x-f(x)

The above result is the same as the one in Equation (4.14),
and hence, we can conclude that random variables generated by
this method will be distributed according to the given PDF.
The method of selection and rejection presented above is
relafively simple and can easily be implemented on a digital
computer provided that a good square generator is available.
The disadvantage is that for certain PDF's it may have a low
efficiency, i.e., many values may be rejected before one is
accepted in which case sampling by discretization may be a
better technique. Such situation arises when the area under
the PDF curve is small compared to the entire domain
Loax® (Xmax — Xmin) - Figure 4.6 shows a suitable and unsuitable

PDFs for the application of rejection method.
f=f(x)
fA fA

f=f(x)

i -
X

(a) (b)

Figure 4.6. Typical PﬁF's, suitable (a)
and unsuitable (b) for the application of
rejection sampling technique.
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4.4 METHODOLOGY OF GENERATING RIGID BODIES

In our model thé generation of a rigid body is assumed to
be a random event wherein a new body enters our control area
somewhere on the generation boundary. It is evident that if
a truly stochastic simulation of a process is to be carried
out, then the point of entry must be random as must be the
size of the rigid body and the time intervals between the
consecutive entries (generations). For example, let us
consider a process of interaction of ice carried by a river
with a bridge pier. An observer standing on the river bank
will see ice floes moving towards the bridge pier. It will
seem to him that the floes entering his viewing area are of
different sizes and shapes and that they appear with different
frequencies and at different distances from the shore. He
will not be able to establish any dependencies between the
appearances of consecutive floes and will not be able to
predict the spatial or physical characteristics of the next
floe to enter the viewing area. In other words, an observer
will perceive the appearance of a floe as a random event and
the parameters associated with it as random variables. He may
also notice that some sizes of the floes are more common then
others as also may be the case with other variables. Hence,
he may conclude that the characteristics of the floes,

although random, may be distributed in a certain way, i.e.,
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that certain values of the associated parameters may be more
likely to occur then others.

In the simulation of such a process it is desirable to
retain its. stochastic nature. Hence, the generation of a
rigid body (i.e., its entry into the control area) is
interpreted as a random event. Each such event has three
random variables associated with it, namely: size (radius of
the disk), location at which it enters, and the time interval
until the next generation (entry). Each random variable has
a corresponding numerical value and an assumed distribution
function. Consequently, the pfocedure of a rigid body
generation boils down to random sampling of the three random
variables. For this purpose we use the PRN generator of
Section 4.2, which is capable of generating a sequence of
random numbers on (0,1) with good one- and twq-dimensional
distributions. Three independent PRN sequences, one for each
variable, are started. Every time the rigid body generation
is to take place, one random number from each sequence is
generated. These are then used to sample the respective
distribution functions for the &alues of the random variables.
Sampling techniques were discussed in Section 4.3 and those

will only be referenced in this section.

A schematic block diagram of the generation routine used

by the model is shown in Figure 4.7. The methodologies for
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sampling of particular random variables and their computer

implementations are discussed in the consecutive subsections

of this section.

SET THE INITIAL PARAMETERS
FOR THE GENERATION ROUTINE

#

GENERATE THE SIZE
OF THE RIGID BODY

+

GENERATE THE LOCATION
ON THE GENERATION "
BOUNDARY

DETEMINE ALL

INTERFERENCE INTERVALS

ON THE GENERATION
BOUNDARY

CAN THE
BODY BE POSITIONED
AT THE GENERATED
POINT

POSITION THE BODY

DOES THE
INTERFERENCE ZONE

STRETCH OVER THE ENTIRE

GENERATION
BOUNDARY

#

ADVANCE THE RIGID
BODY COUNTER [*®

POSITION THE BODY

AT THE LOCATION

NEAREST TO THE
ORIGINAL ONE

+

GENERATE THE TIME
INCREMENT TO THE NEXT |t

RIGID BODY GENERATION

EXIT WITHOUT

YES

GENERATION [

!

RETURN

Figure 4.7. Block diagram of the generation routine
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4.4.1 Sampling for the size of a rigid body

Rigid bodies are represented by disks whose sizes are
determined by their radii. It is assumed that the radii are

distributed according to a Gaussian distribution given by

1 (X—lJ.)z
f e | _—— R — 00 o0 4.32
(X) exp( 2 ) ( < x K< ) ( )

where p is the expected or mean value,

+00

p = E(x) = fxf(x)dx

and o? is the variance of the random variable defined as

The two constants, pu, o, are the characteristic parameters of
the distribution and must be entered as inputs into the

program.

The cumulative distribution of the random variable X for

the given PDF, by equations (4.1) and (4.4), is given by the

following relation A
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Fe(x) = fxf(y) dy = fx[ ojﬁ'exp(— —‘%’i)]dy = erf(x)

There is no analytical solution of the above integral and
therefore sampling by a variable transformation cannot be
used. One of the other two techniques is considered. Since
the chosen PRN generator gives a good distribution for the
pairs of numbers it is suggested that the selection-rejection
sampling technique be used. It is also believed that the

efficiency of the method is sufficient for a Gaussian PDF.

We will sample random variable X representing the radius
of a disk by a rejection method (Section 4.3). The variable
will be sampled from a finite interval (X, Xmax ) rather then
an infinite one. The governing condition is shown in Equation
(4.31). The maximum value of the PDF over the interval,

provided, of course, that B € (Xup . Xpax), is

Lrax = Tpax (X) = f£(x=p) =

gy2m

The points Xy, , X,,x correspond, respectively, to a minimum
and a maximum value for the radii of the disks used by the
program and are entered as inputs.

Using the PRN genérator we generate two random numbers

§,Mm. We then apply the transformation equation (4.30) to
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obtain the corresponding pair of variables, x, £, i.e.,

X = XMn+E.(&mx_XMn)

f = rl . 1 3
oV2®
Now if
- 2
£ < ——é——°exp-J3£-JLL~
oy2m 20?

then we accept the variable x. If not then we generate

another pair of random numbers and repeat the above steps.
This procedure is repeated until a successful selection is

made. The generated size is then

This concludes the methodology of sampling for size. The

appropriate routine was programmed on the computer.



110

4.4.2 Sampling for position

The position of a rigid body at the entrance into the
control area, is defined as the distance along the generation
boundary from some conveniently chosen reference point. The
generation boundary is defined by a set of straight 1line
segments. A typical generation boundary is shown in Figure

4.8.

chx

Figure 4.8. Sampling for the position of
a rigid body.

The reference point (RP) is chosen at one end of the boundary.
The maximum position X,,, is then equal to the sum of the
lengths of the individual line segments that make up the

boundary.
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It is assumed that the probability that the generated
rigid body occupies any poéition along the boundary is the
same. Hence the random variable x representing position is
distributed uniformly over interval (0, X,.), and thus the

corresponding probability density function is constant. Here,

£(x) = (4.33)
Xmax
The cumulative distribution function, by Equation (4.4), is
therefore
F(X) = __}i._
Xmax

The above result suggests sampling by variable transformation.
We use the PRN generator to produce a random number #. Then

by Equation (4.19) we have

§ = — = X = & 'X.. (4.34)

Variable x in Equation (4.34) represents the randomly sampled
position of the generated rigid body along the generation
boundary. This position corresponds to the coordinates of the

center of the disk (X,, ¥,) that represents the rigid body.
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4.4.3 Sampling for .the time interval

We assume that generations of rigid bodies are, in terms
of time, Poissonian events or Poissonian walk. Hence, the
time increments between consecutive generations are governed
by the Poisson distribution.

Suppose an event occurs randomly but on average ) time;
per unit time. The probability that exactly k events will
occur during time t is given by the Poisson distribution,

defined by

PIN=k|T=¢t} = i%ﬁ_'y“ (4.35)

The probability that no events occur during the time interval

t will thus be

P(N=0|T=¢t) = e}t

since 0! = 1. ©Now the probability that at least one event
will take place during time interval t is obviously one less

the probability that no events océur, i.e.
PIN21|T=¢t) = 1 - e-*t (4.36)

If we want the Poisson distribution to simulate a random
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process such as the generation of rigid bodies, then what we
want is to generate randomly "approximate waiting™ times for
the next event to occur. If T represents a random variable of
time increment to the next event, then we want to define itg
cumulative distribution, i.e. the probability that T is less
than ¢,(P{T < t}). But T can be less than t only if at least
one event occurs in time t, hence using Equation (4.36) we
write

Fo(t) = 1 - e-*t (.4.37)

Now if & is the generated PRN then by Equation (4.21)

1 - e*t o t=—%ln(l-’c’)

oY
1

and since the distribution of (1 -%) is the same as the

distribution of & we have

t = -~ 1n (§) (4.38)

Equation (4.38) governs the sampling for the time increment to
the next generation of a rigid body. It is evident that the
time increment can vary from zero to positive infinity,
0 < t < o, Accepting very large time increments between
consecutive generations may not be very practical in terms of

the computer simulation. Hence, we wish to sample the time

+
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increments from some finite interval (&p,, tp..), and still

retain the Poisson distribution.

It can be easily demonstrated that the average time
between the consecutive events for a Poisson distribution is
Eave = B (E) =‘%. The expected value of t, E(t) was defined in
Sec.(4.4.1). This is also expected from the definition of

parameter A.

We would like to set up our interval in such a way that

the average time remains . Thus,

Crnax
E(t) = ';LT =ft~f(t) dt (4.39)
Enin

and with the use of Equation (4.3) and Equation (4.37) we may

write
1 s A
—_ = s@—At 4,40
n tmfmkt e-rtdt ( )
Hence,
_1_ = —j;‘[-(l’*-lt) e-}.t:] tmax '
A A tmin

The relation between the endpoints of the time interval,

¢,

min ¢+ ‘max 1S therefore given by
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min

(1L +Atgn) e = 1 4 (144t ) e e (4.41)

If we assume that A, t,,, are specified as inputs then the RHS

of Equation (4.41) is constant and we have,
Atyn = In(1 + Aty,) - 1n(C) (4.42)

where C is equal to the RHS of Equation (4.41). The above
equation can be easily solved numerically by a fixed point
iterative procedure to yield ¢&,;,.

once the interval (&, thnx), from which the time
increments between the consecutive events are sampled, has
been established, the cumulative distribution function can be

adjusted so that Fp(fy,) =0, Fp(t,,) =1. Hence,

m

Fr(t) = A[1 - exp(~ A (t - £,))]

where

£ .

max ml))

min T ln(l - J;) (4.43)
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The above equation is the modified form of Equation (4.38)
and random variable t sampled according to it, will have a
Poisson distribution and will fall within (tninr Gmax)- The

appropriate routine was programmed on the computer.
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4.4.4 Positioning of the generated rigid bodies

The generated rigid bodies have to be positioned on the
generation boundary in such a way that they do not overlap
with any other rigid bodies already in the system, or with any
of the obstruction line segments. The methodology of testing
for the overlap and the subsequent adjustment of the position

of the generated rigid body will be presented in this sub-

-

Z

section.

Figure 4.9. Overlap between two disks.

The overlap between two disks can be easily tested for.
The radii of the disks are known and.so are the coordinates of
their centers. Fig.(4.9) shows a typical situation. The

overlap exists if the following condition is satisfied:

X, - %)% + (¥, -¥,)2 < R, + R, (4.44)
(X2 ) (¥2 )
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In the 1limiting case when condition (4.44) becomes an

equality, the overlap consists of just one point.

Testing for the overlap of a disk with a line segment

(a,b) is shown in Fig.(4.10).

N

vi

Figure 4.10. Overlap of a disk with a
line segment.

t

It is convenient to perform the testing in the local system of
coordinates, with the origin located at one of the endpoints
and with the x-axis coinciding with the line segment. The
coordinates of the center of the disk are transformed from the
global to the local coordinate system. Since our program
already evaluates the unit normal vector A for every 1line
segment of the solid béundary, those will be used to define

the transformation. We will use upper case letters to denote
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the global coordinate system and lower case letters for the
local system of coordinates. Let n,, ny be the components of
the unit normal vector of the straight line segment (&, B) ip
the global system of coordinates. If the coordinates of the
endpoints of the segment are X,, Y,, X,, Y,, then the above

transformation is given by

x ny (X-X,) - n, (Y-1Y,)

(4.45)

y ng (X-X,) + n, (Y-1Y,)

Clearly, the transformed coordinates of the endpoints of the

line segment are: X, =0, y,=0, X, =1,, ¥, =0, where

lop = [(@7B) = (X, -X,)% = (¥, - 1,)°2

If X,, ¥, denote the transformed coordinates of the center of
the disk then, clearly, an overlap with a line segment can
occur only if

¥, € R (4.46)

If condition (4.46) is satisfied then the circle of Figure
4.10 intersects the x—axis. There are two points of
intersection which we will denote as X, , X,. If equality in
condition (4.46) holds then the two points will coincide as
the circle will be tangent to the axis. The equation of the

+

circle in Figure 4.10 is given by
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(¥ - %)% + (¥ - ¥)® = R?

The intercept points can be evaluated by setting y=0.

Hence,

Xy, = X, t |R? - y¢ (4.47)

’

Finally, the overlap between the disk and the solid boundary

line segment occurs if
{(a,b) N (x,, x,;) } * o .

which is equivalent to at least one of the following two

conditions being satisfied:

1) x, € (a,b)
(4.48)

2) x, € (a,b)

If an overlap 1is detected for a generated disk
(X5, Y5, R) then the position of this disk has to be aqjusted
so that no overlap occurs. Since the position is represented
by a uniformly distributed random variable, the generality of
the model will not be jeopardised if this variable is

adjusted. Let us consider the example shown in Fig. (4.11).

In the figure the shaded lines represent the solid boundary

and the straight line connecting points A and B is the
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Figure 4.11. Definition of the overlap
zone and overlap intervals. .

generation boundary. There are already four disks present in
the system, numbered 1 to 4. The broken-line involute around
the disks and the solid boundary line segments encloses what
is termed as an "overlap zone", i.e., an area in the systenm
where a generated disk of size R cannot be positioned without
a resulting overlap. It is clear that the involute is at a
distance R from the surfaces of the respective bodies. There
are six individual overlap zones. These result from four
disks and two solid boundary line segments. The overlap
intervals are defined as the areas on the generation boﬁndary

which lie inside the overlap 2zones. In other wordé, the

overlap intervals are the areas of the generation boﬁndary
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where the generated disk with radius R can not be.positioned.
In our example there are five overlap intervals, three from
disks 1, 3, and 4, and two from the solid boundary at points
A and B. 1If z represents the distance along the generation
boundary from its reference point (point A here), then the
overlap intervals can be defined as the subsets of AB. The
subscripts 1 and 2 are used to denote the endpoints of the
respective overlap intervals, while the superscripts identify

the bodies creating them. In the example shown those are

A A 1 1 3 3 4 4 B B
(lezz)l (lezz)l (lezz)l (lezz)l (lezz)

Since the overlap intervals from disks 3 and disk 4 overlie,
they can be combined into one, i.e., (zi,z) U (zf,z}) =
(zi, z3). Hence, in the example shown there are four resulting
discrete overlap intervals. In general there could, of

course, be more of such discrete intervals.

If a would-be overlap is detected for the generated disk
then all the overlap intervals from the bodies already in the
system are established. Consequently, the generated position
z (see Section 4.4.2) is adjusted in such a way that it falls
outside any of the identified overlap intervals. The
adjustment is also made so that the adjusted position is in
the closest proximity to the original one. Hence, the disk

generated at the new position will not overlap, either with
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any of the other disks already present in the system, or with
the line segments of the solid boundary. If a situation
arises, where the overlap extends over the entire generation
boundary, then the generation of a rigid body is skipped for
this instant in time. The time increment to the rnew
generation is however retained.

The methodology behind the procedure identifying the
overlap intervals will not be presented here. It largely
involves geometrical manipulations of circles and straight
line segments. The appropriate computer routines were

programmed and tested. These are described in Appendix D.
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4.5 SURFACE DENSITY CONCEPT

Let us suppose that using the methodology described in
Section 4.4 we generated say, N disks. Let us also assume
that after the generation the disks moved away from the
generation boundary at a constant rate. With our choice of
parameters o, p, A, what is the surface density of the disks
in the system? We define surface density as the ratio of the
total area of the disks to the control area that these disks

occupy. We write

p = AD = 1 [ - 'mxf} (4-49)

where X; denotes the size (radius) of a disk.

Let us now consider a situation shown in Figure 4.12. We
assume that the generation boundary (A'B) has length L and the
velocity with which the generated disks are moving away is v.
If the generation is being carried out over some time interval
T, then assuming that T » é%, the approximate number of
disks in the system is given by:

t

N, = AT (4.50)

We assume that the areas of the disks y; are distributed
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vT

Figure 4.12. Diagram for evaluating the surface
density.

according to a probability density function f,(y). If we
consider a small disk area increment 8§y then the number of
disks with areas which fall within this interval, using

Equation (4.14), is

8Ny, = N P{y€dy} = Np£,(y)dy (4.51)
The total area occupied by these disks is clearly the number
of disks multiplied by their size, . 1In the limiting case

this relation can be written as

Using the result of Equation (4.50) we can write an expression

for the total area occupied by the disks .
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Y max
A, = AT fyfy(y) dy (4.52)
Yin

The term in square brackets in the above equation represents
the expected or mean value E(y), and since the total control
area which encloses the disks is Ap, = LVT, we can write an

expression for the surface density as:

AE(y) (4.53)
vL

The expected value E(y) in the above equation can be
determined since y = y(x) and the distribution for the random
variable x, f,;(x) is known. Namely, since y(x) = nx? is,
for positive values, a non-decreasing function of x, then the
corresponding cumulative distributions are equal, i.e.,

Fy(y) = Fy(x), (see Section 4.3). And hence we may write,
fy(y) dy = fX('X) dX
Substituting the above result into Equation (4.52) we obtain:

xmax

E(y) = = [ x%£(x) dx (4.54)

Xmin

where 1is given by Equation (4.32).
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If our input comprises of parameters p, ¢, p, then the 7
integral of Equation (4.54) can be evaluated numerically and
the Poissonian constant A can be determined so that the

desired surface density of the disks is achieved. Namely,

A = PVL (4.55)

As a final note it should be mentioned that if the

maximum time increment to the next generation t,,, < %, then

the program will automatically set ¢, = 4'% and the minimum

time increment will be evaluated according to Equation (4.42).
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4.6 OTHER RELATED TOPICS

4.6.1 Other shapes for rigid bodies

A variety of shapes can be composed from disks. At the
present, we shall limit ourselves to the consideration of
equilateral triangles and squares. Figure 4.13 shows the two

shapes under consideration.

(a) | (b)

Figure 4.13. Different shapes of rigid bodies,
triangle (a), and square (b).

A triangle is composed of ten equal disks, while a square is
composed out of nine large and four small disks. It is
evident from the geometry of the shapes that if we maintain
the connectivity among.the corresponding disks, as shown in

Figure 4.13, then the entire configuration will remain
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unchanged, and hence such a body will be, indeed, rigid. In
terms of our computer model this means that the specified
connections among the disks will not be cancelled at any time
in the program. Consequently, the shapes of such bodies will

not be altered throughout the simulation.

The generation of complex. bodies is performed in very
similar way to that for the simple bodies, (Section 4.4). We
again have three random variables: size, position, and the
time increment. These random variables are sampled according

to the procedures presented in Section 4.4.

The random variable of position corresponds to a point on
the generation boundary denoted as (X0, ¥3). The generated
complex body is positionea on the generation boundary in such
a way that its center of gravity coincides with this point.
From the geometry of the bodies shown in Figure 4.13 it
becomes evident that the respective centers of gravity for
triangular and square bodies are at the centers of the
corresponding central disks (C.G.). At the time of generation
the central disk will, thus, occupy the position defined by
coordinates (X,, Y¥,). We now need to establish the
coordinates of the centers of all other disks comprising the
body (X;, ¥;). This can be accomplished by first defining the
coordinates relative to the body's center of gravity in a

local system of coordinates. The origin of such a system of
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coordinates is located at the center of gravity of the body,
as shown in Figure 4.13. We will denote local coordinates as
(X3, ¥Y;). We now define the expression for the transformation

from a local into the global coordinate system. We write

I
X

.o+ X
: 7t °} (4.56)

The local coordinates depend only on the radii of the disks
comprising the body and thus, can be readily computed. For
example, the local coordinates of the center of disk 3 of the
triangular body are X, = R, ¥y, = R/3. The global
coordinates by Equation (4.56) are thus X, = X, + R,

Y, = Y, + R/3.

The random variable representing the size of a complex
body corresponds to a distance from the body's center of
gravity to the most outer point on the body. This variable is
denoted as Ry in Figure 4.13 and is generated by the program.
From the figure it can be seen that for a triangular body

Rp

R(1+2y3). Similarly, for a square body we have
Ry = 3R + 2r. Froﬁ the geometry of the square body we can
establish the relation between the radii of small and large
disks as: r = R(y2 -1). Now the radii of the disks that
comprise both triangular and square bodies can be computed in

terms of Rz. For a triangular body
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RB
R = — (4.57a)
23 + 1
and for a square body,
R = ___52__. \
1+2y2
e (4.57b)
S A
1+2y/2

This concludes the definition of a complex body. Upon the
generation of Rz the radii of the disk can be determined from
Equation (4.57). Consequently, the body can be positioned on
the generation boundary and the coordinates of the centers of

all component disks established by Equation (4.56).
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4.6.2 Generation of random shapes

Two-dimensional random shapes can be generated as
polygons whose vertices are randomly generated points on the
plane. Perhaps the easiest way of achieving this is to
generate a set of random points given by cylindrical
coordinates (r;,0;). These coordinates correspond to pairs
of uniformly distributed random numbers (&;,M;) which are
obtained from the square PRN generator (Section 4.2). The

governing relation is given by:

[
]

I; = Inpp * Ei‘('rmax - rmin) r; € (rmin' rmax) } (4.58)
1 27N, 8; € (0, 2m)

where I;;,, Ijax are the chosen 1limits for +the radial

coordinate. An example in Figure 4.14 illustrates a situation

where ten points were generated.

The generated points are sorted according to the
tangential coordinate 6, in ascending order. The
corresponding points are then joined in this order to create

a polygon.

For the example shown in Figure 4.14 the random shape is

given thus by a polygon established from the points in the



133

. Figure 4.14. A polygon type two dimen-
sional random shape.

following order 3-5-4-1-9-7-8-2-10-6-3.

Another way of obtaining a random shape is by generating
a number of disks having random radii which are then connected
randomly in such a manner that the resulting geometrical
figure is a rigid body. Such rigid bodies are more suitable
for’our model, although the polygon type shapes can also be

handled. Figure 4.15 shows an example of random shape created

with a set of twelve disks.

The method of creating randomly shaped rigid bodies
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Figure 4.15. A random shape rigid body
created from disks of random size.

composed of disks, which was developed for the purpose of our
model, consists of generating the individual disks one at a
time and randomly adding them to the existing body in such a
way that the rigidity of the geometrical figure is maintained.
Such addition is achieved by placing a given disk in contact
with a randomly chosen pair of neighbouriné disks which are

already a part of the body. '

Figure 4.16 shows the process of creating a random shape
rigid body from randomly generated disks. We start with three
disks of‘random size arranged in a triangle as shown in Figure
4.16a. There are three pairs of neighbouring disks to which
the next disk can be added, namely 1-2, 1-3, 2-3. We now

randomly generate the radius of the next disk (4) and randomly
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(c) (d)

Figure 4.16. An example of creating a random shape
rigid body. :

choose one of the three pairs of neighbouring disks, say 2-3.
We add the new disk (4) to the body by positioning it in
contact with disks (2) and (3), Figure 4.16b. Now there are
four disks composing the body. There are also four pairs of

neighbouring disks to which the next disk can be added. Those
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are indicated in the figure as line segments connecting the

centers of the respective disks.

Similarly we add disk (5), Figure 4.16c, and disk (6),
Figure.4.16d. The procedure is repeated until the body is
composed of twelve disks. Each time a disk is added to the
body its local coordinates are evaluated. The local system of
coordinates is chosen in such a way that its origin is at the
center of disk (1) and its x-axis runs along the line
connecting the centers of disks (1) and (2), as shown in

Figure 4.16.

For the purpose of our model the radii of the disks, R;,
comprising the rigid body are randomly picked from (0.5,1)
interval. For this we use the PRN generator of Section 4.2.
If & represents a random number generated from (0,1) interval

then the corresponding radius of a disk is given by
R = o.5+_§. (4.58)

The pair of neighbouring disks to which the new disk is
attached is randomly chosen from a set of all such possible
pairs.. Each pair qf disks, to which the addition of a new
disk is possible, is numbered from 1 to N, where N represents
the total number of such pairs. Consequently, the selection

of a pair of disks is reduced to randomly choosing an integer
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between 1 and N. Again, we use the PRN generator of Section
4.2 to generate a random number n € (0, 1), and we select a

pair of disks according to
i = 1 + INT(Nm) (4.59)

All the pairs of disks are stored in a two-dimensional
incidence matrix IRS(2,N). This matrix has N columns which
correspond to the numbers of disk pairs, and each column has
two elements which store the numbers of the disks comprising
the pair. For example, elements IRé(l,j) and IRS(2,j) store
the numbers of the two disks belonging to disk pair j. For
the situation shown in Figure 4.16c the incidence matrix would

be

12435
24351

1

From the above matrix, for example, disk pair 3 which
corresponds to the third column, is thus created by disks 3

and 4.

An addition of a new disk to the given rigid body
consists of generating a pair of random numbers (£, 1n). The
size of the disk and its relative position in the body (i.e.,
with which two disks it is to be in contact) are determined
from Equations (4.58) and (4.59). The coordinates of the

center of the new disk can now be computed. Let us assume
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that the new disk of radius R is to be placed in contact with
two‘neighbouring (in contact) disks, i, j, with respective
radii and coordinates of their centers being (Ry, X;., ¥;)

(R;, x5, ¥;), as shown in Figure 4.17.

Figure 4.17. cCalculation of coordinates
of the center of a new disk being added
to the rigid body.

If the new disk is to be in contact with the two disks then
the equations governing the coordinates of the new disk

(x, y) are given by

(x - x%;)% + (y-y;)?2
(4.60)

(R+Rﬁ2}

(x-x;)% + (y-y,)°? (R+R;)2

We define two constants,
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a, = (R+R;)*-x%-y2 a, = (R+R;)?-x%-y3

Now, the coordinates x, y are evaluated as follows:

if -VJ # yi then

2 _
= _?BZ : L2 e
| (4.61)
y - al-az X‘XJ—XJ:
2(y; -y;) Yi - ¥i
where:
_ 2
A = 1+ | 21T
Yj—yl
a, - a X; - X X; - X
B=—2Xi—(1 2)(J2 1)+2yiJ =
: (Y§"Yi) Yi - Yz
2
a, - a a a
C = 1 2 - ¥, 1 2 _ a,
Z(YJ .Vi) Yy~ ¥i
and if y; = y; then,
x = 1 8-
2 X - X; (4.62)
y = y; t yi+a, +2xx; - x°

The plus-minus signs in Equation (4.61) and Equation (4.62).
correspond to the two possibilities of positioning a disk in
contact with two other disks. In terms of generating the
rigid body, these possibilities represent the inside and the

outside of the contour polygon (shown as solid lines in Figure



140

4.16. Consequently, the disk is positioned to the outside of

t

the polygon.

Once the new disk is attached to the pair of neighbouring
disks, that pair cannot accept any more disks, and hence is
deleted from a set of possible pairs. However, the addition
of the disk creates'two new pairs which are added to the set.
These involve the new disk and each of the two disks that
formed the original pair. If we use the example shown in

Figure 4.16, then for part (c) the incidence matrix is

12435
24351

If another disk (6) is added to the rigid body as shown in
part (d) of the figure, then the disk pair 1-2 is deleted and
two new pairs, 1-6 and 2-6, are added in its place. The

incidence matrix would thus become

162435
6 24351

This concludes - the description of the methodology of
creating the randomly shaped rigid bodies out of disks. The
shape of such a body will remain unchanged as long as the

specified connections among the disks are maintained.

Randomly shaped rigid bodies are treated by the program
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in the same way that are the square or the triangular bodies
discussed in Section 4.6.1. After the body is created it can
be entered into the system (i.e., positioned on the generation
boundary) in very much the same way. We again have two
generated random variables: the size and the position on the
generation boundary. These two variables are always
maintained by the model regardless of whether the body is
complex or simple. '

As indiéated before the random variable of position which
is generated by the program corresponds to the point on the
generation boundary (X,,Y,) at which the center of gravity
of the generated body (simple or complex) is positioned. For
the randomly shaped'rigid body the location of the center of
gravity is not known beforehand and has to be computed. Since
the coordinates of the centers of all disks (Xg, ¥;) and
their respective radii (R;) are known in the local system of
coordinates (see Figure 4.16), the position of the center of
gravity of the body (X.,Y.) can be determined from the

following relation: '

¥ N
Y x;nR? Y yimr:

x, = i=3 , Ve = Ei%______ (4.63)
Y nR? Y nr:

i=1 i=1

where N is the total number of disks comprising the rigid
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body.

The coordinates of the centers of individual disks with
respect to the body's center of gravity (Xé,yé) can now be

computed from a simple transformation,

Xi = X.i - XC

(4.64)

=
]

.Yi_yC

The generated random variable of size (Ry), which is
assigned to the rigid body, corresponds to the distance from
the body's center of gravity to the most outer point on its
surface. Since the radii of the disks comprising such a body
are randomly picked values between 0.5 and 1, it is very
unlikely that for the created random shape rigid body the
maximum distance will coincide with the previously generated
size. Consequently, the given rigid body has to be rescaled,
so that it fits the proper size. If we denote the scaling

factor as k; then we can write

Ry = ky'max{R, +{(xD7+ (yD°, (i=1,N) )

The maximum value of' the expression in braces can be evaluated
for any given body and hence, the scaling factor can be

determined,
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k s 4
s - .65
max{Ri+‘/(X§)2+(y§)2} ( )

For the rescaled body the radii of the disks (R;) and the
coordinates of their centers with respect to body's center of
gravity (xj, yi) can be evaluated,
R; = kS RJ. ’ X; = kin ’ y; = ksy.i (4'66)
The given random shape rigid body represented by a set of
disks is now defined in a proper context and can now be
positioned on the generation boundary. The radii of the disks
are given by (R;) and the global coordinates of the respective

centers (X;, Y;) are determined by the following coordinate

transformation:

(4.67)

This concludes the process of generation of the random

shape rigid body composed of a set of random disks.
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4.7 CONCLUSIONS

The method of rigid body generation presented in this

chapter was succeésfully implemented in the model.

The generated rigid bodies can have a variety of shapes),
ranging from circular, square, and triangular to random ones.
The overall sizes of the rigid bodies can be randomly sampled
according to any chosen distribution function, both continuous
and discrete. All considered, the developed method of rigid
body generation provides a user with a very versatile tool in
the modelling of stochastic type processes, involving the

dynamics of solid-fluid systems.

The PRN generator chosen in Section 4.2 proved to be
versatile in generating the sequences of single numbers and

the pairs of numbers with good statistical properties. ¢

The method also allows for the random generation of rigid
bodies in such a way that overall, a certain specified surface
density of rigid bodies is retained throughout the simulation

process.



CHAPTER 5

FLUID FLOW VELOCITY FIELD

5.1 INTRODUCTION

_ Since the simulation model is also directed at analyzing
the motion of multi-body systems in a fluid medium, it is
necessary to considér the interactions between the solids and
the surrounding fluid. These interactions occur at the
solid-fluid interfaces and are governed by the relative
velocities of one with respect to the other. The existence of
such differences in velocities gives rise to the interaction
forces in the form of drag and lift, which in turn affect the

motion of the solid bodies.

If multi-body systems are to be analyzed in a stream of
moving fluid, then the velocity field of the fluid flow is a
necessary input for the model. This chapter describes a set
of computer routines which were developed for the computation
of the flow velocity fields. The free stream'velocity and the
geometry of the solid boundaries are the initial inputs. The
flow is assumed to be two-dimensional. Both a flow around an

obstruction as well as the channel flow are considered.

145
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The general eqﬁations governing the motion of the fluid,
as we shall see in the next section, are very complicated and
solving them presents considerable mathematical difficulty.
These equations, however, can be greatly simplified with the
assumptions of incompressibility and irrotationality of the
flow. The two assumptions bring us to what ié known as the
potential flow theory and the corresponding equations .of

motion are readily solved.

Many types of fluid flow can be considered as being
potential, such as for example, a uniform flow approaching a
structure, a channél flow around a bend, or any type of
converging flow. There are flows, however, for which the
potential theory does not apply. These include boundary
layers, wakes, jets, and the areas of significant boundary

layer separation.

Frequently interactions between a structure and solid
bodiés flowing with the fluid and the loads exerted on the
structure due to those interacfions may be of interest. The
solid-structure interactions occur mainly on the part of the
structure's boundary which is facing the flow. In such
instances the flow can be considered irrotational and, hence,

potential flow theory is applicable.
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5.2 EQUATIONS OF MOTION

The equations of motion for a fluid particle are
formulated in accordance with the basic laws of mechanics -
conservation of mass and energy, and Newton's laws of motion.
These equations involve physical and kinematic properties of
the fluid, such as velocity, pressure, density, and
temperature, which are assumed to vary continuously throughout
the fluid. In order to be able to define these properties at
any point in the fluid one must make an assumption that the
fluid is a continuous medium and that continuum mechanics is,
in general, applicable. Consequently, it is assumed that at
each point in the fluid there is a fluid particle and that
each volume of fluid, no matter how small, contains an

infinite number of such particles.

The first principal equation governing the fluid flow is
the conservation of mass, also known as the continuity

equation. This condition can be written as (see Appendix E):

90 L Ve(og) =
55 * V-(pQ) 0 (5.1)

where p is fluid's density and @ the velocity vector of a
fluid particle. For an incompressible flow (i.e. p=const)

the continuity equation reduces to a very simple form,
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V@ = 0 (5.2)

An interesting observation can be made here. Time does not
enter the continuity equation for an incompressible fluid flow

explicitly, even if the flow itself is unsteady.

The second fundamental equation of motion is the momentum
equation which for a Newtonian fluid may be written as
(Appendix E):

dad
Pae

= -Vp+ (A +p)V(V-T) + pV2T + ph (5.3)
Equation (5.3) is known as the generalized Navier-Stokes
equation for a Newtonian fluid. In the equation p is the
coefficient of viscosity and A is the second viscosity
coefficient. It is common engineering practice to relate the
two independent viscosity coefficients according to Stokes
condition (A = —-i—p.). since the second viscosity is difficult
to measure and is no't known for many fluids. In the equation
the term d/dt is referred to as the material time derivative
and is given by the following relation:

d _ 0

9E ° 3f + UV (5.4)

t

If fluid incompressibility is assumed, then by Equation (5.2)
the term involving A .vanishes from the momentum equation

(5.3). Hence, the Navier-Stokes equations for an
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incompressible fluid are given by:

p% = -Vp + pV23d + pb (5.5)

Equations (5.2) and (5.5) constitute the principal equations
of motion for an incompressible fluid. A detailed derivation
of these equations can, readily, be found in many textbooks on
fluid dynamics or continuum mechanics (see for example (41,

[25], [34]).

It can be noticed that Equation (5.5) is a non-linear
partial differential equation in @. The non-linearity appears
in the material time derivative of the velocity vector
(inertial acceleration term: pdd/dt), and interestingly, it
does not vanish even when ideal, frictionless, fluid is
considered. It is due to this non-linearity that there are no
known general solutions to the Navier-Stokes equations. It was
not until recently, with the considerable developments in
numerical methods and digital computers that the solutions to
the generalized Navier-Stokes equations were obtained. Mos%
commonly, the solutions are based on finite element or finite
difference techniques [4], [10]. These methods in themselves
present a considerable mathematical difficulty and are well

beyond the scope of the present thesis.

As a final note we will introduce a quantity called a
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vorticity vector & and defined as the curl of the velocity

vector field:

® = Vxa (5.6)

As we shall see in the next section an irrotational flow,
i.e. with zero vorticity, represents a special type of flow
for which the corresponding equations of motién can be solved
much more readily then the full Navier-Stokes equations. Many
types 6f real flow can be considered irrotational and hence,
the assumption of irrotationality (i.e. & = 0) can prove to

be very useful in flow computation.
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5.3 POTENTIAL FLOW THEORY

Under certain Fonditions the motion of a fluid can be
described mathematically by potential functions. A well known
theorem of vector calculus states that a curl of a vector
field equal to zero is a necessary and sufficient condition
for the existence of a scalar potential function such that the
vector field can be derived as the gradient of this function.
In fluid mechanics this implies that the absence of vorticity
in the flow is a necessary and sufficient condition for the

existence of a scalar velocity potential.

Hence, if @& =Vxd =0, then there exists a scalar

velocity potential ¢ such that
g = Vé (5.7)

Conversely, if the flow velocity vector field.can be
expressed in terms of a gradient of a scalar potential
function ¢, as in Equation (5.7), then the flow is
irrotational since the vorticity & = Vx(V¢) = § for any such

function.

For incompressible flow the continuity equation, (5.2)

can be expressed in terms of a velocity potential. Namely,
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V.V = V¢ = 0 (5.8)
Hence, the velocity potential satisfies the Laplace equation.

The momentum equation for an incompressible and an
irrotational flow can also be expressed in terms of a velocity

potential. Namely (see Appendix F),
V(-S%E + é%uz + 12) = b (5.9)

It is apparent from the above result that a potential flow can
occur only in the presence of conservative (potential) body
forces. If II represents a known body force potential then by

definition: 5 = VI, and Equation (5.9) becomes

<

V(a ¥ Zur s
2

° [

—I[) = 0 (5.10)

(o3}
ct

This implies that the quantity in parentheses must either be

constant or a function of time alone. Hence, -

0

<

1.2
+ =u? +
2

(@3]
ﬁ
° o

-0 = f£(¢) (5.11)

This is known as the generalized Bernoulli equation for an
incompressible and an irrotational flow. 1In a specific case

when the body force comprises of only gravity, then in
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cartesian coordinétes, using the summation convention for
repeated indices, the force potential is equal to, II = -gx;n;,
where n; is a directional cosine of the angle between the 7
axis of the chosen spatial coordinate system and the vertical
axis of the global reference coordinate system.

As was demonstrated, the introduction of the velocity
potential replaced the three unknown velocity components with
a single scalar function ¢, thus greatly simplifying the
equations of motion. Consequently, with the assumptions that
the flow is incompressible and irrotational, the four general
equations of motion (one continuity, Equation (5.1), and
three momentum, Equation (5.3)) in four unknowns (three
velocity components and pressure) were replaced by two
equations Equation (5.8) and Equation (5.11), in two unknowns,
$, p. A solution to these two equations can be obtained
without significant mathematical difficulties. One, however,
is compelled to address the question of the validity of th;
assumptions used and hence, the applicability of the potential

flow equations.

It is generally accepted, [14], [16], [34], that the
assumption of incompressibility is valid for all flows where
the 1local Mach number does not exceed one half. The
assumption that the flow is irrotational is justified for high

Reynolds Number (Re = pul/p) flows outside the boundary layer
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and the regions of considerable separation (for example:
wakes). The significance of the Reynolds number liés in the
fact that it is of the same order of magnitude as the ratio of
the inertia forces term (pdd/dt) to the viscous forces term
(rV2d) in Equation (5.5). High Reynolds numbers would, thusz
indicate that the viscous forces are small with respect to the
inertia forces and can be neglected. This is equivalent to
the assumption that the flow is irrotational (Appendix F,
Equation (F.5)). It therefore becomes apparent that the
equations of motion derived from the potential flow theory
constitute an adequate description of the flows considered in
the present model. Furthermore, it is assumed that the flow
is steady. Consequently, the time-variant terms in Equation
(56.11) will vanish. Also, since our present model is two-
dimensional, with events and interactions occurring in the
horizontal x~-y plane, the term involving the body forces will
also disappear. Hence, the final form of the equations of

motion used in the present model is
Vg = o0 (5.12)
Lyz v B const (5.13)

Since the viscous effects were neglected the boundary
condition at the solid surface is that the local velocity be

parallel to the surface. 1In other words, that the velocity
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component normal to the surface be =zero (impermeability

condition).

9¢

== = 0 5.14

3 ( )
where n indicates a direction normal to the surface. The
above condition is equivalent to: oA =0. Hence, using

Equation (5.12) the boundary condition may be written as:
Vé -8B = 0 (5.15)

The Laplace equation (5.12) together with the boundary
condition (5.14) comprise what is known as the Neumann

problem.

The exact analytic solutions to the Laplace equation are
possible only for some specific axisymmetric and three-
dimensional cases. These solutions employ the technique of
separation of variables, wherein, the Laplace egquation is
transformed into ordinary differential equations. This
necessitates that the boundary be a coordinate surface for one
of the special orthogonal coordinate systems for which the
separation of variables 1is possible. For arbitrary
boundaries, however, any analytical formulation will in the
end, inevitably, become numerical. Several methods of
solving this elliptic PDE (partial differential equation) are

presented in [4] and [23]. Most of these methods employ
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finite difference schemes or a form of Green's function. In
some two-dimensional cases the direct problem of potential
flow can be solved through what is known as the conformal
transformation methods. These méthods are based on finding an
appropriate :conformal transformation that transforms the
boundary curve of the body into a curve for which the solution
is known. They are, however, unsuitable for the computation

of the flow about several bodies.

The method of solution which appears to be the most
efficient for the application in a fluid flow, and which was
consequently chosen, is known as the panel method [16], [27].
This method is based on replacing the required solution to the
Laplace equation over the given domain with a surface
integral. The advantage of using the panel method is in the
fact that the pressure distribution over the solid boundary
can be obtained directly, without the necessity of solving for
the flow field throughout the entire domain.

The implementation of the panel method is presented in

the next section.

Once the Laplace equation is solved for the potential
function ¢ over the entire domain the velocity vector can be
computed from Equation (5.7). The pressures are then

determined from Equation (5.13).
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5.4 PROPOSED METHOD OF FLOW COMPUTATION

In this section we will establish a numerical methodology
for the solution of the Laplace equation, Equation (5.12),
which, with the boundary condition (5.14), is governing the
flow of an incompressible and irrotational fluid. We will
also assume that the flow is two-dimensional and steady. -
Although, the methodology for a general three-dimensional case
is analogous. Therefore in the present analysis the domain
over which the solution is sought reduces to a region within
the x-y plane and the solid boundary becomes a line in this

plane. A typical situation is shown in Figure 5.1.

P(x,y)
=0 on V

:Ug on S

Figure 5.1. A schematic diagram of a
physical domain for the Laplace equation.

The solution tq the Laplace equation is obtained by what

is known as the panel method [16],[27]. In this method the
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solution to the equation over the domain is replaced with the
surface integral. Consequently the problem is reduced to the
solution of a system of linear algebraic equations for the

strengths of the sources distributed on the solid boundary.

If ¢ represents a scalar function that satisfies a two-

dimensional Laplace equation,

2¢ ?é _
V2 = = 0 5.16
b 7z 352 ( )

then it can be shown (see, for example, [4], [25]) that at any
given point P(x,y) within the domain, the scalar function ¢

of Equation (5.16) is given by:

dx,y) = 20 gl gy (5.4
S

The first term in square brackets in Equation (5.17)
corresponds to the Neumann problem for which d¢/0n is
prescribed on the boundarf (of interest here). The second
term in the brackets, together with Equation (5.16), comprises
a Dirichlet boundarf value problem, for which ¢ is specified
on the boundary. In fluid flow these two terms correspond to
the contributions made to ¢ by sources and doublets
distributed on the solid boundary, respectively. Hence, we

may write
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1
d(x,y) = —ﬁialn(r)ds (5.18)

where ¢ 1is interpreted as a surface source distribution per

unit length.

If the solution to the Laplace equation (5.16), with a
Neumann condition (5.14) prescribed on the boundary, is sought
over the given domain on which a flow having a potential .,
is superimposed, then this potential is included in Equation

(5.18) and

d(x,y) = oo (xy) + foln(r) ds (5.19)

S

1
27

The line source distribution ¢ is obtained from the boundary

condition on S:

ﬂ = . il 4 -’. ol 4 I
i V- A a-A ug (5.20)

where ug is the normal velocity component of the rigid

boundary. Clearly, if the boundary is stationary then

Let us now consider a problem of a steady potential flow
around an arbitrary body. The flow is governed by thg
potential function of Equation (5.19), whered, (x, y)
represents the potential of the free (undisturbed) stream, r

is the distance from point P(x,y) to the given point on the
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boundary, and ¢ is the unknown source strength distribution
function. The source distribution function can be established
by replacing the surface of the body with small line segments
or panels over which ¢ can be considered constant, as shown

if Figure 5.2.

— — S

— Pi (x

i’yi)

Figure 5.2. A panel representation of a

body.
The strength of each source panel is chosen in such a way that
the resultant global velocity field satisfies the boundary
conditions at each panel. Namely, that the relative velocity
component in the direction normal to that panel is zero. If
N represents the number of panels used to describe the rigid
body than the total potential at a given external point is the
sum of contributions from each panel. Hence Equation (5.19)

may be rewritten as
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N
= 1 .

d(x,y) = o (x,y) + 2njz;c]}[ln(r)d,S' (5.21)
where O0; represents the strength of the source distributed
over panel j. The line integral in the above equation can be
thought of as a potential generated by a unit strength source
distributed on panel j and for the simplicity of the equations

we will denote it as ¢;. Equation (5.21) becomes

N

= ¢, + 050, (5.22)

1

2m o
A control point is chosen for each panel at which the boundary
condition must be satisfied. Hence, we may write N boundary

conditions (one for each of the N panels). By Equation (5.20)

we have

N
zlnz"iv‘b;'ﬁi = -Véo-a; + uf (i=1, N) (5.23)
J=1

where 2—14)5 = ?1;(1)3- (x;,y;) represents the potential induced by
the unit strength panel j on the control point of panel i, and
n; is the unit outward normal vector of panel i. Also, by
Equation (5.7) we lét L'z'; = -il;Vd)j- denote the velocity induced
by unit strength panel j on the control point of panel 1i.

Equation (5.23) can now be conveniently written as

N
Y, @505 = - did; +uf, (i=1, N) (5.24)
7=



162:
where a;; = ij'ﬁi is referred to as the influence coefficient
of panel j on panel i. The terms on the left hand side of
Equation (5.24) are known, since they depend only on the free
stream velocity field and the motion of the rigid boundaries.
Herein the potential flow problem was reduced to solving tﬁe
above system of N linear algebraic equations for N unknown
strengths of source panels. The influence coefficientsa,;
depend only on the known geometry of the body under

consideration, and therefore, can always be determined.

Consider a line segment of a uniformly distributed source

of unit strength and having length (d), (Figure 5.3).

v A Uy
P(x,y) 5
r
dz
oS —
|z | X
d/2 | d/2

Figure 5.3. A diagram for calculating a
velocity induced by a source 1line
segment.

The velocity induced by an infinitesimal section of the

segment (dz) on point P(x,y) is:
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1 X -z
du = dz 5.25a
X zn (X— Z)2 +y2 ( )

1 y
d = .
u, 27 (% 2)7 1 dz (5.25Db)

Integrating Equations (5.25) over z from (-d/2) to (d/2) we

obtain the expressions for the velocity components: '

u L ‘X“d/z”*y"‘] (5.26a)
* im (x - d/2)? + y?
_ 1, afx +d/f2\ alx-d/2
u, = Eﬂ{[tanl(__";T_") tan’(———gr——)] (5.26Db)

We recall that an influence coefficient, a;; , is a dot
product of an outer normal vector of panel i, A; , and a
vector of velocity, if , induced at the control point of panel
i, P;(x;,¥;) ., by a uniformly distributed source of a unit

strength at panel j. ‘

(5.27)

It can be easily demonstrated that the dot product of two
vectors in cartesian coordinates does not depend on the choice
of the origin or the orientation (rotation) of the system of
coordinates. Consequently, the influence coefficients can be
evaluated in a conveniently chosen local system of

coordinates. The natural choice for the local system of
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coordinates seems to be the one for which the origin is
located at the mid point of the source panel and for which the

x-axis coincides with the panel itself, as shown in Figure

5.4.

Yi

PANEL | T
LOCAL SYSTEM
OF COODINATES

X
GLOBAL SYSTEM
OF COODINATES
Figure 5.4. A schematic diagram for
calculation of the influence coef-

ficients.

We will use upper case letters to denote the global system of
coordinates and lower case letters for the local sysfem of

coordinates.

In the local system of coordinates the components of the
velocity induced at the control point of some panel i, by
panel j, are readily computed from Equation (5.26a) and
(5.26b), where Xx=Xx;, Yy =y;, are the coordinates of the

control point of panel i expressed in the local system of
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coordinates. We may therefore write Equation (5.27) in terms

of coordinate components as

= i i
a;; = uxj D, + uyj n,. (5.28)

where N, ., n,,, are the local components of the normal
vector of panel i. These components are known in the global
system of coordinates and can be expressed in the local

coordinate system through the following transformation:

.

nx_i = an nX_i - an nYi (5'29a)
n.Vi = an an_ + ‘an nY_i (5'29b)
where Ox; r By; » Ny, Dy, , are, respectively, the known

components of outward unit normal vectors of panels j and i

expressed in the global system of coordinates.

In a similar way the local coordinates of the control

point on panel i can be determined:

X, Ny, (X; = X;) - ny (¥ - ¥;) (5.30a)

Y Ny, (X; - X;) + Ry, (Y; - ;) (5.30b)
This concludes the computation of +the influence
coefficients. The system of linear algebraic equations (5.24)

can now be solved for the strength of panel sources ;.
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The flow velocity vector at any point P(X,Y) can now

be calculated according to:

7(X,Y) = O,(XY) + 0;3;(X,7) (5.31)

where U;(X,Y) denotes the velocity vector induced by a unit
strength source panel j. The components of this vector are
evaluated first in the local system of coordinates using
Equation (5.26a) and Equation (5.26b) and then are transformed
in to the global system of coordinates by applying an inverse
transformation to the one used in Equation (5.29).

Finally, the pressure at any point in the flow is

determined from Equation (5.13).

p(X,7Y) D. + —;—pui - %p[u(X,Y)]z (5.32)

This concludes the analytical formulation of a problem of
two-dimensional potential flow around an arbitrary body. The
appropriate computer routines were programmed and tested. The
system of linear algebraic equations (5.24) is, at present,
solved using a standard Gaussian‘ elimination method with
backward substitution. The advantage of using this method is
in simplicity of its application. However, the method is not
as fast as some others particularly for a large number of

equations. Approximately N® multiplications are required, as
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well as, N? additions and diviéions. Consequeﬁtly, the
accumulation of round-off errors through the many algebraic
operations can cause the accuracy to deteriorate if N is
large. At present, this does not seem to constitute a
problem. Should, however, such a situation arise, the
Gaussian elimination can be substituted with one of the
iterative methods, for example, Gauss-Seidel or SOR
(successive over-relaxation), which allow for any desired
accuracy of computations [7]. Regrettably, the iterative
procedures require the introduction of an initial guess which
proximity to the actual solution will affect the speed of

computation. Incidently, such a guess could be provided by

the standard Gaussian elimination method.

The method of validation of the presently used computer
routines for flow calculation will be presented briefly in the

next section of this chapter.
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5.5 VERIFICATION OF THE PROPOSED METHOD OF FLOW COMPUTATION

In order to verify the methodology of potential flow
computation developed in this chapter, a velocity field around
a certain body was calculated and compared with the exact

analytical solution.

Figure 5.5. A panel representation for
the cylinder.

As a test for the external flow a stationary cylinder of
radius R was considered (in two dimensions the cylinde}
reduces to a circle), in an onset flow parallel to the x-axis
having a free stream velocity u,. The cylinder was
represented by eight panels as shown in Figure 5.5. The
analytic solution to the problem was obtained by placing a
doublet at the center .of the circle. The strength of the

doublet was determined from the boundary condition that
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uy(x=-R,y=0) = 0. The resultant. analytical description

is given by the following equations.

2
x4y —EE Xz] (5.33)
X +y

and

u, = uw[1+ Rz(g’z‘gj)] (5.34a)
X2 +y

. 2
u = - u, _.?.R—X__V_ (5.34b)

(x% + y?)?
The computed flow velocities agreed well with those

determined analytically, even though a relatively low number

of panels (8) were used.

The applicability of the computational methodology to the
channel flow was verified using the example shown in Figure
5.6. - The figure shows a channel with an "L" bend and the
corresponding panel representation. The velocity profile in
the cross-section marked A-A was computed and compared with

the analytical solution.

Since a‘fluid flow around the bend shown in Figure 5.6 is
potential it must be irrotational. Such motion would then be
equivalent to a free, irrotational vortex. Hence, the
analytical solution is obtained from the appropriate governing

equations. We have: ¢
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[0}
[}
[}

@
(0]
[0}

Figure 5.6. Panel representation of a
"L" shaped channel.

_ _ .V(RO—RJ:)
u = u, (%7 + %) o (R.JR) (5.35a)

x (R, - R;)
- o ™4 .35b
ty He (x? + y2) In(R,/R;) (5.35b)

The computed and analytical velocity fields were found to be

in good agreement.

The examples considered added strength to the argument of
applicability of this particular method of potential flow
calculation in both external and channel flows. It cannot,
however, be guaranteed that good results will be obtained fo;
any shape of the boundaries. Practice shows,\for example,
that problems may be encountered when the flow around a body

with sharp concave corners is being computed. For such

systems a considerable "leakage" through the solid boundary
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may be encountered. The "leakage" occurs because the source
panelris of some finite length. The boundary condition is
satisfied at the control point, but may not necessarily be
satisfied at any other point on the panel. Consequently theré
may exist a net flow through the boundary. The problem of
leakage may be corrected by introducing more panels to smooth
outrthe sharp concave corners or by using a variable source
distribution over the panels rather than a uniform one, and by
applying the boundary conditions to appropriately more control
points at each panel. One could also incorporate an
integration scheme into the procedure of calculating the
strengths of the panel sources, whereby, the boundary
conditions would reflect zero net flow over the entire
element, rather than a zero relative velocity component at the

specified control point of the panel.
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5.6 CONCLUSIONS

The method of flow determination presented in this
chapter has been successfully implemented within the model.
The method has been found applicable to both the external and

channel flows.

The model's description of the solid boundaries using
straight 1line segments 1is directly compatible with the
definition of source panels used for flow computation. Hence,
the present routine can be integrated in the model straight

away, without any need of redefining the boundaries.

In terms of the numerical computation, the primary goal
in establishing the flow field is the determination of t@e
source panel strengths. The strengths of the source panels
which are given by the system of simultaneous algebraic
equations, Equation (5.24), are successfully computed by this

analysis.

No significant "leakage" through the solid boundaries was
found for a variety of different systems tested. And, the
methods of treating this problem, should it arise, are briefly

discussed in Section 5.5.
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It is believed that for a vast majority of systems for
which the present model is intended, the potential flow theory

constitutes an adequate tool for flow determination.

It should also be stated that at present the effects of
the solid bodies on the fluid flow are neglected. This, in
terms of the simulation process, can be partially corrected
with. modifications to the drag 4coefficients used in

determining the forces acting on the solid bodies.



CHAPTER 6

FORCES ON RIGID BODIES

6.1 INTRODUCTION

Two primary types of forces that the rigid bodies present
in the system experience, are the external forces which depend
on the particular .process that the multi-body system is
undergoing, and the internal forces which are the result of

t

the interactions among the individual bodies.

The character of the external forces for a particular
process must be identified, and it comprises a necessary input

for the simulation program. This is discussed in Section 6.2.

+

The internal forces include the contact, friction, and
impact forces. The contact forces deserve special mention,
and these are discussed in Chapter 7. The friction and impact

forces are considered in this chapter in Section 6.3.

174 : '
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6.2 EXTERNAL FORCES

The external forces répresent a driving mechanism for the
motion of multi-body systems, and thus must be supplied to the
simulation program as an input. In the simulation program a
special routine is allocated in which the character of the
external forces acting on the system is pre-programmed. The
routine communicates the information about the forces to the
main simulation program. The routine must be programmed ih
such a way that for every rigid body in the system the x and
y components of the total external force can be determined
from the position of the body's center, its velocity, and its
acceleration and mass. The simple rigid boqies which are
represented by disks are treated like particles, and the
external forces are applied to their respective centers. For
the complex rigid bodies or quasi rigid body sub-systems, the
external forces are calculated for every disk comprising them

and applied to its center.

The external forces and their character will differ
depending on the process under consideration and thus cannot
be described.- in a general sense. Two specific cases will

however be discussed next.
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Gravitational Force. The gravitational force acting on

a given disk j is given by:

1

= m.g (6.1)

where & is the gravitational acceleration. The components of
g for a particular choice of the inertial frame of reference

must be known.

Drag forces. The drag forces must be determined when a
motion of a multi-body system in a fluid media is under
consideration. In general a drag force on a solid body is
proportional to the square of the relative velocity of the
body with respect to the fluid. Consequently, the computation
of the drag forces requires the knowledge of the fluid
velocity field. Thié information can be either supplied as an
input for a particular system or generated by thé model

(Chapter 5).

There are two types of drag force: a form drag and a skin
friction drag. Both types can be described by one general
.relation. Namely, if &, denotes the velocity of the center
of a disk and 7., to be the velocity of the fluid at that

point then the drag force on the disk is given by

1 - -
= ‘——z-pAeffC'D(uB—uF) |ds - T (6.2)
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where A, is the effective projected area and C, the drag
coefficient. For the skin friction drag A, represents the
area of the body's surface exposed to the fluid. In the case
of the form drag A,, is the maximum cross-sectional area of
the body normal to the direction of the mean flow. The
coefficient of drag C, for skin friction depends mostly on the
‘roughness of the solid surface and the viscosity of the fluid
involved and have to'be determined experimentally. For the
form drag Cj, dependé on the shape of the body, and similarly
to skin friction drag coefficient, is determined
experimentally. Drag coefficients can be frequently found
tabulated for various shapes in textbooks on fluid mechaniés

(see [6] for example).
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6.3 INTERNAL FORCES

The two types of internal forces that are of interest
here are the frictional and impact forces. The frictional
forces result from the relative motion of bodies in contact
and depend on the unknown reaction (constraint) forces. Dry
friction is only considered here. It is assumed that the
frictional force is proportional to the reaction force

(Coulomb Law of friction).

The impact loads result from the collisions among the
rigid bodies. It is assumed that a collision occurs every
time a disk event (Chapter 2) takes place. The general
collision theory is used in the Lagrangian form to model
impacts. The impact forces must be evaluated as these nay
significantly affect the contact forces among the bodies, and
thus cause a force event. As a final assumption it should
also be stated that the collision theofy used assumes no

friction.

The following two sub-sections present the formulation
for the evaluation of the frictional and impact forces used in

the present model.
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6.3.1 Frictional Forces

In the general case of modelling a system of rigid bodies
the friction can be handled by simply modifying the
generalized forces. Similarly to Equation (3.13) we could
write an expression for the virtual work done by the

frictional forces, 8W,. Namely, for a system of particles,

(6.3)

a=1

d n
8w, = 3 A, [E Vai 8Q;
i=1

where v,; is the generalized frictional matrix given by

Z ; 9f, 3x7
V.. = (6.4)
el -721 p;s prs .7 XJS aql

where superscripts p, r, s denote the appropriate Cartesian
coordinates, €,,, is the permutation constant, and 183
represents the cartesian components of the vector orthogonal
to both the cohstraint force and the relative Vélocity vector,

whose length is equal to the coefficient of friction.

The equations of motion (3.17) for a system of particles,

or Equation (3.24) for rigid bodies, with friction included

)

can now be written as
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[A]1-[d] + [BI‘[¢g] = [Q] + [G]T[A] + [®]F[A] (6.5)

Coefficients v,; of matrix [®] are in general, non-linear with
respect to ¢ and g. Consequently, the equations of (6.5) are
highly non-linear and cannot be, except for some very simpl;
cases, solved without a grave numerical difficulty, that is,

if the equations can be generated at all.

It is common practice in modelling of multi-body systems
[28] that during the time simulation the frictional forces
calculated in the preceding time step are entered into the
equations of motion (6.5) as known parameters. This is, of
course, analogous to modification of the generalized forces.

Namely, we can write symbolically,

[Q]Z+At = [Qlewae * [‘I)]c

The equations (6.5) now become identical to equatioﬁs given by
(3.17) where the vector of the generalized forces is given by
[Q1*. The modified equations can be solved, and upon the
solution new frictional forces can be computed for the next
time increment. In other words, the frictional forces "lag"
the constraint forces by a time step. This suggests that an
error is introduced systematically during the simulation.
However, this error is of:second order (acceleration) and is

not considered significant. This approach is also used in our

1
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model.

The above reasoning suggests that since the frictional
forces are assumed known at every time step, they can be
simply evaluated in.the cartesian coordinate system and then
added to the active forces of the system from which, by the
application of the principle of virtual work, the modified
generalized forces can be computed. This can be explained by
considering a general model for friction as illustrated in
Figure 6.1. For the clarity of reasoning the sphere is

representing a rigid body.

Figure 6.1. An illustration of the
frictional forces.

In the figure 88 is the vector of angular virtuad
displacements; 3V is the total virtual displacement across the
constraint, £, represents a vector from some chosen point
within the body (center of the sphere) to the point of

interface on the body's surface, and F, is the frictional
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force at the constraint. The other interacting body is
represented by a stationary plane. This does not reduce the
generality of the model, since the indicated displacements can
be thought of as the relative displacements of one body with

respect to the other.

The virtual work done by the friction in the constraint

can be written as

8w, = F, -8V \ (6.6)

v

The virtual displacement across the constraint can be

calculated as

3% = 8f + 88x7Z,
and hence Equation (6.6) is rewritten as

ow, = (81f + 66xi%) 'Fi
Remembering that a dot product is commutative and the triple
product does not depend on the order of components as long as
the cyclic permutation with respect to the cross product is

maintained, we can write the above relation as:

8W, = F,8F + F,xF, -88 (6.7)
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The second term in the above equation represents a moment

created by the frictional force about point "O". We write,.

which is directly compatible with the virtual work principle
for a system of rigid bodies, Equation (3.18). Consequently,
friction can be handled by simply adding the corresponding
frictional forces and frictional moments to the active loads
and proceeding with setting up the equations of motion as in

(Section 3.5) with new modified loads.

The equivalence of our method with the general procedure,
Equation (6.5) can be demonstrated as follows. For a system
of N particles we have,

6WV = 'El ij.afj
_7:

Also repeating the procedure of Section 3.2

but, ij = —p:ijjo
to obtain an expression for virtual work in terms of

generalized coordinates, and remembering that

i

I 6ql ’ R,

d .
E Aa ijd (6‘8)
=1

[
il
P
(o))
£3
A

we obtain
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(6.9)

d . -
5w, = Y [E xaajxvjfa]-[fj g 1 8,
J=1 la=1 ]

Performing the triple product of Equation (6.9), and

rearranging the terms Equation (6.3) can be obtained.

To complete the proposed friction handling method we need
to evaluate the vector of frictional force. This 1is
equivalent to the determination of the vector B;. For this
reason we will define two vectors B, . 1y which represent unit
vectors in the direction of the constraint force and the
relative velocity at tpe constraint of body j. The two

vectors are given by

where U; is the vector of relative velocity. Vector g; can
now be expressed as

[}

By = Cely X1 (6.10)

where ¢, is the coefficient of friction. The frictional force
which must be orthogonal to the constraint (contact) force

R; is thus given by’
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B, = B;xE

, (6.11)

t

The frictional forces on every body in the system can now be
calculated. The corresponding loads, as iéentified by
Equation (6.7) can be determined and added to the active
loads (forces and moments) acting on the body. The resultant
equations of motion' are represented by Equation (3.24) with

the modified vector of the generalized forces.

As a final note we should again point out that our choice
of generalized coordinates (Section 3.6), the utilization of
the concept of quasi rigid body subsystems (Section 2.3.2),
and proposed methodology of event determination and handling
(Section 2.3.3), was aimed at reducing the number of the
algebraic constraint equations in the overall system of motion
equations. Therefore, in effect, not all the constraints are
represented by the corresponding constraint equations, and
hence, not all constraint (contact) forces EG can be evaluated
through the use of Lagrange multipliers as given by Equation
(6.8). Thereafter the contact forces are evaluated by a

different method. This will be described in Chapter 7.
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6.3.2 TImpact Forces

Every time a disk event is detected, it is assumed that
a collision occurred. A collision can be described by a

Newton's collision rule.

( -."1/1)1 = —€ ‘(ﬁni/j)o (6.12)

where € is the coefficient of restitution, the subscript ny,
indicates a normal component of the velocity of disk i
relative to disk j, and the subscripts 0 and 1 refer to times
just prior to and right after the collision, respectively.

Alternately, Equation (6.12) could be written as,

(-.Hi - ﬁnj)l = - e‘( _‘ni - an)o (6013)

The normal direction is identified as being along the line

connecting the centers of the colliding disks.

The change of sign in Equation (6.12) suggests that
during the collision, there is an instant in time at which the
relative velocity bécomes zero. This instant is referred to
as the point of maximum compression, and it will be denoted

with a subscript "cv. It is assumed that during the

collision the bodies involved deform (compress) up until this
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point. This is followed by the process of restitution during
which the shapes of the bodies return to their original form
and kinetic energy which was stored as tﬁe strain energy, is
returned (in whole or in part) to the bodies. At the point of

maximum compression we thus have,

= 0 - (jn)c = (jy)c (6.14)

With the use of Equation (6.14), Newton's Law of collision,
Equation (6.13), can be written in the form of the following

two conditions:

(6.15)

Since, normal components of the velocities before collision
(0) are known, then the normal velocity components after the
collision (1) can be evaluated from Equation (6.15) , provided
that the normal velocity components at the point of maximum

compression (c) can be determined.

For a system of N disks which are in contact the general
theory of collisions used in the present model assumes that
the point of maximum compression is reached by all disk pairs

at the same time. Hence, we can introduce the so-called

t
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impulse forces & and apply a conservation of momentum
principle to each disk from the initial state (before the

collision) to the point of maximum compression. We have

my(Vy), - my(Vy), = ;55, , (i=1, N) (6.16)

where the subscript j denotes all disks which are in contact
with the given disk i. The orientations of the impulse forces
are along the lines connecting the centers of the reépectivé
disks, and thus are known. Hence, Equation (6.16) represents
a system of 2N with 2N + N, unknowns, 2N velocity components
and N, magnitudes of the impulse forces, where N, is the
number of the points of contact in the disk cluster. However,
at the point of ma#imum compression we additionally havenN,
conditions of Equation (6.14) (one for every connection). The
system of equations (6.16) together with a set of conditions
(6.14) can be solved for the velocity components at the point
of maximum compression. Thereafter, the normal velocity .
components at this point can be calculated. Subsequent use of
Equation (6.15) will yield the velocities of the rigid bodies

at the instant in time after the collisions.

Finally, if during the solution of Equation (6.16) one of
the impulse forces & becomes positive (tensile) then the
appropriate connection is deleted from the system, as such a

situation cannot arise for a system with one-sided
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constraints.

The methodology for handling the collisions among the
rigid bodies was developed in [31]. The method of generation
of the appropriate collision equations and its numerical
implementation can be found in that reference. In this
section the general theory was briefly presented for

completeness.
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6.4 CONCLUSIONS

In this chapter various external and internal forces that
the rigid bodies experience were identified and discussed. In
Section (6.2) it was demonstrated that the drag forces acting
on the rigid bodies in a fluid media can be estimated in the
present model. The computer routine that computes the fluid
velocity field (Chapter 5) is based on the potential flow
theory. At present, the influence of the solid bodies on the

fluid flow is not considered.

The method of handling friction among the rigid bodies
was presented in Section 6.3.1. It was proposéa that at each
time increment the frictional forces be calculated after the
equations of motion (modified by frictional forces from the
previous time step) are integrated. This technique allowed us
to consider friction which otherwise could not be considered.
This, however, led to the introduction bf a second order

error.

The method of handling iﬁpacts among the rigid bodies,
which was developéd in [31] was presented here for
completeness. This method does not consider friction, as the
tangential components of velocity are assumed unchanged during

collisions.



CHAPTER 7

CONTACT FORCES AMONG THE RIGID BODIES AND OBSTRUCTIONS

a1

7.1 INTRODUCTION

Contact forces' among the rigid bodies and obstruction
line segments result from the external forces acting on the
rigid bodies, and are the forces which must be applied to the
respective bodies at the points of contact in order for the
entire configuration to move in the same manner that it would
if the rigid bodies were jointed at these points. For
example, let us consider a pair of disks in contact. There
are some external forces applied to each disk. We can replace
the specified connection between the two disks with two forces
of equal magnitude and opposite direction (no additional net
force on the system) applied to each body at the point of
contact. These two.forces can now be considered as external
forces. Consequently, the pair of disks is replaced by two
separate disks which will behave as if the two disks were

connected.

The contact forces are said to be tensile if they are
directed away from the point of contact, and compressive

v

otherwise. Figure (7.1) shows an example of tensile and

191
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compressive contact forces. The tensile contact forces are
assumed positive, while the compressive contact forces will
have a negative sign. This convention will be used throughout

this chapter.

it . . — '
!
F2 R
I
R
| :
(b)

R

[
| F, 6{ R €|
. 'IE Fi
. R I
(a)
Figure 7.1. An example of tensile (a)
and compressive (b) contact forces.

At each point in time during the éimulation procedure the
contact forces among the rigid bodies and obstruction line
segments must be known. This is because the connectivities
among the rigid bodies and obstruction line segments are
maintained during the simulation process until the contact
forces between the given bodies become tensile and greater
then some pre-specified value. For example, if a motion of a
cohesionless granular material is to be simulated then

whenever a contact force greater then zero (tension) is
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encountered, the corresponding connection is deleted.
Similarly, if the cohesion between the rigid bodies is
present, then the given connection is deleted whenever the
corresponding contact force is greater then the cohesive

strength.

The contact forces are evaluated not only among the
particular rigid bodies but also among the disks composing the
complex bodies present in the system (Chapter 4). This is
done in order to be able to simulate the processes in which a
break-up of solids may occur, for example, an interactionrof-
moving ice with a structure. In such an instant, a break-up
of a rigid body takes place whenever the contact forces
between the component disks, along some line through the body
are greater then the strength of the material. Clearly, the
simple rigid bodies, i.e. those composed of only a single

disk, cannot be broken.

. The following chapter will deal with the evaluation of
the contact forces among all the disks present in the system.
This, as mentioned above, includes both the disks representing
simple bodies and those which are a part of the complex

bodies.

Since our model is two-dimensional, then for every disk

present in the system there are two corresponding equations
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representing Newton's Second Law of motion. These equations
correlate the total acceleration of the disk to the net force
on it, including the contact forces. Consequently, for any
conglomerate of disks for which the number of points of
contact is less than or equal to the number of available
dynamic equilibrium equations, i.e. twice the number of disks,
the unknown contact forces can be evaluated using these
equations. This will be referred to as the method of dynamic

equilibrium.

It may however occur that the number of points of contact
in a given disk conglomerate exceeds the number of equations
of motion, and the dynamic equilibrium cannot be used to
evaluate the contact forces. In this case it is proposed that
the entire conglomerate be replaced by a truss system. 1In
such a system a truss would represent two disks in contact,
with its endpoints located at the centers of the respective
disks. Clearly, the centers of the disks would become nodes
at which the external forces, including the inertial
acceleration terms, are applied. The entire strudture can
then be solved from static equilibrium for the forces in the
trusses which, of course, are the unknown contact forces among
the disks. This method is referred to as the method of static
equilibrium.

The two methods of determination of the contact forces

are presented in this chapter.
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7.2 DYNAMIC EQUILI]%RIUM ANALYSIS

If a disk is in contact with one or two other entities
(those could be other disks or the obstruction line segments),
then the contact forces between a given disk and the entities
can be calculated from the dynamic equilibrium equations.
These equations are based on Newton's Second Law of motion.
The law states that the sum of all the forces in a given
direction is equal to the mass of the body multiplied by its

acceleration in that direction. This can be written as:

YF = my

where & indicates a given direction. Since our model is two-
dimensional, we can write two such equations for a disk, in
two distinct directions. Hence, the limitation that the given

disk has no more then two points of contact.

We will now present the method of utilizing the above
equation to calculate the contact forces for disks having one
or two points of contact. The contact forces will be denoted
as F.. A contact force between two disks is directed along
the line connecting their centers, while a contact force
between a disk and an obstruction line segment is along the

line connecting the center of a disk with the corresponding
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point of contact.

The computation of contact forces using this method is
done in the follpwing way. The given disk conglomerate is
seérched for disks with a one or two points of contact. Once
such a disk is identified the contact forces acting on it are
computed from the dynamic equilibrium equations. The disk is
then, temporarily deleted from the conglomeration, and in its
place, the computed contact forces are applied to the entities
that it contacted, as external forces. The remaining disks
are then again scanned for the number of points of contact,
and the ones with one or two points have the corrésbonding
contact forces determined. The procedure is repeated until
each of the remaining disks have at least three points of
contact. At such an instant the dynamic equilibrium cannot be
used for evaluation of the contact forces, and the method of

static analysis Section 7.3 is then used.
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7.2.1 Disks with One Point of Contact

Let us assume that disk i is in contact with disk, or a
line segment, 3j, as shown in Figure 7.2. The two

possibilities will be treated in the same way.

Figure 7.2. Diagram for determination of
contact forces for a disk with one point
of contact.

In the figure n;-axis passes through the center of disk i and
point j. This axis represents the direction of the contact
force. We will define the following variables:
X;, Y; - coordinates of disk i.
Xj., ¥Y; - coordinates of point j, i.e. center of a disk,
if the entity in contact is a disk, or the

coordinates of the point of contact, if the entity

is an obstruction line segment.
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l;, my - directional cosines for "j" direction, i.e.
cosines of the angles between f;-axis and the X-
and Y-axis respectively.

Lj; ~ a characteristic length

Ly R; +R; - if j is a disk
Lj; = R; - if j is an obstruction line segment

M, - mass of disk i.

We define the directional cosines as:

and we can write the dynamic equilibrium equation in n;

direction as

FC' + 1.°F

' § %t mj'Fyi = Mi(lj‘axi + mj‘a}’i)

Hence the contact force is determined as:
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7.2.2. Disks with Two Points of Contact

Let us assume that a given disk i is in contact with two

entities j and k, as shown in Figure 7.2.

Figure 7.3. Diagram for determination of
contact forces for a disk with two points
of contact

The two contact forces are denoted by Fg;, Fge, and their
corresponding directions as 1;, Nx. Using the same notation
as in Section 7.2.1 we can write the equilibrium equations in
the two directions, similarly to Equation (7.1), as

Fe

g+ LjxFex

I
(-
.
R
D

18xi ~ Fyxi) +t my(Mya,; - Fy;)

and

Fox + ILjp*Foy = Ip*(Mzayx; — Fyy) + met(Mpa,; - Fyy)



200

where I, is the cosine of the angle between the two

directions, i.e.

(%5 = Xi) (Xe = Xq) *+ (¥5 - ¥5) (Yie = ¥i)

L;; ~Ljg

I = cos<{n;,ny)

The equilibrium equations in two unknown contact forces become
”linearly dependent for I, equal to 1 or -1, in which case
they cannot be solved. The condition that no overlap between
the disks can occur, suggests that the directional cosine
cannot be equal to 1. However, -ij can be equal to -1. 1In
this case the two directions (namely, ;. M) coincide and
effectively we only have one equation. Hence, the contact
forces cannot be determined. If however, Il;,# -1, then the
equilibrium equations can be solved. The contact forces can

then be evaluated according to the following relations:

Fej = ““_[(Mi Qi = Fea)(dy = Lelje) + (Mzay; = Fys)(my - mkljk)]

(7.2)

Fop = —— l(Mi s = Fya)(Lie = Iy 1yu) + (Mi2ys = Fyy)(y = my ljk)]
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7.3 STATIC EQUILIBRIUM ANALYSIS

The following method of evaluating the contact forces
among the disks present in the system is based on converting
the conglomeration.of the disks into an equivalent truss
system. In the system, the center of each disk represents a
node to which all the external forces acting on the given
disk (Fy, F,), as well as the disk's inertial forces
(-ma, , -ma,), are applied. Each pair of contacting disks is

replaced by a truss element spanning between the respective

nodes, as shown below.

A PAIR OF
CONTACTING
DISKS

AN EQUIVALENT
TRUSS ELEMENT

ez -

The length of a truss element is equal to the sum of the
radii of the two disks that the truss replaces, i.e.:
l;; =R; +R;. The spatial positions of all the nodes are,
thus, the same as those for the original disks. The base
disks, i.e. those which are in contact with obstruction ling
segments are replaced by shorter truss elements running
between the centers of those disks and the respective points

of contact. Consequently, the points of contact between the
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disks and the obstruction line segments become the additional
nodes. .A sample configuration of disks and the corresponding
truss system are shown in Figure 7.4. The unknown contact
forces are equivalent to the forces in the corresponding

trusses.

(b)

Figure 7.4. An example of a disk conglomeration (a),
and the corresponding equivalent truss system (b).

The advantage of setting up the truss system in the
manner described above, is that the truss system can be mapped
directly from the topology of the disk conglomerate, and

without any changes to its geometry.

The analysis of the equivalent truss system which
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replaces the given configuration of disks is carried out by
what is known as the matrix structure analysis or a direcf
method of finitg element analysis [3]. This method is based
on solving a system of algebraic equations for the nodal
displacements of the structure after the load is applied to
it. The force in each truss element is determined from the
element's change in 1length resulting from the relative
displacements of the two nodes that span it. Although this
method can be applied to a variety of different structures,
including frames and plates, we shall limit ourselves only to

analyzing two-dimensional truss systems.

In this section an introductory theory with its majof
assumptions is briefly presented. The method of setting up
the system of algebraic equations in terms of displacements,

and its subsequent solution, is then discussed.
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7.3.1 Introductory Theory

A matrix structure analysis is based on the assumption
that the material composing the structure is in the linear
(eiastic) region at any time during the process, i.e. that no
plastic deformations occur. From the linearity assumption it
follows that the load-deflection relationship for the
structure is linear. In other words, if all the external
forces acting on the structure are multiplied by some constant
C, then all the deflections of the structure will be "C" times
the previous deflections. This also means that the total
deflection of a structure at some point from all the-external
forces, will be equal to the sum of the deflections from the
individual forces. It is also assumed that the forces are
applied to the structure in a quasi-linear manner, that is the
application 1s gradual, starting from =zero and steadil&

increasing until the final value is reached.

Moreover, it is assumed that the deflections that occur
are small enough not to cause any significant changes in
geometry, i.e. that the geometry of the structure can be

considered constant at all times during the deflection.

Let us consider an elastic linear body to which the

forces are applied in a quasi-linear manner, as shown in
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Figure 7.5. Let P; represent the external forces applied to
the body, and A; be the corresponding displacements at the
points at which the forces are applied and in the direction of

the forces.

DEFORMED BODY

ORIGINAL BODY
/XT——\

Figure 7.5. A schematic diagram for the
formulation of the matrix equations

If the linearity principle holds, then the total work done by
the external forces on the body, using the summation

convention for repeated indices, can be written as:

‘A

1

= P' .
U = - ( )

1

From the conservation energy the work done on the body by the
external forces is equal to the strain energy of the body.
If, now, a small variation of the strain is introduced to,

say, A;, then the corresponding variation of the strain energy



206

can be correlated according to:

aU 1 1 oP,
= — . — . * 7.4
34, I 7 (7-4)
According to Castiglano's first theoren, however,
U '
= P. .
3A, i (7.5)
and therefore Equation (7.4) may be written as:
oP, . '
Py = Ayl (1,7 =1,N) (7.6)

Equation (7.6) represents a system of N simultaneous algebraic

equations in N unknown displacements A;. If we designate

K. . = aPJ

i3 =% (7.7)

i

then Equation (7.6) can be conveniently written in a matrix

form as,
[P] = [K]-[A] (7.8)
The term on the LHS of Equation (7.8) is known since it

represents the known vector of external forces applied to the

body.
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Physically, the coefficients of the matrix on the RHS of
the equation (X;;) as defined by Equétion (7.7) represent the
holding force required at point j in order to keep the body ip
equilibrium, after a unit displacement is introduced at point

i. Figure 7.6 illustrates this point.

ORIGINAL BODY
DEFORMED BODY

Figure 7.6. Physical interpretation of
the coefficients of matrix K.

It, therefore, becomes clear that the coefficients K;; depend
only on the geometry of the body, the points at which the
external loads are applied, and the elastic properties of the
particular material which makes up the body. Since these are

known, coefficients K;; can always be computed.

Matrix [K] is usually referred to as the global stiffness
matrix of a body or a structure. After the assembly of the
stiffness matrix the system of the algebraic equations (7.8)

can be solved for the displacements.
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A global stiffness matrix is a special type of matrix.
Visualising its properties can lead to the possibility of
using the numerical procedures which will require far less

computational time.

It can be observed that the global stiffness matrix is

symmetric, i.e. K;; = K;;. Namely, by Equation (7.5) we have

K. = 9P, . O (eu)_ _o*u _ 3 (au) _ 9P
“ ° JA, T 9A;\3R,) = DA,eh, - aA,|3A,

Most of the effort during the matrix structural analysis goes
into the assembly of the structure stiffness matrix. In terms
of computational time involved, the symmetry of the matrix
enables a consideréble reduction, as only half of the matrix

eléments need to be evaluated.

The global stiffness matrix is positive definite. A
matrix [A] is positive definite if and only if, for any real

vector [x] # [0] the following condition is satisfied

[x]T[A] [x] > O (7.9)

The above condition, using a summation convention for repeated
indices, can be written for the stiffness matrix as

X;°Ki;0x; > 0 | (7.10)
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If X; are thought of as the displacements of some body
subjected to external forces P;, then by Equation (7.7),
Equation (7.6), and .Equation (7.3)

Xi.KJ:j.Xj = XJ:.PJ: = 2U (7.11)
And, evidently condition (7.10) is satisfied, since the strain
energy is always greater then zero for any non-singular set of

real displacements.

When analyzing a structure, using a stiffness matri%
method, one typically divides the structure into elements.
Those could be bars, trusses, frames, plates, blocks, etc.
One also identifies the key points within the structure which
are referred to as nodes. The nodes are located on the
interfaces or the boundaries between the individual elements,
and are the points at which the structure's deflections are to
be computed. The proper choice of nodes and elements is
largely a matter of experience, and, in itself, constitutes an
art 1in using the stiffness matrix method for structural

analysis.

It is also assumed that the external loads can only be
applied to the nodes, that is, a force cannot be applied in
the "middle" of an element. Consequently/ the system of
equations for podal qisplacements, as given by Equation (7.8),

can be set-up once the appropriate stiffness matrix is
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evaluated. The arrays appearing in Equation (7.8) are

referred to as:

[P] - generalized force vector
[K] - nodal structure stiffness matrix
[A] - generalized nodal displacement vector.

The stiffness matrix is made up of the stiffness of the
' individual elements that comprise the structure. 2an entry of
this matrix KX;; represents a generalized holding force
required at node i after a unit generalized displacement is
introduced at node j. In other words, KX;; represents a
stiffness of the structural element spanned between nodes i
and j. An'entry on the main diagonal of the matrix Kj;
represents a generalized force at node i required to cause a

unit generalized displacement at this node.

There are two basic conditions that have to be satisfied
at each node. Those are the displacement compatibility
condition and the force equilibrium. The displacement
compatibility state§ that the displacements at a given node
fqr all structural elements joining at this node are the same
and équal to the total displacement of the node. This

condition can be written as:

(7.12)
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where Ai-' denotes a generalized displacement of node i of
element i-j. This statement is equivalent to the condition
that the structure at a given node remains continuous and the

elements involved do not separate from one anothef.

The force equilibrium states that thé external force
applied to a node is balanced by the internal forces of the
elements joining at the node. Using the same notation as for
the displacement compatibility, this condition can be written

as:

+ P +++++ pf (7.13)

Let us now consider a single element i-j, as shown on

Figure (7.7) below.

ELEMENT i—j NODE J

Figure 7.7. A diagram for evaluating a
force in a single element.

It is evident that since the material is linear, the

contributions from the displacements at the two nodes can be
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added. Hence, using the definition of the coefficients of the

stiffness matrix, the element force at node i is given by:

Pij = Klji‘Ai: + I(ij'A_:jé (7'14)

Substituting the above result into force equilibrium equation
(7.13) and making use of displacement compatibility equation

(7.12), we may write

P; = AIE(KJ_’"J) + E(Kix‘Ax) (7.15)

where summation over x indicates a summation over all
structure elementé joined at node i, i.e. x = j,k,m,...,n.
By comparing the result of Equation (7.15) with Equation (7.8)
‘it becomes evident that the coefficients of the stiffness‘
matrix on the main diagonal K;; are the sums of the
corresponding stiffnesses K, of all contributing elements i-

X. We may therefore write

Kii = Kiji + Kl.k. + Kﬁ Y KJ.P.i (7.16)

Typically, coefficients K;; are referred to as the nodal

stiffnesses, while coefficients K;; are termed as element

stiffnesses.

The global stiffness matrix can now be assembled from the

stiffnesses of the individual elements in the following way:
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Step 1. Number all the nodes in the structure from 1 to N,
where N represents the total number of nodes.

Step 2. For every i between 1 and N repeat step 3.

Step 3. For every j between i+l and N do the following if

nodes i and j span an element:

calculate k7; and add it to the i,i location of the

global stiffness matrix [X].

calculate ng and add it to the j,j location of [K].

calculate K;; and place it in the i,j location of [K].

- set Kj;; = K;; (symmetry).

The problem of setting up a system of equations for the
nodal displacements in the structure was thus reduced to

evaluating the appropriate nodal and element stiffnesses for

each identified structural element.

For three dimensional structures the generalized nodal
displacements and the generalized forces can have up to six
components - three translational and three rotational.
Consequently, the element and nodal stiffnesses‘ K;y
themselves, represent matrices with up to six rows and six
columns. We will refer to these as the elemental stiffnesé
matrices. The fact, that the global stiffness matrix is
composed of the elemental stiffness matrices rather then

single numbers, does not reduce the generality of the above
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considerations since our problem is a linear one. For a
general three-dimensional case we, simply, have 6N equations

in 6N real displacements.

It may often be convenient to evaluate the elemental
stiffnesses in a local coordinate system. These can then be
transferred into the global system of coordinates. To
demonstrate this, let us consider a system of equations

expressed in local coordinates.

(p] = [k]1-[6] (7.17)

The above equation should also be valid in the global system

of coordinates. We write:
[P] = [K]-[A] (7.18)

If matrix [R] represents a transformation from local to
global coordinates then [p] = [R]‘[P] , [8] = [R]-[A], and

we may write Equation (7.17) as

[R]-[P] = [k]-[R]:-[A]
Substituting for [P] from Equation (7.18) and rearranging the
terms,

([R]1-[K] - [k]-[R])-[A]

il
o
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Since the above equation is satisfied for any arbitrary real
vector [A], it follows that the term in brackets must vanish.

Therefore,

(K] .= [R™]-[k]-[R] (7.19)

For a cartesian system of coordinates the inverse of the
transformation matrix is equal to the transpose of the matrix,
([R™*] = [RT1). Using the result of Equation (7.19), we may
finally write an expression for the elemental stiffness

matrices.

[K7;]

[R{5] + [k{:1 - [Ry,]

[R1 - [ky;1 - [Ry;]

(7.20)
[Kij]

In the above expression [R;;] represents a transformation
matrix from local coordinate system chosen at node i for
element i-j, into the global system of coordinates. It should
be pointed out that the choice of coordinate system maybe

different at the two nodes, hence, [Rji} in Equation (7.20).

In our model, we are dealing only with equivalent two-
dimensional truss systems. The discussion of method of
evaluation of the elemental stiffness ﬁatrices for general
three~dimensional elements is therefore beyond the'scope of
this section. The implementation of the general methodology

described here, to the equivalent truss systems will be
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As a final note, we will briefly discuss the aspect of
boundary conditions that may be prescribed on the structure.
Typically, the boundary conditions are specified in terms of
certain required nodal displacements (nodal constraints). For
example, fixed supports at certain nodes, would necessitate
that the nodal displacements at these points be zero. If a
boundary condition prescribes a zero displacement at some
node, say A; =0, than clearly, this displacement does not
contribute to any of the external forces in Equation (7.8)
(the contribution is represented here by the i-th column of
the stiffness matrix [K]). Moreover, the equation
corresponding to this node (given by the i-th row of matrix
[K]) becomes redundapt. Consequently, the boundary condition
is implemented by deleting the i-th row and the i-th column
from the global stiffness matrix. The new reduced system of

equations will then represent the constrained structure.
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7.3.2 Equivalent Truss System

As mentioned before, a conglomeration of diskg for which
the contact forces cannot be computed using the dynamic
equilibrium, is transformed into the equivalent two-
dimensional truss system. Such a system is created by.placing
a node at the center of each disk, and by replacing each pair
of contacting disks with a truss element which spans the two
nodes. The length of a truss element is thus, equal to the
sum of the radii of the two disks that the given elemeﬂt

replaced.

Each point of contact between a disk and a boundary line
segment is also made into a node. We will refer to such a
node as a base node. The contacting disk is replaced by a
truss which runs between the node at the center of the disk
and the given base node. Such truss element will be called a
base element. The length of a base element is equal to the
radius of the disk that it replaces. We assume that a base
node is constrained, that is that 2zero displacements are
prescribed at this node. Therefore the base nodes will not
contribute any equations to'the global system, see Section
7.3.1. The base elements, however, will contribute to the
nodal stiffness of its other (non-base) node. Figure (7.8)

shows the definition of the elements described above.
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ELEMENT (i—j)

——

M) "~ BASE ELEMENT
(k=m)

Figure 7.8. A definition of the elements
in the equivalent truss system.

The non-base nodes are numbered from 1 to N while the
base nodes are numbered from N+1 to N+DNg. The global
coordinates of the nodes are the same as the coordinates of
the ceﬁters of respective disks, which are always known. We

will denote them as X;, Y;.

The length of each truss element is also known. The

length of truss element i-j is defined as: L;; = R; + R;.

For two-dimensional truss systems the generalized nodal
displacements A; can have only two translational components.
The situation is similar for the generalized forces P;.
Hence, the element and nodal stiffnesses KX;;, K;;, are

represented by two-dimensional square matrices. We write,
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, K, = (7.21)

Kll KlZ‘
K21 K22 ij

It is evident that the condition for the equilibrium of forces
at each node will consist of two corresponding equations (one
for each of the two force components). Consequently, there
will be 2N equations in 2N unknown real displacements. The
system of equations is organized in such a way that the
equilibrium equations for a node will occupy two consecutive
lines. Therein, the equilibrium equations for node 1 will
occupy lines 1 and 2, while those for, say, node i will be
located on 1lines 2i-1 and 2i. Therefore, the following

allocation of variables will be used:

A A, P p, .
x] - 21-1] , x - { 21—1‘ (7.22)
A, 5 A Pyli 24
and
Ky, Klz] . Kyia, 254 Kzi—l,zj} (7.23)
Ka1 Kaz ]y Kai,25-1  Kai, 2y

The elemental stiffness matrices of Equation (7.23) can
be obtained by first calculating them in a conveniently chosen
local system of coordinates and then transforming them int.o
the global system by the application of Equation (7.20)

derived in Section 7.3.1.
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For a truss element we chose a local coordinate system at
each node in the following manner. The origin of the system
is located at the éiven node. The x-axis runs along the
length of the element and in the direction away from the node.
Figure (7.9) shows our choice of local coordinates at the

respective nodes.

YA

F—

X

Figure 7.9. Definition of local systems
of coordinates and the corresponding
displacements.

The choice of the local coordinate systems at the two
nodes with different orientation of axis, as shown in Figure

7.9, enables us to treat each node in the same way.

The coordinaté transformation matrix describing a

rotation of the cartesian system of coordinates [R:i7] is given
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I, m
[Ris] = [1: mjij (7.24)

where I,, m; are the directional cosines of x-axis with X- and
Y-axis, and I,., m, the directional cosines of y-axis with X-
and Y-axis, respectively. Subscripts 1ij indicate a 1local

system of coordinates chosen for node i of element i-j.

From the definition of the coordinate systems it becomes
evident that

[RBs:] = -~ [Rij] (7.25)

Since a truss element can experience only a change of
length, in the 1local system of coordinates the nodal
displacement 6% takes place only in x direction. That is,
only x component of the displacement is present. Similarly,
the forces induced at the nodes by the nodal displacements,
can only k;e directed along the truss, and thus in local
coordinates, have only the x component present. Consequently,
the local elemental stiffness matrix [k;;] will have only one
-non-zero entry, located in the first row and the first column.

This is demonstrated by the following relation

ol el I
0 iy 0 0l;y 01/
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We can, therefore, drop the second row in the above equation
(all zeros), as well as the second column of the elemental

stiffness matrix. Hence, we will write

Pi; = k;;°83 (7.25)

b;; denotes here, a force induced at node i of element i-j by
a displacement 6§ at node j, while maintaining the equilibrium

of the element. Using this convention we can also write:

pi; - Kiid] (7.26)

The above equations, (7.25) and (7.26), represent a simple
load-deflection relation for a linear member. Consequently,
for a uniform cross-section truss element we have a very

familiar expression for the stiffnesses,
ki = k;; = (—@3) (7.27)
ij

where E is the elastic modulus of the material, A is the
cross-sectional area of the truss element, and I is its

length.

If we recall that if [R] represents the coordinate
transformation matrix from a global to a local systems then,

[6] =(R]'[A]), [pP]=[R]'[P]. For the truss element we can
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write this as

R v S P A (P P 8
0 ; 1, m, 14 A, ; ' 0, 1, m, ij

It is evident that the second equation in the above relation

P

X

P,

i

is redundant (0 = 0), and thus can be deleted. Hence, in our
case, the coordinate transformation matrix is given only by

the top row, i.e. [I, m]. We may therefore write

1

1
[Rij] = [1 my; . [RE] = [mJ . [Ry] = [-1 -m];; (7.28)
17

The directional cosines of Equation (7.28) are evaluated from
the spacial position of the truss in the global coordinate

system. Namely,
1 = £ =3 m = =i ~3 (7.29)

Now, combining Equation (7.20), Equation (7.27) and Equation
(7.28) we can obtain the expressions for the elemental

stiffness matrices in global coordinates. We have,

and
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- 1 EA
K? = L3 kg . l P
[ 1-7-] [m]ij ( L)ij [ m]J.J
We define a two-dimensional square matrix [B;;] as:

1% Im
Im m?

‘[Bij] (7.30)

17

Using the definition of Equation (7.30) we can write the

expressions for elemental stiffnesses as

[Kij] = "(J%é)ij’[Bij] (7.31)
and
[xf:] = (%)ij.[Bij] (7.32)

With our choice of the local system of coordinates, node j of
truss element i-j is treated in the same way as node i. We

could, therefore, by Equation (7.20), write for node j:

i _ -1 .| EA or_ _
[%55] = [-m]lj (T)” (=4 =mla
and in short,
(k] (—ELé)ij‘[Bij] (7.33)

Equations (7.31), (7.32), and (7.33) define the elemental

stiffness matrices. The global stiffness matrix can now be
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assembled from the elemental matrices, provided that the
equivalent stiffness of the truss element (Eﬂq/L)ij‘is known.
The computation of the equivalent stiffnesses will be
discussed in Section 7:3.3 and the method of assembly of the

global stiffness matrix will be presented in Section 7.3.4. -

Finally; the system of equations for the nodal
displacements can be set up once the vector representing the
external forces [P] is determined. A conglomeration of disks
is a dynamic sygtém, with component diéks experiencing
accelerations. On the other hand, the equivalent truss
system, for the application with the present method, must be
quasi-static. Hence, the dynamic terms of acceleration
present in a disk conglomerate must be, therefore, converted
to inertia forces. This is done by adding the dynamic term
(mass times acceleration) of a disk to the external force
acting on it. Henceforth, for node i, which replaces disk i,

we have:

(7.34)

1

F, - max]

F, - ma,
where: F,, F, are the components of the total external force
acting on disk i, a,, a, are the components of the
acceleration experienced by the center of the disk, and m

represents the disk's mass.
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The system of linear algebraic equations for the nodal
displacements of the equivalent truss system will be of the

following form:

P, K, Ko * Kiaja Kia; = Kioga K on A,
P, K31 Ko ° Ky Kyoi 0 Koo K on A,
Pria Koiar Kojaaz * Kojnagen Koigag 0 Kojogons Kojoron A2j—1
Py; - | Koix Kio * Koiogan Koizg * 0 Koioya  Koiow |® Azj
Py Kon-11 Konwrz ° Koyg2jor Koweazi ° ° Koncrower Konoron| Aoy
| Pow ] | Konr Kawe  * Konajaa Konay 0 Kooy Kowaw | i Ayn]
(7.35)

The coefficients of the global stiffness matrix in
Equation (7.35) are explained by the allocation condition

(7.23) . For example,

KZN—J., 27-1 K2N-l, Zj} _ l:Kll K12

= [Kgs
KZN, 27-1 KZN, 27 K21 KZZ}NJ' [ J]

represents the element stiffness matrix for truss element N-7,

as given by Equation (7.31).

The force and the displacement vectors in Equation (7.35)

are given by the variable allocation conditions (7.22), i.e.
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X9
- J
>

Pl x1 [ Al

P2 Pyl Ayl A2
Pyia Py A, Ay

Pos | = | Pyi| Al D | A,y (7.36)
P2N—71 PXN AxN A2N—1

P | | Py _AyN_ i A,y |

This concludes the consideration of the equivalent truss
system ‘which replaces the given disk conglomerate. The
subject covered in this section represents an adaptation of
the general theory presented in Section 7.3.1 to the
equivalent truss system. In the following sections the above
theory will be implemented to create a computer program which
will set up the system of equations (7.35) and solve them for
displacements. Consequently, the internal forces in the truss
elements, which themselves represent the required contaqt

forces, will be computed.
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7.3.3 Equivalent Element Stiffness

The equivalent stiffness of a truss element i-j is
denoted as (EA/’L)ij, and represents the amount of force
required at the nodes to cause a unit change in length of the

element. Consider the diagram of Figure 7.10 below.

Figure 7.10. A diagram for evaluating the
equivalent element stiffness.

For disk i we have,

o;(x) = Tf_x)— , A,(x) = 2¢t,\[R? - x]
1
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Since we are dealing with a two-dimensional case, we will
consider everything in terms of a unit thickness (t; =¢t;=1).

'The strain for the disk is thus given by:

o,(x
Ei(X) = _%_)_ = ZPE' . 1
Riz - X12
Similarly for disk 7,
e (x) = 2PE" =
R} - x3§

Now, the change in length of the element is

. R | Ry
8 = [ej(x)dx; + [e;(x) dx,
Q [
and
Ry Ry
b s | = [ | - 3R
0 Riz —Xiz 0 Rjz —ij

=2 (7.37)
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7.3.4 Assembly of the Global Stiffness Matrix

The equivalent truss system contains N non-base nodes and
Ny base nodes. The non-base nodes are numbered from 1 to N,
while the base nodes are numbered N+1, N+2, , , N+Nj. As
pointed out earlie?, the base nodes are assumed to be
constrained. In other words, the generalized displacements at

these nodes are zero. We can write this condition as
ij = A_. = 0 |, (N < j < N+Ng)

Therefore, as demonstrated in Section 7.3.1, the equilibrium
equations for these nodes become redundant. Also, since the
displaceménts corresponding to these nodes are zero, they do
not contribute to the force equilibrium equations for any
other nodes. Consequently, the elemental stiffness matrices,
[K;:]+ [Kij]. [Kiy], need not be calculated. It follows from
here that the global stiffness matrix [KX] will have the
dimension of 2N. It should, however, be pointed out that the
existence of a base element connecting a non-base node i to a
base node j implies that the nodal stiffness at i is affected.
Hence, LK&] has to be computed and included in the global

stiffness matrix [KX]. :
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In our program the topology of the equivélent truss
system is given by the node connectivity array, IC(i,j). The
dimension of this array is [N x N+Np]. The square part of the
array, [N x N], corresponds to the connectivities among the
non-base nodes, while the rectangular part, [N x Ng],
represents‘the connectivities between the non-base nodes and
the base nodes. An element of this array can be either 1 or
0. IC(i,j) = 1 indicates that nodes i and j are connected by
a truss elenment. Zero, of course, means that no such

connection exists.

Using the procedure outlined in Section 7.3.1, the

t

algorithm for the assembly of the global stiffness matrix of

the equivalent truss system can now be summarized as follows.
Step 1. For i =1, 2, , , N-1 do Steps 2-10

Step 2. For j = i+1, i+2, , , N do Steps 3-9 provided

Il

that IC(i, j) 1, i.e. an element exists betweeh

the two nodes (i, j).

Step 3. Calculate the length of the element.
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Step 4. Calculate the equivalent element stiffness

in local coordinates, Equation (7.37).

(E’A) _ 2E
L ig T
Step 5. Calculate the coefficients of the

coordinate transformation matrix, Equation (7.29).

_Z = XJ. - XJ , m - Y.'L - Yj
LiJ Lij
Step 6. Calculate the element stiffness [K;7]

according to Equation (7.31) and place it in the

appropriate location of [K], Equation (7.23).

2F ‘[12 lm] . [Kzi—12j—1 Kzi—12j]
T

Im m? Ky 27-1 K,i 27

Step 7. Set [Kj;;] = [K;;] and place it in the global

matrix [K], Equation (7.23).

[RQi-lzj-l R%i-lgj] N [E%j-lzi-l K%jzi-1]

Kyi25-1 Kpjog Kyj12i Kajai
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Step 8. Calculate the nodal stiffness [332] from

Equation (7.32) and add it to the appropriate
location of [K].

2F . 12 lm} .
T |1lm m?

Kyi12i 5%1-12i} Kyi12i-1 Koiog i
==>
Krizia K K121 K

iz2i1 i21

Step 9. Calculate the nodal stiffness [k7;] from

Equation (7.33) and add it to [K].

2F .[12 .Zm] . [sz-1 2j-1 Kzj-1 2j}

T Im m? K, K,

Kyj-125-1 R%j-lzj]
j2i-1 Kajaz

jei-1  Kaj23

Step 10. For j = N+1, N+2, ; , N+N; do Steps 11 and 12

provided that IC(i, j) = 1.

Step 11. Calculate the length of the element.

Step 12. Repeat Steps 4, 5, and 8.

Step 13. For i = N repeat Step 10.

1
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The global stiffness matrix for the equivélent truss
system is now assembled. The system of equations (7.35) can
now be set up. The external force vector is determined from
Equation (7.34) and allocated according to Equation (7.36)-.
We will now proceed with describing the methodology of §olving

the equations for the nodal displacements.
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7.3.5 Solution for Nodal Displacements

In this section a solution of the system of equations
(7.35) will be discussed. The global stiffness matrix was
assembled in Section 7.3.4. It was demonstrated in Section
7.3.1 that for the general case the stiffness matrix is
positive definite. This statement holds true provided that
the structure is in static equilibrium, i.e. that the number
of degrees of freedom for the structure is zero. Clearly if
this were not the case, then Equation (7.3), on which the
entire static analysis is based, would, in addition to strain
energy, also have had to include the change in kinetic and
potential energies. Consequently, a stiffness matrix
representing a system which is not in static equilibrium,r
would become singular. Since, regardless of the situation, a
stiffness matrix is always symmetric, it follows that some
rows of the matrix are proportional, or in general, that the
rows are linearly dependent, as are the columns. This, ip
turn, implies that some of the equations for the nodal
displacements are redundant and should be discarded.
Discarding an equation for the nodal displacements is
equivalent to eliminating the corresponding row and column
from the stiffness matrix, which, in the physical sense, is
analogous to putting ‘a constraint on the corresponding

displacement. This, of course is the same as adding an
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appropriate support to the structure. This point can be

explained by considering a simple example below.

The structure shown in the sketch above, which:consists of
juét one truss element, is not in static equilibrium. It has
one degree of freedom, that being translation in the X
direction. Because of the supports at nodes 1 and 2, the ¥
components of the displacements at the two nodes are gzero.
Hence, the system of equations for the nodal displacements of

structure would have the following form:

EA EA
P =22 .28 A
1 _ I T, . 1
B EA EA
P2 T | LA

The stiffness matrix in the above relatioﬁ is clearly
singular. Hence one of the above equations is redundant and
should be eliminated. We may chose to discard the second one
(i.e., the one for the force equilibrium at node 2), which we
do by placing an appropriate support at node 2 (an appropriate

constraint on a displacement at 2). This is shown in a sketch
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below.

The new, "supported", structure is in static equilibrium, as
it has zero degrees of freedom. We now have only one force
equilibrium equation, that being for node 1 in the direction

of X,

-

The redundancy in force equilibrium equations iﬁ the example
above was expected from the beginning. We had at our disposal
an additional equation for the structure as a whole, i.e. one
of the static equilibrium equations. Namely, that the sum of
all external forces on the structure in X direction is equal
to zero. This equation would provide us with condition
P, = P,. And hence, would reduce the system of two force
equilibrium equations at the two nodes, to just one equation
at one of the nodes. Effectively, adding the support to the
structure was equivalent to utilizing the static equilibriumn

condition.
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In general, for structures the number of degrees of
freedom is equal to the number of additional supports
(constraints on displacements) that are required so that the
structure is in static equilibrium. - Keeping the
considerations of the previous paragraphs in mind , we could
also state that the number of degrees of freedom of the
structure is equal to the number of linearly dependent rows
(or columns) in the stiffness matrix for this structure.
Hence, the rank of the stiffness matrix is its dimension less
the number of degrees of freedom. The converse also holds
true. Namely, if the rank of the stiffness matrix was found
to be less then the dimension of the matrix, by some number,
then this number is equal to the number of degrees of freedom
of the structure, which, in turn, represents the number of
additional supports required. If we denote the number of
degrees of freedom as N, then for the equivalent truss

system we can write:
Nyp. = 2N - rank{[K]}

The equivalent truss system will very seldom be in static
equilibrium. Consequently, the rank of the stiffness matrix
will, almost always, be less then its dimension (2N), and
hence some supports will have to -be added. Once the rank of
the global stiffness matfix is evaluated, then the appropriate

number of constraints (given by the above condition) is added
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to the system. The corresponding displacements are set to
zero, and all the remaining displacements are solved for, from

the reduced system of equations.

Even if the rank of the stiffness matrix is known before
hand, for the equivalent truss system in general, it is very
difficult to determine at which nodes the constraints should
be added to the system. The problem that presents itself
here, is that after the addition of constraints and the
subsequent deletion of the corresponding rows and columns from
the global stiffness matrix, the resultant matrix must be
composed of only linearly independent rows. Evidently, an
addition of any arbitrary constraints will not guarantee the
independence of the remaining equations. It is therefore
proposed in this thesis that the determination of all the
linearly independent equations (which is equivalent to the
rank of the stiffness matrix) be attempted. ‘Once this is
accomplished all the remaining equations are disregarded and

the corresponding displacements are set to zero.

Numerically, this can 'be carried out by applying a
Gaussian elimination to the original system of equations to
convert it to the one defined by an upper triangular matrix.

Namely, the original system of equations which is given by
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[P] = [K]'[A]
is reduced to
[P'] = [K']-A] (7.38)
where [K'] is
Ril Kéz * Kﬁr 'BiZN
0 K3, K}, ** Kpoy

[K/] = . L] . * - . . . (7.39)
/7 /
0 0 0 --K., K,y
0 0 ++ 0 -+ 0
0 0 0 ++ 0 - 0

The first say, r rows of the reduced matrix of Equation
'(7.39), which are not entirely composed of zeros, correspond
to all the 1linearly independent equations. Hence, in the
example above, the rank of the matrix is r. All the rows
composed entirely of zeros represent the linearly dependent
equations which are discarded. Consequently, the

corresponding displacements (A.,,, A,,,, , , A,,) are set to

zero. We have,
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The remaining displacements are obtained by solving the

reduced system of equations: A '

/ . / / /
b, Kii1 K, Kz K, A1
/ / / /
P2 0 K22 K2Ir—1 K21‘ Az
- . . - ) L] ‘
/ / /
Pl 0 0 ***Kig,q Kioyx Ary
P! 0 o 0 KL, | A

The above system of equations can readily be solved through a
backward substitution. Clearly, each equation in the above
system has exactly one unknown less thén the preceding
equation, with the last equation having only one unknown.
Hence, the last coefficient of the displacement vector, A,,
can be solved for. :It is then subsﬁituted into the next, i.e.
r-1st, equation, which now has only one unknown, and the
next displacement (A;;) is computed. The procedure is
repeated by progressively stepping up to the higher equations

and evaluating the corresponding displacements until the last

of them, A,, is determined.

This concludes the determination of the displacements of
the equivalent truss systemn. The forces in the truss
elements, which are the same as the contact forces among the
disks, can now be computed. This is discussed in the next

section.
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The algorithms for the Gaussian elimination and the
backward substitution will not be discussed here. They are
standard items in any introductory textbook onr numerical
methods, and therefore can easily be found (see [7], for

exanmple).

In closing it should be pointed out that during Gaussian
elimination, one frequently refers to inter-changing the rows
in the system of equations. This is done so that the
elimination can still proceed, even though an element on the
main diagonal of the matrix becomes zero. In the end, in the
reduced matrix the all-zero rows always occupy the last
locations. If the row inter-changing takes place then the
equations in the reduced system may not necessarily occupy the
original positions. To avoid putting the constraints on the
wrong displacements, a track of all the original equation
numbers during the elimination must be kept. In our program
this is done by creating a one-dimensional integer array
IEN(2N), which stores the original equation numbers. In the
event that two equations are interchanged, the corresponding
entries in IEN are interchanged as well. Subsequently, after
the displacements are computed according to the methodology
outlined in this section, they are rearranged back according
to IEN, so they appear at the appropriate locations

corresponding to the original vector.
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7.3.6 Determination of Contact Forces

The contact forces among the disks are equal to the
forces in the corresponding truss elements of the equivalent
truss system. The forces in the trusses Hdepend on the
displacements of the corresponding nodes that span the

elements.

The methodology of calculating the nodal displacements
for the equivalent truss system was presented in Sectioh
7.3.5. As was pointed out in that section, the equivalent
truss system, in a vast majority of situations, will not be in
static equilibrium, and therefore, typically, a number of
additional constraipts on displacements (supports) will be
added to the system. If such is the case, then it may appear
to the reader that the given structure can be constrained in
a number of different ways. In other words, the required
constraints can be added to the system at a variety of
différent places, just as the set of linearly independent
equations can be selected from the global set in a number of
different ways. The reader may therefore argue thatz
considering the method used in finding the set of linearly
independent equations, a different numbering of the disks
could result in different constraints being added, and hence,

a different computed nodal displacement vectors. This, of
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course, is true. The displacements as computed in Section
7.3.5 represent the absolute nodal displacements experienced
by the structure which is constrained in a certain way. If
the given structure is constrained in a different way, then
the corresponding absolute nodal displacements will,
inevitably, be different as well. However, the relative
displacements among the nodes will remain unchanged. In other
words, regardless of where the required constraints are added
to the structure, as'long as the resulting system is in static
‘equilibrium, the displacements of the nodes relative to one
another will remain the same. The relative displacements
amongst the nodes are the measure of the internal stiffness or
rigidity of the given structure, which in turn, depends on the
arrangement of the structural elements comprising it, and not
on the particular way in which the structure is fixed in
space. The method with which the nodal displacemenﬁs are
computed does not affect the rigidity of our equivalent truss
system, but it merely restricts its movement in the directions
corresponding to the system's degrees of freedom, or simply
"fixes" it in spaée. Consequently, since we are only
interested in the internal forces of the truss elements, which
depend on the relative nodal displacements of the system, it
can be concluded that the proposed meéthod of computation is

justified.
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We will now proceed with calculation of the forces in the
truss elements. A typical truss is shown in Figure 7.9 in
" Section 7.3.2. We recall that in local coordinate system a
‘truss element can only experience a change of length. Hence,
similarly to Equation (7.14) we may write an expression for

the force in a truss,

pi = kii-d + k8% (7.40)

Using Equation (7.27) and Equation (7.37) the above can be

written as
+ zE : .
pi{ = ==-(81 + 8&j)

T

But since the local displacements can be related to the global
displacements through the coordinate transformation matrix, we
may write,

p! = ,-%n—‘([Rij]'[Ai] * [Ry:][A5])

and by Equation (7.28) and Equation (7.21) this becomes

Ax] _ [Ax] ] (7.41)
Al T LA,

where coefficients 1, m, in the above equation are defined by

p/ = 2E.1 IH]'[

Equation (7.29).
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The components of the nodal displacements can be obtained

from the computed global displacement vector according to

Equation (7.36). The determination of the contact forces now

becomes straight forward and can be summarized as follows:

1).

2).

Contact forces among disks.

If disk i and disk j are in contact, i.e. Ic(i,j) = 1,
then: '
X, - X, Y. - Y.
L:. = R. + R. ’ 1l = 1 J , m = 1 J
17 k4 J Llj L_zj
and
j 2F
pi = T [ l(Azi—l Azj-l) + m(Azi Azj) ]

Contact forces between the disks and the obstruction
If disk i and obstruction line segment j are in contact,

i.e. IC(i,j) = 1, then:

where X;, Y; are the coordinates of the point of contact,

and
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This concludes the computation of the contact forces.
For our choice of the 1local systems of coordinates the
positive contact forces will indicate the tension between the

disks, while the negative contact forces will correspond to

compression.
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7.4 CONCLUSIONS

The method of determination of the contact forces,
presented in this chapter was programmed and successfully
incorporated into our model. The method consists of two major

parts: dynamic and static analysis.

The dynamic analysis is based on Newtoh's Second Law of
motion. It is easy to implement and requires relatively low
computational times. The technique, however cannot be used to
determine the contact forces for disks having more than two

points of contact.

The static analysis is based on a well known technique of
structural mechanics, often referred to as the matrix
structure analysis or stiffnesé method.‘ The introductor&
theory for this technique was discussed briefly in Section
7.3.1. More detailed description of the theory can be readily
found in many textbooks on structural analysis, [3],[8]. The
implementation of the methodology presented in Section 7.3.1,
to analyze the equivalent truss systems which replace the disk
conglomerates was presented in Section 7.3.2. The technique
developed is very versatile and can be used to determine the
contact forces among any conglomerates or clusters of disks,

regardless of whether they are rigid or not, or whether they
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are constrained“or unconstrained. Moreover this technique can
be used to calculate the contact forces among the disks with
oﬁe or two points of contact. Consequently, one global system
of static equilibriﬁm equations could be set up for all the
disks present in the system, from which the contact forces
could be computed. In other words, static equilibrium
analysis alone could be used for this purpose. The
versatility of the static analysis method in handling any type
of disk conglomeration and the disks with any number of points
of contacf, has, however, its drawback. The problem is that
the method involves a large number of computations, summations
and multiplications, which is of the order of (2N)*, where N
represents the number of disks in the system. Henceforth, a

seemingly redundant and unnecessary dynamic analysis becomes

not so in terms of the computational time involved.

The dynamic method is very fast in comparison to the
static one, and can quickly reduce a given system of disks
into a much smaller sub-system to which the static analysis
can then be applied and the remaining contact forces computed.

The verification of both methods was performed. Disk
conglomerates for which the contact forces cduld be determined
by either method, were used in the verification pfocedure.

The contact forces computed by both methods were the same.



CHAPTER 8

APPLICATIONS :

8.1 INTRODUCTION

A computer simulation program has been developed which
allows a user, through the choice of the initial parameters,
configuration of the system's boundaries, and the external
force routine, to model virtually any two-dimensional multi-
body systens. This chapter will discuss some of the
foreseeable applications. It is not the purpose of the
present thesis to go in depth to understand the nature of the
internal interactions, external forces present, and the
parameters, of ahf"Speeific system that can be modelled.
Therefore, in this chapter we shall 1limit ourselves to
indicating various possibilities for this model and.presenting
the visualization of the process that the -chosen system is

undergoing.

Although, as indicated earlier, this model is very
general and can be applied to virtually any planar multi-body
system, the main purpose for its development was its use in
modelling the motion of "the broken ice in open water as well

as in rivers and channels. The very nature of the processes

250
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involving the broken ice such as jam-ups, ice accumulation,
non-homogenous and time dependant ice surface density, and
inherent randomness of the shapes, sizes, and frequencies of
appearances, prevent models based on the continuum theory from
being applied successfully. It is believed that the present
model, which is discrete and thus not hindered by the problems
facing continuum models, can be used successfully in anaiyzin?

the motion of broken ice.

An application for the model, which naturally suggests
itself, is the flow of granular material in chutes and on

conveyors. This possibility is also contemplated here.

The motion of orbiting bodies, whose trajectories may
change with time, is another possible area in which the model

could be applied.

Before proceeding with the presentation of different
examples of application, a verification of the accumulation of
the numeriéal errors is done. For this we used ten disks of
equal radius, arranged to form a vertical stack, as shown on
the next page. The only external forces specified were the
gravity forces (acting vertically downwards), and all the

initial velocities were set to zero.

Such a configuration of disks is clearly in static
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equilibrium and it should, ideally, remain so throughout the
simulation, since the initial velocities are zero and the "x"
components of the external forces acting on the system are

Zero.

The accumulation of the numerical error during the
computer simulation provides a "necessary disturbance" to
create an instability in a system such as this. Over the many
iterations during wnich the equations of motion are generated
and integrated, the small numerical errof will accumulate
sufficiently to give rise to a small change of the transverse
coordinate of the cente£ of one of the disks. Consequently,
the position of the disk shifts away from the vertical line of
equilibrium and since the total force on it is no longer along
the corresponding constraint, a small downward acceleration

+

develops and the entire system becomes unstable.

In the example shown here the time step used was 0.001
seconds. The program was executed in single précision
arithmetics. The instability developed at about 5 seconds,
which is equivalent to 5000 time steps. ‘such level of
accumulation of numerical error, considering the complexity of
the processes that this model is intended for, is viewed as

acceptable.
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8.2 MOTION OF BROKEN ICE

As will be seen in this section the program shows a great
potential for modelling the motion ofrbroken ice in open
wa£ers as well as in the rivers and channels. There is a
great flexibility in generating the ice floes and the creation
of obstructions which allows a variety of scenarios to be
considered. For example, a complicated shape of a river bank
could be reconstructed, and the ice floes could be generated
at random according to some observed distribution. Also, to
this end, random shape ice floes could be created from disks

(Section 4.6). This would give a great similarity to the

actual process being modelled.

Two examples will be presented in this section to
demonstrate the model's applicability to both rivers and

channels, and to open water.



255

8.2.1 Rivers and Channels

There are two instances during the yearly cycle of river
temperature fegimes, when the flow of isolated ice bodies
occurs. In the fall the freezing process is accompanied by
the flow of small ice formations (ice pans), which leads to
subsequent ice accumulation and eventual freeze-up. 1In the
spring the melting of the ice cover leads to break-up and the
ice run. The present model is directed towards the analysis
of systems of isolated bodies, and it is thus believed that it
can ‘be applied to study the phenomena associated with river
ice transportation, such as rate of ice accumulation around

obstructions, formation of ice jams, or bridging.

As a numerical example a part of the Liard river geometry
is considered, as shown in Figure 8.1 below. The banks of the

river were discretized using 58 line segments.

The ice floes were generated at the entrance to the
control area, located on the left side. The velocity of the
stream‘at this point was assumed to be 2m/s. Thereafter, the
flow field over the entire control area (within the solid
boundaries) was calculated using the computer routine of
Chapter 5. Ice floes of circular shape were randomly

generated using the routine of Chapter 4. It was assumed that
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Figure 8.1. Control area of the section of Liard
river.

the radii of .the ice floes were distributed according to the
Gaussian distribution with the following parameters:

Kk =55m , X, =80m, x, =30m, o= 15m .
It was also assumed that the frequency with which the floes
enter the control area is given by a Poissonian distribution
which parameters were determined (Section 4.5) from the value
of the ice surface density p. A sample run was conducted with

p = 0.345 and the results are shown on the next two pages.
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t = 1200 sec.
p = 0.117

t = 1200 sec. t = 1200 sec.
p = 0.345 p = 0.682

t

Figure 8.2. An illustration of various surface densities.

In the example shown in Figure 8.2 simulation was carried
out for four different surface densities with the same
parameters as in thg previous example. The surface densities
used are indicated in the Figure. At low ice concentrations

the individual fioes move with the mean current velocities
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[1]. At high concentrations of ice (high surface density) the
motion of the floes is mostly governed by the ice-ice
interactions. Consequently, the increased clustering occurs
and the motion of ice does not necessarily comply with the
mean flow. The results of the numerical simulation performed

seem to be in general agreement with the above statements.

At high levels of surface concentrations of ice, the
interaétions among the floes and the walls of the channel may
result in sufficiently large contact forces (or stresses) to
greatly hinder, or even (at sufficient concentrations of ice)
prevent the movement of the surface ice layer. It is believed
that the present model can be used to model the occurrences of
such no-flow conditions. An illustration of this is shown on
the next page. The section of Liard river was considered and
the surface density p was increased to 0.68. At a time of
about 1000 sec. into'the simulation a considerable clogging-up
of the channel took place, reéulting in a significant
reduction of the surface discharge of ice. A jam-up (no-flow
condition) was not observed as the channel is diverging at

this particular place.

It should be pointed out, that the mathematical model is
restricted to two dimensions and thus can only describe the
flow on the water surface. Consequently, only the initiation

of an ice jam can be simulated with this model, since after
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that instant in time ridging frequently occurs and the ice

system becomes three~dimensional.
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8.2.2 Open Water

Two computer runs were carried out to illustrate the
applicability of the model to analyzing the motion of broken |
ice in open water or an ice-off-shore structure interaction.
The structure was assumed to be of a square shape with cut-off
corners. The free stream velocity was set to be in the
positive x direction with a magnitude of 0.5m/s. The ice
floes were assumed to be distributed according to the Gaussian
distribution with the following parameters:

=10m , X, = 5m .

p=7.5m , o0 =1.5m , X in

max
The coefficient of restitution was chosen to be 0.4, and the
coefficient of friction was selected as 0.5. The ice floes
were assumed to be circu;ar in shape. The computer routine of

Chapter 5 was used to determine the stream velocity field

around the structure.

The first run was conducted with a relatively low surface
' density p, of 0.05. The computer print-out of this instance
is shown on the next two pages. The simulation was carried
out over an extended period of time. No significant
accumulation of ice (with time) around the structure was
observed, which would suggest that low ice densities should

not pose a problem for off-shore structures.
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The second computer run was carried out with the ice
surface density p of 0.15, i.e. three times higher than that
in the previous example. The results from the run are shown
on the next two pages. 1In this instance a steady increase of
the number of ice floes attached to the structure was
observed, which could suggest the possibility of the

accumulation of ice around the structure.
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8.3 MOTION OF GRANULAR MATERIAL

In the following example the mode; is used for analyzing
the filling of a bin with dry cohesionless granular material
travelling through a chute. The individual granules are
represented by disks. The external forces consist of onl&
gravity. The rigid bodies were generated at the top of the
chute with average rate of arrival A equal to 1.75/sec. The
size distribution of the rigid bodies was assumed to be
Gaussian with the fqllowing parameters:

# = 7.5cm. , Xpax = 10cm. , Xnin = 5cm. , o = 1l.5cm.
The size of the bin was 200cm. wide and 100cm. high. The

results are indicated on the next three pages.

The issue that was of primary interest here was the
demonstration of the applicability of the model to investigate
the material transport capacity of such systems. The
graphical data shown indicates that the chute-bin system used
in this example was capable of transporting the material at

the given rate of 1.75/sec. .
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8.4 CONCLUSIONS

In this chapter various possible applications of the
computer model were illustrated. The present thesis deals
with the development of the general simulation methodology,
rather than with a detailed analysis of any particular systen,
and thus no quantitative data, such as the distribution of
stresses within the granular material or the forces exerted on
the solid boundaries, was presented. This type of undertaking
would require a prior detailed analysis of the given system
and the character of the internal and the external forces

present, which itself in many instances represents a

considerable challenge.

The main purpose of this chapter was to show the variety
of different systems and situations that can be simulated, as
well as the versatility of the developed model. It is
believed that this was accomplished. It should also be
pointed out that all the tools necessary for obtaining
quantitative data are in place, as they comprise a necessary
part of computations. For example, the contact forces among
the rigid bodies, or the loads exerted by the rigid bodies on
the solid boundaries (walls of a channel, or an obstruction5
are computed at every time step during the simulation, which

in turn can be translated into the shear or normal stresses.
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Moreover, various checks were performed on the model, and
it was concluded that the model is dynamically correct, that
is, that it complies with the basic laws of mechanics such as

Newton's second law or the conservation of momentum.

Also, as illustrated in Section 8.1 a test was performea
on the amount of numerical error accumulation. The test
involved ten disks and one obstruction 1line seément. The
error accumulation was at acceptable level despite the fact

that only single precision arithmetics were used.



CHAPTER 9

CONCLUSIONS AND RECOMMENDATIONS

9.1 CONCLUSIONS

A general simulation methodology for analyzing two-
dimensional topologicaily‘variable'multi-body systems has been
developed. The mathematical model and the resulting equations
of motion have been derived from the prinéiples of Lagrangian
dynamics. A motion of a system is described by a set of
differential equations of motion and a set of algebraic
constraint equations. The mathematical formulation is exact
since no simplifying assumptions were made during the
formulation. Disks and straight 1line segments have been
chosen as the two primary elements to represent the actual
systems. With these any shape of solid boundaries and rigid
bodies can be described. Overall the methodology offers a
great versatility in modelling a variety of multi-body systems

with either one-sided or double-sided constraints.

The main accomplishments of the present investigation can

be summarized as follows:

4
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A concept of static and dynamic analysis has been
introduced to handle the one-sided constraints. It was
proposed that the constraints (connections) remain intact
throughout the simulations until the time at which the
constraint forces become tengile. Thus the constraint is
replaced by the assumed dependence among the generalized
coordinates, which in turn allows for a reduction in the
number of the éeneralized coordinates and in the number
of constraint equations. Consequently, the unknown
constraint forces cannot be computed from the constraint
equations and must be determined by other means. This is
accomplished through the dynamic analysis (based on the
Newton's second law) and the static analysis (based on

finite element truss system analysis).

An algorithm to perform the above analysis on any

‘arbitrary multi-body system has been developed and

successfully implemented on a digital computer.

A method of handling the: inter-body friction was
introduced and numerically implemented. The difficulty
in handling friction lies in the fact that the friction
forces depend not only on the unknown constraint forces
but also on the unknown orientations'oﬁ the relative
velocities across the constraints. Whence, the equations

of motion which include frictional effects, cannot, in
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general, be geherated for vgriable topology multi-body
systems. The proposed technique solves for the
frictional forces independently of the solution for the
generalized coordinates. This in effect makes the
frictional forces "lag" one time step behind all other
parameters. The numerical errors thus introduced are not

considered significant as, at the most, these represent

~second order terms with respect to time.

A method of fluid flow calculation has been established
that allows for the calculations of the drag forces on
the rigid bodies. The method is based on the potential
flow theory. The flow field is governed by the Laplace
equation with Neumann boundary conditions. The solution
to the field equations is obtained through the so-called

panel method.

The above method has been successfully implemented for
both channel flow and flow around an obstruction. The
panels are obtained by automatically dividing the
obstruction line segments. The developed method also
allows for the moving boundaries to be considered.

A concept of random rigid body generation has been
introduced. A pseudo-random number generator which gives

uniformly distributed random numbers and pairs of numbers
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betwéen 0 and 1, has been employed. The sizes of the
rigid bodies are randomly sampled from a specified
probability density function, which can be either
continuous or discrete. The generated rigid bodies are
entered into tﬁe control area (control volume) at random
locations and at random time intervals, so selected that

the generation process resembles a Poissonian walk.

An algorithm for the generation of randomly shaped rigid
bodies comprised of random size disks has been developed.
The technique of composing random shapes is directly
compatible with the process of identification of quasi-
rigid body subsystems used by the model for the purpose
of reducing the number of motion and constraint

equations.

A concept of surface density of the randomly distributed
bodies was introduced and the corresponding algorithm
developed. This option allows for treatment of systems

characterized by a certain surface density.

The fortran code for the above algorithms has been

generated, tested, and successfully implemented.
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As mentioned earlier the present computer model offers

great versatility in analyzing multi~-body systems. Several

points can be made to demonstrate this:

a)

b)

c)

d)

e)

£)

'

The type of system that is being considered can be

identified by the user-supplied external force routine.

The character of the system's interactions can be
identified by a set of parameters such as coefficients of

drag, friction, and restitution.

The concentration of rigid bodies in the system can be
easily chosen through the generation parameters such as

mean size and the surface density.

The use of a pseudo-random number generator not only
provides the user with the sequences of numbers that for
all practical purposes can be considered random, but also

enables him to reproduce any such sequence.

The random generation of rigid bodies according to any
chosen probability density function permits modelling of
stochastic type systems, for which the bias associated

with a predefined set of rigid bodies should be avoided.

The model can accommodate cohesion among the rigid bodies
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by simply specifying a connection strength. Once a
connection is formed, it is maintained until the tensile

force in this connection exceeds the connection strength.

g) For systems involving broken ice, the effect of
adfreezing and melting can be modelled by simply varying
the strength of a connection depending on the extent of

time that the given connection is maintained.

Presented in this thesis is a general simulation
methodology for analyzing the motion of topologically variable
multi-body systems. The developed computer model is, to the
best of the author's knowledge, the first attempt at
investigating unconstrained multi-body systems, in which the
mathematical formulation and the resulting equations of motion
are based on the principles.of‘Lagrangian dynamics. The’
novelty of this work hinges not on the development of new
theories, but on the adoption of existing theories, and their
integfation into a single concise module. It is also believed
that a random generation of rigid bodies is a novelty in the
field, where both the continuum and discrete models deal with

predefined shapes and sizes of the rigid bodies.

Finally, the limited experience in the area of dynamics

of the topologically variable multi-body systems and the lack
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of available software makes the present model a viable

contribution to the area.
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RECOMMENDATIONS

The following tasks and investigations may be carried out

as an extension to the present work:

An experimental validation of the model. Regardless of

_how thorough and precise the mathematical description is,

a model should be verified experimentally.

An inclusion of the rotational degrees of freedom for the
individual disks. At present in order to reduce the
number of generalized coordinates, the rotation of the
individual disks was neglected. This course of action
was dictated by the lack of computational power available

in our department.

Inclusion of the effects of the rigid bodies on the fluid
velocity field. This could be accomplished by replacing
the rigid bodies with panels and since the velocities of
each such panel would be known, the field equation could
be solved to include all the bodies in the system. At
present this effect is neglected since it would
considerably increase the amount of computations

involved.
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Transferring the computer model to a more powerful
computer. At the present the model is running on a Sun
computer system, which basically is a 386-based machine.
The University' of Calgary has in its possession a CDC
mainframe computer. Transferring our model onto that
machine and utilizing the machine's parallel processing
capability would enable us to not only implement the
above changes, but also would provide us with much
increased computational speed (by the order of about 10)
and the possibility of analyzing much bigger systems or

problems.

Extending the model to include the third dimension.
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APPENDIX A

DERIVATION OF GENERALIZED INERTIA FORCES L;

The kinetic energy of the system of N particles, or

material points is given by:

v
1 -

T = -——Zf(mjvj ;) (A.1)
2 =

where V; is a velocity vector of a particle given by:

dr or I 9f. '
= - b = J I 4 A.2
Vi dt ac Ig;_ og, Y (A-2)

Let us now recall that the generalized inertia forces are

given by:
N orf, N dv, Oof,
L. = o m.a. . J = m. g . J (A.3)
* le 777 9gy 122 iTdt dq;
and
N . N -
_ d . O, = . d 9L A.4

Let us now consider some of the terms in Equation (A.4).

Using Equation (A.2), we can write:

4 oz, I, w85 3%
dt dg, dg;dt £ 9g;9q; dqg;
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Also, from Equation (A.2) it can be seen that the velocity
vector Vj is a linear function in the derivatives of

generalized coordinates ¢;. It follows from here that:

af 317‘] . _ -
7 _a_al_ , (i=1,n; =1, N) (A.6)

Substituting Equation (A.5) and Equation (A.6) into Equation

(A.4) we obtain,

d L 0V, N L . 07,
L. = = m.v. - - m.v. A.7
. dt.jZ; 777 9q; 12;: 777 dq; ( )

which can be written as

d| 0 s~ 1 . d 1l (A.8)
. = —_— z = M.V.*V. - —M:Va.*V .
L dt|og; &= 2 77 7 aqijz; 277

And finally, by Equation '(A.1) we have

_ d 9T aT
ba = ¢ 94, 3g; (A.9)
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APPENDIX B

CALCULATION OF KINETIC ENERGY FOR RIGID BODIES

A motion of any rigid body can be considered as a
combination of a translational motion and a rotation with
respect to some point within the body. Figure B.l1 shows a
typical situation. We define I, as a positional vector of the
point of rotation and I, as a positional vector from this

point to some other point in the body.

Figure B.l. Diagram for calculating T.

The positional vector to any point in the body can be defined
as

r = 1, + 1, (B.1)

The velocity of any point of the body can be calculated as::
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- dr dr, dr, " drf,
T = == = + = +
£ dc dc Yo ¥ =3¢

(B.2)

Term U, represents the velocity of the chosen point "of
rotation" P,, and represents the translational part of the
motion, while term (.dfb/dt) represents the rotation. Since
the positional vector I, spans two given points of the rigid
body, it follows that its length does not change. Its
orientation, however, does, and hence, (dfp/dt) = @ xf,. We
can write Equation (B.2) as

a = g, + & x I, (B.3)

.

T = Lfd-ddm = 1[(d,+&xF)(d, + Gx)dm =
M
= Lf32dm + [(G,*®xZ)dm + L[(&xF.)%dm
2 0 o] b 2 b (Bo4)
M M M

For the simplicity of expressions we will use a square to
denote a dot product of two identical vectors, i.e. 32 = 5-3.
In Equation (B.4) U, and & do not depend on the position of
a point within the rigid body, and hence caﬁ be taken outside

the integration. We also , notice that '

[fdm = ME., [(8 x £,)2dm = I,&
M M

where £, is the positional vector from point P, to the
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body's center of gravity, and I, is the body's moment of
inertia with respect to the axis along ®. We can now write

Equation (B.4) as

T = IMU + Miydes + 11,82 (B.5)

where O, = (df,, /dt) =®&xf,, is the velocity of the
body's center of gravity relative to the point about which the

rotation was considered.

Equation (B.5) represents the kinetic energy of a rigid
body of mass M and having a moment of inertia I, with respect
to the instantaneous axis of rotation &. Alternately,

Equation (B.5) could be written as

o \2 N o ‘ 2
_ 1,095, dz, , dfgg. 1 d8 (B.6)
T = EM( ) Mg —ae v 3 lelae

where 8 is a vector of rotation indicating the body's

orientation in the inertial frame of reference.
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APPENDIX C

TYPES OF PSEUDO-RANDOM NUMBER GENERATORS

The earliest attempt in generating a PRN sequence is due
to von Newman. This is known as 'midsquare' method in which
a number is generated by squaring its predecessor and taking

the middle digits and is given by the following formula:

Xn Xn
b¢ b3a

b2 (C.1)

" This generator was, however, found unsatisfactory as it
becomes a cyclic one, often with a verf short period [13].
Most of the modern general use PRN generators are based

on linear recurrence formula, (127,[13]. Here,
Kney T QoXp tajXxX, , teec+ ann_j +b (modP) (C.2)

where a;, b, P, are constants. The generator is initiated by
providing the first j+1 numbers Xx,, X,, ..., X;. Every PRN
generator is characterised by a certain period or a number of
times that the generator can be used before the sequence

starts to repeat itself. For the generator given by Equation

+



295

(C.2) the ﬁaximum period that can be attained is: Tpax = P I,
The 1length of the period depends on the choice of the
generator constants. In addition to achieving a maximum
period one is also concerned with generating a sequence of
numbers which in a statistical sense is indistinguishable from
truly random sequences. Whereas the period t can be predicted
from the choice of the constants, the statistical properties

of the PRN sequence are very much a matter of trial and error.

The generators of Equation (C.2) give numbers between 0
and P, i.e. 0 <Xx;,<P, These can be mapped on to (0,1)

interval according to:

g, = 2 (C.3)

Two important special cases of the generator of Equation
(C.2) that are ffequently used are the Multiplicative

Congruential Generator and the Mixed Congruential Generator.

Multiplicative Congruential Generator is obtained from
Equation (C.2) for b=0, a; =0, (j=21) :

Xp = AXx, (modP) (C.4)
For this type of generator the maximum period 7,,, is always
less then P. Since P is an integer it can always be

represented as a unique product of prime numbers. It follows

form here that:



296

B, B Bn
P = 2%qgi'q **aqp

where @;, @+ » + + G, are distinct primes. The maximum period
will be equal to the lowest common multiple (LCM) of the

individual periods. We write:

rmax(P) = LC’M{T(Z“), 'C(qll)l r s ‘f(qgn)} (C'S‘)

where the individual periods t(qfi) are computed according to:

(gt = g (g - 1)
and 1 (e =0,1)
t(2%) = { 2 (a =2) (C.6)
272 (@ > 2)

The maximum period %,,, as given by Equation (C.5) can always

be achieved provided that parameter A satisfies the following

conditions:
A% » 1 (mod qf’) (0<n <‘t(g§’))
A =1 (mod 2) (¢ = 1) (C.7)
= 3 (mod 4) (¢ = 2) '
= 3, 5 (mod 8) (e > 2)

and that the initial (starting) number X, is prime relative

to P.

Mixed Congruential Generator is obtained from Equation (C.4)
when parameter b in Equation (C.2) is no set to zero. Hence,

the generator is governed by:
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Xpa = AX, + b (mod P) (C.8)
Here, unlike in the case of multiplicative congruential
generator, a full period P cén always be achieved, i.e.
Tmax = P. It appears [13] that the value of increment b has
little effect on the behaviour of the generator and the
maximum period can be attained as long as b and P have no
common divisor. The statistical properties of the generator
are mostly governed by parameter A. In order to achieve a
full périod P, A must satisfy the following conditions:

1)y A 1 (mod g) for every prime factor q of P,

2) A 1 (mod 4) if P is a multiple of 4,

and X, must be prime with respect to P.

In most applications P is chosen to be 2P for binary
computers or 10P for decimal computers. Modulo function is
then equivalent to retaining only B significant digits from
the expressions on the LHS's of equations (C.2) and (C.8).
If [ is taken as the word length of the computer, then the
unwanted digits are automatically disregarded when the

computer does integer arithmetics.
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APPENDIX D

RIGID BODY GENERATION COMPUTER ROUTINE DESCRIPTION

A block diagram of a computer routine generéting the
rigid bodies and positioning them on the generation boundary

is shown in Fig(D.1).

GENER

I B '

SIZEG RAND : LOCATE TMGEN |
RAND PDFS INTERD COND INTERW RAND
COMN COMN

Figure D.1. Block diagram for the generation routine.

The subroutine and function subprograms that comprise the

computer routine are:

GENER

This is the main subroutine. It sets up the generation
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boundary and Poissonian interval for time increment
generation, and performs other organisational tasks. Tt
also generates the location of the rigid body along the
generation boundary. This subprogram receives the
necessary input from the main program, executes all other
subroutines, and returns the output back to the main
program. It is called every time a rigid body is to be

generated.

SIZEG

This subroutine is responsible for generating the size of
a rigid body aécording to the methodology deécribed in
Section 4.4.1. It uses two function subpfograms: RAND
which supplies it with pairs of random numbers, and PDFS
which contains the assumed pfobability density function

for the size distribufion.

LOCATE

This subroutine locates the rigid bodies on the
generation boundary i.e, determines the coordinates of
the center of the disk representing the generated rigid
body. If for the position supplied by GENER there is no
overlap then ié positions the rigid body at that point.
If, however, the would-be overlap is detected it
establishes all the discrete overlap intervals (Section

4.4.4) and adjusts the position accordingly. It uses
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INTERD, INTERW, COND, and COMN subroutines for the task

of identifying the overlap intervals.

INTERD

This subroutine establishes the overlap interval between
a disk and a generation boundary line segment. It uses
methodology described in Section 4.4.4, Equations (4.45 -

4.48), and subroutine COMN for this purpose.

COMN
This subroutine determines the intersectioﬂ of two given
intervals on the real axis, i.e. it finds Xx,, X, such
that

(X120 X)) = (ay, ay) N (b, by)

where (a,, a,) ., (by., b,) are the two intervals. If the
intersection is an empty set then it returns an

appropriate message.

INTERW

This subroutine identifies the overlap intervals on the
generation boundary which are caused by the solid
boundary line segments, (Section 4.4.4). It uses COMN

subroutine similarly to INTERD.
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COND

This subroutine condenses an arbitrary set of

subintervals in the given interval into a discrete set.

TMGEN

This subroutine determines the random time increment to
the next rigid body generation. It samples a Poissonian
distribution according to the methodology described in
Section 4.4.3. It uses RAND function subprogram to

provide it with random numbers on (0,1).

RAND

This function subprogram comprises ; pseudo-random number
generator. It generates a PRN sequence according to the
governing Formula (4.5) in Section 4.2. This routine

reseeds itself.

PDFS

This function subprogram contains the probability density
function for the size distribution. The PDF can be both

continuous or discrete.
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APPENDIX E

DERIVATION OF THE FLUID FLOW EQUATIONS

Conservation of Mass

Let us consider an arbitrary volume V fixed in space and
entirely within the fluid enclosed by a control surface S, as

shown in Figure E.1.

Figure E.1 A schematic diagram for the
formulation of the continuity equation.

Conservation of mass dictates that the net mass flux through
surface S be equal to the rate of the accumulation of mass

inside volume V with a negative sign. This condition can be

written as

2 [eav = -[pu-ds (E.1)
\4 S



303

where: p is the fluid density and @ is the velocity vector.
Applying the divergence theorem to the surface integral,

equation (E.l1) can be rewritten as:

d ; = -
£3%dv + £d1v(pu)dV = 0 (E.2)

Since Equation (E.2) is satisfied for any arbitrary volume, it

follows that,

90 . Ve(pd) =
3 + Ve(pd) 0 (E.3)

The above result is known as the continuity equation.

Conservation of linear momentum

In Equation (E.1) a partial differentiation with respect
to time, of an integral over some spatial volume V represents
a local rate of change of the total quantity (mass, in
Equation (E.1)) inside this volume. In setting up the
equation for the conservation of momentum we need to determine
the rate of change of a quantity (momentum, here) while
following the mass system that instantaneously occupies a
given spatial volume. In this case not only does the
integrand change with time, but so does the volume over which
the integral is taken. Such a rate of cﬁahge is denoted by

(d/dt) and is called a material time derivative. A material
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time derivative operator is given by the following relation:

d 0 - .
—_— = e * E.
dt ae " @V (E.4)
The operator can be applied to a scalar, a vector, or a
tensor. The first term in equation (E.4) is referred to as
the local rate of change at a given point in space, whereas
the second term describes the convective rate of change in the

neighbourhood of a fluid particle as it moves to a different

point.

We will now compute a rate of change of the total amount
of the quantity (which could be a mass, momentum, energy,
etc.) that is carried by a mass system which instantaneously
occupies a certain spatial volume V. If & denotes the
quantity per unit mass then the rate of change of the total

amount of this quantity is given by Reynolds transport

theorem.

d _ f5j e 4O |
E—t-ié’pdv = £3—5<8’p)dv + {Zpu ds (E.5)

Utilizing the divergence theorem, the continuity equation
(E.3), and Equation (E.4), the above relationship can be

.simplified:

d . dg .
E!;gpdv = ip—d—th (E.6)



305

Quantity & can be a scalar, a vector, or a tensor. In a
specific case if this quantity represents, for example, a

velocity vector, i.e. the momentum per unit mass, then:

EL

Fefoar = [odlav - [o3Lvavalay (o
|4 \4 v

would represent a rate of change of the total momentum
possessed by a given mass system that instantaneously occupies
a spatial volume V. We can now formulate the momentum
equation for a moving fluid. Newton's Second Law of motion.
states that the rate of change of the momentum experienced by
a fluid particle is equal to the net force acting on it. Let
V represent a certain spatial volume enclosed by a control
surface S and entirc'aly within the fluid, as shown in Figure

E.2).

Figure E.2 A schematic diagram of
momentum balance.

Providing that Newton's Third Law of action and reaction
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holds, the rate of change of total momentum of the mass system
that instantaneously occupies the given volume V is equal to
the total external force acting on this mass system. Using

the result of Equation (E.7) this can be written as

fp%dv = [ebdv + [Eas (E.8)
\4 \4 S

where { is the vector of external force per unit area acting
on the mass system and b is the vector of a body force per
unit mass. The exterﬁal forces acting on the mass system are

equilibrated by the internal stresses according to

£ = AT (E.9)

where T is the symmetric two-dimensional stress tensor and A
is the unit normal vector of the surface. Substituting
Equation (E.9) and using the divergence theorem to transform

the surface integral, Equation (E.8) may be written as

fp%zt':—ldV = f(V'T+ pb) dv (E.10)
v 1

Since Equation (E.10) is satisfied for any arbitrary volume V,

it follows that

pfﬂz = VT + pb (E.11)

The above result is known as the Cauchy's equations of motion
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or Cauchy's first law of motion. The stress tensor T can be
related to the rate of deformation tensor D by the following

Navier-Poisson law of a Newtonian fluid:
T = -pI + AV-dI + 2uD (E.12)
where I is the identity tensor and p is the fluid pressure at

a given point. The rate of deformation and the identity

tensors are given by the following relation:

(E.13)

_ 1[0y du;
Pis = z[axj x|

1

i3

Combining Equations (E.11), (E.12), and (E.13) the momentum

equation for a Newtonian fluid may be written as
P—= = -Vp+ (A+p)V(V:T) +pV2{T + pb (E.14)

Equation (E.14) is known as the generalized Navier-Stokes
equation for a Newtonian Fluid. In the equation p is the
coefficient of viscosity and A is the second viscosity

coefficient.
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APPENDIX F

MOMENTUM EQUATION FOR POTENTIAL FLOW

The general form of the momentum equation as derived in

Appendix E, Equation (E.14), is

94 _ _yp+ (A +p)V(V-@) + pV20 + pb

p_ =

Since the flow is potential then the velocity vector is:

g = Vé (F.1a)

also means that the flow 1is incompressible and

This
These two conditions can be written as

irrotational.
(F.1b)

(F.1c)

By the incompréssibility condition (F.1lb) the term involving

A drops out from the momentum equation, and it can be written

as:
da _ -Vp + pV2d + pb (F.2)
dt .

Let us now consider a following vector identity:
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Vigd = V(Vd) -~ Vx(Vxd) (F.3)

The first term on the left hand side of Equation (F.3)
vanishes by the incompressibility condition (F.1b). The
second term represents a curl of the vorticity vector. Thus

for an incompressible fluid:
Vg = Vx& (F.4)

Substituting the result of Equation (F.4) into Equation (F.2)

the momentum equation becomes:

p-g—g = -Vp + pVx& + phb (F.5)

The above result suggests an analogy between the viscosity ana
the vorticity. The viscous term (pVx&) vanishes from the
momentum equation (F.5) for either. an irrotational flO.W
(& =0), or a flow of a perfect (inviscid) fluid (g =0).
Hence, with the use of Equation (E.4) we may write the
momentum eqﬁation for an incompressible and irrotational fluid

as:

@
]

p + p(d-V)d = -Vp + pb (F.6)

[e3)

t

Consider another vector identity:
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(3-V)d = %V(ﬁ‘-ﬁ) - dx(Vxd) (F.7)

Since the flow is irrotational the second term on the right

hand side of identity (F.7) vanishes and the momentum equation
takes on the following form:

-Vp + pb (F.8)

(oY)
1~}

+ Zpv(a-d) =

!

(e]]
rr

Rearranging the terms and using Equation (F.la)) an alternate
form of the momentum equation for an irrotational and °

incompressible flow is obtained.

90 , 1.2, 2\ . 5
Vat+zu+p) b (F.9)

Equation (F.9) represents the final form of the momentum

equation for a potential flow.



