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Abstract 

 

When a less-viscous fluid displaces another fluid of higher viscosity in a porous medium, 

instability can develop at the interface between the two fluids. The instability manifests itself in 

the form of finger-like patterns of the displacing fluid propagating through the displaced one. In 

this work, viscous fingering instabilities involving complex fluids in a radial Hele-Shaw is 

investigated. Many fluids in our lives such as shaving foams, glues, flour-water dough, 

mayonnaise, and paints are complex fluids which exhibit multiple non-Newtonian properties 

simultaneously such as shear-thinning or shear-thickening, yield stress, and viscoelastic effects. 

First, the effects of normal stress differences of dilute low molecular weight poly(ethylene oxide) 

(PEO) solutions on viscous fingering instability are studied. Second, we investigate the 

instabilities associated with air invading foam in Hele-Shaw cell. Third, we examine the effects 

of water in viscous fingering instabilities of air displacing mineral oil. Fourth, the instability at 

the interface between two parallel flows of immiscible liquids through a uniform planar pore is 

studied by using linear stability analysis. We pose important questions: How does normal 

stresses affect immiscible radial viscous fingering? How does fingering occur into foam? Is it 

similar to that of a single-phase liquid? The experimental observations reveal nonmonotonic and 

opposing effects are evident depending on the molecular weight of the PEO and the stage of the 

radial viscous fingering evolution. We have identified three different flow regimes in the 

immiscible radial displacement flows of air invading foam in Hele-Shaw cell. The presence of a 

small volume of water leads to significantly different fingering patterns than that when no water 

is present. The outcomes are significant because the results demonstrate new behaviors for 

displacement flow of complex fluids.  
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Chapter One: Introduction 

 

 

1.1 Background 

 

Instabilities of the interface between two phases flowing through porous media are commonly 

found in many technological processes and have been investigated extensively. When a less-

viscous fluid displaces another fluid of higher viscosity in a porous medium, instability can 

develop at the interface between the two fluids. Hill examined the instability for the first time in 

an experiment to displace sugar liquors with water in a vertical uniformly packed column of 

charcoal [1]. The instability, which manifests itself in the form of fingerlike patterns with the 

displacing fluid propagating through the displaced fluid, is known as viscous fingering 

instability. In a seminal study, Saffman and Taylor investigated interfacial instability between 

two immiscible fluids with different densities and viscosities in a Hele-Shaw cell arranged both 

horizontally and vertically [2]. They injected air from the top to displace the more viscous 

glycerin in a vertically configured rectilinear Hele-Shaw cell. Slobod and Caudle investigated the 

effects of mobility ratio on areal sweep efficiencies using a radiographic method during both 

miscible and immiscible displacement flows in a five-spot configuration and a straight-line drive 

using a porous media made of fused alundum plate with a thickness of 0.25 inches [3]. They 

determined the mobility ratios for the miscible phases directly from the viscosity ratios since the 

permeabilities ahead of and behind the front are equal. However, the mobility ratios for the 

immiscible phases were estimated using relative permeability measurement data from a core plug 

of similar material and the average saturation behind water front. The results of experiments, 
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whether miscible or immiscible, consistently showed that the mobility ratio significantly affects 

the areal sweep efficiency. The quarter five-spot configuration with localized injection and 

production wells has been widely utilized in numerous studies [4] [5] [6]. Paterson conducted a 

study on radial fingering using Hele-Shaw cell, where air injection at the center displaced more 

viscous glycerin [7]. An equation determining the minimum wavelength necessary for finger 

growth in a radial outward displacement was derived. Furthermore, approximate equations were 

presented for the growth rate of the fingers and the shape of an elongated finger. Chen 

investigated the impact of plate roughness on viscous fingering in a radial Hele-Shaw cell by 

injecting a liquid to radially displace a significantly more viscous liquid [8]. The impact of flow 

rate and interfacial tension was also examined. The patterns of immiscible fingers were less 

branched compared to miscible patterns due to interfacial tension and were more susceptible to 

changes in the flow rate. Banpurkar et al. investigated the viscous fingering behavior of the 

immiscible kerosene-glycerin system using an anisotropic radial Hele-Shaw cell, which was 

prepared by affixing a patterned copper circuit board on the bottom plate [9]. Tsuzuki et al. 

studied the effects of injecting Newtonian surfactant solution to displace viscous oil in a radial 

Hele-Shaw cell [10]. Nagatsu and his colleagues conducted studies on non-isothermal miscible 

displacements [11] and examined the impact of chemical reactions that alter the viscosity of the 

more-viscous liquid [12] in a radial Hele-Shaw cell. 

 

Viscous fingering instabilities are commonly observed in a wide spectrum of applications such 

as filtration, fluidization, enhanced oil recovery (EOR) processes, groundwater infiltration, soil 

remediation, geothermal energy production, CO2 sequestration, production of hollow fiber 

membranes, and air-assisted injection molding [13] [14] [15] [16] [17]. The vast majority of 
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existing literature on viscous fingering instabilities has focused on Newtonian fluids. However, 

experimental studies showed that the fingering patterns for non-Newtonian fluids are very 

different from those with Newtonian fluids [18] [19]. Nittmann et al. observed a fractal growth 

of viscous fingers from rectilinear miscible displacement experiments in a Hele-Shaw cell where 

water displaced non-Newtonian polymer solutions [20]. Daccord and Nittmann also found fractal 

viscous fingers when water displaced high-viscosity non-Newtonian polymer solutions in a 

radial Hele-Shaw cell [21]. Most real fluids such as shaving foams, glues, flour-water dough, 

mayonnaise, and paints are non-Newtonian, and most of them exhibit multiple non-Newtonian 

properties simultaneously such as shear-thinning or shear-thickening, yield stress, and 

viscoelastic effects [16] [22]. This makes the viscous fingering instabilities in non-Newtonian 

fluids more complex and difficult to understand [23].  

 

1.2 Objectives 

 

In the research documented in this thesis, viscous fingering instabilities involving complex fluids 

such as dilute low molecular weight poly(ethylene oxide) (PEO) solutions and liquid-based foam 

in a radial Hele-Shaw cell are examined. 

 

Existing studies on the viscous fingering instabilities involving non-Newtonian fluids suggest 

that elastic properties can have several different effects on the evolution of viscous fingering 

interface [16] [24] [25]. These include narrowing or widening the width of fingers and tip 

splitting. The effects of normal stress differences on immiscible radial viscous fingering 

instability in a Hele-Shaw is investigated. To separate shear-thinning viscosity, dilute low 
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molecular weight PEO solutions are used as more viscous fluids. In addition, only the molecular 

weight of PEO is varied to precisely investigate the effects of normal stress differences. This 

study's outcomes are significant because the results demonstrate new behaviors for displacement 

of elastic fluids. The results have importance for the oil and gas industry (cold bitumen and 

heavy exhibits elastic contributions) and the manufacturing industry (injection molding). The 

research question associated with this objective is: how does normal stresses affect immiscible 

radial viscous fingering?  

 

Liquid-based foam is a non-Newtonian fluid composed of gas bubbles randomly dispersed in a 

liquid where typically, the volume fraction of gas far exceeds the volume fraction of liquid [26] 

[27]. Foams are used in many household and industrial products where a liquid foam is allowed 

to solidify to form a solid form, e.g., polyurethane foams. The quasi-two-dimensional foam 

which consists of bubbles squeezed between two plates is widely used in existing studies [28] 

[29]. This research investigates the instabilities associated with three-dimensional foam 

displacement in a radial Hele-Shaw cell. These flows are important in manufacturing processes 

for foamed products (after they have cured) which are increasingly used for products due to their 

remarkable elastic properties. The research question associated with this objective is: how does 

fingering occur into foam and is it similar to that of a single-phase liquid? This research 

investigates radial displacement flow of three-dimensional foam which contains many bubbles in 

the thickness direction, while the quasi-two-dimensional foam in the previous studies consists of 

bubbles squeezed between two plates. In addition, higher air injection pressures are covered in 

using a rigid Hele-Shaw cell to avoid flexing of the glass plates. This research provides the first 

detailed investigation of the fingertip velocity, number of fingers, and other quantitative values 
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on fingering patterns as a function of the air injection pressure for the radial viscous fingering of 

three-dimensional foam. 

 

Few studies have been done on viscous fingering instabilities involving three fluid phases in 

porous media even though three-phase flows in porous media are frequently encountered in 

various applications such as enhanced oil recovery (EOR) [30] and ground water remediation 

[31]. This research examines radial viscous fingering instability involving three immiscible 

phases in a Hele-Shaw cell. A small volume of water is slowly introduced through the injection 

hole into Hele-Shaw cell initially filled with mineral oil before the injection of air. Subsequently, 

air is injected to displace both water and mineral oil. The evolution of fingering patterns is then 

compared to the reference cases in which air displaces mineral oil without the presence of water. 

The research question associated with this objective is: how does the presence of water influence 

viscous fingering instabilities when air displaces mineral oil in a radial Hele-Shaw cell? This 

research provides the first comprehensive examination of the fingering patterns, finger area, and 

fingertip velocity as a function of the air injection pressure and time for the radial viscous 

fingering process of air displacing water and mineral oil in a Hele-Shaw cell. 

 

Moreover, there have not been many studies on the instability at the interface between two 

parallel flows of immiscible liquids in porous media despite the common occurrence of parallel 

flows in numerous applications. This research studies the instability in thin film flows associated 

with condensate and bitumen flows. This flow is important for oil sands recovery processes 

where instability of the interface could help with heat transfer which can help to mobilize greater 

bitumen drainage but also could also adversely lead to the formation of oil-water emulsions. The 
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research question associated with this objective is: how does instability occur at pore scale in 

condensate-bitumen systems? In research, the instability at the interface between two parallel 

flows of immiscible liquids with a flat interface within a pore is studied following the linear 

stability analysis performed by Chuoke et al [32]. In formulating the problem, two constant 

parallel velocities are used to describe the base state of the parallel flow. A characteristic 

equation which determines the growth rate as a function of the wavenumber is derived, and the 

instability conditions are determined. In the results and discussion section, the instability of the 

parallel flow of steam condensate and mobilized bitumen in the SAGD process is examined 

using the instability conditions. The importance of this study is that it gives well-defined 

instability conditions for the two non-horizontal parallel flows in a pore and applies them to 

SAGD. This study determines that the instability depends on the temperature and there exist 

optimum and minimum temperatures in SAGD. 

 

The results of the research are of interest to researchers in fluid mechanics, fingering phenomena, 

and interfacial behaviors. The research is significant since it resolves and adds new 

understanding on viscous fingering of complex fluids.  

 

1.3 Outline 

 

The thesis is composed of seven chapters. Chapter Two presents a literature review of viscous 

fingering instabilities involving elastic fluids, displacement of liquid foam by gas in a Hele-Shaw 

cell, viscous fingering instabilities of three fluid phases, and instability of the interface between 

two parallel flows. Chapter 3 mainly focuses on the effects of dilute low molecular weight 
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poly(ethylene oxide) solutions in immiscible radial viscous fingering instabilities. Chapter 4 

presents the study of air invasion into three-dimensional foam inducing viscous fingering 

instabilities. Chapter 5 concentrates on viscous fingering instabilities of air displacing water 

surrounded by mineral oil in a radial Hele-Shaw cell. Chapter 6 presents instability of parallel 

flow of two immiscible liquids in a pore and application to Steam-Assisted Gravity Drainage. 

Chapter 7 summarizes the main research conclusions and provides recommendations. 
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Chapter Two: Literature Review 

 

2.1 Viscous fingering 

 

Viscous fingering commonly describes the emergence and progression of the interfacial 

instability between two miscible or immiscible fluids that can arise when a less-viscous fluid 

displaces a higher-viscous fluid in a porous medium [13]. Fingering instabilities typically arise 

from differences in viscosity and/or density at the interface [33]. Because the majority of porous 

materials are not transparent, a practical analogous model for the study of viscous fingering is the 

Hele-Shaw cell model which consists of two parallel transparent plates with a small gap between 

them [13] [32]. Common displacement flows employed in Hele-Shaw cell experiments are 

rectilinear, radial, and quarter five-spot displacements [13]. Chuoke et al. performed rectilinear 

immiscible displacement experiments in a tilted Hele-Shaw cell where less-viscous water-

glycerine solutions with higher density was injected at the lower end with uniform speed to 

displace more-viscous oil with lower density [32] (see Figure 2.1-a). They observed that viscous 

fingering occurred only at speeds above a critical rate. Petitjeans and colleagues investigated 

miscible quarter five-spot displacements in a Hele-Shaw cell [4]. They introduced water-dye or 

glycerin-water-dye solutions with a reduced glycerin concentration to displace an existing, more 

viscous glycerin-water solution, as depicted in Figure 2.1 (b). Dias et al. conducted immiscible 

radial displacement experiments in a Hele-Shaw cell as shown in Figure 2.1 (c) [34]. In these 

experiments, water was injected to displace mineral oil. Their objective was to investigate the 

impact of time-dependent injection rates. 
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(a) (b) (c) 

 

  

 
Figure 2.1. Viscous fingering experimental results using Hele-Shaw cell from (a) Chuoke et al. 
1959, (b) Petitjeans et al. 1999, and (c) Dias et al. 2012.  

 

 

Figure 2.2 depicts a typical evolution of an immiscible radial viscous fingering interface, 

involving two Newtonian fluids. In this case, a less viscous air is injected at a constant pressure 

to displace more viscous mineral oil radially in a Hele-Shaw cell. As shown in the figures, the 

initial fingers extend and evolve into a fan shape, with some of them splitting as the width of the 

fingers reaches a certain size [13] [35]. This tip-splitting process repeats as the fingers continue 

to grow.   
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fingering through both linear stability analysis and nonlinear simulations [43]. It was reported 

that elasticity tends to attenuate viscous fingering instability. 

 

2.3 Displacement of liquid foam by gas in a Hele-Shaw cell 

 

Foams exhibits flow properties arising not only from the viscosity of the liquid and gas phases 

but also the interfacial forces at the interfaces and Plateau borders [44]. At particular conditions, 

foam acts elastically like a solid at low shear stress but flows like a liquid at high shear stress 

[26]. At other conditions, foam can also flow like a shear-thinning fluid [27]. When a foam 

undergoes deformation and flow, its internal resistance to flow arises from viscous forces within 

the phases (liquid, gas) and between the phases (liquid, gas, and solid bounding surfaces) but 

also the energy required to stretch or deform interfaces which will tend to evolve to a 

configuration where the overall surface energy is minimized [27] [45] [46] [47].  

 

There are a few studies on the displacement of liquid foam by gas in a Hele-Shaw cell. Injecting 

gas at a continuous flow rate or constant pressure into a body of liquid foam in a Hele-Shaw cell 

leads to finger-like gas/foam interfaces [48]. This behavior is the well-known Saffman-Taylor 

instability because viscous foam is pushed by a less viscous gas in a porous medium [49] [50]. 

Hilgenfeldt et al. examined foam dynamics of a quasi-two-dimensional liquid foam in a 

rectangular Hele-Shaw cell by injecting air at constant pressure at one end of the cell [28]. At 

very low pressures, the entire foam was uniformly displaced. A fingering of air in the foam 

propagating by the neighbor swapping mechanism of bubbles (T1 process) was observed for 

pressures larger than a critical value. They also found a foam yielding to the injected air by 
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regions of mobility [58]. The first region is the lowest mobility oil region, the second is the high 

mobility gas region, and the third is the lower mobility region in which both gas and water are 

flowing. They used a five-spot configuration using a porous plate with a thickness of 0.25 inch 

and a separation of 10 inches between wells. The three mobility regions were represented with 

three miscible oils. The mobility in the oil and gas-water regions was set to be identical, while 

the gas zone had a mobility 17 times higher. They tried two gas zone volumes, 5% and 20% of 

the reservoir volume. They were able to achieve about 90% sweep efficiency using the 

simultaneous gas-water injection process which was implemented by injecting miscible oil with 

an identical mobility with the oil in the experiments. They also found that there is a noticeable 

difference between the sweep efficiency curves for the 5% and 20% gas zones. Wang and his 

colleagues examined how the generation of gas bubbles, resulting from a chemical reaction 

between the displaced and displacing fluids, affects viscous fingering instabilities in a radial 

Hele-Shaw cell [59]. They found that the main characteristic times affecting the flow patterns are 

the displacement time and nucleation time of bubbles. If the displacement time was less than the 

nucleation time, the generation of bubbles did not follow the propagation of viscous fingering. 

Instead, gas bubbles formed within the fingers, and these bubbles within the fingers merged, 

growing larger and causing outward flow. This process hindered the mixing of the displacing and 

displaced fluids. 

 

2.5 Instability of the interface between two parallel flows 

 

Instabilities of the interface between two immiscible phases flowing through porous media are 

commonly found in many technological processes and have been investigated extensively. At 



18 
 

pore scale, these instabilities lead potentially to enhanced mass and heat transfer and phase 

mixing and formation of emulsions. Hill analyzed the stability of the interface for a small 

depression at the interface and derived an equation for the critical velocity using the densities 

and the viscosities of the fluids [1]. Saffman and Taylor performed linear stability analysis for 

the interface between two immiscible fluids of upward displacement in a homogeneous porous 

medium assuming continuous pressure at the interface [49]. The instability condition was 

derived for a wave-like perturbation on the interface and found that the wavelength of the 

disturbance did not affect the instability condition. They also investigated the effect of the 

pressure difference across the interface arising from surface tension. It was found that the surface 

tension limits the range of unstable disturbances to be greater than a critical wavelength. A 

similar linear stability analysis study of the interface for immiscible liquid-liquid vertical 

displacement in a tilted permeable media considering the pressure drop at the interface was 

carried out by Chuoke et al [32]. The authors derived equations for a critical velocity and critical 

wavelength. The instability occurs for all flow rates greater than the critical velocity if the initial 

disturbance of the interface contains modes with wavelengths greater than the critical 

wavelength. It was mentioned that a form of Helmholtz instability can be predicted from a 

second-order theory if the tangential components of gravitational force are included. However, 

detailed analyses are not provided.  

 

There have not been many studies on the instability at the interface between two parallel flows of 

immiscible liquids in porous media at pore scale. Parallel flows are commonly observed in many 

applications such as packed bed reactors, micromixers, and enhanced oil recovery (EOR) 

processes. In EOR, the instability at the interface can significantly affect emulsion formation 
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flexing of the glass plates. This study marks the first comprehensive examination of fingertip 

velocity, number of fingers, and other quantitative parameters including the width of fingers in 

the radial viscous fingering in three-dimensional foam, with a focus on their dependency on air 

injection pressure. 

 

Limited research has been conducted on viscous fingering instabilities involving three fluid 

phases in porous media, despite the frequent occurrence of three-phase flows in various 

applications. This study specifically investigates radial viscous fingering instability with three 

immiscible phases in a Hele-Shaw cell. Furthermore, the instability at the interface between two 

parallel flows of immiscible liquids in porous media has not been extensively studied, despite the 

widespread existence of parallel flows in numerous applications. This research focuses on 

investigating the instability in thin film flows related to condensate and bitumen flows. 
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Figure 3.1. Schematic of the radial viscous fingering experimental setup. 

 

 

Poly(ethylene oxide) (PEO) is an extensively studied and very widely used water-soluble 

polymer [72]. The degradation of PEO solutions has been examined by many researchers [73] 

[74] [75] [76]. It is known that PEO solutions are fragile, and many factors can cause 

degradation such as thermal, chemical, photochemical, and ultrasound [72]. The presence of 

metal in PEO solutions can also cause significant degradation [75]. Therefore, it is important to 

determine proper ways to prepare PEO solutions to maintain consistent sample properties for the 

experiments. Vanapalli et al. used a rolling apparatus at 3-6 rpm for 24-48 hours to dissolve 5M 

and 15M g/mol PEO in de-ionized water to avoid shear degradation [76]. 1 or 2 litre containers 

were used to prepare 1000-2000 ppm stock solutions. Samples of the desired concentration were 

made by diluting the stock solutions. They mentioned that there can be potential aggregates and 
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3.3 Conclusions 

 

The elastic effects on the evolution of the viscous fingering interface in the immiscible radial 

displacement flows in Hele-Shaw cell were examined. To focus on elastic effects, dilute low 

molecular weight PEO solutions with constant viscosities similar to that of water were used as 

more viscous existing fluids. Air was injected to displace the dilute PEO solutions at a constant 

volume flowrate. Only the molecular weight of PEO was varied to precisely investigate the 

effects of normal stress differences. Three PEO products with different molecular weights (0.3M, 

0.6M, and 1.0M) were used to adjust the strength of the elastic effects. The viscous fingering 

interfaces between dilute PEO solutions and air were examined at four different time points 

because of the strong velocity variation over time in the radial Hele-Shaw cell. The viscous 

fingering interfaces were quantitatively evaluated using the effective number of fingers, the 

finger area density, and the representative finger width density. Nonmonotonic and apparent 

opposite effects were observed depending on the molecular weight and the stage of the viscous 

fingering evolution. Decreases in PEO molecular weight (0.3M and 0.6M) reduced the number 

of fingers and widened the finger width in the early stage, and the effects are strong initially and 

diminish over time. Increasing PEO MW from 0.3M to 0.6M further widened the width of 

fingers and further decreased the number of fingers. However, significantly different viscous 

fingering patterns were observed for the dilute solution of 1.0M PEO. At the early stage, some of 

the main fingers had already split resulting in an increased number of fingers and narrow fingers. 

After early stage tip-splitting, fingers spread with an apparent lack of tip-splitting in the 

intermediate stage. Thereafter, tip-splitting and side branches were observed at the last stage.  
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Chapter Four: Air invasion into three-dimensional foam induces viscous 

fingering instabilities 

 

 

An experimental investigation to examine the immiscible radial displacement flows of air 

invading three-dimensional foam in a Hele-Shaw cell was conducted. The study successfully 

identified three distinct flow regimes. In the initial regime, characterized by relatively low 

fingertip velocities, the foam underwent a slow displacement through plug flow. During this 

process, the three-phase contact lines slipped at the cell walls. Notably, we discovered that the air 

injection pressure exhibited a proportional relationship with the power of the fingertip velocity. 

This relationship demonstrated excellent agreement with a power law, where the exponent was 

determined to be 2/3. Transitioning to the second regime, we observed relatively high velocities, 

resulting in the displacement of the foam as a plug within single layers of foam bubbles. The 

movement of these bubbles near the cell walls was notably slower. Similar to the first regime, the 

behavior in this regime also adhered to a power law. In the third regime, which manifested at 

higher air injection pressures, the development of air fingers occurred through narrow channels. 

These channels had the potential to isolate the air fingers as they underwent a process of 

"healing." Furthermore, our results unveiled a significant finding that the width of the air fingers 

exhibited a continuous scaling with the air injection pressure, irrespective of the flow regimes 

being observed. 

  














































































































































































































