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ABSTRACT

A simplified “block Lanczos” algorithm is presented and its
correctness established. While its efficiency in the general
case is not proved, preconditioning used for similar algo-
rithms is also sufficient here. Results concerning reliability
and efficiency may be of more general interest because they
may serve to (somewhat) better explain the performance of
other block algorithms, including block Wiedemann algo-
rithms and algorithms that use rectangular blocking.

Categories and Subject Descriptors

F.2.1 [Analysis of Algorithms and Problem Complex-
ity]: Numerical Algorithms and Problems—computations
in finite fields, computations in matrices; 1.1.2 [Symbolic
and Algebraic Manipulation]: Algorithms—algebraic al-
gorithms, analysis of algorithms

General Terms
Algorithms, Performance, Reliability

Keywords

Block Lanczos algorithms, computations in finite fields, worst-
case expected performance and reliability

1. INTRODUCTION

Block “Krylov-based” algorithms — including block Lanc-
zos and block Wiedemann algorithms — have been used
in sieve-based factorization algorithms and various other
number-theoretic computations since Coppersmith’s devel-
opment of a block Lanczos algorithm [1].

Unfortunately the block Lanczos algorithms that were orig-
inally developed for these applications are provably unreli-
able in the worst case: They begin with a symmetrization of
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the input matrix that is provably correct for computations
over the real numbers but that can significantly reduce the
rank of the input matrix and, furthermore, fail to achieve
the matrix conditions needed to ensure reliability (the be-
ginning of the report [3] provides further details). Conse-
quently subsequent work (including the development of all
block Wiedemann algorithms, including the one proposed
by Coppersmith [2]) has concerned biconditional algorithms
which do not require the input matrix to be symmetric and
double the number of vectors to be managed.

A biconditional Block Lanczos algorithm, whose efficiency
and reliability could be proved for suitably conditioned in-
put matrices over small finite fields, was first presented and
analyzed by Bradford Hovinen in his Master’s thesis [7]; a
subsequent paper [8] summarizes the key results and is more
readily available. A rectangular variant (which uses differ-
ent block sizes on the left and right) has subsequently been
proposed by the author of this report [3].

As noted above, one can prove that block Lanczos al-
gorithms that symmetrize the input matrix are provably
unreliable, in the worst case, for computations over finite
fields. Nevertheless, a review of the development of these
algorithms suggests improvements that might be made to
the biconditional algorithms that have more recently been
developed. In particular, Montgomery [10] proposed a con-
siderable simplification of the management of vectors, in a
block Lanczos algorithm, that has inspired the present work.
An algorithm that simplifies the management of vectors in a
biconditional block Lanczos computation in a similar way —
and that, therefore, might be more easily implemented and
maintained than its predecessors — is described in Section 2.
Since block sizes can be selected for a variety of reasons, in-
cluding efficient use of storage, it might also be of interest
that all restrictions on the block sizes that can be used have
been removed. The algorithm is provably correct for any
block size k > 2 and (like Hovinen’s) it is provably efficient
as long as the block size exceeds the number of nontrivial
invariant factors of the input matrix.

Now, unless these block Krylov matrices are used in sig-
nificantly different (and presently unknown) ways than they
currently are, some sort of conditioning of the input ma-
trix is necessary if the computations are to be reliable in
the worst case: The number of nontrivial invariant factors
should be less than the block size if the algorithm is being
used to determine the rank of the input matrix, in order to
ensure that the Krylov space being generated is equal to the
column (or row) space of the matrix. If one wishes to solve
a linear system (or certify that it is inconsistent) or sample



uniformly from the null space, then the block size should ex-
ceed the number of invariant factors that are divisible by z2.

On the other hand, some computations — including the
solution of a linear system when the the minimal polynomial
of the input matrix is not divisible by x2, or the computation
of a nonzero vector in the null space (making no guarantees
about its distribution) — do not necessarily require any ad-
ditional conditions on the input matrix, or the use of pre-
conditioners, at all. Indeed, both of the above problems can
be solved for arbitrary input matrices using Weidemann’s
scalar algorithm [12]. This suggests the question (still, to
my knowledge, open) of whether conditioning of the input
is required when block algorithms are used to solve these
problems. Some modest progress on this is reported in Sec-
tion 6. In particular, the efficiency of the algorithm is also
established when it is applied to input matrices having arbi-
trarily many nontrivial invariant factors, provided that (for
block size k) the degree of the k" invariant factor is small.

This part of the work being reported is quite “curiosity
based:” Algorithms that use different sizes on the left and
right are available, have been more completely analyzed, and
(at least, for block Wiedemann algorithms) may be more effi-
cient because the number of applications of the input matrix
can be reduced — see Kaltofen [9] and Villard [11] for de-
tails. That noted, the results of Section 6 are also applicable
to block Wiedemann algorithms (rectangular or otherwise)
that employ “early termination” heuristics and might there-
fore be of more general interest — they establish that, with
high probability, breakdowns can only occur near the end
of a computation. Regardless of badly “conditioning” has
failed (and, no matter how pathological the input matrix
might be) things will go well until the number of vectors
generated, in a Krylov space being traversed, approaches
the sum of the degrees of the first k — 1 invariant factors of
the input matrix.

This report omits proofs of a variety of claims. A more

complete report that includes these proofs is now available [4].

2. A BLOCK LANCZOS ALGORITHM

Suppose one wishes to solve a system Az = b for a given
matrix A € F}*" and vector b € FJ*!.

2.1 Objectives

Consider a positive integer k£ and a sequence of vectors
T =nv1,02,...,0c € F}*'; let KSy denote the “Krylov space”
defined using these vectors with A as an operator — that is,
IS is the subspace of F(’;Xl spanned by the vectors A"v; for
r>0and 1 <s < k. Similarly, for k£ as above and vectors
U= UL, U2, .., Uk € Ff;“, let Egﬂ denote the Krylov space
defined using these vectors with AT as an operator.

A secondary — but key— objective of virtually any “block
Lanczos” algorithm is to construct a basis for XSz for a

given set of vectors vi,v2,...,v,. If the goal is to solve a
system Ax = b then one searches for a solution y as a linear
combination of v1,v2,...,vx. Modifications needed to cer-

tify the inconsistency of systems, sample from the null space,
and solve various related problems have been described else-
where (see, for example, Eberly [3] for details) and will not
be discussed further here.

2.2 Details of the Lanczos Phase

2.2.1 Objectives and Invariants

The computation begins with a “Lanczos phase:” Vectors
UL, U2,y -« vy Uk, W, W2, W3, . . . , Wk are chosen uniformly and in-
dependently from FZXI, w1 is set to be A-w+b, and Gram-
Schmidt orthogonalization is applied to try to construct dual
orthogonal bases for @ﬂ and KSz, where v, = A - w, for
1<r<kandv=wv,ve,...,uvk.

The Lanczos phase will proceed in a sequence of “stages”
(beginning with a “stage 0”). By the end of stage ¢, for
i > 0, vectors ur s, vrs € Fo*" will have been constructed,
for0 <r <iand1 < s <k, such that the following property
is satisfied.

o Invariant #1 The vectors u, s such that 0 < r <4 and
1 < s < k span the same subspace of F, as the vectors
(ATY%u;, such that 0 < a < i and 1 < b < k. The
vectors v, s such that 0 < r < i and 1 < s < k span
the same subspace of F, as the vectors A%v, such that
0<a<iand1<b<k, as well

At each point of the computation one has constructed a
sequence of vectors

pa,p2, - pe € {urs [0<r<iand1<s<k} (1)

and
vi,v2,..., v €{vrs |0<r<iand 1 <s<k} (2)

such that the following properties are satisfied at the end of
each stage of the Lanczos phase:

o Invariant #2: For 1 < r,s <l pul ve=1ifr =s
and uf - vs = 0 otherwise.

Henceforth we will say that a vector u,s (respectively,
Ups) is matched if u,s € {p1,p2,...,pme}t (respectively, if
vrs € {11,v2,...,v¢}), and we will say that u, s (respec-
tively, vrs) is unmatched, otherwise. The following addi-
tional invariants should be satisfied at the end of each stage
of the Lanczos phase as well.

o Invariant #3: If 0 < r < 4,1 < s <k, and ur is
unmatched, then u,q,:s sy =0 for 1 <t < /¥ and if
0<7r" <i,1<s <k, and v,/ is unmatched, then
ul . vr,s =0 for 1 <t </ as well.

o Invariant #4: 0 <77 <i,1<s,8 <k, and u,s
and v,s & are both unmatched, then U?,s Uy g = 0.

The next property concerns a positive integer A, j de-
pending only on the order n of the input matrix and the
block size k£ in use. The Lanczos phase will be terminated
at the end of the first stage where the following property
does not hold.

o Invariant #5: 1f i > A,  then the vectors u, s and v, s
are both matched, for all » and s such that 0 < r <
t—Aprand 1 <s<k.

A final pair of invariants are needed for a version of this
algorithm that solves a linear system. The first of these
concerns an additional set of vectors w, s € FZXl, for 0 <
r <iand 1 < s <k, that will be maintained.

o Invariant #6: vr.s = A - wy s for all integers r and s
such that 0 <r <iand 1 < s <k.



The second concerns four vectors o, w, x, p € FZXI:

e [nvariant #7: 0 = A-w+Db, X is a linear combination
of vi,va, ..., v, pE - A-x =pl o for 1 <r <, and
A~x+p—a.

The bulk of the processing during the Lanczos phase con-
cerns matching and orthogonalization steps.

In a matching step, one begins with a subset U1, Us, . . . , Uq
of the currently unmatched vectors u, s as well as a sub-
set U1, V2, ..., 0, of the currently unmatched vectors v, s —
along with corresponding vectors w1, Ws, . . . , Wy from the set
of vectors w, s such that A-w; =7v; for 1 <t <b.

One then — by some means — determines the rank r of
the Hankel matrix

€ Fuxb (3)

as well as integer indices o1, 02,...,0, such that 1 < o1 <
o2 < -+ < o, < a, and integer indices 71, 7T2,..., T, such
that 1 <71 <712 < -+ <7 <b, and where the matrix

H = [G1ts... 0" - [0152...7)

R ~ T rXr
Hs > = [uglug2 .. .ugr} Fq

N[Oy - B ] €

is a maximal nonsingular submatrix of H. To continue one

somehow finds a pair of invertible matrices X, Xr € F;*"
such that Xgr - X1 = H{;l?. Now one should set
My = [l Uy - - - To, | - X1 (4)

— updating the values of Us,, Usy, - . -, Us, to be the corre-
sponding columns of M, in the process — set

Mg = [0rBry ... 0, ] - Xr (5)
and, finally, set
ME =[Gy, By ... Wr, ] - Xr (6)

— updating the values of Ur,,Vr,,... 0. (respectively, the
values of Wr, , Wry, . .., Wr, ) to be the corresponding columns
of Mg (respectively, M%*) in the process.

Following these updates

ML -Mp-Xp =X Hz 7 Xr-Xp = Xg

since Xgr - X = Hg
matrix, ML Mpr = I,. The vector U,, has now been
“matched” with the vector v,,, for 1 < s < r, so that the
sequences at lines (1) and (2) can be extended by setting
wets (respectively, viis) to be Uy, (respectively, v-,) for
1 < s < r and adding r to the value of /.

With that noted, the next set of operations are required:
For D := M7T - (A-w + b), one should now set

p=p—Mg-D and x:=x+ME°-D

; — and, since X, is a nonsingular

in order to ensure that Invariant #°7 is satisfied after these
modifications if it was satisfied before them.

Note. In order to reduce running time, storage space, or
rely upon existence code, one might also consider versions of
these updates that also modify unmatched vectors us or v,
for 1 <s<aorl<t<b If the vector spaces spanned
by the vectors us for 1 < s < a (respectively, v; for 1 <t <
b) are unchanged by these updates, and if Invariant #6 is
preserved, then the claims in the rest of this report will still
be correct and provable, in essentially the same way, even if
such an alternative “matching” step is used.

One also needs a pair of orthogonalization steps. For
a “left orthogonalization step,” one requires an integer se-
quence yi,7yz2, - .., < £ such that

1< <y < <<t

and one sets matrices Mr, Mg, MP° € FgXt to be the ma-
trices with columns fiy,, fhye, -« s yes VyisVryas .-, Yy and
Wy, Wryg s - - -, Wy, Tespectively, where w,, = wr s 1f Vi = Urys,
so that A-w+, = vy, for 1 <14 <t. Given a set Ui, Uz, ..., Un
of the set of vectors u, s, set U IS F"Xm to be the matrix
with columns U1, Us, ..., Um. Now the update

Ui=U—-Mp-D for D=ME-UeFX™ (7)

(with corresponding updates to Ui, Uz, ..., Un) is sufficient
toensurethatﬁTT-l/n,s =0forl1<r<mand1l<s<t.

For a “right orthogonalization step,” let vy1,72,...,7: and
matrices ML,./\/IR, mee F"Xt be as above. Given a set
1,02,...,0n, of the Vectors Ur,s, and vectors 11)1,11)27 .. 7wm
such that A-w, = 0, for 1 < r < m, setVantho
be the matrices in ngm with columns 01,72, ..., 0, and
Wy, Wa, . .., W Tespectively. Now the updates

Vi=V-Mp-D and W::W\—Mf{e-D
for D=MT -V eF™ (8)

(with updates to v1,72,...,Um and Wi, Wa,...,Wn) ensure
that ,uzr-ﬁs =0and A-Ws =0 forl1 <r<tandl<s<m.

Stage 0: To begin one should set £ = 0, x = 0, 0 =
p = A-w+ b, and one should initialize vectors by set-
ting uo,s to be us, setting wo,s to be ws, and setting vo,s to
be A - ws for 1 < s < k. One should continue by match-
ing wo,1,u0,2,--.,u0,k With vo,1,v0,2,...,v0,% as described
above. For this first stage, all matched vectors should be
orthogonalized against all unmatched vectors. That is, one
should perform left and right orthogonalizations with ¢t = ¢
and vy, = rfor 1 <r <t setting U1, Uz, ..., Unm (respectively,
U1,02,...,0m) to be the set of all vectors ug,» (respectively,
vo,r) that were not matched during the initial matching step.

Stage i, for i > 1: Each later stage should begin by ap-
plying A or AT as an operator:

T
Uis = A Uis1s, Vst A-vic1s and wis i =vic1s (9)

for each integer s such that 1 < s <k

Now, while it is necessary to apply orthogonalization steps
similar to the ones at lines (7) and (8) in order to establish
Invariant #3 once again, Invariant #5 serves to limit the
number of these that are required.

LEMMA 2.1. Suppose there are at least i + 1 stages of the
Lanczos phase of the algorithm, and Invariant #5 is satisfied
at the end of each of the first i stages. Then, at the beginning
of stage i (that is, the i + 1°* stage),

(AT wisrs) ve =i - (A vic1s) =0

for 1 < s < k and for every integer t such that 1 <t < ¢
and either py = ug,n or vy = vg,n, for integers g and h such
that 0 < g<i—2-Apr—3andl1 <h<k.

Consequently, in order to re-establish Invariant #3 it now
suffices to employ updates as shown at lines (7) and (8),
above, where t = k, Uy = u;» and U, = v;, for 1 < r <k
and where matched vectors i, and v, such that p, = uc,q



and v, = v o such that ¢ —2 - Apx — 2 < ¢,¢ < i and
1<d,d <k.

Indeed, these are the only matched vectors that will be
needed after this point in the computation. Consequently, if
all other matched vectors are deleted at this point a circular
queue (of arrays) can be used to store all of the vectors ur,s,
vy, s and wr. s that might still be needed, a circular queue (of
linked lists) can be used to maintain the indices of currently
unmatched vectors, and a linked list (whose length will not
exceed (2 A,k +3) - k) can be used to store the indices of
pairs of matched vectors that are still required.

This stage should continue with a process of pairing (and
“matching”) previously unmatched vectors u, s and v, ¢ in
order to extend the sequences at lines (1) and (2). It turns
out that a simple “greedy” strategy will suffice (and, this the
primary algorithmic contribution here): Whenever possible,
“older” vectors should be matched before “newer” ones.

In particular, since Invariant #5 was satisfied at the end
of stage ¢ — 1 the only unmatched vectors at the beginning
of stage i are vectors ur s and v, s such that i — A, , <r <3
and 1 < s < k. The matching process should include a
sequence of rounds 1,2,3,...,2- A, + 1, as follows.

e Round 2j + 1, for 0 < j < A, — 1: The unmatched
vectors ui—a,, j+j,» such that 1 < r < k are matched
with the unmatched vectors v; s such that 1 < s <k,
in order to obtain additional pairs of matched vectors.
A left orthogonalization step is carried out using the
newly matched vectors and all (still) unmatched vec-
tors u,s such that i — A,y +j <r<iand 1 < s <k,
and a right orthogonalization step is carried out using
the newly matched vectors and all (still) unmatched
vectors v; s such that 1 < s < k.

e Round 2j + 2, for 0 < j < A, — 1: The unmatched
vectors u; » such that 1 < r < k are matched with the
unmatched vectors vi—a,, ,+j,s such that 1 < s < k,
in order to obtain additional pairs of matched vectors.
A left orthogonalization step is carried out using the
newly matched vectors and all (still) unmatched vec-
tors wu;,s such that 1 < s < k, and a right orthogo-
nalization step is carried out using the newly matched
vectors and all (still) unmatched vectors v, s such that
t—Apr+j<r<iand1l<s<k.

e Round 2 - A,k + 1: The unmatched vectors u; » such
that 1 < r < k are matched with the unmatched vec-
tors v; s such that 1 < s < k in order to obtain ad-
ditional pairs of matched vectors. A left orthogonal-
ization step is carried out using the newly matched
vectors and all (still) unmatched vectors u;,s such that
1 < s < k, and a right orthogonalization step is car-
ried out using the newly matched vectors and all (still)
unmatched vectors v; s such that 1 < s < k.

Quite a few orthogonalization steps have been left out
above. Nevertheless, the following can be proved.

LEMMA 2.2. Consider the updates of vectors ur,s and vy s.
giwven above in stage i of the Lanczos phase for i > 1.

(a) If j is an integer such that 0 < j < i—1 then the sub-
space of FZXl spanned by the set of vectors urs (re-
spectively, vrs) such that 0 < r < jand1l < s <k
is unchanged by the updates included in stage i of the
Lanczos phase.

(b) If h is an integer such that 0 < h < A, — 1, then the
only vectors whose values can be changed by updates,
after round 2h+2 of the Lanczos phase, are vectors u, s
and vy s such that i —Appr+h <r<iand1l <s<k.

(c) If the steps described above and Invariants #1-#5 were
satisfied before stage i of the Lanczos phase of the com-
putation then Invariants #1-#/ are satisfied at the
end of stage i as well.

2.3 Details of the Elimination Phase

2.3.1 Objectives and Invariants

The computation will end with an “elimination phase”
which will also proceed in a series of stages. The follow-
ing data is accumulated:

e A sequence of vectors
Ay A2, A € FR5Y (10)
will be stored as the columns of a matrix M, € ngm.

e Another sequence of vectors of the same length m
K1,K2,...,Kkm € FI}XI such that A -k, = A, for 1 <
r < m. These will be stored as the columns of a ma-
trix M, € F3*™ such that A - M, = M.

e A permutation matrix P € Fy*™ will be maintained.

e Another sequence of vectors

(10179027'--7LP96FZX17 (11)

will be stored as the columns of a matrix M, € F3*9.

The following properties will be satisfied at the end of
stage j of the elimination phase (for j > 0) if j + 1 or more
stages are included in the computation — assuming that the
Lanczos phase ended with stage 1.

o [nvariant #8: The vectors vi,ve, ..., Ve, A1, A2, ..., Am
span the same subspace of FZXI as the vectors A%vp
such that 1 <a<i+jand 1 <b< k.

o Invariant #9: pl -\ = 0 for all integers 7 and s such
that 1 <r</Zand1<s<m.

o Invariant #10:

P.-M, = [)L(i] (12)

for a lower triangular matrix Ly € F;**"™ with ones on
its diagonal and for a matrix X, € F{"~™*™,

o Invariant #11: The vectors g1, @2, ..., p, are linearly
independent and the sequence of vectors

7/17V27---7VZ7)\17)\27~~~7)\77“
A'§01>A'¢27"‘7A'909

span the same subspace of F;‘Xl as the vectors A%
such that 0 < a<i+4+j+1land 1 <b<k.

Another pair of invariants are needed for a version of the
algorithm that solves a linear system.

o Invariant #12: A- M, = M.



e Invariant #13: A-x+ p=A-w+b. Furthermore, x
is a linear combination of

'77/27)\1’A27"'7/\m7
uF A-x=pf - (A-w+b) for 1 <h<{, and if

Vi, V2, ..

T n
P-p:[plpg...pn] quX1
for P as shown at line (12) then p, =0 for 1 < ¢ < m.

The algorithm will continue until g = 0 (so that the se-
quence of vectors shown at line (11), above is empty) at the
end of a stage.

2.3.2  Details of Stages

The stages will also maintain a pair of matrices Mpe, €
Fp*" and M%7, € F3*" such that A - M55, = Muew; the
following operations will be performed.

e An orthogonalization step: Performing a right or-
thogonalization step, with the matrices M, Mg and
ME* from the final stage of the Lanczos phase and us-
ing Myew and MPEY as the matrices V and W, respec-
tively (in updates at line (8)), will suffice to ensure that
the columns of M., are orthogonal to p1, a2, ..., .

e An elimination step will also be needed: If

Y
P'Mnew = |:Z:|
for Y e F"*" and Z € Fén_m)xr, then performing the
updates
Mnew = Mnew - M)\ . L;1 -Y
and

pre ,__ pre —1
Miew := Muew — My - Ly - Y

will suffice to ensure that

Omxn
P new — | ¥ 5
M |:M new:|

for a matrix M, € Fy* ™"
e In a compression step one should determine the rank s
of the above matrix Mpew as well as a matrix X € Fp**

such that A//Tnew - X € Fénim)xs has rank s as well.
Matrices should be updated by setting

L pre . __ pre
Mnew = Mnew - X and Mncw e Mncw - X

(effectively replacing /\//\inew with A,/?new - X as well and
setting r to be s).

e In a triangularization step one should compute a

F{rmm)x(n=m) "5 lower trian-

permutation matrix Pe
gular matrix L € F"™"™*" with ones on the diagonal,
and a nonsingular upper triangular matrix Ue Foxm,
such that M\ncw — P.L-U. Another pair of updates

-~

~_q — — 1
Mnew = Mnew U and Mnew = Mnew -U

effectively replaces M\new with P - L.

e Suppose next that Le F3,*" consists of the top r rows

of the above matrix Z, so that L is a nonsingular lower
triangular matrix with ones on its diagonal and recall
that, by invariant #13, above,

O
P.p=|2=
P {p}

(n—m)x1

for a vector p € Fy Set p1 € Fi*! to be the

vector containing the top r entries of pT. p. Then, in

a solution step, one should update p and x by setting

p=p=Muew L7 p1 and = x+MILLT pr.

e Finally, in an update step, another pair of updates
should be performed:

I,

P:=P.
K

0

ﬁT:| and M<p = Mneuu

and the columns of M., and MY should be ap-
pended to the matrices My and M, respectively.

Stage 0: Initially m = 0, and P is the identity matrix.
Set My and MPE7 to include as columns all vectors vy 5
(respectively, wy, ) such that 0 < r <i—1,1 < s < k,
and v, s was unmatched at the end of the final stage of the
Lanczos phase. The compression, triangularization, solution
and update steps should be carried out — and all columns
of M, removed.

The vectors v; s (and, respectively, w; s) such that 1 <
s < k and v; s was unmatched at the end of stage ¢ of the
Lanczos phase should then be used as the initial columns
of Myew (respectively, ML), The elimination, compres-
ston, triangularization, solution and update steps should be
carried out. Finally, the vectors v; o+ such that 1 < s’ < k
and v; o was matched at the end of stage ¢ should be ap-
pended as columns of M, as well.

Stage j for 7 > 1: The matrices Mpew and ML, should
be initialized to be A - M, and M., respectively. The or-
thogonalization, elimination, compression, triangularization,
solution and update steps should be carried out.

As noted above, this phase of the algorithm will end as
soon as g = 0 at the end of a stage. Following this, one
should check whether p = 0. If it is, then x — w can be
returned a solution for the system Ax = b. Otherwise, a
solution has not been found and, indeed, no vector x such
that A-x = A-w+ b is contained in £S3.

2.4 Correctness and Efficiency

THEOREM 2.3. If the above algorithm is executed then, on
termination, the vectors

.,I/g,)\l,)\g,...,)\m (13)

vi,V2,..

form a basis for the Krylov space KSz and either a vector
T € Fg“ such that A -x = b has returned, or KSz does not
include any vector x such that A-x = A-w + b and it has
been reported that a solution has not been found.

THEOREM 2.4. Suppose that KSz has dimension d = £ +
m. Then the above algorithm can be applied to produce a
basis as shown at line (13) using the selection of 2k vectors
uniformly and independently from F; ™', at most d+(An +
2)k+1 multiplications of A by vectors, at most d+(Ap x+1)k



multiplications of AT by wvectors, O(d(Ank - k)?*n + (m +
A, )mn) additional operations over Fq and space required
to store O(mn + A, i - kn) elements of Fy.

It follows that if both A, x - k and the length of elimina-
tion phase is reasonably short (so that m is as well) then this
algorithm is asymptotically efficient. We will be considering
cases where A, .-k, m € O(logn) — in which case it follows
by the above that the algorithm requires d + O(logn) mul-
tiplications of A and AT by vectors, O(dn log® n) additional
operations over Fg4, and space required to store O(nlogn)
elements of F.

2.5 Matrices of Interest

For a positive integer kr, vectors @ = ui,ua,...,ux, €

Fp*', and a positive integer 7, let Kaar € Fi*™" 2 be the
matrix with columns

w1, AT -uq, (AT)2 -,
uz, AT s U2, (AT)2 s U2,

- Uk, AT'ukLy (AT)2'U//€L,

s (AT

sy (AT g,
(AT,
— that is, the vectors (A”)"u; h and j such that 0 < h < r—
1 and 1 < j < kr. Similarly, for positive integers kr and s,

5 k
and vectors ¥ = v1,va, ..., vk, € F0¥', let Kags € Fg*°"F
be the matrix with columns

2 s—1
vi, A-vi, A v1, ..., A V1,
2 s—1
vy, A-va, A% w9, ..., A - Vg,
2 s—1
C Vkp, Avkg, AT Ukg, .., A “Ukp

— that is, the vectors AhUj for h and j such that 0 < h < s—
1 and 1 < j < kg. Finally, for positive integers k1, and kg,

vectors ui,uz, ..., u, € Fp*' and vi,va,... vk, € Fp*t,
and positive integers r and s, let
=T rky, X sk
HA,'LT,'U,T,S = ’CA,TI,T‘ : ICA,'U,S [S Fq £ R (14)
This is a block Hankel matrix; in particular, it has the form
Hi Hi2 ... Hipg
Ha 1 Hyo ... Hogp
Hypao Hip,2 Hyy i

where each submatrix H,p is an 7 X s Hankel matrix: For
1<c<randl<d<s, its entry in row ¢ and column d is
the value a4 q—2, where ay = uaT-At-vb. for0 <t <r+s-—2.

It suffices to consider the case that k;r = kr = k in order
to analyze the algorithm given here.

LEMMA 2.5. Let k be a positive integer and let
U =ui,ug,..., U, € FZXl and T =v1,v2,...,0% € FZXI.

Ifi > Apx—1 and HA,'E,'U,a,a+An’k, and Ha,a,5,a+,, x,a cach
have mazimal rank ak for 0 <a <i—A,r+1 then Invari-
ant #5 is satisfied at the end of each of the first i stages of
the Lanczos phase of the computation, (so that there will be
at least i + 1 stages in the Lanczos phase).

Note: It will generally be clear that the input matrix A €
Fy*™ has been used to define the above matrices IGM,T,
Ka,s,t, and Ha,q,5,s,t — so they will generally be denoted
more succinctly as Ia;,s, K3+, and Hg z,s,+ respectively.

3. A USEFUL MATRIX NORMAL FORM

Let f = 2%+ ozd_lxdfl + o¢d_ggvd72 +---+ g be a monic
polynomial with degree d in Fg4[z]. Then the companion
matriz of f is the d X d matrix Cy with a one below the
diagonal and zeroes elsewhere in the first d — 1 columns and
whose final column is

[~0 —on —oa ... —ad,l}T

it is well-known that the minimal polynomial and charac-
teristic polynomial of Cy are both equal to f. Every ma-
trix A € F;*™ is similar to a unique block-diagonal matrix
Cr=Ch ot € Fg*™ whose diagonal blocks are com-
panion matrices Cy,,CY,,...,Cy, for monic polynomials

f17f27"'7fe € Fl][x]

such that f; is divisible by fiy1 in Fglz] for 1 < ¢ < £ — 1.
The polynomials fi, fo,..., f¢ are called the invariant fac-
tors of A (so that, in particular, f; will be called the “i*h
invariant factor” of A for 1 < ¢ < ¢) and these are also
unique. For a proof of the uniqueness of both the Frobe-
nius normal form and the invariant factors see, for example,
Gantmacher [6] (who refers to the above matrix Cfy, y,,....5,
as the “first natural normal form of A,” instead).

We will say that “A has ¢ invariant factors” if its Frobenius
normal form is as described above. We will say that “A has
h nontrivial invariant factors” if h < ¢ and fr # x = fr41 =

fh+2 ::fg
4. EXPONENTIAL NULLITY

Consider a matrix B € FfIXt. Let us define the left ex-
ponential nullity of B, xnully(B), to be the number of vec-
tors x € FSXI such that 27 - B = 0, and the right exponential
nullity of B, xnullg(B), to be the number of vectors y € F,*!
such that B -y = 0.

It is easily shown that if B has rank r then xnull,(B) =
¢°~" and xnull(B) = ¢"~" — so that the left and right expo-
nential nullifies are the same if s = ¢t. We will call this com-
mon value the ezponential nullity and denote it as xnull(B)
in this case.

While this notation was not used, various properties of
exponential nullities, including one similar to the following,
were explored in the report [5].

LEMMA 4.1. Let A € FZX", s,t > 1, and consider the ma-
triv H = Hy,a,7,,0 € F5" ™ where vectors @ = u1, ua, . . ., uk
and W = w,wsz,ws,...,wk are chosen uniformly and in-
dependently from F;LXI, wr = A-w+b, vp = A wy for
1<h<k, and ¥ =v1,v2,...,0k.

Then, if r is an integer such that 0 < r < min(s,t) then
the probability that the rank of the above matriz is less than
or equal to T is less than or equal to each of E[xnully (H)]/q°™"
and E[xnullg(H)]/q¢"~".

Furthermore, if s < t then the probability that the rank of
this matriz s less than s is at most (E[xnully (H)]—1)/(¢—1)
and, if t < s then the probability that the rank of this matriz
is less than t is at most (E[xnullg(H)] —1)/(¢ — 1).

Claims about the expected performance of the algorithm
described in Section 2 will be established by bounding the
expected value of the left or right exponential nullity of ma-
trices Hy,z,5,5,t, where either s =t + A, or t = s+ Ay i,
and applying the above lemma along with Lemma 2.5.



A second (new) technical lemma will also be of use in
explaining the behaviour of the algorithm presented in Sec-
tion 2 and, indeed, a variety of other Krylov-based algo-
rithms that are presently under development.

LEMMA 4.2. Let A € F3*™, s,t > 1, and consider the ma-
tric H=Hp a5t € FZkth where vectors i = Ui, Uz, . .., Uk
and W = w, w2, ws, ..., W, are chosen uniformly and inde-
pendently from F(’;“, wy = A-w, vp =A-wp, for1 < h <k,
and U = v1,v2,...,Vk.

If another matriz W € F‘;k”k is selected (from some sub-
set of Fflkxtk) independently from the above vectors @ and W,
then the expected value of the left exponential nullity of the
matrix H + W s less than or equal to that of H, and the
expected value of the right exponential nullity of H + W s
less than or equal to that of H as well.

Question: Is there a similar provable result that relates
the expected values of the (left or right) nullities of matri-
ces H and H + W, for H and W as above? It seems likely
that a result along these lines could establish the efficiency of
the algorithm of Section 2 without any assumptions about
the input matrix A at all. Unfortunately, the techniques
used to prove Lemma 4.2 do not seem to be applicable when
“nullites” are considered instead of “exponential nullities.”

S. MATRICES FOR WHICH BREAKDOWN
IS PROVABLY UNLIKELY

The reliability of a block Lanczos algorithm using block
size k, when applied to a matrix A € F}*" such that the
number h of nontrivial invariant factors is less than k, was
first established by Bradford Hovinen in his Master’s The-
sis [7]. One can also establish this by bounding the ex-
ponential nullities of the associated matrices considered in
Lemma 2.5, above. The following is a reasonably straight-
forward extension of bounds presented in [5].

LEMMA 5.1. Suppose that vectors
UL, U2, ..., Uk, W, W2, W3, ..., Wk

are chosen uniformly and independently from F;’Xl, and that
w; = A-w+b, and that v, = A-wq for 1 < a < h. Let
U= UL, U2,...,Ur and T = v1,V2,...,Vk.

Suppose, as well, that A has h nontrivial invariant factors,
for h <k —1, and let v be the rank of A.

Then if a is an integer such that 1 < a < |r/k|—Anr—1,

ElxnullL (Ha,5,0,a+4, )]

<1 q" 0 (f(ho k) + f(hB)? ')

and

E[XnullR('qu,gﬂjuAnyk,a)]
<14 qC 20k (F(h k) + f(h k) - ¢ ")

as well, where

6-log, n ifk=h+1,
f(hk)y=1<{4 ifk=h+2,
142¢" "1 ifk>h+3.

Let ¢ > 0; then (assuming that k > 2), if
An g > [((1+c)log, n + 2log, log, n +7)/k] (15)

then

g BrorDk > goplte logi n

>0 (f(h k) + f(hR)? g7

implying that the expected values of xnullz(Hz,z,a,a+4,, »)
and xnullg(Hi,5,a+4, ) are each at most 14+n~ D, Now,
it follows by the inequalities at the end of Lemma 4.1 that
the probability that either of the matrices Hg,g,a’aJrAn’k or
Hﬁ,v‘,a+An,k,a is rank-deficient is at most 2n~ (119,

Summing failure probabilities, one can establish that there
are at least |r/k] — 1 stages of the Lanczos phase of the
algorithm with probability at least 1 — 2n~¢. In this case
L> (|r/k]—Anx—2)-k > r— (A, k+3)k (since Invariant #5
was satisfied at the end of stage [n/k| — 3), so that m <
r—{ < (Ankr+3) ke O(logn). It follows by Theorem 2.4
and the remarks following it that, with high probability, the
algorithm is efficient in this case.

6. BREAKDOWN IS NOT EARLY

Something positive can also be said about the performance
of the algorithm when it is applied to certain matrices with
k or more nontrivial invariant factors: Suppose the first k
invariant factors are fi, f2,..., fk, let

i deg(f1) if z does not divide f1, (16)
v deg(fi1) —1 otherwise,
and, for 2 < s <k, let
— rs—1 + deg(fs) if  does not divide fs, (17)
7 ) reo1 +deg(fs) —1 otherwise.

If ¥ = vy, v2,...,vk is as described in previous sections then
the dimension of the Krylov space S5 is at most 7.

Let h be an integer such that 1 < h < k — 1. Then it is
possible express A as a sum A = A + Az for A1, Az € FZ;X”
such that A; - A3 = As - A1 = 0 and A; has h nontrivial
invariant factors fi, f2,..., fn.

Furthermore, it turns out that if the vectors

U, U2, ...,Ug, W, W2, W3, ...,Wk

are chosen uniformly and independently from FZ“, wy =
A-w4+b va = A Wa, Yo = A1 - Wa 2o = Az - wy for
1<a<k,¥y=wi1,y2,...,yr and 2= z1, 22, ..., 2 then

Ha,amst = Hay g, + Hagaz. (18)

and, furthermore, the matrices Ha, 4,75+ and Ha, a,zs.¢
are independently distributed. This can be used, along with
Lemmas 4.2 and 5.1, to establish the following.

LEMMA 6.1. Suppose that the vectors ui,usz,...,ur and
w, w2, Wws, ..., W, are chosen uniformly and independently
from FZXl, that w1 = A-w + b, and that vo = A - wg for
1 <a<k. Letid=mu,us,...,up and ¥ = v1,v2,...,Vk.
Suppose that A has k or ore montrivial invariant factors,
that the first k invariant factors are fi, fa, ..., fx, and that
r1,72,...,T, are as defined at lines (16) and (17).

Let h be an integer such that 1 < h < k—1. Then, if a is
an integer such that 1 < a < |rp/k| — App — 1,

Exnully (Ha,5,0,a+4, )]
<1+ ¢ 2R (F(h k) + F(h k) - ¢t F)



and

E[XnullR('Hﬁ,g,,hLAmk,a)]
S 1@ 8 (f(hk) + f(h k) ¢" )
as well, where f(h,k) is as given in Lemma 5.1.

Summing failure probabilities one can establish that there
are at most |ry—1/k| — 1 stages of the Lanczos phase with
probability at least 1 —2n7"° if A, j is as shown at line (15),
above. In this case £ > ry—1 — (A, k + 3)k at the end of the
Lanczos phase, so that

m <1k —rip—1 + (Ank + 3)k < deg(fi) + (An,i + 3)k.

It follows that, with high probability, the algorithm is also
efficient if the input matrix has k or more nontrivial invariant
factors but the degree of the k*® invariant factor is small.
In particular, the asymptotic bound on performance match
those given in the remark following Theorem 2.4, above.

7. FUTURE DIRECTIONS

While the design of the algorithm described in Section 2
is now complete, an implementation is not yet available.

Variants of the algorithm might merit consideration. For
example, one might continue a modified Lanczos phase after
Invariant #5 is violated by looking for linear dependencies
in the set of vectors u, s (respectively, v, s and reducing the
block size on the left or right accordingly. It is possible that
such an algorithm would have better expected performance
on arbitrary input matrices A € F}*™ than the one pre-
sented here. That noted, it seems unlikely that either the
description of such an algorithm or its analysis would be
“simple.”

It is also possible that the rectangular block Lanczos algo-
rithm of [3] can now be improved by removing unnecessary
orthogonalizations in light of the analysis of the algorithm
outlined above.

It seems likely that the results of Section 6 can be ex-
tended. In particular, it appears that the length of the elim-
ination phase (and value of m) is also logarithmic in n, with
high probability, if the the k*® invariant factor has high de-
gree but has a small number of distinct irreducible factors
in Fq[z] A proof of this is in progress.

Unfortunately the techniques used here are of little help
in other cases — the bounds that one can obtain for the
expected “exponential nullities” of matrices, when the k™
invariant factor is an arbitrary matrix in F4[z], are too high
to be of value. It is also possible (and provable) that ma-
trices C, f,,....f, Such that f1 = fo = --- = fi = f, for an
arbitrary polynomial f € F4[z] with degree at most n/k, are
a “hardest case” here — that is, if the algorithm’s perfor-
mance on such matrices is good with high probability then
it will also work well on arbitrary matrices A € F3*". An
attempt to develop a more precise statement along the above
lines and prove it is also in progress.

All that said, there is also the question of whether condi-
tioning is required, at all, when one wishes to use a block
Lanczos algorithm — or block Wiedemann algorithm incor-
porating some form of “early termination” — to solve a sys-
tem of linear equations, when the minimal polynomial of the
input matrix is not divisible by 2, or to obtain a nonzero ele-
ment of the null space of a singular input matrix. I presently
suspect that conditioning is mot needed here, but (to my
knowledge) the question remains open.
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APPENDIX
A. DETAILS OF THE ALGORITHM

I regret that I have yet to discover and provide a succinct
proof of the correctness of a “block Lanczos algorithm.”

With that noted, Lemma A.4 really is “key” to this and
worth consideration as time allows: It is used to establish
Lemma A.5-A.7, which establish that the orthogonalizations
used in the initialization of vectors ;s and v; s (for i > 1)
are sufficient, Lemma A.12, which is useful in showing that
the orthogonalizations in matching rounds of the Lanczos
phase are adequate, Lemma A.24, which establishes that
Invariants #8 and 11 hold after each stage of the elimination



phase, and Lemmas A.31 and A.32, which imply Lemma 2.5.

Finally, I will apologize for any typographical errors and
poor writing found in these appendices. The online tech-
nical report [4] is currently just a copy of this submission,
including the appendices. While I do not intend to change
the first eight pages of this I hope to post one or more up-
dates that improve the appendices following the conference
submission deadline.

A.1 A More Detailed Description of the Lanc-
zos Phase

A.1.1 Data Structures

Once again, consider an integer ¢ > 0 such that the Lanc-
zos phase of the computation includes at least i 4+ 1 stages
(ending with stage 7). For 0 < j < 4, let ¢; be the length ¢
of the sequences shown at lines (1) and (2) at the end of
stage j of the Lanczos phase of the algorithm.

The algorithm can be implemented to make use of the
following data structures.

e An array Vi, with indices (r,s) such that 0 < r <
2-A,r+3and 1 < s <k, can be used to store the
vectors uq,, that are currently required. In particular,
at the end of stage ¢ of the Lanczos phase, uq,; will
be stored at location Vip[a mod 2- A, x +4,b] for all
integers a and b such that max(0,i—2-A, 1 —3) < a <1
and 1 <b<k.

e An array Vg, with indices (r,s) such that 0 < r <
2-Apk+3and 1 < s <k, can be used to store the vec-
tors v, that are currently required — and is organized
as described for Vi, above.

e An array Vp, with indices (r,s) such that 0 < r <
2-Apr+3and 1 < s <k, can be used to store the vec-
tors wq,p that are currently required — and is organized
as described for Vi, above, as well.

e A linked list M will store pairs of indices of “matched”
vectors. In particular, at the end of stage i, M will
include an entry ((r, s), (r’,s’)) whenever 1 —2- A —3 <
rr' <i,1<s,8 <k, up = urs and vy = v,s o for an
integer h such that 1 < h < /.

e A pair of arrays Ur, and Ug with indices r such that 0 <
r < A, will be used to store the indices of unmatched
vectors. In particular, at the end of stage ¢ the indices
of all unmatched vectors us ¢ (respectively, vs,:) such
that

max(0,i — Ap x4+ 1) <5 <4

will be stored on the linked list Uz [s mod A, , + 1] (re-
spectively, Ur[s mod A, ; + 1]).

A.1.2  Two “Orthogonalization” Subroutines

A routine orthoglL will be used perform updates as shown
at line (7). This routine receives the following inputs.

e A matrix M € FZXW whose columns are the vectors
Moy Mogs -« -5 Hom, fOr @ nonnegative integer m < ¢, and
for distinct integers 01,02, ...,0m such that 1 < o, < ¢
for 1 <a<m.

e A matrix Mg € F;*™ whose columns are the vectors
Voys Moy - - - Vo, fOr the nonnegative integer m and in-
tegers o1,02,...,0m as above.

e An integer h such that 0 < hp < A, + 1.

Pseudocode is as follows; to simplify this, vectors u, s (re-
spectively, v, s and w;, ) are named instead of their loca-
tions Vz[r mod 2 - Ay, i +4, s] (Vr[r mod 2+ A, 1 + 4, s] and
Vplr mod 2 - A, i + 4, s], respectively) in the data structures
that have been described above.

procedure orthogl (M, Mg, h)

1. Set ¢ to be the length of the linked list U [h] and, if
U [h] has entries

(rys1),(r,82),...,(r,8¢t),
set U € F;’Xt to be the matrix with columns

Ur,s15 Ur,sgs -+ vy Ur sy -

2. if (m > 0 and t > 0) then
3. D:=Mp-UecF;™
4. U:=U-Mp-D
5 for1 <a<tdo
6 Set ur s, to be column a of U
end for
end if

end procedure

Lemma A.1, below, follows by inspection of the code and
the fact that if Invariant #2 is satisfied then M~ - Mg = I,,,
so that, if D is as shown at line 3 above, then (before line 4)

U~ My -D)' - Mg
=U" - Mp—D" - (M] - Mg)
=U" - Mgr-D"
=0,
and
(Mg D) g =D" - M} -v5=0
if1<p<landf¢{o1,02,...,0m}.

LEMMA A.1. Suppose that the procedure orthoglL is exe-
cuted when Invariant #2 is satisfied and that the vectors u, s,
are unmatched at the time when this procedure is called for
1 <a<t. Then, on termination,

uzsa Vo, =0
for1 <a<tand1l <b<m. If B is an integer such that
< B <l and

ﬂ ¢ {015027"'707’”«}3

then UZ:SG -vg = 0 on termination if and only ifuzsa cotvg =
0 when the procedure was executed as well. None of the
vectors Ug,b OT Vo (Such that 0 < a < i and1 < b < k)
except for the vectors Ur,s,,Ur,sy, - .., Urs, are modified by
the execution of this procedure.

The procedure can be implemented to use O(mitn) opera-
tions over Fy using standard arithmetic.

A similar routine orthogR will be used to perform updates
as shown at line (8) while also ensuring that Invariant A,
above, remains satisfied. This routine receives the following
inputs.

e A matrix My € F;*™ whose columns are the vectors
Hoys thags - -« hom , fOr @ nonnegative integer m < ¢, and
for distinct integers 01,02, ...,0m such that 1 < o, < ¢
for1<a<m.



e A matrix Mpr € Ff}xm whose columns are the vectors
Voy,Vog, .- -3V, fOr the nonnegative integer m and in-
tegers 01,02,...,0m as above.

e A matrix ME* € F;*™ whose columns are vectors
Wop s Wogy -« -y Wom € FZXI
such that A - ws, = Vs, for 1 < a < m — so that
A ME® = Mg.
e An integer h such that 0 < hyp < A, + 1.

Pseudocode for this routine is as follows.

procedure orthogR(Mr, Mg, M%*, h)
1. Set t to be the length of the linked list Ugr[h] and, if
Ur[h] has entries

(r,81),(r,82),...,(r,s¢t),
set U € F3** to be the matrix with columns

v’l‘,Sl ) UT7527 MR v’!‘,St
and set W € Ff;” to be the matrix with columns

wr,sl I wr5527 A 7wTa5t

—so that A- W =U.

. if (m >0 and ¢ > 0) then
D:=M] -UeFp~
U:=U-Mgr-D
We=W-My-D
forl1<a<tdo

Set ur s, to be column a of U
Set wy,s, to be column a of W
end for

end if

end procedure

0 NSO e

The proof of Lemma A.2, below, is almost the same as
that of Lemma A.1. It also depends on the assumption that
A MY = Mg, so that A- W = U after the executions of
steps 4 and 5 if this relationship held before this.

LEMMA A.2. Suppose that the procedure orthogR is ex-
ecuted with Invariants #2 and #6 satisfied and with A -
MBS = Mg, and that the vectors vy, are unmatched at
the time when that this procedure is called for 1 < a < t.
Then, on termination,

T
:u’o'b : U”“ySa = 0

for1 <a<tand1l <b<m, and Invariant #6 is satisfied
once again. If B is an integer such that 1 < 8 < £ and

/B¢ {0—17027"'307"”}

then ,ugvr,sa = 0 on termination if and only if,ugvr,sa =0
when the procedure was executed as well. None of the vectors
Uq,b OT Vo (Such that 0 < a <i and 1 < b < k) except for
the vectors Uy s, , Ur sg, - - -, Ur,s, are modified by the execution
of this procedure.

The procedure can be implemented to use O(mitn) opera-
tions over Fq using standard arithmetic.

A.1.3 A “Matching” Subroutine

A routine match will be used to matched a given pair of
sequences of unmatched vectors, perform updates as shown
at lines (4) and (5), extend the sequences at lines (1) and (2),

and ensure that Invariant #7 is satisfied once again. This
routine receives as inputs a pair of integers hy and hgr such
that 0 < hr,hr < A,k + 1 and attempts to match vectors
ur,s such that (r, s) is an index in the linked list Ur [hy] with
vectors v, ¢ such (r', s') is an entry in the linked list Ur[hg).

The routine will return a sequence of three matrices, My,
Mg, and M The columns of My and Mg will be the
vectors up (respectively, v,) that have been added to the
sequence at line (1) (respectively, at line (2)), while M%*
will be a matrix such that A- Mp%* = Mg.

Pseudocode for this routine is as follows.

procedure match(hr, hr)
1. Set tr, and tr to be the lengths of the linked

lists Ur[hr] and Ur[hg] respectively. If Ur[hr] has
entries
(r,s1),(r,82), -5 (1,8¢,),
set K1, € FI**L to be the matrix with columns
U5y, Urysgy - ooy Urysy, -
Similarly, if Ur[hr] has entries
(r',s1), (' s2) o (7' s,
set Cr € F;XtR to be the matrix with columns
Ur’,s’lvvr’,s’z ey ’Url’s;
and set K2%° € F;*'? to be the matrix with columns

Wyt gty Wyt ghs o ves Wt gt

— so that A- K} = Kr.

2. if (t > 0 and tg > 0) then

3. H:=KEL.KgeFiXr

4.  Compute the rank 7 of H as well as a sequence of
integer indices o1, 039, ...,0r where

1<o1<oa<--<orp<tL

along with a sequence of integer indices
T1,T2,...,Tr Where

1< <m<- - <7 <tg,

so that the submatrix H € F{*" of H that includes
rows o1,02,...,07 and columns 71,72,...,77 iS a
maximal nonsingular submatrix of .

5. (In any way that is convenient) compute invertible
matrices X, Xgr € FZXF such that Xp- X1 = H !,
for 7 as above.

6. Set K€ FZXF to be the matrix with columns

Ur,sgy ) Ur,sog -+ Ursqrs
set Cr € F3*" to be the matrix with columns

Vpt st 5 Upt st

ey Upr gt
STy sy Urlis

TS b

and set IE%TC € FSX? to be the matrix with columns

Wyt gt Wyt g ey, Wt gt
T 7‘57—1’ ™ ,51_27 9 T ,ST?

~ — ~T -~
— so that A- K} =Kgr and K - Kg is equal to
the matrix H mentioned in the previous steps.



7. Mg ::@~Xg;
8. Mg :=Kpg- Xg;

. M%e = E‘%e . XR
9. for1<g<7do

10. Set Ur,so, to be column g of My,
11. Set v,s o+ to be column g of Mg
g
12. Set w,s s+ to b column g of ME”
g
13. Append entry ((r,55,), (1, 57,)) onto the list M
end for

14. Remove the entries

(Tv 501)3 (Tv 802)7 tr (Tv SO’g)
from the list Ur[hr]

15.  Remove the entries

(Tl, 841)7 (T/7 S:"Z)? et (Tl7 Sfrg)
from the list Ur[hr]

16. 2z := ME-O’EFZXI
17 x=x+My°-z p=p—Mgr-z
18.  return (M, Mg, ME°)
end if
end procedure

As discussed in Section 2, if M, and Mg are computed as
shown at lines 3-8, above, then MT. Mz = I+. Furthermore
one can see by inspection of the code that the columns of
M, are linear combinations of

Ur,s1y Urspy ooy Urysy

and that the columns of Mg are linear combinations of
Ur’,s’l ) Ur’,s’27 ey Ur’,s;R ’

so that Invariant #2 will hold once again after the execution
of this procedure. An inspection of line 16 and 17 should
confirm that MT -(A-x+p) is unchanged after the execution
of these lines but that MY . A.x = ML .0 = ML . (A-w+b),
as needed to re-establish Invariant #7.

The following claim can now be verified by inspection of
the code.

LEMMA A.3. Suppose procedure match is executed with
Invariants #2, 6 and 7 satisfied and when UZsa vy, =0
for1 <a <t andlgbgﬁandubT~vw7sfc for1 <b</{
and 1 < ¢ < tg, for the vectors

u'r,sl ) ’Uwr,sg, crt u"‘,StL
and

1},r/‘5/17’()7./’5/2 e avr/,si

as shown in step 1.

Then Invariants #2, 6 and 7 are satisfied again on termi-
nation of the procedure.

Furthermore, iflEL € FIX'L (respectively, Kr € Fi "% ) is
the matriz whose columns are the vectors u, s (respectively,
v 5) such that 1 < s < k and these vectors were unmatched
when the procedure was executed, then on termination, the
sequences of vectors at lines (1) and (2) have been extended
with vectors

He+1, o425 - -5 He+m (19)
and

Vo1, Ve425 ..., Ve4m (20)

respectively, where piotq (respectively, veyq) is a linear com-
bination of the columns of KL (respectively, Kr) for1 < a <
b and where m is the rank of the matriz I/C\f -Kr. It returns,
as output, matrices Mr, Mg, MR € F3*™ such that the
columns of My are the vectors at line (19), the columns
of MR are the vectors at line (20), and A - ME* = Mg.

None of the vectors ug,p, 0or va,p have been modified by this
procedure except for the m pairs of vectors that have been
newly matched.

The procedure can be implemented to use O(n - tr - tr)
operations over Fq using standard arithmetic,

As noted in Section 2 it is acceptable to use a version of
this that also modifies the vectors

ur,sl ) uT»527 ce u”',SL
and

’UT/,S UT/’S/z ey Upr o

1’ S

provided that the column spaces spanned by each of the
above sequences is unchanged. The above lemma would
need to be modified (to allow for such a change) if such
a “matching” procedure was used, but it could still be used

to establish the results that follow.

A.1.4 The Main Method

Pseudocode for the Lanczos phase is now as follows. As
noted above, this version of the algorithm receives a matrix
A € Fp*™ and a vector b as input and attempts to provide
a solution for the system Ax =b.

// Initialization
1. Select vectors

UL, U2, ...y Uk, W, W2, ..., Wk

uniformly and independently from FZLXI. Set w1 to be
A-w+b.
.for1 <j<kdo
3. v; = A- wy
end for
4. Initialize the list M to be empty
5. for 0 <r <A, do
6. Initialize the lists Ur[r] and Ug[r] to be empty

\)

end for

7.x=0€FY pi=0:=w

// Stage 0

8. for1 <j<kdo

9. uo,j = uj; Vo,j 1= Vj; Wo,j 1= Wj
end for

10. Insert the entries (0,1),(0,2),...,(0,k) into each of
the lists U [0] and Ugr|0]

11. (M, Mg, ME*) := match(0,0)

12. orthogL(Mr, Mg, 0)

13. orthogR(Mp, Mg, M%*,0)

// Stage i for i > 1

14.3:=1

15. while (i < A, i or (Ui mod A, + 1] and

Ug[i mod A, i + 1] are both empty)) do

//imod (Ank+1)=i—Apkr—1mod (Ank+1),
// so Invariant #5 was satisfied at the end of
// the previous round.



16.

17.
18.

19.

20.
21.

22.
23.

24.

25.

26.
27.

28.

29.

30..
31.

32.

33.

34.
35.

Remove all entries ((r, s), (', s")) such that ei-
therr <i—2-A,x—3o0rr <i—2-A,,—3
from the list M
for 1 <j<kdo

Ui,5 = AT T Ui—1,55 Vij = A- Vi—1,55

Wij 1= Vi—1,5

end for
Append the entries

(4,1), (4,2), - - -, (i, k)
onto each of the lists Ur[i mod A, x + 1] and
Ur[i mod Ay, + 1]
if (M is nonempty) then
If the entries of M are

((Tlv 81)7 (7"1,5/1)), ((T2752)7 (Té»5l2))7
ooy ((ra, 1), (Th, 81))

then set M € F,?Xh to be the matrix with
columns

uTl 381 uT27527 e 7uT}LaS}L7

set Mg € Fth to be the matrix with
columns

Vpl o s Upl ol yevnyUpt of
79,879 UTrg,857 3 U8y

and set M5° € F7*" to be the matrix with
columns
w?"l S'/?w',’, Sl7"'7w7‘/ S/
1°°1 272 h’h
— so that A - ME* = M.
orthogL(Mr, Mg, i mod A, + 1)
orthogR(M¢r, Mg, ME*, i mod A, i + 1)
end if
forj=0,1,2,...,A,x —1do
// Matching Round #2j + 1
(M, Mr, ME*) :=
match(i — A,k + 7 mod A,k + 1,
imod A,k + 1)
for j <h <A, do

orthogl(Mr, MRr,i — Ap x +hmod Ay + 1)

end for
orthogR(Mp, Mg, M¥* i mod A, x + 1)
// Matching Round #2j + 2
(Mp, Mg, ME) =
match(i mod A, + 1,
i— Ank+jmod Ay g + 1)

for j <h <A, do

orthogR(Mr, Mg, M¥*,

t—Apk+hmod A,k +1)

end for

orthogL(Mr, Mpg,i mod A,,  + 1)
end for
// Matching Round #2 - Ap ik + 1
(Mp, M, M%) =

match(i mod A, + 1,5 mod A, 1 + 1)

orthoglL(Mr, Mg,i mod Ay ; + 1)
orthogR(Mr, Mg, M%*, i mod A, i + 1)

end while

A.2  On the Correctness and Efficiency of the
Lanczos Phase

A.2.1 A Key Lemma

The next lemma is instrumental in proving the orthogo-
nalizations included in the Lanczos phase of the algorithm
are sufficient to establish Invariants #1-5 and for the proof
of Lemma 2.5.

LEMMA A.4. Leti be an integer such that i > 0 and there
are at least i + 1 stages of the Lanczos phase. Then the
following properties are satisfied at the end of stage i.

(a) Invariant #1 is satisfied.

(b) Suppose j is an integer such that 1 < j < i+ 1 and
My, Mp,i; € F2*% be the matrices with columns
Ur,s and vr s, Tespectively, for 0 <r < j—1and 1 <
s <k.

Then there exist nonsingular matrices X, j,Y; ; € FiF*k
such that

Muij=Ka;-Xiy and Mpi;=Ke;-Yiy (21)
where matrices /@;,j and Ky ; are as defined in Subsec-

tion 2.5.

(¢) If r and s are integers such that 0 < r < i —1 and
1 < s <k then there exist elements ar,s,a,b and Br.s.a,b
of Fq, for0<a<r+1and1 <b<k, such that

r+1 k
T
A Ur,s = g § Ar s.a,b * Ua,b (22)
a=0 b=1
and
r+1 k
A Ur,s = Z Z Br,s,a,b * Va,b- (23)
a=0 b=1

PRroOOF. The claims can be established by induction on i.

Notice first that, since uo,» and vo,s are initialized to be u,
and v,, respectively, Invariant #1 is certainly satisfied at
the beginning of stage #0, that is, immediately after these
vectors have been defined but before any have been matched.

The equations at line (21) are also satisfied for j = 1
(the only case to be considered here). In particular, they
are satisfied when one chooses both Xo 1 and Yp,1 to be the
identity matrix in F](;Xk.

To continue, one should notice that the updates included
in matchings and orthogonalizations are all invertible linear
transformations that effectively update the above matrices
using updates of the form

Mro1:=Mro1 - Xupdate
and
MR,O,I = MR,O,l . Yupdate

for invertible matrices Xupdate, Yupdate € F’;Xk. Now, if one
also updates the matrices Xi,0 and X1, by setting

Xl,O = Xl,O : Xupdate
and
YI,O = YI,O . Yupdate:

then the equations at line (21) are satisfied after the update
if they were satisfied before — and the matrices X1,0,Y1,0 €
Fl;Xk are still nonsingular as well.



It follows by a straightforward induction on the number
of updates performed that equations as shown at line (21)
at the end of stage #0, as desired. This implies that Invari-
ant #1 is satisfied at the end of stage #0 as well.

Since the claim in part (c) is vacuous when ¢ = 0, this
establishes the basis.

For the inductive step suppose that ¢ > 0, there are at
least i + 2 stages of the Lanczos phase, and that the above
three properties hold at the end of stage i. It is necessary
and sufficient to prove that they hold at the end of stage i+1
as well.

It follows by the inductive hypothesis that equations as
shown at line (21) hold for j =i+ 1. Now, multiplying both
sides of the first equation by AT and multiplying both sides
of the second by A one has that

T T &
A" Mpiivi=A - Kairr - Xiit.

Now consider the columns of the matrix AT-ML,Z-),-H: These
are either vectors AT -u;,s for 1 < s < k or they are vectors
AT~uT7S for0<r<i—land1 <s <k. Now, AT~ui,5 is the
initial value of u;4+1,s for 1 < s < k and it follows by part (c)
of the inductive hypothesis that each vector AT . Ur s such
that 0 <r <7—1and 1 < s <k is a linear combination of
the vectors u,, such that 0 < a <¢and 1 < b < k at the end
of stage i. Consequently each of the columns of the matrix
AT My ;41 is a linear combination of the vectors u, , such
that 0 < a <i+1and 1 <b < k— when the values of these
vectors immediately after the vectors u;4+1,s and v;41,s have
been initialized are considered. Now, since the matrix X; ;41
is invertible it follows that the columns of AT - Eﬁ’i+1 are
linear combinations of these vectors as well. The columns of
Ki,i+1 are certainly all linear combinations of these vectors
too, since these columns are linear combinations of vectors
Uq,p such that 0 < a <iand 1 <b < k. It follows that the

columns of ﬁﬁ7i+2 are all linear combinations of the vectors
Uq,p such that 0 < a < i+ 1 and 1 < b < k, because
each column of Ky ;42 is either a column of Ky ;1 or of
AT . Kiit1-

On the other hand, since

T T >
A" Mriiv1 =A - Kaivr - Xiit1

since AT - Ui,s is a column of AT . M ii+1 and since every
column of AT -IEW-_H is also a column of EE,H_Q, each vector
U;41,s 18 a linear combination of the columns of I/C,,j’7;+2 when
the vectors u;4+1,s are first initialized. It follows by the induc-
tive hypothesis that each vector u, s such that 1 <r <4 and
1 < s <k is a linear combination of the columns of Ia;ng
at this point as well, since the columns of 167172»+2 include all
of the columns of Eﬁ,i+1.

The same consideration of vectors v, s establishes the same
property for these vectors, as needed to establish Invari-
ant #1 at the beginning of stage 7 + 1, that is, immediately
after ui+1,s (respectively, vi41,s) have been set to be AT “Us,s
(respectively, A - v; ) for 1 < s < k.

It now suffices to note that all matching and orthogonal-
ization updates in stage i + 1 that follow are invertible (and
argue as in the basis) to conclude that Invariant #1 is sat-
isfied at the end of stage i + 1 as well.

In order to establish part (b) of the claim, let us suppose
that the matrix ’Eﬁ,i+2 has rank s (so that 0 < s < (i +
2) - k). Notice that, since Invariant #1 is satisfied at the

end of stage #i + 1, My it1,:+2 has rank s as well and,
furthermore, each column of either of these matrices is a
linear combination of the columns of the other. Consider
the following additional matrices.

e There are permutation matrices
PP e Ft(li+2)-k><(i+2)-k

such that the first s columns of I@;,H_Q - Py (respectively,
of Mp it1,i+2 - P2) are linearly independent and such
that the remaining (¢ + 2) - k — s columns are linear
combinations of the first s.

e Consequently there exist nonsingular upper triangular

matrices
U, = [IS X1

L X
d U, =
TN RS

0 I(ky2)k
in ng+2)'kx(i+2)'k such that
’eﬁ,¢+2 P -UL = [A O]
and
Mrpit1,ive - Pa-Us = [B 0]

where A, B € F3*® each has full rank s (and so that
the last (i +2) - k — s columns of each of Kg 42 P1 - Uy
and My i, i, - P2 - U2 are equal to zero).

e Now, the columns of A are linear combinations of the
columns of B, and vice-versa. Consequently there ex-
ists a nonsingular matrix C' € F;** such that A-C = B.
Furthermore the matrix

6:[0 0

€ Fli+2) kx(i42)k
0 I<i+2)-k75] 1

is also nonsingular — and
I/C\ﬁ,i+2 p-U-C= ML it1,iv2 - P2 - Us.
e We now have that
My ivt,ive = I/C\'E,i+2 c Xit1,i4+2
for the invertible matrix
Xit1,i42=P1- U1 .C- Uyt ~P1_1 S Fl(;"'z)‘kx(i"'z)‘k.

It follows by the same argument that there exists a non-
singular matrix Yii1,i42 € FS T2 FX0EDF quch that

MR it1,it2 = Kgito - Yig1,it2

as well.
Now, to establish that

Mriv1; =Kaj- Xiv1; and Mgt

for nonsingular matrices X;y1,;,Yit1,; € Fg‘k”‘k at the end
of stage i+ 1 of the Lanczos phase as well, for 1 < j <i+1,
one should notice that it follows by the inductive hypothesis
that such relationships hold at the end of stage ¢ and the
beginning of stage i + 1. Furthermore, a close examination
of the updates included in matching and orthogonalization
steps during stage ¢+ 1 (noting, in particular, the limitation
in orthogonalization steps after matchings) is sufficient to
establish that every such update is invertible and modifies
the value of a vector u, s (respectively, v, s) by replacing
it with a linear combination of the values of vectors wu,’ s

=Ks; - Yit1,j



(respectively, v,/ ¢) such that 0 < v < rand 1 < & <
k. Consequently, these updates modify matrices My iy1,;
and Mg ;+1,; using updates of the form

Myt = Mrivi1,j - Xupdate
and
MR it1,5 .= MR,it1,j - Yupdate
for nonsingular matrices Xupdate, Yupdate € Fé‘k”'k. Updates
Xit1,j = Xit1,j - Xupdate
and
)/;A»l,j = Yi+l,j . Yupdate

suffice to ensure that the equations at lines (21) are satis-
fied after these updates if they were satisfied before them.
Part (b) of the claim now follows by a straightforward in-
duction on the number of updates made in stage i + 1.

Finally, part (c) of the claim is a consequence of part (b):
If 0 <r <iand 1< s <k then, at the end of stage ¢ + 1,
AT . Ur s is a column of AT . Mp it1,r, so that it is a linear
combination of the columns of AT - Ia;,,«. However, all such
columns are also columns of I/C\I;YTJFH so A - Ur, s 1S a linear
combination of the columns of /Ea,r-‘-l- That is, there exists
a vector v € F{" ™)™ % guch that

T ~
A Upr,s = Kﬁ,r+1 c-
However, as noted above,

Mrivirrr = Kgrs1 - Xig1,r41

. . 1) 1)-
for a a nonsingular matrix X;y1 41 € Fff+ )X (r+1)k oo

sequently, if we set 7 to be Xﬂ—ll,m—l -7 then

T ~
A Ur s = ML it1,r+1 - 7.

It follows by the same argument that there exists a vector
5 € F{ T FX1 such that

A- Ur,s = MR,Z'+1,7‘+1 -4

at the end of stage i + 1 as well. Part (¢) now follows —
because the columns of the matrix Mz ;+1,r+1 (respectively,
MR it1,r+1) are the vectors uqp (respectively, vqs) such
that 0 <a<rand1<b<k 0O

A.2.2  Proofs of Lemmas 2.1 and 2.2

The next lemma is useful for the proof of Lemma 2.1.

LEMMA A.5. Leti be an integer such thati > 0 and there
are at least i+1 stages in the Lanczos phase of the algorithm.
Suppose, as well, that Invariants #2-5 are satisfied at the
beginning of the first i stages of the algorithm. Then if t
is an integer such that 1 < t < £ and either p; = ug,n or
Vi =Vgh Such that 0 < g<i—2-Apr—3andl1 <h<k
then there exist elements au,q, Bt,a 0f Fq such that1 < a </
and such that

£ 4
AT',Uzt:Zat,a',u'a and A‘I/t:Zﬂt,a'Va
a=1

a=1

at the end of stage i — 2 of the Lanczos phase of the compu-
tation.

PROOF. Suppose, as in the statement of the lemma, that
i is an integer such that ¢ > 0, there are at least ¢ + 1
stages included in the Lanczos phase of the algorithm, and
that Invariants #2-5 are satisfied at the end of the first
i stages. Let t be an integer such that 1 < t < /¢ and
either p: = ug,p or vy = vy, for integers g and h such that
0<g<i—2-A,r—3and 1 <h<k.

Then, since Invariant #5 was satisfied at the end of each
of the first 7 stages (and, in particular, at the end of stage g+
Ay k), vectors u; and p; were matched at or before the end
of stage g + A, k. Consequently py = uq,p and vy = v g for
integers a, b, ¢, d such that 0 < a,c < g+Ap s <i—Apr—3
and 1 < b,¢c < k. It now follows by part (c) of Lemma A.4
that, at the end of stage i — 2,

i=Bp k=2 k

T
Ay = E g Qtred - Ue,d
d=1

c=0

and

i—Ap k=2 g

A- Ve = E E Bt,c,d * Ve,d
c=0 d=1

where au,c.d, Bt,c,a € Fg for 0 < ec <i—Apr—2and 1<
d<k.

Now, since Invariant #5 is satisfied at the end of stage i —
2, each value u¢q and wve,q such that 0 < i — A, — 2 has
been matched at this point so that

4 4
AT~m:Zat,a~ua and A'Vt:Z/Bt,a‘Va
a=1

a=1

where ai.q,fBt,a € Fg for 1 <a < ¢ as well. [

LEMMA A.6. Leti be an integer such that i > 0 and there
are at least i + 1 stages included in the Lanczos phase of
the algorithm. Suppose, as well, that Invariants #2-5 are
satisfied at the end of each of the first i stages. Then, at the
beginning of the stage i (that is, the i + 1% stage),

(A" wisrs) e =i (A vic1s) =0

for 1 < s < k and for every integer t such that 1 <t < ¢
and either py = ug,n or vy = vg,n for integers g and h such
that 0<g<i—2-Apx—3and1 <h <k

PROOF. Suppose, as in the statement of the lemma, that
¢ is an integer such that ¢ > 0, there are at least ¢ 4 1 stages
included in the Lanczos phase of the algorithm, and that
Invariants #2-5 are satisfied at the end of the first ¢ stages.
Let s be an integer such that 1 < s < k and let ¢ be an
integer such that 1 <t < ¢ and either py = ug,n or vy = vg,n
for integers g and h such that 0 < g <i—2-A,; —3 and
1<h<k.

Then it follows by Lemma A.5, above,

Li_o Li—2
T
A -ut:Zat,a-ua and A~Vt:Zﬁt,a'Va
a=1 a=1

where Vi,4,0t,0 € Fg for 1 < a < ¢;_» as well, where £;_5 is
the length of the sequences of matched vectors at lines (1)
and (2) at the end of stage i — 2 of the Lanczos phase.

It follows that, at the end of stage i —1 (and the beginning



of stage i),
(AT wimrs) v =ui_y s (A1)

Li—2

_ T

= ﬂt,a *Ui—1,s " Va-
a=1

However, uiT_l,S sy, = 0 for 1 < a < ¢;_o — for either
ui—1,s was matched during stage ¢ — 1, or it was not. If it
was matched then u;—1,s = up for an integer b > ¢;_2+1, so
that b # a, and it follows by Invariant #2 that U£1,S Ve = 0.
On the other hand, if u;—1,s was not matched at the end of
stage ¢ — 1 then u;{LS - Vg = 0 by Invariant #3, instead.

It now follows that (AT - Ui—1,s) - ¥+ = 0. The same ar-
gument establishes that utT - (A - vi—1s) = 0 as well, as
required. [J

The next lemma follows from the previous one and an
inspection of the algorithm that has been defined.

LEMMA A.7. Leti be an integer such thati > 0 and there
are at least i+1 stages in the Lanczos phase of the algorithm.
Suppose, as well, that Invariants #2-5 are satisfied at the
beginning of the first i stages of the algorithm. Then, if the
vectors u; s and v, s are initialized and the orthogonalizations
described after Lemma 2.1 are performed, then UZS Ve =0=
vl vi,s for 1 <a </l and 1l <s <k, so that Invariants #2
and #3 are both satisfied at this point.

ProoOF. If the conditions in the lemma are satisfied then
Invariant #2 is satisfied after the above-mentioned opera-
tions are performed because this invariant was satisfied at
the end of stage i — 1, and none of the vectors mentioned in
this invariant have been changed by these operations.

Now it follows by Lemma A.6 that, following the initial-
ization of u; s (respectively, v; ) as AT .u; 4 5 (respectively,
A vis1s), ,utT S Vis = ugjs vy =0 for 1 < s <k and ev-
ery integer ¢ such that either pu; = uyn or vy = vy, where
0<g<i—2-Apr—3and1<h<k.

On the other hand, if 1 <t < £ and ¢ does not satisfy this
condition then iy = uc,q and vy = v 4 for integers ¢, ', d, d’
such that i —2- A, —2 < ¢, <iand 1 < d,d <k,
so that an orthogonalization step including p; (and v;) has
been included as part of the initialization of u; s and v; . It
therefore follows by the correctness of the orthogonalization
step (see Lemmas A.1 and A.2, above) that

T —0= T
ui,s Vg = = Hq " Vi,s

after these operations, for every integer s such that 1 < s <
k and for every integer a such that 1 < a < /4.

Note as well that if 0 < r < i —1 and u, s (respectively,
Ur,s) is a vector that is unmatched at this point then

T
Up s Va =10

(respectively, ul - v, s = 0) for 1 < a < £ as well, because
Invariant #3 was satisfied at the end of stage i — 1, and
none of the vectors u, s or v,s such that 0 < r < ¢ —1
and 1 < s < k, and none of the vectors i, po,..., e or
vi,V2,...,V, have been changed by the operations at the
beginning of stage ¢ being considered above.

Thus Invariant #3 is also satisfied, as claimed. [

Lemma A.8-A.12 help to establish that Invariants #2-5
are satisfied at the end of round 4, for ¢ > 1.

LEMMA A.8. Leti be an integer such thati > 1 and there
are at least i+ 1 stages of the Lanczos phase of the algorithm
(ending with stage i). Let g be an odd integer such that
1<g<2- A+ 1.

Recall that round g of stage i begins with a matching step,
during which unmatched vectors Uim A, p+i,s ATE matched
with unmatched vectors v,y for j = |g/2] and 1 < s,t < k.

For0<r<iandl1l<s<k,

o let ar s be the value of urs immediately before round g

of stage 1,
o let b, s be the value of urs immediately after round g
of stage 1,

e et cr s be the value of vy s immediately before round g

of stage i, and

o let dr s be the value of vy s immediately after round g of

stage 1.

Then the following relationships hold.
(a) IfO<r<i+Anip+jthenars="0brs for1 <s<k.

(b) Suppose that r = i + Apx + j and that o1,02,...,0n
are integers such that

1<o1 <o < <op <k

and Ur,g,, Ur oy, - - -, Ur,o, 0re the vectors u, s (for 1 <
s < k) that were already matched before round g of
stage i. Suppose T1,Tz2,...,Tk—n are integers such that

1< <M< < Tkn

and Ur,ry s Ur,ros - ooy Ur,y,_,, OTE the vectors U, s (for1 <
s < k) that were not matched, yet, at the beginning of
round g of stage i.

Then ar,o,, = br.o, for 1 <w < h, and

[br,rl b'r,TQ b"a"‘k—h:l = [ar,‘rl Ar.rg " ar,‘rk,h] ‘XL

for a nonsingular matriz Xy, € Fflk_h)x(k_h).
(¢) Ifi—Ap i +j <t <1 then

[br,l br,2 e br,k} = [ar,l Qr2 - ar,k} +
[asﬂ'l As,rg - asﬂ'k—h] Yo
fors=i—Apx+j<r, T,72,...,Th—r as above, and

for a matriz Ys » € ngih)Xk.

(d) If1<r<i—1thencrs =drs for 1 <s<k.
(e) Suppose that 01,02, ...,0; are integers such that
1< <b<---<0; <k

and Vi 6, ,Vi6, - - - ) Vig. are the vectors vis (for 1 <
s < k) that were already matched before round g of
stage i. Suppose i1,L2,...,1,_ 5 are integers such that

1§L1<L2<"'<Lk_7l

and Vi, Vi, - - Vi, are the vectors v; s (for 1 <
s < k) that were not matched, yet, at the beginning of

round g of stage 1.

Then cip,, = di0,, for 1l <w < h and
|:di,L1 di,Lz diva,ﬁ] = |:C’i,L1 Cig " Cip Ai| 'XR

for a nonsingular matrix Xr € F((Zk_h)x(k_h).



ProOOF. Parts (a) and (d) of the claim can be established
by an inspection of the details of round g of stage i of the
Lanczos phase, when g is odd: If j = |g/2], as above, then
Uy, s 1s not accessed during this round for 0 < r < i—A, r+7,
and v, s is not accessed or modified for 0 <r <i—1and1 <
s < k, either.

Part (b) can be established by noticing that no vectors
that have been matched before this round are accessed or
modified during it (so that ar,e, = bro,, forr=1i— A,k +
jand 1 < w < h, as claimed) and by noticing that the
previously unmatched vectors

Ur,r1 5 Ur, 1oy - -y u”‘ﬂ'k—h

are involved in two operations during round g:

e a matching operation matches these with the unmatched
vectors

Viigs Vistgs - - - 7U’iybk7

)

e the vectors u, r, that are still unmatched are then or-
thogonalized, to ensure that each is orthogonal to each
newly matched vector Uiy -

Let er -, be the value of the vector u, ., after the above
matching step but before the orthogonalization, for 1 < w <
h. Then it follows by the correctness of the matching pro-
cedure (see Lemma A.3 for details) that

[67‘,7‘1 Crory " 6T‘,Th] = [aT,Tl Ar.rg * ar,‘rh} : YL

for a nonsingular matrix Y7, € F((Ik_h) x(k=h) Similarly, since

the orthogonalization step subtracts a linear combination of
the values of newly matrices vectors u,. -, from each of these
vectors that is still unmatched,

[br,‘rl b’I‘,T2 e br,'rh} = [er,Tl €rry e'r,‘rh] . ZL

for a nonsingular matrix Zr, € ngih)x(k*hx It now suffices
to set X1, = Y - Z1 (noting that this is also a nonsingular
matrix in Fék7h>X1) to establish this part of the claim.

Part (e) can be established using the argument given above
to establish part (b).

Finally, note that if ¢ — A, p + 7 < r < i then then the
vectors u, , are included in an orthogonalization step to en-
sure that they are orthogonal to newly matched vectors v,,
but otherwise unchanged. Since the above vectors v,, were
matched with (some of) the vectors

Us, 71y Us, g5« -+ 7u8,7'k—h

for s = ¢ — A,k + j, a consideration of the details of the
orthogonalization process suffices to establish that the values
of Ur,1,Ur2,...,Urk using an update with the form shown
in part (c¢), as well, as required to establish the claim. []

LEMMA A.9. Leti be an integer such thati > 1 and there
are at least i+ 1 stages of the Lanczos phase of the algorithm
(ending with stage i). Let g be an even integer such that
1<g<2-Any.

Recall that round g of stage i begins with a matching step,
during which unmatched vectors w; s are matched with un-
matched veclors vi—a,, ,+j.t forj=(9g—2)/2 and1 < s,t <
k.

For0<r<iandl1l<s<k,

e let ars be the value of u, s immediately before round g
of stage 1,

o let b, s be the value of ur s immediately after round g
of stage 1,

e let cr s be the value of vy s immediately before round g
of stage i, and

o let d, s be the value of v, s immediately after round g of
stage 1.

Then the following relationships hold.
(a) IfO<r<i+Anp+jthenc s =drs forl1 <s<k.

(b) Suppose that r = iA, k + 7 and that 01,02, ...
integers such that

,Oh are

1<o1 <0< <op<k

and Vr,oy, Ur,oes---,Vr0, are the vectors v, s (for 1 <
s < k) that were already matched before round g of
stage i. Suppose T1,Tz,...,Tk—n are integers such that

1< <m<- - <Tknh

and Vr ry, Vr vy, -y Urry,_, are the vectors v, s (for 1 <
s < k) that were not matched, yet, at the beginning of
round g of stage 1.

Then ¢y o, = dr.o,, for 1 <w < h and

[dT',Tl d'r,TQ d7'v"'k—h] - [C'r,rl Crirg " Cr,'rk,h] 'XR

for a nonsingular matrix Xr € F((Ik_h)x(k_h).

(¢) If i —App+7 <7 <ithen

[dr,l dr,Q e dr,k] = [CTJ Cr2 C?",k} +
[cs’fl Corg *° cs,m‘_h] Y.
for T1,12,...,Tk—n as above and for a matriz Y, €
F((Zk—h)xk'

—
o
Nz

If1<r<i—1then ars =brs for 1 <s<k.

—
@
~

Suppose that 01,02, . ..,0; are integers such that

1<t <ba<---<0; <k

and wi,o,, Ui0y, - - -, Ui, are the vectors uis (for 1 <
s < k) that were already matched before round g of
stage i. Suppose t1,t2,.. ., L7 are integers such that

1§L1<L2<"'<Lk—ﬁ

.5 are the vectors u; s (for 1 <

s < k) that were not matched, yet, at the beginning of
round g of stage i.

Then ai,0,, = bie, forl <w < h and

and Wiy, Uiyigy - - -5 Uiy

|:bi,L1 bi,LQ bi,Lk_ﬁ] = [ai,ul Qig = Qi _A:| - X

for a nonsingular matriz X, € ngfh)x(k*h).

PRrROOF. This can be proved in the same way as the lemma
that preceded it: Notice that, for g as described in the
claim, the matchings and orthogonalizations are exactly as
described for round g — 1 (an odd integer between 0 and 2 -
A, 1) except that the roles of u, s and v, s are reversed. Con-
sequently, reversing the roles of u, s and v, s in the previous
proof provides a proof of the current lemma as well. []



LEMMA A.10. Let i be an integer such that i > 1 and
there are at least i + 1 stages of the Lanczos phase of the
computation (ending with stage i). Let g be an integer such
that 1 < g<2-Anp+1.

Suppose that r and s are integers such that 1 < r,s < k
and, during round g of stage i of the Lanczos phase, the cur-
rently unmatched vectors urq (for 1 < a < k) are matched
with the currently unmatched vectors vsp (for 1 <b < k).

If Invariants #2 and 8 are satisfied at the end of round g
then uza -vsp = 0 for all integers a and b such that 1 <
a,b <k and uro and vsp are still unmatched at this point.

PrOOF. Let 01,02, ...,0, be integers such that

1<o1 <o < - <op <k

and Ur,oy , Ur oy, - - - , Ur,op, are the vectors ur o (for 1 < a < k)
that are unmatched at the beginning of round g. Similarly,
let 71, 72,...,Tm be integers such that

1I<m<mn<< - <tm<k

and Vs, r;, Us,rgy - - -, Us,ry, are the vectors v, (for 1 < b < k)
that are unmatched at the beginning of round g.

Let ar: and b,; be the values of u,: before and after
round g, respectively, for 1 <t < k, and let ¢, and ds,w
be the values of vs ., before and after round g, respectively,
for 1 <w <k, as well.

Consider the matrices

K = [ar,al Ar.og *°* ar,ah] S FZXh
and

Ki - [br,o'l b'r,og br,o-h] S FZXh
whose columns are the values of the vectors

Ur,oq5 Ur,ops -+ - U’Tygh

before and after round g, respectively. It follows by Lem-
mas A.8 and A.9 that

K; =K. -Xp
for a nonsingular matrix X € FZ *h " Consider also the
matrices
Kr = [cs,T1 Csyrg " cs,Tm] S Ff;xm
and

K;% = [ds,‘rl ds,Tg ds,‘rm] € F;LX'm

whose columns are the values of the vectors
Usﬂ'l ) ’US""25 te vS,Tm

before and after round g, respectively. It also follows by
Lemmas A.8 and A.9 that

Kr=Kr Yr
for a nonsingular matrix Yr € F**™.

Let t be the number of pairs of vectors that are matched
during round g. It follows by the correctness of the match
procedure (see, in particular, Lemma A.3) that t is also the
rank of the matrix K% - Kr € FZX’”. Now, since the above
matrices X1 € FZXh and Yr € F"*™ are nonsingular (so

that X7 is nonsingular as well), and

(K1) -Kgr = X[ - (K[ - Kgr) - Yr,

it follows that the matrix (K})T - K} has rank t as well.

Now there exist permutation matrices P, € FI*" and
Pr € F;"X’” such that the first ¢ columns of K} - Py and of
K5 Pr are the values (after round g) of the t pairs of vectors
matched during this round — so that (since Invariant #2 is
satisfied after round g) the top left submatrix of the matrix
PT . (K," - K}) - Pg is the identity matrix ;.

Furthermore, since Invariant #3 is satisfied at the end of
round g, the final h—t columns of K} - P, are the unmatched
vectors Uy, at the end of this round (for 1 < w < k), and the
final m — t columns of K% - Pr are the unmatched vectors
Us,w at the end of this round (for 1 < w < k) as well.
Consequently, since Invariant #3 is also satisfied at the end
of this round,

I; O
PE 3T KR Kn = | )]

. k—t —t . .
for a matrix Z € Fz(z )*(m=1 whose entries are the inner
products U«T,a - vg,p of the vectors u,, and vs that remain

unmatched. Now, since K'LT - Kr has rank ¢, the matrix
P (K, K%)- Pg has rank t as well, so that Z = 0 — as
needed to establish the claim. []

LEMMA A.11. Invariants #2—-4, 6 and 7 are satisfied at
the end of stage 0 of the Lanczos phase of the computation.

ProoF. Note first that Invariants #2-4, 6 and 7 all hold
at the beginning of stage 0 because the claims in Invari-
ants #2—4 and 6 are vacuous, and Invariant #7 is satisfied
because x =0and p=0c=A-w+b.

Invariants #2 and 3 are still satisfied after the initial-
ization of ug,r, wo, and vo,r, for 1 < r < k, because these
claims are still vacuous. Invariant #6 still holds at this point
since vo,r = A-wyr = A-wo,r for 1 < r < k. Invariant #7
still holds because none of the values mentioned in it have
been changed.

It follows by the correctness of the match procedure (see
Lemma A.3, above) that Invariants #2, 6 and 7 hold again
after the matching step in stage 0. These invariants are
also satisfied again after the orthogonalization steps that
complete stage 0, because none of the values mentioned in
these invariants are changed by these final operations.

Invariant #3 has been re-established as well, at the end
of stage 0, because all unmatched vectors uo, (respectively,
vo,r) have been orthogonalized against all matched vectors
vo,s (respectively, ug s) by the end of this stage.

Finally, the proof that Invariant #4 has also been re-
established is the same as the proof given for Lemma A.10,
above. []

LEMMA A.12. Let i be an integer such that i > 1 and
there are at least i + 1 stages of the Lanczos phase of the
computation. Suppose, as well, that Invariants #2-#7 are
satisfied at the end of stage h of the Lanczos phase for 0 <
h<i-—1.

Consider the various updates of vectors urs and vr s in-
cluded in stage i of the Lanczos phase of the computation,
for integers r and s such that 0 < r <i and 1 < s < k that
follow the initialization of u; s and v; s.

(a) If g is an integer such that 0 < g < 2- A, + 1 then
Invariants #2, 3, 6 and 7 are all satisfied after round g
of stage i of the Lanczos phase of the computation.



(b) If g is an integer such that 0 < g < 2- A, + 1 and
vectors ur, s and v, o are unmatched after round g of
stage i of the Lanczos phase, where 0 < r,7v’ < i —1
and 1 < 5,8’ <k, then quS “vpr, s = 0 at this point in
the computation.

(c) If g is an even integer such that 0 < g < 2-A, ; andr
and s are integers such that 0 < r < i — Ap, + g/2
and 1 < s < k, and urs (respectively, vy s) is un-
matched after round g, then u,Té Ve, = 0 (respectively,
ugb -vrs = 0) after round g for all integers a and b
such that 0 < a<iand1<b<k.

Proor. The above claims will be established by induction
on g. The strong form of induction will be useful here, since
part (c) includes conditions that are only satisfied when g is
even.

Basis: It follows by Lemma A.7, above, that Invariants #2
and #3 hold once again after the initialization of u; s and v; s
for 1 <s<k.

fo<r<i—landl < s < kthen A-wrs = vrs
after the initialization of the vectors u; s+ and v; o because
Invariant #6 was satisfied at the end of stage i — 1 and none
of the vectors v, s or w,s such that 0 < r < i — 1 and
1 < s < k were changed by this initialization. Since w; s =
vi—1,s and A - vi_s s, Vi,s = A-w; s at the beginning of the
initialization process, re-establishing Invariant #6 at that
point. It follows by the correctness of the orthogonalization
process (see Lemma A.2, above) that Invariant #6 holds at
the end of the initialization of u; s and v; s as well.

Invariant #7 also holds at the end of the initialization
of u;,s and v; s, as needed to establish part (a) of the claim,
because it held at the end of stage i — 1 and none of the
values referred to in this invariant have been modified.

Now, since none of the vectors u, s or v, s such that 0 <
r<i—1and 1 < s < k are changed by these initial op-
erations, and since Invariants #3-5 were also satisfied at
the end of stage ¢ — 1, part (b) of the claim follows because
Invariant #4 was satisfied at the end of stage ¢ — 1.

Part (c) holds because Invariant #5 also held at the end
of stage i« — 1: There are no vectors u, s or v, such that
0 <r <i—A, that are unmatched at this point at all, so
the claim is vacuous.

Inductive Step: Suppose 0 < g < 2- A, and that the
above conditions are satisfied for every integer h such that
0 < h < g. It is necessary and sufficient to establish that
they are satisfied for g + 1 as well.

Let us first consider part (a) of the claim. Round g + 1
begins with a matching update that extends the sequence of
vectors shown at line (1) and (2). It follows by the correct-
ness of the match procedure (see, in particular, Lemma A.3)
that Invariants #2, 6 and 7 are satisfied once again after
this update.

Invariants #2 and 7 are satisfied at the end of round g+1
because none of the remaining (orthogonalizaton) opera-
tions modify any of the values mentioned in them. It fol-
lows the correctness of the orthogonalization procedure (see
Lemma A.2, once again) that Invariant #6 is satisfied at the
end of this round as well.

In remains to re-establish Invariant #3. The cases g <
2-Apr—1and g =2-A, \ are considered separately below.

Case: 0 < g < 2-A,, — 1. Once again, round g + 1
begins with a matching update.that extends the sequences
of vectors shown at lines (1) and (2). In particular, either

1. unmatched vectors u, s are matched with unmatched
vectors v; o, for some integer r such that 0 < r <i—1,
or

2. unmatched vectors u; s are matched with unmatched
vectors v,. o+ for some integer  such that 0 <r <¢—1,
instead.

In particular, this is the case for r = i — Anx + |g/2].
The round ended with a series of orthogonalization steps
(described above and, as needed again, below).

Subcase 1: In this case g is odd and Lemma A.8 is appli-
cable; it now suffices to show that if 0 < a <4, 1 < b <k,
and uq, (respectively, v,) is unmatched at the end of
round g+ 1 then ul , - v. = 0 (vespectively, puf - va,, = 0) for
1 < ¢ </ at the end of round g + 1.

Now it follows by the inductive hypothesis that if . and v,
were already matched at the end of round g then uaTyb Ve=10
(respectively, uZ -vq, = 0) at the end of round g+1 — Invari-
ant #3 was satisfied at the end of round g, the values of p.
and v. have not been changed during round g 4+ 1, and the
value of uq,p (respectively, vq,) at the end of round g+1 is a
linear combination of the values of vectors ue, s (respectively,
Ve, f) that were unmatched at the beginning of round g + 1,
and at the end of round g — see Lemma A.8, above.

Similarly, if 0 < a < r then a < i — Ap  + g/2 as well,
and it follows by part (c) of the inductive hypothesis that,
at the end of round g, uaTJ, -vg,e = 0 for all integers d and e
such that 0 < d<ijand 1 <e<k.

Once again, it follows by Lemma A.8 that the value of uq_p
is a linear combination of the values of vectors u,/ i at the
end of round g, for ' and ¥’ such that 0 < a’ < a,1 <V <k,
and w4’y was also unmatched at the end of round g. It also
follows by this lemma that the value of v4,. is now a linear
combination of the values of vectors vy . (for 0 < d' < i
and 1 < ¢’ < k) as they were defined at the end of round g.
This suffices to establish that uib -vg,e = 0 at the end of
round g+1 as well. In particular, it establishes that uf’bﬁ/c =
0 at the end of round g + 1 if p. was unmatched at the end
of round ¢g but matched at the end of round g + 1.

On the other hand, if r < a < i then the matching step in
round g + 1 is followed by an orthogonalization step orthog-
onalizing still-unmatched vectors uq,; and newly matched
vectors v. = v; 4, so it follows by the correctness of the
orthogonalization process that uqs - v = 0 at the end of
round g + 1 in this case, as well.

Consider still-unmatched vectors vq, and newly matched
vectors pe. Now, if 0 < a <i—1and 1 <b<k then, since
e = ups for 0 < r < ¢ —1, and urs and v,,, were each
unmatched at the end of round g, it follows by part (b) of
the inductive hypothesis that that p? - Va,b = uzs ~Uqp =0
at the end of round g — and, indeed, that u,/ s - v4/ py =0
at the end of round g as well, for all integers a’,b’, 7', s’ such
that 0 < o', <i—1,1<V,s <k, and u o and v p
were each unmatched at the end of round g.

Once again, it follows by Lemma A.8 that the value of v,
at the end of round g+1 is a linear combination of the values
of unmatched vectors vy pr, for 0 < a’ < aand1 < b <k, as
these values were defined at the end of round i. The lemma
implies that the value of u, s at the end of round g + 1 is
a linear combination of values u, o for v’ and s’ such that
0<7r" <rand1<s <kand u.  was unmatched at the
end of round g, as these values were defined at the end of
round g as well. It follows that u{s “Va,p = ,ucT < Va,p = 0 at



the end of round g + 1 once again.

It remains only to consider the case that a = 7. In this
case one should note that the matching step in round g+1 is
followed by an orthogonalization step, orthogonalizing still-
unmatched vectors v, with newly matched vectors pi., and
ensuring that ucT < Uq,p = 0 as well.

It follows (finally) that Invariant #3 is satisfied at the end
of round ¢ + 1 if this subcase is applicable.

Subcase 2: The proof for this other subcase is almost iden-
tical — the roles of vectors uq,, and v, must simply be
interchanged in the argument, and Lemma A.9 must be ap-
plied instead of Lemma A.8.

Case: g = 2 - Ay k. In this case the argument needed to
re-establish Invariant #3 is similar to, but simpler, than the
above.

In particular, in this case, the matching phase matches
vectors u;,s with vectors v; 4.

Now, if 0 <r <i—1,1<s <k, and u, s (respectively,
vy, s) was unmatched at the end of round g then an applica-
tion of part (c) of the inductive hypothesis establishes that
UZS -3, = 0 for every unmatched vector v;; (respectively,
ug:t -vps = 0 for every unmatched vector u;+) at the end
of round g. It follows by Lemma A.8 that, at the end of
this round, the value of an unmatched vector u, s (respec-
tively, vrs) is a linear combination of the values of vectors
U, (vespectively, v,/ ,,) such that 0 < 7' <7, 1 <w <k,
and u, ,, (respectively, v,s,,) was unmatched at the end
of round g — as these values were defined after round g.
Thus u7T§ vy, = 0 (respectively, u; o - vr s = 0), so that
uzs - ve = 0 (respectively, MCT - vps = 0) whenever u, s (re-
spectively, vy s) is still unmatched after round g + 1 and p.
and v. were newly matched in this final round.

On the other hand, if » = i, then the matching step is
followed by orthogonalization steps that orthogonalize still-
unmatched vectors u, s with newly matched vectors v. =
v;,¢ and that orthogonalize still unmatched vectors v, s with
newly matched vectors p. = u; ¢, as well. The correctness of
the orthogonalization process suffices to complete the proof
(at long last) that Invariant #3 is also established at the
end of this final round, as needed to complete the proof that
part (a) of the claim holds.

The proof that part (b) holds after round g + 1, if it held
after round g, is more straightforward: If r, s, ' and s’ are
integers such that 0 < r,r' <i—1,1<s,s <k, and u,
and v,/ o are also both unmatched at the end of round g+1
then they were unmatched at the end of round g as well.
Once again, Lemma A.8 establishes that the value of u, s at
the end of round g 4 1 is a linear combination of the values
of vectors uqp such that 0 < a <7, 1 < b < k, and uap
was unmatched at the end of round g, as these values were
defined at the end of round g. Similarly, the value of v,/ . at
the end of round g + 1 is a linear combination of the values
of vectors v,/ such that 0 < a’ <7/, 1 < <k, and v, p
was unmatched at the end of round g, as these values were
defined at the end of round g, as well. Since (by part (b) of
the inductive hypothesis) ugﬁb - Vg b at the end of round g
for a, b, ' and b’ as above, UZS -vp,s = 0 at the end of
round g + 1 as well, as required to establish part (b).

Finally, let us consider part (c) of the claim.

If g+ 1 is an odd integer then there is nothing to be done
to establish this, because (when g + 1 is being considered)
the claim is vacuous.

With that noted, suppose, instead, that g + 1 is an even

integer. Then g > 1 and g — 1 is a nonnegative even integer
— so that the inductive hypothesis can be applied to make
conclusions about the state of vectors after round g — 1.

Consider a vector u, s that is unmatched after round g+1,
where 0 <r <i—Apr+(g+1)/2and 1 < s < k. Either
0<r<i—-Anr+(g—1)/2aswell,orr =i—A, x+(g—1)/2;
these subcases are considered separately below.

Subcase: 0 <r <i— Ay, + (g—1)/2. In this case, since
g—1 is also a nonnegative integer, it follows by the inductive
hypothesis that u?:,s -vq,5 = 0 for every vector v, such that
0<a<iand 1l < b < k. Furthermore, u}f,,s, “ Vgt = 0
for every vector u,s ¢ such that 0 <7’ <r, 1 <s <k, and
U, s was also unmatched at the end after round g — 1, and
for every vector v,/ such that 0 < a’' <iand 1 <V <k,
as well.

Once again, Lemmas A.8 and A.9 establish that the up-
dates in rounds g and g+ 1 only update the value of u, g, for
r and s as above, by replacing it with a linear combination of
the values of vectors u,s & such that 0 < 7' <r, 1 <s' <k,
and u,s s was also unmatched at the end of round g — 1
— as these values were defined at the end of round g — 1.
They only update the value of v, by replacing it with a
linear combination of the values of vectors v,/ such that
0<a <iand1<¥ <k, as these values were defined at
the end of round g — 1, as well. Consequently uzs “Vap =0
at the end of round g + 1.

The argument needed to establish that uib cops if 0 <
r<i—Anr+(g—1)/2,1<s <k, v, is unmatched at the
end of round g+ 1,0 < a <iand 1 <b <k, is the same —
the roles of vectors ur,s and v, s need only be exchanged.

Subcase: r =i — A,k + (g —1)/2. In this case, part (c)
can be established by noticing that rounds g and g + 1 in-
clude matching phases in which unmatched vectors u, s (re-
spectively, vys) are matched with unmatched vectors v; o
(respectively, u; ).

Now, the unmatched vectors u, s are orthogonal to all
matched vectors v, o such that 0 < 7' < jand 1 < s <
k, because Invariant #3 has been re-established, as noted
above.

They are orthogonal to all unmatched vectors v,s o such
that 0 < 7' <i—1and 1 < s’ < k because property (b)
holds once again (as established above), as well.

Finally, to see that they are also orthogonal to all un-
matched vectors v; o, recall that rounds g and g + 1 in-
cluding a matching step in which the vectors u, s, that are
unmatched at the beginning of round g, are matched with
the unmatched vectors v, s+ that are unmatched at the be-
ginning of this round. Since Invariants #2 and #3 hold at
the end of this round (as noted above), this is now a conse-
quence of Lemma A.10, above.

The corresponding result for unmatched vectors v s, that
is needed to establish part (c), follows by the same argument.

The claim now follows by induction on g. [

LEMMA A.13. Let i be an integer such that i > 1 and
there are at least i + 1 stages of the Lanczos phase of the
computation (ending with stage i). Suppose, as well, that
Invariants #2-7 are satisfied at the end of stage i — 1 of the
computation.

Then Invariants #2-4, 6 and 7 are satisfied at the end of
the end of stage i of the Lanczos phase as well.

Proor. It follows by Lemma A.12 that Invariants #2, 3,
6 and 7 are satisfied at the end of stage i, so it remains only



to establish Invariant #4.

It also follows by the above lemma that, at the end of
round 2- A, i of stage i, uaT,b -ve,q = 0 for all integers a, b, ¢
and d such that 0 <a <i—1,1<b <k, uq,p is unmatched
after round 2- A, ;, 0 < c<iand 1 <d < k. It follows
by this lemma, as well, that, at the end of round 2 - A, &,
uf’b-vc,d = 0 for all integers a, b, c and d such that 0 < a < 4,
1<b<k 0<c<i—1,1<d<k, and v.,q is unmatched
after this round.

Lemmas A.8 and A.9 imply that the above orthogonality
conditions are still satisfied at the end of round 2-A, x+1 —
that is, at the end of stage ¢ of the Lanczos phase — as well:
For, after round 2 - A, x + 1, the value of each unmatched
vector uq,p (respectively, vep) for 0 < a < 7—1and 1 <
b < k is a linear combination of the values of the vectors
Uqr b (respectively, vasp) such that 0 < @’ < a and 1 <
b < k, as defined at the beginning of this round. Similarly,
the value of each vector veq (respectively, uc.q) after this
round is a linear combination of the values of vectors v/ 4/
(respectively, u. 4/) such that 0 < ¢ < cand 1 < d <k as
defined at the beginning of this round as well.

It remains only to establish that if 1 < a,b < k and u;,q
and v; are both unmatched after round 2 - A, x + 1, then
ul, - vip = 0 as well. Since round 2 - A, + 1 includes a
matching step in which unmatched vectors u; , are matched
with unmatched vectors v;p, and Invariants #2 and 3 are
satisfied after this round, this follows by Lemma A.10. [J

LEMMA A.14. Let ¢ be an integer such that i > 0 and
there are at least i + 1 stages of the Lanczos phase of the
algorithm. Then Invariants #2-#7 are satisfied at the end
of each of the first i stages and Invariants #2-#4, 6 and 7
are satisfied at the end of stage i (that is, the i + 1°* stage)
as well.

ProOOF. The claim can now be established by induction
on 4.

It follows by Lemma A.11 that Invariants #2-4, 6 and 7
are satisfied at the end of stage 0 of the Lanczos phase, as
required to establish the basis.

Suppose (for the inductive step) that ¢ > 0, there are at
least 7 + 2 stages of the Lanczos phase, ending with with
stage i + 1, and that Invariants #2-4, 6 and 7 are satisfied
at the end of stage ¢. Invariant #5 must also be satisfied
at this point, because the Lanczos phase of the computation
does not end with stage i. Lemma A.13 now implies that
Invariants #2-4, 6 and 7 are established after stage i + 1 as
well, as needed to complete the proof. []

PrOOF OF LEMMA 2.1. This is now a straightforward con-
sequence of Lemmas A.4, A.6 and A.14, above. [

PrOOF OF LEMMA 2.2. This is now a straightforward corol-
lary of Lemmas A.4 and A.14. [

A.2.3 Bounding the Cost of the Lanczos Phase

LEMMA A.15. Suppose ¢ > 0 and there are at least i +
1 stages of the Lanczos phase (ending with stage i). Then
there are at most Ay i - k unmatched vectors ur s such that
0<r<i—1andl <s <k, and at most A, -k unmatched
vectors vrs such that 0 < r <t —1and 1 < s <k, at the
end of stage i — 1.

ProOOF. Since the Lanczos phase did not end at stage i—1,
Invariant #5 was satisfied at the end of this stage — so that

the vectors u, s and v, such that 0 < r < i—1— A,
and 1 < s < k were all unmatched. Consequently the only
vectors that could be unmatched at this point are the vectors
ur,s (respectively, v, s such that i — A, <r <i—1 and
1 < s < k. The claim now follows since only A, ; - k such

vectors exist. [

The following lemma is now easily established using Lem-
mas A.1, A.2, A.3, the fact (by inspection of the code) that
O(An k- k) matched vectors are stored at any point, and fact
(established by the lemma above) that there are at most
A,k - k unmatched vectors u, s (respectively, v, ) at the
beginning of any stage of the Lanczos phase, as well.

LEMMA A.16. The cost of the initialization step and each
stage of the Lanczos phase can be bounded as follows.

(a) The initialization step requires k + 1 multiplications of
vectors by A, the selection of 2k vectors uniformly and
independently from FZXl, and O(n) additional opera-
tions over Fq.

(b) Stage 0 requires O(n-k?) additional operations over F,.

(¢) Ifi > 1 and there are at least i + 1 stages of the Lanc-
zos phase (ending with stage i), then stage i requires
k multiplications of vectors by A, k multiplications of
vectors by AT, and O(Ai,k-kQ -n) additional operations
over Fq.

(d) O(An ik - k) vectors and additional values are stored at
any time, so the algorithm requires space required to
store O(An i -k-n) elements of Fy as well as O(Ap - k)
nonnegative integers with values between 0 and n.

A.3 A More Detailed Description of the Elim-
ination Phase

A.3.1 Initialization
pre

The following procedure defines matrices M, Mgr, M3 €
Fo>* that will be used (as global data) for orthogonalization
steps during the Lanczos phase.

procedure setup

1. If the entries of the list M (used during the Lanczos
phase) are

((Tlv 51)7 (rllv Sll))» ((7”2, 52)7 (Té, 5/2)):
ey ((Tt7 St)a (Tév 5;))

then set M € F}** to be the matrix with columns

Ury,s1y Urg,spy -5 Urg,ses

set Mp € F;L“ to be the matrix with columns

Vpt gt 5 Upt

151 2,8127"'77‘)7‘, §{7

t°t
and set M%° € F7*' to be the matrix with columns

Wyt gf s Wyt of gouey Wyt of
71,877 Urg,850 » Ty, st

— so that A- MP® = Mg and ML Mg =1,.
end procedure
The following lemma is a consequence of the fact that In-

variants #2 and #6 were satisfied at the end of the Lanczos
phase of the computation (and inspection of the code).



LEMMA A.17. Procedure setup, above, produces matrices
Mup, M, M2 € F2*t such that MT - Mp = I, € FY** and
such that A- M = Mkg.

A.3.2 An “Orthogonalization” Step

A routine orthogonalize will receive as inputs a pair of
matrices Mpew, MEL, € F;’Xh such that A - ME* = Mg
and will ensure that the columns of M., are orthogonal
to the vectors ui, p2, ..., ue that had been produced at the
end of the Lanczos phase of the algorithm.

procedure orthogonalize(M e, MEL:)

1. D= M] - Myew € FXP
2. Mnmu = Mnmu - MR -D
3. Mﬁzu = Mgr’z’;ju - MZ};"E -D
4. return(Myew, ME%)

The following lemma is of use in establishing the correct-
ness of this procedure.

LEMMA A.18. Suppose that j > 1, there are at least j + 1
stages of the elimination phase, and that Invariant #9 is
satisfied at the beginning of stage j. Then, if t is an integer
such that either py = ugn or vy = vgn where 0 < g <
i —2-Apr—3and 1 < h <k, then,utT-(A-LpS) =0
for every integer s such that 1 < s < g at the beginning of
stage j of the elimination phase.

PROOF. Note first that, since Invariant #5 was satisfied
at the end of round ¢ — 1 of the Lanczos phase, it follows by
Lemma A.5 that if ¢ is as above then

¢
ATy = Zaa,t * Ha (24)
t=1
where aq,: € Fq for 1 < a < ¢ and, furthermore, aq¢ = 0

unless the vector u, was matched at or before the end of
round ¢ — 2 of the Lanczos phase.

The cases j = 1 and j > 2 are considered separately
below.
Case: j = 1. Examining the details of stage 0 of the

elimination phase one should note that, at the beginning of
stage 1, every vector ¢, such that 1 < r < g is a linear
combination of

e vectors vs,; such that 0 < s < ¢, 1 <t < k, and the
vector vs+ was unmatched at the end of stage i of the
Lanczos phase, and

e vectors v;+ such that 1 < ¢ < k and v; + was matched
at the end of stage i of the Lanczos phase.

Now, if vs+ was unmatched at the end of stage ¢ of the
Lanczos phase then it follows by Invariant #4 (which was
satisfied at that point) that ,uaT ‘st =0for 1 <a</ On
the other hand, if v; ; was matched at the end of stage ¢ and
e was matched at or before the end of stage i — 2 of the
Lanczos phase then v;: = v, for an integer w > a, since
v;,¢+ was necessarily matched during round ¢. Invariant #2
(which was also satisfied at the end of stage i of the Lanczos
phase) implies that uZ - v, ; = pI - vy = 0 as well.

It follows that u? -, for every integer a such that a¢ q # 0,
and the equation shown above at line (24) implies that

pi - (Apr) = (AT )" or = 0.

Case: j > 2. The argument for this case is similar but
simpler. Notice that, after the application of the update
step at the end of stage j — 1 (and the beginning of stage j),
each vector ¢, (such that 1 < r < g) is equal to one of the
vectors \s that was included during stage j — 1 — so that
Invariant #9 implies that p2 -, = pl' A =0for1 < a < £.

Once again, the equation at line (24) can now be used to
establish that

ui (Agp) = (A" )" or =0

as required. []

Since the above procedure is not called during stage 0 of
the elimination phase at all, this suffices to establish (the
harder part of) the following as well — note that, before
step 2 of the procedure orthogonalize,

M7 - (Mpew — Mg -D) = M} - Myew — D =0 € F¥"

so that ./\/lf - Mupew = 0 after step 2 has been carried out.

LEMMA A.19. Suppose that procedure orthogonalize is ex-
ecuted with a pair of matrices Mpew, MPes, F;‘Xh such that
A MPE = Maew as its inputs. Then, on termination of
this procedure, the following properties are satisfied.

(a) The subspace of Fi*" spanned by the vectors
Vi,V2,...,¢

and the columns of Mpew will not have been changed.
(b) pf - Mapew =0 for 1 <r < L.
(c) A MPE, = Mucuw.
(d) No matrices (or other data) except for the matrices Myew

and MY, will have been changed.

The procedure uses O(Ay, i - k- h - n) operations over Fq
using standard arithmetic.

A.3.3 An “Elimination” Step

A routine eliminate will receive matrices M e, M2, €
F,’;Xh and will ensure that, following the update,

0
P- new — | ¥ 5
M {M n(i?l)}

for a matrix M\new e Fé"fm)Xh. The algorithm makes use
of the permutation P and matrices M, and M) as defined
for the elimination stage (and considered in Invariants #12
and #13).

procedure eliminate(M ew, M25e,)

1. Let Y € FJ"*" and let Ly be the nonsingular lower
triangular matrix in F7**™ such that

Y | La
P - Mpew = {Z} and P- My = |:X)\:|

for matrices Z € Fg"fm)Xh and X € an*M)Xm.
2. W= L' Y € Frxh
3. Mneur = Mnew — M)\ - W
4. M = M, — M- W
end procedure



Lemma A.20, below, follows by inspection of the code:
Note that, after step 2,

_ [Lx [ v
P My-W = {XA]'W— [XA.W}

so it will be true that

—
Mnew

after step 3, as required. Since A - M, = M, it will be true
that A - MP%, = M., after step 4, as well.

P M'new = |: 0 :|

LEMMA A.20. Suppose that procedure eliminate is executed
with a pair of matrices Mpew, MP, € Fth, such that
#Z‘Mnﬁw =0forl <r<{and A- MPY, = Mpew, as
its inputs.

Suppose as well, that Invariants #10-12 are satisfied when
the procedure is executed.

Then, on termination, the following properties are satis-

fied.

(a) The subspace of Fy*' spanned by the columns of M
and Mpew has not been changed.

wl Mupew =0 for 1 <r < 2.

} for a matriz M\new € anim)Xh.

M new

)

C) P'Mne'w: |:AO
) A- Mﬁ:ﬁ:; = Mnew-
)

and MY, will have been changed.

The procedure uses O(nmh) operations over F, using stan-
dard arithmetic.

A.3.4 A “Compression” Step

The next procedure receives, as input, a pair of matrices
V e Fy*¢ and W € F;** (for r < n) such that

— T . 0
A-W=P {V} (25)
and, reducing r as needed, modifies V' in order to ensure that
the column space of the matrix has been unchanged but the
columns are now linearly independent — while ensuring that
an equation as shown at line (25) is satisfied, once again.

procedure compress(V, W)
1. Compute the rank t of V' as well as a matrix X € FgXt
such that the matrix V - X has full rank t.

2.V=V.-X
3. W =W-X
4. s =1t

5. return(V, W)
end procedure

Lemma A.21, below, follows by inspection of the above
code.

LEMMA A.21. Suppose that procedure compress is executed
with a pair of matrices V. € Fy*° and W € F3™° such the
equation at line (25), above is satisfied.

Then, on termination of the procedure, the following prop-
erties are satisfied.

(a) The column space of V' has not been changed (but the

number s of columns in each of the matrices V- and W
may have been reduced).

(b) An equation of the form shown at line (25) is satisfied,
once again.

(¢) The columns of V are linearly independent.

(d) No matrices (or other data) except for V. and W have
been changed.

The procedure uses O(n-s?) operations over F, using stan-
dard arithmetic.

A.3.5 A “Triangularization” Step

The next procedure receives, as inputs a pair of matrices
V e Fy** and W € F™® (for r < n) such that the equation
at line (25) is satisfied, and the columns of V are linearly
independent.

It modifies V and W in such a way that the column space
and dimension of V' have not been changed, and the equa-
tion at line (25) is once again satisfied, but there exists a

permutation matrix P € F;*" such that the top r rows of
P -V is a lower triangular matrix with ones on its diagonal.
The permutation matrix P is also returned as output.

procedure triangularize(V, W)

1. Compute a P-L-U factorization of V —that is, com-
pute a permutation matrix P € Fe ", a lower trian-
gular matrix U € Fo° with ones on its diagonal, and
a nonsingular upper triangular matrix U € F3*° such
that V=P-L-U.

g = g

Vi=V.gm

ww- g

P pr

. return (V, W, ﬁ)

end procedure

> oW

Lemma A.22 follows by inspection of the above code.

LEMMA A.22. Suppose the procedure triangularize is exe-
cuted with a pair of matrices V€ F*° and W € F3*° as
inputs such that the equation at line (25) is satisfied, and
the columns of V' are linearly independent,.

Then, on termination of the procedure, the following prop-
erties are satisfied.

(a) The column space of V' has not been changed.

(b) An equation of the form shown at line (25) is satisfied,
once again.

() P-V =L, where P € Fo*" is a permutation matriz
and L € F*® is a lower triangular matriz with ones on
its diagonal.

The procedure uses O(n - s>) operations over F, using stan-
dard arithmetic.

A.3.6  “Solution” and “Update” Steps

The final procedure completes a stage of the elimination
phase. It also receives as input a permutation matrix Pe
Fg"*m)””*m) and a matrix M, € anim)Xh such that

0
P Mnew - |:/\7new:|



and such that

s oo _[E
P'Mnew—|:X:|

where L € FZXh is lower triangular with ones on its diagonal
and where X € F{"~ "~ "x",

procedure solveﬁandiupdate(ﬁ, Mew, Mnew, M)
1. Set p e F{" ™! to be the vector such that

ol

(see Invariant #13, above).

2. Set L € FZXh to be the lower triangular matrix with
ones on its diagonal such that

5o _[E
PMnew—[X:|

for X € F{" ™" and set p1 € F'*! to be the
vector such that

~ _ [p;
P.o=
g M

for a vector y € F" ™M1,

n = L! -p1 € FZXI
p=p— Mopew - n

X = x+ Mg, n

P := |:Im ﬁ:| -Pe F;lxn

N o e w

. My := Myew (so that g is now equal to the number
of columns in Myew)

pre

8. Append the columns of the matrices M e, and MPLS,
onto the matrices V\ and Vi respectively (adding h to
the value of m in the process).

end procedure

LEMMA A.23. Suppose the procedure solve_and_update is
exzecuted with inputs P € FI'*™, Mupew € FI*", Mupew €

F((,"_m)Xh, and ME, € F2*" | such that the following prop-
erties are satisfied.

(a) Invariants #8-10 and #12-13 are satisfied.

(c) P Myew is lower triangular with ones on its diagonal.
d) /LaT~Mnew:0f0r1§a§£.
(e) A- M%Ew = Mnew‘

Let X C F;’Xl be the column space of the matriz

—

I:MA Mnew] S ng(m+r)

and let YV be the columnspace of the matric Myew (for the
matrix My as defined at the beginning of the execution of
the procedure). Then the following properties are satisfied
on termination of the procedure.

(a) Mx now has column space X.

(b) The columns of M, are linearly independent and M,
has column space ).

(¢) Invariants #9, 10, 12 and #1383 are satisfied once again.

The procedure uses O(n-h) operations over Fq using standard
arithmetic.

PROOF. Since the columns of M., have been appended
as new columns of M, at step 8, above, and these matrices
are otherwise unchanged, part (a) of the claim follows by
inspection of the code.

Following step 7 (and the rest of the procedure) the columns
of M, are those of the above matrix My..,. Now, as noted
above (and using the original value of the matrix P here),

I 0
|: " ﬁ:| - P Mnew = L (26)
X

where L € FZXh is a lower triangular matrix with ones on
its diagonal — establishing the linear independence of the
columns of My (and of M.,).

Since Y is the column space of the matrix M., it follows
by inspection of the code (specifically, step 7) that M, now
has column space ), as needed to establish part (b).

Since pl - Mpew = 0 for 1 < a < £, it follows by inspection
of the code (specifically, step 8) that Invariant #9 is satisfied
on termination of this procedure if it was satisfied before it.

Since P is modified to have value

I,

R
at step 6, and the columns of M., are appended to M
at step 8, the equation at line (26), above, establishes that
Invariant #10 will be satisfied on termination of this proce-
dure if it was initially satisfied, as well.

Since A - MP% = Mew, one can see by inspection of the
code (specifically, step 8) that Invariant #12 is satisfied at
the end of the execution of this procedure if it was satisfied
before it too.

In order to consider Invariant #13 let us denote by x
and p the values of these vectors before the execution of

this procedure, and denote by x’ and p’ the values of these
vectors after it. Then

X' =x+Mis-n and  pl=p—Muewn

for the vector n € FZ“ defined at step 3, above. Then
A- X/ + p/
= (A -X+ p) + (Mnew N = Mupew - 77)
(since A - MPZ, = Mupew)
=A-x+p
=A-w+b,

since Invariant #13 was initially satisfied. Furthermore, if
1 <a </ then

Mz .p’ :,u,zj (p—Mnew 7))
=ul . p (since p1g - Mpew = 0)
=0,

once again, because Invariant #13 was initially satisfied.
Now let P and P’ denote the values of the permutation
matrix P before and after the execution of this procedure,



respectively. Then

.
P/,p/: ﬁ]'P'(p_Mnew"ﬂ)
_ [Im Om| [ Om
- P ﬁ Mnew
[0, Om]
= 51 - | L L '51
LY X
[0, Om
=|m|- P
LY X L7V p
_ [ Omih
S ly-X-L7N

as needed to re-establish Invariant #13 and to establish
part (c) of the claim.

The claimed bound on the cost of this procedure follows
by inspection of the code — noting that, since Le FZXh
is lower triangular with ones on its diagonal, the cost to
compute the vector 7 at step 3 is in O(h?). O

A.3.7 The Main Method

// Initialization
1. setup

// Stage #0
2. Set h to be the number of vectors v, s such that 0 <
r<i—1,1< s <k, and v, s was unmatched at
the end of (the final) stage i of the Lanczos phase.
Set Mupew, Mbe, € FZXh to be the matrices whose
columns are the above vectors v, s and corresponding
vectors wy,s, so that A - MPT = Mew.
3 Set m and g to be zero (since My, M, and M, have
zero columns) and set P to be the identity matrix I,.
. if (h > 0) then
(Mpew, MEZ)) := compress(Mpew, MET)
if (Mpew has at least one column) then
(Maew, MPZ, ﬁ) := triangularize(M pew, ME0e,)
solve_and_update(P, Mypcw, Mpew, MZS,)
end if
end if

9. Once again, set g to be 0 (removing all columns
from M,). Set h to be the number of vectors v;s
such that 1 < s < k and v;,s was unmatched at
the end of (the final) stage ¢ of the Lanczos phase.
Set Myew, MEE, € F2*" to be the matrices whose
columns are the above vectors v;, s (and corresponding
vectors wj,s), so that A - MEy, = My, once again.

10. if (b > 0) then
1. (Maew, MPE,) = eliminate(Moew, M7Z,)
12, Set Muew € FS""™>" t0 be the matrix such that

I

0
P new — | ¥ 5 .
M |:Mnew:|
13, (Moew, MEE,) := compress(Mopew, MEL,)
14. if (./(/l\nmu has at least one column) then
15. (M\new,Mﬁ’;f,), P) := triangularize(./T/l\new,Mﬁﬁu)

16. Mypew := PT . {AO }

Mew
17. solve_and_update(P, Myew, Mpew, MZ,)
end if
end if

18. Append each vector v; s such that 1 < s < k and v;,s
was matched at the end of (the final) stage ¢ of the
Lanczos phase as a column of M, (increasing g by the
number of such vectors).

// Stage #j for j > 1

19. while (g > 0) do

20.  h:=g; MU, = My; Mapew := A- MET,

21.  Remove all of the columns from M, and set g to
22. ?ﬁ/l(zmw,./\/lﬁﬁ,) := orthogonalize(Myew, MP5,)

23.  (Mpew, ME,) := eliminate(M e, MEL)

24.  Set M\new € F,(ln_m)Xh to be the matrix such that

0
P new — o .

M |:Mnew:|
25, (Muyew, MEL,) = compress(Myew, MEZ,)
26.  if (Mpew has at least one column) then
27. (Moew, MBS, P) := triangularize( M ey, MEL,)

0

28. Mapew :=PT - | ~

|:Mncu):|
29. solvefandiupdate(ﬁ, Maew, .K/l\ne'w, MEE)

end if
end while

// Recovery of Solution
30. if (p ==0) then
3. z:=x—w
32. Return z as a vector such that A-x =15
else
33. Report that no vector x such that A-x = b was

found.
end if

A.4 On the Correctness and Efficiency of the
Elimination Phase

A.4.1 Establishing the Invariants after Each Stage

LEMMA A.24. Suppose thati,j > 0, there were exactly i+
1 stages of the Lanczos phase, and that there are at least j+1
stages of the elimination phase. Then Invariants #8 and 11
are both satisfied at the end of stage #j of the elimination
phase.

PRrROOF. The claim will be established by induction on j.

Basis: It will be helpful to begin by establishing the fol-
lowing properties, which hold at the end of the Lanczos
phase of the computation.

(a) The subspace spanned by vq,v,...,v¢, and the vec-
tors vy s such that 0 < r <4, 1 < s <k, and v, s was
unmatched at the end of (the final) stage ¢ of the Lanc-
zos phase, is the same as the subspace spanned by the
vectors A® - vp such that 0 < a<iand 1 <b<k.

(b) The subspace spanned by v1, va, ..., v, the vectors vy s
such that 0 <r <¢,1 < s <k, and v, s was unmatched



at the end of stage i of the Lanczos phase, and the
vectors A - v such that 1 < ¢t < k, is the same as
the subspace spanned by the vectors A® - v, such that
0<a<i+landl<b<k.

To see that this is the case note, first, that the vectors
v1,V2,...,v; and the unmatched vectors v, s such that 0 <
r <tand 1 < s < k are just the vectors v.,4 such that
0<c<iand 1 <d < k. Consequently the first claim is
implied by the fact that Invariant #1 is satisfied at the end
of stage ¢ of the Lanczos phase — see Lemma A.4, above.

Now consider a vector A® - v, such that 0 < a <i+1 and
1 <b < k. If a <ithen it follows by the above that A*-v is
a linear combination of the vectors v. 4 such that 1 <c¢ <r
and 1 < d < k. On the other hand, if a =i + 1 then

i+1
AT,

=A-(A"-w)

ik
A- < Z Qe,d - vc,d> (by part (a), above)
0

c=

where

i-1 k
C - Zzac,d -A * Ve,d
c=0d=1
and where acqg € Fgfor 0 <c<iand 1 <d<k.

Lemma A.4 implies that A - v, q is a linear combination of
the vectors v, s such that 0 <r <iand 1 < s <k whenever
0<c<i—1land 1l <d<Ek, soit follows that ¢ is a linear
combination of these vectors as well. A**! v, has now been
expressed as a linear combination of these vectors and the
vectors A - v;; such that 1 <t < k — as needed to establish
that the subspace spanned by the vectors A® - v, such that
0<a<i+1and 1 <b <k is contained in the subspace
spanned by vi,vs,...,ve, the unmatched vectors v, s such
that 0 < r <iand 1 <b <k, and the vectors A - v;; such
that 1 <t <k.

The opposite containment is easier to prove: It follows by
part (a), above, that each vector v, for 1 < a < ¢ and each
unmatched vector v, for 0 < r < iand 1 < s < kisa
linear combination of the vectors A€ - v,y such that 0 < ¢ <14
and 1 < d < k. Furthermore, since v;; is in the subspace
spanned by the vectors A° - vg such that 0 < ¢ < 4 and
1<d<k, forl<t<k, A vy isin the subspace spanned
by the vectors A°-vg such that 0 <c<i+land1<d<k.
This suffices to confirm that the two subspaces mentioned
in part (b) above the same, as required.

It should next be noticed that stage 0 of the elimination
phase consists of a pair of rounds — including the steps at
lines 2-8 and 9-18, respectively.

We first claim that, after the first of these rounds, the
sequence of vectors

A Az, Am

spans the same subspace of FZXI as the set of all vectors v, s
such that 0 <r <i—1,1 < s <k and v, s was unmatched
at the end of (the final) stage ¢ of the Lanczos phase of the
computation. To see that this is the case, let us consider the
following alternative claim, which is certainly satisfied after
the initialization of the matrix M., at step 2.

(c) The subspace of Fi ™ ! spanned by the columns of M,cy
is equal to the subspace of F;LXI spanned by the un-
matched vectors v, s such that 0 < r < ¢ — 1 and
1<s<k.

Let us first consider the case that there are no unmatched
vectors v, s such that 0 <r<¢—1land1<s<katall In
this case the test at line 4 fails and this first round ends —
with m = 0 — and the above claim (concerning the vectors
A1, A2, ...y Ap) s trivially satisfied.

Suppose, instead, that there is at least one unmatched
vector vy s such that 0 <r <i—1and 1 <s <k — but
that all such vectors are equal to 0. In this case the test at
line 4 is passed, and procedure compress is executed at line 5.
The matrix M, is modified in such a way that its column
space is unchanged but its columns are linearly independent
— so that the number h of its columns is equal to 0 after
line 5 (see Lemma A.21, above). Consequently the test at
line 6 fails and the first round ends with m = 0 — as suffices
to establish the above claim, concerning A1, A2, ..., Ay, once
again.

Finally let us consider the case that there is at least one
nonzero vector v, s such that 0 <r <i—land1 < s < kand
vr,s is unmatched at the end of the final stage of the Lanczos
phase. Note, first, that claim (c), above, is satisfied after the
execution of procedure compress at line 5 because this does
not change the column space of M., (see Lemma A.21,
above). Now Mpe, must still include at least column so
that h > 0 and the test at line 6 is passed, and lines 8 and 9
are also executed before the completion of the first round.

Claim (c) is also satisfied after the execution of the pro-
cedure triangularize at line 7 because this procedure does
not change the column space of M, or modify other data
either (see Lemma A.22, above).

Since m = 0 at this point it now follows by part (a) of
Lemma A.23 that the subspace spanned by A1, A2,...,Am
after the execution of solve_and_update is equal to the sub-
space spanned by the unmatched vectors v, s such that 0 <
r<i—land1<s<k—for A1, A2,..., A will span the
same subspace as the columns of M., after this step if m
was equal to 0 before it.

We next claim that, after the second round (that is, the
end of stage 0), Invariants #8 and #11 are both satisfied.
It will be helpful to consider the following claims, which are
satisfied after line 9, instead.

(d) The subspace of F;*! spanned by the vectors
AL A2y s A

is the same as the subspace spanned by the vectors
vrs such that 0 < r < ¢ —-1,1 < s < k, and v,
was unmatched at the end of (the final) stage 4 of the
Lanczos phase.

(e) The subspace of Ff;“ spanned by the vectors
A, A2, A

and the columns of M., is the same as the subspace
spanned by the vectors v s such that 0 < r <4, 1 <
s < k, and v, s was unmatched at the end of stage i of
the Lanczos phase.

(f) The subspace of F}*! spanned by the vectors

I/1,I/2,...,l/g,)\l,>\2,...,>\m,



and the columns of Me, and A - M, is the same as
the subspace spanned by the vectors A® - vy such that
0<r<iand 1< s <k and the vectors A - v; + such
that 1 < ¢ < k and v;; was unmatched at the end of
stage ¢ of the Lanczos phase.

Clam (d) is satisfied because it was satisfied at the end
of the first round and none of the vectors Ai, A2,...,Am
have been changed by the initialization of Mpe,. Part (e)
is a consequence of the initialization of M., as describe at
line 9.

In order to see that part (f) is also correct at this point,
one should notice that it follows by Lemma A.4 and claim (e)
that the subspace spanned by the vectors

1/1,1/2,...71/57)\1,)\2,...,)\m

and the columns of M., is the is the same as that spanned
by the vectors A - v, such that 0 < a <iand 1 < b < k.
The claim now follows because, after line 9, the columns
of Myew are the vectors v;: such that 1 < ¢t < k and v;
was unmatched at the end of the final stage of the Lanczos
phase.

Suppose, now, that there were no vectors v;; such that
1 <t <k and v;+ was unmatched at the end of stage i of
the Lanczos phase at all. In this case h = 0 after line 9 so
that the test at line 10 fails, and the only other step executed
during stage 0 of the elimination phase is step 18. In this
case, Invariant #8 is satisfied at the end of stage 0 because
it is implied by claim (e), above, when the matrix Mye,, has
no columns, and because the vectors A1, A2, ..., Ay, are not
changed by the execution of step 18.

Invariant #11 is satisfied as well because all of the vec-
tors v;¢ such that 1 < ¢t < k are included as columns of
M, during the execution of step 18 in this case, so that the
invariant is now a consequence of Invariant #8 and prop-
erty (b), above.

Suppose next that there is at least one unmatched vector
v;,¢ such that 1 < ¢ < k. In this case, h > 0 when this is
checked at line 10, so that steps 11 and 12 will be executed.

Consider the effects of the execution of procedure eliminate
at line 11. Property (d), above, will still be satisfied be-
cause it was satisfied after step 9 and none of the vectors
mentioned in it have been changed. Property (e) will also
hold because the subspace spanned by A1, Az2,...,An and
the columns of M., has not been changed by the execu-
tion of eliminate (see Lemma A.20, above).

In order to see that property (f) is also satisfied after
this step, notice that the transformation applied by the ex-
ecution of procedure eliminate was a linear transformation
in which the columns 1,72, ...,y of Muyew were replaced
by linear combinations of these columns and the vectors
ALy A2,y A

Ya = Z Qa b * Yo + Zﬁa,c . Ac (27)
b=1 c=1

and, as noted above, this does not change the subspace
spanned by Yi,72, ..., Vhy A1, A2, ooy A

It follows that A -+, is being updated in a similar way, for
1<a<h—

h
A"'Ya:Zaa,b'(A"Yb)+ZBa,c'(A'AC) (28)
b=1 c=1

and the subspace spanned by A -~1,A-7y2,..., A v, and
A-Ai,A- A2, ..., A\ has not been changed, either.
Now suppose that A- ). is a linear combination of the vec-

tors vi, V2, ..., Ve, A1, A2, ...y, Am, and columns 1,72, ..., Vn
of Myew for 1 < ¢ < m. Then it would follow that the
subspace spanned by vi,v2,...,V, A1, A2,..., Am and the

columns of M e, and A - My was also unchanged by the
execution of the procedure eliminate — for, considering the
updates at lines (27) and (28) in sequence, one could demon-
strate that a given vector ¢ € FZXl was a linear combination
of vi,va, ...,V A1, A2, ..., Am, and the columns of M,
and A - My, before the update if and only if it can be
expressed as a linear combination of these vectors after it.

It now suffices to note that A, is a linear combination of
the vectors v, s such that 0 <r <i—1and 1 < s <k, by
property (e) — so that Lemma A.4 implies that A- X is a
linear combination of the vectors v, such that 0 < r <4
and 1 < s < k. It now follows by property (e) that A - A; is
a linear combination of v1,vs, ..., v, A1, A2,..., A and the
columns of My — as required to show that property (f)
is also satisfied after the execution of procedure eliminate at
line 11 because it was satisfied before it.

Suppose, now, that each unmatched vector v; ; was a lin-
ear combination of the vectors A1, Az, ..., Am. Then each of
the columns of M., would be equal to 0 after the execu-
tion of eliminate at line 11. The matrix Mope, defined at
line 12 would thus be the zero matrix in FS"~"™*" so that
it would have no columns at all as a result of the execution
of procedure compress at line 13 (see Lemma A.21, above).
The test at line 14 would therefore fail, and step 18 would
be the only remaining step to be executed during stage 0 of
the elimination phase.

In this case it follows by property (e), above, that the sub-
space of FZXI spanned by the vectors A1, A2, ..., A is the
same as the subspace spanned by the unmatched vectors v, s
such that 0 < r < i and 1 < s < k — and property (a),
above, implies that Invariant #8 has now been satisfied.

Furthermore, if v;; is an unmatched vector then A - wv; is
a linear combination of vi,ve,..., v and A1, A2, ..., Am In
this case — for it follows by property (d), above, that v; ; is
a linear combination of vectors v, s such that 0 <r <i—1
and 1 < s < k, so that Lemma A.4 implies that A - v;
is a linear combination of v, s such that 0 < r < ¢ and
1 < s < k — so that this now follows by property (a),
above, and Invariant #8.

Consequently Invariant #11 will be satisfied, in this case,
after the execution of step #18, which sets the columns
of M, to be the matched vectors v;; such that 1 <t < k.

Finally, suppose that there is at least one unmatched vec-
tor v;,: that is not a linear combination of A1, Az,..., Am
after step 9. Once again, properties (d), (e) and (f) will
be satisfied after the execution of step 11, as argued above,
and it will follow by property (e) that the matrix Mpew
will have at least one column that is nonzero at this point.
Consequently the matrix M\new defined at line 12 will be
nonzero. The column space of this matrix is not changed
by the execution of compress at line 12 (see Lemma A.21,
above), so M\neql, will still have at least one column when
this is checked at line 14 and steps 15-18 will be executed
before the end of stage 0 of the elimination phase.

Now, the column space of M. new Will not have been changed
by the execution of procedure compress at line 13 (see, again,



Lemma A.21) or the execution of procedure triangularize at
line 15 (see Lemma A.22) and, since

0
P- Mne'w = |7
|:Mnew:|
both before the execution of step 12 and after the execution
of step 16, the column space of M., will be the same, after
steps 11 and 16, as well. Since none of the vectors

1/1,112,...,l/g,)\l,)\g,...,)\m

are changed by the execution of steps 12-16 it follows that
properties (d), (e) and (f) hold after the execution of step 16
because they held before the execution of step 12.

It now follows by Lemma A.23 that the execution of pro-
cedure solve_and_update at line 17 establishes Invariant #8:
For the column space of the vectors A1, Az, ..., A\, after this
operation will be the same as the subspace of FZ;X1 spanned
by the vectors A1, A2, ..., Ay and the columns of M., be-
fore it, and this follows because property (e) was satisfied
after the execution of line 16. Furthermore, the column
space of the matrix M, after step 16 will be the same as
the column space of the matrix Mayew before it (see, again,
the above lemma), so property (f) can now be applied to
establish that, after step 17, the subspace of Ff;Xl spanned
by the vectors

1/1,1/27...,I/g,)\17)\2,...7)\m

and the columns of A - M, will be the same as the subspace
spanned by the vectors v, s such that 0 <r <iand 1 <s <
k and the vectors A - v;; such that 1 < ¢ < k and v;,; was
unmatched at the end of stage i of the Lanczos phase.

The addition of columns to M, in the execution of step 18
therefore ensures that the subspace spanned the subspace
spanned by

1/1,1127...,l/g,)\h)\z,...,)\m

and the columns of A - M, is the same as the subspace
spanned by v, s such that 0 < r < ¢and 1 < s < k and
A-v; such that 1 <t < k. Since Invariant #1 was satisfied
at the end of the Lanczos phase and Invariant #8 is estab-
lished now, another application of property (b), above, now
suffices to establish Invariant #11 at the end of the stage 0
of the elimination phase as well.

Inductive Step: Suppose that j > 0, there are at least
j+2 stages of the elimination phase, and that Invariants #8
and 11 are all satisfied at the end of stage j. It is necessary
and sufficient to establish that these are satisfied at the end
of stage 7 + 1 as well.

To begin, it will be helpful to establish yet another prop-
erty.

(g) The subspace of F(’;“ spanned by the vectors

V1, V2, ey Ve, A1, A2, vy Am,
A1, A pa,..., A g,
AP AT o Ay (29)
is the same as the subspace spanned by the vectors

A% -vpsuchthat 0<a<i+j+2and 1 <b<k.

To see that this is the case one should note the following.

e Each vector A® - v, such that 0 < a < i+ j + 1 and
1 < b < k is a linear combination of the vectors at

line (29), above, because it follows by the inductive
hypothesis that Invariant #11 is satisfied at the end of
stage j of the elimination phase, so that this vector is
a linear combination of

1/17U2,...71/57)\1,)\27...,)\77“14'9017A'§027...,A'§09.

e It now follows that if 1 < b < k then

AH—J +2 Vb

=A- (AT )
£ m g

=A- (Zar-l/r+263-/\b+2%w4-apt)
r=1 s=1 t=1

g
:AC+Z'YtA2g0t
t=1
where o, € Fg for 1 <r < /{, B € Fg for 1 < s < m,
v € Fq for 1 <t < g, and where

4

C:Zar-uﬁ— Bs + As.
s=1

r=1

Now it also follows by the inductive hypothesis that
Invariant #8 was satisfied at the end of stage j of the
elimination phase, so that ( is a linear combination of
the vectors A°-vgfor0 <c<i4+jand 1 <d<k. It
follows that A - ( is a linear combination of the vectors
A vygsuchthat 0 < c<i+j+land1<d<k—
implying, by Invariant #11 once again, that A-( is a
linear combination of

Vl,VQ,...,Vg,Al,)\Q,...,)\m,A'(p1,A'(pz,...,A'Lpg.

It now follows that A*T%2 .y, is a linear combination
of the vectors shown at line (29) as well.

e It has now been established that the subspace of F;‘Xl
spanned by the vectors A% v, such that 0 < a < i+j+42
and 1 < b < k is contained in the subspace spanned by
the vectors listed at one (29).

Note, on the other hand, that it follows by Invari-
ant #11 that each of the vectors

1/1,1/2,...,I/[,)\1,)\2,...,)\m,A~g01,A~<p2,,..,A~g09

is contained in the subspace spanned by A% - v, for 0 <
a <i+j+2and 1 < b < k — because they are
all contained in the subspace spanned by A® - v, for
0<a<i4+j+land1<b<k.

Furthermore, since A - ¢. is in the subspace spanned
by A® - by such that 0 < a <i+j+1and 1 <b <k,
for 1 < c¢<g, A oo = A-(A-.) is certainly in
the subspace spanned by A? - v, such that 0 < d <
i+7+2and 1 < e < k — as needed to establish
the opposite containment and prove that the subspaces
of F’;Xl being considered are the same.

Notice that the matrix M., is initialized to have the
vectors
A'(Pl,A'QOQ,---,A'SOg

as its entries, at line 20. It follows by the above, that, at
this point in the computation, the following properties are
satisfied.



(h) The subspace of FZXl spanned by the vectors
7/1,V2,‘..,Z/[,)q,)\g,...,)\m

and the columns of M., is equal to the subspace
of FZL“ spanned by the vector A® - v, such that 0 <
a<i+j+land 1 <b<k.

(i) The subspace of F}*! spanned by the vectors
V17V2,...,V[,)\l,)\Q,...,)\m,

the columns of M ey, and the columns of A - Myew, is
equal to the subspace of F?Xl spanned by the vectors
A% vy such that 0 <a<i+j+2and 1 <b<k.

(j) Consequently, it follows by the inductive hypothesis
(which included the fact that Invariant #8 was satisfied
at the end of stage j) that each of the vectors

A-l/l,A-Vz,...,A-l/é,A-)\l,A-)\%...,A')\m (30)
is in the subspace of FT;XI spanned by the vectors
1/1,1/2,...,l/g,Al,)\Q,,..,)\m

and the columns of M e .

Let us consider these subspaces as they are defined after
the execution of the procedure orthogonalize at line 22.

Property (h), above, is still satisfied, because the subspace
of FZXI spanned by v1,vs, ..., and the columns of M ey
has not been modified and none of the vectors A1, A2, ..., Am
have been changed (see Lemma A.19, above).

Property (j) also continues to hold because the subspace
spanned by the vectors vi,va,...,vy and columns of Mey
has not been changed, and it is only the matrix M, that
has been modified (see Lemma A.19, once again). Conse-
quently the subspace spanned by v1,va,...,ve, A1, A2, ..., Am
and the columns of M., has not been changed either —
and none of the vectors shown at line (30) have been modi-
fied.

As noted above the subspace of FZXI spanned by the vec-
tors v1,va, ..., and the columns of M., has not been
changed. It follows that the subspace spanned by A -v;, A -
va,...,A v, and the columns of A - My, has not been
changed, either. Once again, the vectors A1, e, ..., Ay, have
not been modified. It follows that the subspace spanned by
Vi, Vo, .o vp A, A v, o A g, A1, A2, ..., Am, and the
columns of M e, and of A- M., has also not been changed
— and, since A-v1,A-va,..., A vy are all in the subspace
spanned by vi,ve,...,v A1,A2,...,Am and the columns
of Mpew (by property (j)), this implies that property (i) of
the claim holds after the orthogonalize operation if it did
before.

A similar analysis establishes that the above claims are
all satisfied after the execution of the procedure eliminate at
line 23. In this case one uses the fact that only the columns
of Mpew (and A - Mpew) have been changed and the sub-
space spanned by A1, A2, ..., Ap, and the columns of M.,y
has not been modified (see Lemma A.20 above), so the roles
of vi,va,...,v¢ and A1, A2,..., Ay, in the argument are re-
versed.

Now suppose that, after the above application of eliminate,
the columns of M., are all equal to 0. In this case the
application of procedure compress at line 25 removes all
columns from M\new so that the test at line 26 fails and
this stage of the elimination phase ends. However, Invari-
ants #8 and #11 have both been established: Since the

columns of M., were all zero at this point and the ma-
trix M, does not have any columns either, property (h) im-
plies Invariant #8 and property (i) implies Invariant #11.

Suppose, on the other hand, that there is at least one
nonzero column of M., after the application of proce-
dure eliminate at line 23. Then the matrix M\new will still
have at least one column after the application of compress
at line 25, so that the test at line 26 will be passed and lines
27-29 will be executed before the end of this stage of the
elimination phase.

The column space of Miew has not been changed by
the application of procedures compress and triangularize at
lines 25 and 27 (see, again, Lemmas A.21 and A.22 above),
and

0
P Mnmu - |:.A//\lnew:|

both before the execution of step 25 and after the execu-
tion of step 28, so the column space of M, has not been
changed by the execution of steps 25-28, either. Proper-
ties (h)—(j) therefore hold after the execution of step 28 be-
cause they held before the step 25. Once again, the appli-
cation of solve_and_update at line 29 will establish Invari-
ants #8 and #11, as needed to complete to complete the
proof — for it follows by Lemma A.23 that, after this opera-
tion, the subspace of F}*" spanned by A1, Az, ..., Am will be
the same as the subspace that was spanned by A1, A2, ..., Am
and the columns of M., (so that property (h) can be used
to establish Invariant #8), and the column space of M,, after
the operation will be the same as the column space of M ey
before it as well (so that property (i) can be used to establish
Invariant #11). [

LEMMA A.25. Invariant #9 is satisfied at the end of ev-
ery stage of the elimination phase.

PROOF. Let j be an integer such that j > 0 and there
are at least j + 1 stages of the elimination phase. We will
show that Invariant #9 is satisfied at the end of stage j by
induction on j.

Basis: Note first that Invariant #9 is trivially satisfied at
the beginning of stage 0 because m = 0 and the claim is
vacuous at that point.

Notice as well that the columns of the matrix M., are
linear combinations of unmatched vectors v, s such that 0 <
r <iand 1 < s < k throughout the first round (steps 2-8)
of stage 0 of the elimination phase, to the fact that Invari-
ant #3 was satisfied at the end of the Lanczos phase implies
that v - Mpew = 0 for 1 < a < £. Tt also follows by
LemmaA.?SthatuaT~)\b:0for1Sagéandlgbgm
after the procedure solve_and_update is applied at step 8.

The argument needed to establish this for the second round
(steps 9-18) of stage 0 is almost the same. One should note,
here, as well, that it follows by the correctness of the pro-
cedure eliminate (Lemma A.20) that uaT - Myew = 0 for
1 < a < /£ after procedure eliminate is applied at line 11.
Now, either step 17 is never reached at all — in which case
the vectors A1, A2, ..., Ap are not changed during the exe-
cution of the second round (establishing the result), or the
column space of M., is unchanged by steps 12-16 and
,uf - Mpew = 0 immediately before the application of pro-
cedure solve_and_update at step 17. In the latter case, the
correctness of this procedure (as described in Lemma A.23)
suffices to establish the desired result once again.



Inductive Step: Suppose that j > 0, there are at least
j + 2 stages of the elimination phase, and that Invariant #9
is satisfied at the end of stage j of the elimination phase. It
is necessary and sufficient to show that it is satisfied at the
end of stage j + 1 as well.

To begin, one should notice that it follows by the cor-
rectness of the orthogonalize procedure (Lemma A.19) that
pul - Myew = 0 for 1 < a < £ after this procedure is applied
at step 22. The argument needed to establish the result is
now the same as the argument used to establish it for the
second round of stage 0. []

LEMMA A.26. Invariants #10, 12 and 13 are satisfied at
the end of every stage of the elimination phase.

Proor. This can be established using another straight-
forward proof by induction on the number of stages that
have been carried out already — using the fact that Invari-
ant #7 was satisfied at the end of the Lanczos phase and
that, at the beginning of stage 0 of the elimination phase,
m = 0 — so that Invariant #7 implies Invariant #13, and
Invariants #10 and 13 are vacuous claims at this point. [

The following lemma will be of use in bounding the length
of the elimination phase of the algorithm as well as the cost
of each of its stages and, therefore in bounding the cost of
the algorithm.

LEMMA A.27. Suppose i > 0 and there are i + 1 stages
of the Lanczos phase of the algorithm (ending with stage 7).
Then £ > (i — An k) - k and there are at most (Apx+1) -k
unmatched vectors vy s such that 0 < r <iand1 < s <k
at the end of the Lanczos phase of the algorithm.

ProoOF. It follows by Lemma A.15 that there are at most
A,k - k unmatched vectors v, such that 0 < r < ¢ —1
and 1 < s < k at the end of stage i — 1 of the Lanczos phase.
Consequently £ > (i — Ay %) - k at this point, because ¢ and
the number of unmatched vectors v, s such that 0 < r <i—1
and 1 < s < k must be equal to i - k£ at this point.

Since at most k additional unmatched vectors v, s such
that 0 <r <iand 1 < s <k could be added during stage ¢
(namely, the vectors v; s such that 1 < s < k), this suffices
to establish the bound on the number of unmatched vectors
that is claimed above, It also implies that £ > (i — Ap i) - k
at the end of the Lanczos phase, because ¢ could not have
been reduced during the final stage. [

Suppose there are j + 1 stages of the elimination phase
(ending with stage j). For 0 < r < j, let m, and g, be the
values of m and ¢ (that is, the number of columns in the
matrices My and M,), respectively, at the end of stage r.
The following is easily established using Lemma A.27 and
by inspection of the algorithm.

LEMMA A.28. Suppose, as above, that there are j + 1
stages of the elimination phase (ending with stage j).

(a) mo < (Ank +1) - k.

(b) k>go>g1>g2>--->g; =0.

(¢) If0 <71 <j—1thenmyi1 = mytgris = Mot oty gs.
The following is now a straightforward consequence of

Lemmas A.19-A.23, Lemma A.27, and inspection of the al-
gorithm.

LEMMA A.29. The costs of the stages of the elimination
phase are bounded as follows.

(a) The initialization step requires O(Ay 1 - kn) operations
over Fq.

(b) Stage 0 requires O(A2 , - k*n) operations over Fy.

(¢) If 1 < r < j then stage r requires g-—1 multiplications
of vectors by A and O(An k- k- gr—1 -1+ gr—1 - mn)
operations over Fq.

(d) Storage space required is that needed to store O(m +
(Ank+2)- k) vectors in F;Xl, that is to store O(mn +
(An i +2) - kn) elements of Fq.

The following bounds are now a straightforward conse-
quence of Lemma A.28 — which establishes that Ei _09r <
m + k — and the bounds given in Lemma A.29, above.

LEMMA A.30. The elimination phase requires at most m—+
k multiplication of vectors by A and O(Ai’k kP Ay
kmn 4+ m?n) operations over Fy.

A.5 On the Correctness and Efficiency of the
Algorithm

Proor oF THEOREM 2.3. Consider the sequence
1/1,7/27...,l/g,)\17)\2,.“7)\m

of vectors in F;’Xl that have been generated on termination
of this algorithm — recalling that, by Lemma A.24, Invari-
ants #8 and #11 hold at the end of the final stage of the
elimination phase and that the matrix M, has no columns
at this point.

Since Invariant #8 was satisfied on termination of the
algorithm, the subspace of F;‘Xl spanned by these vectors
is a subspace of XSy that includes the vectors vi, vz, ..., vk
— in particular, if the Lanczos phase included i 4+ 1 stages
(ending with stage #i) and the elimination phase included
j+1 stages (ending with stage #j) then Invariant #8 implies
that this is the space spanned by the vectors A" -v, such that
0<r<i+jand1<s<k.

This space is also closed under multiplication by A — for
if0 <r<i+j—1and 1 < s < k then it follows by the
above that A - (A" - vs) = ATl .y, is also an element of
this space. On the other hand, ir » = ¢ + j then it follows
by Invariant #11 that A - (A" - vs) is a linear combination
of vi,ve,...,ve, A1, A2,..., Am, and the columns of the ma-
trix M,. However the matrix M, has no columns at this
point — for, otherwise, the elimination phase would not have
ended after stage j. Consequently, A - (A" - vs) is a linear
combination of

l/1,l/2,...,llg,)q,)@,...,)\m

as well, as required to establish the closure property that
has been claimed.

It now follows that the above vectors span the Krylov
space KSz, because this is the smallest subspace of F;LXl
that includes the vectors vi,va,...,vr and that is closed
under multiplication by A.

Next consider elements a, and 8y of Fy, for 1 < a < £ and
1 < b < m, such that

4 m
Zaa'ya+26m'>\m:0-
a=1 b=1



It follows by Lemma A.14 that Invariant #2 was satisfied
at the end of the Lanczos phase of the computation and,
since none of the vectors p, or v, are modified after this, for
1 < r < /4, this invariant is still satisfied on termination of
the algorithm. Lemma A.25 establishes that Invariant #9
is satisfied on termination of the algorithm as well, so that
if 1 < a </ then

4 m
OZMZ' <Zaa'l’a+z,ﬁm'>\m> = Qq.
a=1 b=1

in other words, a1 = a2 = --- = ay = 0, so that

> B A =0
b=1

as well. Now, as stated in Lemma A.26, Invariant #10 is also
satisfied on termination of the algorithm, and this implies
that the vectors A1, A2, ..., Ay, are linearly independent —
so that f1 = B2 =+ = B = 0 as well. It now follows that
the vectors

1/1,1127...,l/g,)\h)\z,...,)\m

are linearly independent — and that they form a basis for
the Krylov space XS5, as claimed.

Suppose, next, that this Krylov space includes a vector ¢
such that A-( = A-w+b and note that, since Invariant #13
is satisfied on termination of the algorithm (by Lemma A.26,
once again), p € FZXl, XE€EKSz,and A-x+p=A-w+b
as well.

Consequently p = A-( — A - x, so that p € KS3 too —
and

£ m
p:Zw-l/a—i—Z(Sb-/\b
a=1 b=1

where vq,0y € Fgfor 1 <a<fland 1 <b<m.
However, it also follows by Invariant #13 that uZ - p =0,
and

14 m
O:,UZ1 (Z'Yl'ya+25b')\b> = Ya
a=1 b=1

—sothat vy =2 =--- =7, =0 and

p = Zéb . Ab.
b=1

Notice, next, that it also follows by Invariant #13 that

P.p= [g} (31)

for a matrix p € anim)“. However, Invariant #10 is also
satisfied on termination of the algorithm, and this implies

that A1, A2,..., A are the columns of a matrix M), such
that
— L>‘
[

where Ly € F**™ is nonsingular (indeed, it is lower trian-

gular with ones on its diagonal) and where X, € FE,"‘*”)W.
Consequently the equation at line (31) can only be satisfied
if by = by = -+ = by, = 0 and p = 0 as well — in which
case the test at line 30 is passed and A -z = b for the vector
x = x — w that is returned at line 32.

On the other hand, if the test at line 30 fails — that is, p #
0 — then it follows by the above that the Krylov space XSz
does not contain a vector x such that A-x = A-w+ 0, as
needed to establish the rest of the claim. []

PrROOF OF THEOREM 2.4. This is now a straightforward
consequence of Lemma A.16, Lemma A.27 (which estab-
lishes that £ > ¢ — A, - k), and Lemma A.30, above. []

LEMMA A.31. Let i and j be integers such that 0 < j <
i and there are at least i + 1 stages of the Lanczos phase
(ending with stage i). Suppose that the matriz Ha s, j+1,i+1
has rank r. Then exactly v of the vectors uqp such that
0<a<jand1l <b <k have been matched at the end of
stage i of the Lanczos phase of the computation.

ProoF. This is a reasonably straightforward consequence
of part (b) of Lemma A.4: As in the statement of this lemma,

let Mpj+1 € F:;Xk(ﬁ'l) be the matrix with columns ugp
such that 0 < a < j and 1 < b < k, as these are defined at
the end of stage ¢ of the Lanczos phase of the computation,
and let Mg it1 € F;LXk(iH) be the matrix with columns
ve,d such that 0 < ¢ <iand 1 <d <k, as these are defined
at the end of stage i of the Lanczos phase of the computation
as well.

Now suppose that exactly s of the vectors u,,, such that
0<a<jand 1 <b < k that have been matched at the
end of stage i of the Lanczos phase. In particular, sup-
pose that these are the vectors po,, floy, - - -, o, fOr integers
01,02,...,0s such that 1 < o1 <02 < - <os </

Suppose, as well, that s + ¢t of the vectors v, such that
0 < a < i have been matched at the end of stage 7. In
particular, suppose that these are the vectors

V0'17V<727-"77/037V717V727"'7V7't
for integers 71,72,...,tsuchthat 1 <71 <2 < - - <71t <

L.
Applying permutations P € F’;“H)Xku“)

Fl;(i+l) X k(i+1)

and Pr €
we may obtain matrices

Mrij+1 = Mrpij+1 - P and MR iiv1 = MRg,iiv1- Pr
such that My ; j+1 has as its columns the above vectors

/“L0'17/’Lo-2""’/“1’0's7

followed by the k(j+1) — s vectors uq,p such that 0 < a < j,
1 <b <k, and uq, is unmatched at the end of stage 4 of the

Lanczos phase, and such that /\//TR,“-H has as its columns
the above vectors

VoyyVogy-+sVogyVryyVrgs ooy Uy,

followed by the k(i41)—s—t vectors v, q such that 0 < ¢ < ¢,
1 < d <k, and v¢,q is unmatched at the end of stage ¢ of the
Lanczos phase. Since Invariants #2 and #3 are satisfied at
the end of the stage i of the Lanczos phase,

—~T —~ T 0 . i
ML i1 Meiiv1 = {03 0} c F’;(J+1)><k( +1)

so that the rank of /T/t\%” -M\R,i,iﬂ is equal to s.

However, Lemma A.4 implies that there exist nonsingular

matrices X j4+1 € Féjﬂ)kx(jﬂ)k and Y; 141 € ng+1)kx(i+1)k

such that

My = Ka - Xijr



and
MR,iit1 = Kz iy - Yiigr.
Now the matrix XZ-TJ-H is nonsingular as well and
Ha,w,j+1,i+1
= ’EuT,j+l Kt
= (Xij41) ML Mejiipr - Y
= (X4) ™ Pr- Mg - Mg - P Yok

—
. : T
so that the matrices Hg,5,j+1,i+1 has rank s, since ML,i,j+1 :

/(/I\R,i,iﬂ does. That is, the rank r of Hg # j+1,i+1 is equal
to the number of matched vectors s stated in the claim. []

The proof of the next lemma is almost identical to that of
the above one.

LEMMA A.32. Let i and j be integers such that 0 < j <
i and there are at least i + 1 stages of the Lanczos phase
(ending with stage #i). Suppose that the matriz Ha 5,i4+1,5+1
has rank r. Then ezactly r of the vectors vq, such that
0<a<jandl <b<k have been matched at the end of
stage i of the Lanczos phase of the computation.

ProoF orF LEMMA 2.5. This can now be established by
induction on 3.

Basis: If 0 < i < A, — 2 then both Invariant #5 and
the claim are trivially satisfied because both claims are vac-
uous. Invariant #5 is also trivially satisfied if i = A, — 1,
and the condition in the claim is trivially satisfied as well,
because the matrices Ha,7,0,an,x and Ha 5.A,, ,,0 €ach have
zero columns (and certainly do have nonnegative renk).

Inductive Step: Suppose ¢ < A, — 1 and that the claim
is satisfied for 4; it is necessary and sufficient to establish
it for i + 1 as well. Suppose, therefore, that the matri-
ces Hia,v,a,a+4,, , a0d Ha 5.atA,, o both have maximal rank
ak for 0 < i—A,mk +2. Then, since this condition is satisfied
for 0 < ¢ < A, + 1 it follows by the inductive hypothe-
sis that there Invariant #5 was satisfied at the end of the
first i stages, so that there will are at least i + 1 stages of
the Lanczos phase (ending with stage 7).

It now follows by Lemmas A.31 and A.32, above, that
Invariant #5 is satisfied at the end of stage i as well —for
these imply that if both of the matrices Ha wi—a,, ,+1,i+1
and Ha5,i+1,i-a, ,+1 have full rank (i — A, x + 1)k, then
all (i —Ap +1)k of the vectors u, s (respectively, v, s) such
that 0 <r <i— A, and 1 < s < k have been matched at
or before the end of stage i, as required. [

B. PROOFS OF RESULTS IN SECTION 4

B.1 Proof of Lemma 4.1

While the notation used in the report [5] is different,
proofs of the next elementary result and Lemma 4.1 can
also be found there.

LEMMA B.1. If a matriz B € FZXt has rank r then

xnullp, (B) = ¢°~" and xnullg(B) = ¢'~".

Proor. If B € FZXt has rank r then there are permuta-
tion matrices Pr € F;*° and Pr € F;Xt such that

B Bl,2:|

Boi Bao (32)

PLoB-PR:[

where B11 € FIX" Bio € Fp*U'™") By € FSX" Bos €
Fésir)x(tfm, and Bi,; is nonsingular. Furthermore, since
Pr, and Pgr are both nonsingular, the matrix shown on the

right hand side above also has rank r, so that

[31,1 31,2} . I, 0

- |:BQ,1 ° Bi% Is—r:|

[Bi1 0] [Ir Bii-Bi:
0 0] |0 Iy

B>1  Baa

| e

— where the matrices shown above on the right side of the
equation are in FJ*®, F5**¢, and F.** respectively — for an
expansion of the product on the right confirms that this is
equal to

Bi, B2
B>1 Baj- Bl_} - B2

’

and this could only be different from

Bi,1 B
B>1 Bap

if the right ¢ —r columns of the above matrix were not linear
combinations of the left » ones — in which case the rank of
the above matrix, and the rank of B, would both exceed r.
Note as well that the lower triangular matrix shown at the
beginning of the right hand side of the equation at line (33)
and the upper triangular matrix at the end of this equation
are each nonsingular.

With that noted, consider a vector x € FZXl. A consider-
ation of the equations at lines (32) and (33) confirms that
zT . B =0 if and only if

— Z1
o]

(s—r)x1
q

for vectors z1 € F;*! and z2 € F such that

I 0 B 0
T T7 . T . 1,1 —
Ll L

(note that, since P is a permutation matrix, Pr.p, =
I,). Now, since Bi,; is nonsingular, an expansion of the
above equation confirms that this equation is satisfied for
any vector xa € F((Isfr)Xl provided that

T T -1
r] = —Tg - B271 . Bl,l'

Since there are ¢°~" choices of x2 and one choice of 1 for

each, for which the above equation is satisfied, it follows that
the left exponential nullity of B is ¢°" as claimed.
Similarly, if y € F£*! then B -y = 0 if and only if

piv=[y)

where y1 € F, %", y2 € F¢™", and

By 0] |Ir Bl_&'Bl,Z RN
0 0 0 I y2|
An expansion of the above confirms that this equation is
satisfied for any vector y2 € thir)“ provided that

Y1 = *ij - Bi2 - yo.

Since there are ¢~ choices of y2 and one choice of y; for

each, for which the above equation is satisfied, it follows that
the right exponential nullity of B is ¢"™" as well. [



PROOF OF LEMMA 4.1. Consider H = Hy .5, € F5F*t*
where the vectors @ = ui,uz,...,ux, W = w,,wa,..., Wk
are chosen uniformly and independently from FZ“, wy =
A-w = b, and where v, = A-wpy for 1 < h < k, and
¥ = v1,v2,...,05. For 0 < w < min(s,t) set p, to be
the probability that H has rank w and set o, to be the
probability that H as rank at most w. Then it follows by
Lemma B.1, above, that

min(s,t)

E[xnull, (H)] = Z Pwq "

r min(s,t)

=Y @ D pudT
w=0 w=r+1
min(s,t)

>pr ¢+ D pw-0
w=r+1
,T.pr
w=0

. s—r
=q o

Dividing both sides of the above inequality by ¢°~" one can
see that the probability that H has rank at most r is less
than or equal to E[xnully(H)]/¢°~", as claimed.

The proof that this probability is also less than or equal
to E[xnullr(H)]/¢"~" follows by another application of the
above lemma: It follows by Lemma B.1 that

xnullg(H) = ¢"~% - xnull (H)
for every matrix H as defined above, so that
E[xnullg(H)] = ¢"~° - E[xnull. (H)]

as well — and this suffices to establish the second inequality
in the claim.
Finally, if s <t then

=1=3 e )
- Sl

szdipw(q—l)

= (q—l)siopw

= (¢g—1)-Prlrank(H) < s],

E[xnully (H

\Y]

so that H has rank less than s with probability at most
(E[xnully (H)]—1)/(¢—1) as claimed. It follows by essentially
the same argument that if ¢ < s then H has rank less than ¢
with probability (E[xnullr(H)] —1)/(qg — 1) as well. [

B.2 Proof of Lemma 4.2

LEMMA B.2. Let H be as described in Lemma 4.2, and let
W be a fized matriz in FF*™ . Then E[xnull,(H + W)] <
E[xnull (H)] and E[xnullg(H 4+ W)] < E[xnullg(H)].

PROOF. Recall that H = K7 - K € FF*** where K1 =
Ekﬂj’s and Kr = Ky 5+ where vectors @ = ui,us,...,us,

W = w, w2, ..., w, are chosen uniformly and independently
from FZXl where w1 = A-w, and vy, = A-wp for 1 <
h < k, and ¥ = v1,v2,...,v;. Since the above vectors 4
and w chosen uniformly and independently from FZ“ we
may consider an experiment in which the vectors @ (and
corresponding vectors ¥) are fixed, with the vectors  being
chosen after that.

With that noted, consider the following pair of indicator
random variables — which are defined after vectors 4 have
been selected and are functions of the vectors . For a given
vector z € F2*1

e [; ., depends on the vectors W and is equal to one if
T

z' - H =0, for H = K - Kpgr as above, and is equal
to 0 otherwise.
° fwyg@ depends on the vectors @ and is equal to one if
T . (H + W) = 0 for H as above, and is equal to 0
otherwise.

Now, next, that

E[xnull, (H Z St (z (34)
IEF;XI
where
S(x)=q¢ " Y Ella.] (35)
E:ul,uz,”.,ukEF;’;Xl
and
Efxnull,(H + W)l = > Sp(W,z) (36)
zEFZXl
where

ScW,z)=q " > Ellwa.] (37)

— nx1
u:ul,ug,m,ukqu

and where the expectations shown on the right sides of equa-
tions (35) and (37), above, concern probability spaces in
which the matrix W and vectors @ and x are fixed, with vec-
tors o to be selected uniformly and independently from Fj > L
Note that if

Prilw.ias = 1] < Pr[lz., = 1]

for all vectors 4@ = ui,uz,...,w, € Fp*" and z € Fj*',
then it would follow (by an inspection of the equations at
lines (35) and (37), above) that

SL(W,z) < Sp(z)

for all z € FQXI as well. This would also imply (by a con-
sideration of the equations at lines (34) and (36)) that

E[xnull, (H + W)] < E[xnull(H)],

as required to prove the first part of the lemma.
With that noted, two cases should be considered.
Case (i): There exist vectors W, Wz, W3, W3, . . . , Wk €
such that, if w1 = A- @ and v, = A-wp, for 1 < h <k, and
Z=11,02,...,0x, then

T T
Kras Krze=2 - W

nx1
Fq

Case (ii) No such vectors W, @Ws, . .., W, € F**! exists.
) ) ) q

Case (i): In this case Pr[Iw.q.0 = 1] = Pr[lz., = 1] : For
vectors w, wa, Ws, ..., Wk € FZXI are chosen with the same
probability as w — @, ws — Wa, w3 — W3, ..., wg — Wr — and



if ﬁ = IE,WLS . ’Ck,y,t fOI" :lj‘ = V1 — 61,1}2 — 62,. oy Uk — 6k,
and H = Ky 4,5 - K5, then T (H+ W) =2"-H, so that
2T - (H +W) =0 if and only if 27 - H = 0.
Case (4i): In this case there are no vectors
W= w,ws,ws, ..., Wk € FZXl
such that z7 - (EMS Ki,5t+ W) =0 at all. Consequently,
Pl’[j\w’gyx = 1] = O7

and the desired inequality is trivial.
The second part of the lemma now follows by additional
applications of Lemma B.1: For any matrix

=T skxtk
H=Kgqs Kro: €F,g )

it follows by the relationship between left and right expo-
nential nullities and rank that

xnullp(H) = ¢*~9% . xnull, (H)
and
xnullg(H + W) = ¢~ % .xnull, (H + W)

as well. Consequently if the matrix H is chosen using the
distribution considered here then

Elxnullr(H)] = ¢~ %% - E[xnull (H)],
and
Elxnullg(H + W)] = ¢"~*% . E[xnull, (H + W)],

so that fact that

E[xnully (H + W)] < E[xnully (H)]
(established above) implies that

E[xnullr(H + W)] < E[xnullg(H)]
as well. [

The lemma establishes a result that is, in some sense,
intermediate between the above and Lemma 4.2. It will be
of use in proving results from Section 6.

LEMMA B.3. Suppose that vectors

U, U2, ...,Ug, W, W2, W3, ...,Wk

are chosen uniformly and independently from Ff;“, and that
7= z1,22,...,2k 1S a fivzed sequence of vectors in FZXl. If
w1 = Aw, v = A wg forl <a<k, and§y=uv1,v2,...,0k,
and s and t are positive integers, then

Exnullz (Ha,g,s,t + Hit,z,s,t)] < E[xnull (Ha,g,s,0)]
and
E[xnullR(’Ha,g,s,t + quyzjsyt)] S E[Xnu”R(’Hg’g’S’t)].

PROOF. As in the previous proof, one should consider in-
dicator random variables that are defined after the vectors
U = wui,us2,...,ur have been selected and that are func-
tions of the vectors W = w, wa, ws, . .., wk for a given vector
x € FIF*1: For a given vector x € FLF*1,

e [, depends on the vectors , is equal to one if
Ha,g,s6 - x =0,

and is equal to zero otherwise, and

e [; . depends on the vectors @ and is equal to one if
(Ha,g,s,t + Hazst) =0
and is equal to one, otherwise.
As in the previous proof one should consider two cases.
e Case: There exist @, Wa, @3, . .., Wk € Fy*' such that

if ) = A0, 0y = A-W, for 1 <a <k, and § =
U1, 02, ..., 0k, then

Hiag' st T =Hazse T

e No such vectors W, Wa, W3, . . ., Wk exist.

In the first case one argues as in the first case for the previous
proof that

Ells..] = E[ls.],

which certainly implies that E[Iz ] < E[/g,.]. In the second
case one should observe (as for the second case in the previ-
ous proof) that E[Tz,] = 0, so that E[Iy.,] < E[lz..] in this
case as well.

The rest of the proof proceeds just as before. []

Proor or LEMMA 4.2. Let Hy s be the set of matrices
H = Efﬁs - Krot € FZkth defined from vectors @ and
W (where w1 = A-w, vp = A-wy for 1 < h < k and
U = v1,v2,...,Uk) as described in the claim. Similarly let
Wirs € F5F*™ be the set from which the matrices W de-
scribed in the claim are selected. In order to establish the
claim in the lemma about left exponential nullities it is nec-
essary and sufficient to show that

> > p(HW)-xnull(H+W)  (38)

WeWy s HEH s

is less than or equal to

> > p(H,W) - xnull,(H) (39)

WeWy s HEH 1 s

where p(H,W) is the probability that the matrix H is se-
lected from Hg,r,s and W is selected from Wy, s, for H €
Hi,r,s and W € Wy . s. Now, since the matrices H and W
are chosen independently,

p(H,W) = p1(H) - p2(W)

where p1 (H) is the probability that H is selected from H, s
and p2 (W) is the probability that W is chosen from W, s.
Consequently

> > p(H,W) - xnull (H + W)

WeWy s HEH s

= > W) D pi(H)xnull(H+ W)
WeEWk r,s HeHg r, s

< Y W) DD pu(H) - xnullp(H)
WeEWk r,s H—Hp r s

The final inequality shown here is a consequence of Lemma B.2,
above, since

> pi(H) - xnull,(H+ W)
HeHy r s



and

> pi(H) - xnull(H)

HeMy s

are, respectively, the expected values of the left exponential
nullities of H + W and of H, for a fixed matrix W &€ ng”k
when H is randomly selected as described as these claims.
Now, since

Z p2(W) -

WeWy rs

Z p1(H) -xnully (H)

He’Hk.r,a‘

= Z Z p(H, W) - xnullp (H),

WeWyg rs HEH r s

it follows that the sum at line (38) is less than or equal to
the sum at line (39), as required to complete the proof. []

C. PROOFS OF RESULTS IN SECTION 5

C.1 Summary of Prior Results

We will begin with a summary of results from the technical
report [5]. Unfortunately the notation used in that report
differs from what is being used here, so a translation is also
being provided.

Note that for every matrix A € F;*™ there exists an inte-

ger N < n and a matrix Ae F,IIVXN such that

20]

0 0 (40)

X.A.X—lz{

for a nonsingular matrix X € Fg*", A has the same number
of nontrivial invariant factors as A, and every invariant fac-
tor of A (in F4[z]) is either divisible by x* or not divisible
by x. Furthermore, for vectors u,w € F(T;Xl, if

A~

u=Xx"7. {E} and w=X"1- {15]
u w

where 4, @ € FY*" and @, w € an_NMl, and s > 1, then

ul AT w
@] " @
— |2 .X.AS.X71_{~}
U w
@] " @
— |2 -(X-A-X’l)s-{~}
U] w
_[a]l [4 o]" [@
|ul [0 O w
=" A @
Note as well that if w1, us,...,ur, w1, ws,...,w, are cho-
sen uniformly and independently from F;‘Xl then the cor-
responding vectors U1, Uz, . .., Uk, Wi, W2, . . ., Wi are chosen

uniformly and independently from Fé\r“.

The matrices A and A have the same rank and the same
number h of nontrivial invariant factors. Furthermore, since
each invariant factor of A is either divisible by 22 or not
divisible by z at all, it can be shown that

N—-h<r<N

if A has h nontrivial invariant factors and rank r. Indeed,
r is equal to the difference between N and the number of
invariant factors of A that are divisible by z2.

As in Section 5, let

6-log, N ifk=h+1,
f(hk)y=1<{14 if k=h+2, (41)
142¢"*1 ifk>h+3.

LEmMmA C.1. Suppose A, A and N are as above, k > h,
and vectors

-
U=Ur,U2,...,Ug

(respectively, W = w1, wa, ..., wk) are chosen uniformly and
independently from F;’Xl. If s is an integer such that 1 <
s < |N/k]|, then

Efxnull (Ka,s)], Exnullr(Ka,s)] < 1+ f(h, k) - g5,

ProOOF. The bound given here for the expected right ex-
ponential nullity of K s is a consequence of Lemma 2.20
of [5], which presents an upper bound for the product the ex-
pected value of xnullgr(Kz,-) and the number ¢*~ of choices
of the vectors w1, w2, ..., wx when n = N. In the report,
m is being used as the block size instead of k, ¢ is the num-
ber of nontrivial invariant factors instead of h, and 7 is the
number sk of columns of the matrix being considered.

Since AT has the same number of nontrivial invariant fac-
tors as A the claimed bound for the expected exponential
nullity of IEE,T follows by the same argument. [

When sampling from the null space one is generally work-
ing with a matrix Ky, for ¥ = v1,v2, ..., vy where v, = A-w;
for 1 < s < k instead.

LEMMA C.2. Suppose A, A and N are as above, k > h, A
has rank r, vectors W = w1, wa, ..., wy are chosen uniformly
and independently from Ff;Xl, and U = v1,va,...,vr where
vs = A-ws for 1 < s < k. If s is an integer such that
1< s < |r/k] then

Elxnullg(Kg.)] < 14 f(h, k) - ¢

PROOF. See Section 3.1 of [5], noting that the expected
value discussed here is the ratio of the value “ﬁA,m,/’ defined
in this report to ¢™™ when (once again) m is being used as
the block size instead of k and 7 is the number sk of columns
in the matrix being considered. [

A generalization of “exponential nullity” is useful in order
to consider the block Hankel matrices Hg 54,5 being con-
sidered in this report. Once again, consider an arbitrary
matrix B € FZXt for positive integers s and t, and let X
and ) be subspaces of F5*' and F.*', respectively. Let us
define the right-X -nullity of B, xnullgr(X, B), to be the num-
ber of vectors y € FZXl such that B-y € X, and let us define
the left-Y-nullity of B, xnullz (Y, B), to be the number of
vectors x € FZXl such that z7 - B € ).

Since AT has the same number of nontrivial invariant fac-
tors as A, the following is easily established from the results
in [5].

LEMMA C.3. Suppose A, A and N are as above. Let X
be a subspace of Fg“ with dimension d, let vectors

g
U= U1, U2,...,Uk



be chosen uniformly and independently from FZXI, and let s
be an integer such that 1 < s < [(N —d)/k|. Then

E[xnuIIR(X,IaIYS)] <1+ f(h k) L goRHN

PROOF. Recalling that the matrices AT and A have the
same number of nontrivial invariant factors, this follows by
the results presented in Section 3.2 of [5] — note, in partic-
ular, Lemma 3.5. [

This remaining extension was not explored in the previous
report — the arguments in Sections 3.1 and 3.2 were never
combined. However, with the benefit of hindsight it is clear
that this is not difficult, and that the following result can be
established from Lemma C.1 along with an extremely minor
modification of Lemma 3.5 of [5] and its proof.

LEMMA C.4. Suppose A, A and N are as above. Let X
be a subspace of FQXl with dimension d, let vectors

—
w = wi,wz,...,Wk

be chosen uniformly and independently from FZ;XI and let
U = v1,v2,...,0s where vga = A-wq for 1 < a <k, and let
s be an integer such that 1 < s < |(r —d)/k]. Then

Exnullg(X,K5.4)] <1+ f(h, k) - qsk+d+177"

C.2 Modifying the Initial Vectors

Recall that in the algorithm described in Section 2, vectors
UL, U2,y -« -, Uk, W, and wz,ws, ..., w, are chosen uniformly
and independently from FZXl, w1 is set to A-w + b, and v,
isset to be A-w, for 1 <a <k.

An intermediate situation will be considered here first:
Suppose, as above, that ui,usg, ..., ur, w and wa, ws, ..., Wk
are chosen uniformly and independently from Fj* b owy is set
to be A-w, instead, and v, is set to be A-w, for 1 < a <k,
once again. In this case the following is easily established.

LEmMmA C.5. Let
7 =v1,v2,...,0 and Z=wi,v2,v3,...,Vk

for the factors described above. Let t be an integer such that
t < |r/k]| where r is the rank of A. Then

xnullg (Kz,¢) < xnullg(Kz41)
and, if X is a subspace of FZXI then
xnullg (X, Kg¢) < xnullp(X, Kz 141)
as well.

ProOF. Note that, since vi = A - w1, the columns of Kz,
are also columns of Kz 41, so there exists a permutation

matrix P € FI;(HI)XMH—D such that
Kziy1-P = [Kg: Y]

for a matrix Y € FZ”X’“. Now, for an arbitrary vector y €
FREXT et
q ’

= p.[f] e pier

noticing that if y1,y2 € F’;t“ and y1 # y2 then 1 # 32 as

well. It now suffices to notice that
~_ Yy
ICZ',t+1 Y= (’Cz*,t+1 . P) . [O:|

— (- e
-

= ’Cﬁyt *y.
Consequently Kz ;41 -y = 0 if and only if K5, -y = 0 and
Kzt+1-y € X if and only if K-y € X. The claim now fol-

lows by an application of the definitions of “right exponential
nullity” and “right-X-nullity.” [J

LEMMA C.6. Let U andt be as in the previous lemma and
let H be a fized matriz in FZth. Then, if X is a subspace
of Fit, then

E[xnullr (X, Kz,: + H)] < E[xnullg (X, Kz,4)].

PROOF. The proof is similar to that of Lemma B.2 (which
establishes the claim if X = {0}): For a fixed vector x €
Fflk %1 consider a pair of indicator random variables (that

—»

may be thought of as functions of the vectors ¥)

I (1_;)_ 1 ifng,t-:veX,
o " )0 otherwise,

and

aAm_{llﬂﬂm+H)me&

0 otherwise.

Now, for a given vector x there are two cases to be con-
sidered.

Case (i): There exist vectors @,ws, @3, ..., 0k € Fy*!
such that if W, = AW, 0, = A-Wp, and Z = 01,02, ..., 0k,

then (Kz +H) -z € X

In this case one can observe that, since vectors w—1w, wa —
Wz, w3 — W3, . . ., W — Wg are chosen uniformly and indepen-
dently from F}*" if @, W2, @3, . . . , W, are,

E[lx..] = E[Ix ).

Case: There are no such vectors w, Wz, Ws, . . . , Wk. In this
case Ix (¥) = 0 for all choices of the vectors v, so that

E[lx..] =0 < E[Ix..].
Now it suffices to note that

Efxnull (X, Ksy + H) = > E[lx.]

a:EFZkXI

and

E[xnullg(X, Kz,4)] = Z E[lx ]

zeFéle
in order to use the above to establish that
E[xnullr(X, Kz, + H)] < E[xnullr(X, K3,:)]

as claimed. [

Now, to obtain bounds on the values

E[xnullg(K5,:)] and E[xnullz(X, Kz )]



when w, ws,ws, ..., w, are chosen uniformly and indepen-
dently from FZXl, wy =A-w+b, vy, =A-wp forl <h <k,
and ¥ = v1,v2,..., v, it suffices to notice that

Koi=Kgie+Kzp

where w1 = A-w, y1 = A W1, yph = A-wp, for 2 < h < k,
and ¥ = y1,¥2,-..,Yx — so that Lemma C.5 can be applied
to bound

E[xnullr(Kg,+)] and E[X, xnullg(Kg,+)]

— and where 2= A-0,0,0,...,0 — so that Kz, is a fixed
matrix in F}*** and Lemmas B.2 and C.6 can be applied
to establish that

Elxnullr(Kz,0)] < E[xnullr(Kyg.)]

and
E[xnullr(X, Kz+)] < E[xnullr(X, Ky.+)]

as well.
Indeed, applying Lemmas C.2 and C.4 along with the
above, we can now obtain the following bounds.

LEMMA C.7. Suppose vectors w,ws,ws, ..., wy, are cho-
sen uniformly and independently from FZ“, w; =A-w+b,
Vg = A-wq for 1 <a <k, and U = vi,va,...,05. It t is
an integer such that 1 <t < |r/k] where r is the rank of A
then

Epxnullg (Ks.)] < 1+ f(h, k) - DR
and if X is a subspace of FI;XI with dimension d < r and
1<t < |(r—d)/k] then

Elxnullg (X, Kz.)] < 1+ f(h,k) - q

C.3 Proof of Lemma 5.1

As suggested at the beginning of Appendlx C, it suffices
to consider the case that n = N and A = A, for A as shown
at line (40) above — for if wi,ug,. .., uk, w, wa, ..., wy are
chosen uniformly and 1ndependently from Fo* ! then the cor-
responding vectors Ui, U, ..., Uk, W, Ws, ..., W, are chosen
uniformly and independently from FNXl,

(t+1)k+d+1—r

Furthermore, if one sets i = u1,u2,...,ur sets w1 = A -

@ 4 b where
Xﬁlb - {’l\){|
b

for b € Ffl\’“ and b € Fé"_N)Xl, sets U, = E-wa for 1<a<
k and, finally, sets Z = 01, Da, . . . , U then, since ul - A% -wp =
ol . A -y for 1 <a,b<kandc>1,

Ha,v,s,t = Hy,z,s,t

for all integers s,t > 1.

We will therefore assume, for the rest of this proof, that
n=Nand A= A.

Suppose first that s < t < |r/k]. Notice that if z € F5**!,
then

2" - Hawse =0
<~ Hg,a,s,t z=0
= KL, (Kags-2)=
<~ I%g,s zeX

where X is the subspace of Fg“ consisting of the vectors
y € F2*" such that y” - Ky, = 0. Thus

xnullp (Ha,5,5,¢) = xnullg (X, Ia;,s).

Notice next that, for 0 < a < tk, if xnullr(Kz:) = ¢°
then xnull, (Kg,) = ¢V~ by Lemma B.1, so that X
has dimension N — tk + a and it follows by Lemma C.3 that

Elxnullg(X, Ka.)] < 14 f(h, k) - g0+,

Consequently

E[xnully (Hz,5,5,¢)]

tk
<> Prlxnullr(K

a=0

tk
=Y Prixnullz(K
a=0

gk Z Prixnull g (K

a=0
q(sft)k - E[xnullg(Kz.0)]
<1+ f(h,k) .q(sft)k . (1 + f(h, k) .q(t+1)k+177~)
(by Lemma C.7)
gDk 7‘)

U,t) = qa] : (1 + f(h, k) - q(s—t)k+a)
at) = q"]

5.0) =q"]-q"

=14 q" % (F(h )+ F(R,R)?
<1+qC % (f(h k) +q- f(h,k)?)
(since t < |r/k| —1).

In particular, it follows from the above that if 1 < s <
|r/k| — An,ik then
ElxnullL (Ha,5s,5+4,,,)]
ST e (f(ho k) + - f(h,R)?)
<14+ qC 200k (f(k) + Fhk) g )
as claimed.

Suppose, next, that ¢ < s < [r/k] instead, and notice
that, for z € FLF*1,

— KL, (Kgi-2)=0
= Ksr-2€X

where X is the subspace of FZILXI consisting of vectors y €
F,’;Xl such that y” - Ky, = 0. Thus

xnullg (Ha,5,5,6) = xnullp(X, Kz.4).

Notice next that, for 0 < a < sk, if xnuIIR(Eﬁ,S) = q°
then xnull, (Kg.s) = ¢V ~*¥** by Lemma B.1, so that X
has dimension N — sk + a and it follows by Lemma C.7 that

E[xnuIIR(X,ICg,t)] <1+ f(h,k)- q(t75+1)k+N7r+1+a.



Consequently
E[xnullr (Ha,5,s,t)]
sk
< Z Pr[xnuIIR(la:,s) = q“]

a=0

(1 Sy - g IREN T

sk
= Z Pr[xnuIIR(leqz,s) =q"]
a=0
+ k) - g RN L

sk
Z Pr[xnuIIR(ﬁﬁ,s) =q¢"]-¢"

a=0
=1+ f(h,k)- ¢ TIRHN = Elxnullp(Ka.,)]

<1+ f(hk) - ¢ 2% E[xnullp(Ka..)]
(since N—r<h<k-1)

<L f(h ) g PR (T f (k) )
(by Lemma C.1, since r < N)
S SR g TR (T k) )
(since s < [r/k| — 1)
= 14q" R (f (k) + f (K q 7).
In particular, when s =t + A, < [n/k],

Exnullr(Ha,z,044,, 4,0)]
<14 g2 Ann)k (f(h,k) + f(h,k)*- q’k) ;

which suffices to establish the claim.

D. PROOFS OF RESULTS IN SECTION 6

Suppose once again that A € F;*™ has Frobenius normal
form CYy, 1,,....5, and that at least k of the invariant factors
of A are nontrivial. By the definition of “Frobenius normal
form,” there exists a nonsingular matrix Y € Fj*™ such that

Cr 0
_1 sz
A=Y - . Y. (42)
0 Cr,
Now, as in Section 6, let h be an integer 1 < h < k —1
and let

h
N = deg(fa),
a=1

the sum of the first h invariant factors of A. Let

B 1 [In 0
A1 =AY '{0 O]-Y (43)
and let
_ 0 0
Ay =AY 1-[0 In_N}.Y. (44)

Then it is easily checked that, since

A=Y t. |:Cf1xf2 ----- In 0 } %
0 th+lvfh+2a“-vfl ’

Alzy—l.[Cflv.%wfh 0 ].Y,

Oan
and
AQZY_l.[ON 0 }.)/7
0 th+1:fh+2 ----- fe
SOthatA=A1+A2, Ay - As = Ay - Ay =0, and A; has h
nontrivial invariant factors — namely, fi, fa,..., fn.
Suppose now that vectors w1, uz, . .., Uk, W, Wa, W3, ..., Wk

are chosen uniformly and independently from F;*'. Then,
for1 <a<k,

ue=Y7T. [@a}

Ua

€ F{P tand

where U, € Ff]\]Xl and g,

w=Y '. {@} and wy=Y 1. {{gb}

w Waq,
for 2 < b < k, where
W, Wa, W3, . . ., Wk € Ff;,\'Xl
and
@, Wa, Ws, - . ., Wy, € FXE,

Furthermore, since Y (and YT) is nonsingular, it is not dif-
ficult to argue that the vectors

UL, U2y ..., Uk, UL, U2y ..., Uk,

w, w2, w3, ...,Wk, W, wW2,W3,...,Wk

are uniformly and independently selected from their respec-
tive vector spaces.
Suppose next that we set

Ua1 =Y. hﬂ and wao=Y" . {9}
Uqa

for 1 < a <k, so that uq = uq,1 + Uq,2, and we set

o~

_ _ 0
N

and

Wa,1 = y~—1!. [wa} and wg2 = y— L. [9 }
0 Wa

for 2 < a <k, so that w = wo,1 +wo,2 and wg = Wa,1 + Wa,2
for 2 < a < k as well. Note evaluation (using the above
expressions) suffices to confirm that

uaTJ ~wo,2 =0 and uaT’l “We,2 =0
for 1 <a<kand2<c<k, and that
uaT72 -wp,1 =0 and uaT’Q cWe,1 =0
for 1 <a<kand?2<c<k as well. It follows that
T T T
Ug W = Ugq,1 - Wo,1 + Ugq,2 * W0,2
and that
T T T
Ug * We = ua,l * We,1 + ua,Q * We,2

forl1<a<kand 2<c¢c<k.
Next consider the vector yo = A - w. As above, note that

—y-1l. go
m=y. |



for o € F)'*! and o € F((Z"*N>X1 once again. As above, set

_ -1 (% _ -1 0],
e ] e 2
then, as above,
T T
Ug,1 *Y0,2 = Uqg,2 " Yo,1 = 0
so that
T T T
Ug * Yo = Ugq,1 * Y0,1 + Ug,2 * Y0,2-
It is now reasonably easy to establish that
Ugy 'Azzuf,z'Al =0
for 1 < a <k, that
Az - yo1 = A1 -yo,2 =0,
and that
Az - we1 = A1 - Wa2 =0

for 2 < a < k as well. Since A; - As = Ay - A1 = 0, it now
follows that if y1 = A-yo and vy = A - w, for 2 < a < k,
then

y1 = A1 -yo1 + A2 -yo2 and vg = A1 - Wa,1 + A2 - Wa 2

for 2 <a< k. Indeed, if we set Yi,1 = A1 *Yo,1, Y1,2 =
A2z - Y0,2, Va,1 = A1 - Wa,1 and va,2 = Az - wa2 for 2 <a <k,
then it can be established from the above that

Ay = ATy +Asy12 and A% v, = AT va 1+ A3 v 2
for 2 < a < k and for every integer s > 0. Finally,

uaT CA% Yo = Uq1 - AT - Yo,1 + Ua2 c A5 Yo
and

ul - A°ve=uly - A ven Fupg - AS - ve

for1 <a<k,2<c<k,and for every integer s > 0 as well.
With all that noted, set

U= U, U2,...,Uk (45)
as usual and set

’l_il = U1,1,U2,1y...,Uk,1 and ﬁz =U1,2,U22...,Ug,2. (46)

Set
5:y1,v2,v37...,vk7 (47)
51 =Y1,1,V2,1,V3,1,...,Vk,1 (48)

and
52 = Y1,2,0V2,2,V3,2,...,Vk,2- (49)

It now follows from the above that
Ha,azse = Hayar,a,,0 + Hag g5, (50)

for all positive integers s and ¢.

Next consider the given vector b. Set by = A; - b and
ba = A - b, so that A-b = by + ba. Define another three
sequences of vectors, each of length k:

d=A-b,0,0,...,0, (51)

dy = 1,0,0,...,0 and da = b»,0,0...,0. (52)

Note that if wy = A-w+b, v1 = A wy, vi,1 = A1 -w; and
vi2 = Az - w1 (SO that vi =vi1 + Ul,z), and if we set

U=wv1,02,...,0k (53)
as usual, and
R -
V1 = V1,1,V2,1,-..,Vk,1 and V2 = V1,2,V2,2,...,Vk,2, (54)
then
Haaost =Haaest +Hagdor (55)

for all positive integers s and t. Recalling the equation at
line (18), and the definitions of the sequences ¥ and 2 of
vectors immediately preceding it, note as well that

Haya,g,s6 = Havar,a,se T Haa) dysu

and
Hag,a,2,5t = Hag a8t HAg,izytfz,Syt'

PROOF OF LEMMA 6.1. One can show (with a reasonably
straightforward argument) that 75, is the rank of the ma-
trix A; € FZX" that has been described above, and that
A; has h nontrivial invariant factors. Since h < k, and
the matrix A; has only h nontrivial invariant factors, if fol-
lows by Lemma 5.1 (using b = 0 in this case) that if a
is an integer such that 1 < a < |rn/k| — Ank — 1, vectors
UL, U2y« v vy Uk, W, W2, W3, . . . , Wk are chosen uniformly and in-
dependently from FZXl, yo,1 = A1 -w, y1,1 = A1 - Yo, Va1 =
A1 -wg for 2 < a <k, and if 4 and ¢; are the sequences of
vectors shown at lines (45) and (48), above, then

E[Xnu”L(HA17ﬁ751aaaa+An,k )]
<1+ ¢® 2R (f(h k) + (B, k) - q" )
and that

Exnullr(Ha,,a.21,048, 4.0)]
<14 g@ 2 (f(h k) + f(hK)® - q" ")

as well, for f(h,k) as given in Lemma 5.1.

Note next, that, since ug = Ua,1 + Ua,2 for 1 < a < k, if
the sequences 41 and @ are as shown at line (46), then

Haya,e,st = Hay a5t T Hagas, a1,
=Ha, 3,121,

since uaT,g “AT Y10 = uf‘2~A§ ‘ve for1 <a <k, 2<c<k,

and every integer s > 0. Consequently it follows from the
above that

ElxnullL (Ha,,a,.21,0,044,,,)]
<1+ q® 2R (F(h k) + f(h, k) - q" )
and that

E[XnullR(HAl,ﬁl,al,ajLAn’k,a)]
<1+4qC7 R (f(hk) + f(hB)? - q'7)

as well.

Next recall that if w1, ue, ..., uk, w, w2, ws, . .., wk are cho-
sen uniformly and independently from Fg“ and the vectors
in the sequences w1, 2, ¢1 and ¢ are defined as described
above, then the vectors in the latter four sequences are cho-
sen independently as well —so that matrices Ha, a;,z,s,¢



and Ha,,i,,8,s,¢ are selected independently too. It now
follows by an application of Lemma 4.2 and the equation
at line (50), above, that if a is an integer such that 1 <
\_’I“h/kj — An’k — 1 then
Exnully, (K a,i,2,0,a+4, )]
<14 qP R (f (R k) + (B k) - q' )

and

Exnullr(Ha,a,6a+4, 1,0)]

<14 P 2R (f(h k) + f(h k) g ).

Finally, since the vector d shown at line (51) is fixed (it
depends only on the inputs A and b), and application of
Lemma B.3 and the equation at line (55), above, are suffi-
cient to establish that if a is an integer such that 1 < a <
L’I“h/kj — Ay, — 1 then

E[xnu“L(HA,g,a,a,a.;_An’k)]

<1 q" S (f (b k) + f(hR)? ')

and that

Elxnullr(Ha,a,5,a+4, 4.,a)]
<1 TR (f (k) + f (R 0" )

as well, as needed to establish the claim. [



